
LENSLLM: Unveiling Fine-Tuning Dynamics for LLM Selection

Xinyue Zeng 1 Haohui Wang 1 Junhong Lin 2 Jun Wu 3 Tyler Cody 4 Dawei Zhou 1

Abstract
The proliferation of open-sourced Large Lan-
guage Models (LLMs) and diverse downstream
tasks necessitates efficient model selection, given
the impracticality of fine-tuning all candidates due
to computational constraints. Despite the recent
advances in LLM selection, a fundamental re-
search question largely remains nascent: how can
we model the dynamic behaviors of LLMs during
fine-tuning, thereby enhancing our understand-
ing of their generalization performance across
diverse downstream tasks? In this work, we pro-
pose a novel theoretical framework that provides
a proper lens to assess the generalization capabili-
ties of LLMs, thereby enabling accurate and effi-
cient LLM selection for downstream applications.
In particular, we first derive a PAC-Bayesian Gen-
eralization Bound that unveils fine-tuning dynam-
ics of LLMs and then introduce LENSLLM, a
Neural Tangent Kernel (NTK)-based Rectified
Scaling Model that enables accurate performance
predictions across diverse tasks while maintain-
ing computational efficiency. Extensive empirical
results on 3 large-scale benchmarks demonstrate
that our model achieves up to 91.1% accuracy and
reduces up to 88.5% computational cost in LLM
selection, outperforming 5 state-of-the-art meth-
ods. We open-source our proposed LENSLLM
model and corresponding results at LensLLM.io.

1. Introduction
The rise of large language models (LLMs) has revolu-
tionized natural language processing, driving remarkable
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Figure 1. Our model demonstrates superior performance on Giga-
word (See et al., 2017), achieving a Pearson Correlation Coefficient
of up to 85.8% and a Relative Accuracy of up to 91.1%, surpass-
ing 5 state-of-the-art methods for LLM selection. (Higher values
indicate better performance)
progress in applications such as machine translation (Liu
et al., 2020; Team et al., 2022), text summarization (Zhang
et al., 2020; Lewis et al., 2019), question answering
(Khashabi et al., 2020; Wei et al., 2022c), and dialogue
systems (Bommasani et al., 2021; Thoppilan et al., 2022).
However, the recent explosion of open-source LLMs (e.g.,
LLaMA (Touvron et al., 2023), Falcon (Almazrouei et al.,
2023), Mistral (Mistral AI, 2024), DeepSeek (DeepSeek-
AI, 2024)) has heightened interest in model selection. This
selection aims to identify the optimal model from a set of
candidates by balancing model complexity with the ability
to explain the observed data. The tremendous variety of
downstream tasks (Wei et al., 2022b; Wu et al., 2023; Wang
& Duan, 2024; Jiao et al., 2023) and the exponential growth
in model sizes (Zhao et al., 2024; Minaee et al., 2024), as
well as the associated computational costs, have led to the
need to select the optimal LLM efficiently. Moreover, the
models selected through fine-tuning historical data or spe-
cific tasks may fail in novel scenarios or out-of-distribution
cases (Wei et al., 2022b; Schaeffer et al., 2023), which also
raises the urgent need for a generalized model selection
framework for LLMs.

Model selection is a long-standing research problem in the
machine-learning community. Traditional model selection
approaches (Yang et al., 2023), designed for small-scale ma-
chine learning models, are inadequate for LLMs due to poor
generalization and prohibitive computational costs. More
recently, the machine learning community has observed in-
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creasing attention on characterizing the unique behaviors
of modern LLMs and developing tailored selection meth-
ods (Haowei et al., 2024). However, these methods remain
mostly heuristic, often depending on strong assumptions or
iterative trial-and-error processes. These limitations under-
score the necessity for a theoretical grounding for LLM se-
lection that can elucidate fine-tuning dynamics and achieve
better generalization in various downstream applications.

Despite the importance of LLM selection, there are two
fundamental challenges that largely remain nascent. C1.
Theoretical Understanding: There is limited theoretical
analysis characterizing the dynamic behaviors in the LLM
fine-tuning process, particularly the pre-power phase that
emerges in low-data regimes. A rigorous theoretical foun-
dation is crucial for providing a proper lens in examining
LLM selection and achieving model generalization. C2. Ac-
curate and efficient LLM Selection Framework: There
always exists a tension between model selection accuracy
and computation cost. How can we find an optimal trade-
off framework that could accurately select models across
various tasks in resource-constrained scenarios?

In this work, we present three key contributions that ad-
vance the field of LLM selection. First, we develop a PAC-
Bayesian Generalization Bound that reveals distinct pre-
power and power phases in fine-tuning. This theoretical
foundation provides a novel framework for examining LLM
selection, enabling robust model generalization across di-
verse tasks. Second, building on our theoretical results, we
introduce LENSLLM, which leverages NTK (Jacot et al.,
2018) to approximate the LLM fine-tuning scaling laws.
By modeling the transition between pre-power and power
phases, our approach not only achieves accurate LLM se-
lection across tasks but also reduces computational costs
by more than 50% compared to our best competitor Sub-
Tuning (Kaplun et al., 2023). Finally, our comprehensive
empirical evaluation demonstrates the superior performance
of our model. For a representative example, Figure 1 shows
that our model achieves up to 91.1% relative accuracy and
85.8% Pearson correlation. Moreover, it reduces computa-
tional costs by up to 88.5% compared to FullTuning while
maintaining comparable performance. We open-source our
proposed LENSLLM model and corresponding results at
LensLLM.io.

2. Preliminary
In this section, we begin with the introduction of notations
in Table 1, followed by scaling law behavior in LLM fine-
tuning, generalization bound, and our problem definition.
We consider the fine-tuning of LLMs in a supervised learn-
ing setting. The key notations used throughout this paper
are summarized in Table 1. We use regular letters to denote
scalars (e.g., l), italics letters to denote space and distribu-

Table 1. Notations.
Symbol Description

X Input feature space
D Probability distribution of samples
M Space of LLMs
n Sample size
l Depth of neural architecture (number of layers)
L Expected loss on the test distribution
L̂ Empirical loss computed on test set
vi Weight difference vector at layer i
x Feature vector from X
y Targeted label of x
Ŵi Pre-trained weight matrix at layer i
Ŵ

(s)
i Fine-tuned weight matrix at layer i

H+
i Non-negative truncated Hessian matrix

tion (e.g., X ), boldface lowercase letters to denote vectors
(e.g., vi), and boldface uppercase letters to denote matrices
(e.g., Ŵi).

2.1. Scaling Laws in LLM Fine-Tuning

With the rise of LLMs, researchers in the machine-learning
community have increasingly focused on understanding and
characterizing the behavior of these models during the fine-
tuning process. A key area of investigation is the scaling
laws governing model performance, which has been exten-
sively studied for the pre-training stage (Henighan et al.,
2020; Kaplan et al., 2020; Bahri et al., 2024). These stud-
ies propose that model performance follows a predictable
power-law relationship, as described below:

Definition 1 (Power-law in Kaplan et al. (2020)). The scal-
ing loss L(·, ·) is a function of model size N and training
set size D, i.e.,

L(N,D) =

(
A

NαN
+

B

Dβ

)α

(1)

Here A,B, α, αN , β are universal parameters to be fitted.
This groundbreaking work revealed that model performance
consistently improves as a power law with increases in three
critical factors: model size, training data, and computational
power. These findings laid a strong foundation for under-
standing model behavior during pre-training.

