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Abstract

Stochastic rising rested bandit (SRRB) is a
setting where the arms’ expected rewards in-
crease as they are pulled. It models scenar-
ios in which the performances of the options
grow as a result of an underlying learning
process (e.g., online model selection). Even
if the bandit literature provides specifically
crafted algorithms based on upper-confidence
bounds for such a setting, no study about
Thompson sampling (TS)-like algorithms has
been performed so far. The strong regular-
ity of the expected rewards in the SRRB set-
ting suggests that specific instances may be
tackled effectively using adapted and sliding-
window TS approaches. This work provides
novel regret analyses for such algorithms in
SRRBs, highlighting the challenges and pro-
viding new technical tools of independent in-
terest. Our results allow us to identify under
which assumptions TS-like algorithms suc-
ceed in achieving sublinear regret and which
properties of the environment govern the
complexity of the regret minimization prob-
lem when approached with TS. Furthermore,
we provide a regret lower bound based on
a complexity index we introduce. Finally,
we conduct numerical simulations compar-
ing TS-like algorithms with state-of-the-art
approaches for SRRBs in synthetic and real-
world settings.

1 INTRODUCTION

Traditional —multi-armed  bandits (MABs) mod-
els Bubeck et al.| (2012)); Lattimore and Szepesvari
(2020) conmsider static environments, assuming arms
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with expected rewards that do not change during
the learning process. However, many real-world ap-
plications present a more challenging scenario where
the rewards associated with each arm dynamically
evolve depending on time and/or on the number of
times an arm has been played. In particular, two
scenarios have been analyzed in the literature: restless
and rested bandits. While the restless MAB setting
assumes that the arms’ expected reward changes as
an effect of nature, in the rested MAB setting (Tekin
and Liu, [2012), the arms’ evolution is triggered
by their pull. A large variety of restless settings
has been analyzed in the past under the name of
non-stationary bandits, the most studied being the
abruptly changing (Garivier and Moulines, 2011|) and
smoothly changing (Trovo et all [2020). In contrast,
the rested setting has raised the attention of the
bandit community more recently (Heidari et al.| [2016;
Seznec et al.l [2019; Metelli et al., |2022).

This paper focuses on the stochastic rising rested ban-
dits (SRRBs, Metelli et al., [2022) which reflect situa-
tions where the arms’ expected rewards increase, mod-
eling growing trends. An example is represented by
the so-called combined algorithm selection and hyper-
parameter optimization (CASH, Thornton et al., 2013;
Li et al.,|2020), whose goal is to identify the best learn-
ing algorithm and the best hyperparameter configura-
tion for a given machine learning task, representing
one of the most fundamental problems in automatic
machine learning (AutoML, Waring et al., [2020). As
a further regularity condition, Heidari et al. (2016)
and Metelli et al.| (2022) consider concave evolution of
the expected rewards that are suitable to model sati-
ation effects in recommendations (Clerici et al., [2023;
Xu et al., [2023). Problems with similar characteristics
arise when selecting an algorithm from a predefined
set to optimize a given stochastic function, i.e., online
model selection (Metelli et al., |2022]).

The seminal work by |[Metelli et al.| (2022) approached
the regret minimization problem in SRRBs by de-
signing a sliding-window algorithm based on upper-
confidence bounds able to provide a worst-case regret
of the order of O(T3 + Y(T)), where T is the learn-
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ing horizon and Y(7T') a problem-dependent quantity
which characterizes the growth rate of the arm ex-
pected rewardsﬂ However, to the best of our knowl-
edge, there has been no analysis to investigate whether
Thompson sampling-like algorithms (TS, Kaufmann
et al., 2012} [Agrawal and Goyal, 2017) can provide
good regret guarantees in the SRRB scenario. The in-
terest in studying TS-like algorithms lies in the fact
that they are the most widely used bandit algorithms
in real-world applications, both easy to implement
and with good empirical performance (Scott, [2010;
Chapelle and Li, 2011). This paper aims to address
the following three questions: (i) What modifications
should be introduced to the TS algorithms to tackle
SRRBs (i7) Which properties of the environment gov-
ern their performance? (i) What assumptions are
necessary to ensure the no-regret property?

Original Contributions. The contributions of the
paper are summarized as follows.

e In Section [3| we redefine the notion of suboptimal-
ity gap A(n, n') (Equation for the SRRB scenario.
Based on it, we introduce a novel complexity index
ou(T) (Equation representing the number of pulls
of the optimal arm needed to allow the TS-like al-
gorithm to detect its optimality.

e In Section[d] we present our TS-like algorithms, with
a sliding window of size 7, starting with an op-
tional forced exploration phase in which each arm
is pulled T' times. They are instanced with Beta
priors, ET-Beta-SWTS (Explore Then-Beta-Sliding
Window Thompson Sampling), and Gaussian priors,
~-ET-SWGTS (Explore Then-Gaussian Sliding Win-
dow Thompson Sampling, both illustrated in , Al-
gorithm .

e In Section [5 we introduce novel technical tools
to conduct the frequentist regret analysis of TS-
like algorithms that can be of independent interest.
Specifically, we generalize the decomposition of the
expected number of pulls provided by Theorem 36.2
of [Lattimore and Szepesvari| (2020) to general dy-
namic environments and sliding-window TS-like al-
gorithms (Lemma and we tackle the problem of
the underestimation of the optimal arm in the pres-
ence of Bernoulli rewards, exploiting log-convexity
and stochastic dominance (Lemma [5.2)).

e In Section [6] we provide frequentist regret bounds
for our TS-like algorithms with no sliding window
(i.e., 7 = T) for both Beta and Gaussian priors
(Theorems and depending on our novel in-
dex of complexity ¢, (T) and on the total varia-
tion divergence between specifically defined distri-
butions characterizing the instances. Our bounds

'With the O(-) notation we disregard logarithmic fac-
tors w.r.t. the learning horizon 7.

are tight for the case of stationary bandits, and,
differently from |Agrawal and Goyal (2017)), they
apply to distributions with expected rewards that
are not constrained between [0,1]. We analyze the
sliding-window approaches (i.e., 7 < T') providing
analogous frequentist regret bounds in Appendix [7]
Additionally, we conceive a lower bound on the re-
gret dependent on the complexity index o, (T) we
have introduced, and we compare it with the upper
bounds showing the tightness on this term.

e In Section [§] we provide numerical simulations to
compare the performances of the proposed algo-
rithms with the ones designed for the SRRB setting
and restless bandits in terms of cumulative regret on
both synthetic scenarios and with real-world data.

The proofs of the results are reported in Appendix [B]

2 RELATED LITERATURE

We revise the related literature with a focus on TS
algorithms, restless, rising, and rotting bandits.

TS Algorithms. Thompson sampling has a long his-
tory, originally designed as a heuristic for sequential
decision-making (Thompson, 1933)). Only in the past
decade has it been analyzed (Kaufmann et al., [2012;
Agrawal and Goyall, 2017)), providing finite-time loga-
rithmic frequentist regret in the stochastic stationary
bandits. Although the original frequentist analyses are
rather involved, general analysis approaches are now
available with a more concrete understanding of the
intimate functioning of T'S methods (Lattimore and
Szepesvari, [2020; Baudry et al., [2023)).

Restless Bandits. Algorithms designed for station-
ary bandits (including UCB and TS) have often been
extended to non-stationary (or restless) bandits. Two
approaches are available: passive and active. The for-
mer iteratively discards the information coming from
the far past (either with a sliding window or a dis-
counted estimator). Examples are DUCB (Garivier and
Moulines, 2011)), Discounted TS (Raj and Kalyani)
2017} |Q1 et al.l |2023), SW-UCB (Garivier and Moulines,
2011), and SW-TS (Trovo et al.| [2020)). Instead, the lat-
ter class uses change-detection techniques (Basseville
et al.l 1993) to decide when to discard old samples.
This occurs when a sufficiently evident change affects
the arms’ expected rewards. Among the active ap-
proaches, we mention CUSUM-UCB (Liu et all [2018),
REXP3 (Besbes et al., [2014), GLR-k1UCB (Besson and
Kaufmann| 2019), and BR-MAB (Re et al.| |2021)).

Rising Bandits. Regret minimization in determin-
istic SRRBs was proposed by |Heidari et al.| (2016]) with
algorithms that, when the expected rewards are in-
creasing and concave (i.e., rising), suffer sublinear re-
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gret. The stochastic version of SRRB has been stud-
ied by (Metelli et all [2022) where the authors pro-
vide regret bounds of order O(T3 + Y(T)), where
Y(T) is a problem-dependent quantity which charac-
terizes the growth rate of the arm expected rewards.
This bound is attained by optimistic algorithms us-
ing a sliding window approach, namely R-ed-UCB and
R-less-UCB. More recently, approaches presented in
Metelli et al| (2022) have been extended to the novel
graph-triggered setting (Genalti et al., 2024)), interpo-
lating between the rested and restless cases. Further-
more, [Amichay and Mansour| (2025 provide specific
algorithms for the case in which the growing trend is
linear. Moreover, |[Fiandri et al.| (2024) has provided
the first lower bounds depending on the complexity
term Y(T). The SRRB setting has also been studied
in a BAT framework by Mussi et al.| (2024)), where the
authors propose the R-UCBE and R-SR algorithms, a
UCB-inspired and a successive elimination approach,
respectively, that provide guarantees for the fixed bud-
get case. Similar results have been obtained in [Cella
et al|(2021) and Takemori et al.| (2024) under a more
restrictive parametric model for the expected reward
functions. A comparison between the guarantees of
the algorithms presented in this paper and the results
from Metelli et al.| (2022)) is provided in Appendix

Rotting Bandits. Another setting related to SRRB
is the rotting bandits (Seznec et al.,[2019; |Levine et al.|
2017)), where the expected rewards decrease either over
time or depending on the arm pulls. The authors pro-
pose specifically crafted algorithms to address rotting
bandits, obtaining sublinear regret guarantees. How-
ever, as highlighted in Metelli et al.| (2022), these al-
gorithms cannot be applied to the SRRB setting.

3 PROBLEM FORMULATION

We consider an SRRB instance with stochastic re-
wards. Let K € N be the number of arms. Every
arm i € [K ]]E| is associated with an expected reward
wi : N — R, where p;(n) is the expected reward of arm
1 when pulled for the n-th time with n € N. We denote
an SRRB instance as gt = (f4);e[x7- In a rising bandit,

the expected reward function p;(n) is non—decreasmgﬂ

Assumption 3.1 (Non-Decreasing).
i € [K] and number of pulls n € N,

pi(n + 1)

2For two integers a,b € N, a < b, we denote with [a] the
set {1,...,a} and [a,b] the set {a,...,b}.

3Differently from previous works (Cella et al. [2021}
Metelli et al., [2022; Mussi et al.l [2024), we will not enforce
concavity since our algorithms will enjoy regret guarantees
depending on a novel complexity index (see Equation7 al-
lowing for sublinear instance-dependent regret guarantees
even for non-concave expected reward functions.

For every arm

let vi(n) =
— ui(n) be the increment function, it holds

that: ~;(n) = 0.

The learning process occurs over T' € N rounds, where
T is the learning horizon. At every round ¢ € [T], the
agent pulls an arm I; € [K] and observes a random re-
ward Xy, + ~ vy, (Ny, 1), where for every arm ¢ € [K]J,
we have that v;(N; ) is a probability distribution de-
pending on the current number of pulls up to round

t, ie., Niy = Yy_, 1{I; = i}, whose expected value
is given by p;(N;.). We define the average expected
reward as: [,(t) = %ZLI wi(l). The optimal pol-

icy constantly plays the arm with the maximum aver-
age expected reward, i.e., i*(T) := arg max;cx #; (1)
(highlighting the dependence on T'), that we assume
w.l.o.g. unique (Heidari et al., 2016).

Suboptimality Gaps. We introduce, for every sub-
optimal arm ¢ # *(T) and number of pulls n,n’ € [T,
the following novel notions of suboptimality gaps de-
fined in terms of the expected reward A;(n,n’) and of
average expected reward A;(n,n’), formally:

As(n ') = max{O, sy (1) — ()}, (1)
— (')} (2)
Notice that, for specific rounds, the gaps A;(n, n’) may
be negative, however, at the end of the learning hori-
zon T', we are guaranteed that fi;x (1) > f;(n’) for
all n’ € [T]. This allows defining, for every suboptimal
arm ¢ # ¢*(7T), the minimum number of pulls o;(T) of
the optimal arm needed so that the average expected

reward suboptimality gap of arm ¢ is positive and its
maximum o, (7") over the suboptimal arms, formally:

Ai(n,n") = max{0, i (7(n)

0i(T) = min{l € [T] : Fpse (1) (1) > (T}, (3)
0u(T) = max o;(T). 4)
1#1% (T)

After 0, (T) pulls of i*(T), we can identify i*(T) as
the optimal arm, treating the problem as a station-
ary bandit since no suboptimal arm can exceed the
performance of i*(T') beyond this point.

Regret. Given an SRRB instance p, the goal of a
regret minimization algorithm %A is to minimize the
expected cumulative regret (Heidari et al., [2016; Metelli
et al., |2022)) defined as follows:

R,(A,T) =T Mz*(T

lz o, (N1, ¢ ] (5)

where the expectation is w.r.t. the randomness of the
rewards and the possible randomness of 2.

Reward Distribution. We perform the regret anal-
ysis under the following reward distributions.

Assumption 3.2 (Bernoulli Rewards). For every t €
[T], n € [T] and i € [K], the reward X;; ~ v;(n) is
Bernoulli distributed.

Assumption 3.3 (Non-negative Subgaussian re-
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Wardsﬂ). For every t € [T], n € [T], and i € [K],
the reward X;; ~ vi(n) is: (i) non-negative almost
surely; (ii) A\?-subgaussian

4 ALGORITHMS

In this section, we introduce ET-Beta-SWTS (Explore
Then-Beta-Sliding Window Thompson Sampling) and
~v-ET-SWGTS (v-Explore Then-Sliding Window Gaus-
sian Thompson Sampling, both illustrated in Algo-
rithm , TS-like algorithms designed to deal with
Bernoulli (Assumption [3.2) and subgaussian non-
negative (Assumption ewards7 respectively. For
the sake of generality, the algorithms are presented in
their sliding window versions, with a window of size 7,
since the non-windowed versions can be retrieved by
setting 7 =T

In the first KT rounds, both algorithms perform a
forced exploration, playing each arm I' times, col-
lecting Si,KF-&-l,T and Ni,KF+1,T7 where Ni,t,T =
Zi;inax{t_nl} 1{I; = i}, is the number of times arm
i € [K] has been selected in the last min{¢, 7} rounds
with ¢ € [T], and Si s » == X aeqr 1y Xis1{Ts = i}
is the cumulative reward collected by arm ¢ in the
last min{¢,7} rounds. Then, in the subsequent
rounds, both algorithms run a TS-like routine. For
ET-Beta-SWTS, in each round ¢ € [KT + 1,T], the
posterior distribution of the expected reward of arm
i at round ¢ is a Beta distribution defined as 7, =
Beta(S;tr + 1,Nitr — Sitr + 1), where Beta(a, 8)
denotes a Beta distribution with parameters @ > 0
and 8 > 0. Then, for each arm i € [K], the algorithm
draws a sample 6, ; - from 7; ;, a.k.a. Thompson sam-
ple, and plays the arm whose sample has the highest
sample value. Then, the values for S; 11, and N, 441 -
and the posterior distribution 7; 141 are updated. In-
stead, in v-ET-SWGTS, after the forced exploration, at
every round ¢ € [KT + 1, T], the posterior distribution

. . . . . o Sit,r 1
is a Gaussian distribution 1, == N (7]\,1,“, TNies )

where A (m, s?) is a Gaussian distribution with mean
m and variance s2. The parameter v > 0, whose value
will be specified later, scales the variance. If there
exists an arm 4 € [K] from which we do not have sam-
ples, i.e., N;; . = 0, the algorithm pulls it, so that the
posterior distribution is well defined. Otherwise, the
algorithm draws a random sample 6; ; » from 7; ; and
plays the arm whose Thompson sample is the largest.
Finally, the algorithm updates S; ;41,7, Nit41,-, and

Nit+1-

4For the sake of presentation, we assume positive sup-
port. W.l.o.g. one might also consider realizations bounded
from below by a given constant (see Section |§| for details).
5A zero-mean random variable X is A\%-subgaussian if

for every s € R it holds that E[e**] < N

Algorithm 1 ET-Beta-SWTS / v-ET-SWGTS.

1: Input: Number of arms K, time horizon T, time
window 7, forced exploration I"
Pull each arm I' times
Set n;, kr+1 for each i € [K]
for t e [KT +1,7] do
if 3i e [K] such that N,;, =0 then
Select I; as any arm ¢ such that N; ;. =0
else
Sample 0; ¢+ ~ n;+ for each i € [K]
Select I; € arg max;e[xy 0i,t,~
10:  end if
11:  Pull arm I; and collect reward Xy, ;
12:  Update S;++1,- and N; ¢41,- for each i € [K]
13:  Update 7,41 for each i € [K]
14: end for

Note that by removing the forced exploration, i.e.,
setting I' = 0, leaving so the exploration needed for
the parameters to be always well defined (represented
by if-statement) in ET-Beta-SWTS, the algorithm is
(almost) identical to Beta-SWTS introduced by [Trovo
et al.[(2020)); while by setting I" = 0 in v-ET-SWGTS, we
retrieve a new algorithm, that is a natural extension of
Beta-SWTS in settings with subgaussian rewards, that
we call v-SWGTS[]

5 CHALLENGES AND NEW
TECHNICAL TOOLS

The scenario where the expected rewards vary
throughout the learning process presents additional
technical challenges and necessitates the development
of new theoretical tools. In this section, we introduce
them, highlighting their generality beyond the scope of
this paper. To appreciate the content of this section,
the interested reader is advised to have a general un-
derstanding of the frequentist TS analysis of |Agrawal
and Goyal (2017). The reader not interested in these
technical aspects can freely skip this section and pro-
ceed to Section [6] which presents the regret bounds.

