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ABSTRACT

We provide a theoretical analysis for end-to-end training Discrete Flow Match-
ing (DFM) generative models. DFM is a promising discrete generative modeling
framework that learns the underlying generative dynamics by training a neural
network to approximate the transformative velocity field. Our analysis establishes
a clear chain of guarantees by decomposing the final distribution estimation error.
We first prove that the total variation distance between the generated and target
distributions is controlled by the risk of the learned velocity field. We then bound
this risk by analyzing its two primary sources: (i) Approximation Error, where we
quantify the capacity of the Transformer architecture to represent the true velocity,
and (ii) Estimation Error, where we derive statistical convergence rates that bound
the error from training on a finite dataset. By composing these results, we pro-
vide the first formal proof that the distribution generated by a trained DFM model
provably converges to the true data distribution as the training set size increases.

1 INTRODUCTION

We provide a comprehensive theoretical analysis of Discrete Flow Matching (DFM), establishing
rigorous error bounds and statistical convergence rates for training this emerging class of models.
Generative models for discrete data, such as text, proteins, and molecules, are central to modern ma-
chine learning. Recently, discrete flow matching (Campbell et al., 2024; Gat et al., 2024) emerges
as a powerful and flexible paradigm in these domains. It learns a transformation from a simple prior
distribution to a complex data distribution by parameterizing the dynamics of a Continuous-Time
Markov Chain (CTMC). A key advantage of this approach is its simulation-free training objective.
Instead of solving complex differential equations, discrete flow matching models learn the under-
lying velocity field that governs the probability path, leading to efficient and stable training. This
framework has achieved promising results in various applications, including video generation (Fuest
et al., 2025), inverse protein folding (Yi et al., 2025), and graph generation (Qin et al., 2024).

Despite its rapid adoption and strong empirical performance, the theoretical foundations of discrete
flow matching remain unexplored. This creates a critical gap between practice and theory: How
does the error in the learned velocity field translate to error in the final generated distribution? What
are the expressive limits of the neural networks, like Transformers, used to parameterize these ve-
locities? And how does the quality of the generated samples depend on the amount of training data?
Without answers to these questions, it is difficult to understand the discrete flow matching method’s
behavior, its fundamental limitations, or how to guide future improvements in a principled manner.

This paper addresses these gaps by providing the comprehensive theoretical analysis of end-to-
end training for Discrete Flow Matching. We focus on the popular setting of factorized velocities
(Lipman et al., 2024) parameterized by the Transformer architecture (Vaswani et al., 2017; Gat
et al., 2024), the major workhorse of modern generative AI. Our analysis establishes a clear chain
of guarantees connecting model design and data size to the quality of the resulting distribution.

Contributions. Our contributions are three-fold:

• Intrinsic Error Bounds for Discrete Flow Matching. We establish a fundamental error
bound intrinsic to the Discrete Flow Matching (DFM) framework. Our analysis begins
with the Kolmogorov equation (2.3), which governs the relationship between a probability
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distribution and its underlying velocity field in a Continues Time Markov Chain Section 2.
We frame the problem as analyzing the discrepancy between the solutions to two systems
of Kolmogorov ODEs (Lemma C.3): one for the true data distribution pt and its velocity
field ut, and the other for the estimated distribution pθt driven by our learned velocity field
uθ
t . By applying Grönwall’s Inequality (Lemma C.2), we derive an explicit upper bound on

the total variation distance between the true distribution pt and the estimated distribution pθt
in (Theorem 3.1). This bound is intrinsic because it originates from the core discrete flow
matching paradigm of modeling the velocity field rather than the distribution—an inherent
source of error that exists irrespective of model architecture or data volume. This result
validates the intuition that a more accurate velocity field approximation yields a higher-
fidelity generative model. It provides a distribution convergence guarantee for any discrete
flow matching implementation, including empirical works that do not use Transformers
(Campbell et al., 2024; Gat et al., 2024; Lipman et al., 2024).