Building on this, Haowei et al. (2024) demonstrated that fine-
tuning performance depends not only on model size N but
also on various architectural design choices, including the
number of layers, attention heads, and hidden dimensions.
This intricate dependency complicates model selection using
traditional scaling laws. However, to predict performance
for specific models, a simplified version of the scaling law
can be employed by excluding architectural considerations.
Scaling laws for fixed models, as proposed in (Kaplan et al.,
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2020; Hernandez et al., 2021; Tay et al., 2022), exhibit the
following form:

L(D) =

(
B

Dβ
+ E

)α

(2)

where D represents the training set size, while B, E, α, and
β are parameters specific to the model and task.

As illustrated in Figure 2, two distinct phases emerge in the
scaling behavior of fine-tuning test loss (L) with training
sample size (D): the pre-power phase and the power phase.
The pre-power phase occurs in low-data regimes where
model behavior is dominated by initialization and early train-
ing dynamics. As the training size increases and reaches a
transition point, models enter the power phase, characterized
by predictable scaling behavior. In this phase, the relation-
ship between training size and test loss follows a nearly lin-
ear correlation, as widely studied in prior works (Henighan
et al., 2020; Kaplan et al., 2020; Bahri et al., 2024).

Figure 2. Phase transition in fine-tuning test loss (L) scaling with
training sample size (D). The data reveals a pre-power phase at
small D, followed by the established power phase showing the
linear correlation between L and D.

Understanding the underlying mechanism of this phase tran-
sition phenomenon is crucial for effective model selection.
While prior work has empirically observed the emergence
of power-law behavior during fine-tuning, it has largely
lacked a theoretical framework to explain when and why
this transition occurs. This theoretical gap limits the ability
to make informed decisions about data efficiency and model
scaling. In contrast, our theoretical analysis provides a first-
principled understanding of the transition dynamics. First,
it enables precise predictions about when additional train-
ing data will trigger the onset of the power phase, resulting
in consistent and predictable performance improvements.
Second, once a model enters the power phase, our scaling
framework offers guidance on how to balance the costs of

further data collection against the expected performance
gains.

2.2. Generalization Bound

While empirical studies offer valuable insights, theoretical
frameworks are equally essential for understanding the dy-
namics of fine-tuning. Among these, generalization bound
stands out as a powerful tool, providing rigorous mathemat-
ical insights into fine-tuning performance. Prior work by Ju
et al. (2022) introduced a generalization bound tailored to
fine-tuned feed-forward neural networks, serving as a pre-
liminary lens for analyzing fine-tuning dynamics. However,
their analysis does not explicitly account for transformer-
specific architectural elements, which limits its applicability
to modern large-scale language models.

Theorem 1 (Generalization Bound in Ju et al. (2022)). As-
sume the activation functions ϕi(·) for all i = 1, . . . , l and
the loss function L are all twice-differentiable, and their
first-order and second-order derivatives are all Lipschitz-
continuous. Suppose L(f

Ŵ
(x),y) (L(f

Ŵ
) used in the fol-

lowing for simplicity) is bounded by a fixed value C for
any x ∈ X with class label y. Given an l-layer network
f
Ŵ

, with probability at least 0.99 (or equivalently, almost
everywhere in the statistical sense), for any fixed ϵ close to
zero, we have

L(f
Ŵ
) ≤ (1+ϵ)L̂(f

Ŵ
)+

(1 + ϵ)
√
C
∑l

i=1

√
Hi√

n
+ξ (3)

where Hi is defined as max(x,y)∈D v⊤
i H

+
i [L(fŴ )]vi, for

all i = 1, . . . , l, and ξ = O(n−3/4) represents an error
term from the Taylor’s expansion.

2.3. Problem Definition

In the context of LLM selection, we aim to identify the
optimal model from a set of candidates for specific down-
stream tasks under resource-constrained scenarios. Without
loss of generalization, we denote S as training dataset from
D, andM = {m1,m2, ...,mk} as a set of candidate mod-
els. For each model mi, there is associated with a feature
vector xi representing its characteristics (e.g., model size,
architecture, training data).

Given the notations above, we formally define the problem
as follows:

Problem 1. LLM Selection in Resource-Constrained Sce-
narios
Given: (1) Limited training data S; (2) A set of candidate
LLMs M = {m1,m2, ...,mk} with their corresponding
feature vectors x.
Objective: The optimal model m∗ ∈ M on S that has the
best performance.
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3. Model
In this section, we introduce our framework, LENSLLM,
for analyzing LLM selection. The core idea lies in modeling
and regularizing the dynamics of transition phases observed
during fine-tuning. Specifically, we begin by deriving a
novel PAC-Bayesian Generalization Bound for these tran-
sition phases, incorporating the role of the Hessian matrix
to capture fine-tuning behavior. Building on this theoreti-
cal foundation, we develop the overall learning paradigm of
LENSLLM, focusing on effectively characterizing model be-
havior in both the pre-power and power phases. Finally, we
present an optimization algorithm for LENSLLM, including
detailed pseudo-code to illustrate its implementation.

3.1. Theoretical Analysis on Fine-tuning Scaling Law

Understanding the underlying mechanism of phase transi-
tions in fine-tuning is essential for LLM selection. While
empirical studies provide valuable insights, there is still a
lack of theoretical foundations to reveal the dynamics of
transition phases. Here we provide a theoretical foundation,
PAC-Bayesian Generalization Bound, for understanding dy-
namic transition phases during LLM fine-tuning. This leads
to a more nuanced analysis of fine-tuning dynamics, par-
ticularly pre-power and power phases in scaling laws. Our
analysis is built upon the following key assumptions that
account for transformer-specific properties:

Assumption 1 (Smoothness). The activation functions ϕi
on layer i and loss function L are twice-differentiable with
Lipschitz-continuous first and second derivatives (Allen-Zhu
et al., 2019):
(1) ∥∇ϕi(x) − ∇ϕi(y)∥ ≤ Lϕ∥x − y∥, where Lϕ is the
Lipschitz constant that bounds how fast the gradient of ϕi
can change;
(2) ∥∇2ϕi(x) − ∇2ϕi(y)∥ ≤ Lϕ′∥x − y∥, where Lϕ′ is
the Lipschitz constant for the second derivative of ϕi.

Assumption 2 (Boundedness). Following Wei et al. (2019),
the loss function and input features satisfy uniform bounds:
L ≤ C and ∥x∥2 ≤ B.

Assumption 3 (Transformer Stability). Based on Liu et al.
(2022), transformer components satisfy:

(1) Attention mechanisms are LA-Lipschitz continuous (Lee
et al., 2020);

(2) Attention scores are bounded: ∥softmax(QKT )∥∞ ≤
M (Dong et al., 2021);

(3) Residual connections maintain gradient flow:
∥∇f(x)∥ ≥ δ > 0;

(4) Layer normalization preserves scale: ∥LN(x)∥2 =
∥x∥2.

These assumptions enable us to extend Theorem 1 to trans-

formers and lead to our following main theoretical founda-
tion:

Theorem 2 (PAC-Bayesian Generalization Bound). For a
fine-tuned transformer model fŵ satisfying Assumptions 1-3,
with probability at least 0.99 and any fixed ϵ > 0:

L(fŵ) ≤ (ϵ+ 1)L̂(fŵ) +
(1 + ϵ)

√
C
∑l

i=1

√
hi√

n
+O(n−

3
4 ) (4)

where hi ≥ max(x,y)∈D vT
i H

+
i [L(fŵ)]vi.

This bound provides a theoretical foundation for character-
izing the fine-tuning dynamics of transformers and serves
as a basis for analyzing the transition phases. The proof for
this theorem is provided in Appendix A.