Let us start by introducing the probability that a
Thompson sample is larger than a given threshold.

Definition 5.1. Let i,i’ € [K] be two arms, t € [T
be a round, T € [T] be the window size, and y;:; be an
arbitrary deterministic threshold, we define: pgitﬁ =
P (6;,r > yirt| Fi—1), where Fy is the filtration induced
by the sequence of arms played and observed rewards
up to round t.

The TS analysis of |Agrawal and Goyal (2017) is based
on bounding the expected number of pulls E,[N; 7]

5In Appendix [F| we show that the sliding window ap-
proach we used does not increase the per-round computa-
tional complexity that remains O(K) as in standard TS
with no window.
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of every arm i € [K] through a decomposition that
was formalized in Theorem 36.2 of [Lattimore and
Szepesvari (2020) for stationary bandits. We now
generalize it for a generic dynamic setting (includ-
ing restless and rested) and for sliding window ap-
proaches. To this end, let i*(¢) € [K] be the opti-
mal arm at time ¢, N 7 = Zthl {I; =4, @ #i*(t)}
and 7; = {t € [KT + 1,T] : i # i*(t)}[] For the
ET-Beta-SWTS algorithm, the following holds.

Lemma 5.1 (Expected Number of Pulls Bound for
ET-Beta-SWTS). Let T € N be the learning horizon, T €
[T] the window size, T € [0,T] the forced exploration
parameter, for the ET-Beta-SWTS algorithm it holds
for every i € [K] and free parameter w € [0,T] that:

T T
Eu[Nir] <147+ + =
+ Eu[ Z ]l{pg’m > T Iy =1, Nipr> w}]

teT;

+1E“L§ (p*;t - 1)]1{1@ - z’*(t)}].

In Appendix [B:2] we present an analogous result for
~v-ET-SWGTS (Lemma . First, we observe that by
setting w = I' = 0 and 7 = T, we retrieve Theorem
36.2 of |[Lattimore and Szepesvaril (2020). As high-
lighted by |Agrawal and Goyal (2012); | Kaufmann et al.
(2012)); |Agrawal and Goyal| (2017); Jin et al.| (2023]
2022)), the main difficulty in the frequentist analysis
of TS-like algorithms lies in the evaluation of the er-
ror caused by the underestimation of the optimal arm,
measured by the term E,[1/pls ) , .]. More recently,
Baudry et al.| (2023) proved that controlling this term
is essential to designing optimal TS-like algorithms.
Lemma [5.1] confirms that this is true even in dynamic
settings, including the restless and rested ones. An ad-
ditional term I" arises from the forced exploration, and
w > 0 is a free parameter whose value can be chosen
to tighten the bound when a sliding window size 7 is
used. In what follows, we omit the dependence on 7.
The central challenge when bounding the underestima-
tion term [, [1/p (t),¢] lies in characterizing the distri-
bution of the parameters of the posterior distribution
of the optimal arm ¢*(¢), which, in turn, depend on
the cumulative reward Sj« ;) ;. In a stationary bandit,
Six (1), 18 a sum of Nyx(y) ¢ = j identically distributed
rewards, but, in a dynamic scenario, rewards are no
longer identically distributed. While this does not
pose significant issues for Gaussian priors, it prevents
us from applying the technique of |Agrawal and Goyal
(2017)) for Beta priors and Bernoulli rewards. Indeed,
such an analysis heavily relies on the fact that Sjx (s,

"For the SRRB setting, i*(t) = i*(T) for every t € [T
and N{ r = N;r for i € [K]\{s*(T)}.

(i.e., the number of successes) is a Binomial distribu-
tion, being the sum of identically distributed Bernoulli
distributions with parameter fz;x(, ;. Instead, in the
dynamic setting, S () is a sum of non-identically
distributed Bernoulli distributions (with parameters
i (8),15 - - - » Mi% (1),;) since the arm expected reward
changes throughout the learning process. Instead, it
can be proved that Sjx(4) ¢ is distributed as a Poisson-
Binomial (Wang, 1993)), whose analytical treatment is
far more challenging than the binomial counterpart.
Let us first instance Definition for Beta priors:
Pis(ry,e = P(Beta(Six ()¢ + 1, Fyxry e + 1) > 9t Fi-1),
where Fixqy: = Nix)e — Six@)s (i-e., the num-
ber of failures). Our technical innovation consists in
Lemma presented below, in which we show that,
surprisingly, the worst case for the underestimation is
attained when all rewards are identically distributed,
i.e., when Sjx )+ has a Binomial distribution.

Lemma 5.2 (PB-Bin Stochastic Dominance). Let
jeN, PB(Hi*(t) (7)) be a Poisson-Binomial distribu-

tion with parameters e 1) (9) = (pax )15 -5 ix1),5),

and Bin(j, x) be a binomial distribution of j trials and

success probability 0 < © < 33y (1 = By 5-
Then, it holds that:
1
5 [ : Nix(t),6 = ]
St (), ~PBWs () () LDy () ¢
1
< E RN I j].
S—;*(t),t»»Bin(j,a:) |:p;*(t)7t ik (t),t

The result is derived by: (i) showing the discrete log-
convezity of 1/p§*(t)’t as a function of the number of
successes (Hoggar} [1974; |[Johnson and Goldschmidt,
2006} Hill and Houdré, |1999)) to pass from the expec-
tation w.r.t. the Poisson-Binomial to that w.r.t. the
binomial and obtain the first inequality and (ii) re-
lying on stochastic dominance (Boland et al.l (2002
2004} Marshall et al., |2011)) arguments to show the
monotonicity of the expectation w.r.t. the parameter
of the binomial distribution and obtain the second in-
equality. A similar result is proven for Gaussian priors,
resorting, however, to more standard arguments based
on concentration inequalities (i.e., Chernoff bounds).
Lemma applies to: (i) any dynamic environment in
which the optimal arm ¢*(¢) may change across rounds
and (ii) sliding window approaches. For these rea-
sons, it represents our main technical novelty and can
be leveraged for the analysis of TS-like algorithms in
dynamic settings even beyond the scope of the paper.

6 REGRET ANALYSIS

We start this section by providing a general regret
analysis of ET-Beta-TS and «v-ET-GTS in the SRRBs
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setting, i.e., the algorithms presented in Section [4]
with sliding window 7 = T (Section . The regret
bounds of the corresponding windowed versions, i.e.,
ET-BETA-SWTS and 7-ET-SWGTS, are reported in Ap-
pendix[7] We conclude the section by deriving a regret
lower bound and discussing its tightness (Section.

6.1 Regret Upper Bounds of ET-TS
Algorithms for SRRBs

Before presenting the results, we introduce the follow-
ing lemma relating the expected cumulative regret to
the expected number of pulls of the suboptimal arms.

Lemma 6.1 (Wald’s Inequality for Rising Bandits).
Let A be an algorithm and T € N be a learning horizon,
it holds that: R”(Ql, T) < Zi;&i*(T) Ai(T, 1) Ey,[Ni,T]~

Note that Lemma holds with equality for sta-
tionary bandits. In the following, as it is typical in the
literature (e.g., |Garivier and Moulines| [2011} Besson|
land Kaufmann, [2019; Trovo et al., [2020)), we provide
bounds on the expected number of pulls of the subop-
timal arms, under different assumptions for the reward
distributions (Assumptions [3.2] and [3.3). From these
results, the regret bound can be easily computed via
Lemmal[6.1] We start with the ET-Beta-TS algorithm.

12

Theorem 6.2 (ET-Beta-TS Bound). Let o €
[ou(T),T]. Under Assumptions and for the
ET-Beta-TS algorithm, for every arm i € [K|\{i*(T)},
it holds for every e € (0,1], thatﬁ

1+¢€)log(T 1
EH[NZ-,TKO( 7{4 + d(ui (T),)/z,js) 20)) +5
(it)
N i orv (Bill(.jﬁyt*(i') (.7'))-,Bin/.(j:!M‘*('j‘)<0'>>)7
J=T (1*/17‘,*(1‘)((’))‘]H

(iii)
where d(z,y) = zlogy + (1 — ) logi:—f/ is the KL
divergence between Bernoulli distributions of parame-
ters x,y € [0,1], 61v (P, Q) = supscx |P(A) — Q(A)]
is the total variation between P and Q, Bin(j, x) is the
binomial distribution with j trials and parameter x.

Let us now move to the v-ET-GTS algorithm.

Theorem 6.3 (y-ET-GTS Bound). Let o €

[ou(T),T]. Under Assumptions and setting
v < min {ﬁ, 1}, for the v-ET-GTS algorithm, for ev-

8For the sake of presentation, with the Big-O notation,
we are neglecting terms depending on p;(T) and p; (o),
but not explicitly on 7. The full expression is reported in
Equation in the appendix.

ery arm i € [K\{¢*(T)}, it holds that:
log(TA;(0,T)? + €9)
YAi(o, T)?
(i)
N ZU] (5T‘\"(PJ’7Q] (H,‘*(T)(U))))
22 oxte(n/73 2 ey (0))

]E”[N@T]<O< r +
(i)

(iii)
where erfc(-) is the complementary error function, P;
is the distribution of the sample mean of the first j
samples collected from arm i*(T), while Q;(y) is the
distribution of the sample mean of j samples collected
from any A\2-subgaussian distribution with mean y.

Both bounds on the expected number of pulls contain
three terms: (¢) is the number of pulls T' during the
forced exploration; (i1) is the expected number of pulls
in a stationary bandit with expected rewards 7z;(T")
and ;s (0); (#44) is cumulative total variation (T'V)
distance measuring the dissimilarity between the real
distribution of the optimal arm’s rewards and that of
a stationary bandit with expected reward 7i;«(r)(0)
which originates from a change of measure argumentEI
Focusing on term (iii), for ET-Beta-TS, it is related
to the TV between the distribution of the reward at
the j-th pull Bin(j, fi;+ () (7)) and that evaluated the
reference number of pulls Bin(j, fi;« () (0)). Similarly,
for y-ET-GTS, (4i%) is related to the TV divergence be-
tween the distribution P; of the sample mean of the
first j rewards sampled from the optimal arm *(7T)
and the distribution Q; of the sample mean of j sam-
ples obtained from an arbitrarily chosen subgaussian
distribution with mean 7i;+1)(c0) and parameter A2,
These terms vanish in a stationary bandit since, by
setting I' = 0, we retrieve the state-of-the-art bounds
for TS with Bernoulli and Gaussian priors (see Theo-
rems 1.1 and 1.3 from|Agrawal and Goyal| (2017))). The
free parameter o € [0, ("), T] can be chosen to tighten
the bounds, exercising the tradeoff between term (7),
that decreases with o since fi;« () (o) moves away from
7;(T) and term (i4i), that increases with o being the
summation made of ¢ — I' terms. Whenever o can
be selected as a constant independent from T (i.e.,
when o0, (T) is independent of T), term (¢4¢) is a con-
stant of order O(o), leading to a regret bound that
matches that of stationary bandits. In these cases,
we can freely remove the forced exploration by set-
ting I' = 0. However, whenever ¢ depends on T, the
bounds suggest that enforcing the exploration through
I can be beneficial since term (¢) can be smaller than
term (ii¢) when the TV divergence is close to 1 (due
to the denominators in the summations of term (i44)).

9The state-of-the-art bounds for the total variation dis-
tance are reported in Lemmas [C.4] and [C.T5}
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Finally, we note that in y-ET-GTS, the non-negativity
of the reward, enforced by Assumption [3.3] is needed
to bound the denominator of the addenda in terms
(iii) '] We highlight that Theorems [6.2] and [6.3] hold
for every SRRB under the assumption that the ex-
pected reward functions are non-decreasing (Assump-
tion only, with no need of enforcing the concavity
assumption. We remark that our bounds are instance-
dependent (w.r.t. A; and 0,). Note that, as shown
in previous works (Metelli et al., [2022} [Fiandri et al.|
2024)), the worst-case regret over the class of SRRBs
degenerates to linear if no further structure is enforced
(concavity is not enough), showing that the problem
unlearnable in the minimax sense.

6.2 Explicit Regret Upper and Lower Bounds

In this section, we first make use of Theorems [6.2]
and to obtain more explicit upper bounds, we de-
rive a regret lower bound, and we discuss the upper
bounds’ tightness. We introduce a subset of SRRBs
parametrized by a bound @ > 0 to the complexity in-
dex 0,(T): Mz = {u SRRB : 0,(T) < 7}. We
denote with M3°t the subset of the deterministic SR-
RBs in Mz. Intuitively, @ controls the complexity of
the SRRB instances, as it corresponds to the number
of pulls needed to distinguish the optimal arm *(7T)
from the suboptimal ones in the worst instance of Mz.
In particular, if 3 > 7, we have that Mg € Mg, and
M is the set of all SRRBs. This allows deriving a
more explicit regret bound for our ET-TS algorithms.

Corollary 6.4 (Explicit Beta-TS and v-GTS Bound).
Let @ = 0. Under the same assumptions of Theo-
rems[6.4 and[6.3, setting T’ = o, with a = 1, for both
ET-Beta-TS and v-ET-GTS, for every u € Mz and for
every arm i € [K\{i*(T)}, it holds thatE

ey
E. [N, <O o/ ),
IL[ ,T] (HO/-/ + A] (&, T)2>
(i) —

(i)

Thus, we identify two components: (i) the complex-
ity index & and (i¢) the expected number of pulls
(@) (IO%#) unavoidable even in stationary stochastic

i

bandit (Lattimore and Szepesvari, [2020). The follow-
ing regret lower bound shows that the dependence on
7 is unavoidable even for the deterministic SRRBs.

Theorem 6.5 (Lower Bound). Let T € N and & €

YFor rewards X > —b for some b > 0 a.s., we can re-
place the denominator in term (4i¢) of Theorem with
erfe(\/77/2(f;x 7y (o) + b)) (see Equation .

HNotice that the choice of the exploration parameter T
requires just an upper bound & to the complexity index
ou(T) of the set of SRRB of interest Mz. Details are
provided in Appendix [D}

[2, %ﬂ For every algorithm 2, it holds that:

K
sup R, (A, T) > (0 —2). (6)
[.LEM%et 64

First of all, we note that the lower bound is derived
considering deterministic instances. Indeed, the com-
plexity index o, (T) is not affected by the possible re-
ward stochasticity. Thus, any algorithm that wishes
to be no-regret (with no additional information), can-
not avoid playing every arm a number of times pro-
portional to &, as it is always possible to design an
instance that needs at least & pulls to differentiate
i*(T) from the suboptimal arms. Finally, by recall-
ing that the logarithmic regret component in Corol-
lary comes from the reward stochasticity (and it is
tight for stationary bandits), Theorem shows that
our bound of Corollary [6.4] is tight in the dependence
on the index bound & for the class of SRRBs M5.

7 SLIDING WINDOW
APPROACHES

The main drawback of the previously presented ap-
proach is that they use all the samples from the begin-
ning of learning for estimating the average expected
reward. However, in some cases, it might be conve-
nient to forget the past and focus on the most recent
samples only.

Preliminaries. We extend the definitions of Sec-
tion [3] to account for a sliding window. For every arm
i € [K], round ¢t € [T], and window size 7 € [T,
we define the windowed average expected reward as
Bi(s;7) == L3 pi(l). Furthermore, we define
the minimum number of pulls needed so that the opti-
mal arm i*(7T") can be identified as optimal in a window
of size T:

oy(Ty7):=min{{s € [T] : figs () (s;7) > pa(T) po{+oo}},

/! /!

o (T;7) := iygl&);) o;(T; 7).

These definitions resemble those of Equation . How-
ever, here they involve the windowed average ex-
pected reward of the optimal arm 7i;«(p)(s;7) com-
pared against the expected reward (not averaged) of
the other arms at the end of the learning horizon p; (7).
Furthermore, for some values of 7, a number of pulls
s so that fi;)(s;7) > pi(T) might not exist. In
such a case, we set o/(T;7) (and, thus, ¢'(T;7)) to
+00. Nevertheless, as visible in Figure [, in some
cases ¢'(T;7) « o(T). This justifies the introduction
of the complexity index ¢’(T;7) that will appear in
the regret bounds presented in this section. Finally,
we introduce a new definition of suboptimality gaps:
AUTs7) = Ty (0" (T57);7) — pi(T) for every arm
i € [K]. In the following for the sake of presenta-
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: o' (T;T)

o' (T;)—7

o(T) N

Figure 1: Visual representation of ¢/(7T;7), a point in
which Ty () (0" (T;7), 7) > pi(T).

tion we will denote o’ (T';7) as o/, AL(T;7) as A, and
A= minie[K]]\{i*(T)} A;

Regret. In this section, we analyze the sliding win-
dow versions of TS with Bernoulli priors, namely
ET-Beta-SWTS (Algorithm , and Gaussian priors,
namely 7-ET-SWGTS (Algorithm [1). The following re-
sults provide the regret upper bounds achieved by
these algorithms as a function 7.

