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SEEKING AND BILEVEL VARIATIONAL INEQUALITIES*
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Abstract. We consider a class of hierarchical variational inequality (VI) problems that sub-
sumes VI-constrained optimization and several other problem classes, including the optimal solution
selection problem and the optimal Nash equilibrium (NE) seeking problem. Our main contribution
is threefold. (i) We consider bilevel VIs with monotone and Lipschitz continuous mappings and de-
vise a single-timescale iteratively regularized extragradient method, named IR-EGy,n. We improve
the existing iteration complexity results for addressing both bilevel VI and VI-constrained convex
optimization problems. (ii) Under the strong monotonicity of the outer-level mapping, we develop a
method named IR-EGs,p and derive faster guarantees than those in (i). We also study the iteration
complexity of this method under a constant regularization parameter. These results appear to be new
for both bilevel VIs and VI-constrained optimization. (iii) To our knowledge, complexity guarantees
for computing the optimal NE in nonconvex settings do not exist. Motivated by this lacuna, we con-
sider VI-constrained nonconvex optimization problems and devise an inexactly projected gradient
method, named IPR-EG, where the projection onto the unknown set of equilibria is performed using
IR-EGgs,n with a prescribed termination criterion and an adaptive regularization parameter. We ob-
tain new complexity guarantees in terms of a residual map and an infeasibility metric for computing
a stationary point. We validate the theoretical findings using preliminary numerical experiments for
computing the best and the worst NEs.
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1. Introduction. Consider the class of optimization problems with variational
inequality (VI) constraints [18, 29] of the form

(1.1) minimize f(x)
subject to x € SOL(X, F),

where X C R” is a closed convex set, f : X — R is a continuously differentiable
(possibly nonconvex) function, and F : X — R" is a continuous and monotone map-
ping. Here, SOL(X, F') denotes the solution set of the VI problem VI(X,F'), where
SOL(X,F)£{ze X |F(z)"(y—x) >0 for all y € X }. One of the goals in this work
is to devise a fully iterative method with complexity guarantees for addressing prob-
lem (1.1) when f is nonconvex. In addition, when f is convex or strongly convex,
we aim at considerably improving the existing complexity guarantees for solving this
class of problems. Another goal in this work lies in improving the existing perfor-
mance guarantees in solving a generalization of (1.1), cast as a class of bilevel VI
problems, given as follows:

(1.2) Find 2€SOL(Xj,H) where X5 = SOL(X, F)
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and H : X — R" is a continuous and monotone mapping. In fact, note that when f
is convex and differentiable, (1.1) is an instance of (1.2) where H(x):=V f(x).

1.1. Motivating problem classes. Our motivation arises from some important
problem classes in optimization and game theory presented as follows.

1.1.1. Optimal solution selection problem. In optimization, the optimal
solution may not be unique. When multiple optimal solutions exist, one may seek
among the optimal solutions one that minimizes a secondary metric. Consider

(1.3) minimize ¢(y)
subject to yeY™,

where ¢ : R? — R is a continuous function (possibly nonconvex) and Y* denotes the
optimal solution set of the canonical constrained convex program of the form

(1.4) minimize ¢(y)
subject to y €Y, hj(y) <0, ji=1,...,q.

Assume that g : R? - R, h; : RP - R, j =1,...,q, are continuously differentiable
convex functions. Suppose the Slater condition holds (see [9, Assum. 6.4.2]) and the
set Y CRP? is closed and convex. Then, in view of the strong duality theorem [9, Prop.
6.4.3], the duality gap is zero. From the Lagrangian saddle point theorem [9, Prop.
6.2.4], any optimal solution-multiplier pair, denoted by (y*,A*), is a saddle point of
the Lagrangian function £ : RPT9 — R defined as L(y,\) £ g(y) + ATh(y), where
A& [A1;..5)0] and h(y) = [h1(y);...; he(y)]. Then problem (1.3) can be written as a
VI-constrained optimization of the form (1.1), where we define

(1.5) z2 [y, XEY xRY, f(z) £ o(y),
F(z) £ [VyL(y, A); =VaL(y, N)] = [Vag(y) + Vh(y)X; —h(y)],

and Vh(y) £ [Vhi(y), ..., Vhy(y)]. Notably, if functions h; are linear and g is smooth,
then F' is Lipschitz continuous on X. Further, given that g and h; are convex in y,
F' is monotone on X. This is shown in an extended version of this paper [43].

1.1.2. Optimal Nash equilibrium seeking problem. Nash games may ad-
mit multiple equilibria [39]. A storied and yet challenging question in noncooperative
game theory pertains to seeking the best and the worst equilibria with respect to a
given social welfare function. Addressing this question led to the emergence of effi-
ciency estimation metrics, including Price of Anarchy (PoA) and Price of Stability
(PoS), introduced in [32, 39] and [4], respectively. Let us first formally recall the
standard Nash equilibrium problem (NEP) and then show how (1.1) captures the op-
timal equilibrium seeking problem. Consider a canonical noncooperative game among
d players where player i, i = 1,...,d, is associated with a cost function g;(x%, z7%),
x' denotes the strategy of player i, and z =% £ (2!,...,27 1, 21 ... 29) denotes the
strategy of other players. Let X; C R™ denote the strategy set of player i. In an
NEP, player i seeks to solve

(1.6) minimize 4 g;(z%,z7")

subject to  z' € Xj.

A Nash equilibrium (NE) is a tuple of specific strategies, # = (z',...,2%), where
no player can reduce her cost by unilaterally deviating from her strategy. This is
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mathematically characterized as follows. For all i =1,...,d, g;(z%,27%) < g;(z*,277)
for all z° € X;. Suppose for each player i, X; is closed and convex, and g;(e,z7¢) is
continuously differentiable and convex for all x=%. Then, in view of [17, Prop. 1.4.2],
SOL(X, F') is equal to the set of Nash equilibria, where X CR"™ and F': X — R" are
defined as

d d
(1.7) x2][X F@)2[Vag(@). :Vega@)], ned .

i=1

Notably, if F' is monotone (e.g., when F' is continuously differentiable and its Jacobian
is positive semidefinite), then SOL(X,F') may contain multiple equilibria. Let v :
R™ — R denote a global metric for the group of the players. Some popular examples
for ¢ include the following choices: (i) utilitarian approach, ¥(z) £ % ;1:1 gi(x);
(ii) egalitarian approach, ¥(z) £ max;—1 _49;(z); (iii) risk-averse approach, ¢(z) £
p(g1(2),...,94(z)), where p: R? — R denotes a suitably defined risk measure for the
group of the players. In all these cases, the problem of computing the best (or worst)
NE with respect to the metric ¥ (z) is captured by problem (1.1) where f(z):=(z)
(or f(z):=—1(x)), respectively.

1.1.3. Generalized Nash equilibrium problem (GNEP). Consider a gen-
eralized Nash game [15] where the strategy sets of the players may involve shared
constraints. Player ¢, for i =1,...,d, seeks to solve a problem of the form

(1.8) minimize i g;(z%,27")

subject to 2" € X;(x "),

where X;(x~%) C R™ denotes the strategy set of player i that depends on the strategies
of the rival players. Let us define the point-to-set mapping X (x) £ H?Zl X;(z70).
Then Z = (z,...,2%) is a generalized NE if and only if Z € X'(Z) and for all 4,

gz, 57 < gi(z*, 277 for all z* € X;(z7%).

We review two instances of GNEPs and examine their formulation as a bilevel VI.
(i) GNEP over a nonlinear system of equations. Consider the case when the shared
constraints are characterized as the solution set of a system of nonlinear equations,
given as S £ {z € R"|F(z) =0}, where S # () and F is a continuous and monotone
mapping. Notably, it follows that SOL(R™, F') =S. Also, in view of [17, Thm. 2.3.5],
S is convex. This implies that X;(z~%) £ {2 € R"|(2%,2~") € S} is convex for any
2%, which then implies that the GNEP (1.8) is jointly conver [15, Def. 2]. Let us
define H(x) £ [V,1g1(x);...;Vyaga(z)]. Then the following holds. If 2* € S solves
(1.2), then z* is an NE to the GNEP (1.8). It is important to recall that the converse
is not necessarily true [15].

(i) GNEP with complementarity constraints. Let S £ {x € R"|0<z L F(z)>0}.
Similarly, noting that SOL(R"}, F') = S, if 2* solves (1.2), then it is a solution to (1.8).

1.2. Related work and gaps. Next, we briefly review the literature on VIs
and then provide an overview of the prior research in addressing (1.1) and (1.2).

(i) Background on VIs. The theory, applications, and methods for the VIs
have been extensively studied in recent decades [17, 40]. In addressing deterministic
VIs with monotone and Lipschitz continuous maps, the extragradient-type methods
improve the iteration complexity of the gradient methods from O(e2) to O(e™ 1)
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[30, 37]. Employing Monte Carlo sampling, stochastic variants of the gradient and
extragradient methods have been developed more recently in [24, 26, 56, 54, 27, 31]
and their variance-reduced extensions [22, 1], among others.

Gap (i). Despite these advances, the above-mentioned references do not provide
iterative methods for addressing the two formulations considered in this work.

(ii) Methods for the optimal solution selection problem. Problem (1.3)
has been recently studied as a class of bilevel optimization problems [51, 45, 46, 6, 41,
53, 25, 12, 44, 34, 36, 42] and appears to have its roots in the study of ill-posed
optimization problems and the notion of exact regularization [20, 21, 49, 3].

Gap (ii). It appears that there are no methods endowed with complexity guar-
antees for addressing (1.3) with explicit lower-level functional constraints and possibly
with a nonconvex objective function ¢(e).

