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ABSTRACT

Classic zeroth-order optimization approaches typically optimize for a smoothed ver-
sion of the original function, i.e., the expected objective under randomly perturbed
model parameters. This can be interpreted as encouraging the loss values in the per-
turbation set to be small on average. Popular sharpness-aware minimization (SAM)
objectives, however, typically focus on the largest loss within the neighborhood
to arrive at flat minima more effectively. In this work, we connect zeroth-order
optimization (and its corresponding objectives) with SAM approaches explicitly,
grounded by an exponential tilting objective that provides a natural transition be-
tween the average and the max. We explore new zeroth-order algorithms to
solve a soft SAM objective parameterized by a tilting parameter ¢ that covers the
average and min-max formulation as special cases, as well as precise character-
izations of the sharpness notions of the tilted SAM framework. Practically, our
approach can be used as a gradient-free and memory-efficient alternative to SAM
variants, and it achieves better generalization compared to vanilla zeroth-order
baselines on a wide range of downstream tasks, including classification, multiple
choice QA, and language generation.

1 INTRODUCTION

Zeroth-order optimization has gained traction when the first-order or higher-order gradient access is
unavailable, unreliable, or expensive. Applications include black-box adversarial attacks (Chen et al.|
2017), fine-tuning large language models (Chen et al., 2023 |Malladi et al.| 2023} [Zhang et al.| [2024)),

differentially private learning (Zhang et al.,[2023} |Tang et al.,|2024)), and science problems. Consider

the standard empirical risk minimization (ERM) problem: f (I):%Zi\; f(z:&;) where zeR4 is

the model parameter and {&; } ;[ represents training samples. One of the most popular zeroth-order
algorithms relies on two function evaluations in opposite directions to estimate the gradients. Such a
two-point estimator takes the updating rule G (x,p,u):=(1/2p)[f (z+pu)— f (x—pu)]u, where u is a
random direction sampled from some distribution z(u) (e.g., uniformly from the sphere 2/ (1/dS%1)
or Gaussian N (0,1,)), and p>0 is a smoothing parameter.

Under mild assumptions, it is known that the two-point estimator optimizes an approximated, smooth
version of the original function, i.e., E,[G(z,0,u)|=V,Ec[f(z+pe)[[] (Flaxman et al., 2004). In
other words, the zeroth-order method is effectively minimizing the expected loss E.[f(x+pe)] in
some perturbed neighborhood around x. Under such interpretation, zeroth-order optimization has a
critical benefit that it is not originally designed for—ensuring the loss is small on average within the
neighborhood so that the local minima can be flatter (Wen et al.| 2022 [Tahmasebi et al.| 2024;|Zhang
et al.,[2025). Such a connection has also been studied by prior work (Zhang et al., 2025).

When the model is over-parameterized and non-convex, optimizing a sharpness-aware objective is an
effective technique that improves generalization performance (Foret et al.} 2020} Bahri et al.||2021).
However, the aforementioned vanilla zeroth-order estimate can only achieve a special average-loss
based SAM objective, as opposed to the canonical min-max SAM formulation (Foret et al.,[2020) or
other variants, which have been extensively studied in prior work and demonstrated strong empirical
performance (Wu et al., 2020; Sherborne et al., [2023)).

'The distribution of € depends on that of u; see Sectionfor details.
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In this work, observing the connections between zeroth-order optimization and SAM, we explore
in detail another dimension of zeroth-order optimization, focusing on its explicit bias towards flat
solutions. We develop new zeroth-order algorithms that solve a continuous spectrum of sharpness-
aware objectives, ranging from the average-loss-based one to the min-max formulation, leveraging
exponential tilting. Exponential tilting has been used as a common technique to create parametric
distribution shifts in various contexts (Dembol 2009; |Li et al., [2023; Robey et al., 2022)), thus
providing a smooth transition from min-avg to min-max optimization. It has also been used to
develop new sharpness-aware objectives that reweight different local minima (Li et al., 2024). Our
zeroth-order algorithms solve a similar objective to arrive at more flat solutions, while preserving the
same computational and memory efficiency as the classic zeroth-order estimators.

To be more specific, we consider a soft SAM objective parameterized by a tilting parameter ¢ (named
tilted SAM (Li et al.| 2024)) that covers the average and min-max formulation as special cases. To
approximate the gradient of the tilted SAM objective, we propose different strategies based on finite
function evaluations under random perturbations of the model parameter. Additionally, we provide
the precise characterizations of a family of sharpness notions of the tilted SAM framework and the
solutions it favors, as a function of the tilting parameter ¢. While our framework in principle applies
to any form of perturbations, we investigate the cases with Gaussian and ball-constrained uniform
perturbation distributions in detail.

Our zeroth-order exponential-tilted sharpness-aware training (ZEST) approach achieves superior
performance compared with vanilla two-point estimator (corresponding to solving an average-loss
based sharpness-aware objective) across various model types and downstream tasks, including
classification, multiple choice QA, and language generation (Section [5). In applications where
zeroth-order optimization is competitive in general, ZEST can even achieve higher accuracies than
first-order SAM variants while being gradient-free and memory-efficient (Section[5.2)).

In summary, our contributions are as follows. In Section [3] we propose a new zeroth-order optimiza-
tion algorithm (ZEST) that uses exponential tilting to recover a smooth spectrum of sharpness-aware
objectives. Theoretically, we analyze the explicit bias (the “sharpness” notion) of the exponentially
tilted objective and illustrate how ZEST can reach flatter minima than the baselines. We show that our
method can identify and conservatively avoid minima with large curvatures in any direction, while
vanilla methods cannot (Section[d). Empirically, in Section[5] we evaluate ZEST on comprehensive
language tasks and different model types, demonstrating that ZEST performs better than MeZO while
being equally fast and memory-efficient.

2 PRELIMINARIES AND RELATED WORK

Zeroth-Order Optimization. Zeroth-order methods have gained recent attention due to their
promising performance in fine-tuning language models and their memory efficiency, at the cost
of increased iteration complexity compared to first-order methods (Malladi et al.| [2023} [Zhang
et al.} 2023} 2024} |Gautam et al.| [2024). Zeroth-order methods typically optimize for a smoothed
version of the functions, which can be interpreted as the expected loss values under perturbed model
parameters. Enforcing that the loss values are small in expectation has connections with a special
case of sharpness-aware approaches (Zhang et al.| 2025)), where the sharpness is defined as the trace
of the Hessian of gradients (Wen et al.| |2022). In this work, we develop new zeroth-order algorithms
that solve a spectrum of SAM objectives that cover this special case (Section[3)), and provide precise
characterizations of the sharpness in our approach (Section ).

Sharpness-Aware Minimization. Sharpness-Aware Minimization (SAM) and its variants have
been extensively studied in prior work (Foret et al.| [2020; [Liu et al.| 2022; [Kwon et al., 2021} Bartlett
et al.l 2023; M1 et al.l [2022; |Ye et al., [2024; Du et al.l 2021 [Wen et al., 2022} Baek et al., |[2024;
Tahmasebi et al.; 2024} |Andriushchenko & Flammarion, 2022} Long & Bartlett, |2024). The canonical
SAM objective is to minimize the worst-case loss over perturbed parameters so that the loss values
are uniformly small near the local minimum (Foret et al.,|2020). The problem is defined as

min max f(z+e€), (H

T lell<p

where p is the radius of the ball around x. To fully realize the potential of zeroth-order approaches
and due to the difficulty in optimizing for this objective without gradient access, we propose to



Under review as a conference paper at ICLR 2026

leverage an exponentially-tilted objective that can smoothly approximate this min-max formulation.
In particular, we leverage the Tilted Sharpness-Aware Minimization (¢-SAM) objective (Li et al.,
2024]), which is paramaterized by a hyperparameter ¢>0 as

1
Fie)=10gE, o [+, @

where £(-) denotes the distribution density of the perturbation. For instance, j(€) can be the uniform
distribution over an Lo ball with radius p, i.e., ||¢||<p. This objective has been shown to outperform
the vanilla SAM formulation Eq. (1) for 0<t<oco. When t—0, we have F}(z)—=E| ¢ <,[f(z+€)],
and optimizing it effectively corresponds to running gradient descent using vanilla zeroth-order
gradient estimators. As t—o0, [;(x)—max| <, f(2+¢). We note that although ZEST covers a
family of sharpness-regularized TSAM objectives, there exist other sharpness-aware objectives and
sharpness definitions that we leave for future work (Tahmasebi et al.,|2024; |Ye et al., 2024)).

3 ZEROTH-ORDER TILTED SHARPNESS-AWARE LEARNING

In this section, we introduce our zeroth-order gradient estimates for the t-SAM objective (Eq. (2)),
so that various t€(0,00) impose different geometry properties of the loss landscape near x. In
Section we first derive the zeroth-order gradient estimate that is equal to the first-order gradient
formula of t-SAM when the expectation terms (over both the uniform ball and Gaussian distribution)
are exactly computed. Next, in Section [3.2] we use two popular ratio estimates to compute the
gradient when we can only sample a small finite number of perturbations in practice. Our complete
algorithm is presented in Algorithm [T}

3.1 TILTED ZEROTH-ORDER GRADIENT

In this section, we formally present the zeroth-order gradient for the tilted objective. Intuitively, since

tf(ate)
the gradient of the tilted objective is VwFt(x)z]E“(‘)Iéi(E) G f<y+‘f€()g]c+6)]

requires mechanisms that substitute the integration of gradients with the integration of function
values. To achieve this, we leverage the divergence theorem (Munkres| [2018)) for the case of uniform
ball perturbation and Stein’s lemma (Chen et al.| [2010) for Gaussian perturbations. Under mild
assumptions, we have the following theorem to approximate t-SAM gradients.