Understanding how language models behave during fine-
tuning is essential for making informed decisions about
model selection. While we have learned from empirical
studies, we still lack a theoretical framework to explain the
mechanism of transition between different phases in fine-
tuning. This understanding could help optimize the trade-off
between computational costs and model performance. To
this end, we aim to use our proposed PAC-Bayesian Gener-
alization Bound to explain pre-power and power phases in
fine-tuning.

First, we start from the following property of the Hessian-
related term hi:

Proposition 1. Let {hi}li=1 be a sequence
of Hessian-related values that satisfy hi ≥
max(x,y)∈D vT

i H
+
i [L(fŵ)]vi:

(1) By applying Cauchy-Schwarz theorem (Steele,
2004), we have the following inequality:

l∑
i=1

√
hi ≤

√√√√l

l∑
i=1

hi (5)

(2) Based on the definition of hi, we have the following
upper bound:

hi ≤ C2n
−β2 (6)

where C2 is independent of n and β2 ≤ β1.

Leveraging the above key properties, we derive the follow-
ing corollary 1 to further analyze the fine-tuning dynamics.
Detailed proof has been provided in Appendix B.

Corollary 1. For any ϵ > 0, with probability over 0.99,
under Assumptions 1-3, considering the properties of the
Hessian matrix, the PAC-Bayesian Generalization Bound
could be extended to:

L(fŵ) ≤ (1 + ϵ)L̂(fŵ) + C3n
−β3 +O(n−

3
4 ) (7)

where C3 =
√
C · l · C2 and β3 = β2+1

2 are both
model/task-dependent.
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Remark 1 (Pre-power Phase): The model’s performance
improves slowly during initial fine-tuning, with generaliza-
tion error decreasing at rate O(n−

3
4 ). This phase is marked

by high Hessian values and significant parameter sensitivity,
necessitating careful tuning and substantial data for reliable
adaptation.
Remark 2 (Power Phase): As n increases, the error scaling
transitions to C3n

−β3 , becoming the dominant term. This
phase demonstrates reduced Hessian values and enhanced
stability, enabling more aggressive parameter updates and
improved data efficiency.
Remark 3 (Phase Transition): The transition from the pre-
power phase to the power phase is marked by the change
in the dominant constant factors, from O(n−

3
4 ) to C3n

−β3 ,
which reflects the change in the Hessian values and parame-
ter sensitivity.

3.2. LENSLLM Algorithm for LLM Selection

Building upon our previous theoretical analysis of LLM fine-
tuning through the lens of our PAC-Bayesian Generalization
Bound, we now introduce LENSLLM, a novel NTK-based
framework for model selection. Our approach provides a
bridge between our theoretical analysis and practical model
selection by leveraging the NTK to transformers so as to
capture fine-tuning dynamics.

To formalize this connection, we first define an NTK matrix
for a transformer model f(·, ·) with parameters θ at step t:

Θt(x,x
′) = ∇θf(x, θ(t)) · ∇θf(x

′, θ(t)) (8)

where x and x′ represent the feature vectors of pre-training
and fine-tuning, respectively. These features encapsulate
relevant properties of the input samples that influence the
fine-tuning process. To simplify, we use Θ to present the
NTK matrix in the following.

To further characterize the mechanism of transition phases
in fine-tuning, we define the following NTK-based test loss
function on transformers:

F (Θ, t) =
∣∣∣∣e−ηΘt(f0(X)− y)

∣∣∣∣2
2

(9)

where η is the learning rate, t represents the early stopping
time in training steps during fine-tuning, f0(X) denotes
initial outputs, and y represents true labels.

Motivated by these theoretical insights and their alignment
with our theoretical analysis, we propose LENSLLM, a
Hessian-aware rectified scaling model:

L(D) =
B

F (Θ, t) +Dβ
+ E (10)

where F (Θ, t) is the adapted NTK-based test loss function
on transformer, D is the number of training data, β denotes

the learning difficulty, B adjusts the initial test loss and
E denotes the optimal loss of the model given an infinite
amount of data.

The design of this loss function is intentional and serves two
key purposes: (1) It models the competing effects between
the transformer’s intrinsic learning dynamics (captured by
NTK) and the dataset size; (2) It naturally incorporates
pre-trained knowledge through the initial state f0(X). In
particular, the strategic placement of F (Θ, t) in the denom-
inator represents a significant advancement over traditional
rectified scaling laws. This positioning explicitly accounts
for pre-trained data influence through the NTK term, while
the additive relationship between F (Θ, t) and Dβ creates
a unified framework that simultaneously captures both pre-
training effects and fine-tuning data scaling.

Algorithm 1 LENSLLM Algorithm
Input:

Training subset S with size D, models from spaceM,
Regression threshold γ, Stop threshold τ

Output:
Predicted performance score r on the full dataset: r =
exp(ψ(log |D|)) and minimal proportion of training
data needed to reach the Pareto-Optimality curve s =
1
2a .

1: Initialize collection C = {} for (training size, test loss)
pairs and a = 1 for iteration steps.

2: while TRUE do
3: Train m ∈ M on S and obtain NTK matrix Θ and

training steps t and corresponding loss L̂.
4: if |C| ≥ γ then
5: Train regression estimator ψ on C
6: Calculate deviation set ∆ = {| log L̂−ψ(logD)|}

for all pairs in C and the standard deviation σ of
the fitting residuals

7: if s = | log L̂− ψ(logD)|/
√
σ > τ then

8: break
9: end if

10: end if
11: Add (log |D|, log L̂) to C
12: Randomly select samples from S with D

2 as S′

13: Update S ← S′

14: Update a← a+ 1
15: end while

Algorithm 1 presents a two-phase performance prediction
method for LLM selection through iterative dataset reduc-
tion. Starting with an empty collection C, the algorithm
trains an LLM on progressively smaller datasets and records
size-loss pairs. For each iteration, it trains the model to
obtain test loss L̂, NTK matrix Θ, and training steps t. Af-
ter collecting γ pairs, it fits a regression estimator ψ and
computes a stopping signal based on the deviation from
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predicted values. The process continues until the deviation
exceeds threshold τ . The optimization process of our model
in experiments consists of two phases: (1) a phase-fitting
phase where parameter t is fixed for each dataset size while
optimizing B, β, and E to fit the observed test loss, and (2)
a test loss prediction phase where all parameters (t, B, β,
and E) are jointly optimized to predict test loss across dif-
ferent dataset sizes and training durations. In each iteration,
the dataset size is halved through random sampling until
termination.

In the implementation, given a limited training dataset S and
a set of candidate LLMsM, we aim to select the optimal
model m∗ ∈M with the largest r.

4. Experiments
In this section, we evaluate LENSLLM’s performance on
LLM selection through two aspects: (a) evaluating its ef-
fectiveness against baseline models, including fitting the
transition phases in fine-tuning, predicting test loss on ad-
ditional training data and selecting the optimal model; (b)
evaluating its efficiency by calculating computational costs.
Results consistently demonstrate our model’s capability in
accurate and efficient LLM selection.

4.1. Experimental Setup

Benchmark: For robust evaluation across various tasks, we
experiment with three benchmark datasets: FLAN (Wei
et al., 2022a), Wikitext (Merity et al., 2016), and Giga-
word (See et al., 2017). All of them are open-sourced on
Hugging Face. To analyze performance scaling, we create
smaller datasets by randomly sampling examples ranging
from 200 to 1,638,400 (doubling at each step), then fine-tune
and evaluate models on a separate test set.

Baselines: We evaluate our approach against five estab-
lished baseline methods: (1) Rectified Scaling Law uses pre-
trained-data-adapted scaling law model to select (Haowei
et al., 2024), (2) NLP metrics uses proxy generalization met-
rics for selection (Yang et al., 2023), (3) SubTuning uses the
performance of subset fine-tuning as selection score (Kaplun
et al., 2023), (4) ModelSize uses logarithm of the number
of model parameters for selection (Villalobos et al., 2022),
and (5) ZeroShot uses zero-shot performance as a selection
criteria (Kojima et al., 2022).