Theorem 7.1 (ET-Beta-SWTS Bound). Under As-
sumption [3.3, for the ET-Beta-SWTS algorithm with a
window of size T € [T], for every armi € [K]\{i*(T)},

it holds that:
T log(T)
EM[Ni,T]<O< T +TT§2+(0/*F>T .

(i) o (iii)

(i)
Theorem 7.2 (y-ET-SWGTS Bound). Under Assump-
tion setting v < min {&, 1}, for the v-ET-SWGTS
algorithm with a window of size T € [T, for every arm

i € [K]\{i*(T)}, it holds that:

Tlog(TA?+¢e5) T
B P Voo eV TR T T
]Eu[Nz,T]\O< (1.) + TAR +T+(a 7T |.
g (iii)

(i)

We recognize the terms related to (i) the number
of pulls I' performed during the forced exploration ;
(7i) the expected number of pulls for a windowed al-
gorithm in standard bandits; (iii) the sum of expo-
nential terms of Theorem [6.2] and Theorem [6.3] is re-
placed by a linear term proportional to o’ and . First,
the regret bounds are presented for a generic choice
of the window size 7, whose optimal choice depends
on the instance-dependent quantities o’ and Af. Sec-
ond, if we compare these regret bounds with those
of the corresponding non-windowed versions, we ob-
serve that the advantage of a sliding window approach
is twofold: first, (éi4) has a magnitude proportional
O(o) = O(o(T)) in Theorems and and be-
comes O(c¢’) in Theorems and This quantifies
the advantage of the sliding window algorithms in the
cases in which ¢’ « o(T). Second, the proportionality
is not exponential anymore, but linear in the complex-

ity term. Thus, the windowed algorithms can be more
robust to inaccurate choices of I' (i.e., I" too small). In
fact, since we discard samples, we are able to control
the bias. Again, the forced exploration can be useful to
reduce the impact of the bias term, reducing linearly
the dependance on ¢’. The dependence on T and 7 in
(i) is in line with the state-of-the-art results for win-
dowed algorithms (Combes and Proutiere} 2014}, Theo-
rem 5.1). Finally, we remark that these regret bounds
become vacuous when ¢’ = 4o00. As it is common
in the Sliding-Window literature (Trovo et al., 2020;
Garivier and Moulines, 2011)), the best choice for the
window-lenght is instance dependent. However, the
analysis highlights that this design offers practitioners
a principled way to trade off adaptivity and variance
with the choice of the window length, a parameter un-
der their control. Whenever it exists a window length
such that 7vo’ = G)(q/Tlog(T) for T' = 0, consid-
ering expected rewards within [0, 1], we have for both
algorithms:

1
RM(Q’[7 T) < O (M o'T IOg(T))

8 NUMERICAL SIMULATIONS

8.1 Synthetic Experiments

We consider the same 15-arms environment of [Metelli
et al| (2022) (Figure [3) and compare against
R-ed-UCB (Metelli et al., 2022)@ The parameters,
complying with the recommendation of each algo-
rithm, and the parameters defining the environment
are provided in Appendix[E] We evaluate empirical cu-
mulative regret R(2,t) averaged over 50 independent
runs (with the corresponding standard deviations),
over a time horizon of T" = 100,000 rounds. We run
the sliding-window algorithms against the worst-case
misspecification for the forced exploration parameter,
i.e., I' = 0 for both Beta-SWTS and ~-SWGTS, since
the analysis shows that sliding window algorithms are
robust to misspecification of the exploration param-
eter. For the non-windowed algorithms (ET-Beta-TS
and y-ET-GTS), we consider I' = 2000. We also in-
clude their standard versions (designed for the station-
ary setting) without the forced exploration (Beta-TS
and y-GTS), to assess whether the proposed modifica-
tions behave as suggested by our analysis.

Results. In Figure we observe that Beta-TS,
~v-SWGTS, and Beta-SWTS suffer smaller regret than
R-ed-UCB over the entire time horizon, whereas

12f(x) = ©(g(x)) if there exist two absolute constants
a,b> 0 s.t. for all the = in the domain of f and g we have
bg(z) < f(z) < ag(x)
We also compare with the other baselines considered
in [Metelli et al.| (2022)) in Appendix
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Figure 2: 15-arm set-
ting:  expected reward
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Figure 3: Average cumu-
lative regret in the 15-arm
setting (50 runs + std).
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Figure 4: Average cumulative regret of (a) Beta-SWTS
and y-SWGTS for different window sizes 7 = T% (b)
ET-Beta-SWTS and y-ET-SWGTS for different forced ex-
ploration I'.

ET-Beta-TS and 7-ET-GTS, coherently with the the-
oretical analysis, suffer linear regret in the forced ex-
ploration phase and then catch up to R-ed-UCB for
t 2 50,000. Indeed, there is evidence of the superior-
ity of our TS-like from that point on. Moreover, all
the algorithms, except Beta-TS, v-GTS and ~-SWGTS,
display a flattening regret curve for ¢t 2 30,000. This
is explained since Beta-TS and y-GTS are designed for
stationary bandits, while, as we shall see, the perfor-
mance of 7-SWGTS depends on the window size.

Sensitivity Analysis. We run a sensitivity analysis
on the sliding window 7 for Beta-SWTS and ~y-SWGTS
and on the I' parameter for ET-Beta-TS and «-ET-GTS.
We provide the value of their average regret R(Ql, T) at
the end of the time horizon T over 50 runs on the same
15-arms setting. The results are reported in Figure
Coherently with our analysis, whenever the forced
exploration T' or the window size 7 is large enough,
our algorithms are able to identify the best arm con-
sistently. A too-small value of T', instead, leads to a
poor exploration that makes the regret grow fast. Sim-
ilarly, employing a too-small window size 7 introduces
a large variance, resulting in a poorer performance.

MWe report the standard deviation bars that, some-
times, are not clearly visible due to their limited size.
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Figure 5: Average cumulative regret in the IMBD set-
ting (30 runs =+ std).

8.2 IMDB Experiment

We consider the same online model selection task on
the IMDB dataset proposed in [Metelli et al| (2022),
where each arm corresponds to an online-trained clas-
sifier and the learner gets a reward 1 when the pre-
dicted label is correct, 0 otherwise. Whenever a clas-
sifier is pulled, one step of training is performed. We
compare the non-windowed approaches (Beta-TS and
~v-GTS), over a time horizon of T' = 50, 000, considering
the empirical cumulative regret over 30 runs, against
several baselines considered in (Metelli et al., 2022)
with the values of the hyperparameters defined there.

Results. The results are reported in Figure [5 We
observe that, as we discussed, TS-like algorithms can
still be effective whenever the complexity term o, (1)
is low enough. Indeed, Beta-TS and standard y-GTS
outperform the baselines, even those designed explic-
itly for SRRB bandits, i.e., R-ed-UCB. Additional ex-
periments are reported in Appendix

9 CONCLUSIONS

In this paper, we investigated the properties of T'S-like
algorithms for regret minimization in the setting of SR~
RBs. We analyzed the TS algorithms with Beta and
Gaussian priors. In both cases, we derived a general
analysis that highlights the challenges of the setting,
which makes use of novel technical tools of indepen-
dent interest. We showed that in the SRRB setting,
the classical logarithmic regret is increased by a term
that depends on the total variation distance between
pairs of suitably defined distributions. We also spe-
cialize these results for a parametric subset of SRRBs,
showing the tightness of the bounds on the regret, by
inferring the complexity of the problem via a lower
bound, dependent on a new complexity index. Finally,
we provided numerical experiments that demonstrate
the advantages of our proposed approaches on both
synthetic and real-world data.
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SUPPLEMENTARY MATERIALS

A COMPARISON WITH THE R-ED-UCB ALGORITHM

w(n) p(n) pi1(n)
pi1(n)

1 piz(n)

(a) (b)

Figure 6: Different environments for the SRRB problem.

In this appendix, provide and analyze two SRRB instances to highlight the advantages and disadvantages of the
proposed algorithms when compared with the optimistic algorithm R-ed-UCB [Metelli et al.| (2022)) designed for
SRRB settings. We recall the regret result provided by [Metelli et al.| (2022]) for R-ed-UCB:

Theorem A.1 (Theorem 4.4, Metelli et al.| (2022)). R-ed-UCB with a suitable exploration index (see |Metelli
et al| (2029)) a > 2, and € € (0,1/2) suffers an expected regret for every q € [0, 1] bounded as:

Rm{mwaﬂgo(fTam%Tﬁ+f?ZT<hL4@£LO>, (7)

€

where Y (M, q) := le\ifl maxe[x]{7i (1)1} is a complexity index depending on the expected rewards.

First Instance. We start with an instance in which R-ed-UCB succeeds in delivering a sublinear regret, while our
algorithms may fail. We define the expected reward functions as follows: p1(n) = 1—27" and ps(n) = 1—272n+2
(Figure . It is not possible to find a o, so that A(c,T) > A, with A > 0 and not vanishing with 7. This
is visible since max, <7 A0, T) < % Therefore, we cannot guarantee that our algorithms provide a sublinear

regret. Conversely, by using the definition of T, for ¢ € [0, 1], we have:

_92e) T
[(1—-2¢) 5] 3 1

T
T [ 1-9 7-|7 _ —yAn _ —yA(n+1)\q <2 ,
( ( E)K q) T;l yg%};}{e ¢ J 4 * qlog?2

which implies that Theorem m provides a regret of order O(T?%3 + T9/q) for the R-ed-UCB algorithm which is
sublinear for every ¢ < 1 and, selecting ¢ = 1/log T we obtain the best rate O(T%? + logT).

Second Instance. The second instance is designed so that our algorithms provide sublinear regret, while
1 221
27 ()M

A € [0,1] is an arbitrary parameter (Figure . With o = 2 and A(2,T) = 7, (2) — 3, that is independent from
T, since i;(2) > & > T, (T) for all possible time horizons T. The T factor of this setting for every ¢ € [0,1] is
given by:

R-ed-UCB fails. We define the expected reward functions as: u;(n) =1— (s%;h and ps(n) = where

. x ifg(A+1) > 1
)/\) =0 AT logT  ifgA+1)=1.
NTI=9+1D)  otherwise

[(1-2¢) %1 A—1 A—1
T ([(1 B 26);]’(1) - Z ((n2+ nr (n2+ 2

n=1
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We prove in Appendix that the optimal choice of ¢ is 1/(X + 1), according to Theorem this leads to a
regret of order O(T?/% + ()\T)%H) for R-ed-UCB. Thus, for instance, choosing A = 1/3, R-ed-UCB attains a regret
bound of order O(T%/*) while our approaches succeed to achieve an instance-dependent O(log(T')) regret.

A.1 Detailed Computations for the Instances of Appendix [A]

First Instance. Let us upper bound the complexity index:

(-5 -

<

N

<

[(1-2¢)&]
D, max{2 " — 27 (Ml g7 gmant g
n=1
g (0201
1 + Z (Q*n _ 27(n+1) 497242 _ 272(n+1)+2)q
n=2
3 [(1726)%"
DI ()L
n=2
[(1-20 %1 ‘
3 5
z 29-n
%)
3 +o0
17 f (20172 (6 4 27))%dn
4 n=2
3, 1

. 5\'_3, 1
4 qlog2\8) ~ 4 qlog2’

where we bounded the maximum with the sum, performed some algebraic bounds, and bounded the summation
with the integral. For this instance, we compute the average expected rewards, for every n € [N]:

We will show that:

Let us fix T > 1, we have:

o<T

_ 1 n
mn)=1-—(1-27"), (8)
4
i(n)=1——(1-272).
fiy (1) 7 ) (9)
inf max A(o,T) = 0. (10)
TeNoe[T]
max A(o,T) = max{ 1 — 1 (1-277) -1+ 4 (1—2727) (11)
’ o<T o 3T
1 4
—1-—(1-27) -1+ —-(1-27%7 12
2 (1-27T) — 1 o (1 27) (12)
1 277 5
<2+ o S o 1
sT VT ST (13)

being the function —1 (1 — 279) non-decreasing in o.

Second Instance. Let us lower bound the complexity index:

T ([(1—26)

2)\71

; 2 P N A
Where we used W — m > mlnwe[n7n+1] e (1 — (:E+1))‘) = (n+2)k+1 .

2)\71

21 B [(153);;] 2)\—1 B 2)\—1 q
KI)= = m+1)*  (n+2)>

1
A1)

[(1-2¢) %1 q
= — )
(=

n=1

2)\71

For (A + 1) > 1, we proceed as
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follows {9

[(1-2¢) %1 oA-1y ¢
Z << — 2)/\+1> > 2a(A-1)3—a(A+1) ya _ O(\9).
n

n=1

Instead, for g(A + 1) = 1, we bound the summation with the integral:
[A-29%1 /9g0-1))a\ ¢ (1-20% /9a(r-1))a
Y (5) el (G
= n+ 2 el n+2
T 2
> 2001\ ]og ((1 —2) = — ) = O(\logT).
K 3
Finally, for ¢(A + 1) < 1, we still bound the summation with the integral:

[(1—2¢)&] oA-1) q (1-2¢) L A—1y q
=~ ) > —
2, ((n+2))‘+1> J 1 ((n+2)H1) n

n=1 n=

A—1 1—q(A+1)
> M (1— 26)2 — gl=a(A+1)
1—q(A+1) K

= O(\NIT 1A,
Now, recalling that the instance-dependent component of the regret of Theorem [AT] is in the order of

7Y ([(1 - 26)%],(}), we have for the three cases the optimal choice of ¢ that minimizes the regret:

1 1 1
A+ ) >1 = ¢ — — O(Ame);

A+ 1
GO+ =1 — g— 1 0<A%+1T%+110gT)~
A+1 ’
dA+1) <1 = QT%H — O(AﬁT%ﬂ).

Thus, we have that the bound of the instance-dependent component of the regret is at least O (T *%1)

15We use big-O notation to highlight the dependences on A — 0 and T — +00.
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B PROOFS AND DERIVATIONS

In this appendix, we provide the complete proofs and derivations we have omitted in the main paper.

B.1 Proofs of Section [5

Lemma 5.1 (Expected Number of Pulls Bound for ET-Beta-SWTS). Let T € N be the learning horizon, T € [T
the window size, T € [0,T] the forced exploration parameter, for the ET-Beta-SWTS algorithm it holds for every

i € [K] and free parameter w € [0, T] that:
T

wT
Eu[N/p] <1+T+4+ —+ =
IL[ z,T:I T T

. 1
+ Eu[ 2 1{P§,t,7 > de =1 Nigr > w}]

teT;

+1Eu[t; <p*;t - 1)1{5 - i*(t)}].

Proof. We will prove a more general result that will be useful later, in particular we will prove that for every

1 >0, defining 7; == {t € [KT + 1+ 1,T],i # i*(¢t)} the following statement holds:

T T
E.[N; 7] < 1+F+w—+—+l

+ Eu[ Z ]l{p;:,t,q— > T I =4, Nitr > w}]

teT;

HE”L; <P*;” — 1)]1{It - i*(t)}].

We define the event F;(t) := {6 < yi+}. Thus, the following holds:

T
]E[N{’T]:Z]P’(It:i,i#i*(t))éf—i—l-&- — +Z (I =1, E () + ZIP’(Itzi,Ei(t)).
t=1 R/—/ teT; teT;
(A) (B)

Term (X) arise due to the forced play whenever N; ;. = 0. Let us face term (A):
(A) < D P(L =i, ES(), Nir <w) + > P(Iy = i, E£(t), Nigr > w)

teT; teT;
< Y P(L =i, Niyr <w) + Y, P(I =i, EX(t), Ny r > w)

teT; teﬂ

—E| > 1{L =i, Nipr <w}| + Y Pl = i, B (t), Nit.r > w)
| teT; i teT;

N
=

T
Z]l{lt :i7Ni7t,T g(,d} + Z It—Z E ) Nl,t,T Zu})
teT;

L © J
Observe that (C) can be bounded by Lemma Thus, the above inequality can be rewritten as:

T
(A) < . + 2 P(It = iinC(t)aNi,t,‘r = UJ) .
=
teT;

(D)

(15)

(19)

(20)

We now focus on the term (D). Defining 7 := {t € T; : 1 = P(lirr < yix | Fi—1) > %,NM,T > w} and
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T = {te T 1 — PO,

D IP(IL

teT;

<Yy | Fie1) < %, Niyr > w} we obtain:

)

=i, Ei(t),Niy, >w)=E lz I = i, E{(t), Ny 7 = w}]
teT;

=E| Y ML =i, ()"} | +E| D] 1{l, =i, Ei(t)"}

N
=

<E

Now we focus on term (B

In order to bound (B) we

P (I = i*(t), Ei(t) | Foo1) = P (i} = i, Bi(t), O (),0.0 > Vit
Foo1) P (i =i, Ei(t) | Feor)

teT; teTy

N =i | +E| Y HEW®"

_tE'E’ teT!”