Theorem 3.1 (Tilted Zeroth-Order Gradient). Denote N=N(0,1;), S:=U(v/dS* "), and B:=

U(VdB?). Let p be a perturbation scale, and let f(x)<oco and t€(0,00) be such that [ et (@+rv) dy
is integrable for any x in the optimization trajectory with v sampled from N or B. Then the t-SAM
objective (2) has exact zeroth-order gradients. Specifically,

(1) with Fy(z)=11ogE,x[e'f @7, we have

, its gradient-free equivalence

1 EUNN[(etf(I-S-pv)_etf(w—pv))v]

ert(m):% EUNN[etf(fr+pv)+etf(xfpv)] ; &)
(2) with Ft(z):%logEvNB[etf(f”p”)], we have
1 EUNS[(etf(zﬂ’”)—etf(z_p”))v]
V””Ft(x)_% EUNB[etf(w+pv)+etf(ﬂc—pv)] )
1 Ev tf(z+pv)__  tf(x—pv)
s[(ere0 i) (5)

tp Ey~ S[etf($+/)v) etf(QJ*PU)]

Additionally, assume that f(x:€) is L-smooth and M-Lipschitz for any x,£. Then with choosing
pgd_%, the bias between Eq. (EI) and (|5) is controlled by

Ipias(o) I=1@-B1<0( - )

We present the proofs in Appendix [BJand make two remarks here. First, as t—0, t-SAM reduces to
the average-loss SAM objective E[f(z+e€)], and our tilted zeroth-order gradient also reduces to the
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vanilla zeroth-order gradient. As t— o0, --SAM approaches the max-loss SAM objective (Eq. (1)),
while Theorem [3.T| approaches the regime where integrability fails and thus does not hold — It is
expected because max-loss SAM is not differentiable. Second, we use Eq. (3) to approximate (@) to
reuse the sampled perturbations on the sphere to compute the denominator. Theoretically, the bias
of this approximation reduces by O(1/+/d) since most of the volume of a high-dimensional ball is
concentrated near its boundary (the sphere).

3.2 ESTIMATES OF RATIO-OF-EXPECTATIONS

The tilted zeroth-order gradients (Eq. (3) and (3))) compute the ratio of expectations w.r.t. the sampled
perturbations. In practice, we only sample a finite number of perturbations and compute the loss
average (Malladi et al., [2023; Zhang et al., 2023} Tang et al., [2024)). There are multiple well-studied
ratio estimates in the Statistics literature (Tin), |1965)). In this section, we derive two economic choices,
discuss their bias, and propose our ZEST algorithm that leverages finite-perturbation estimates.

Note that in each iteration, we sample k perturbations and denote a; =e'f(@+rvi) g~ =ctf(z=pvi),
Z:Zlea;r+ai_. We aim to estimate % with samples A;=(a; —a; )v; and B;=a; +a; ji€[k].
Naive Plug-In. A natural ratio estimate is %; where A and B are the sample means for the current
iteration. Therefore, we sample {v; };c[x) from the given perturbation distribution and compute the
sample mean of the numerator and denominator, respectively, which gives us

_ k _

Gk._l Zf:l(a?_—ai )”i_lzaj_ai v, (6)
= P — = [

tp Ei:l(aj+ai ) e i—1 Z

Note that due to E[%} #% by Jensen’s inequality, the naive plug-in is only asymptotically unbiased.

When k< oo, its bias reduces at rate O(1/k) (Ogliore et al.,|2011).

Bias-Corrected Plug-In. Due to the small & used in practice, we apply Taylor expansion to derive
the bias-corrected estimate, following [Van Kempen & Van Vliet (2000b). With the normalized values
a; =aj /Z and a; :=a; /Z, we have

k k
1 k _ L L
Gﬁc:—th{Hk_l[ajmi =Y (af+a; )ﬂ}(ajai )os, (7

i= i=1

and the derivation is in Appendix G% - has an improved bias reduction rate O(1/k?) (Van Kem-
pen & Van Vliet, [2000a) and has the same memory/computational complexity as G* and the vanilla
zeroth-order gradient estimator (since the computation and storage of the exponential of k£ loss values
is negligible). We provide a synthetic example in Figure [3|to demonstrate the reduced bias of G&.

With the above two options derived, we present our ZEST algorithm and present its memory-efficient
implementation in Algorithm[I] In each iteration, we first sample k perturbations iteratively using
random seeds and record the normalized tilted loss values (Line 3-7). For memory efficiency, the
perturbations will be deleted once these loss values are computed. Next, we obtain the weight for each
perturbation using the chosen ratio estimate (Line 8-9). Finally, we re-generate the perturbations via
the same random seeds and update the model parameters (Line 10-13). Since we sample and recover
the perturbations in place without storing them in memory, ZEST is more memory-efficient than the
first-order optimizer for ¢-SAM (Li et al] 2024). See a detailed memory analysis in Section[5]

4 THE NOTION OF SHARPNESS

In this section, we analyze the explicit bias (i.e., sharpness notions) of the -SAM objective under
both Gaussian (Section [4.I)) and uniform ball perturbation (Section[4.2)). Recall that updating via
the vanilla zeroth-order gradient estimator is essentially minimizing E,[f (z+pv)], which can be
decomposed to the empirical loss f(z) term plus a sharpness regularization term Ry, Tr(V?f(z))
(Section[2). We decompose the t-SAM objective into

Fy(z)=f(x)+Ri(2)+0(p*d)
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Algorithm 1: ZEST

Input : x€R?, tilting parameter ¢, perturbation scale p, number of queries k, learning rate 7

1 for each iteration do

2 Sample a batch of training data D and seeds {s; };c[x]

3 for i=1,---,k do

4 Sample v;~N(0,14) or U(+/dS?!) based on seed s;
5 Compute a; <etf(@TrvisP) g~ ¢ etf(z=pviiD)

6 end

7 | Compute Z<X1_ af +a; and a} «a] /Z, a; +a; | Z for ic[k]
8 Compute w; for i€ [k] by

Option 1 (Naive): w;<a; —a;
Option 2 (Bias-corrected): wﬁ—{ 1+ laf +a; -, @ +a;)?] } (af —a;)

10 for i=1,--- .k do

1 Recover v;~N(0,1;) or L{(\/ﬁSd_l) based on seed s;
2 x—x—n(w;/tp)xv;

13 end

14 end

where f(x) is the empirical loss, R (x) is the regularizer (used as our sharpness notion) dependent
on t, and O(p?d) is the Taylor expansion error that can be controlled by taking proper p’s. Across two
perturbation distributions, we show that as t—0, R; reduces to R,y,; as t increases, I?; increasingly
relies on the gradient component in the top eigenspace of the Hessian V2 f () and its top eigenvalues;
as t—oo (when admissible), R; exclusively relies on the gradient component projected to the first
Hessian eigenvector and the largest eigenvalue. Therefore, our regularizer R; represents a spectrum
of sharpness notions that promote “flatter” solutions. In Section[4.3] we present a low-dimensional
toy problem to illustrate (1) the different convergence behaviors of ZEST in contrast to vanilla
zeroth-order methods due to different sharpness notions and (2) when and how our notion is superior.

In the following, we start by defining sharpness sensitivity, a notion that describes how the value of
an eigenvalue impacts the sharpness regularizer R;.

Definition 4.1 (Sharpness Sensitivity). The dependence of sharpness R; on x can be re-expressed as
its dependence on the Hessian eigenvalues {\;}%_, and the components of V f(z) in the eigenspace.
We define the sharpness sensitivity to an arbitrary \; as

OR;

¢i (t):aTa

®)

which indicates how much impact the value of an arbitrary \; has on the value of R;.

We note that if ¢, increases as \; increases, R; is more dominated by large eigenvalues. Alternatively,
if ¢; is constant regardless of the value of \;, R, penalizes each eigenvalue equally and thus introduces
the bias for solutions with small average eigenvalues. With this quantity, we analyze R; when the

perturbation is sampled from A(0,7,) (denoted as ') and U (v/dB?) (denoted as B) as follows.