Models: To ensure the generality and robustness of our find-
ings, we conduct comprehensive fine-tuning experiments
across a diverse suite of pre-trained language models span-
ning a wide range of architectures and parameter scales.
Specifically, our evaluation covers seven model families,
including OPT-350M, OPT-1.3B, OPT-6.7B, T5-Small, T5-
Base, Cerebras-256M, Cerebras-1.3B, mT5-Base, mT5-
Large, BART-Base, BART-Large, GPT-2, LaMini-124M

and LaMini-774M. This broad selection captures variabil-
ity across model sizes, training objectives, and architecture
types, providing a rigorous basis for evaluating the effec-
tiveness and stability of our fine-tuning approach.

Optimization: All models are fine-tuned using the AdamW
optimizer with a weight decay of 0.01, and all experiments
are conducted on a single NVIDIA A100 GPU with 80GB
of memory. To characterize the fine-tuning dynamics across
different model architectures and data sizes, we estimate
B,E, β, t for each model by minimizing the loss function:

min
B,E,β,t

∑
i

[
LSE

(
logB − log(F (Θ, t) +Dβ

i ), logE
)
− logL(Di)

]
Where L(Di) denotes the test loss of fine-tuning on the data
sizeDi, and LSE denotes the log-exp-sum operator, used for
numerical stability in modeling loss scales. This optimiza-
tion allows us to capture the relationship between model
capacity, data size, and fine-tuning efficacy in a unified,
interpretable framework.

Evaluation Matrics: We use two established metrics from
Haowei et al. (2024) to evaluate the performance of meth-
ods on LLM selection: Pearson correlation coefficient
(PearCorr) and Relative Accuracy (RelAcc). PearCorr mea-
sures the correlation between selection scores and actual
fine-tuning performance, evaluating a method’s ability to
rank models effectively. RelAcc is defined as the perfor-
mance gap between the selected model and the best model
normalized by the gap between the worst and best models.

4.2. Effectiveness Analysis on LLM selection

We evaluate LENSLLM’s effectiveness for LLM selection
through three analyses: (1) comparing its curve-fitting accu-
racy during fine-tuning against Rectified Scaling Law (the
previous state-of-the-art method), (2) measuring its predic-
tive performance using Root Mean Squared Error (RMSE)
between predicted and actual test losses against Rectified
Scaling Law, and (3) benchmarking LLM selection per-
formance against five baseline methods (including Recti-
fied Scaling Law) across FLAN, Wikitext, and Gigaword
datasets using evaluation metrics.

Curve Fitting: We evaluate the curve-fitting accuracy ca-
pacity during fine-tuning. As shown in Figure 3, our model
(blue square) consistently outperforms Rectified Scaling
Law (red triangle) in predicting performance across archi-
tectures. For OPT-1.3b, our model provides smoother and
more accurate predictions that closely track the actual test
loss curve, while Rectified Scaling Law shows notable fluc-
tuations. Our model’s superiority is particularly evident in
GPT-2’s middle to late training stages, maintaining steady
alignment with ground truth compared to Rectified Scaling
Law’s volatile predictions. Similarly, for T5-base, our model
demonstrates more stable predictions throughout training,
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Figure 3. Performance comparison showing the superior effectiveness of LENSLLM (our method) across OPT-1.3b, GPT-2, and T5-base
architectures on FLAN, Wikitext, and Gigaword datasets. LENSLLM consistently achieves significantly lower RMSE values (shown in a
blue square) compared to the Rectified Scaling Law (shown in a red triangle), with notably smaller error bands indicating more stable
performance.

effectively capturing the gradual loss descent without the
oscillations seen in Rectified Scaling Law.

Table 2. RMSE comparison between predicted and actual test
losses (×10−1) of our model and Rectified Scaling Law.

Wikitext FLAN Gigaword

Model Ours Rect Ours Rect Ours Rect

OPT-350M 0.2 1.10 0.32 1.50 0.26 0.98
OPT-1.3B 0.32 1.14 0.32 1.20 0.28 0.99
OPT-6.7B 0.26 1.32 0.26 1.31 0.26 1.46
T5-Small 0.35 1.01 0.28 1.30 0.3 1.27
T5-Base 0.32 1.30 0.26 1.26 0.3 0.94
Cerebras-256M 0.24 1.27 0.22 1.1 0.33 1.30
Cerebras-1.3B 0.26 1.18 0.32 1.00 0.28 1.00
mT5-Base 0.26 1.17 0.32 1.22 0.17 1.07
mT5-Large 0.28 1.44 0.32 1.07 0.28 1.10
BART-Base 0.3 1.27 0.3 0.96 0.26 0.99
BART-Large 0.17 1.31 0.28 0.87 0.36 1.14
GPT-2 0.3 1.30 0.3 1.23 0.26 1.33
LaMini-124M 0.28 1.01 0.35 1.00 0.3 1.15
LaMini-774M 0.32 1.14 0.28 1.13 0.28 1.19

Test Loss Prediction: We evaluate the test loss predic-
tion performance of LENSLLM. Table 2 demonstrates
our model’s superior performance through RMSE compar-
isons between predicted and actual test losses. Our model

achieves significantly lower errors across all architectures:
on Wikitext, errors are typically 5 times smaller (e.g., OPT-
6.7B: 0.026 vs 0.132, mT5-Large: 0.028 vs 0.144); on
FLAN, we maintain low RMSE (0.022-0.035) compared to
Rectified Scaling Law’s higher range (0.087-0.15); and on
Gigaword, our model shows consistent performance below
0.036 while Rectified Scaling Law varies between 0.094-
0.146. These results across three datasets and fourteen archi-
tectures confirm our model’s superior accuracy in predicting
training dynamics.

LLM Selection: We compare our approach against five
baseline methods: Rectified Scaling Law, NLPmetrics, Sub-
Tuning, ModelSize, and ZeroShot. All the performance is
tested on a held-out validation set. Table 3 presents compre-
hensive model selection results across FLAN, Wikitext, and
Gigaword datasets, demonstrating our method’s exceptional
performance. Our approach consistently achieves superior
correlation (reaching 85.8% PearCorr) between predicted
and actual model performance, significantly outperforming
established baselines such as Rectified Scaling Law and
NLPmetrics. The robust performance is further validated
by outstanding RelAcc scores (up to 91.1%), indicating
models selected by LENSLLM consistently approach op-
timal performance levels across all tasks. This substantial
improvement over baseline methods establishes our frame-
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Table 3. Model selection results (PearCorr, RelAcc) of our model (LENSLLM) and baselines (Rectified Scaling Law, NLPmetrics,
SubTuning, ZeroShot and ModelSize) on three datasets in percentage. The best result within the same dataset is in bold font, and the
second best result is underlined.

Dataset Metric LENSLLM Rectified Scaling Law NLPmetrics SubTuning ZeroShot ModelSize

FLAN PearCorr 78.4 75.2 76.1 70.5 -12.8 -29.8
RelAcc 88.3 85.7 84.7 80.4 82.3 75.6

Wikitext PearCorr 82.6 80.3 78.9 75.4 6.1 38.0
RelAcc 90.2 88.8 87.5 85.1 84.4 68.5

Gigaword PearCorr 85.8 83.5 80.1 77.9 -53.2 -27.4
RelAcc 91.1 89.2 86.8 84.4 83.3 77.3

work as a reliable guide for practitioners in optimal model
selection across diverse application scenarios.