• Approximation Error Analysis. We analyze the approximation error, proving that Trans-
former networks possess sufficient expressive power to approximate the ground-truth ve-
locity fields with a controlled error rate. A key challenge is that the existing universal ap-
proximation results for Transformers (Appendix B) limits to continuous functions, whereas
our velocity field u(x, t) is defined over a discrete space x ∈ S. We bridge this theoretical
gap in Lemma 4.5 by first constructing a continuous extension, ũ(x, t), that preserves the
temporal smoothness of the discrete velocity function. Building on this, we then derive
an upper bound on the approximation error when using a Transformer estimator uθ(x, t)
to model the ground-truth velocity u(x, t) (Theorem 4.7). This result provides a formal
justification for using Transformers to model discrete flows.

• Estimation Error Analysis. We derive statistical convergence rates for the estimation er-
ror, which arises from learning the velocity field from a finite dataset. Our analysis proceeds
in two stages. First, leveraging our approximation error bounds from Theorem 4.7, we ana-
lyze the velocity estimation error in Theorem 5.1. This result establishes a rate at which the
Transformer-based velocity estimator converges to the true field as the number of training
samples increases. Second, we combine this velocity estimation error with the intrinsic
error bound for discrete flow matching (Theorem 3.1) to derive a final upper bound on
the distribution estimation error in Theorem 5.2. Together, these theorems provide a solid
theoretical guarantee for discrete flow matching models implemented with Transformers,
grounding existing empirical applications (Fuest et al., 2025; Qin et al., 2024; Yi et al.,
2025) in a rigorous framework.

Organization. Section 2 reviews the core concepts of discrete flow matching and the Transformer
architecture. Section 3 establishes our intrinsic error bound for the Discrete Flow Matching frame-
work. Section 4 provides an approximation error analysis for discrete flow matching implemented
with Transformers. Section 5 derives statistical convergence rates for both velocity and distribution
estimation errors. Section 7 summarizes our contributions and discusses their implications. The ap-
pendix provides supplementary material and proofs. Appendix B details the theoretical background
on the expressive power of Transformers. Appendices C and E to G contain detailed proofs of our
main theorems. Appendices H and I study approximation and estimation rates for generic DFM
without the factorized velocity technique.

Notation. We denote the index set {1, . . . , I} by [I]. Let x[i] denote the i-th component of a vector
x. Let Z denote integers and Z+ denote positive integers. Given discrete probability distribution P
and Q, we denote the total variation distance between P and Q by TV(P,Q). Given a matrix Z ∈
Rd×L, ∥Z∥1 and ∥Z∥F denote the induced 1-norm and the Frobenius norm. For vectors u, v ∈ Rd,
the Bregman divergence induced by a strictly convex function Φ : Rd → R is D(u, v) := Φ(u) −
Φ(v)−(u−v)⊤∇Φ(v). Let ∥·∥1 and ∥·∥2 be the ℓ1 and ℓ2 vector norms. Let S = {s1, . . . , sN} be a
finite state space. For each t ∈ [0, 1], let ft : S×S → R be a scalar-valued function. Then we define
a vector-valued function ft(·, x) : S × [0, 1] → RN , as ft(·, x) := [ft(s1, x), . . . , ft(sN , x)]⊤.
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2 PRELIMINARIES

In this section, we provide an high level review of discrete flow matching following (Lipman et al.,
2024), and the transformer architecture (Vaswani et al., 2017).

Continues Time Markov Chain. Consider the discrete data x from state space S = Vd where
vocabulary V = {1, . . . ,M}. In this paper, we utilize a natural embedding E : S ↪→ Rd that maps
each discrete token j ∈ V to its corresponding integer value as a real number.. For convenience,
we view V = [M ] as a subspace of R. The Continues Time Markov Chain (CTMC) (Norris, 1998)
is a continuous stochastic process (Xt)t≥0 that models systems evolving over continuous time. A
defining characteristic of a Continues Time Markov Chain is the Markov property, meaning the
system’s future state only depends on its current state, not on its past history. Let pt denote the
probability mass function (PMF) of Xt. Then we define an unique Continues Time Markov Chain
by specifying an initial distribution p0 and rates function (velocity field) ut(y, x) : S × S → R.
This function induces the probability transition kernel pt+h|t as

pt+h|t(y|x) := P (Xt+h = y|Xt = x) = δ(x, y) + ut(y, x)h+ o(h), (2.1)

where δ(x, y) is the Kronecker delta function, equal to 1 when x = y and 0 otherwise. The values
ut(y, x), called rates or velocities, represent the instantaneous rate of transition from state x to state
y at time t. We define ut generates pt if there exists pt+h|t satisfying (2.1) with probability path
(pt)t≥0. For the total probability to sum to one, i.e.,