4.1 GAUSSIAN PERTURBATION

The Taylor expansion of f(x+pv) with v~N is

2
Fa+pv)=F(@)+pV £ (@) "o+ E0T V2 f@)o+0(? o)),
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where O(p2||v]|*)=0(p*d) with high probability for large d. Therefore, the Taylor expansion of the
t-SAM objective is

Fia) =10+ 08B [exp (107 0) ot STV @] ) | OGP )

Regularizer R+

We decompose Hessian V2f(x) into V2f(x)=Q " AQ, where Q is orthogonal with columns
{e1,...,eq} that are ordered Hessian eigenvectors, and A=diag(A1,A2,...,\q) where A1 >...> )\, are
the ordered Hessian eigenvalues. Denote ¢:=QV f(z) and thus g; is the component of the gradient
along the i-th eigenvector. Then we have the following theorem for R; with proof in Appendix

Theorem 4.1 (Sharpness under Gaussian Perturbation). Under Gaussian perturbation, if we choose
p such that 1—tp?X\;>0 holds for any i, then we have

R :izd: L) (1—tp*\;) (10)
TP e Ve |

We see that as t—0, we have limtﬁoRt:p—;Z?:I/\i:Ravg, which is consistent with existing work
(Wen et al.,2022; Tahmasebi et al.,[2024). As ¢ increases, the regularizer sensitivity ¢;(t) satisfies

2 2 2 2
P t°p7g; -
i(t)= +1 ) >0 for valid p.
Y= (1—tp29i > g
It shows that the sensitivity of R; to A; is dependent on ¢. When ¢=0, the sensitivity is the constant
p2 /2, that is, each eigenvalue contributes the same to R;. As ¢ increases, the sensitivity increases,
i.e., R; will be more dominated by large eigenvalues.

4.2 BALL PERTURBATION

Apart from the Gaussian perturbation, we analyze the regularizer and explicit bias when the ball
perturbation is used in this section.The Taylor expansion error of f(x+pv) with v~U(v/dB?) is
O(p2d) due to ||v||*<d. Therefore, the Taylor expansion of {-SAM gives

Ft(x):f(:c)—k%logEu(ﬁBd) {exp (t[pr(x)Tv—&—pzvTVQf(x)v]>] +0(p*d).

Regularizer R
and we have the following theorem for R;, whose complete derivation is in Appendix

Theorem 4.2 (Sharpness under Ball Perturbation). Assume that ||V f(x)||<oo and V?f(z) has
bounded eigenvalues for any x in our optimization trajectory. Under ball perturbation, Ry is
continuous and non-decreasing in t for any t<oo, and the regularizer sensitivity ¢; is continuous
and non-decreasing in \;. Therefore, we analyze two extreme cases. When t—0,

d

. p*d
g%Rt:m;Ai, (11)

which recovers the sharpness of the vanilla zeroth-order methods R, i.e., a simple average of
eigenvalues. When t— 00, we have

2
lim Ryi=Ro= max_ pg'u + %uTAu. (12)
—o0 <Vd e~~~
lull< Slope penalty ——~—"
Curve penalty

Theorem indicates that R, pessimistically regularizes the objective f(x) so that we favor the
flat solution & where f(&) has neither highly curved directions nor large slopes along the curved
directions. We discuss the penalties specifically in three regimes.

Linear regime. If f(z) is piecewise-linear within the search space for the next iteration 2/, the
curve penalty is zero and R, depends solely on max{g " u:|ul|<vVd}=Vd||g||=Vd||V f(z)| with
u*=+/dg/||g||. Therefore, t--SAM biases against the next iterations with steep slopes (gradients).
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. . o Surface of f(x,y) with one sharp and one flat minimum
Aerial view of piecewise-linear f(z,y) surface ) !

Overview of piecewise-linear f(x,y) surface * | Flat minimum
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®  Sharp minimum

*  Minimum

® TInit
MeZO
ZEST

0.8
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(b) Convergence of different methods
(a) Convergence of different methods that prefer trajectories with when two minima have the same loss
different slopes. MeZO does not have a slope regularizer while ZEST value and average eigenvalues. GD and
identifies flat next iterations with smaller slopes (gradients). The MeZO converge to the sharp minimum
color and the value of each triangle indicate its slope, with darker (with larger Amax); ZEST converges to
indicating flatter. the flat one (smaller Amax ).

Figure 1: Convergence behaviors of different methods on examples for the (a) linear and (b) stationary
regimes. It shows that (1) MeZO can make steep steps while ZEST identifies flat next iterations and
(2) MeZO can converge to minima with large Aj,ax While ZEST explicitly biases against large A, ax.

Stationary regime. If f(z) has multiple local minima as candidates for the next iteration, the slope
penalties for them are all zero and R, depends only on max{u " Au:|lu||<v/d}=+/dmax(\;,0) with
u*=+/de,. Therefore, F, biases against next iterations with large curvature in any direction.

General case. When both the curve and slope penalties are active, we use KKT conditions to solve
Eq. in Appendix We have that when V2 f (x) A0,

1. Gradient—curvature co-alignment is what matters. Only eigen-directions with nonzero
gradient projection (g;70) influence R;, and the influence grows with both |g;| and \;.

2. The largest positive eigenvalues dominate if the gradient points there: When g has projections
on the top-eigenvector(s), those eigenvalues have the largest impact on R;.

We make two comments based on the above results. First, when t—0, our regularizer R; recovers
R,y of the average-loss SAM objective under both Gaussian and uniform ball perturbations. As ¢
increases, regularizer sensitivity increases and thus the penalty from each eigenvalue changes from
uniformity to dominance by Ap,x. Second, as t— oo under ball perturbation (where the max-loss
SAM objective is well-defined), our regularizer is consistent with existing work
for the general case and the work of Tahmasebi et al.|(2024) for the stationary regime.

Furthermore, we discuss how hyperparameters such as p and d influence the effective choices of ¢ in
Appendix [B.8] In the following section, we present two low-dimensional examples that correspond to
the linear and stationary regimes, respectively, to illustrate the effects of different biases introduced
by R in contrast to Ryy,.

4.3 LOW-DIMENSIONAL EXAMPLES

We illustrate the benefit of ZEST’s sharpness notion through 2D examples for the linear and stationary
regimes. For the linear regime, we create a piecewise-linear loss function with one minimum
(Figure[Ta). There are multiple routes to reach the minimum, some steep (with large slopes/gradients,
lightly colored) and some flat (with small slopes, darkly colored). We observe that though both ZEST
and the vanilla zeroth-order algorithm (MeZO (Malladi et al.,[2023)) approaches the minimum, ZEST
identifies and chooses the flatter route (with darker planes) while MeZO chooses the steep trajectory.

For the stationary regime, we present the f with two local minima, (41,0) such that f(+1,0)=0
(Figure [1b). Denoting the Hessian of f at point (x,y) as H (z,y), we have the eigenvalues of H (1,0)
as {12,Z} and those of H(—1,0) as {22,2}. Since the two minima have the same average of
eigenvalues (trace), optimizers with sharpness defined as R,y,, such as MeZO, would treat these
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minima equally sharp. However, the fact that Ayax[H (1,0)]> Amax[H (—1,0)] indicates that there exist
perturbation directions that substantially impair model utility if it reaches (1,0), which should be
avoided in critical applications. Noticeably, we observe that ZEST can avoid the pitfall of (1,0) and
arrive at (—1,0) despite having the same loss value and Hessian trace. By taking risk-averse steps,
ZEST is sensitive to Apnax, Which is consistent with our analysis.

5 EXPERIMENTS

We conduct experiments on masked LMs (RoBERTa-base, 135M (Liu et al., [2019)) on GLUE
classification tasks in Section @] and autoregressive LMs (OPT-1.3B (Zhang et al. [2022) and
LLaMA-7B (Touvron et al.l |2023)) on multiple choice, generation, and classification tasks in
Section[5.2] We focus on many-shot settings with prompts, following prior zeroth-order optimization
literature (Malladi et al., [2023;Zhang et al.,[2023; |Chen et al., [2017). Furthermore, we experiment
on vision tasks with clean and noisy training labels as in prior sharpness-aware literature (Baek
et al., 2024; L1 et al., 2024} |[Foret et al., 2020), with results in Table @ Across diverse tasks and
model types, ZEST is a computational- and memory-efficient alternative to first-order approaches
and outperforms the vanilla zeroth-order baseline MeZO (Malladi et al.,|2023). In Section we
evaluate the “flatness” of ZEST solutions under multiple definitions. In Section[5.4] we discuss the
effects of the tilting hyperparameter ¢ and practical tuning guidance.

Baselines. For each dataset, we perform full-parameter fine-tuning to minimize the ERM objective
f(z), average-loss SAM E|[f (z+e¢)], max-loss SAM max. f (z+¢), and t-SAM Fy(z) via both first-
order and zeroth-order methods. We summarize the objectives and memory complexities in Table[T]
We present the performance of both ZESTy (Option 1) and ZESTgc (Option 2), which use different
update rule options in Algorithm [T] Line 9. Additionally, we highlight that ZEST has the same
computational and memory complexity as MeZO since the cost of taking the exponential of a few
losses is negligible. Therefore, the empirical memory efficiency and wallclock time measures in
MeZO apply to ZEST (Appendix E.7, E.5, and F.6 of Malladi et al.|(2023))).

Table 1: Objective and memory cost of different methods. We follow the memory analysis approach
in|Chen et al.| (2017), where [ is the layer index, and a; denotes the stored activations for computing
the backward gradients for layer [, and |-| denotes the dimension of the vector. We present the memory
usage under ball perturbation since it is more costly than sampling from Gaussian.