T
1 .
2 1 {1 —P(lit,r <Yiy | Fro1) > T7Ni,t,7 zw, Iy = Z}] + 2

L teT: t=1

). We have:

DIP(L =i, Ei(t)) = Y E | P(I, = i, Ei(t) | Fi1)

teT; teT; (E)
need to bound (E). Let i} = argmax; ;) 0i+,-. Then, we have:

Fi-1)

=P (ei*(t),t,r > Yit

Pk )0,
LT g, = g By(t) | Fot),

L= Dis )0,

Sl -

(25)

where in the first equality we used the fact that 0« - is conditionally independent of 7, and E;(t) given F;_;.
In the second inequality, we used the fact that:

P (I, =i,

Ei(t) | Fie1) < (L =P (0ixqye.r > it | Fie1)) P (i) = 1, Bi(t) | Fy—1)

which is true since {I; = i} n E;(t) < {i} = i} 0 Ei(t) 0 {;x@).t,r < yit}, and the events {i} =i} n E;(t) and
{Gi*(t),tj < yi’t} are conditionally independent given F;_;. Therefore, we have:

P (I, =i, Ei(t) | Fio1) < (

substituting, we obtain:

> E[P(I

teT;

L — 1) P (I =i*(t), Bi(t) | Fi1)

P (1), 1,7

1
S| ——-1|P{ =i*(t) | Fi1),
Dy

t),t,7

| teT; Pix (1)t

=i, Bi(t) | Fe)] <E| Y] (1) - 1) P (I, = i*(t) | ]—'tl)]

=E|)] (1 - 1) 1{I, = i*(t)}] .
)t T

| ie7; \Pix ).t

=E|E lE (p,l - 1) L{l =i*(t)} | }—t1]]
L teT; ¥ (t),t,T

The statement follows by summing all the terms.

Lemma 5.2 (PB-Bin Stochastic Dominance). Let j € N, PB(,ui*(t) (7)) be a Poisson-Binomial distribution with

parameters B (1) (7) = (Hix@)15- - Mix(r),5), and Bin(j,z) be a binomial distribution of j trials and success

probability 0 < x < %Z{:l i (t),1 = By (),j- Lhen, it holds that:
1

E [ ,
Si*(t),tNPB(Hi*U)(J‘)) pi* (t),t

Nixy,e = j]
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1

) g
S (t),t ~Bin(j,z) pi* (t),t

Ni*(t),t = J]

Proof. Let us assume, without loss of generality, the arm 1 is the optimal arm at round ¢ € [T]. Let N1, = j,
S1+ = s. Then, as shown by |Agrawal and Goyal| (2012)), pi,t can be written as:

j B
Pl = P01, > yit) = Fj+1,yi1t(8)7
where FﬁLyi ,(s) is the cumulative distribution function of a Binomial random variable after j + 1 Bernoulli
trials each with probability of success y; ; evaluated in s. Our goal is to prove the inequality:

1 1
X'~PB(p, (7)) Fj+17ym(X ) X ~Bin(j,z) Fj+1,yi,t(X)
We notice that the probability mass function of a binomial distribution is discrete log-concave (Lemma |C.11]).
Thus, let Y ~ Bin(j + 1,y;¢), we have that for i € [0, — 1] it holds that:

py (i +1)* = py (i)py (i + 2). (30)
By Lemma used with @ = 1 and r = 400, and ¢ being the probability mass function of the binomial
distribution (precisely, ¢(z) = p(—z) in Lemma [C.12), we find that the CDF of the binomial is discrete log-
concave on Z too. Indeed, according to Lemma[C-12] if the probability mass function of an integer-valued random
variable is discrete log-concave as a function on Z, then the corresponding CDF (F jliLyi,t in our notation) is also
discrete log-concave as a function on Z. Thus, omitting superscripts and subscripts, 1/F is discrete log-convex
on the set z € S = [0, j + 1], i.e., for x € [0,j — 1]:

(29)

2
1 < 1 1 , (31)
F(z+1) F(z +2) F(z)
or, equivalently:

F(x1+ 0 < (F(x1+ 2)); (F(lx))é' (32)

Using the AM-GM inequality, we obtain:

F(:v1+ 1)~ % (F(x1+ 2)) * % <F(1x)> : (33)

Notice the inequality is strict since the AM-GM inequality holds with equality only when all elements are equal
and this is not our case since ﬁ < ﬁ for 2 € [0,7 — 1], and hence ﬁ # ﬁ Thus, we have proved
that 1/F is strictly discrete convex on S. Therefore, using Lemma we obtain that for every j, being the
number of trials for both the Poisson-binomial and the binomial distributions, the expected value of the term of
our interest for a Poisson-binomial distribution with a certain mean of the probabilities of the success at each
trial, namely 77, ; = %Z{Zl 1,1, is always smaller than the one of a binomial distribution where each Bernoulli

trial has a probability of success equal to 1, ;. More formally:

1
B l < .]E .7
Fj+1,yi,t (X ) X" ~Bin(j,ft1,;)

To show Equation for any j such that 7z, ; > =, we need to prove that the expected value of 1/Fﬁ_17yi_’t

1
le | o

E
!~ ] .
X'~PB(u, (5)) Ly

considered for a binomial process with mean 7, ; is smaller than the expected value of 1/F B for a binomial

J+Lyi¢
distribution with mean x <z, ;. We apply Lemma stating that for a non-negative random variable (like

ours 1/Fﬁl,y7:,f,)’ the expected value can be computed as:

1 oo 1
J yYi,t

J+1L,yi.¢

1 1 -1

IP’<FB>y>=]P(X”=0)+IP(X”=1)+...+P X”=<B> (y) — 1 (36)
J+Lyi Ly

Egingiz, )

Let X" ~ Bin(j,fz; ;). Thus, we have:
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1
=P | X" < (FB (y) -1, (37)
J+1,yse
=: k;(y)
and the same goes for X ~ Bin(j, z)
1 A
IE”(FB>y>—]P’(X—0)+]P’(X—1)+...+IE” X = <FB ) (y)—1 (38)
J+1l,y; J+1yie

—P X<<FB1 >_ (y) =11, (39)

J+1,yie

=: k;(y)
where the inverse is formally defined as follows:

~1
1 1
—_— (y) =min<se[0,j] :y=> —5— . (40)
<F]€17yi.t> Fjﬁl,yi,t (S)

Notice, that whenever such s in the above definition does not exist, we will have that

—1 —1
P (X < (FB+1> (y)) - P (X” < (FB+11> (y)) = 0, so that those values does not contribute
JtLyg ¢ Jt+lyg ¢

to the integrals. Thus, we need to prove:

1 +00 ) +00 1
Boni) |7 | = | PO <k < [ BOC< )y = By | 7— |- (4D
J+1,yi 0 0 J+1,y
A sufficient condition to ensure that the condition in Equation (4I]) holds is that:
P(X">m)>P(X >m), YmeR. (42)
Indeed, we have
+00 +00
| B << [P0 < W (43)
0
+00 +00
— | =R by < [0 -PE > k) (44)
0
+00 +o0
= | PO k@)= [ RO k) (45)
0 0
+o
— J (P(X" > k;(y)) — P(X > k;(3)))dy > 0. (46)
0

Let us recall the concept of stochastic order (Boland et al.| (2002} [2004)); Marshall et al.[(2011))) that is often useful
in comparing random variables. For two random variables U and V', we say that U is greater than V in the usual
stochastic order (or U stochastically dominates V'), and we denote it with U >4 V, when P(U > m) = P(V > m)
for every m € R. Thus, if we have that X” >4 X we would have that also Equation holds too. It has been
shown by Boland et al.| (2002) (Lemmam that the condition for that to happen when X” and X are binomial
distributions with means p” and p is that p” > p. Thus, we have showed that for any j such that 7, ; > z:

E [1]<E [1]<]E [1]<47)

MR [ Fy (X | BRI [ (X | RO, (0]

This concludes the proof. O

B.2 Additional Lemmas

Lemma B.1 (Expected Number of Pulls Bound for v-ET-SWGTS). Let T € N be the learning horizon, T € [T] be
the window size, I' € [T] be the forced exploration parameter, for the v-ET-SWGTS algorithm the following holds
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for every free parameters w € [0,T] and €; > 0:

1 T T . 1
E[Njr] <T+—+—+ = +E lZ {Pé,t,r Z T Iy =1, Nitr>w, }]

€; T T T
1
+E lz ( - 1> 1{I, = i*(t)}}.
ter; \Pix)t,r

Proof. We will prove a more general result that will be useful later, in particular we will prove that for every
1 >0, defining 7; == {t € [KT + 1+ 1,T],i # i*(¢t)} the following statement holds:

1 T T
E.[Nir] < F+—+w—+—+l
€ T
: 1
+ E“[ Z ]l{pzﬂfﬂ' > T, I =1, Ni,t,f = w}]
teT;
1 .
+]EH[Z < —1)1{@—@*(15)}]. (48)
ter; \Pix),,r
We define the event F;(t) := {6; ;. < yi.}. Thus, the following holds:
T
E Nzl =Y P(L=ii#i*t) <T+1+ = + Y P(I Y0)+ Y P(L =i, Ei(t),  (49)
t=1 s\,—/ teT; teT;
X) g
(A) B)
where (X) is the term arising given by the forced play whenever N, ,, = 0. Let us first face term (A):
(A) < Z ]P)(It = iv Ef(t)a Ni,t,T < W) + Z P(It = Z.a Eg(t)7Ni,t,T = OJ) (50)
teT; teT;
< D P(IL=i,Niyr <w) + Y, P(I = i, E{(t), Nit.r > w) (51)
teT: t671-
SE| Y U{l =i, Nipr <w} |+ >, P(Iy = i, E{(t), Niy .7 > w) (52)
| teT; i teT;
T
<E| D U{L =i,Niyr <w} | + D Py =i, E{(t), Niy.r > w). (53)
teT;
L (© J
Observe that (C) can be bounded by Lemma Thus, the above inequality can be rewritten as:
T
(8) < ==+ 3 Bl = 6, Bi(t), Nigr 2 w). (54)
T teT;
(D)

We now focus on the term (D). Defining 7/ := {t € 7; : 1 = P(0; 1 < yiy | Fio1) >
T ={teT,: 1 =Pl <yir| Fio1) < %Q’Ni7t»7 > w} we obtain:

1
7 Nigr = w} and

DIP(L =i, E{(t), Nir > w) = E | Y 1{I, = i, E{(t), Niy s > w} (55)
teT; teT;
—E| > ML =i, B;(t)°'} | +E | D] 1{I; = i, Ei(t)°} (56)
_teTi’ teT!
<E| Y ML =i} | +E| > 1{Ei(1)} (57)
_teTi’ teT!
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T
1 1
<E lz 1 {1 —Pli,r < yiy | Fe1) > TeaNi,t,T zw, Iy = Z}] + Z Te (58)
i i—1 i

teT;
Term (B) is bounded exactly as in the proof of Lemma The statement follows by summing all the terms. [

B.3 Proofs of Section

Lemma 6.1 (Wald’s Inequality for Rising Bandits). Let 2 be an algorithm and T € N be a learning horizon, it
holds that: R, (A, T) < Z#i*(T) AT, 1) EL[N; 7).

Proof. We start with the usual definition of regret and proceed as follows:

R T) =Tl (r lz tor, (N1, ¢ 1 (59)

T

=E | > (s (t) — o, (Nlt,t))l (60)
[ i=1
[T Ny, Ni,T

=E Z pix () (t) — Z pix () (§) — i (g) (61)
_t=1 j=1 i#£i*(T) j=1
i T N;. T

=E Z pix Ty (J) — Z wi(g) (62)
| =Nk ry 241 i * (T j=1

<E Z Z (1 () (T) — Mz‘(j))} (63)

i (T) j=1
) N;
< D (e (T) - [Z 1 (64)

i#i%(T)
The result follows from the definition of A;(7T,1). O

Theorem 6.2 (ET-Beta-TS Bound). Let o € [0, (T),T]. Under Assumptions[3.1] and[3.3, for the ET-Beta-TS
algorithm, for every arm i € [K|\{i*(T)}, it holds for every e € (0,1] thatm

1+¢€)log 1
E.[Nir]<O (\%_/ + cl(u(l-(T%)m;(T) 20)) +3
L (ii)
7, orv (Bin(g, s 1y (7)), Bin(4, i oy (o))
]; (1- Nw(T)(U))j“ > ’

(iii)
where d(z,y) = xlog% + (1 -2 log}_fx is the KL divergence between Bernoulli distributions of parameters
z,y € [0,1], orv(P, Q) :=sup gc r |P(A) — Q(A)| is the total variation between P and Q, Bin(j, x) is the binomial
distribution with j trials and parameter x.

Proof. In order to bound the expected value of the pulls of the suboptimal arm ¢ # i*(T") at the time horizon T,
we use Lemma considering the forced exploration and imposing the window length 7 = 7', [ = 0. Formally,
for Beta-ET-TS, we have:
T
wT : 1
E[Ni,T] <F+2+T+El Z ]l{p;,t,T> f’ Itzi, N17t>w}1
t=KT+1

(A)

For the sake of presentation, with the Big-O notation, we are neglecting terms depending on p;(T) and pix 1y (0),
but not explicitly on T'. The full expression is reported in Equation (112)) in the appendix.
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T
+E l ) (1 - 1) il = i*(t)}] : (65)
R t=KT'+1 pz‘*(t),t,T

(B)
In the following, we consider, without loss of generality, the first arm to be the best, i.e., for every round ¢ € [T
we have i*(t) = ¢*(T) = 1 and introduce the following quantities, defined for some € € (0,1]: z;; = z; €
(7:(T), iy (o)) such that d(zi, 1, (0)) = d(z;(T),71(0))/(1 + €), yix = yi € (i, [11(0)) such that d(z;,y;) =
d(ai, 1 (0))/ (1 + ) = d(,(T), T (0))/ (L + 0%, w = G2 = (1+ ) gy ooy - We define fiier = 3t

d(xi,y:) d(p; (1)1, (o))
We further decompose term A in two contributions:
T ‘ 1
(A) =El Z ]l{p;tT > figr < i Iy =i, Nig 2“}1
it T 't )
t=KT+1
(A1)
T A 1
+El Z ]l{pﬁtT>,ﬂitT>$i,It=i7 Nit>w}1 (66)
3 Uy T 1) E
t=KT+1
(A2)

Term (A2) Focusing on (A2), let 77 denote the round in which arm i is played for the j-th time:

T
(A2) <E l Z L{pier > x5, I =i, Niy = W}l (67)
t=KT+1
T T}+1
<E| Y e >u} Y 1L=i) (68)
j=KT t=Ti+1

)
0=

<
Il
—

P(ﬂi,r;H,T > ;) (69)

I
=

<
I
—

P(ﬂi,r_;H,T - E[ﬂi,T;Jrl,T] > T — ]E[ﬂi,r_;H,T]) (70)

)
0=

<
Il
N

exp (—jd(zi, ]E[ﬂi,r;‘ﬂ,T])) (71)

OE

<
Il
o

< 2, exp (=jd(@i, 1y (T))), (72)

where in the last but one inequality, we have exploited the Chernoff-Hoeffding bound (Lemma with A\ =
x; — E[f1; i417]), and in the last one, we observed that E[f1; .\ 7] < 7;(T). Thus, we have:

T +00
3% exp (o (D) < 1+ [ exp (o, () (73)
=0 i=
1
= T @) (74)
<l (75)

2 — (1))’
having used Pinsker’s inequality. Following |Agrawal and Goyal| (2017)), we have the inequality:
d(m;,(T),
x; 7ﬁz(T) > € . (lu‘z( )7#1(0))

> 1 (@) (0, (1))
+e log B m i @)
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From this, we have:

S exp (—sd(s, T G [ ea) A (O O
L;OeXp( d( uMz(T))) <1+ (1 gﬁZ(T)(l —,ul(o))> 2¢2 d(ﬁz(T),ﬁl(O'))Q (77)

Term (A1) Let us focus on the term (A1) of the regret.