(iii) Methods for VI-constrained optimization. Naturally, solving problem
(1.1) is challenging, due to the following two reasons: (i) The feasible solution set in
(1.1) is itself the solution set of a VI problem, and so it is often unavailable. Indeed,
as mentioned in [19], there does not seem to exist any algorithms that can compute all
NEs. (ii) The standard Lagrangian duality theory can be employed when the feasible
set of the optimization problem is characterized by a finite number of functional
constraints. However, by definition, SOL(X, F') is characterized by infinitely many,
and possibly nonconvex, inequality constraints. Indeed, there are only a handful
of papers that have developed efficient iterative methods for computing the optimal
equilibrium [51, 18, 55, 29, 28, 23]. Among these, only the methods in [29, 28, 23] are
equipped with suboptimality and infeasibility error bounds.

Gap (iii). The above-mentioned three references do not address the case when
the objective f is nonconvex. Also, when f is convex, the best known iteration
complexity for suboptimality and infeasibility metrics appears to be O(e~*). In this
work, our aim is to improve such guarantees for the convex case, and also achieve new
guarantees for the strongly convex and nonconvex cases.

(iv) Methods for bilevel VIs and GINEPs. Methods for addressing bilevel VIs
and their closely related variants have been recently developed; see, e.g., [18, 48, 50, 33].
The GNEP has been extensively employed in several application areas, including eco-
nomic sciences and telecommunication systems [15, 11, 7, 8, 2].

Gap (iv). Among the references on bilevel VIs, only the work in [33] appears
to provide complexity guarantees, that is, O(¢~®) when H is monotone. We aim at
improving these guarantees significantly and also providing new guarantees when H
is strongly monotone. With regard to GNEPs, our work provides a new avenue for
solving a variational formulation of these problems when the shared constraints do
not admit the conventional form, examples of which are provided in subsection 1.1.3.

1.3. Contributions. Motivated by these gaps, our contributions are as follows.

(i) Improved guarantees for monotone bilevel VIs. When mappings F
and H are both monotone and Lipschitz continuous, we develop a single-timescale
iteratively regularized extragradient method (IR-EGy ) for addressing problem (1.2)
and derive new iteration complexity of O (6’2) where € is an upper bound on suitably
defined gap functions for the inner- and outer-level VI problems. We also show that
the lower bound on the outer-level VI's gap function converges to zero asymptotically.
Under a weak sharpness assumption on the inner VI problem with order M > 1, we
derive a rate for the lower bound on the outer-level gap function. We further show
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that when M =1 and the regularization parameter is below a prescribed threshold,
the complexities improve to O (6_1). For bilevel Vs, this result improves the existing
complexity O(e™8) for this class of problems in prior work [33]. Also, when H(x) :=
V f(x), addressing VI-constrained optimization, this improves the existing complexity
O(e*) in [29, 28, 23] by leveraging smoothness of f and Lipschitz continuity of F.

(ii) New guarantees for strongly monotone bilevel VIs. When H is
strongly monotone, we show that a variant of IR-EGy, 4, called IR-EGg ,, under a
prescribed weighted averaging scheme, can be endowed with a sublinear convergence
speed in terms of an upper bound on the dual gap function of both the outer and inner
VI problems. We also develop a variant of this method underla constant regulariza-
tion parameter and derive complexities of (9(67%) and O(¢@+D + ¢ 1) for the outer
and inner VI problem, respectively, for any arbitrary p > 1. We further show that
under the weak sharpness assumption, when the regularization parameter is below a
prescribed threshold, the generated iterate converges to the unique solution with a
linear speed. These guarantees appear to be new for both (1.1) and (1.2).

(iii) New guarantees for VI-constrained nonconvex optimization. We
develop an iterative method, called IPR-EG, for addressing problem (1.1) when f is
smooth and nonconvex. We analyze the convergence of the method under the weak
sharpness of the VI problem and show the following results: (a) When a threshold
for the regularization parameter is unknown a priori, we develop an adaptive update
rule for the regularization parameter and derive an overall iteration complexity of
nearly O (6*3M’2) in computing a stationary point, where M denotes the order of
the weak sharpness property (see Theorem 5.9). (b) When the threshold is known
and M =1, using a constant regularization parameter, we show that the overall itera-
tion complexity improves to nearly O (6_2). Our method appears to be the first fully
iterative scheme equipped with iteration complexity for solving VI-constrained non-
convex optimization problems, and in particular for computing the worst equilibrium
in monotone Nash games. Table 1 provides a summary of the main contributions.

TABLE 1
Summary of main contributions and assumptions in addressing problem (1.2).

Main assumptions Main convergence rate statements
Method F H SOL(X, F) Outer-level error Inner-level error
metric metric
w.sh. o known? L.B. U.B. L.B. U.B.
IR-EGq,n m. m. X X asymptotic \/—1? 0 \/—1?
NP am/ 1 1 1
(both diminishing M>1 X - "N % TR 0 TR
and constant reg.) M=1 v - % % 0 %
IR-EGs,n m. s.m. X X asymptotic % 0 %
(diminishing reg.) M>1 x - M/ % = 0 +
IR-EGs,n m.  sm. x x - # 0 ==+
(constant reg.) M>1 X - MY ﬁ + % ﬁ 0 ﬁ + %
M=1 4 -1 0 ¥
1 1
IPR-EG m. Vf, M2>1 X 0 TR 0 RVR
nevx f M=1 v 0 7= 0 w2

Notation: m. and s.m. denote monotone and strongly monotone, resp.; w.sh. denotes a-weakly sharp of
order M; L.B. and U.B. denote lower and upper bound, resp.; p > 1 is arbitrary, p1, p2 € (0,1). Logarithmic
numerical factors are ignored.
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Outline of the paper. The remainder of the paper is organized as follows.
In section 2, we present some preliminaries. In section 3, we address bilevel VIs
with a monotone outer-level mapping. In section 4, we address bilevel VIs with
a strongly monotone outer-level mapping. We also provide the implication of the
results for VI-constrained strongly convex optimization problems. In section 5, we
address VI-constrained nonconvex optimization. Some preliminary numerical results
are presented in section 6. Lastly, we provide some concluding remarks in section 7.

Notation. Throughout, a vector x € R” is assumed to be a column vector. The
transpose of x is denoted by x'. Given two vectors z € R™ and y € R™, we use
[z;9] € R(T™IX1 t6 denote their concatenated column vector. When n = m, we
use [x,y] € R"*2 to denote their side-by-side concatenation. We let || - || denote the
Euclidean norm. A mapping F' : X — R"™ is said to be monotone on a convex set
X CR™if (F(x) — F(y)) " (z —y) >0 for any z,y € X. The mapping F is said to be
p-strongly monotone on a convex set X C R™ if > 0 and (F(x) — F(y)) " (z —y) >
pllz —yl|? for any z,y € X. Also, F is said to be Lipschitz continuous with parameter
L > 0 on the set X if ||F(z) — F(y)|| < L||x — y|| for any z,y € X. A continuously
differentiable function f : X — R is called p-strongly convex on a convex set X if
f(@) > f(y)+ Vi)' (z—y)+ 4]z —y|/*. The Euclidean projection of vector = onto
a closed convex set X is denoted by ILy[z], where IIx[z] £ argmingex ||z — y||. We
let dist(z, X) £ ||z — Ix[x]|| denote the distance of = from the set X. Throughout,
we let X* denote the solution set of problem (1.2).

2. Preliminaries. In the following, we provide some definitions and preliminary
results that will be utilized in the analysis in this section.

LEMMA 2.1 (projection theorem [9, Prop. 2.2.1]). Let X be a closed conver set.
Given any arbitrary x € R™, a vector * € X is equal to Il x[x] if and only if for all
y € X we have (y —x*) T (x — 2*) <0.

To quantify the quality of the generated iterates by the proposed algorithms, we
use the dual gap function [26, 55, 29], defined as follows.

DEFINITION 2.2 (dual gap function). Let X C R™ be a nonempty, closed, and
convez set and F : X — R™ be a continuous mapping. Then the dual gap function
associated with VI(X, F) is an extended-valued function Gap:R™ — RU {400} given
as Gap(z, X, F) £ SUp, e x F(y)T(z —vy).

Remark 2.3. Note that when F' is continuous and monotone, if z € X, then
Gap(z, X, F) =0 if and only if z € SOL(X, F') [26]. Similarly to [17, p. 167], here we
define the dual gap function for vectors both inside and outside of the set X. Note
that if x € X, then Gap(z, X, F) > 0. However, this may not be the case for z ¢ X.
In the case when the generated iterate by an algorithm is possibly infeasible to the
set of the VI (e.g., this emerges in solving bilevel VIs), it is important to build both
a lower bound and an upper bound on the dual gap function.

In some of the rate results, we utilize the weak sharpness property, defined as
follows.

DEFINITION 2.4 (weak sharpness [35, 27]). Let X C R"™ be a nonempty, closed,
and convez set and F : X — R™ be a continuous mapping. VI(X,F) is said to be
a-weakly sharp with order M if there exist scalars a >0 and M > 1 such that for all
z € X and all z* € SOL(X, F), we have F(z*)T (z — z*) > adist™ (z,SOL(X, F)).
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Remark 2.5. The notion of weak sharp minima was first introduced in [10] to
account for the possibility of nonunique solutions in optimization and complementarity
problems. Some sufficient conditions and characterizations for weak sharp minima
were studied in [47] subsequently. An important subclass of VIs that admits this
property with M =1 is the monotone linear complementarity problem (LCP), under
the assumption that the LCP is nondegenerate [10, Thm. 3.7]. LCP is a powerful
mathematical program that has been applied to a wide range of problems in operations
research and game theory (cf. [14] for an in-depth study).

Throughout, in deriving some of the rate results, we may utilize the following
terms.