∑
y pt+h|t(y|x) = 1, the rates function ut must

satisfy the following conditions (rates conditions),

ut(y, x) ≥ 0 for all y ̸= x, and
∑
y

ut(y, x) = 0. (2.2)

By the definition of transition kernel (2.1), a rates function ut and an initial distribution p0 define a
unique probability path pt via the Kolmogorov Equation (Lipman et al., 2024, Theorem 12),

dpt(y)

dt
=
∑
x∈S

ut(y, x)pt(x). (2.3)

Finally, we simulate a sample trajectory (xt)t≥1 with Euler method

P (Xt+h = y|Xt = x) = δ(x, y) + ut(y, x)h, with P (X0) = p0(x).

Discrete Flow Matching. Discrete Flow Matching (DFM) is a generative modeling framework
that learns a transformation from a source distribution p0 to a target distribution p1 (Campbell et al.,
2024; Gat et al., 2024; Lipman et al., 2024). The core principle is to first define a probability
path (pt)t∈[0,1] that interpolates between p0 and p1. This path is induced by a Continuous-Time
Markov Chain (CTMC) characterized by a velocity field ut. The learning objective is to train a
neural network uθ

t to approximate this ground-truth velocity. We train the model by minimizing the
discrete flow matching loss, which measures the discrepancy between the ground-truth velocity ut

and predicted velocities uθ
t using a Bregman divergence D(·, ·) (see Section 1 for definition)

LDFM = Et,Xt∼pt

[
D(ut(·, Xt), u

θ
t (·, Xt))

]
,

where the ground-truth velocity u(·, Xt) (notation follows Section 1) satisfies the rate conditions in
(2.2). A tractable method for constructing these paths and velocities is Conditional Discrete Flow
Matching (CDFM) (Campbell et al., 2024; Gat et al., 2024), which introduces an auxiliary discrete
random variable Z over a space Z with PMF pZ(z). The marginal probability path is defined as

pt(x) =
∑
z∈Z

pt|Z(x|z)pZ(z).

As shown by (Lipman et al., 2024), if each conditional path pt(x|z) is generated by a velocity
ut(y, x|z), the corresponding marginal velocity ut(x) is given by

ut(x) =
∑
z∈Z

ut(y, x|z)pZ|t(z|x), where pZ|t(z|x) =
pt(x|z)pZ(z)

pt(x)
.
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This leads to the CDFM loss, an objective based on the conditional velocity fields

LCDFM = Et,Z∼pZ ,Xt∼pt|Z

[
D(ut(·, Xt|Z), uθ

t (·, Xt))
]
.

Crucially, the CDFM and DFM objectives yield identical learning gradients (Lipman et al., 2024,
Theorem 15), i.e., ∇θLCDFM(θ) = ∇θLDFM(θ). This equivalence makes CDFM a powerful and
efficient training strategy. In this paper, we instantiate the Bregman divergence as the squared ℓ2
distance. Then the conditional flow matching loss takes the form

LCDFM = Et,Z,Xt∼pt|Z

[
∥ut(·, Xt|Z)− uθ

t (·, Xt)∥22
]
. (2.4)

Factorized Paths and Velocities. For sequences of length d over a vocabulary of size M , the ve-
locity field ut(·, x) must specify a transition rate to all Md possible states. The model’s output is
therefore a vector in RMd