4.3. Efficiency Analysis on LLM Selection

Figure 4. Pareto-Optimality curve between the selection perfor-
mance and the computational costs (in units of 1021).(Smaller
FLOPs means lower computational cost)

Table 4. Comparison of computational costs (in units of 1021) on
benchmarks, where LENSLLM achieves superior efficiency with
up to 88.5% cost reduction compared to baseline methods.

Method Ccost FLAN Wikitext Gigaword

FullTuning
∑

m∈M
6thNmD 3.35 5.13 4.28

SubTuning

∑
m∈M

6thNmsD

= s · CFullTuning

0.92 1.84 1.11

LENSLLM

∑
m∈M,2i≤s

6thNm
1
2iD

< CSubTuning

0.48 0.59 0.97

We conduct a comprehensive efficiency analysis comparing
our model’s computational requirements with existing meth-
ods. Following Kaplan et al. (2020), we estimate the com-
putational cost Ccost in floating point operations (FLOPs)
as Ccost ∼ 6ND, where N denotes the number of model
parameters and D represents the dataset size. For a fair

comparison, we account for both the number of training
epochs t and hyper-parameter search rounds h when cal-
culating total computational costs across different tuning
approaches. The performance is evaluated by the number
of FLOPs when PearCorr of methods reach the curve (as
illustrated in Figure 4).

As shown in Table 4, LENSLLM achieves superior computa-
tional efficiency through its innovative progressive sampling
strategy: it reduces computational costs by up to 88.5%
compared to FullTuning while maintaining comparable per-
formance. LENSLLM achieves computational costs of 0.48,
0.59, and 0.97 ×1021 FLOPs across tasks, which substan-
tially outperforms both SubTuning and FullTuning.

4.4. Ablation Study

We perform ablation studies to assess the sensitivity of our
method to the stopping criteria—specifically, the regression
threshold (γ) and the stop threshold (τ ). The following
tables summarize the impact of varying these parameters on
the Pearson correlation across three datasets:

Table 5. Impact of γ and τ on PearCorr on FLAN
γ\τ 1 2 3 4 5

3 78.41 78.40 78.42 78.43 78.31
4 78.32 78.39 78.36 78.40 78.40
5 78.39 78.41 78.40 78.39 78.34

Table 6. Impact of γ and τ on PearCorr on Gigaword
γ\τ 1 2 3 4 5

3 85.74 85.74 85.80 85.71 85.66
4 85.62 85.71 85.75 85.79 85.66
5 85.64 85.69 85.66 85.76 85.72

The results across FLAN, Gigaword, and Wikitext datasets
demonstrate the robustness of our method with respect to
the hyperparameters γ and τ , which govern the stopping
criteria. For FLAN, the Pearson correlation remains highly
stable, with minor fluctuations between 78.31 and 78.43.
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Table 7. Impact of γ and τ on PearCorr on Wikitext
γ\τ 1 2 3 4 5

3 82.47 82.58 82.47 82.48 82.44
4 82.49 82.51 82.48 82.49 82.54
5 82.61 82.50 82.46 82.57 82.53

Similarly, Gigaword shows consistent performance with
correlations ranging from 85.66 to 85.79. Wikitext exhibits
slightly more variability, but the range (82.42 to 82.61) still
reflects strong stability. These minor fluctuations across
all datasets suggest that the performance of our approach
is largely insensitive to moderate changes in the stopping
parameters, underscoring its reliability and robustness in
practical settings.

5. Related Work
Early model selection relied on feature similarity meth-
ods (Vu et al., 2020; Dwivedi & Roig, 2019) to predict
transfer performance by comparing source and target tasks.
However, these approaches couldn’t capture the complex
fine-tuning dynamics revealed by our NTK-based analy-
sis, particularly the pre-power and power phases. Recent
work has introduced training-free transferability metrics,
such as LogME (You et al., 2021), which attempt to predict
model performance without additional fine-tuning. While
these approaches reduce computational overhead, they fail
to account for the dynamic nature of fine-tuning that our
theoretical framework explicitly models.

The development of scaling laws has been crucial in un-
derstanding LLM performance during pre-training. Kaplan
et al. (2020) established foundational power-law relation-
ships between model size, dataset size, and performance.
Extensions of these scaling laws (Ghorbani et al., 2021)
demonstrated their predictive power across various scales.
Recent work by Isik et al. (2024) has further advanced
our understanding by developing scaling laws specifically
for downstream task performance, showing how different
tasks exhibit distinct scaling behaviors. However, these re-
lationships become insufficient during fine-tuning due to
the emergence of distinct phases with different governing
dynamics. Recent attempts to adapt scaling laws to fine-
tuning, such as Rectified Scaling Law (Haowei et al., 2024),
have shown promise by incorporating dataset properties
and task-specific factors. Zhang et al. (2024) provides a
comprehensive analysis of how data quantity, model size,
and fine-tuning methods interact during LLM adaptation,
revealing complex trade-offs that traditional scaling laws
fail to capture. However, these approaches fall short in low-
resource scenarios where the pre-power phase dominates.

Other recent methods, including learning-to-rank and
transfer-learning-based approaches (Ji et al., 2024; Hu &
Zhang, 2023), have focused on improving model selection

efficiency through meta-learning strategies. Meanwhile, re-
cent advances in understanding model generalization (Wang
et al., 2024a;b) emphasize the importance of capturing long-
tail patterns and dynamic, non-IID conditions. While these
methods show promise in specific contexts, they often as-
sume static model behaviors and fail to account for the
dynamic scaling interactions.

6. Conclusion
This work presents a significant contribution to LLM se-
lection by establishing a first-principled framework that
bridges the gap between theoretical foundations and em-
pirical observations. Our key contributions are threefold:
First, we propose a first-principled PAC-Bayesian General-
ization Bound that reveals the dynamics of transition phases
in fine-tuning, providing a theoretical lens for examining
LLM selection and its generalization across tasks. Second,
building on this foundation, we introduce LENSLLM, which
integrates NTK with scaling laws to better identify the transi-
tion mechanism between phases. Third, our comprehensive
empirical evaluation demonstrates the exceptional perfor-
mance of our approach, achieving up to 91.1% relative ac-
curacy and 85.8% Pearson correlation across benchmarks—
substantially outperforming existing methods. Moreover,
our model achieves superior computational efficiency, which
reduces computational costs by up to 88.5% compared to
FullTuning. Our work establishes a new baseline for LLM
selection by achieving an optimal balance between accuracy
and efficiency. There might be several promising directions
for future research: extending the analysis to multi-task sce-
narios, exploring implications for architectural design, and
investigating applications to emerging model architectures,
e.g. MoE models.
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A. Proof of PAC-Bayesian Generalization Bound
This section presents our proof of Theorem 2. We start with problem setup, followed by assumptions. Then we prove the
theorem by following two important lemmas.

A.1. Problem Setup

Consider predicting a target task given a training dataset of size n. Denote the feature vectors and labels as xi and yi, for
i = 1, . . . , n, in which xi is d-dimensional and yi is a class label between 1 to k. Assume that the training examples are
drawn independently from an unknown distribution D.

We define two probability distributions:

(1)A prior distribution P , which represents noisy perturbations around pretrained weight matrices W(s) from the source
domain.

(2)A posterior distribution Q, which represents noisy perturbations around fine-tuned weights W for the target domain.

From a PAC-Bayesian perspective, the generalization performance is determined by how these noisy perturbations affect
predictions across domains.

Consider an l-layer transformer that has been pretrained, with weight matrices Ŵ for i = 1, . . . , l. We then fine-tune these
weights for the target task. Let fW denote an l-layer transformer initialized with the pretrained weights Ŵ(s).