DEFINITION 2.6. Let D% = SUP, ye x ||z — y||*> and define B, By, By >0 such
that Bp £ sup,ex: [|[F'(2)ll, Ba £ sup,ex: [[H(x)|, and By £ sup,ex: [|[Vf(2)]|. We
also define By, By, By > 0 similarly, but with respect to the set X*. Further, we
define Cp,Cyg,Cy >0 in a similar vein, with respect to the set X.

3. Monotone bilevel VIs and VI-constrained convex optimization. The
main assumptions in this section are presented in the following.

Assumption 3.1. Consider problem (1.2). Let the following statements hold:
(a) Set X is nonempty, closed, and convex.

(b) Mapping F: X — R" is Lp-Lipschitz continuous and monotone on X.
(¢) Mapping H : X — R™ is Ly-Lipschitz continuous and monotone on X.
(d) The solution set of problem (1.2) is nonempty.

Remark 3.2. We note that Assumption 3.1 (d) can be met under several settings.
We provide an example in the following. Let X be a closed convex set and F' be
monotone. Then, in view of [17, Thm. 2.3.5], SOL(X, F') is convex. If, additionally,
X is bounded, then from [17, Cor. 2.2.5], SOL(X, F) is nonempty and compact. Now,
let us consider VI(SOL(X, F'), H) and let H be monotone. Invoking the preceding two
results once again, we can conclude that SOL(SOL(X, F'), H) is nonempty, compact,
and convex.

3.1. Algorithm outline. We devise Algorithm 3.1 to address two problems: (i)
the bilevel VI problem (1.2) where both F' and H are assumed to be monotone and
Lipschitz continuous, and (ii) the VI-constrained optimization problem (1.1) when
f is L-smooth and convex, by setting H(x) := V f(z). Algorithm 3.1 is essentially
an iteratively regularized extragradient method, named IR-EGy,,. A key idea lies
in employing the regularization technique to incorporate both mappings H and F.

Algorithm 3.1 IR-EG, , for bilevel VI (1.2) with monotone H and F.

1: input: Initial vectors xg, 4o € X, a stepsize v > 0, an initial regularization
parameter 19 >0, and 0 <b < 1.

2: for k=0,1,..., K —1do

3t Yrr=1x [wp — 7 (F(or) + niH (zk))]

4 apyr =1y (25 — v (F(Yet1) + 6 H (Yr+1))]

5 Yry1 = (kUk +yrs1) /(K +1)

6

7

8

Mk+1 = 4(k-7-01)b
: end for
: return yx
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At iteration k, the vectors y, and xjp are updated by using the regularized map
F(e) + npH(e). The regularization parameter 7 is updated iteratively. Intuitively,
the update rule of 7y regulates the trade-off between incorporating the information
of mapping F' and H in updating the iterates.

3.2. Convergence analysis for IR-EGy, ,. In the bilevel VI (1.2), note that
Gap (z,SOL(X, F),H) > 0 for x € SOL(X, F'). This follows directly from Remark 2.3.
However, Gap (z,SOL(X, F'), H) might be negative for x ¢ SOL(X, F). In the follow-
ing, we establish a lower bound on the dual gap function of the outer VI problem for
any vector € X that might not belong to SOL(X, F). The proof is available in an
extended version of this paper in [43].

LEMMA 3.3. Consider problem (1.2). Let Assumption 3.1 hold. Then the follow-
ing results hold:

(i) Gap(x,SOL(X,F),H) > —Bg dist (z,SOL(X, F)) for any x € X. In partic-
ular, for any v € SOL(X, F) we have Gap (x,SOL(X, F),H) > 0.

(ii) Consider the special case H(x):=V f(x) where f is a continuously differen-
tiable and convex function. Then for any x € X we have

f(@) = (@) = =V f(«") | dist (x, SOL(X, F)),

where x* denotes an optimal solution to problem (1.1). Further, if f is u-
strongly convex, then for any x € X we have

Bl — a1 < fl@) = F") + [ V7 (")l dist(z, SOL(X, F),

where x* denotes the unique optimal solution to problem (1.1).
(iii) Suppose SOL(X,F) is a-weakly sharp of order M > 1. Then dist(z,SOL
(X,F)) < X/a"1Gap(z,X,F) for any v € X.

Next, we provide some recursive inequalities that will be used in the rate analysis.
The proof is available in an extended version of this paper in [43].

LEMMA 3.4. Consider problem (1.2). Let {§r} be generated by Algorithm 3.1. Let
Assumption 3.1 hold. The following statements hold for any x € X :

(i) For all k>0, we have

(3.1)
[@rg1 — 2] < |lze — 2] = lyrs1 — zll® + 29 (L3 + me L) vk — el
+ 29 (F(yrs1) + e H (Ye41)) T (2 — yogr) -

(ii) Suppose ¥*(L% +niL%) <0.5 for all k>0. For all k>0, we have

(32) 2y (F(2) +meH (@) " (gr1 = 2) < [low — 2]® = lopsr — 2.

(iii) Suppose v*(L3+n3iL3%) <0.5 for all k> 0. Further, if H(z):=V f(z) where
f is a conver and L-smooth function, then for all k>0, we have

(3.3)
29F(2) " (ka1 — @) + 2y (f (k1) — F(@)) < ok — 2))® = [lopgr — 2.

Next, we derive error bounds and show the asymptotic convergence of the method.
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THEOREM 3.5 (error bounds and asymptotic convergence of IR-EG,, ). Con-
sider problem (1.2). Let {gr} be generated by Algorithm 3.1, let Assump-
tion 3.1 hold, and let X be bounded. Assume that {ny} is diminishing and
Y2 (L% +n3L3%) <0.5. Then the following results hold:

(i) For all K > 1, we have
— By dist (g, SOL(X, F)) < Gap (yx, SOL(X, F), H) < (ynx 1K) "' D%.

(ii) For all K > 1, we have

K—1
0 < Gap (i, X, F) < (vK)"'D% + VZOuDx K~ Y .
k=0
Sizomi
(iii) Suppose limg_,o0 knp—1 = 00 and limg_,oc == = 0, e.g., when

M = (k%)b for k > 0, where 0 < b < 1. Then every accumula-

tion point of {Ur} belongs to the solution set of problem (1.2), that is,
SOL(SOL(X,F),H).

Proof. (i) The lower bound holds using Lemma 3.3. Below, we show that the
upper bound holds. Consider inequality (3.2). Let 2% € X} £ SOL(X, F) denote
an arbitrary solution to VI(X, F). Thus, we have F(x%)" (yx+1 — %) >0, where we
recall that yr11 € X. Invoking this relation, from (3.2), we have for all k>0
(34)  H(zp)" (yerr — 25) < 0.5(0ymw) " law — 25l* = 0.5(vme) ™ lwrsr — 25,
where we divided both sides by 2yn;. By adding and subtracting 0.57*117,;_11ka —
x|, we obtain

H(wp) " (ypsr —2p) 0597 ok — o |* = 0.5y i g — 2
+0.597 (" =ty Ml — 2k )1
Note that n,;l — 77,;11 > 0, because 1y, is diminishing. We obtain
H(wp) " (yerr = 25) <0577ty low — ok )1? = 0.5y o |z — 2k
+97 (0" = meta) D
Summing both sides for k=1,..., K — 1, we obtain

K—1
H(zp) " (ger = 25) 057 g g — ap® = 0.5y gy flose — o
k=1
+77 (gt —mg ") DX
Substituting k:=0 in (3.4) and summing the resulting inequality with the preceding
relation yields
K—1
H(zp)" (Z Y1 — Kx}) <0.59 gz — 23 1* = 0.5y gl lek — 2%
k=0
+y7 (gt =m0 ) D
Noting that 0.5y 'ny !||zg — %> < v~ 'ny ' D% and dropping the nonpositive term
—0.57 "It [|w e — 25|, we obtain
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(3.5) H(zw) " (Jx — o) < (ynx 1K) "' D%

Taking the supremum on both sides with respect to the set X7 and invoking the

definition of the dual gap function, we obtain Gap (yx, X5, H) < (ynx 1K) 1D%.
(ii) Next, we derive the bound on the infeasibility in the inner-level VI. Consider

inequality (3.2). From the Cauchy—Schwarz inequality, we obtain

F(2)" (yrs1 —2) <059 |z — 2|® = 0.5 ks —2f|* + v20Cr Dx.

Summing both sides for k=0,..., K — 1 and dividing both sides by K, we obtain
K—1
F@)T (5~ 2) <05(K) ™ (o — > — ke — 1) +V2CuDx K™ Y .
k=0
Dropping the nonpositive term and invoking the definition of Dy again, we obtain
K—1
F@)" (jx —2) < (vK) "' D% +V2CuDx K" > " s
k=0
Taking the supremum on both sides with respect to the set X and invoking the
definition of the dual gap function, we obtain the result in (ii).

(iii) Note that g € X for all £k > 0 and X is compact. Invoking the Bolzano—
Weierstrass theorem, {7;} has at least one accumulation point. Let us denote an
arbitrary convergent subsequence of {yi} by {yk,} and let § denote the accumula-
tion point. Recall that SOL(X, F') is nonempty, compact, and convex (see Remark
3.2) and Gap (e,SOL(X, F), H) is a continuous function [17, Chap. 2]. By taking
the limit along {g,} on the relation in (i), we obtain — By dist (§, SOL(X, F)) <
Gap (9, SOL(X, F), H) <0. Also, by taking the limit on the relation in (ii) we obtain
Gap (9, X, F') = 0. Invoking [17, Prop. 2.3.15], we have dist (g, SOL(X, F')) =0. Thus,
we obtain Gap (§,SOL(X, F),H) = 0 and again, in view of [17, Prop. 2.3.15], we
conclude that § € SOL(SOL (X, F),H). o

Next, we derive the convergence rate statements for the IR-EG,,, method.