. This exponential scaling with sequence length makes the direct mod-
eling of the velocity field intractable. To overcome this challenge, we employ factorized velocities
(Campbell et al., 2022; 2024; Gat et al., 2024), which decompose the velocity field as

ut(y, x) =
∑
i

δ(yī, xī)ui
t(y

i, x), (2.5)

where δ(·, ·) is the Kronecker delta and ī := (1, ..., i − 1, i + 1, ..., d) denotes all indices except i.
We then model each component ui

t(y
i, x) with a neural network uθ,i

t (yi, x), which outputs a vector
in RM . This reduces the total output dimension to a tractable d · M . Substituting the factorized
velocity (2.5) into the CDFM objective (2.4) yields the following loss function

LCDFM = Et,Z,Xt∼pt|Z

[
∥ut(·, Xt|Z)− uθ

t (·, Xt)∥22
]
, (By the definition of CDFM (2.4))

= Et,Z,Xt∼pt|Z

∑
y∈V d

∑
i∈[d]

δ2(yī, X ī
t)
(
ui
t(y

i, Xt|Z)− uθ,i
t (yi, Xt)

)2 , (By (2.5))

= Et,Z,Xt∼pt|Z

∑
i∈[d]

∥ui
t(·, Xt|Z)− uθ,i

t (·, Xt)∥22

 . (2.6)

To generate samples from the trained model (Campbell et al., 2024; Gat et al., 2024), we simulate
the CTMC by applying coordinate-wise updates for each i ∈ [d] using a discrete time step h

P (Xi
t+h = yi|Xt = x) = δ(xi, yi) + huθ,i

t (yi, x). (2.7)

Mixture Paths. Following (Gat et al., 2024; Lipman et al., 2024), we adopt mixture paths for our
strategy for conditional generation. By conditioning on the source-target pair Z = (X0, X1), we
construct a factorized conditional probability path pt|0,1(x|x0, x1) =

∏
i p

i
t|0,1(x

i|x0, x1), where
each per-coordinate path interpolates between the source and target tokens

pit|0,1(x
i|x0, x1) = κtδ(x

i, xi
1) + (1− κt)δ(x

i, xi
0).

Here, δ(·, ·) is the Kronecker delta and κt is a monotonically increasing smooth function that satisfies
the boundary conditions

κ0 = 0, κ1 = 1, and
dκt

dt
> 0 for t ∈ (0, 1).

The conditional factorized velocity field that generates this per-coordinate path takes the form

ui
t(y

i, xi|xi
0, x

i
1) =

κ̇t

1− κt
[δ(yi, xi

1)− δ(yi, xi)]. (2.8)

We parameterize the velocity ui
t with a model uθ,i

t . The model is trained to match the ground-truth
velocity for each coordinate ui

t, resulting in the following CDFM loss objective

LCDFM = Et,X0,X1,Xt∼pt|X0,X1

∑
i∈[d]

∥ κ̇t

1− κt
[δ(·, Xi

1)− δ(·, Xi
t)]− uθ,i

t (·, Xt)∥22

 , (2.9)
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R1(·)

Reshape LayerE(·)

Embedding Layer

Concat fT ∈ T h,s,r

Transformer Network

R2(·)

Reversed
Reshape Layer

x ∈ S

Timestep
t ∈ [0, 1]

Rd

Rd+1 Rd0× M
d0 RMRd0× M

d0

Figure 1: Discrete Flow Matching (with Factorized Velocity) Network Architecture. Our model processes
a discrete input x ∈ S and a continuous time t ∈ [0, 1] as input. Initially, embedding layer E maps discrete
tokens to continuous embeddings (Section 2). Sequentially, the model concat the continues embeddings with
the time variable. A reshape layer then structures this combined representation into a sequence format with a
hidden dimension of d0, making it compatible with the Transformer network. This Transformer block processes
the sequence to learn the complex temporal dynamics of the discrete flow. Finally, a reverse reshape layer
flattens the output for a linear projection that predicts the underlying velocity field over the vocabulary space.

where δ(·, z) denotes a one-hot vector in RM corresponding to a token z ∈ V . For notational
simplicity, we define u(x, t) := ut(·, x) as the vector-value function representing the full velocity
field for a state x at time t. This function maps the state-time space S × [0, 1] to the velocity space
RMd

. Similarly, we apply this convention to the learnable model and their factorized counterparts:
uθ(x, t) := uθ

t (·, x), ui(x, t) := ui
t(·, x), and ui

θ(x, t) := uθ,i
t (·, x).