Type  Objective Method  Memory
f(x) SGD 2 max(|a,|zi|)+[]
Ist-  E[f(x+e)] ESAM " max(|ail,|z1|)+2||
order maxcf(z+e) SAM >omax(|a,|a])+2|x]
Fi(x) TSAM >oymax(|a,|z|)+(k+1)|z|
Oth- E[f(z+e€)] MeZO
ZESTy 2|z

order Fi(x) ZESTsc

5.1 MASKED LANGUAGE MODELS

We experiment on four types of classification tasks in the GLUE benchmark (Wang et al.| 2018)),
including sentiment classification, paraphrasing, topic classification, and natural language inference.
Following prior work (Malladi et al., [2023} Zhang et al.| 2023} |Chen et al.,|2017), we focus on the
setting of many-shot fine-tuning with prompts where we sample 512 samples for each class. Since
prior work shows that SAM is robust to label noise (Baek et al.,[2024; |L1 et al., 2024), we additionally
fine-tune on the noisy version of each dataset where the label noises are created by switching 30% of
the true labels uniformly at random to other labels (details in Appendix [C).

On clean data, ZEST consistently outperforms MeZO by 0.1% to 1.7% in accuracy (Table[2), and on
data with noisy labels, ZEST consistently outperforms MeZO by 0.4% to 5.9% in accuracy (Table [3).
On clean and noisy data, ZESTgc outperforms ZESTy on 3/8 and 4/8 tasks, respectively.



Under review as a conference paper at ICLR 2026

Table 2: Experiments on ROBERTa-Base (512 training examples per class).

Type Task SST-2 SST-5 QQP MRPC TREC MNLI SNLI RTE
P Task type sentiment cls. paraphrase topic cls.  natural language inference

SGD 92.8 56.2 84.0 88.2 97.6 78.4 84.7 78.3

Ist- ESAM 93.0 56.4 843 88.5 97.8 78.4 85.3 79.4

order SAM 93.2 56.4 84.8 90.0 97.8 79.3 85.4 80.1

TSAM 93.5 575 85.0 89.2 98.0 79.5 85.8 80.5

Oth- MeZO 92.1 48.6 714 81.9 94.8 71.8 78.2 72.9

order ZESTx 92.2 494 71.6 83.6 95.6 73.6 78.3 73.3

ZESTgc 92.0 49.7 72.6 81.6 95.2 73.8 78.2 72.9

Table 3: Experiments on RoOBERTa-Base (512 training examples per class with 30% noisy labels).

Tyoe Task SST-2 SST-5 QQP MRPC TREC MNLI SNLI RTE
M Task type sentiment cls. paraphrase topic cls.  natural language inference

SGD 89.2 53.7 73.8 71.0 96.2 73.8 78.1 66.1

Ist-  ESAM 89.9 54.6 79.5 71.5 96.2 754 79.2 66.8

order SAM 91.1 55.2 80.2 78.9 96.2 76.9 80.8 68.6

TSAM 91.5 55.2 81.0 71.7 96.4 76.5 814 67.5

Oth- MeZO 89.0 44.7 62.4 67.2 86.2 60.3 59.2 59.9

order ZESTy 894 46.2 68.3 68.6 86.8 63.4 64.9 61.4

ZESTgc 88.2 44.7 62.7 68.9 86.8 63.4 64.3 61.7

5.2 AUTOREGRESSIVE LANGUAGE MODELS

Furthermore, we experiment on multiple-choice, generation, and classification tasks with OPT-1.3B
and LLaMA-7B. For each dataset, we randomly sample 1000, 500, and 1000 examples for training,
validation, and testing. From Table[d] we observe that (1) TSAM and SAM consistently outperform
ESAM, indicating the superiority of pessimistic sharpness notion as opposed to Ray,; (2) ZEST
consistently outperforms MeZO and matches/outperforms first-order methods on multiple tasks.

Table 4: Test accuracies/F1 of OPT-1.3B (1000 training samples).

Type Task COPA ReCoRD SQuAD DROP WSC WIC
M Task type multiple choice generation classification
SGD 75.0 72.2 834 29.7 57.8 652

Ist-  ESAM 76.0 72.5 83.7 31.2 588  66.8
order SAM 71.0 72.7 84.3 31.8 64.6  68.7
TSAM 77.0 72.1 84.6 31.3 66.5 67.1

Oth- MeZO 74.0 72.4 78.8 25.2 61.5 555
order ZESTn 78.0 72.3 79.4 25.5 644 57.1
ZESTsc 77.0 72.5 79.0 25.7 635 572

We observe that ZESTgc and ZESTy perform on par in the above experiments, which we attribute
to variance across trials. In Figure 3] we show that the bias-corrected estimator indeed has smaller
bias, but the two estimators have approximately the same variance. In practice, one samples a small
number of random seeds, which makes their performance appear similar due to variance. Despite
this, we introduce both estimators to illustrate that our method is general and admits various ratio
estimators. Additionally, with abundant computing resources to run many trials, it is favorable to
leverage bias correction. We leave applying more advanced ratio estimates to ZEST for future work.
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Table 5: Test accuracy of LLaMA-7B (1000 training samples). ~ Table 6: Test accuracy of ViT on
CIFAR-10 w. clean/noisy labels.

vpe TSk COPA ReCoRD WIC WSC
YP®  Tasktype  multiple choice classification Method  Clean  30% Noisy
SGD 85.0 82.4 615  66.5 SGD 96.9 95.1
Ist-  ESAM 85.0 82.5 622 657 ESAM 975 95.7
order SAM 86.0 82.8 635 679 SAM 97.9 97.5
TSAM OOM OOM OOM OOM TSAM 979 97.4
oq.  MezO 89.0 80.1 60.8 644 MeZO  80.2 69.0
onder  ZESTx 89.0 81.8 627  66.2 ZESTy 828 723
ZESTsc  89.0 81.3 634 659 ZESTsc  82.4 71.8

5.3 FLATNESS OF ZEST SOLUTIONS
Sharpness (E.[f(0 + €)]) Sharpness (top eigenvalues)
In this section, we evaluate the flatness of ZEST 08~ .. ] MeZO
solutions in comparison to MeZO solutions by . —e= z6st ] ZEST
comparing their sharpness measurements under / -

various definitions, including the average loss - ]

in the neighborhood of = (Wen et al.,[2023)) and / ]
top-5 eigenvalues of the Hessian (Wen et al.}

2022)). In Figure |Z| (left), we observe that under
various neighborhood radii, the minimum found

by ZEST has smaller average losses than that Figure 2: Sharpness of the solutions found by
found by MeZO. In addition, the top-5 eiggnval- MeZO and ZEST on MRPC. Left: Scatters denote
ues are all smaller than those of MeZO (right). ¢ ayerage loss of the neighborhood among 500
The same observation made on more datasets is perturbations, and the shade denotes the standard
presented in Appendix[C.2] deviation. Right: Top-5 eigenvalues of Hessian.

0.5 -

2 4
P Sorted eigenvalue index

o -
)
S
S
o

5.4 SENSITIVITY TO ¢t

Though the generalization bounds for exponential tilting are presented in prior literature (Li et al.,
2024; | Aminian et al., [2025]), the optimal choice of ¢ is problem-dependent. In practice, one needs to
find the ¢ value that yields the best validation performance. In this section, we present the validation
performance of ROBERTa-Base under t={0,1,5,20} in Figure [4|in the appendix. The results show
that multiple ¢ values yield superior performance to MeZO (t=0). Additionally, t=1 is a safe go-to
choice for preliminary trials since it almost always yields superior performance to MeZO: t=1
matches or outperforms MeZO on 7/8 settings; the only case when t=1 underperforms is by 0.1%.

6 CONCLUSION

We introduce ZEST, a gradient-free optimization framework that unifies classic zeroth-order opti-
mization with sharpness-aware minimization. By leveraging exponential tilting, ZEST optimizes
for a continuous spectrum of objectives that smoothly interpolate between the standard average-loss
zeroth-order objective and the worst-case min-max SAM formulation. Theoretically, we characterize
the sharpness bias induced by the tilted objective and demonstrate that ZEST can avoid minima
of high curvatures that vanilla zeroth-order methods overlook. Empirically, ZEST preserves effi-
ciency while consistently outperforming vanilla zeroth-order methods and, in many cases, first-order
SAM variants on various downstream tasks. These demonstrate that ZEST provides a powerful
bridge between zeroth-order optimization and sharpness-aware training, enabling gradient-free yet
curvature-sensitive learning that generalizes better while remaining efficient.

10
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A VANILLA ZEROTH-ORDER GRADIENT ESTIMATE

In this section, we provide an additional introduction to zeroth-order optimization and the vanilla
gradient estimate.

In zeroth-order optimization, we estimate V f(x) using only function evaluations. A standard
estimator is the two-point symmetric finite difference

f(@+pu)—f(z—pu)
2p

G(z,pu):= u, (13)

where v is a random direction sampled uniformly from the sphere v/dS%! or Gaussian N’ (0,14),

and p>0 is a smoothing parameter. In the following, we abbreviate B:=U (v/dB?), S:=U(v/dS*~ 1),
and N:=N(0,1,). We use Eg, E, 5, and E, (v/agay interchangeably when the meaning is clear
from the context.

For sampling from the sphere, when p—0, the estimator is unbiased since
f(z+pu)—f(z—pu)
2p

When p is general, the estimator corresponds to the gradient of a smoothed objective (Duchi et al.,
2015} Zhang et al.,|2023)). Define

Ey~s u| =Eyus[uu |V f(2)=Vf(z).

fo(@):=Eynp[f (z+pv)]
and by the divergence theorem in R¢,
vxfp(x):EuNS [G(x,p,u)].