THEOREM 3.6 (IR-EG,,,’s rate statements for bilevel VIs). Consider problem
(1.2). Let Assumption 3.1 hold and X be bounded. Assume that v?(L2% +
naL%) <0.5.

o

Case 1. Diminishing regularization. Suppose n = T+e where b € (0,1) is
arbitrary. Then the following results hold for all K > 21/ (1=0);

(1-)) — By dist (§x, SOL(X, F)) <Gap (§x, SOL(X, F), H) < (&) .

Mo
2
(1-i1) 0 < Gap (g, X, F) < (22 ) & + (L2m%lx) L.
(1-iii) Further, if SOL(X, F) is a-weakly sharp of order M, then
2

Gap (7, SOL(X. ), H) 2 ~Br §fat ((25) f + (4B ).

Case 2. Constant regularization with a priori known threshold if M = 1.
Suppose M =1. Letn be a constant reqularization parameter that n < m,

where x* is an arbitrary solution to problem (1.2). Then for all K > 1 the
following results hold:

(2+) dist (., SOL(X, F)) < (lzezzll) L.

(24i) |Gap (i, SOL(X, F), H) | < max { 2% Bulzos’l®] 1

n’ Yo
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Proof. [Case 1] Consider the bounds in Theorem 3.5 (i) and (11) Note that (1- 12
and (1-ii) follow by nx_1 = 7% and also that Zk o Mk =10 Zk o Yk+1)" <"°Kb
for K > 21/(-%) where the last inequality follows from [29, Lem. 2.14]. (1-iii) is
implied from Lemma 3.3 and (1-ii).

[Case 2] To show (2-i) consider an arbitrary solution z* € X* where X* denotes the
solution set of problem (1.2). Consider (3.2). Substituting = := z*, for a constant
regularization parameter 7, we have

2y (F(«") + nH(x") " (g1 — ") < [lag — 2*|* = ||z — 2%
Summing both sides over k=0,..., K — 1 and dividing both sides by K, we obtain
(3:6)  2y(F(z")+nH(z") " (g —2*) < ([lzo — ™| = ok —2*|*)/ K

In view of z* € X} and Definition 2.4, we have F(x*)T (gx — 2*) > adist(yx, X ;).
Invoking the Cauchy—Schwarz inequality, we have

H(x*) (yx —2*)=H(z")" (yx — Ux: [Jx] + x; [Ux] — %)
> —||H (") yx — Txx [yx] s

where we used H(z*)" (Ilxz [jx] —2*) > 0 in view of Ilx [jk] € X} and that z*
solves VI(X}., H). Thus, from (3.6), we obtain

2y (adist (g, X)) — nll H (") ||dist (5, X 7)) < (|20 — 2*[|* — [Jax — 2™|*)/ K.

This implies that 2vy(a — n||H (z*)|)dist(§x, X ) < [Jzo — z*|)? /K Recalling 7 <
A the preceding relation implies that dist(gx, X5) < Hg”ﬂ/i””” To show (2-ii),

by invoking Lemma 3.3, Gap (§x, X5, H) > —Bpy Hrf;ir\l Combining this with the
bound in part (1-i) for b =0, we obtain the result. |

The proof of the next result is available in an extended version of this paper [43].

COROLLARY 3.7 (IR-EG,,,’s rate statements for VI-constrained optimization).
Consider Theorem 3.6. In the special case when H is the gradient map of a convex
L-smooth function f, problem (1.2) captures problem (1.1) and the results hold for
Ly =1L, Cy :=Cy, and By = By. In particular, the bounds in (1-i), (1-iii), and
(2-ii) hold for the metric f(yx) — inf,csoL(x,r) f(2).

Remark 3.8. By Theorem 3.6, under the weak sharpness assumption and avail-
ability of the threshold B* , the iteration complexity of O(¢é~1) is achieved where ¢
is a scalar such that |Gap (Ji,SOL(X,F),H)| < ¢ This is indeed the best known
iteration complexity for addressing monotone Lipschitz continuous single-level VlIs.
In the absence of the threshold, the results in Theorem 3.6 imply that when b:=0.5,
an iteration complexity of O(e~2) can be achieved for both the outer- (in terms of the
upper bound) and inner-level VIs. This improves the existing complexity for bilevel
VIs. Also, for VI-constrained optimization, this improves the existing complexity
O(e*) in [29, 28, 23] by leveraging smoothness of f and Lipschitz continuity of F.
We also note that when M > 1, the complexity of O(e~2™) for the lower bound on
the outer-level VI’s gap function is novel and did not exist before.

4. Strongly monotone bilevel VIs and VI-constrained strongly convex
optimization. In this section, our main assumptions are presented in the following.

Assumption 4.1. Consider problem (1.2). Let the following statements hold:
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Algorithm 4.1 IR-EGs , for (1.2) with strongly monotone H and monotone F.

1: input: Initial vectors xg,yo € X, a stepsize v > 0, regularization parameter

sequence {7y}, such that y2L% + ynepm + 22 L% < 0.5, O = %7 and
Ty =0.

2: for k=0,1,..., K —1do

3t ypyr =1y [m — v (Fzg) + meH (1))

4 wpgr = 1Ix [z — v (F(Yrg1) + e H (Yrg1))]
D Ypt1:=
6.
7
8

_ Duge+me0kyst1
Trt1 0
Fiy1:=T% + 00 and Oy = m

end for
return yx

(a) Set X is nonempty, closed, and convex.

(b) Mapping F: X — R" is Lp-Lipschitz and monotone on X.

(¢) Mapping H : X — R" is Ly-Lipschitz and pg-strongly monotone on X.
(d) The set SOL(X, F') is nonempty.

Remark 4.2. Let us briefly comment on the existence and uniqueness of solutions
to (1.2) under the above assumptions. In view of Remark 3.2, Assumption 4.1 implies
that SOL(X, F') is nonempty, closed, and convex. Then, from the strong monotonicity
of the mapping H, it follows that a solution to problem (1.2) exists and is unique.

4.1. Algorithm outline. We develop IR-EGg ,, presented by Algorithm 4.1,
to address two classes of problems as follows: (i) the bilevel VI problem (1.2) when
H is pp-strongly monotone and Lipschitz continuous, and F' is monotone and Lip-
schitz continuous, and (ii) the VI-constrained optimization problem (1.1) when f is
L-smooth and strongly convex, by setting H(z) := Vf(x). Note that IR-EGg , is
a variant of IR-EGy,,, where we employ a weighted averaging sequence where the
weights, 0, are updated geometrically characterized by the stepsize -, regularization
parameter 7, and pg. In this section, we first derive explicit convergence guarantees
for this method under diminishing update rules. We will then present the convergence
guarantees when a constant regularization parameter is used.

4.2. Convergence analysis for IR-EG; ;. The following result provides a
recursive relation that will be utilized in the rate analysis. The proof is available in
an extended version of this paper [43].

LEMMA 4.3. Consider problem (1.2). Let the sequence {Ji} be generated by Al-
gorithm 4.1. Let Assumption 4.1 hold and © € X be an arbitrary vector.
(i) Let VL% +~mrpm +v*niL3, <0.5 for all k> 0. Then, for all k>0, we have

(4.1)
2y (F(z) + e H(2)) T (yrsr — @) < (U= ympm) |z — z]|* = g — 2%

(ii) Let H(x) := V f(x) where f is a p-strongly conver and L-smooth function.
Suppose ¥2L% + 0.5ynepu+~v*n2L? < 0.5 for all k> 0. Then, for all k>0, we
have

(42) 21F@)T (o = )+ 2y F) ~ £2) < (1= 222 o o]

= llpsr — ).
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In the following result, we show that the generated iterate by IR-EGs , is indeed
a weighted average sequence. The proof is available in an extended version of this
paper [43].

LEMMA 4.4 (weighted averaging in IR-EGs ). Let the sequence {g} be generated

by Algorithm 4.1 where ), = m for k > 0. Let us define the weights
t=0 t

)\k’KéZan#k' for ke€{0,...,K —1} and K > 1. Then, for any K > 1, we have

. 0,
j=0 MY

_ K=1 . _

I =) ko Me,KYk+1. Also, when X s a conver set, we have yx € X.

Next, we derive error bounds and show asymptotic convergence for IR-EGg .

THEOREM 4.5 (error bounds and asymptotic convergence of IR-EGg ). Con-
sider problem (1.2). Let the sequence {gx} be generated by Algorithm 4.1, let
Assumption 4.1 hold, and let the set X be bounded. Suppose {ni} is nonin-
creasing and Y2L3% + ynpm + ’y%],%L%I <0.5 for k> 0.

(i) For all K > 1, we have

K—1
— By dist (jx, SOL(X, F)) < Gap (Jx, SOL(X, F), H) <y~ 'D%/ Y _ 1;0;.
j=0
(ii) For all K > 1, we have
K-1 K—-1
0<Gap (I, X, F) < [ v"'moDX + Cuv2Dx Y n30; | /Y n;b;.
j=0 =0

(ili) Suppose Y772 n;0; = oo and limkﬁoo(z;?:()nfﬂj/z;?zo n;0;) = 0.
Then {gr} converges to the unique solution of problem (1.2).