This paper focuses on discrete flow matching (DFM) using factorized velocities and the mixture
path construction, as these are most common choices in practice (Campbell et al., 2024; Gat et al.,
2024; Lipman et al., 2024). Given n i.i.d training {xi}ni=1 , the factorized empirical loss used to
train the velocity model for coordinate i0 is defined as:

L̂i0
CDFM :=

1

n

n∑
i=1

∫ T

t0

E
X0∼p0,Xt∼pt|x0=X0,x1=xi

∥ κ̇t

1− κt
[δ(·, xi0

i )− δ(·, Xi0
t )]− ui0

θ (Xt, t)∥22dt.

(2.10)

Discrete Flow Matching Transformers. We parameterize the velocity model uθ
t using a Trans-

former architecture (Vaswani et al., 2017). Due to space limits, we defer a detailed definition of
the Transformer block and its theoretical properties to Appendix B, including Lipschitzness and
universal approximation. We also illustrate the specific architecture used in our paper in Figure 1.

3 ERROR BOUNDS FOR DISCRETE FLOW MATCHING

Instead of estimating the distribution paths pt, the Discrete Flow Matching (DFM) framework
(Campbell et al., 2024; Gat et al., 2024) learns the underlying dynamics by estimating the veloc-
ity field ut. This section provides the first theoretical verification for this approach by establishing
rigorous error bounds for the discrete flow matching (with factorized velocity). We prove that the
quality of the generated distribution is controlled by the accuracy of the learned velocity field. We
formalize this relationship by presenting an upper bound on the total variation distance between the
estimated distribution P̂ and target distributions P , in terms of the risk of the velocity estimator.

Theorem 3.1 (Error Bound for Discrete Flow Matching). Consider the discrete state space S = Vd

with vocabulary V = {1, . . . ,M}. Let P be the true data distribution and let P̂ be the distribution
generated by a DFM model using factorized velocity estimators û1

θ, . . . , û
d
θ . For each coordinate

i0 ∈ [d], define the factorized risk as the mean squared error of its velocity estimator:

Ri0(Θ̂) :=

∫ T

t0

E
Xt∼pt(x)

∥ui0(Xt, t)− ûi0
θ (Xt, t)∥22dt,

where the time interval is clipped to [t0, T ] to ensure numerical stability and pt(x) is true probability
path generated by factorized velocities u1, . . . , ud. Then, the total variation distance between the

5
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true and generated distributions is bounded by the sum of the risks from each factorized component:

TV(P, P̂ ) ≲
√
M exp(2Mu)

∑
i0∈[d]

√
Ri0(Θ̂),

where Mu is the upper bound of estimated velocity such that
∣∣∣uθ,i0

t (y, x)
∣∣∣ ≤ Mu for all y, x ∈ S.

Proof. Please see Appendix C for a detailed proof.

Remark 3.2 (Comparison with Flow Matching Error Bounds). Our error bounds Theorem 3.1 pro-
vides an analogue to flow matching bounds (in 2-Wasserstein distance) like (Benton et al., 2023),
with foundational differences in technique. We bound the solution error of the Kolmogorov for-
ward equation governing the probability distribution. In contrast, their approach uses the Alekseev-
Gröbner formula to control the trajectory-wise error of the underlying flow ODE. This technical
distinction leads to different complexity sources: total variation distance bound scales exponentially
with upper bound of the estimated velocity Mu, whereas their 2-Wasserstein bound scales with the
velocity field’s Lipschitz constant L.

Theorem 3.1 confirms that the central challenge in discrete flow matching is to learn factorized
velocity estimators ûi0

θ with low risk Ri0(Θ̂). Therefore, the subsequent sections analyzes the two
primary sources of this risk: (i) Section 4: the approximation error (the error arising from learning
velocity estimators with neural networks, which is the inherent limitation of model class) and (ii)
Section 5: the estimation error (the error arising from training on a finite dataset).