T
; 1
AD<E| > 1{pl,p> 7o Nig 2w fligr < i | (78)
t=KT+1 |~

(©)
We wish to evaluate if the condition (C) ever occurs. To this end, let (F;_1)e[r] be the canonical filtration. We
have:
P8¢0 > yilfripr < iy Nijp = w, Fr1) =
=P (Beta (fti¢,rNit + 1, (1 — ftie0)Nie + 1) > ys|fripr < x4, Nijp = w)

)

(
P (Beta (xiNi,t —+ 1, (]. — fﬂi)Niyt =+ ].) > yi|Ni,t > w) (80

(

(

NN

Ff]\?i,t+1,yi (l‘iNi,t‘Ni,t = w) < Fﬁi,tvyi (xiNi’t|Ni7t = w)
exp (=(Ni)d(@i, yi)|Nip = w)

< exp (—wd(x;,yi)) , (83
where follows from the generalized Chernoff-Hoeffding bounds (Lemmal|C.1f) and from the Beta-Binomial
identity (Fact [C.5)). Equation was derived by exploiting the fact that on the event fi; ; » < x; a sample from
Beta (z;N; ¢ + 1, (1 — ;) N; ¢ + 1) is likely to be as large as a sample from Beta(f; ;7 N; i+ 1, (1 — fi;0.7)Nig +1),
as a Beta(q, 8) random variable is stochastically dominated by Beta(a/, 8') if &/ = o and 8’ < 8 (Lemma,
and the second inequality in derives from Lemma, Therefore, since w = ;Ffi(ZZ)’ we have:

1

Ta

N IN

PO > yilfier < iy Nigp = w,Fiq) < (84)

in contradiction with condition (C), implying that (A1)= 0.
Term (B) For this term, We have:

(B)=]El i (il —1)]1{It=1}] (85)
t=KT+1 \ P17

Let 7; denote the time step at which arm 1 is played for the j-th time:

= 1 - lir 1,7 &
B)< ), ]E[,p’ﬂ*’ 3o = 1}] (86)

i
pl,‘rj+1,T t=7;+1

j=T
T—1 1— 7
Dl
<Y E[lm] (87)
j=Tr pl,TjJrl,T

Where the inequality in Equation uses the fact that pit’T is fixed, given F;_1. Then, we observe that
Plir = P(61,+17 > yi|Fi—1) changes only when the distribution of 61 ; r changes, that is, only on the time step
after each play of the first arm. Thus, p’imT is the same at all time steps ¢t € {r; + 1,...,7;41}, for every j.
Finally, bounding the probability of selecting the optimal arm by 1 we have:

(B) < TEIE [.1 - 11 . (88)

j=r pll,‘errl,T
By definition Ny ;41 = j, and let S1; = s. Thus, we have:

Pl = POrriir > i) = Fflq . (s)
due to the relation that links the Beta and the binomial distributions (Fact 3 of |Agrawal and Goyal (2017).
Let 7; + 1 denote the time step after the j-th play of the optimal arm. Then, Ny, 11 = j. We do notice
a sensible difference with respect to the stationary case. Indeed, the number of successes after j trial is not
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distributed anymore as a binomial distribution. Instead, it can be described by a Poisson-Binomial distribution
PB(p, (j)) where the vector p (j) = (u1(1),...,p1(j)), and p1(m) represents the probability of success of the
best arm at the m-th trial. The probability of having s successful trials out of a total of j trials can be written
as follows (Wang, (1993; [Poisson, |1837)):

fwt (0 2 1_[ pa(m 1_[ L=y (m)), (89)

AeFs meA m’/eA¢c

where Fy is the set of all subsets of s integers that can be selected from [j]. Fs by definition will contain ﬁ
elements, the sum over which is infeasible to compute in practice unless the number of trials j is small. A useful
property of f is that it is invariant to the order of the elements in My (j). Moreover, we define density function

of the binomial of j trials and mean f,(j), i.e., Bin(j, i, (5)), as:

j — (S — (\\J—Ss
fino® = (1m0 -my . (90)
Using the first inequality of Lemma we obtain:

ZJJ fj}ggl(j)(s) < ZJ: fj}gﬁl(j)(s) (91)
S Fy(s) = Fa,(s)
For the case j > o, we apply the second mequahty of Lemma [5.2] to obtain:

Z Fim, ) (8) < Z Ji o) (s ) (92)

FJJilﬂh( ) FJJilﬂlz( )

Instead, for the case j < o, by applying the change of measure argument of Lemma [C.2] we have:

jf]nuj(s J 7.1 (g . S . . PR
Z 51( )( ; < Z fiz)(s) < ((1 —;i)jH — 1)5TV (Bin(j, 11 (7)), Bin(j, 11 (0))) +

B
s=0 Fj+1vyi § F; j+1 yl( )

+ Z fim@)(s) (8)7 (93)

J+1,1/1

where 07y (P, Q) = sup e |P(A) — Q(A)| is the total variation between the probability measures P and @,
having observed that, using the notation of Lemma,

b 1 1 1 1 (94)
= max = — = —
selog] FB, () FP, (0)  PBin(j+Ly)=0) (1—y)i*!
1 1 1 1
a = min = = =1 (95)

ot FE, () FP,, () BBmG + Ly) <j) ~ PBnG + Ly) <j+1)
Putting all together, we obtain:

J fj,gl(j)(s) -

2 55

20 Fihe (9)

(W - 1)6TV<Bin(jal~Ll( ), Bin(j, 711 (0))) + X1, J;;BLU)((;) f0<j<o

< i . (96)
i fime)(s) e
=0 T, =0

Then, summing over j, we have:

& fiw ()
2 <Z]31()(5)_1> <

o oo P

J+1ly4

Sor (e — 1)drv (BinG, 7y (7)), Bin(, 7 (0)) + X1 ( I Lpes 1) T <o

2?;( gOM1> T >0

Jjt+l,y
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where we recall that y; < 7i; (o). From Lemma 2.9 by |Agrawal and Goyal (2017)), we have that:

. 3 ep - 8
A if j <%
o S (o) () AL J<ar
ﬁ —1< _Aizj o—Dii 1 o s (98)
om0 Ti+1y: (S Ofe 2 + GIDAR + G if j > A7

where AL = 71, (0) —y; and D; = d(y;, f,(0)) = y; log ﬁf’(ia) (1 —y;)log = 1= y(’”). Thus, summing over j, we

obtain:

S Figi ) (3) ( oD 1 )
1 -1 < + i + _ (99)
; (Z _]+1 Yi (S) j<min{Z -T 0} j=max{T, %} ( —+ 1)A22 eAiQZ _1
Aizj e_Dij 1 )
b © TG + a7 (100)
J; J>i ( (j+DAZ " ard g
B A
<+®<++>’ (101)
AP T U\AR T APVD: AP
having bounded the individual terms carefully:
2 + A;z. 400 A;2_ 9
etk 2]<f A= 3 (102)
iz2r j=1 j=0 ;
- 1 ; 1 = ) 1 +0o0 4 1
& —D. _D. D
—_— < —— i) L iJ g iddi < - 103
=8 (] + I)A/Q 8A/ >28 € 8A; j;e SA; J;O e J 8A;D7 ( )
= A’ /A’
1 +00 1 4 ) A X
ATE S ——dj = s los ——x < < log =7 Lo
e AT 1 f:ﬁ/. A2 J = A/Q A A’2 og —— Al (104)
=35 ,

having bounded 1 — e™® > x. First of all, let us observe that from Pinsker’s inequality, we have D; > 2A/2. We

now relate A? with d(g;(T), i1 (0)). From the mean value theorem:

(D) (o)) - WD) AT (105
= d(z;, 71, (0)) — d(i, y:) (106)
od(z, z)
S hax o, (71(0) — vs) (107)
= ad(gé’Z) o) D0y (108)

having exploited that the maximum derivative is attained in z = fi;(0). Moreover, we have, from Pinsker’s
inequality:

ad(l‘“ Z) | . _ ﬁl (U) — T < d(x%ﬁl (U)) _ d(ﬁl (T)aﬁl (U)) (109)
o: RO T I 00 -m(0) T Ve (o)1 —m(0) 201+ Om(0) (1 — (o))
Putting all together, we obtain:
62 62 ~
2> 2 (o)1~ By (0)) (1, (T), By (0)) = o (1, (T iy (0)). (110)

(1+¢€)3
Finally, we get the following bound:

1“21 <zj: fig@(s) 1) <6 < 1 log 1 ) 1)
S \S i (s) -\ e@dm (1), iy () d(@ (1), (0) )
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Putting all together, we have:

E[N;r] <T+2+(1+ eﬁ(ﬁ%
e @O —EHTM)N* (1+0? 1
i (l S —ul(a))> 2¢2 d(@(T), . (0))?
( 1 1 ) (112)
(C] = log —
e2d(i;(T), 111 (o) d(;(T), 111 ()

)
7)), Bin(j, i1 (0))
(o)) '

By setting € = 3¢, we get the result. O

1(o
n Z 6TV Bln( f‘i

J=r (1

Theorem 6.3 (y-ET-GTS Bound). Leto € [0, (T),T]. Under Assumptz'ons (md settingy < min { 3z, 1},
for the v-ET-GTS algorithm, for every arm i € [K]\{¢*(T)}, it holds that:

o A 2 /6
Ey.[Nir] <O r IOO(TA;,(U, T)? + %)
’ \/—‘() 'YAI',(O—; T)2
(i)

i 0 Qj (B () (0)))
i 1f( (V" /2</1 (1) (7)) ’
(i)
where erfc(-) is the complementary error function, P; is the distribution of the sample mean of the first j samples

collected from arm i*(T), while Q;(y) is the distribution of the sample mean of j samples collected from any
A2-subgaussian distribution with mean y.

Proof. Using Lemma to bound the expected value of pulls of the suboptimal arm when the window length
is equal to the time horizon we have:

1 T Wl &
ET[NLT]éF—’_—i_—’_—HEl Z]l{p”T> Ay =14, Niy > }]
€; T T
t=KT'+1

(A)

T
+E[ > < 1 —1>]I{It—z'*(t)}1.
t=KT+1 \Pi*(t),t,7

(B)
In the following, we consider, without loss of generality, the first arm to be the best, i.e., for each round ¢ € [T
Ai(eT) T Ai(o,T)
3 ) xz,t Ty Mz( ) + 3 )

we will have i*(t) = i*(T") = 1. Furthermore, we set y;+ = y; = fy(0) —

(o} o el o 77; o, 24eb N : -~ it :
= 321 g(T(;\;_(xl)TQ) te?) _ 2881 g’%ﬁg(,T)Tz) +e) ¢; = Ai(0,T)%, | = 0. Finally, we define fii 1 = % We rewrite
term (A) as a contribution of two different terms.
g 1
(A)_E[ Eﬂ{pth>T 7Mth\xl?It_ZNlt/w}]
t=KT+1
(A1)
T , 1 _
+E[ Z]l{p;tT>vﬂitT>xiaIt_iaNit>w}]' (113)
o Te; ” ’
t=KT+1
(A2)

We focus first on term (A2).
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Term (A2) Focusing on (A2), let 77 denote the round in which arm i is played for the j-th time:

T
(A2) <E [ 2 U{fi; > @iy I = i, Ny > w}} (114)
t=KT+1
T . T
Z 1 {ﬂi,T;H,T > l"z} Z L{l; =i} (115)
j=w t=Ti+1

N
=

P(ﬁi,‘rj’?+1,T > ;) (116)

<
Il
€

T
= Z P(ﬂi,T;+l,T - E[ﬂi,r;H,T] > Ty — E[ﬂi,r}H,T]) (117)
Jj=w
(118)
T J— J—
< Z P(ﬂi,T;Jrl,T - E[ﬂi,T;H,T] > x; — 1,(T)) (119)

1
€

< X e (- gypele - (D)?) (120)

Jj=w

where the last inequality follows from the Chernoff-Hoeffding bound (Lemma [C.9). By definition, we will have

that «; — @;(T) = y; — x;. So, substituting in the last inequality, we obtain:
T T
_ 321log(TA; (0, T)% + ) _
2) _ ) L 2
Tew (- gyt ~m(m)?) - Sew (-2 AT £ o, ) (121
1
<—. (122)
Ai(o,T)?
Term (A1) Focusing on term (Al), we have:
a 1
AD<E| D14 phor > o Ve 2w fiier <aig |- (123)
t=KT+1 g
©)

We now wish to evaluate if condition (C) ever occurs. In order to do so, notice that 6; ; 1 is a normal distributed
random variable, in particular distributed as N (ﬁz T v%) An N (m,o?) distributed random variable is

stochastically dominated by N (m/,0?) distributed r.v. if m’ = m. Therefore, given uz ¢+ < T, the distribution

of 6, ;  is stochastically dominated by A (xi, W) (see Lemma |C.17)). This implies:

1
P(eth>yz|Nzt W.szT xiaFt—1)<P<N(ziaW)>yz Fi1, t>W)-
it

Using Lemma we have:
1 1 _ ONi)(wi==)®
P N((El,) > 7,) < —e T2 124
( YN Y 2 (124)
1
T2

() (yi—wy)?
2

: (125)

TR0 T)? because w > . Substituting, we get,
1
P 01 > Y, Nl > w, Ai t) < xi,]:_ < ———. 126
(0it,7 > yi | Niye fi(t) t—1) T (0, T)2 (126)

which is smaller than

In contradiction with the condition (C), then (A1) =
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Term (B) Focusing on term (B):

(B) = E l i (pilm _ 1) 141, = 1}] (127)

Let 7; denote the time step at which arm 1 is played for the j-th time:

Tit+1

(B)<T211E[1_ipiw D ]1{It:1}] (128)

j=T Plo+1,17  1=r+1
T—-1 1 7
~Pir4+,T
<Z]E[Z. . , (129)
j=r Di7+1,1

Where the inequality in Equation (129) uses the fact that p’Lt’T is fixed, given F;_1. Then, we observe that
Pl = P(61,+7 > yi|Fi—1) changes only when the distribution of 6, ;7 changes, that is, only on the time step
after each play of the first arm. Thus, pivt’T is the same at all time steps ¢ € {r; + 1,..., 741}, for every j.
Finally, bounding the probability of selecting the optimal arm by 1 we have:

Z E lpl o 11 . (130)

Now in order to face this term, let us consider the arbitrary trial j. Thanks to Lemma we can bound the
difference between the real process and an analogous (same number of trials) virtual process with mean i, (o)
(where by stationary we mean that all the trials of the virtual process will have a fixed mean):

Bt | < Pov®Q@m@) gy L (131)
D141, erfc(y/ B, (o)) Plor

(D) (E)

where IP; is the distribution of the sample mean of the first j samples collected from arm 1, namely ﬁlﬂ 41,75

while Q;(y) is the distribution of the sample mean of j samples collected from any A2-subgaussian distribution
with fixed mean 71, (¢). By definition, o7y (P, Q) := sup 4o |P(A) — Q(A)] is the total variation between the
probability measures P and ) (assuming they are defined over a measurable space (€2, F)), having observed that,
using the notation of Lemma (as the environment cannot generate rewards smaller than zero):

- 1 1 _ 2
b=t (W (5 58) = ) Sp (V(0.582) 2 (@) erfely/ % (0) 12
a=1. (133)

Our interest is to find if there is a minimum number of trials j such that we will have (D) > (E) without the need
to add any term. Given F;,, let ©; denote a N/ (M (r; +1), ) distributed Gaussian random variable. Let G;

be the geometric random variable denoting the number of consecutlve independent trials until and including the
trial where a sample of ©; becomes greater than y;. Then observe that pll,ferT =Pr (Gj > y; | .7-',.].) and

P R AL B} (131

P1r+1,1

We compute first the expected value for the real process. We will consider first j such that @, (j) = (o) , we
will bound the expected value of G; by a constant for all j defined as earlier. Consider any integer » > 1. Let
z = 4/log r and let random variable MAX . denote the maximum of r independent samples of ©;. We abbreviate
Q1 (tj + 1) to fi; and we will abbreviate 77, (o) as 1 and A;(0,T) as A; in the following. Then for any integer
r=1:

P(G; <r) =P (MAX, > y;) (135)

P (MAXT >y + (136)

=IE[IE[]1 (MAXT>ﬂ1+\/%>yi>‘ ﬁjH (137)
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— z — z
=E|1 /l+.2?Ji)P<MAXT>/l +.‘]-'T,)]. 138
(e NV R 1%
For any instantiation F., of F. , since ©; is Gaussian N (ul, ) distributed r.v., this gives using l
P <MAX > iy + —— ‘ F ) >1-— (1 - 1z€_22/2>”" (139)
r = My VailTT Iy ) =2 Vor (22 +1)
1y 1\"
1 (- ) (140)
Vo (logr + 1) 4/r
>1— ¢ VErrTer, (141)

For r > el2:

>1-—. (142)

— z
P MAX, > fi, + — ’]-'Tz T>/

Substituting we obtain:

— z 1
PGy <0 =Bt (7 =>u) (1- 5] (143)
—<1—1>]P’<u +Z>y> (144)
r2 v )
Applying Lemma, to the second term, we can write, since E[f;] = p1:
_ z _ =22 1
Pﬂ+‘>u1>>1—e 237 > 1 — —, 145
(7 7 7 ()
being v < ﬁ. Using, y; < p1, this gives
Pl +——>y)>1—— (146)
H m ZVYi | = T2.
Substituting all back we obtain:
+00
E[G,;] = Y P(G; =) (147)
r=0
o0
=1+ > P(G; =) (148)
r=1
12 1 1
<l+e + Z ﬁ + ﬁ (149)
r=1
<l+e?+2+2 (150)

This shows a constant bound of E [1 - 1] =E[G,;] —1<e?+5forall j > 0. We derive a bound for
+1,T

large j. Consider j > w (and still j > o). Given any r > 1, define G;, MAX,, and z = y/logr as defined earlier.
Then,

P(G; <r) =P (MAX, > y;) (151)
>IED(MAX S+ _Biy ) (152)
= r 1% — — — =Y

YUVhi 6
— z A;
=E|E|1[{MAX, >+ — — — )’ H 153
ol (o> s 55 15
_ 2 A; Ay

—E|1 ﬂ+,+l>u)]P’ y >y —— Zﬂ)]. 154
(R MR R 5

2 6

where we used that yi=ul—%. Now, sincej>w=28810gy++e),

\/2log (TA? + b A;
p Y2l (TA; +¢%) A (155)

VI 6
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Therefore, for r < (TA? + 66)2,

2 A ylog(r) A A (156)
Vyi o 6 Vi 6 127
Then, since 0; is N (ﬁl (r; +1), %) distributed random variable, using the upper bound in Lemma we

obtain for any instantiation F; of history F,,,

— . a2
P<@j>ﬂ1 (TJ—+1)—% 7., =FT_7) >1—%e*7ﬂﬁ >1—2(TA;+66). (157)
being j > w. This implies:
IP(MAXT>;11(Tj+1)+ 2 _ L ]-'T,=FT,)>1—1T. (158)
Vvioo 6 ! ! 27 (TA? + €9)

Also, for any ¢t > 7; + 1, using Lemma as E[fi;] = p1 we get:

_ A _ A y 1
P(ﬂ1+z—>yi> >]P’<ﬂl>u1—) R LT | . E— (159)

vy 6 6 (TA2 + ¢6)*
Let TV = (TAZ2 + 66)2. Therefore, for 1 < r < T”, we have:
1 1
PGj<r)=1- o (T’)T/Q — (T’)S‘ (160)
When r > T" > e'2, we obtain:
1 1
Combining all the bounds we have derived:
[e¢]
E|G;] < P(G;=r 162
J J
r=0
T’ 0
<1+ P(G;=r)+ P(G;=r 163
J J
r=1 r=T'
T 0
1 1 1 1
<1 -+ — 164
FA vy Ty T A e 1o
1 1 2 3
5
So we have proved that:
267y (P; (B, (5)),Q; (7, (9))) E- 1 -1 if0< i
1 erfe( %jﬁl(a)) * Fia (o) |:P11‘1—_]-+1,T :| - H0sj<o
Y ’ W Zf]}wcmd])a
Furthermore, it also holds:
1 (e?2+5) ifj<w
Py 41,1 TA(oT): 1J=W

as it is the expected value for the term in a stationary process with fixed mean for the reward equal to 1, (o)
(Lemma 6 |Agrawal and Goyal (2013), but can be also retrieved by making the same calculation that we have
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just performed). So, we can write:

@)<3§E|il_4

=t |[Pim+ur
Z;J F( 12+5)+2j T TA (10'T)2 lfFZO'
< 4 (169)
o 20 P; (m ,Q o .
Zj:l‘ TV(erfC(él(]))u Z(gb)l( ) +Z] F( 12 4 5) +ZJ P (1(TT)2 T <o
W(€12+5)+m lfFZO'
<A : (170)
Z;’:F 26TV(£;C((I‘41 (Q)HQZ (l)“;("’))) + w( 12 + 5) (; T fD <o
summing all the term follows the statement. O

Corollary 6.4 (Explicit Beta-TS and v-GTS Bound). Let @ = 0. Under the same assumptions of Theorems-
and[6.3, setting I = oo, with a > 1, for both ET-Beta-TS and v-ET-GTS, for every p € Mz and for every arm

i€ [K]\{i*(T)}, it holds thatE

(i1)

Proof. The proof for Beta-TS follows from the proof of Theorem setting w = %, x; =m;(T) + A (g’T)
and y; = Gy (0) — M Rewriting Equation (72)):
T
91n(T)
exp(—jd(zi, yi)) < <14 —222) 171
;B p(—jd(xi, y:) ; R (o0.1) (171)
Finally we can rewrite Equation :
4 3 e . _ 8
I i o (s A7 ifj<a
Jim@(s) 1< NG b ) e (172)
s=0 Fj+1,yi (3) (C] (6_ 2+ (je+1)A§2 + eA?il) lf.] = Al
3 . .
A if j <%
e R W (173
(st + e + ahg) 1923
where A/ = 1, (0) —y; = = (g ) and D; = d(y;, 114 (o )) = y; log ﬁly(” 7+ (1—yi)log 1 1# y(l 7> where the inequalities
follow from the facts that e™ < 1 (for z > 0) and e® > 1+ z (for every value of ). Summing over all the terms
we obtain:
T’ .
3 Z]] Lim@) ) g ( L los(T) ) : (174)
j=1 \s=0 Fj+1,yi (S) Ai(aa T)2 Ai(o—a T)2

By doing all the steps from Equation to Equation it is easy to see that the condition from Equation
(84) still holds. The result follows by summing all the terms and noticing that for all the instances in M.,
whenever each arm is pulled at least o times the sum of the dissimilarity terms vanishes. The result for v-GTS
follows trivially from the statement of Theorem noting again that by definition of the class of instances all
the dissimilarity terms vanish for I" > o. O

Theorem 6.5 (Lower Bound). Let T € N and & € [2, L531]. For every algorithm 2, it holds that:

K
sup Ru(A,T)> —(GF—2). (6)
“EM%et 64

"Notice that the choice of the exploration parameter I' requires just an upper bound & to the complexity index ou(T)
of the set of SRRB of interest Mz. Details are provided in Appendix E
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Figure 7: The two instances pu and p'.

Proof. First of all; we build two instances, defined for n € [T] and 20 + 1 < T = o < (T —1)/2:

p1(n) = min{%1, 1
p= ; (175)
wi(n) =min{”2—;1,% if i e [K]\{1}
We define 7; , as the round in which the i-th arm gets to § pulls and i* € argmax;cpxp (13 {Epl7i,0]}, i-e., the
arm whose expected value for the round in which it is played for the Z-th time under policy 2l in environment
1 is the largest in the set of the suboptimal arms. We then introduce the second environment as:
i (n) = min {22, 1

p' =< pi(n) =min{%1 1 if i e [K]\{1,¢*} . (176)
s (n) = min {"2—;1, 1}

Intuitively, the two environments are indistinguishable as long as an algorithm does not pull arm i* at least &

times. The instances are depicted in Figure [7]

By performing some simple calculations, the following equalities also hold:

_ . o _ 1 B g+1

Hi(T) = % (T) = /%‘(T) =1 ST

Fyx(T) =1 — 202; L if i ¢ [K]\{1,*}
Ty (T = L otl

i (T) = (T) = B AT

Consequently, we have for all i € [K]\{1}:

- _ _ 1 22+1_ 3T+1_ 5
Aipw(T.T) = n(T) = () = 7 = o= 2“7 = 35 (177)

and again for all 7 € [K]\{i*}:
— — 1 3c+1_T+1_ 1
i = ’ > . - = — — > — > —
Ri(T.T) > By (T, T) > e (T) ~ (1) = 5 = 2d 2 > T2 > 0,
having used o < (T — 1)/2. Furthermore, notice that by definitions of the instances both g and g will belong
to Maia,. Let 2 be an algorithm, using Lemma [C:14] we can lower bound the regret in both the environments

pand p':

=

(178)

— 5
R”(Ql, T) = Z Ai,u(Tv T)Eu[Ni,T] Z 55 Z Eu[Ni,T]a
. 32
i#1 i#1
where R, (U, T) is the expected cumulative regret at the time horizon 7' in the environment p and E,[N; 7] is
the expected value of the total number of pulls of the suboptimal arm ¢ at the time horizon T, for a fixed policy
2. Similarly for the environment p':

_ 1
Ryw(@.T) 2 Y, N (T DEw[Niz] 2 5 3 Ew[Nir],

ik i ¥
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where R,/ (U, T) is the expected cumulative regret at the time horizon 7' in the environment p’ and E, [N; 7] is
the expected value of the total number of pulls of the suboptimal arm i at the time horizon T, for a fixed policy
2. For ease of notation we define Njx1, = >}, Ni; and Njx - = >}, ;s Ni ,, for all possible stopping times
7 € [T]. Notice that the following holds:

sup Ry (A,T) = max{R,(A,T), Ry (A, T)} (179)
p'eMzag 2
min{A; (T, T), A1 (T, T
> P20 DT s I (1, N, ] + By Voo ) (181)
min{A; (T, T), A1 (T, T
> DB D) 2w T [Ny V4 BNy ) (182)

Now we select as a stopping time for the adapted filtration 7;% ,, where 7% , is defined as above, so we can write
E, [N#i*xn*,a] =Eu [N#i*ﬁi*_’g], since by definition 7;# , is the r.v. denoting the time at which the i*-th arm
gets played for the 2-th, i.e., up to which the two instances are indistinguishable. This yield to:

EulNizrr )+ B [Nigiw e 1= BplNizrr e ]+ BulNigix 1y ] (183)
= Eu[Niz1,rs , + Nigire ry ] (184)
= Ep[7ix o], (185)

where for the last inequality we used the fact that Nizi -, + Nigix 7, = ST, # 1) + 1{, # i*) >

31777 1. Now, in order to find the lower bound we shall find the bound for E,.[7:% ] We recall that by definition
i* € argmax;e )\ (1} Ep[7i,0], s0 the following holds:

K K
(K —DE,[T% ] = Z Eul7io] = Eu lZ Tm] . (186)

i=2 i=2
Let us sort the arms in ascending order based on the round in which they get to
value of 7. ,. In particular, we use the notation:

g

2 pulls, i.e., according to the

Tl < T2 < < T[K],o (187)
Thus, we can rewrite:
K K-1
Tig 2 D Tl (188)
i=2 j=1
by a pigeonhole-like argument it is easy to infer that 7[;;, = j§, then:
K K—1 o K= o(K — 1)K
2o > ]; Tile = 5 ]; iz (189)

Substituting in (186)) we obtain:

Putting all together, from Equation (182)):
1 K
sup R (A,T) = g]E”[Ti*,g] = 337 (191)
pn'eEMas 2
the final result follows substituting o « anz O

B.4 Proofs of Section [T

Theorem 7.1 (ET-Beta-SWTS Bound). Under Assumption for the ET-Beta-SWTS algorithm with a window
of size T € [T, for every arm i € [K]\{i*(T)}, it holds that:

T log(T)
EM[N'L',T] < O( I+ TT;Q + (()'/ o F)T .
(i) —— (iii)
(i)
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Proof. For ease of notation, we set o'(T57) = o'(7), Hyw ) (0" (T57);7) = Ty (0'(7)) and AYT57) = A;.
Using Lemma in the form stated in Equation , we can bound the expected value of the number of pulls

at the time horizon as:
T

T ‘ 1

IET[NiT]<F+1+l+w+]El 3 ]l{p2”>71t—i7NitT>w}]

3 T L, T sl
t=KT+1+1

(A)

T
1
+El ) (i —1>]1{It=i*(t)}1-
t=KTri+1 \Pi%(t),t,7

(B)
In what follows, we will consider, without loss of generality, the first arm to be the best, i.e., for each round
t € [T] we have that i*(¢) = +*(T") = 1. Furthermore we will set y;+ = y; = fiy(0'(7)) — %, x; = pi(T) + A3i,

w= %L and = (¢/(r) = T)(r + K). We define fi;;, = Sier We further decompose A in two contributions,

(yi—xq) Ni ¢ r
formally:
T ' 1 ]
(A)=E Z 1{p§t7>7ﬂit7<$i,ft—i,Nitr>w}
ELE) T the) ELg)
lt=KT+1+1 A
(A1)
- | X }
+E Z ]]-{pzt7->7ﬂitT>xiaIt_iaNitT>w}
sy T thd] s by
| t=KT+1+1 i
(A2)
Term (A2) Focusing on (A2):
T
(A2)<E l D Ui > i, Nigr > w}] (192)
t=KI'+1
T
< D) Pligr > il Nigr > w) (193)
t=KTI'+1
T
< Y Pl —Elfuier] > 2 — Elfiig )| Nig.r > w) (194)
t=KI'+1
T T
< D DI Plhies —Elfies] > 2 — Elfigsr], Nier = J) (195)
t=KT+1 j=w
T T
< Y D P(fier —Eljigs] > 2 — pil(T), Nigr = J) (196)
t=KT+1j=w
T
< Y rexp (—2w(z; — wi(T))?), (197)
t=1

where the last inequality follows from the Chernoff-Hoeffding bound (Lemma |[C.1)). By definition it holds that
x; — pui(T) = y; — x;, substituting we obtain:

T T
D rexp (—2w(mi — pi(T))?) = > rexp (—2log(T)) < 1. (198)

=1
Term (A1) Evaluating the term (Al) we can rewrite:
T

. 1 R
(Al) <E 2 1< pis, > TaNi,t,‘r Z W, flitr <TG
t=KI+1

©)
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We wish to evaluate if condition (C) ever occurs. To this end, let (F;_1)ry be the canonical filtration. We
have:

P07 >vi|Nipr = w, fligr < T3, Fro1) =

=P (Beta (fis,¢,+Ni,e,r+1, (1 = frie,r ) Nije, v +1) > il flier < 24, Nijgr = w)
P (Beta(x;Nitr +1,(1 —2)Nir + 1) > yi|Niyr = w)

Fﬁi,t)T+1,yi (2iNip | Nigr = w)

Fll\i,t,ﬁyi,(

NN

VAN

2iNi 1| Nitr > w)

N

exp (—N; ¢~ d(xi, yi) | Nigr = w)

N

< exp (—2w(yi — 24)”),
where the last-but-one inequality follows from the generalized Chernoff-Hoeffding bounds (Lemma |C.1). Equa-
tion (201) was derived and the Beta-Binomial identity (Fact [C.5]), (200) by exploiting that a sample from
Beta (z;N; ¢r + 1, (1 — x;)Nis - + 1) is likely to be as large as a sample from Beta(f; ¢N; ¢r +1, (1—ftie,r ) Nitr +
1) (reported formally in Lemma ) and finally (202)) follows from Lemma Therefore, for w = og(T) -

(yi—ms)??
we have:

1

P(b;t,r > |yi, Nijgr = w, fligr < T4, Fr—1) < T (205)

in contradiction with condition (C), so (Al)= 0.

Term (B) We now tackle term (B):

T
(B)zEl > ( il 1)]1{@:1}], (206)
t—KT+i41 \PLt.7

we notice that from the algorithms design we can infer that for any round ¢t > KT + (¢/(7) —T') + 1 every arm has
been played at least o’(7) times, since it means that for every interval 7 the best arm is played at least once. To
take into account this information, we rewrite (B) as follows (so that we do not have to specify that we restrict
just to those filtrations such that Ny ; = o’(7)):

El i <pzilt7 1)1{It:1}] ZEl i ( 1 1)1{It:17Ni,t>U/(T)}1 ) (207)

i
t=KI+1+1 t=KT1i+1 \Plt,7
Using the properties of the expected value, we write (B) as:

v~

pli
— t,T
t=KT'+Il+1 c1

wos § ][5

t=KT+I+1 Lt

(B) = E i ( ! _1> 140, =1, Nyy > o'(r) (208)

]1{01}” , (209)

since by definition Ny ;, < 7 we can use a peeling-like argument similar to that in [Fiandri et al.| (2025) we can
decompose condition C1 in log(7) sub-events C1; with j € [1,log(7)] defined as:

{Cly}={I; =1, Ny, =0 (1), &' <Ny, <_¢é } (210)
::N]‘71 ::Nj
with:
={I, = >0’ < - < .
{Cll} {It 1, Nl,t g (T), O Nl,t, e } (211)
N(] Nl

Thus, we can rewrite (B) as:

log(7) T 1
B)=E| > > ]l{Clj}El<pi _1>

j=1 t=KT+Il+1 1,t,7

]1{01}1 . (212)

(B)
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Noticing that for every j the inner summands that will contribute to the total summation are those for which
condition C1; holds true, we can write:

I 1
> ]1{61j}1E[< - —1)
t=KT+I+1 Piir

now we wish to evaluate (x). We write:

1
(*) = ENl,tﬂ" #y, (Nit.r) . l(pi’tﬂ— ) 1>

where the outer expected value runs on every possible instatiation of Ny ; » that respect condition C1; and every
possible set of N7, expected rewards of the plays of the best arm at time t. Now, we can bound (#x) using
Lemma [5.2] so that is possible to exploit the bounds provided for the stationary case in Lemma 2.9 by [Agrawal
and Goyal (2017). In particular:

]1{(31}1: i ]1{c1j}]E[<pi1 —1>|(11j], (213)

t=KT+1+1 Lt,r

(%)

Cl;, Niyr, ul(Nl,t,T)1 , (214)

(%)

Nyt .+ f Nit,r
~ Nit,ry p (Nl.t,-r)(s) - le t Ty (Nt )(S)
(**) = -1 —1< e LN LT -1 (215)
;J Fﬁl,t,r""lvyi(s) SZ:=O Fﬁl‘t,r"'lﬂli (5)
Y if j <log(£)

i

(+3) < , (216)

ANy, _D. cpo
S} (e—z + 7(N11t771+1m;2e DiNver 4 7A;2N11M > if j> log(A%)
e —1
where A} = 71 (Niey) — yi = fy(0'(T57)i7) — i and Di = y;log(s——y) + (1 — yi) log(i o) =
2(111 (N1,t,5) — yi)? = 2(1,(0/ (T 7); 7) — yi)?, for every round ¢ > KT + [ + 1, where the last inequality follow
from Pinsker’s inequality. Using the fact that by definition N;_; < Ny, < N;, we can write:

L if J < 10%(%)
(o) < . , (217)
o <e— T ramare YA+ AN1> if §>log(xy)
e
2 if j <log(x)
_ (218)
© (A?}\?j—l + Nj—glAf + A??;VG%I) ifi= log(%),

where we exploited the fact that e™* < % for z > 0 and 1+ x < e” for every x. Then for fixed j the bound does
not depend neither on Ny ; - nor on 7i; (N1 ;), leading to:

v if j <log(zr)

() < | (219
o () i 5> los(d)

that yields to:

9 T log(7) 1 T
B)<0| 5 > dofer+ )] A >oafen | (220)
ngog(%)t:KF-a—Hl j>log(2) J=12%  KT4i+41
(B2)

(B1)
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First we face term (B2):

T T
B2)= > 1{cyl< D) I{L =1,Njo1 < Nygr < Nj} (221)
t=KT+I+1 t=KT+i+1
T
< Z L{I; = 1, N1 tr < Nj} (222)
t=KT+1+1
N;T
< —=, (223)
T
where in the last inequality we used Lemma Now we bound (B1):
T T
BH< > >oaey = > >oa{cLy) (224)
jglog(%) t=KT+Il+1 t=KT+Il+1 jg]og(%)
¢ 8
< > 1 {It =1,Nyr < A,} (225)
t=KT+1+1 i
8T
< —, 226
TA (226)
where again the last inequality follows from Lemma Replacing all the terms we can rewrite (B) as:
log(T)
72T N,;T
B) <O | 2 A L 227
®) SWYRIIDINES s (227)
g>log(Zr)
observing that by definition A} > A; and that N]jil = e we obtain:
72T eTlog(T)
B) <O , 298
(B) (TA? * TAZ (228)
summing all the terms yield to the statement. O