Proof. (i) The lower bound holds from Lemma 3.3. Next, we show that the upper
bound holds. Substituting = := 2% € SOL(X, F') in (4.1), for any k>0 we have

(F(zp) +neH (2h)) T (s — 25) < 5(1 = ywper) |l — g ||* — Z”xlwl — .
Since 2% € SOL(X, F) and yj+1 € X, we have F(2%) " (yrt1 — 25) > 0. We obtain
* x 1 . 1 .
(43)  meH(xp) " (Yrs1 —af) < %(1 —ynepn) e — k) — Z”xlﬁl —ap|*

Consider (4.3) for k= 0. Multiplying both sides by 8y = , we obtain

1
1—ynopu
(4.4) H(z}) " (noboyr — mobozy) < g”xo —zp|* - 500“11 — x|

If K =1, then taking the supremum on both sides with respect to =% € SOL(X, F)
and recalling the definition of dual gap function, we obtain (i). Suppose K > 2.

i a1 o
Consider (4.3) for k > 1. Recall that 0, = o) for k> 0. Multiplying both

sides of the preceding inequality by 6, we obtain, for any k& > 1,
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. " 1 T — 2 Thp1 — |
H(2y) " (b (yps1 — 25)) < 5 < il El - ‘,L + hll i
Y \ILico A =vymepn)  Tli—o(X —ymerm)

Summing both sides of the preceding relation over k=1,..., K —1, and then summing
the resulting relation with (4.4), we obtain

K—1 1

H(zw)" (Z M0k (Yr+1 — fﬂ?)) < % (lwo — 25 l* = Ok 1 llox — 25[|?) -
k=0

By dropping the nonpositive term and invoking Lemma 4.4, we obtain

K-1

H(ap) (g —ap) <vT'DX/ | D n65 )
§=0

where we used the definition of Dx. Taking the supremum on both sides with respect
to 3, € SOL(X, F) and recalling the definition of dual gap function, we obtain (i).
(ii) Consider (4.1). For any x € X, for k >0, we have

2y (F(x) +mH (@) " (yoyr — @) < (L= ymepr) |2 — 2))* = Jzngs — 2]

Using the Cauchy—Schwarz inequality and invoking Definition 2.6, we obtain

1
(4.5) F(2)" (yryr — ) < o= (L= ymeprr) o — 2))* = lzpi1 — z)|*) + meCuv2Dx.

2y
Consider (4.5) for k= 0. Multiplying both sides by 796y = 1_7’7%, we obtain
1
F(z)" (nofloyr — nobox) < % (nollzo — 2|1 = mobolle1 — =[|*) + n30oCrrvV2Dx
1 o2 2 2 V2
(4.6) <9 (nollzo — 2> = mbollzr — ]|*) +n500Crv2Dx.
Multiplying both sides of (4.5) by 7,6, and using 7y > nx41, for any k > 1 we obtain

1
(4.7) F(x)" (kb (yryr — 7)) < % (MeOk—1l|zr — [|* = Mog1 Ok | zrt1 — ]|?)
+77]%9kCH\/§DX-

Summing both sides of the preceding relation over k=1,..., K —1, and then summing
the resulting relation with (4.6), we obtain

K-—1
1
F(@)T Y mibr (yopr — ) < % (nollzo — ||* = nxbx—1llrx — )
k=0
K—1
+CuV2Dx Y niby.

k=0

By dropping the nonpositive term and invoking Lemma 4.4, we obtain

K-1 K-1
F@)"(gx —2) < | v 'moD% +Cuv2Dx Y 36 | /| D n6; |,
j=0 j=0
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where we used the definition of Dx. Taking the supremum on both sides with respect
to x € X, we obtain the bound in part (ii).

(iii) The proof can be done in a similar fashion to that of Theorem 3.5 (iii) and
in view of the uniqueness of the solution of the bilevel VI. Hence, it is omitted. O

We now present the error bounds for IR-EGg ,.

THEOREM 4.6 (IR-EGg ,’s rate statements for bilevel VIs). Consider problem
(1.2). Let yx be generated by Algorithm 4.1, let Assumption 4.1 hold, and let
the set X be bounded. Suppose v < ﬁ

Case 1. Diminishing regularization. Suppose n = anﬁl for k>0, where

Now = (Yuer) ™" and oy = 5Lguy'. Then {gx} converges to the unique solu-
tion of problem (1.2). Further, for all K > 1,

(1-0)

—By dist (yx, SOL(X, F')) <Gap (yx,SOL(X, F), H) < D% (5L — pirr) -
(1-ii) The inner-level VI’s gap function is bounded as

-1 1
0< Gap (g, X, F) < (D5 + ¥29uDx (ur +1n(%))) L

(1-iii) Further, if SOL(X,F) is a-weakly sharp of order M > 1, then
Gap (gx,SOL(X, F'), H) is bounded below by

1 -
Bt (D L (s 4 (M) o

Case 2. Constant regularization. Suppose n:= % for some arbitrary

p > 1. Then the following results hold for all integers K such that ln{(K) >
5(p+ 1)}5—2’
(2-)

— By dist (i, SOL(X, F)) <Gap (5, SOL(X, F), H) < (1255 ) podr.

2
(2-ii) 0 < Gap (7, X, F) < (%) I ((wUXESHDX) In(1)
(2-iii) Further, if SOL(X, F) is a-weakly sharp of order M > 1, then the error

function Gap (¥, SOL(X, F), H) is bounded below by

iy fat ((25) b + (Bt i

Case 3. Constant regularization with a priori known threshold if M = 1.
Let SOL(X, F) be a-weakly sharp of order M =1. Suppose n < m and
V2 L&+ ynpu +v*n*L3, < 0.5, where x* is the unique solution to problem (1.2).
Then the following results hold for all K > 1:
(3-4) dist(Fxc, X3) < 122 (1 — yppugg) K.

. _ o D%  By|zo—z*|?
(3-i) |Gap (i, X, H) | < max { 2%, Bulzo=s B4 (1 — ).

Proof. [Case 1] First, we show that {n,} and v meet the condition of Theorem 4.5.
For any k >0, we have
V2L + i + Y20l <0.25+ ynopn + v ng LY
2

1 L
<0.25+ — 4+ 5—H——-<025+0.2+0.04<0.5.
Mg ph(GLupy )?
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Next, we estimate the terms ZkK:_Ol N,k and ZkK:_Ol n20x. From the update rule of
Nk, we obtain

k k k
1 t+77011> Moy — 1
1_ _ 1_ — 2 = 2 .
H( YNeHE ) H( t+770,l> H< t+n0, k+mno,

t=0 t=0 t=0
.. . A 1 _ k+no,
This implies that 0, = ) — o1 for k> 0. We obtain
K- K—1
10, u No,u K
4.8 O = — = =
“8) ,;) o kZ:O mt—1 moyg—1 ~(5Lu —pm)
(4.9)
K—-1 K—1 2 2
M0,u 0,u K +mno,;—1
,;) ’ kZ:O (o0 = D)(k+mno) = (m0g—1) i Mo,1

where we invoked [55, Lem. 9] in the preceding relation. Note that, in view of (4.8)
and (4.9), the conditions of Theorem 4.5 (iii) are met, implying that {gx} converges
to the unique solution of problem (1.2).
(1-1) This result can be obtained by invoking Theorem 4.5 and utilizing (4.8).
(1-ii) This result follows by invoking Theorem 4.5 and utilizing (4.8) and (4.9).
(1-iii) This result is obtained by applying Lemma 3.3 and using the bound in
(1-ii).
[Case 2] First, we show that v2L2% + ynug +v*n?L% < 0.5. From v < ﬁ and

(p+1) In(K)

N:= K We have

(p+1)1n(K)+(p+1) n(K)°L?

212 2 212 H
VL A+ ynpm + " Ly <0.25 + i e <0.49<0.5,

where we used K/In(K) >5(p+ 1)Ly /pm. This implies that the condition of Theo-
rem 4.5 is met.
(2-1) Invoking Theorem 4.5 (i), with a constant 7, we have

— By dist (jjx, SOL(X, F)) <Gap (yx,SOL(X, F), H)

_ D%
<) DY/ | D0 | < = —men)®,

m
where we used ZJ 0 0 >0 1= W Invoking 7 := %}%K), we have
1) In(K)\ " In(K#HD)
(1= = (1= EDEED) T (0= o+ g/ e
In(K®+1 )

S R
The bounds in (2-i) follow from the two precedlng relations.

(2-ii) Invoking Theorem 4.5 (ii) and Z] 0 9 > 01 = m, we obtain
0 < Gap(yk,X,F) < —(1 —ynug)® +v2CgDxn. Substituting (1 — nyug)X by

ﬁ and n by %, we arrive at (2-ii).
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(2-iii) This result follows by applying Lemma 3.3 and using the bound in (2-ii).
[Case 3] (3-1) Consider (4.1). Substituting x := a™*, for a constant regularization
parameter 7, we have

29 (F(2*) +nH (@) " (gr1 —2) < (1= ynpa)lles — 27 = [|lzepn — 272

In view of z* € X} and Definition 2.4, we have F(z*) T (yr41 —2*) > adist(yri1, X 5).
Invoking the Cauchy—Schwarz inequality, we have

H(@*) " (yer1 — ") = H@™) " (yrr1 — M (W] + xz [yeqa] — 27)
> —1H (@) [lyx+1 — Wxz [yr+alll,

where we used H(2*)" (ILx: [yk41] — *) > 0 in view of IIx: [yr41] € X}» and that z*
solves VI(X},, H). Thus, we obtain
2y (F(«") + nH (") " (yrs1 —a*) > 2y (o — | H (")) dist(yrs1, XF)-
This implies that
2 (a =l H (2")[]) dist(yar1, X5) < (1= ynpm) |ox — 21 = laprs — |
Multiplying both sides of the preceding inequality by 6, =1/(1 — vn/LH)kH, for k >0,
we obtain
e R e
(L =ynpm)* (1= ynpm)+*
Summing both sides over k=0,..., K — 1, for K > 1, we obtain
K-1
2yl =l H@)) Y pdist(yisr, X5) < oo — | — O |osc — 2|1
k=0
Invoking Jensen’s inequality, we obtain
K—1
29(a = H (") )Y 0;)dist(gx, X5) < [|lzo — >,

=0

. o K-1
Invoking n < STEET and ijo 0;>0k_1=

2y(a = nl|H(z")[))0r dist(yr11, X) <

1 .
W, we obtain

vadist(gr, X5) < (1= ympn) ™ oo — 2.
(3-ii) From the preceding relation and invoking Lemma 3.3, we obtain
_ Ballzo —=*|?
v
Combining this with Theorem 4.5 (i), we obtain the result in (3-ii). 0

Gap (Jr, X, H) 2 ¥

(1 —ynum

We now provide the main results for addressing VI-constrained strongly convex
optimization. Due to some distinctions with the results in Theorem 4.6, we provide
the detailed results as follows. These results will be utilized in section 5. The proof
is available in an extended version of this paper [43].