For each layer i, the transformer contains the following parameters:

(1) Three matrices for attention: Query projection matrix: WQ
i ; Key projection matrix: WK

i ; and Value projection matrix:
WV

i .

(2) Two matrices for the feed-forward network: First layer weights: W1
i ; and Second layer weights: W2

i .

(3) Layer normalization parameters: Scale parameter: γi; and Shift parameter: βi.

A.2. Assumptions

Our analysis builds upon several carefully constructed assumptions that connect classical DNN theory with transformer
architectures:

Assumption 1 (Smoothness). The activation functions ϕi on layer i and loss function L are twice-differentiable with
Lipschitz-continuous first and second derivatives (Allen-Zhu et al., 2019):
(1) ∥∇ϕi(x) −∇ϕi(y)∥ ≤ Lϕ∥x − y∥, where Lϕ is the Lipschitz constant that bounds how fast the gradient of ϕi can
change;
(2) ∥∇2ϕi(x)−∇2ϕi(y)∥ ≤ Lϕ′∥x− y∥, where Lϕ′ is the Lipschitz constant for the second derivative of ϕi.

Assumption 2 (Boundedness). Following Wei et al. (2019), the loss function and input features satisfy uniform bounds:
L ≤ C and ∥x∥2 ≤ B.

Assumption 3 (Transformer Stability). Based on Liu et al. (2022), transformer components satisfy:

(1) Attention mechanisms are LA-Lipschitz continuous (Lee et al., 2020);

(2) Attention scores are bounded: ∥softmax(QKT )∥∞ ≤M (Dong et al., 2021);

(3) Residual connections maintain gradient flow: ∥∇f(x)∥ ≥ δ > 0;

(4) Layer normalization preserves scale: ∥LN(x)∥2 = ∥x∥2.

A.3. Proofs for PAC-Bayesian Generalization Bound

Before we start to prove Theorem 2, we will need the KL divergence between the prior P and the posterior Q in the
PAC-Bayesian analysis. This is stated in the following result:

Proposition 2 (KL Divergence for Transformer). Suppose the noise perturbation at layer i is drawn from a Gaussian
distribution with mean zero and covariance Σi, for every i = 1, . . . , l. Then:

13
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1. The KL divergence between P and Q is:

KL(Q∥P) = 1

2

l∑
i=1

(Wi −W
(s)
i )⊤Σ−1

i (Wi −W
(s)
i ) (11)

2. For isotropic noise distribution at every layer (i.e., Σi = σ2
i Id):

KL(Q∥P) =
l∑

i=1

∥Wi −W
(s)
i ∥2F

2σ2
i

(12)

Proof. The proof follows from standard results on multivariate normal distributions with additional attention to transformer
components.

Let Zi be the weight matrix of layer i in the posterior distribution. By definition of KL divergence:

KL(Q∥P) = EZ∼Q

[
log
Q(Z)

P(Z)

]
= EZ∼Q[logQ(Z)− logP(Z)]

= EZ∼Q

[
l∑

i=1

(
−1

2
vec(Zi −Wi)

⊤Σ−1
i vec(Zi −Wi) +

1

2
vec(Zi − Ŵ

(s)
i )⊤Σ−1

i vec(Zi − Ŵ
(s)
i )

)]

wheer Zi includes both feed-forward and attention parameters on layer i. Computing the expectation over Zi and using
matrix trace properties:

KL(Q∥P) = −1

2
EZ∼Q

[
l∑

i=1

Tr
[
vec(Zi −Wi)vec(Zi −W i)⊤Σi−1

]
− Tr

[
vec(Zi − Ŵ

(s)
i )vec(Zi − Ŵ

(s)
i )⊤Σ−1

i

]]

Given that the expectation of Zi is Wi and covariance is Σi, after cancellation:

KL(Q∥P) = 1

2

l∑
i=1

vec(Wi − Ŵ
(s)
i )⊤Σ−1

i vec(Wi − Ŵ
(s)
i )

For isotropic case where Σi = σ2
i Id, this simplifies to:

KL(Q∥P) =
l∑

i=1

∥Wi −W
(s)
i ∥2F

2σ2
i

Theorem 2 (PAC-Bayesian Generalization Bound). For a fine-tuned transformer model fŵ satisfying Assumptions 1-3, with
probability at least 0.99 and any fixed ϵ > 0:

L(fŵ) ≤ (ϵ+ 1)L̂(fŵ) +
(1 + ϵ)

√
C
∑l

i=1

√
hi√

n
+O(n−

3
4 ) (4)

where hi ≥ max(x,y)∈D vT
i H

+
i [L(fŵ)]vi.
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Proof. First, we separate the gap between L(fŵ) and 1
β L̂(fŵ) into three parts:

L(fŵ)−
1

β
L̂(fŵ) = L(fŵ)− LQ(fŵ) + LQ(fŵ)−

1

β
L̂Q(fŵ) +

1

β
L̂Q(fŵ)−

1

β
L̂(fŵ). (13)

By Taylor’s expansion, we can bound Equation 13 with respect to the empirical loss and the expected loss:

L(fŵ)−
1

β
L̂(fŵ) ≤ −E(x,y)∼D

[
l∑

i=1

⟨∇iHi [ℓ(fŵ(x), y)]⟩

]
+

l∑
i=1

Ci ∥∇iHi∥
3
2

F +

(
LQ(fŵ)−

1

β
L̂Q(fŵ)

)

+
1

β

 1

n

l∑
i=1

n∑
j=1

⟨∇iHi [ℓ(fŵ(xj), yj)]⟩

+

l∑
i=1

Ci ∥∇iHi∥
3
2

F ,

which simplifies to:

L(fŵ)−
1

β
L̂(fŵ) ≤ −E(x,y)∼D

[
l∑

i=1

⟨∇iHi [ℓ(fŵ(x), y)]⟩

]
+

1

nβ

l∑
i=1

n∑
j=1

⟨∇iHi [ℓ(fŵ(xj), yj)]⟩

+

(
1

β
+ 1

) l∑
i=1

Ci ∥∇iHi∥
3
2

F +

(
LQ(fŵ)−

1

β
L̂Q(fŵ)

)
.

Next, we combine the upper bound on the noise stability of fŵ with respect to the empirical loss and the expected loss:

1

nβ

l∑
i=1

n∑
j=1

⟨∇iHi [ℓ(fŵ(xj), yj)]⟩ − E(x,y)∼D

[
l∑

i=1

⟨∇iHi [ℓ(fŵ(x), y)]⟩

]

=
1

β

l∑
i=1

 1

n

n∑
j=1

⟨∇iHi [ℓ(fŵ(xj), yj)]⟩ − E(x,y)∼D [⟨∇iHi [ℓ(fŵ(x), y)]⟩]


+

(
1

β
− 1

) l∑
i=1

∇i⟨E(x,y)∼D⟨Hi [ℓ(fŵ(x), y)⟩]⟩.

Recall that vi is a flattened vector of the matrix Ŵi − Ŵ
(s)
i . By the assumptions 1-3 and the KL divergence proposition,

L(fŵ)−
1

β
L̂(fŵ) ≤

C(KL(Q∥P) + log 1
δ )

2β(1− β)n

≤
C
(

1
2

∑l
i=1

〈
vi,Σ

−1
i vi

〉
+ log 1

δ

)
2β(1− β)n

.