Thus, the estimator in expectation is the gradient of a smoothed version of f where the smoother is a
uniform distribution on a ball. Similarly, for sampling from Gaussian, we have

VoEon [f(24p0)|=Ep i [G(z,p,0)].

We can interpret the above results that updating using the vanilla zeroth-order gradient estimate
optimizes for a smoothed objective of f(z). By Taylor expansion, for r€{S,N'}, we have

Eoerl (2 p0) = (24 B [V () 04 By a0 V2 @)+ B[O )]

2
p
=f(@)+ 5T (V2 f (@) +0(p*d),
which implies that the effective objective of vanilla zeroth-order optimization is the empirical loss

f(z) added by a regularizer Ry xTr(V?f(x)).

B PROOFS

B.1 PROOF OF THEOREM [3.1] (GAUSSIAN)

Proof. By Stein’s lemma (Chen et al.l [2010)), for the d-dimensional random vector v~N(0,14) and a
differentiable function g for which E[g(v)v] and E[V,g(v)] both exist, we have

E, [g(v)v]:Ev [va(v)]' (14)

Therefore, we let g(v)=e'/(*++*) and obtain

/VU(etf(“"”’))p(v)dv:/etf("”+p”)p(v)vdv

v v

and thus

/etf(ac+pv)—Hv|\2/2vvf(x_~_pv)dv:%/etf(m‘i‘P”)—HU”z/deU. (15)

v v

14
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Note that the gradient of -SAM is

Eoonlet! EHP0V fatpv)] fvetf(”p“)*|‘””2/2Vf(m+pv)dv

VaFi()= E, [l @ov)] [ etf o) =Tl 724y

Combining the above, we have

Vo R (@)@ L (@)= l0I*/29, f (24pv)dv
et p [ etd ) =lI2 /2y

fvetf(m‘f’lw)*”vuz/lvdv

o tpfvetf(ww“ﬂv)—H“||2/2dv
EUNN[etf(”’”)v]
tpEUNN—[gtf(x+Pv)]

B %(]EUNN[etf(””er“)U]+Ev~/\f[€tf(m+pv)v])

tp 2 (Epn[etf @ o)+ E, p[etf (2 tev)])

1 B[ @04 B, et 0 ()]
tp EUNN(OJd)[etf(erpv)HEvNN[etf(m+p(w))]
1 EvNN[(etf(“’“’)—etf(m*p”))v]
tp Byon[etf @tev) petf(@—po)]

(16)

7)

where (a) is due to qub(erpv):qu(erpv):%vab(:chpv) where V¢(-) denotes the gradient

w.r.t. the input of function ¢.

Case of t—0. As t—0, we apply L’'Hopital’s rule to obtain

lim;_,oEpr[et PV f (24 pv)v]

i Ve Fi(w) = limy o pE (et (7 +70) |+t pB pr [t @H0v) £ (24 pu)]
_E 'f(:c+pv)v}
B ﬂl;p)} 1By [f<x+p<v>)<v>}
L 2 2p
_Ey f(x+pv)2—pf(x—pv)v]7

which is precisely the vanilla zeroth-order gradient estimator with Gaussian perturbation.

B.2 PROOF OF THEOREM[3.1|(BALL)
Proof. Recall that under the uniform ball perturbation, the t-SAM gradient is

V. F, B, an [TV fatpo)]
()= E [etf (@+pv)]

v~ U (VdBD)
Denote Z= | \/E]Bdetf (+pv) dy. Then by definition, we have

tf(z+
[etf(erpv)} f\/ﬁBde faren)dy Z

B T Vol(VdBd)  Vol(vaBd)

vl (VdB)

etF@+P) f (24 pv)dv
E etf(m—i—pv)v z+pv :f\/EIBd' 7
'UNZ/{(\/EBd)[ f( 14 )] VO](\/&]Bd)

15

O

(18)

19)

(20)
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and applying them to Eq. (I8) gives us

)_fﬁBdetf(x+””)Vf(x+pv)dv

Z

Vx Ft (I
By change of variable, we have

Vm/ etf(”p”)dv:/ Vr(etf(ﬂpv))dv:,
VdB? VdBd PJ\/dBa

According to the divergence theorem in higher dimensions, for a scalar field pcC:R?—R and a
compact volume QCR? with piecewise smooth boundary 92, we have

/ VédV=[ ¢ndS
Q o0

where n is the outward unit normal to the point on 952, given that both sides of the equation are
integrable over their domains. Therefore, by letting ¢(v)=e'/(*+r¥) Q=1/dB?, and 0Q=+/dS? 1,

Vo (etf(m+p”))dv.

2y

we obtain

/ Vv(etf(erﬂv))dv:/ etf(w”“)idu:i/ e @) gy,
VdBd Vdsd-1 [l Vd Jyasa-

Expanding the LHS gives us

1
/ TP, f(a+pv)dv=—r ey dy, (22)
VdBa t\/& Vdsd-t

Combining the above, we obtain
1 .
VIFt(x):—/ etf(““’”)vvf(x—i—pv)dv
pZ ) /apd
" 1 / etf@tow) .
tpVdZ Jyasi—

(a) Area(y/dS?1) .
2 tp\/gZ Eu,\,u(\/agdfl)[etf( +p )U]
(:b) \/EVOK\/»d]Bd) [etf(w—&-pu)u}
—t,o\/&Z u~U(VdSd—1)
etf(z+pu)u]
(23)

@1 Fusisn|
tp vau(\/gIB%d)[etf(z+pv)]

where (a) follows the definition of Euwu(@sd,l)[etﬂ“‘“’“)u] and (b) is due to Area(rS%—1)=
4.Vol(rB¢), which gives us Area(v/dS?~!)=v/d-Vol(v/dB?).

Case of t—0. Ast—0, we apply L'Hopital’s rule to obtain

limV, Fy(z)= limy o Es [ TP f(z+pu)u]
=0 " Timy o pEglet )|t pEg et o) £ (2t pu))]

_E 'f(x—&—pu)u}
k. if(wim)ﬂ s {f(ﬁp(QpU))(U)]
g, [latow—flz—pu) } |

2p

which recovers the vanilla zeroth-order gradient estimator in Eq. (T3).
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B.3 SPHERE PERTURBATION REUSING

In Theorem [3.1] we use Eq. (5)) to approximate (). The rationale of this choice is the fact that
most of the volume of a high-dimensional ball is concentrated near its boundary. As specified
in Lemma B.1} E[[|v]|]~v/d and Var(||v||)~+; for d>1, which agrees with what we encounter in
practice. This allows us to use the same sampled perturbations and the computed losses to compute
both the numerator and the denominator, which thus gives ZEST the same computational workload
as the vanilla zeroth-order optimization method.

Lemma B.1 (Measure of Concentration). For a random point uniformly sampled from a ball with
radius \/d, its norm ||v|| satisfies

Emvuzﬂ(l—dil) (24)

d? d? as11
Var(||v]))=-— X oo

= — 5 ~ 2
d+2 (d+1)2 ~ 3d (5)

Proof. Denote g, (r) as the probability density of the event ||v||=r, which is proportional to the
surface area of the sphere rS?~!:

dr=1
qun(r):W’OSTS\/&-

Then the first and second moment of ||v|| are

Efv]|]= : __a _
ol | rap)dr=s [ rtar=vigs

2 \/32 d \/Edﬂ d2
Bl =g [ =

and thus ) 5 )
Var(of)=— o L & oy 1
dr2 (d11)2 (di2)(d11)?  dSec3di4

O

Apart from the intuition that sampling from the ball is very similar to sampling from the sphere in
high-dimensional space, we also explicitly quantify the bias between Eq. (@) and () from Theorem
[3-]in the following Theorem[B.2]

Theorem B.2 (Bias of Using Es in Denominator). Assume that f(x;€) is L-smooth and M -Lipschitz
Sfor any x.&. We have two estimators

Es [(etf(w-s-pu) _etfle—pu) )u)

~ 1 Ns
and V(x)_%Es[etf(m+pu)+6tf(x7pu)] y

_ 1 Ns
Tip Egled e Lot @]

V(z)

Dp Ds

and the bias from replacing Dp with Dg in the denominator is

- N, 1 1 Ns (Ds—D
Bias(x):V(x)—V(x):t;(DB—DS):t;<Z‘DSBDSB) (26)

With choosing pgd*%, we have

Ipias(a)|<0( )
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Proof. Let u be uniform on the sphere with radius v/d and write a point drawn uniformly from the
ball as
v=ru, rc[0,1] withdensity p(r)=dr?’.