COROLLARY 4.7 (IR-EGg ,’s rate statements for VI-constrained strongly convex
optimization). Consider problem (1.1). Let Assumption 4.1 hold, where H is the
gradient map of a p-strongly convex and L-smooth function f. Let X be bounded and
x* denote the unique optimal solution to (1.1). Let §x be generated by Algorithm 4.1
with pg :=0.5u and Ly := L. Suppose v < ﬁ
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70, u
k+mn0,1

Case 1. Diminishing regularization. Suppose ny =
(0.5vu)~t and no; =10Lu~L. Then, for all K > 1,
— zo—x*||?
(1-9) flse) = fla) < ((CEmoomfrn=rlt) &
(1-ii) The inner-level VI’s gap function is bounded as
0.< Gap (i, X, F) < (D% + 2/20uDx (g (Kjopr=t) ) ) o,
(1-iii) Further, if SOL(X, F) is a-weakly sharp of order M > 1, then

<<5L — 0.5z —) 1
2

for k>0, where ng ., =

Koy * (|2
o — <
L Z Sl %

K Lp—1— —
wl (D% -+ 22CuDx (g (K00 ) ) ) (o)

+IVFE) -

Case 2. Constant regularization. Suppose n := w for some arbitrary

> 1. Then the following results hold for all integers K such that {(K) >10(p+ 1)%
( i) f(gx) — fo") < (Ll ln(;)m'
2
(2-ii) 0 < Gap (¥k, X, F) < (%) 7T + (2(p+1)fCHDX) In(K)
(2-iii) Further, if SOL(X, F) is a-weakly sharp of order M > 1 then

*||2

B * (|2 /~L||5UO - 1
— — <
b= < (M)

2
VAN | () s + (2(“ ”mHDX> ),

ayp

Case 3. Constant regularization with a priori known threshold if M =1. Let
SOL(X, F) be a-weakly sharp of order M = 1. Suppose n < m and v2L3 +
0.5vnu + v*n?L? < 0.5, where z* is the unique solution to problem (1.2). Then the
following results hold for all K > 1:

(3-1) dist(yx, X5) < ””’Wix”( —0.5ynu)"~
(3-i1) [|gac — 2|2 < o=l (1 — 0.5ynu) K

1N

Remark 4.8. Note that to define 1y ; in Theorem 4.6, it is not necessary to know

the exact value of Ly, which may not be available. If the mapping H is Lg-Lipschitz,

then it is also ¢Lg-Lipschitz for any ¢ > 1. Therefore, in Case 1 of Theorem 4.6, we

can set ng; = 5€LH‘LLI__11, and the results will still hold for ¢Lg. This implies that

choosing 1y, > 5LHﬂ;11 is sufficient to guarantee the results. Similarly, by the same
reasoning, we conclude that n9; > 10Lu~" is suitable in Case 1 of Corollary 4.7.

Remark 4.9. By Theorem 4.6, under the weak sharpness assumption with M =1
and availability of the threshold W’ a linear convergence rate is guaranteed for
bilevel VIs in terms of |Gap (§x, X, H) |. Similar guarantees are provided in Corollary

4.7 for VI-constrained strongly convex optimization in terms of ||gx — z*||*.

5. VI-constrained nonconvex optimization. Our goal in this section is to
derive rate statements for Algorithm 5.1 in computing a stationary point to the VI-
constrained nonconvex optimization problem (1.1).

Assumption 5.1. Consider problem (1.1). Let the following statements hold:
(a) Set X is nonempty, compact, and convex.
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(b) Mapping F: X — R" is Lp-Lipschitz continuous and monotone on X.
(¢) Function f:X — R is real-valued, possibly nonconvex, and L-smooth on X.
(d) The set SOL(X, F) is a-weakly sharp of order M > 1.

5.1. Algorithm outline. We propose the IPR-EG method, presented by Al-
gorithm 5.1, for solving the VI-constrained optimization problem (1.1) when f is
L-smooth and nonconvex. This is an inexactly projected gradient method that em-
ploys IR-EGg n, at each iteration, with prescribed adaptive termination criterion
and regularization parameters. To elaborate on some key ideas employed in this
method, consider problem (1.1), rewritten as min,ex: f(z), where X7, £ SOL(X, F).
First, we may naively consider the standard projected gradient method as Zy41 :=
15'3 [2r — AV f(&)]. However, the set X} is unknown. Interestingly, at any itera-
tion k, the IR-EGs,» method can be employed to inexactly compute IIx: [2k] given
2 = &=V f(Zx). To this end, let us assume that & is fixed and define H(x) := z—z.
Note that H is strongly monotone and Lipschitz continuous with pg =Ly =1. Ob-
serving that H(z) = V, (%]|z — z|?), the unique solution to the bilevel VI problem
(1.2) is equal to Ilx [2;] = argmingex: 3|z — 2x]/%. Motivated by this observation,
we employ IR-EGs,n to compute IIx: [2x] inexactly. However, it is crucial to con-
trol this inexactness for establishing the convergence and deriving rate statements for
computing a stationary point to problem (1.1). Indeed, we may obtain a bound on
the inexactness, as will be shown in Corollary 4.7. A key question in the design of the
IPR-EG method lies in finding out, at any given iteration k of the underlying gradient
method, how many iterations of IR-EGg,, are needed. Notably, because of performing
inexact projections, Z; may not be feasible to problem (1.1). This infeasibility needs
to be carefully treated in the analysis to establish the convergence to a stationary
point of the original VI-constrained problem.

5.2. Convergence analysis for IPR-EG. Let us define a metric for qualifying
stationary points to problem (1.1).

DEFINITION 5.2 (residual mapping). Let Assumption 5.1 hold and 0 < 4 < %
For allz € X, let G1/5: X —R" be defined as

Algorithm 5.1 TPR-EG for VI-constrained nonconvex optimization (1.1).

1: Input: Initial vectors Zg, Zo,0,%0,0 € X, outer loop stepsize 74 := \/—% < i, and

. . 1 _ ol . ..
inner loop stepsize v < 5in IfM=1and V3D L1C; 18 known a priori, choose

a constant regularization parameter np =n< m such that 0.5yn+~2n?

<0.25 and let T) :=71ln(k + 1) where 7 > m; otherwise, let 1 :=6

In(Ty)/(vTy) and Ty, := max{k*-*M 151}, for all k> 0.

2: for k=0,1,..., K —1do
3: R = CEk 7’A)/v‘f(§3k)
4: Tro:=0,and O := =059,
5  fort=0,1,...,T, —1 do
6: Yk,er1 = x [2pe — 7 (F(2r,e) +0r (Tt — 21))]
T Tppr1 =Ux [T — 7 (FYr,t41) + M (Yrt41 — 21))]
8: Ueyt+1 := (D tn,t + Okt t+1) /Th 41
9: Fk’t+1 = Fk,t + Gk,t and 0k,t+1 = k?‘ﬁ
10:  end for
11t Ty = Uk, Ty» Yk+1,0 = Yk, T3> a0 Tg41,0 = Yk, Ty,
12: end for

13: return Z g
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Grys(x) & % (z — Hsor(x,r) [v — AV f(2)]) -

Remark 5.3. Under Assumption 5.1, SOL(X,F) is nonempty, compact, and
convex. Also, f* = inf, eson(x,r) f(z) > —oo. In view of Theorem 10.7 in [5],
x* € SOL(X, F) is a stationary point to problem (1.1) if and only if Gy /5(2*) = 0.
Utilizing this result, we consider [|G1/5(e)|? as a well-defined error metric.

DEFINITION 5.4. Let us define the following terms for k> 0:

Ert1 2 Yo, 2 =&, — AV f (@),
6kéj:k:+1_HX;;[zk]a ekéjjk—HX; [ﬁ;k]7 where X}éSOL(X,F)

Remark 5.5. As explained earlier in subsection 5.1, at each iteration of IPR-
EG, we employ IR-EGq,, to compute an inexact but increasingly accurate projection
onto the unknown set Xj. Accordingly, 6, measures the inexactness of projection
at iteration k of the underlying gradient descent method. Also, e measures the
infeasibility of the generated iterate Zj at iteration k& with respect to the unknown
constraint set X5. Indeed, by definition, ||ex|| = dist(Zx, SOL(X, F)) for k> 0.

To establish the convergence of the generated iterate by IPR-EG to a stationary point,
the term ||Zx41 — 2x||> may seem relevant. The following result builds a relation
between this term and the residual mapping. The proof is available in an extended
version of this paper [43].

LEMMA 5.6. Let {&y} be generated by Algorithm 5.1. Then, for all k >0,

42
4 TR .
(5.1) 5 1G5 @] < ks — 24l + [l0]*.

In the following, we obtain an error bound on [|G4 /4 (e)||? characterized by 5 and
e,. The proof is available in [43].

PROPOSITION 5.7. Consider problem (1.1). Let Assumption 5.1 hold and let {Z1}

be generated by Algorithm 5.1. Suppose 4 < ﬁ Then for all k>0 we have

(52)  |Gus @) < % (F(ix) — F(@r) + LAC2 + %uw +llexl).