Combining all above equations with probability at least 1− 2δ, we get the following Inequation 14:

L(fŵ)−
1

β
L̂(fŵ) ≤

C2

√
log(C3n/δ)/n

β

l∑
i=1

∥∇iHi∥F +

(
1

β
− 1

) l∑
i=1

∇i⟨E(x,y)∼D⟨Hi [ℓ(fŵ(x), y)⟩]⟩

+

(
1

β
+ 1

)
C1

l∑
i=1

∥∇iHi∥
3
2

F +
C
(

1
2

∑l
i=1

〈
vi,Σ

−1
i vi

〉
+ log 1

δ

)
2β(1− β)n

.

(14)
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Recall the truncated Hessian H+
i [ℓ(fŵ(x),y)] is equal to Ui max(Di, 0)U

⊤
i , where UiDiU

⊤
i is the eigen-decomposition

of Hi [ℓ(fŵ(x),y)]. For any (x,y) ∼ D, we have:

∇iHi [ℓ(fŵ(x),y)] ≤H+
i [ℓ(fŵ(x),y)]

.

Thus, after taking E(x,y)∼D on both sides, we have the following inequation:

(
1

β
− 1

) l∑
i=1

∇i⟨E(x,y)∼D⟨Hi [ℓ(fŵ(x), y)⟩]⟩ =

√
C

4β2n∥vi∥2
⟨E(x,y)∼D

[
H+

i [ℓ(fŵ(x),y)]
] 1

2 ,viv
T
i ⟩

≤

√
C

4β2n∥vi∥2
∥E(x,y)∼D

[
H+

i [ℓ(fŵ(x),y)]
] 1

2 vi∥∥̇vT
i ∥

=

√
Cv̇T

i E(x,y)∼D
[
H+

i [ℓ(fŵ(x),y)]
]
vi

4β2n
≤

l∑
i=1

√
CHi

β2n

(15)

Next, based on the Inequation 15, the upper bound of L(fŵ)− 1
β L̂(fŵ) could be extended to the following:

L(fŵ)−
1

β
L̂(fŵ)

≤
l∑

i=1

√
CHi

β2n
+

(
C2

√
log(C3n/δ)/n

β

l∑
i=1

∥∇iHi∥F +

(
1 +

1

β

)
C1

l∑
i=1

∥∇iHi∥
3
2

F +
C

2β(1− β)n
log

1

δ

)

Then we set ϵ = (1− β)/β, and get this:

L(fŵ) ≤ (1 + ϵ)(L̂(fŵ) +

l∑
i=1

√
CHi

β2n
)

+

(
C2

√
log(C3n/δ)/n

β

l∑
i=1

∥∇iHi∥F +

(
1 +

1

β

)
C1

l∑
i=1

∥∇iHi∥3/2F +
C

2β(1− β)n
log

1

δ

)
.

where the last part is equal to O(n−
3
4 ).

Hence, we can conclude that:

L(fŵ) ≤ (1 + ϵ)(L̂(fŵ) +

l∑
i=1

√
CHi

β2n
) +O(n−

3
4 ). (16)

Thus we have shown the Theorem 2 holds.

This result shows that transformer architectures maintain PAC-Bayesian generalization guarantees with additional terms
accounting for attention mechanisms, layer normalization, and residual connections.

B. Proof of Scaling Behavior in PAC-Bayesian Generalization Bound
In this appendix, we provide the detailed proofs for corollary 1.
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B.1. Property 1: Cauchy-Schwarz on hi

Lemma 1.
∑n

i=1

√
hi ≤

√
n
∑n

i=1 hi

Proof. The proof follows these key steps:

1) First, recall the Cauchy-Schwarz inequality: For vectors u,v ∈ Rn, |⟨u,v⟩| ≤ ∥u∥∥v∥.

2) Let’s define our vectors:

• u = (
√
h1,
√
h2, . . . ,

√
hn)

• v = (1, 1, . . . , 1) (n-dimensional vector of ones)

3) Calculate the left side |⟨u,v⟩|:

⟨u,v⟩ =
n∑

i=1

(
√
hi · 1)

=

n∑
i=1

√
hi

4) Calculate ∥u∥:

∥u∥ =

√√√√ n∑
i=1

(
√
hi)2

=

√√√√ n∑
i=1

hi

5) Calculate ∥v∥:

∥v∥ =

√√√√ n∑
i=1

12

=
√
n

6) Apply Cauchy-Schwarz:

|⟨u,v⟩| ≤ ∥u∥∥v∥
n∑

i=1

√
hi ≤

√√√√ n∑
i=1

hi ·
√
n

n∑
i=1

√
hi ≤

√√√√n

n∑
i=1

hi

Therefore, we have proven that
∑n

i=1

√
hi ≤

√
n
∑n

i=1 hi.

Note: This proof assumes all hi are non-negative real numbers, which is aligned with the property of hi in our bound.

B.2. Property 2: Upper Bound of hi

We first prove that the sum of the trace of the Hessian matrix of each layer tr(Hl) in a transformer model, when summed
across all layers, is proportional to n−β , where n is the size of the fine-tuning dataset and β is a constant.

17



LENSLLM: Unveiling Fine-Tuning Dynamics for LLM Selection

B.2.1. SUM OF TRACE OF Hi

1. Define the Objective Function and Hessian

• Let L(θ) be the loss function of the model parameterized by θ.

• The Hessian matrix for this loss function is defined as:

H = ∇2
θL(θ) (17)

For each layer l, let Hl be the Hessian of the loss function with respect to the parameters in that layer.

• The sum of the trace of the Hessian matrix across all layers is:

L∑
l=1

tr(Hl) = tr(H) (18)

2. Scaling Behavior of the Hessian with Respect to Dataset Size
Lemma 2. If L(θ) is the empirical loss over a dataset of size n, the trace of the Hessian matrix H scales as tr(H) =
n−1Var(∇L(θ)).

Proof. • Consider the empirical loss function:

L(θ) =
1

n

n∑
i=1

ℓ(θ;xi) (19)

where ℓ(θ;xi) is the loss associated with sample xi.

• The Hessian of this loss function can be expressed as:

H =
1

n

n∑
i=1

Hi (20)

where Hi = ∇2
θℓ(θ;xi) is the Hessian of the individual sample loss.

• By taking the trace, we have:

tr(H) =
1

n

n∑
i=1

tr(Hi) (21)

• Using the Central Limit Theorem (CLT) and assuming that Hi are i.i.d., the variance of the gradient∇ℓ(θ;xi) becomes:

Var(∇L(θ)) = 1

n
Var(∇ℓ(θ)) (22)

• From Dauphin et al. (2024), we have the following relation between the trace of H and Var(∇L(θ)):

tr(H) = Var(∇L(θ)) + tr
(
∇zL · ∇2

θz
)

(23)

if we assume that the model “fits” the data, w.r.t∇θL(θ
∗) = 0, then we could get the following result:

tr(H) = Var(∇L(θ)) (24)

That is:
tr(H) = n−1Var(∇L(θ)) (25)
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3. The behavior of Variance During Fine-Tuning
Lemma 3. During fine-tuning, the variance of the gradient scales as Var(∇L(θ)) ∝ nα for some constant α.

Proof. • Let the variance of the gradient during fine-tuning be σ2(n).

• Empirical observations and theoretical results from the literature suggest that as the size of the dataset increases, the
variance of the gradient decreases. By analyzing the dynamics of SGD through a Bayesian lens, this behavior is often
modeled as Smith & Le (2018):

σ2(n) ∝ n−α (26)

The parameter α characterizes the behavior of the variance reduction. It is typically derived based on the structure of
the model and the type of regularization applied.

4. Combining Lemmas 1 and 2

• From Lemma 1:
tr(H) = n−1σ2(n) (27)

• Substituting the result from Lemma 2:
tr(H) ∝ n−1 · n−α = n−α−1 (28)

The sum of the trace of the Hessian matrix across all layers is proportional to n−β , where β = α + 1. Let’s give
tr(H) = C1n

−β1 as the conclusion of this statement.