1 1
d n
E nj_ n dr=d r+d71d - -
[r"] /07“ p(r)dr /07‘ r - T

Since we have

and r—1 in probability as d—oo. Then we have
Di=E,E, [etf(w-‘rpw)_,_etf(w—ﬂrw] and Ds=E, [etf(w-l-pU)_,_etf(w—ﬂu)].
Denote g:=V f(x) and H:=V?f(z). The Taylor expansion of f(z+pru) and e* gives

Sazpra=fe)zorg "t LTt -0 (L), @)
n>3
. 22 z"
e :1+z+5+zﬁ. (28)
n>3
So we have
exp(tf(zErpu))=exp(tf(z))exp | £tprg" u+ o u' Hu +ZO< >
n>3

and further apply Eq. (27) and (28) to obtain nested Taylor expansion as

2 totr™ "
uTHu+Zo< ”n!r I )

n>3

exp

tp’r? T tp"r" ?p*r?(g " u)?
=1+t Hu _— 4.
prg " u+-——— 5 +Zo< | > 5 +

tp27"2 p r2 g u tp"r™
_ T T n
=1=+tprg quTu Hu+f+20 e [l

n>3

where in the last step we absorb terms of order n>3 into O(-) and leverage the combinatorial fact that
for any 0<s<log;4~1.262, m!]], ]ai!ZnS holds for any n>3 where n=> ]ai,aiGZZO,mg

i€[m i€m
n. Therefore, we take s=logs4 and have
I t 2Er 2 t2 Q]Er 2 Eu T,)\2 t nET n
n:

n>3

tp*Tr(H) 2\ 27l 2 tp" n
=2¢47() |1 1— 1— dz (1———
€ T a2 )t 2 d+2 +;O P

and

tp’Ey,[ul Hu] tp 2E g'u
—9ptf (@) P Lu n
Ds=2e! (9| 14—t +§0< ulllul ]>

tp*Tr(H) | #2p?|lg]” "
=2¢1/(@) |1 d
e e L +n§>30 - dl

Since each term of Dy corresponds to one term in D that differ by a scale (1— i) for their order
n, we have

o | tPPTe(H) | 2p?|lg]|? tp"n
Ds—Dp=2¢t/@ O —F5—dz
STHBTE +2 g2 +; n® (d+n)
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and
. t2p?|lg|> tp" n
Ds—Dg|<2etf@) | p2 [+ 2 71 O —d>z
|Ds—Dp|<2e prlt—0y +n§>3: s

due to f being L-smooth and thus Tr(H)<|[|H || ,d=Ld. Additionally,

t/)n’l“n
etf(m+pu)_etf(r—Pu):zetf(I) tpTgTu—FE O( " |u||n>
n>3

and thus we have

) T BB ] e
|Nsl| <27 | toE, ||, l(g u)u]|\+20< =0

n>3

tp d 'n.+1
t
pd+1HgHJFZ ( St )

N>

—2¢tf (=

N>

§2€tf($

t n+1
tp||g||+20< P et )

n>3

If we choose pgd_%, we have p"dnTJrl §d%_% Sd_% and p”_ld% Sd%_% Sd_Tlo for n>3. Addi-
tionally, our loss f>0 and thus Ds,Dp>2. Applying them to Eq. (26), we have

[Nsl| (|Ps—Dsl|
tp DBDS

[ Nsl
<—=="|Ds—D
ST |Ds—Dgl|

etf(w) 2 t
) tp) tpHgHJrZO > el Hg” +Zo(7f: ds )
n>3

n>3

|Bias ()=

n>3

@, tHgH

n>3

+2o(w)

n>3

(tf( )2 tPHQHJFZO tp d ) tp”g” +ZO< >

5 5

(b)
< (etf(w)) |:t6|lg|| +t0d_:|

()

where (a) is due to setting p<d~5 and (b) follows that >, converges to some constant C' if
s>1. O

t
Lol oy
=

B.4 BIAS-CORRECTED RATIO ESTIMATE

In this section, we derive the bias-corrected estimate with bias O(1/k?). Recall that in each iteration,
we sample k perturbations and compute a; =e'f (#+rv:) g =t/ (@=rvi) "and Z:Zleaj'+ai_. We
aim to approximate

E[A
E{B%’ with samples A,=(a; —a; )v; and B;=a; +a; ic[k].
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In the following, we show that making up the bias in the naive plug-in leads to the following estimate:
k i k
ko St == At =21 Lat oy
tPGBC*Z:l { S [a; +a; — '21 (@; +a;’) ]}(ai —a; )v;.

k

Proof. Define the function g(z,y)= ﬁ with z€R? and ycR. Let A= kz A, B= %E _,Bi,

wa=E[A], and pp=E[B]. We expand g(A,B) around the point (114,45) and have
9(A.B)=g(pa,np)+g s (A=pa)+gp(B—pp)

1 _ _ _ _ _
+§[(A—MA)T9MAHA (A=pa)+2(A~104) " Guaps (B—18)+9upps (B—1B)]

_99(A,B) g,,ﬁg(AB) _ 0%g(pa.up) O*g(papn) _ Ha

where g ;= - = = = =0, , and
9ga oA 9B oB > Inapa on =" 9.z, 13, Juaps=

OnAduB
sides, we have

Polpas) ;%2 Applying them to the approximate equality and taking the expectation on both
B

B| 5] %2 - Bl a) T (B + 2Bl B

kB Hp
:M—A—%Co (4, B)+ 2 Var(B)

KB KB NB
CEA] 1
—m*@COV(A7B) 3 kVaI(B)

Therefore, we use

ok A, 1 [SL(A-A)(Bi-B) AYL,(Bi-B)

PEBCT BT (- 1) B2 B3

Denote a; =et/(@Trvi) g~ =e!f(@=rvi) and thus A;=(a; —a; )v; and B;=a; +a; . In practice, we
record Z=Y"1_,a} +a; =kB and work with the normalized values @; :=a} /Z and a; :=a; /Z
for numerical stability. So we re-express tpGE. with Al:=(a;] —a; )v;, Bl:==a; +a; , and thus

~% Z¢:1A2 as
kB’ = (kBl-1)?
tpGE Al —AHY-ATY —
pGhc= Z +Z ) ; -
k
Z{H [Bi— Z(BM}A;.
=1
O
In Figure 3] we show that the bias-corrected estimator 1 —®— Plug-in
indeed has smaller bias. Recall that we aim to esti- é‘”' —¥— Bias-corrected
mate %, where A€R? and BER. We set d=100,A~ 2 0.3~
N (4,641100) with p4=[40,—40,40,—40,...|c R and é“'
B~N/(80,16). Denote the direct plug-in estimator as Gn 0.1- :\_:
and the bias-corrected one as G'gc. Our simulation results 0 FEEEE———s
show their bias and variance across different & values. We o 102
observe that (1) both estimators correctly converge to the Number of Directions (k)

ground truth (i.e., error norm reduces to 0) as k increases,

(2) Gpc has smaller bias when k& is small, and (3) they Figure 3: Error norms of the averaged
have approximately the same variance, which agrees with ~estimate under 1000 trials and the stan-
the theory (Van Kempen & Van Vliet, 2000b). dard deviation (shades) among the trials.
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B.5 DERIVATION OF SECTION 4. T]

Derivation of Eq. (10). Recall that the Hessian V2 f(z) is written as V2 f(z)=Q " AQ, where
the orthogonal @ has columns {ey,...,eq} that are ordered eigenvectors of V2f(z), and A=
diag(A1,M2,...,Aq) where \;>...>)\; are the order eigenvalues of V2f( ). Observe that u:=Qu
has the same distribution as v since Gaussian is rotation-invariant. Denote g:=QV f(x) where g; is
the component of the gradient along the i-th eigenvector. Then we have

2
B o0 (19 1(0) 0+ 50TV 00) )|
_ T P
_EUNN{eXp<t(pg u—&—?u Au))}
—d/2 TP 1< 2
=(27) /exp t(pg u—&—?u Au)—§Zui du
d d ,
—1
:(27r)_d/2/exp (tngiui+ztp ); uf) du

i=1 i=1

d
1 1—tp? i o >
= exp| —————u;+tpgiu; |du;
};[1 / = p( : Py
d 2
1 1—tp2)\; tpg; tpgi)?
:H/—exp _lteh o teg L (trgi) du;
, Vo 2 1—tp2 ) 2(1—tp2N;)

1 tp?/\ T 2 C1—tp N ‘

(tpgi
B d eXp(2(1 pfp2)\) /\/1 tpz)\ ([_ 1—tp*\; <ul_ tpgi >2]>du,
(3 (3

B Vi1—tp?); 2

=1

=1
d tpgi)®
eXP(Ziﬂ z(ﬁfiqu,\i))

B H;'i:1 VI=tp?A;

where du denotes the Lebesgue measure on R?. Note that it is required for any i, 1—tp%\;>0, i.e.,
choose tp2<ﬁ if Amax>0. The regularizer is thus

d d
thlzm_izbg(l_m%\i)
t = 2(1—tp?N;) 2t P

d
_1 (tpg:)?
2t P 1—tp2)\i

—log(l—tpz)\i)] .