In the next step, we derive bounds on the feasibility error term e; and the inexact-
ness error term d. Of these, the bound on ey, is obtained by directly invoking the rate
results we developed for IR-EGg ;. The bound on dy, however, is less straightforward.
The proof of the next result is available in [43].

PROPOSITION 5.8. Consider problem (1.1). Let Assumption 5.1 hold and let the
sequence {Z} be generated by Algorithm 5.1.

Case 1. M > 1 and « is unavailable. Then, for all k > 1, the following results
hold:

(1-1)

| (25D% +17C;Dx4\ In(Ty)
Jexll <
ay T,

(1-ii)

16,[2 < 2D2, (In(Ty))? g 25D% + 17C; Dx A\ * In(T} )2
HIb="3 T? ay T?
25D% +17C Dx% h’l(Tk)
2AC M X f X
B \/< ay Ty,
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Case 2. M =1 and « is available. Then, for all k> 1, the following results hold:

(2-1)

2D2
llew]| < == (1= 0.5yn) ™.
'ya
(2-ii)
AD?
[16k]1* < —2(1 = 0.5yn) ™.
n

Next, we derive iteration complexity guarantees for the IPR-EG method in com-
puting a stationary point to problem (1.1) when the objective function is nonconvex.

THEOREM 5.9 (IPR-EG’s guarantees for VI-constrained nonconvex optimiza-
tion). Consider problem (1.1). Let Assumption 5.1 hold. Let the sequence
{&r} be generated by Algorithm 5.1. Define &5 such that ||Gy5(i5)]* =
____ k-1 |G1/5 (k) ||?. Then the following results hold:

Case 1. M >1 and « is unavailable.
(1-1) [infeasibility bound] For all 1 <k < K, we have

mlnk:L%J

X/25D% + 17C; Dx4(ay)~ In(max{k'°, X/151})
L1

dist (&5, SOL(X, F)) <

(1-ii) [residual mapping bound] Let 4 = #, where K > max{2,4L?}. Then

O 0> (In(max{K15M 151}))*

VK KVK

. fs(In(max{K15M, 1511)™ , a(In(max{K15M, 1511))™
KVK VK ’

2
where Dy £ sup, ,ex (f(x) = f(u)), 01 £ 8Dy +2LC}, 6y & 252x, 45 &
2 A\ 2 2 3
8610 jv\l/(25DX+i:YCfDX’Y) ,and 0, 2 96%\/§Cf M (25Dx+i:CfDx’Y).
(1-iii) [overall iteration complexity] Let € > 0 be an arbitrary scalar. To achieve
G135 (3)|I> < €, the total number of projections onto the set X is O(e 3M=2),

1G55I <

where O ignores polylogarithmic and constant numerical factors.
Case 2. M =1 and « is available.
(2-1) [infeasibility bound] For all 1 <k < K,

2D% (ay)~!

dist(2x, SOL(X, ) < —=3

(2-ii) [residual mapping bound] Let 4 = \/% where K > max{2,4L%}. Then

12160D% , D% 1 1
G5 (3%)|12 < ( 8Dy +2LC% + ——X (=X 4 = )
IGs/s(@50IP < (8D + 200 + PR (A 1 1))
(2-iii) [overall iteration complexity] The total number of projections onto the
set X improves to O(e=?).
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Proof. (1-1) This result follows from Proposition 5.8 and Remark 5.5.
(1-ii) Taking the sum on both sides of (5.2) for k= [%],...,K — 1, we obtain

Kl A\ fGg)) = f(@K) =
Y. IGisE))* < ( =t P ) Z (185117 + llex ).
k=% k: L5
From the definition of 4% and Dy and £ < K — [ £ |, we obtain
K—1
4D 80
(5:3) HGM IP < =5+ KLACT+ =5 30 (10l + llewl®):
k L5)

From Proposition 5.8, we have

2D% (In(T}))? 2502 +17C;Dx 4\ > In(T},)?
2 2 X M X FUxy k

. 25D% +17C;Dx4\ In(T,
+27Cj“§/< X oy ! XV) n(Tkk)'

Recall that T}, = max{k!->" 151}. Invoking [55, Lem. 9] and using |K/2] > K/3 >
K /4 for K > 2, we obtain (5.5), (5.6), and (5.7) as follows:

K—-1 2 . K1
G5 > U < (tnmax{ i34, 151))) % > %
=15 T k=%
2 —2_ | K-
< (In(max{K "M 151}))* (\_IQ(J_Q-F K 7£2j 2)
< (In(max{ K'-5M, 151}))%%7
(5.6)
K-1 1 , K-l
(ln(Ti))M < (In(max{K"5M 151}))™ %
=ty T k=14
) —0.5 _ | K|—0.5
< (ln(maX{Kl'sMJE)l}))ﬁ (I_IQ(J_O'5 + K 70F52J )
< (In(max{K*5M, 151}))ﬁ ?/\/I?g’
(5.7)
o1 ) K-1
S O a5 1) S
=) k=15l
e
= (In(max{K ">, 151 —
o (k1)

k
< (In(max{K "M 151}))? (| /2] 3 + | K/2] 7> — K ?)
o 18(In(max{ K *5M 151}))2
= K2 .

< 2(In(max{ K15 151}))%| K /2]
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Now, from (5.3), (5.4), (5.5), (5.6), and (5.7), we obtain
8D 160 (2D% 18(In(max{K!-5M 151}))?
Ak 2 f 2012 X ?
1633 i0IP < 52E + 20303+ 1o (25 =
480  (25D% +17C;Dx4 %18(1n(max{K1‘5M,151}))%
LA3 ay K3

1 1
1 25D2% +17C; D x4\ ™M 1 K15M 151)))™
ffg Q?ycf( 5D5+17Cy Xv) 3\/§(n(max{ 1511)) ™ )
Ly ay KVK

Now, substituting 4 := \/% for K >max{4L? 2}, we obtain

(5.8)
8Dy +2LCF 1920D% /(1 KM 1511))2
||G1/:y(£}c()||2 < f f+ 920 X ((n(max{ , 15 })) )
VK L KVK
n 8640 (25D§( + 17CfDX’$/> M (In(max{K!-5M 151}))™
L ay KVE
960v/3 . (25D%+17C;DxA\* \ ( (In(max{K5M,151}))™
+ Cf .
L ary VK

(1-iii) Note that from (1-ii), we have ||Gy/5(2%)||* < w(K), where w(K) is the

right-hand side bound in (5.8) and is O(h:}%)) = (5(\/%) Consider Algorithm 5.1.

At each iteration in the outer loop, 2Tk, i.e., maX{2k1‘5M7302}, projections are per-
formed onto the set X. Invoking [55, Lem. 9], we conclude that the total number of
projections onto the set X is O(e~3M~2),

(2-1) From Proposition 5.8 (Case 2), substituting 7} := 71n(k + 1) we have

2D?
dist(#1, SOL(X, F)) < =2 (1= 0.5y) ™

mG?) 1 2D3% 1

2D?
=—= ((1 —0.5yn)"/? exp(l)) = <

Yo

ya k2’
where in the last inequality we used 7 > m.
(2-ii) From Proposition 5.8, in a similar vein to the proof of (2-1), we have

4D4 Tin 4D2 T in
lewll 118w < 55 (1= 0.5ym)* ™ ® 4 Z2E (1= 0.5ym) 7Y

ADY 1 4D% 1 <4D§(<D§( 1)1
T2kt o (k1) T v \ve? n kY

Thus, from [55, Lem. 9] we obtain

. 76D /D% 1\ 1
D Ikl + llex?) < X<);+>K,
k=] & | 7o\ m

where we used |K/2] > K/4 for K > 2. Consider (5.3). From the preceding relation,
2 2
we obtain [|Gys(#5)|% < 33 + 2L4C% + 295 (PP (D% + 1) %), Substituting

=

X

A= \/% we obtain the bound.
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(2-iii) Consider Algorithm 5.1 under the setting of a constant regularization pa-
rameter. At each iteration in the outer loop, 2T}, i.e., 27In(k + 1), projections are
performed onto the set X. Invoking [55, Lem. 9], we conclude that the total number

-2
of projections onto the set X is zkoz(% )Thl(k‘ +1)=0(e?In(e1)). 0

Remark 5.10. Theorem 5.9 provides new complexity guarantees in computing a
stationary point to VI-constrained nonconvex optimization. To our knowledge, such
guarantees for computing the optimal NE in nonconvex settings did not exist before.

6. Numerical experiments. We provide preliminary empirical results to val-
idate the performance of the proposed methods in computing optimal equilibria. In
subsection 6.1, we consider a simple illustrative example of a two-person zero-sum
Nash game, provided in [23], where the set SOL(X, F') is explicitly available. In sub-
section 6.2, we consider the Nguyen and Dupuis traffic equilibrium problem [38] and
compare the performance of the proposed methods with existing methods in [18].

6.1. An illustrative example. Consider a two-person zero-sum game given as
{ min fi(x1,22) 220 — 0.1z129 + 21 { min fo(z1,29) 2 —20 + 012129 — 21
T T2

st. 21 € Xy 2 {1 |11 <2y <60}, s.t. 20 € Xo 2 {210 < 29 <50}

Note that the above game can be formulated as VI(X, F'), where F(z) = Ax + b,
with A = [0,—0.1;0.1,0] and b = [1;0], and the set X = X; x X,. The mapping
F is monotone, in view of u' Au = 0 for all u € R?. Also, F is Lp-Lipschitz with
Lr = ||A|| = 0.1, where || o || denotes the spectral norm. Further, this game has a
spectrum of equilibria given by SOL(X, F) = {(z1,z2) | 11 <z1 <60, z2 =10}.