Theorem 7.2 (y-ET-SWGTS Bound). Under Assumption setting v < min{&, 1}, for the v-ET-SWGTS
algorithm with a window of size T € [T, for every arm i € [K|\{i*(T)}, it holds that:
Tlog(TAZ+¢e5%) T
E,[N; T]<O< r +W++(n’r)7>.
’ ~—— yTAL N

(i) (iii)
(i1)

Proof. For ease of notation we set o'(T;7) = o'(7), iz (1) (0 (T 7); 7) = [z 1y (0 (7)) and AY(T';7) = A;. Using
Lemma [BI] we can bound the expected value of the number pulls of the suboptimal arm at the time horizon as:

1 T wT ) , 1
E[Nix] ST +1+ =+ =+ —+E l > {péﬁ > I, =i,Nisr > w}
€; T T b Te;
t=KI'+Il+1

(A

T
1
+]El > ( - 1) 1{I, = i*(t)}] .
t=KT+i+1 \Pix(0).t,r

(B)

In what follows, we will consider, without loss of generality, the first arm to be the best, i.e., for each round
t € [T'] we have that i*(t) = ¢*(T") = 1. Furthermore we will set y; s = y; = 1, (0’(7)) — Agi, x; = pi(T) + Agi,

w = %ﬁ?;e% and | = (0/(1) = T)(7 + K). We define fi;, , = }?;—i’ We further decompose (A) in two




Thompson Sampling-like Algorithms for Stochastic Rising Bandits

contributions, formally:

T
) 1 —
(A) =K [ Z 1 {p;,tﬂ' > ﬁ:ﬂi,t,r < xivlt = ini,t,T = w}]

t=KT+1+1
(A1)
r , 1 _
+E[ Z ]l{pzt'r>7ﬂit-r>xi7[t:i7Ni,t,T>w}]' (229>
sy TEZ sl
t=KT+i+1
(A2)
Let us first tackle term (A2).
Term (A2) Focusing on (A2):
T
(A2) <E l Y Wi > i Nigr > w}] (230)
t=KT+1
T —
< Z P(fti ¢, r > il Nigr = w) (231)
t=KT+1
T — j— —
< 2 ]P)(/li,t,'r - E[ﬁ’i,t,v’] > Ty — E[ﬂi,t,'f]"]vi,tﬁ = (.d) (232)
KT+1
T T B
< Z Z P( Nz tr /"LZ,t,T] > Xq — E[ﬂi,t,T]7Ni7taT =J) (233)
t=KT+1j=w
T T
< Z Z P :uz t,r /’Lz,t,‘r] > Ti— /.Li(T), Nitr = j) (234)
t=KT+1 j=w
d 1
2
< t;rexp (-WW( — (7)) ) (235)

where the last inequality follows from the Chernoff-Hoeffding bound (Lemma [C.9)). Substituting w and noticing
that x; — u;(T) = y; — x;, we obtain:

T
Z T exp (—Q;w(mi — ui(T))z) < é (236)

t=KI'+1

Term (A1) We focus now on (Al):

T
, 1 -
AD<E| > U8pl, > Nipr > w fiy, <@g |- (237)
t=KT+i+1 Te;

(©)
We wish to evaluate if ever condition (C) occurs. In this setting, 6, ; . is a Gaussian random variable distributed
as N (ﬁ”ﬁ, ’YN%) We recall that an J\/(m,UZ) distributed r.v. (i.e., a Gaussian random variable with
mean m and variance o2 ) is stochastically dominated by N (m/,0?) distributed r.v. if m’ > m (Lemma
Therefore, given ﬁiyw x;, the distribution of 6; ; ; is stochastically dominated by A (x,, TN ) Formally

_ 1
P (0it,r > yi | Nistyr > W, fiigr < @i, Fio1) <P (N <$i7 N > > yi| Fro1, Nigr > w> . (238)
Y v it T

Using Lemma we have:

(vNier) (vi—=i)?

1 1 .t
P i) < ce” ‘ 2
(N (%”YN”T) > yl> 5¢ 2 (239)
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1 o) (yi—=)?
<ge s (240)
hich is smaller than Ly b > 208(TAD) g hstituting into Equation (238 :
which 1s smaller than TAZ ecause w = Swi—e)? ubstituting into Equation , we get:
— 1
P(0itr>vi | Nipr = w, gy, < 3, F-1) < =5, (241)
sl TAl

in contradiction with the condition (C).

Term (B) We notice that by design of the algorithms that every 7 + K rounds, after the forced exploration,
every arm will be played at least once, therefore after KT + (¢/(7) —T")(7 + K ) rounds every arm has been surely
played at least ¢/(7) times. In order to encapsulate this information without the need to say that we restrict to
filtrations for which the aformentioned condition holds, we rewrite (B) in an equivalent form:

<B>=E[ 3 (“p) 1L =1,N, > o'(1} ] (242)

t=KT+I1+1 Pitr
we will consider two different contribution to (B):

. .
1—pi
B =E| Y (Z””) 1L =1,Nis > 0'(r), Nitr <w

i it
k t=KTti+1 \ Pltr e
(B1)
& 1- Pi t,T
+E Z <Z> 1L =1,N1t >0 (7),N1tr>w . (243)
t=KT+1+1 Plt,r ps
(B2)

First we face (B1), doing what we have done in the proof of Theorem we rewrite the term:

(Bl)=E i ﬂ{Cl}El( 1.1 —1)
| t=KT+l+1 Lt7

| $ e[

t=KT+I+1 Lt,r

]1{01}” (244)

611 , (245)

L (%)
where the last inequality follows from the fact that the only summands that will contribute to the total summation
within the outer expected value are those for which C1 holds true. We now wish to evaluate (x):

1
(*) =En,,, |E i -1
o pl,t,T

(%)

Cl, Nitr =j] , (246)

where the outer expected value runs on every possible number of plays of the optimal arm within a window 7
that satisfy condition C1. Given F;_1, let ©; denote a N’ (ﬁl_’m, %) distributed Gaussian random variable. Let

G; be the geometric random variable denoting the number of consecutive independent trials until and including
the trial where a sample of ©; becomes greater than y;. Then observe that pj , . = Pr(0; > y; | F;—1) and:

1
E %
pl,t,T

Let z = +/logr and let random variable MAX , denote the maximum of 7 independent samples of ©;. We

Cl, Nitr = j] =E[E [Gj | Fi1]] = E[Gj]' (247)

abbreviate fi; ; . to fi; and we will abbreviate 7z, (o”(7)) as y; and Z; (T, 7) as A; in the following. Then for any



Thompson Sampling-like Algorithms for Stochastic Rising Bandits

integer r > 1:

P(G; <r) =P (MAX, > y,) (248)
— z
=P | MAX, > [i +.>y¢> 249
( = (219
— z
=E|E|[1(MAX, > +,>yi> .7-"_” 250
HQCS—TE -
— z - z
=E|1 /)+.>yi>]P’<MAX,.>[¢ +,‘]~'_)]. 251
(R 1 - 250
For any instantiation F;_; of F;_1, since ©; is Gaussian N’ (ul, ) distributed r.v., this gives using .
— z 1 z 2 "
PlMAX, >fy +—| Fo1=F_1)>1- 1—ez/2) 252
( ' 1251 "Y]’ t—1 t 1) ( o (Z2 + 1) ( )
IRV 1\"
1 (- ) (253)
V2o (logr + 1) \/r
>1—¢ Vit (254)
For r > e'2:
z 1
P (MAXT > [+ m‘ Fiq1 = Ft1> >1- 7“72 (255)
Substituting we obtain:
_ z 1
PG <r>]E[]l(,a +>yl)(1_)] 256
( J ) 1 m r2 ( )
1
=|1—-—=|P —— = 257
(1-7)p (g 2m) o
Applying Lemma [C.9| to the second term, we can write, since E[fi,] = u1 for t > KT + 1 + 1:
_ z _ 22 1
P, +——>p ) >1—€ 222 >1— —, 258
(it =zm) 21— =1 (259)
being v < 4)\2 Using, y; < u1, this gives
_ z 1
]Pﬂ+,>yi)>1—. 259
(s r2 (259
Substituting all back we obtain:
+
=Y PG =) (260)
r=0
o0
=1+ZP(Gj>r) (261)
<1+e'?4 Z L (262)
r=1 7"2
<l+e?+2+2 (263)
This shows a constant bound for (xx) = E[G,] — 1 < e'? + 5 for all j satisfying condition C1. This yields to:
(x) <e'? 45, (264)
then (B1) can be written as:
T
(B1) < (e'? + 5)E l > n{a}] , (265)
t=KT+1+1
where the inner term can be bounded by Lemma thus obtaining:

(B1) < (e'? + 5)?. (266)
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We derive a bound for large j. Let us now consider (B2), making the same steps we have done earlier we can
rewrite it as:

L 1
B2)=E| > 1{02}1@[(1, 1)

t=KT+Il+1 PLt,r

cz] , (267)

()

and similarly:

(*) =En,,, |E [( il - 1) ‘ C2, Niyyr = j] , (268)

pl,t,T

()
where the outer expected value runs on every possible number of plays of the optimal arm within a window T,
N +,» = j that satisfy condition C2. Given F;_1, let ©; denote a N/ (ﬁl_’m, 7—3) distributed Gaussian random vari-

able. Let Gj be the geometric random variable denoting the number of consecutive independent trials until and
including the trial where a sample of ©; becomes greater than y;. Then observe that pj , . = Pr(0; > y; | Fi—1)

and:
1
E i
pl,t,r

Let z = +/logr and let random variable MAX, denote the maximum of r independent samples of ©;. We

C2, Niy,= j] =RE[E[G) | Fi-1]]l = E[G)]. (269)

abbreviate fi; ; . to fi; and we will abbreviate 7z, (0/(7)) as p1 and Z; (T,7) as A; in the following. Then for any
integer r > 1:

P(Gj <7) =P (MAX, > y;) (270)

> y> (271)

Hr oY
A

— A; — z
—E|1 (7 + 2=+ 2 P MAX, > Ay + —— — 2
[ (M1+ - Ml) < Hq 56

Fir)| (273)

288 10g(TA12 +66)
vA? ’

V2log (TAZ 1 &6) A,
o V2108 ,’+6)<%. (274)

JAY;
3

where we used that y; = 1 — S5t. Now, since j > w

~

3

Therefore, for r < (TA? + 66)2,

—~

i_ﬁ_iw_ﬁg_ﬁ. (275)
Vi 6 Vi 6

12
Then, since ©; is N <ﬁ17t77, %) distributed random variable, using the upper bound in Lemma we obtain

for any instantiation F;_q of history F;_q,

P(O;>i —ﬁ]—" =F >1—le_7j%>l—; (276)
S T ) et el =T (TAT T e
being j > w. This implies:
— z A 1
P | MAX, > [ =" Fa=F_1)>21- ——. 277
(080T + 5= 5| 7 = ) 21 s =
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Also, using Lemma as E[fi;] = p1 for t = KT + 1+ 1 we get:

— z A; - A
Plig+—=—-—2>2y|2P(ih>m——)=>1
(e -5 2n) e (Bzn-3)

A2 2
— e*ﬂAi/72>‘

1
P(Gy<r)=1-
j o (1) (1)
When r > T" > e'2, we obtain:
1 1

Combining all the bounds we have derived:

E[GJ] < iP(Gj =)

T’ 0
<1+ ) P(Gy=r)+ Y P(Gj=7)
r=1

1

<1+ i ! + +
N r=1 (2ﬁ)7 (T/)7

1 1 2
5
+TA22+66'

<1+

<1

This yields to:

(B2) <O <A13> .

3
VT

by summing all the terms we obtain the result from the statement.

=>1-

1

(TAZ + ¢6)'%

(278)

(279)

(280)

(281)

(282)

(283)
(284)

(285)

(286)
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C AUXILIARY LEMMAS

In this section, we report some results that already exist in the bandit literature and have been used to demon-
strate our results.

Lemma C.1 (Generalized Chernoff-Hoeffding bound from [Agrawal and Goyal| (2017)). Let Xi,..., X, be in-
dependent Bernoulli random variables with E[X;] = p;, consider the random variable X = %22;1 X;, with
p=E[X]. For any 0 < X <1 — p we have:

P(X > p+ ) <exp(—nd(p+ A p)),

and for any 0 < A <
P(X <p—A) <exp (—nd(p— A\ p),

where d(a,b) == alog ¢ + (1 —a)log 1=¢

Lemma C.2 (Change of Measure Argument from [Lattimore and Szepesvari (2020)). Let (Q, F) be a measurable
space, and P,Q : F — [0,1]. Let a <b and X — [a,b] be a F-measurable random variable, we have:

[
2P - [ X()dQ >\<<b—a>aTv<P,Q>. (287)

Lemma C.3 (Lattimore and Szepesvari| (2020), proposition 2.8). For a nonnegative random variable X, the
expected value E[X] can be computed as:

+oo
E[X] = J P(X > y)dy.
0
Lemma C.4 (Roos (2001), Theorem 2). Let us define p = (pi1,...,ftn), € (0,...,n) and p € (0,1). We have
that the total variation distance between two variables PB(p ) and By(n, p) is:
st1 (I=gig /Ol )) .
Co()0(popr,) T LEERD) gy ) <1
orv (PB(p,): Bs(n, 1)) < o (1=y/0np,))? =n

b1 : (288)
Co(s)n(p, p, )2

(1 +4/2n(p, 1)) exp(2n(p, p ) otherwise

n(pp ) n it
where 0( Hn) = m’ n(ﬂ’ﬁn) = 272(u’ﬁ7z)+’yl(u’ﬁn)2’ ’yk(ﬂ’ﬁn) = Zn/zl(y’_lun) Cl( ) elet1)? +1)4
s I exp (5 o5t
Csy(s) = CO e i) 2 7, obtain the binomial distribution is sufficient to set s = 0 in By(n, ).

Val(s+1)1
Lemma C.5 (Beta-Binomial identity). For all positive integers «, § € N, the following equality holds:
Fray) = 1 F2 5, (o —1), (259)

where Fabeé“(y) is the cumulative distribution function of a beta with parameters o and 3, and FP w1yl —1)
is the cumulative distribution function of a binomial variable with o + 3 — 1 trials having each probabzlzty Y.

Lemma C.6 (Boland et al,| (2002), Theorem 1 (iii)). Let Y ~ Bin(n,\) and X = >, X; where the X; ~

Bin(n;, A;) are independent random variables fori =1,... k then:
X >4 Yif and only if A < X (290)
X <g Yif and only if A = A¢g, (291)

where X =4 Y means that X is greater than'Y in the stochastic order, i.e. P(X > m) = P(Y > m) Ym, and:

Ag = <ﬁ /\Z“) Ny (292)

i=1

Neg = 1— (ﬁu - )\i)’“> . (293)

3=

i=1

Lemma C.7 (Abramowitz and Stegun| (1968) Formula 7.1.13). Let Z be a Gaussian random variable with mean

u and standard deviation o, then:

1 _z2
P(Z>M+IU)>E1‘2+1€ 2 (294)
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Lemma C.8 (Abramowitz and Stegun| (1968))). Let Z be a Gaussian r.v. with mean m and standard deviation
o, then:

1
4T

Lemma C.9 (Rigollet and Hiitter| (2023) Corollary 1.7). Let Xi,...,X, be n independent random variables
such that X; ~ SUBG(c?), then for any a € R", we have

n t2
P [Z a; X; > t} < exp (—W> , (296)

e 2 < P(|Z —m| > 20) < e 72 (295)

1
2

i=1

and

n 12
P |JZl aiXZ- < —t‘| < exp <_20'2|a|g> (297)

Of special interest is the case where a; = 1/n for all i we get that the average X = %Z;;l X;, satisfies

nt?

P(X >t) < e 22 and P(X < —t) <e 22

Lemma C.10 (Samuels (1965),Tang and Tang] (2023), Theorem 2.1 (2)). Let X ~ PB(p1,...,pn), and X ~
Bin(n, p) with p = %Z?Zl pi, for any convex function g : [n] — R in the sense that g(k+2)—2g(k+1)+g(k) >0
for all 0 < k < n—2, we have:

Eg(X) < Eg(X), (298)

where the equality holds if and only if p1 = - - - = p, of the Poisson-binomial distribution are all equal to p of the
binomial distribution.

Lemma C.11 (Johnson and Goldschmidt| (2006) Definition 1.2, (1974)). A random variable V taking

values in Z, is discrete log-concave if its probability mass function py (i) = P(V = i) forms a log-concave
sequence. That is, V is log-concave if for every i = 1:
pv(i)? = pv (i — Dpy (i + 1) (299)

Any Bernoulli random variable (i.e., only taking values in {0,1}) is discrete log-concave. Furthermore, any bino-
mial distribution is discrete log-concave. In fact, any random variable S = 3" | X;, where X; are independent
(not necessarily identically distributed) Bernoulli variables, is discrete log-concave. Notice then that, by definition
—L__ is discrete log-convez.
pv (i)
Lemma C.12 (Hill and Houdrg| (1999), Theorem 2 p.152, Remark 13 p.153, Remark 1 p.150). Let 1 < a <
r < 4000 and let q : Z — [0, 4+00] be r-concave (Definition 1 p.150|Hill and Houdré (1999); we highlight that for
Remark 1 p.150 |Hill and Houdrd (1999) to be co-concave is equivalent to be discrete log-concave). Then, J%q
is (r — a)-concave, we assume r — o = +0 when r = +0 and r > a. Where the a-fractional (tail) sum of a
function q : Z — [0,00] is defined for every o > 0 by the formula:
o0
J%q(n) = Z (a Tk 1> q(n +k), (300)
k=0 k
so that for a binomial pdf pyin, being pyi discrete log-concave (see Lemma , follows that JT*ppin(—n) is
0-concave on 7 for a = 1.