When ¢—0, we apply L’Hopital’s rule to obtain
d

d d
R . d(log(1—tp*X;))/dt _ . Pri_p?
=T 2T e ar __23%02(1 TR DI

1=1
B.6 DERIVATION OF SECTION [4.2]
Derivation of Eq. Recall that we denote g=QV? f(z) and A=diag(\1,)\a,...,\q) defined as

before. Assume that [[V f(z)||<oo and V2 f(z) has bounded eigenvalues for any  in our optimization
trajectory.
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We denote X=pg T u-+ %uTAu with X <oo, and we thus have E[exp(tX )] <oo for any t<oo. Since

h(X)=1log(Elexp(tX)]) is continuous for t{t:E[exp(tX)]<oo}, h(X) is continuous and non-
decreasing in ¢ for any ¢t<oo. Furthermore, the regularizer sensitivity is

1 1 OE[exp(tX)] _p* E[exp(t[pgTu—l—éuTAu])u?]
t Elexp(tX)] ON; 2 E[exp(t[pg—ru—i—p—;uTAu])] '
It is continuous and non-decreasing in \; due to

001 _ty" Blube N JBeX |~ (BuzeX)?

o\ 4 (E[etX])? -

where the inequality follows the Cauchy-Schwarz inequality (E[AB])?<E[A%]E[B?]. Therefore, it
suffices to analyze R; and ¢;(t) under the two extreme cases that t—0 and co. Recall that we have

1 2
Ry=-log (/exp (tpgTuﬁ—tguTAu) du(u)> with u=Qu~U(vVdB*)

1 1
==log 7/ exp <tpg u—|— TAu> du (29)
t (Vol(\/&lﬂsd) ull<vd
When t—0, we apply L'Hopital’s rule to Eq. and obtain

2
T f”uugﬁvt [exp (tpgTu—l—%uTAu)]du
tgr(l) t%O f togT tp? TAu)d
ull<vacXP | trg ut-5-u’ Au)au
f”uHQ[exp (tpg—ru—i—ﬁuTAu) (pgTu—kﬁuTAu) du
=lim =

=0 f” ”<\fexp(tpgTu—|— uTAu)du

bi=

' f”u‘|<\fpg u+5- * T Audu
=lim
t—0 Vol(\fIB%d
2

2Vol(v/dB®) =0/ < va
d

2
__rd ,
- 2(d+2) ZAI

i=1

where the last step is due to

T 2
u' Audu= / Aiup | du= )\/ u; du
/IuS\/E flu |<f<z ) Z llull<vd

i=1

1 d
u?du:f/ ulPdu= Vol(VdB?).
/IuIS\/J d uunsﬂ” H 2(d+2) ( )

Derivation of Eq. (I2). When t—o0, we apply Laplace’s principle (Dembo| (2009)) that for a
Lebesgue-measurable set MER? and a measurable function ¢:R%—R that satisfy J M e?®) dr<oo,
we have

and

1
Jim s =gt

Let ¢(u)= pgTu—l—‘;—QuTAu and M=+v/dB?. Since M is measurable and ¢(z)<pv/d|a+

p—QdmaX()\max,O), the integrability condition satisfies, and we have

1 1
lim R;=lim —log| ————=—— |+ lim 710 /et“"(“)du>
t—ro00 t t—oo t (Vol(fﬁd)) —oo t g< M
= max_p(u).

llul|<vd
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B.7 GENERAL REGIME (t—00)

Recall that we work in the Hessian eigenbasis with A=diag(\1,...,Aq) and g=QV f(x). In the
general regime where both the slope and curve penalties are active, we use KKT conditions to solve
the maximization problem with an inequality constraint

2

T, P T
max _(u)=pg u+—u' Au.
usu] <Vd 2

From the Lagrangian

2
E(u,w)zpaTu—F%uTAu—w(uTu—d), w>0,
we have
pg+p* Au—2wu=0<=(p* A—2wI)u=—pg
w([[ull=vd)=0
lul|<Vd
2wl —p* A0
by stationarity, complementary slackness, primal feasibility, and dual feasibility, respectively.

Interior case. When V2 f(z)=0 and the unconstrained maximizer is feasible, we take w=0 and
thus u*=—(1/p)A~1g and

1 1L g2
Roo=p(u")=—59 A" g=—5> 5t (Mi<0),
i=1""

which indicates that making A; more negative reduces the penalty. We also have the regularizer
sensitivity that increases as \; increases:
¢:8R°°:_lg2 o (1 :lﬁ

CON 27 oM\ N 2%

Boundary case. In the boundary case (w>0), the maximizer u* solves the KKT system for

T P
u:\m\azx\/ﬁ g u—l—?u Au.
The stationarity states u=(2wI—p*A)~1pg, which is well-defined when 2wI—p?A=0, i.e., w>
é)\max. The correct w is chosen so that ||u(w)||=+/d holds. Note that ||u(w)]| is strictly decreasing
in we(%)\max,oo) since

d 2 2
272 P 9;
||u(w)|| - (2W—P2>\i)2

i=1
is strictly decreasing from oo (assume that g;7#0) to 0. Therefore, there is a unique solution w*>
2
max(Z-Amax,0). Then we can compute u*=(2w*I—p?A)~*pg since
pg+p? Au* —2w*u*=0. (S)

Next, we compute the regularizer sensitivity 1);. Since w* and v* are functions of \;, we differentiate
both sides of (S) with respect to A\; and obtain
du*  _dw* du*

-2 2wt ——=
dh dn dA;
where F; is a diagonal matrix with a 1 at entry ¢ and 0’s elsewhere. Differentiating both sides of the
constraint that (u*) " u*=d gives

P’ Eiu*4p? A 0,

d *
oy o ©
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Therefore, differentiating o (u*) leads to

2

du* P
T *\ T *

B +2 )
et =pgT G ()T Bar ()T dA
Using stationarity (S) to replace pg by 2w*u* —p? Au* gives

du* du* du*
T * * 2 * Tiz * (o Kk\ T 20, %\ T

By (O), (u*) "du* /d\;=0, so the first term vanishes. Therefore,

d du* p2 T 9 T, du*
N=— A Z (w) " Eu* NTAZ
el =) A G ) B () A
2
=5 (ut)?
4.2

- 2(2w*—p2);)?

Therefore, the regularizer sensitivity ¢;(w*,\;) for an arbitrary )\; is

iy 4 Pl
QS@(W a)‘z)_d)\iW(u ) 2D12' (€20)

where Dj:=2w*—p?\;>0. Differentiating the sensitivity w.r.t. \; informs us whether the sensitivity
is constant across all eigenvalues as in the average-case SAM regularizer, or increases as in the
worst-case SAM and ¢-SAM regularizer R.. To proceed, we track how w* shifts when \; changes
by implicitly differentiating the secular equation

d

@ =% QM’) 9 _=d. (32)
_]:1

Treat ¢ as a function of two variables, including w*()\;), the function value with parameter \;, and
the parameter )\; itself. Differentiating both sides of Eq. w.r.t. \; leads to

o dwt 9 dur BYjoN

Ow* ON; O\ N (‘w/&u* (33)
by the chain rule. Further, we differentiate ¢) w.r.t. w* and \; respectively and have
Z 9] o _2p'g?
&u* D;’? ’ oN D}
Therefore, we apply the above to Eq. (33) and obtain
P a;
dw™ 3
d";. — (34)
‘ 22] 1 D3
Now we can compute
2
0 492 OD; ow* 692 3
¢ :_p g?’z 1 3 2) w 2 p gg’b 1— i . 207 (35)
O\ D3 oN D oN D; Zd 9
j=1D3

which indicates that the sensitivity of R, to any arbitrary A\; grows when )\; increases. This is in
contrast with the average-loss SAM, where the influence of all the eigenvalues is always equal.
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B.8 CHOOSING ¢

Denote the random variable X :pgTu—f—%uTAu,uNU (v/dB?) and note that m< X <M with m=
@min()\min,O)—p\/ﬁHgH and M:#max()\maX,O)—&—p\/EHgH. By Hoeffding’s lemma, for any

teR, E[e'™] <exp (tE (X ]+M) . Then by Jensen’s inequality,

Rt%log(E [etx])gE[XHM.

Therefore, to keep R; within & from the expectation E[X ]:%Z?:l)\i, which is the sharpness

regularizer in the average-case SAM objective, it suffices to take

Se < 32¢
(M—m)2 _p2d[p\/gmax(|)\max|a|)\min|)+4HgH]2 '

t< (36)

Since p is usually chosen as p<v/d in zeroth-order optimization, the effective range of ¢ is d-
independent. The remaining parameters, such as Ap,x, are problem-dependent, similar to the gener-
alization bounds presented in prior literature (Li et al.} 2024 /Aminian et al., 2025). Therefore, in
practice, one needs to find the ¢ that yields the best validation performance on the task of interest. It
is not surprising that the vanilla SAM (i.e., t—00) does not necessarily yield the optimal sharpness
notion: Note that SAM is a min-max objective that can be too pessimistic and difficult to solve due to
its non-smoothness. It considers the worst-case loss in the neighborhood, whereas there can be many
bad points in the neighborhood that incur large losses that need to be considered.

Through our experiments with RoBERTa-Base under t={0,1,5,20}, however, we observe that t=1 is
a safe go-to choice for a preliminary trial since it almost always yields superior performance to t=0
(Figure[d). We find that =1 matches or outperforms MeZO on 7 out of 8 settings by 1.7%, 0.8%,
0.4%, 2.9%, 5.7%, and 0.8%; the only setting when t=1 underperforms is on SST-5 by 0.1%.

B.9 Low-DIMENSIONAL EXAMPLES

Linear regime. We generate the piecewise-linear f by discretizing the function value surface of
h(x,y)=0.07(82°410y?)+0.14. By forming ¢ triangles (i.e., planes) { P; } ;c[4 that intersect with
h(z,y), we obtain f(z,y):=min;P;(x,y) that is piecewise-linear as desired. For the experiments, we
run both zeroth-order methods with k=500 and p=0.5 for 40 iterations. We use t=1.