In the experiments, we seek the best and the worst NEs with respect to the metric
Y(x) £ £[|z]|2. The best equilibrium seeking problem is minesor(x,r) f(z) = ¥(z)
with the unique best NE as zf; yg = (11,10), while the worst equilibrium seeking
problem is min,esor(x,r) f() £ —1(x) with the unique worst NE as z¥y \gp =
(60,10). This is the unique stationary point to mingecgor(x,r) —%(z), in view of the
condition 0 € =V (23y_ng) + Nsor(x,F) (Z3y.ng ), Where N denotes the normal cone.

We implement the proposed methods in the convex, strongly convex, and non-
convex cases. We implement IR-EG, , and IR-EGg , for computing the best NE.
For these methods, we use the same constant stepsize v := 1/(2||A||x) where || o || =
denotes the Frobenius norm. For IR-EGy, ., we let ny = 0.01 and for IR-EGs,,, we
use the self-tuned constant regularization parameter in Corollary 4.7. We implement
IPR-EG for computing the worst NE where we follow the parameter choices outlined
in Algorithm 5.1 in the setting when o and M are not available.

In computing the best NE in Figure 1, IR-EGq,, outperforms IR-EGy ,. This
observation is indeed aligned with the accelerated rate statements we obtained for
IR-EGg,n. This is because, unlike in IR-EGg ,, where we utilize the strong convex-
ity of the objective function f, IR-EGy,, is devised primarily for addressing convex
objectives and it does not leverage the strong convexity property of f. In computing
the worst NE in Figure 2, the sequence of iterates generated by IPR-EG appears to
converge to the unique stationary point 3, g = (60,10). This is indeed aligned with
the theoretical guarantees in Theorem 5.9.

6.2. Nguyen and Dupuis traffic equilibrium problem. We consider the
Nguyen and Dupuis traffic equilibrium problem [38, 13]. The traffic flow network is
shown in Figure 3 containing 13 nodes, 19 arcs, 25 paths, and 4 origin-destination
(OD) pairs between the origin nodes {n1,n4} and destination nodes {ns,n3}. The arcs
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Fic. 2. Computing the worst NE using IPR-EG.

are indexed by a = 1,...,19 and the paths are indexed by p = 1,...,25. Let d =
[d1;...;d4] denote the travel demand vector between OD pairs where dy, da, d3, and dy
are associated with demand between OD pairs (nq,n2), (n1,n3), (n4,n2), and (ng,n3),
respectively. Next, we formulate this traffic network as a nonlinear complementarity
problem (NCP) by adopting the path formulation [16, Chap. 1]. Let h = [hy;...; hos]
and let F = [F;...;Fig] denote the traffic flow vector associated with the paths and
the arcs, respectively. Let matrix A denote the arc-path incidence matrix with entries
0q,p, Where d, , = 1 if path p traverses arc a, and 4§, , = 0 otherwise. Let the arc travel
time function be denoted by ¢, (Fy).

In the experiments, we consider the Bureau of Public Road arc travel time function
[52] given by co(F,) = t2(1+0.15(cf;a )"e), where n, > 1, and t and cap, denote free-
flow travel time and capacity of arc a, respectively. Note that F = Ah, which implies
that the path cost map C': R?®> — R is given by C(h) = AT¢(Ah) [16, Chap. 1], where
c: R — R denotes the arc cost mapping given by ¢(F) = [c1(F1);. .. ;c19(F19)]- Let
u = [u1;ug; us;uy] denote the unknown vector of minimum travel costs between OD
pairs. Let © denote the (OD pair, path)-incidence matrix. Invoking the Wardrop user
equilibrium principle, the traffic user equilibrium pair = [h;u] solves the NCP(F),
formulated succinctly as 0 <z L F(x) >0, where F(z) = [C(h) — QT u;Qh — d]. Note
that when n, =1 for all arcs, the equilibrium problem is cast as a linear complemen-
tarity problem LCP(F). In the following, we show that when n, > 0, the mapping F'
is monotone. The proof is available in an extended version of this paper [43].

LEMMA 6.1. Consider the aforementioned Nguyen and Dupuis traffic equilibrium
problem with n, >0 for all a. Then the mapping F(x) is monotone on Rig.
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F1G. 3. Nguyen and Dupuis network.

In the experiments in this section, we consider computing the best and the worst
traffic equilibrium with respect to the aggregated travel cost over the network given
by f(x) = 125" C(h), where 15 is a column vector with all 25 entries equal to 1.
Next, we show that f is convex. The proof is available in an extended version of this
paper [43].

LEMMA 6.2. Consider the aforementioned Nguyen and Dupuis traffic equilibrium
problem with n, > 1 for all a. The function f(z)= 15" C(h) is convex.

Experiments and setup. (E1) In the first experiment, we let n, =1 for all arcs
and consider the minimization of the total travel cost function f(x) = 15" C(h) over
all traffic equilibria associated with VI(R2?, F), where F(z) = [C(h) — Q" u; Qh —d].
This is a VI-constrained convex minimization. We implement Algorithm 3.1 for solv-
ing this problem and compare its performance with Algorithm 1 in [18], which we refer
to by ISR-cvx. The ISR-cvx method is suitable for addressing (1.1) is essentially a
two-loop regularized gradient scheme where at the kth iteration in the outer loop, the
regularized VI(X, Fy,) is inexactly solved, where Fj,(e) = F(e)+ 1,V f(e)+ a(e —xi),
where & > 0 is a scalar. In the outer loop, the regularization parameter 7y is updated,
while in the inner loop, a gradient method is employed for computing an eg-inexact
solution to the regularized VI.

(E2) In the second experiment, we repeat (E1) for the case when n, =1.2.

(E3) Here, we assume that n, = 1.2 for all arcs and we are interested in com-
puting the worst equilibrium by considering the maximization of the total travel cost
function f over SOL(R?B,F ). We implement Algorithm 5.1 for solving this problem
and compare its performance with Algorithm 3 in [18], which we refer to by ISR-ncvx.
The ISR-ncvx method is a three-loop method and employs ISR-cvx at each iteration
to inexactly compute a projection onto the set of equilibria. ISR-ncvx is characterized
by two parameters § and 5 and leverages a line search technique to find a suitable
stepsize at each iteration. In all the experiments, we let d = [400, 800,600, 450] and
let the arc capacity be given by

cap =100 x [7.5,3.5,1.5,7.5,3,3.5,7.5,2,2,2.5,5,5,5.5,6.5,4.5,2.5,1.5, 3.5, 5.5].

We let t° = [7,9,9,12,3,9,5,13,5,9,9,10,9,5,9,8,7,14,11]. We consider ||zx+1 — 2|
to measure suboptimality of the methods of interest, where z; denotes the iterate
generated by the underlying method. We use the metric ¢(z) = ||max{0, —z}||* +
| max{0, —F(x)}||? + |# " F(x)| to measure the infeasibility in the methods [28]. The
ISR-cvx method is guaranteed to converge when Y~ ni = oo and {ex/n,} — 0. To
meet these conditions, we use 7 = %, where 0<b<1in ISR-cvx, and terminate

the inner-level gradient method after T = k 4+ 1 number of iterations.
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F1ac. 4. Algorithm 3.1 vs. ISR-cvx for computing the best NE when ng =1 in all arcs.
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Fia. 5. Algorithm 3.1 vs. ISR-cvx for computing the best NE when ng = 1.2 in all arcs.

Results and insights. The implementation results for experiments (E1), (E2),
and (E3) are presented in Figures 4, 5, and 6, respectively. We make the following
key observations: (i) In (E1), Algorithm 3.1 appears to outperform ISR-cvx in all
the 18 settings in terms of the suboptimality metric. Also, Algorithm 3.1 displays a
steady improvement in the infeasibility metric and reaches a smaller error than that
of ISR-cvx in all the settings. (i) In (E2), the comparison between the two methods
stays akin to that in (E1). Notably, ISR-cvx shows more sensitivity to the change
in n, from 1 in (E1) to 1.2 in (E2). (iii) In the nonconvex case studied in (E3), we
observe that Algorithm 5.1 outperforms ISR-ncvx in terms of the infeasibility metric.
We do observe that Algorithm 5.1 performs worse in terms of the suboptimality
metric. However, this is perhaps because ISR-ncvx appears to be relatively slow in
making improvements in terms of the infeasibility metric, and thus the consecutive
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Fic. 6. Algorithm 5.1 vs. ISR-ncvx for computing the worst NE when ng =1.2 in all arcs.
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Fic. 7. Detailed performance of ISR-ncvz in Figure 6 in terms of infeasibility error.

iterates generated by this method, even far from being feasible, stay relatively close to
each other, which results in a smaller suboptimality error. (iv) Lastly, to display the
distinctions between the performance of ISR-ncvx in (E3) with respect to the different
settings, we suppress Algorithm 5.1 from Figure 6 and present the performance of
ISR-ncvx separately in Figure 7.

7. Concluding remarks. In noncooperative game theory, understanding the
quality of Nash equilibria has been a storied area of research and has led to the emer-
gence of popular metrics, including the Price of Anarchy and the Price of Stability.
The evaluation of these ratios is complicated by the need to compute the worst and
the best equilibrium, respectively. In this paper, our goal is to devise a class of itera-
tively regularized extragradient methods with performance guarantees for computing
the optimal equilibrium. To this end, we consider optimization problems with mono-
tone variational inequality (VI) constraints when the objective function is either (i)
convex, (i) strongly convex, or (iii) nonconvex. In (i), we considerably improve the
existing complexity guarantees. In (ii) and (iii), we derive new complexity guarantees
for solving this class of problems. Notably, this appears to be the first work where
nonconvex optimization with monotone VI constraints is addressed with complexity
guarantees. We further show that our results in (i) and (ii) can be generalized to
address a class of bilevel VIs. Extensions of the results in this work to stochastic
regimes are among some of the interesting directions for future research.
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