Lemma C.13 (Combes and Proutiere| (2014), Lemma D.1). Let A < N, and 7 € N fized. Define a(n) =
nol 1{t € A}. Then for all T € N and s € N we have the inequality:

t=n—71

2 1{n e A, a(n) < s} < s[T/7]. (301)

n=1

Lemma C.14 (Fiandri et al| (2024), Lemma 4.1). Let T € N be the time horizon, © a fized policy, and p a
rising rested bandit. Then, it holds that:

R, (m,T) > Z Ay(T, T)E}[N; 7], (302)
isi* (T)
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Lemma C.15 (Bretagnolle-Huber inequality and List of KL-Divergences by |Gil et al| (2013))). Let P and Q be
two probability distributions on a measurable space (2, F). Recall that the total variation between P and Q is
defined by

Srv (P, Q) = Zlelr;{\P(A) - Q(A)l}

The Kullback-Leibler divergence is defined as follows:
folog (35)dP if P« Q

400 otherwise

Dk (P|Q) = {

In the above, the notation P « @Q stands for absolute continuity of P with respect to @, and % stands for the
Radon-Nikodym derivative of P with respect to Q.

The Bretagnolle-Huber inequality states:

S1v(P,Q) < v/T— o (- D (PIQ)) < 1 - 5 exp (~Dice (PQ)).

A comprehensive list of KL-Divergences is provided in Figure[§ In Figure[§ T'(z), ¢(x), and B(z) denote the
Gamma, Digamma, and the multivariate Beta functions, respectively. Also, v ~ 0.5772 is the Euler-Mascheroni
constant.

Lemma C.16 (Theorem 4.2.3, Example 4.2.4 Roch| (2024)). Let F,, , be the CDF of a Bin(n,p) distributed
Random Variable, then holds for m < n and q < p:

Fp(2) < Finq(2) (303)

for all x.

Lemma C.17 (Beta and Normal Ordering).

1. AN (m7 02) distributed r.v. (i.e., a Gaussian random variable with mean m and variance o? ) is stochastically
dominated by N (m/,0?) distributed r.v. if m' = m.

2. A Beta(a, 8) random variable is stochastically dominated by Beta(a/, ') if o = a and B’ < 5.

These lemmas are informally stated in |Agrawal and Goyal (2017), and though intuitive we had difficulties to
find formal proofs, so we provide one here.

Proof. Let us consider the ratio of the pdfs of the normal distributed Random Variables:

f o () —(x—m/)? + (z —m)? 2z(m' —m) —m/? + m?
, - = 304
fmyo’ (ZC) eXp 20_2 eXp 20_2 ’ ( )
that is increasing in € R. Similarly let us consider the ratio of the pdfs of two beta distributed random variables:
Jor 5'(37) (/) B'—B
: = Coo .5 1 , 305
Fo@)  Coass (1-2) (305)

that is increasing in x € (0, 1), as cq,o’ 8,8 is a constant independent from x. So for zg < z; for the ratios hold:
fm o (%0) < Fnt o (%1)

fm‘a‘(x()) = fm,,a(xl)

, (306)
fm’,a(xo)fm,o(xl) < fm,o(l'O)fm’,a(ZEl)
and
fa/,ﬁ/(Io) fu/yﬁ/(:vl)
fa,5(%0) S fa,p(z1) *
(307)

for g (@0) fa,8(x1) < fa,8(20) far,p(71)
Let us first tackle the normal distribute random variables. Integrating with respect to zg up to x; we obtain:

fm,a(xl) le fm’,a(mO)de < fm’,a(ml) f_xl fm,a(xO)de (308)
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Name Dgr (fillf;)
. log 2 00 (0 = a5) 9 (5) (s~ )
+ [a; +b; — (a; + ;)] ¥ (a; + b;)
Chi L) (ki/2) (ki — kj) + log (;‘T)k % + 3 (02— 0?)
% log [gir) + 5% (d;/2)
Cramér 0 +9J log 0—1 —
Dirichlet log gEZ’; +3¢ [aik - ajk] 1/1 (ai,) — (ZZ:1 am)
Exponential log % %AL
Gamma (%52 ) ki + 10g <1;((Z ;":) + (ki — ky) (log 0; + ¢ (k)
I\Gd;il;zgate 3 (tog fg + or (57730) ) + & (i — 1) =5 (s — ) = ]

Univariate Gaussian

2
507 | (i = p1j)” + 0f —0f | +log Tt

Special Bivariate Gaussian

1—p’ P7—p;pi
log (kpé) + 4= p
i 7

General Gumbel

1) + elmi—n)/BiT (7 + 1) -1

T2

log () + "5

Half-Normal
: 1(A Py g (pi—pg)”
Inverse Gaussian 3 (AJ + log ()\]) + = il . 1)
Laplace log i—z + le”;fjl + i‘—J exp (— 7|9’7;0j|> -1
Lévy
Equal 1 (g> cj—ci
Supports 2 log oy T
(1i = p5)
Log-normal 5oz | (i — 1;)° + o2 — 07| +log 2
L 2,
Maxwell Boltzmann 3log (L]) + w
J
a
Pareto log (::) + log &+ L =% for m; = m; and oo otherwise.
J
T2
Rayleigh 2log (U—) + Uig;”
i i
Uniform log l; % for (a;,b;) < (aj,b;) and 0o otherwise.
General L kj—ki )R k;
Weibull log (k [T] st (B) T+ ) -1

Figure 8: KL Divergences
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fmo (@) Fy o (21) < finr o (21) Fi o (1),
so for any z € R it holds:
Fo o (2) < fm o (2)
Fro(z) h fimo ()
Integrating with respect to x; up to g we obtain:
+00 +o

fm’,a(xo) fm,o’(xl)dxl < fm,o(xO) fm’,o($1)d$1

Zo Zo

Jmt o (20) (1 = Fin o (20)) < frno(20)(1 — Frvr o (20))

so for any x € R it holds:
fr o (2) < 1 — Fv ()
fim,o(2) Cl- Fro()
Putting together the two inequalities yields to:
Fo.o(x) - 1—Foo(x)
Fo(®) ~ 1=Fy.(z)

= Fho(x) = Fyo(x), Vo

Now we tackle Beta distributd rvs. Integrating with respect to xg up to z; we obtain:

1 L1

faﬁ(fl) fa’,ﬁ’(fv())dxo < fo/ﬁ’(xl) fmﬁa(iro)dx()
0 0

fap(@1)For pr(21) < for pr (1) Fop(21),
so for any z € [0,1] it holds:
Furr @) _ forir(a)

Fap(x) = fas(®)
Integrating with respect to x1 up to x¢ we obtain:

1 1
fa/,,g/(x())f Fus(a1)dwr < fap(xo) f Farp (1)

for 3 (0)(1 = Fap(20)) < fap(20)(1 = For pr(20))
so for any x € [0, 1] it holds:

for (@) _ 1= Fr ()
fap(@) = 1= Fap(x)’
Putting together the two inequalities yields to:
Forpr(x) 1= Forp(2)
Fa,ﬁ(x) Tl Fa,ﬁ(x)
Thus obtaining the statements.

= F,p5(x) = Fy p(z), V.

(309)

(310)

(311)

(312)

(313)

(314)

(315)

(316)

(317)

(318)

(319)

(320)

(321)
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D WHY ENFORCING EXPLORATION IS GENERALLY BENEFICIAL?

Although the optimal value for the exploration parameter for each instance (i.e., 0, (7)) depends on the instance
itselﬁ and the quantities needed to compute it might not be accessible to the learner, the result from Theorem
[6.5] and Corollary [6.4], makes clear why, even without the knowledge of these quantities, enforcing exploration
is beneficial. In fact, although forced exploration may add a source of regret for some instances, it will ensure
enough exploration to be able to have tighter guarantees for a wider range of problems. For example, setting
an arbitrary forced exploration parameter I' = A would guarantee enough exploration for the algorithms to
properly face all the instances from M. Furthermore, these results also provide a useful criterion for setting
the exploration parameter I', i.e., whenever the policymaker thinks the class of problems is hard to learn should
set I" high, to ensure that the algorithms can learn a wider range of instances with guarantees on the regret,
viceversa whenever the policymaker expects to face simple problems should set T low.

8We highlight that this is common in the forced exploration literature (see, |Garivier et al.| (2016), Chapter 6 of
Lattimore and Szepesvari (2020))), and is not specific of our algorithms.
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E NUMERICAL SIMULATIONS, PARAMETERS AND REPRODUCIBILITY
DETAILS

E.1 Parameters

The choices of the parameters are those suggested by the authors:

e Rexp3: Vp = K as we’ve considered bounded rewards within zero and the maximum global variation possible
is equal to the number of arms of the bandit; v = min{l, (f_l(l);ng } JAp = [(K log K)/3 (T/VT)Q/BW
Besbes et al.| (2014);

e KL-UCB: ¢ = 3 as required by the theoretical results on the regret provided by |Garivier and Cappé| (2011));
e Serd: according to what suggested by |Allesiardo et al.| (2017) we selected § = 1/T,e¢ = =, and ¢ =

KT>
N .
TKlog(KT)’

e SW-UCB: as suggested by |Garivier and Cappé (2011) we selected the sliding-window 7 = 44/T'log T and
the constant £ = 0.6;

e SW-KL-UCB as suggested by Garivier and Moulines (2011) we selected the sliding-window 7 = o=%/%;

o SW-TS: as suggested by [Trovo et al.|(2020) for the smoothly changing environment we set 5 = 1/2 and
sliding-window 7 = T'=# = \/T. Even though the paper handle just Bernoulli rewards, we will choose the
same order for the window length also for v-SWGTS.

e R-ed-UCB: the window is set as h;; = [eN; ;1| as suggested by the authors Metelli et al.| (2022), € € (0, 3),
being N; :—1 the numbers of plays of the i — th arm up to time ¢.

E.2 Environment

To evaluate the algorithms in the rested setting with K = 15 arms over a time horizon of 7' = 100, 000 rounds.
The payoff functions p;(-) have been chosen in these families:

Fop = {f(n) | f(n) =c(1—e7")}, (322)
Fholy = {f(n) | f(n) =c (1 —b (n + bl/p) _,)> } : (323)

where a,c,p € (0,1] and b € Ry are parameters, whose values have been selected randomly. The complete
settings and function selection method, in compliance with what has been presented by Metelli et al.| (2022),
have been provided in the attached code.

E.3 Experimental Infrastructure

In this section, we provide additional information for the full reproducibility of the experiments provided in the
main paper.

The code has been run on an AMD Ryzen 7 4800H CPU with 16 GiB of system memory. The operating system
was Windows 11, and the experiments have been run on Python 3.8. The libraries used in the experiments, with
the corresponding versions, were:

e matplotlib==3.3.4
e tikzplotlib==0.10.1

e numpy==1.20.1

On this architecture, the average execution time of each algorithm takes an average of ~ 20 — 40 sec both in the
synthetic environment for a time horizon of 7" = 100,000 and int the IMDB environment for 7" = 50000.
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E.4 15-arms Numerical Simulation Results

The results of the numerical simulation presented in Section [§] are reported in Figure [0} In this case we have
performed 20 runs, in the semi-transparent areas are reported the standard deviations. The results show how
the methods that have been designed for the restless case perform worse than the one we presented in our paper.
The only exception is the Beta-SWTS that we showed to also have nice theoretical properties in the SRRB setting.
Overall, the comparison with such methods do not invalidate the conclusions we drew in the main paper.

-10%
6 ]
——KL-UCB
--- R-ed-UCB
----Rexp3
Serd
4 —— SW-KL-UCB
= e
=
2 |
0 ]

T T T T T
0 20000 40000 60000 80000 100000
t

Figure 9: Regret in the 15-arm environment.

E.5 IMDB Experiment

SRRBs are a powerful tool to model a lot of real-world challenges. In particular, we focus on concave rising
rested bandits that are suitable to describe recommendation systems, in which you should be able to model
satiation effects |Clerici et al.| (2023)); [ Xu et al.| (2023). In particular, in this scenario, bandit algorithms serve as
meta-algorithms. In fact, we will consider the learning algorithms (such as, logistic regression, neural networks
and OGD) as different arms, and the expected reward will be based on the score given by IMDB. We refer the
reader to (Metelli et al., [2022] Appendix E.2) for the details of the setting. Specifically, we consider a constant
learning rate for Logistic Regression (A\; = 1). Moreover, the NNs use as activation functions the rectified linear
unit, i.e., relu(z) = max{0, 2}, a constant learning rate o« = 0.001 and the Adam stochastic gradient optimizer for
fitting. Two of the chosen nets have only one hidden layer, with 1 and 2 neurons, respectively, the third net has
2 hidden layer, with 2 neurons each, and two nets have 3 layers with 2,2,2 and 1,1,2 neurons, respectively. We
refer to a specific NN denoting the cardinalities of the layers, e.g., the one having 2 layer with 2 neurons each is
denoted by NN22. We analyzed their global performance on the IMDB dataset by averaging 1,000 independent
runs in which each strategy is sequentially fed with all the available 50,000 samples. The learning curves are
depicted in Figure The experiments will be organized along this line: first, we run all the algorithms against
we are competing comparing them with the results of conventional TS algorihms, with 7' time horizon set to
50000. The experiment shows that the algorithms devised for the standard bandit are competitive, meaning that
the environment is not too challenging (coherent with our analysis, i.e., o is low). For the second experiment,
we add two artificial arms (the details on the artificial arm are provided in the code) to make the environment
more challenging for the algorithms. We provide the average cumulative regret and the standard deviation in
the semi-transparent areas.

Experiment 1, Figure The experiment shows that, as we have discussed in the paper, conventional T'S
algorithms can be still effective whenever the complexity induced by the term ¢ is low enough. In fact Beta-TS
and standard -GTS outperform all the algorithms, even those designed explicitly for Rising Rested bandits, i.e.,
R-ed-UCB. Compared to the results presented in the main paper, here we report additional baselines.



Marco Fiandri, Alberto Maria Metelli, Francesco Trovo

0.9

LR

“ { :“\ il K NN1
: L W Win g 1AL NN2
=5 0.8 ol ‘,,,,’A R ki
0 (i | NN112
g o7+ | NN222
g h‘ OGD
- i
E
= 0.6
2 !
= \ﬁ
= \

0.5 +

T T T T T
0 10000 20000 30000 40000 50000
Pulls

Figure 10: Empirical Learning Curve for each algorithm.

Experiment 2, Figure We add two arms whose evolution challenges the effectiveness of standard bandit
algorithms (details are provided in the attached code), i.e., such that a large number of pulls is needed to
inferentially estimate the best arm from the other. One of these new two arms is the optimal one. In this
experiment we set the forced exploration again equal to 2000, and the sliding window set as suggested in
Appendix [E] This experiment shows that the conventional algorithms start to fail, as well as the algorithms
devised to face restless settings. Conversely, R-ed-UCB and the forced exploration TS-like algorithms are able
to consistently select the best arm. Differently to what happens for the synthetic setting, R-ed-UCB is the
best performing algorithm (note that the presence of the additional arms makes the learning problem different
compared to the original IMDB setting), however, the TS-like algorithms with forced exploration, shows a more
pronounced flattening of the curve, so that for large enough time horizons T" we expect them to cath up.
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Figure 12: Average Cumulative Regret for the second environment (IMDB experiment with additional arms).
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F ABOUT THE COMPUTATIONAL COMPLEXITY

There are three main approaches to handle dynamic environments.

Discounting (Qi et al.| (2023); |Garivier and Moulines| (2011))): giving different weights to the gathered exam-
ples, so that some samples can be more important for the learner. This class of methods need to re-compute
the average values at every turn for every arm, by updating the weight of all the samples collected during the
learning, so that the complexity would scale as O(t). However, the most common and exploited version of the
discounted methods can reach O(1) complexity per round per arm in the update phase, as it updates the mean
value by a multiplication, so that the overall complexity per round is O(K), being K the number of arms.

Change detection methods (Liu et al|(2018)); Besson and Kaufmann| (2019)): that at every turn ¢ run a
ratio test routine to infer if the distribution is changed, operation that is computationally expensive as it is
requested most of the times to compute threshold values that need to be evaluated for every possible subset of
samples gathered within [s,t] with s € [1,1] (see for example Definition 1 of Besson and Kaufmann| (2019)), so
that a time complexity of O(t) per round is unavoidable.

Sliding Window approaches (Trovo et al|(2020))): are those approaches in which we need to remove the
effect of the oldest observation. This requires mantaining a deque to store rewards per arm, leading to efficient
removal in O(1) per arm, and therefore to an overall time complexity per round of order O(K), as the sampling
itself for the Thompson sample is also O(1) per arm and finding the maximum is O(K). We highlight that is
the same time complexity per round of the standard Thompson Sampling used for stationary setting.

Thus, Sliding-Window approaches for Thompson Sampling are one of the most competitive approaches in liter-
ature even for what regard time complexity.
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