Stationary regime. We define f:R?—R by f(z,y)=1[(z2—1)?+3z(z*—1)*+(1+2(1-x))y?].
In the experiments, we consistently start from the initialization at (O,l?. We run gradient descent for

50 iterations and zeroth-order methods with £=500 and p=0.8 for 100 iterations. We use t=1.

C EXPERIMENTS

In this section, we present our experiment setup and the additional results, including sharpness
measurements and the results under different ¢.

C.1 EXPERIMENT SETUP

Our code for experiments on the GLUE benchmark is adopted from Malladi et al.| (2023)), including
their dataset processing and prompt tuning workflow. Following prior work (Zhang et al.l 2023}
Malladi et al., 2023)), we sample the perturbations from A/ (0,1;) due to the concentration of measure
in high-dimension and the empirical observations that sampling from A/ and S yields very similar
performance (Malladi et al., 2023} |Zhang et al., 2023)).

Consistent with prior first-order SAM papers (Li et al., 2024), we use U (rB<) as the perturbation
set with r€{0.003,0.005,0.01,0.03,0.05}. We tune ¢ from {1,5,20} and select the best one based on
validation performance. We use k=5 for all SAM and TSAM experiments except for using k=3 for
TSAM on the SQuUAD-OPT experiment due to memory constraints.
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We set p=0.002 for both RoBERTa and OPT and use k=5 for all zeroth-order methods. For TSAM
and ZEST, we try t={1,5,20} and compare with =0, which corresponds to ESAM (first-order) and
MeZO (zeroth-order).

RoBERTa-Base experiments. All the first-order methods run for a maximum of 200 epochs, and all
the zeroth-order ones run for a maximum of 700 epochs, with early stopping enabled. For SGD, SAM,
ESAM, and TSAM, we tune the batch-size from {8,32} and ne{2e—3,1e—3,5¢—4,2e—4,1e—4}.
For MeZO and ZEST, we fix the batch-size as 128 and tune ne{2e—5,1e—5,5e—6}.

OPT-1.3B and LLaMA-7B experiments. We run the first-order methods for maximally 30 epochs
(or 3750 steps), and we run the zeroth-order ones for maximally 20K steps. Following the baseline
(Malladi et al. 2023, we fix the batch-size to be 8 for first-order methods and 16 for zeroth-
order ones. For SGD, we tune ne{5e—>5,le—5,5e—6}; for SAM, ESAM, and TSAM, we tune
ne{be—2,1e—2,1e—3}; for MeZO and ZEST, we tune nc{5e—6,2e—6,1e—6}.

ViT experiments. All the first-order methods run for a maximum of 70 epochs, and all the
zeroth-order ones run for a maximum of 400 epochs, with early stopping enabled. We fix the
batch-size of all the methods to 64 and tune ne{5e—3,2e—3,1e—3} for first-order methods and
ne{le—6,2e—6,5¢—6} for zeroth-order methods. We try t€{1,5} for simplicity.
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g 554
< 504 t=5: 80.3 (81.6) ” t=5: 72.7 (73.3) t=5: 47.6 (48.6) t=5: 72.0 (73.3)
55 4
104 — t=20: 80.1 (81.1)  50- — =20: TL6 (72.1) — =20 48.3 (49.4) — t=20: 70.9 (71.5)
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 0 500 1000 1500
Step Step Step Step
Noisy MRPC Noisy MNLI Noisy SNLI Noisy TREC

80 -
60 -

60 -
1=0: 65.7 (67.2)

— t=1: 655 (67.2)
t=5: 66.6 (68.6)
— t=20: 65.3 (67.2)

t=0: 59.7 (60.3)
62.9 (63.4)
57.7 (58.5)
— t=20: 61.3 (61.6) 07

~00589 (59.2)
= t=1: 645 (64.9)

t=5: 57.0 (58.7)
— t=20: 59.8 (60.8)

t=0: 85.0 (86.2)
— t=1: 85.1 (87.0)

t=5: 83.5 (86.5)
— t=20: 85.8 (85.9)

13
'

Accuracy (%)

50 =

20 -
' . ' . . . . J ] J ' . ! ] . J ] J
0 200 400 600 800 0 500 1000 1500 2000 0 500 1000 1500 0 500 1000 1500 2000
Step Step Step Step

Figure 4: Validation accuracies of MeZO (t=0) and ZEST (t={1,5,20}) on different datasets with
clean labels (Upper) and 30% noisy labels (Bottom). The x-axis denotes evaluation steps. On each
dataset, we have k=5 sampled perturbations. The curves are smoothed for visualization, so we report
the final smoothed accuracy and the final raw accuracy written in the brackets. The results show that
(1) there are multiple ¢ values that yield superior performance than MeZO and (2) =1 almost always
leads to superior performance to MeZO (t=0). It is noticeable that =1 outperforms ¢=0 by 1.7%,
0.8%, 0.4%, 2.9%, 5.7%, and 0.8% in raw accuracies in the above plots; the only occasion when t=1
underperforms is on SST-5 by 0.1%.

C.2 EXPERIMENT RESULTS

In this section, we present additional experiment results, including additional synthetic examples, the
sharpness of the solutions found by different methods on more datasets, comparison with additional
baselines, and an ablation study on & (the number of sampled perturbations each iteration).

Loss landscape of t-SAM. We show that the loss landscape of {-SAM approaches that of SAM as ¢
increases in Figure[5] based on an example from|Li et al|(2024). The leftmost figure is vanilla f(z),
whose global minimum is sharp. The second to the fourth figures correspond to ¢-SAM, t={0,5,20},
respectively. It shows that (1) t-SAM losses approach SAM loss in the rightmost figure and (2) the
average-loss SAM has the sharp minimum as solutions, while -SAM and max-loss SAM have the
flat minimum as solutions.

26



Under review as a conference paper at ICLR 2026

f(x) Ej<olf (@ +€)] Fy(z)(t =5) Fy(z)(t = 20) maxj <, f(z +€)
2 \/\/ 2 \/\/ 2\/\/ 2 \A/ 2
0 0 0 0 0
0 2 1 0 2 1 0 2 1 0 2 1 0 2 1
x x x x x

Figure 5: Loss landscapes of f(z), average-loss SAM, ¢-SAM with t={5,20}, and max-loss SAM.
The original loss is f(z)=|z—1]|—0.13 if <2, and f(z)=(z—3)? otherwise. Therefore, x=3 is a
flatter solution than =1, though f(1)<f(3). The star indicates the global minimum.

More baselines. To improve zeroth-order methods,prior work has leveraged momentum
[2024) and Stochastic Variance-Reduced Gradient (SVRG) (Gautam et al.| [2024)) techniques
in zeroth-order optimization. We compare with MeZO-SVRG, in which we evaluate the full batch
gradient once an epoch, which corresponds to once every ¢={4,8,20} steps. From Table [/, we
observe that ZEST outperforms MeZO-SVRG on 6/8 datasets.

We note that MeZO-SVRG requires storing one gradient vector in memory and requires twice the
computation cost as MeZO, while ZEST preserves MeZO’s memory and computational efficiency.
Additionally, the contribution of ZEST is orthogonal to the techniques that can be applied to the
classic zeroth-order methods, because we can also combine momentum and variance-reduction with
our tilted gradients to further improve our performance.

Table 7: Experiments on RoOBERTa-Base (512 training examples per class).

Type Task SST-2 SST-5 QQP MRPC TREC MNLI SNLI RTE
M Task type sentiment cls. paraphrase topic cls.  natural language inference
Oth- MeZO 92.1 48.6 71.4 81.9 94.8 71.8 78.2 729
order MeZO-SVRG 91.5 50.3 74.5 78.7 87.2 70.3 70.7 66.8
ZESTx 92.2 49.4 71.6 83.6 95.6 73.6 78.3 73.3
ZESTgc 92.0 49.7 72.6 81.6 95.2 73.8 78.2 729
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Figure 6: Sharpness of the solutions found by MeZO and ZEST on MNLI, SST-5, and RTE with
RoBERTa-Base. Upper: Sharpness measured by E | <,[f(z+¢€)]. The scatters denote the average
loss among 500 sampled perturbations and the shade denotes the standard deviation. Lower: Sharp-
ness measured by the top-5 eigenvalues of V2 f(x). The results suggest that ZEST yields flatter
solutions in terms of both the robustness to parameter perturbations and largest curvature of the loss
landscape at the arrived minimum, which agrees with our theoretical analysis in Section E}

Ablation study on k. We perform an ablation study on k, the number of sampled perturbations
each iteration. We report the performance of MeZO and ZEST on MNLI and MRPC with k€[5] in
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Figure[7] We observe that the accuracy of both MeZO and ZEST on these two datasets increases
monotonically as k increases. Additionally, ZEST outperforms MeZO under any k.
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Figure 7: Validation accuracies of MeZO (t=0) and ZESTy (t={1,5}) w.r.t. the number of sampled
perturbations each iteration (k€[5]).
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Figure 8: Validation accuracies of MeZO, ZESTy, and ZESTgc with learning rates tuned separately.
Training samples have clean labels.
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Figure 9: Validation accuracies of MeZO, ZESTy, and ZESTpc with learning rates tuned separately.
30% of the training samples have noisy labels.
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