B.2.2. UPPER BOUND OF hi

Based on our proof in Appendix A, we have the following formula for a L-layer transformer:

L(fŵ) ≤ (ϵ+ 1)L̂(fŵ) +
(1 + ϵ)

√
C
∑L

i=1

√
hi√

n
+ ξ (29)

where hi is any value greater than max(x,y)∈D v
T
i H

+
i [ℓ(fŵ(x), y)] vi, for all i = 1, . . . , L.

To make the proof more straightforward and clear, we would start our proof on a 2-layer transformer as follows:

L(fŵ) ≤ (ϵ+ 1)L̂(fŵ) +
(1 + ϵ)

√
C
∑2

i=1

√
hi√

n
+ ξ (30)

where hi is any value greater than max(x,y)∈D v
T
i H

+
i [ℓ(fŵ(x), y)] vi, for all i = 1, . . . , 2.

We then prove that the sum of hi has an upper bound C2n
−β2 , given the distance-based generalization, where C2 is

independent of n.

1. Define the Objective Function and Weight Matrix

• Let Ŵ (s) be the weight matrices of pre-trained model and Wi be the dimension of layer i. The dimension of Wi is di
by di−1, where di is the dimension of input xi.

• The distance-based regularization is defined as for every layer:

∥Wi − Ŵ
(s)
i ∥F ≤ αi, ∀i = 1, 2. (31)

• Therefore, hi can be forward defined as:

hi ≤ ∥Wi − Ŵ
(s)
i ∥

2
F max

(x,y)∈X
Tr[Hi(ℓ(fŵ(x), y))] (32)
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2. Upper Bound for ∥Wi − Ŵ
(s)
i ∥2F

Lemma 4. There exists an upper bound for ∥Wi − Ŵ
(s)
i ∥2F , which is unrelated to the training data size:

∥Wi − Ŵ
(s)
i ∥

2
F ≤ B (33)

Proof. • Trauger & Tewari (2023) has proved that for any t ∈ N:

∥(W − Ŵ )xt∥qq =

k∑
j=1

((W − Ŵxt)
q ≤ kϵq (34)

• From which, we could derive:
∥(W − Ŵ )xt∥22 ≤ kϵ2 (35)

• For any xi ̸= ∅ we have:

∥(W − Ŵ )∥22 ≤
kϵ2

min(xixT
i )

(36)

in our setting.

• Thus, considering the relation between Frobenius Norm and Spectral Norm, we have:

∥(W − Ŵ
(s)
i )∥22 ≤

σ2

min(xixT
i )

(37)

• Then, we have:

∥Wi − Ŵ
(s)
i ∥

2
F ≤ min{di, di−1}

σ2

xixT
i

= B (38)

Since none of di, σ and xi relies on training data size n, C2 is independent of n.

• When xi = ∅, we have:
∥(Wi − Ŵ s

i )∥22 = 0 (39)

This is because there is no training data for fine-tuning, the weights would not change, and 0 is independent of n.

• Thus,
∥(Wi − Ŵ s

i )∥22 ≤ B (40)

works for any xi.

Since ∥Wi − Ŵ
(s)
i ∥2F has upper bound of B, we can derive a upper bound of hi as Bmax(x,y)∈X Tr[Hi(ℓ(fŵ(x), y))].

Using the result of statement 1, we can continually derive the upper bound as:

hi ≤ C2n
−β2 (41)

B.3. Fine-tuning Scaling Law

Since Hi is always larger than 0, then we can extend the above bound to the following one by using the relation of∑2
i=1

√
hi ≤

√
2
∑2

i=1 hi:

L(fŵ) ≤ (ϵ+ 1)L̂(fŵ) +
(1 + ϵ)

√
C
√

2
∑2

i=1 hi√
n

+ ξ (42)
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From the above statements, we finally reach our conclusion as follows:

L(fŵ) ≤ (ϵ+ 1)L̂(fŵ) +
(1 + ϵ)

√
C
√

2
∑2

i=1 hi√
n

+ ξ

≤ (ϵ+ 1)L̂(fŵ) +
(1 + ϵ)

√
C
√

2C2n−β2

√
n

+ ξ

≤ (ϵ+ 1)L̂(fŵ) + C3n
−β2 +O(n−

3
4 )

(43)

This final result can also extend to l-layer transformer as follows:

L(fŵ) ≤ (ϵ+ 1)L̂(fŵ) +
(1 + ϵ)

√
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(44)

Thus, we could finally derive the upper bound of the test loss scaling behavior as follows:

L(fŵ) ≤ (ϵ+ 1)L̂(fŵ) + C3n
−β2 +O(n−

3
4 ) (45)

C. Additional Experimental Results
All fine-tuning was performed by using PyTorch and the Hugging Face Transformers library.

C.1. Sensitivity to Hyperparamters

To further evaluate the robustness of our fine-tuning process, we conducted a series of experiments analyzing the sensitivity
to key hyperparameters, including learning rates, batch sizes, and average input sequence length. In particular, we examined
how variations in learning rate and batch size influence the Pearson correlation across three benchmark datasets. The results
of these experiments are summarized below.

Table 8. Impact of Learning Rate and Batch Sizes on Pearson Correlation on FLAN

Batch size \ Learning rate 3e−5 1e−4 3e−4 1e−3

64 78.36 78.41 78.40 78.39
128 78.32 78.34 78.43 78.36
256 78.37 78.36 78.36 78.34

Table 9. Impact of Learning Rate and Batch Sizes on Pearson Correlation on Gigaword

Batch size \ Learning rate 3e−5 1e−4 3e−4 1e−3

64 85.74 85.73 85.74 85.75
128 85.74 85.79 85.77 85.76
256 85.69 85.72 85.71 85.69

The results demonstrate that our method exhibits strong robustness with respect to variations in learning rates and batch
sizes. For the FLAN dataset, Pearson correlation remains highly stable, fluctuating only slightly within the range of
78.32 to 78.43. Similarly, the Gigaword dataset shows consistent correlation values between 85.69 and 85.79 across all
configurations. Although the Wikitext dataset exhibits marginally more variability, the correlations still remain tightly
clustered between 82.50 and 82.61. These findings indicate that the model’s performance is largely insensitive to changes in
these hyperparameters, reinforcing the reliability of our fine-tuning process.
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Table 10. Impact of Learning Rate and Batch Sizes on Pearson Correlation on Wikitext

Batch size \ Learning rate 3e−5 1e−4 3e−4 1e−3

64 82.60 82.61 82.60 82.60
128 82.54 82.53 82.55 82.55
256 82.51 82.51 82.51 82.50

C.2. Sensitivity to Input Length

To assess the impact of average input sequence length, we adjusted the input distribution by removing either the shortest
or longest sequences, resulting in average lengths of 18 and 22 tokens, respectively, compared to the original average of
20. As shown in Table 11, both shorter and longer averages lead to slight decreases in Pearson correlation and relative
accuracy. Specifically, the Pearson correlation drops from 78.14 (at average length 20) to 77.39 and 76.89 for lengths 18 and
22, respectively, while relative accuracy similarly declines. Although performance is affected by these changes, the overall
variation remains small, suggesting that the model is relatively robust to moderate fluctuations in input sequence length.

Table 11. Impact of Average Input Sequence Length on FLAN
Metric \ Avg. Input Seq. Length 18 20 22

Pearson Correlation (PearCorr) 77.39 78.14 76.89
Relative Accuracy (RelAcc) 87.86 88.88 87.91
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