Roadmap of Our Theoretical Results. For the convenience of readers, we provide the logical
structure of our theoretical results in Figure 2 below. It illustrates the progression from supporting
lemmas to intermediate error bounds. Altogether, these bounds culminate in our four main results
(error bounds for discrete flow matching): intrinsic (Theorem 3.1), approximation (Theorem 4.7),
velocity estimation (Theorem 5.1), and distribution estimation (Theorem 5.2).

Theorem 3.1
Intrinsic Error Bound for DFM

Lemma C.2
Grönwall’s Inequality

Lemma C.3
Error Dynamics

Lemmas E.3 to E.6
Auxiliary lemmas

Lemma E.2
Continues Extension

Theorem 4.7
Approximation Error Bound

Lemmas F.3 to F.7
Auxiliary Lemmas

Lemma D.1
Bump Function

Theorem 5.1
Velocity Estimation Error Bound

Theorem 5.2
Distribution Estimation Error Bound

Figure 2: Roadmap of Our Theoretical Results.

4 APPROXIMATION ERROR FOR DISCRETE FLOW MATCHING

This section addresses the first component of the learning error: the approximation error of discrete
flow matching with transformers. We focus on the transformers since the transformers are the foun-
dational architecture in many of today’s most powerful generative models based on discrete flows,
such as (Fuest et al., 2025), inverse protein folding (Yi et al., 2025), and graph generation (Qin et al.,
2024). Section 4.1 embeds the discrete ground-truth velocity field u(x, t) into a continuous space
RMd

. Section 4.2 presents the approximation error bounds for discrete flow matching.

4.1 EXTENDING THE VELOCITY FIELD

To analyze our model’s approximation error, which operates on the discrete domain S = Vd, we
require a continuous extension of the ground-truth velocity field. Therefore, we first embed the
discrete input space S into the continuous Euclidean space Rd, following Section 2.

6
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Remark 4.1. While we present our proofs using the inclusion embedding, the functional extension
technique in Lemma 4.5 applies to any frozen injective embedding of the vocabulary. Consequently,
analogues of our main results continue to hold for arbitrary injective embeddings. We formulate our
main results under the inclusion embedding for simplicity of analysis.

Applying this embedding, we then extend the velocity function u(x, t) to a continuous function
ũ(z, t) defined over z ∈ Rd. The goal is to construct this extension ũ such that it preserves the
smoothness of the original function. We quantify this smoothness using the Hölder space.
Definition 4.2 (Hölder Class). Let d, d′ ∈ Z+, Ω ⊂ Rd, and let β = k + γ be the smoothness
parameter with k = ⌊β⌋ ∈ Z≥0 and γ ∈ [0, 1). For a k-times differentiable function f : Ω → R,
the Hölder norm is defined as

∥f∥Hβ(Ω) :=
∑

∥α∥1≤k

∥∂αf∥L∞(Ω) +
∑

∥α∥1=k

sup
x,y∈Ω
x̸=y

|∂αf(x)− ∂αf(y)|
∥x− y∥γ

.

The Hölder class with smoothness β and radius K > 0 is then

Hβ
d,d′(Ω,K) := {f = (f1, . . . , fd′)⊤ : Ω → Rd′

| sup
i∈[d′]

∥fi∥Hβ(Ω) ≤ K}.

Our analysis requires the ground-truth velocity field u(x, t) to be smooth in time. We assume that
for any fixed state x ∈ S, the velocity function t 7→ u(x, t) is Hölder continuous, as stated below.
Assumption 4.3. For each state x ∈ S, the true velocity function t 7→ u(x, t) lies in the Hölder
space Hβ

1,|S|([0, 1],K) for some smoothness parameter β ≥ 1.

Remark 4.4. This is a standard assumption in the analysis of differential equations, ensuring the
velocity field changes smoothly over time. Assumption 4.3 is not restrictive and holds for many
common probability path constructions. A prominent example is the mixture path. The velocity
that generates the mixture path (2.8) is smooth with respect to time t. This ensures that for any
smoothness level β ≥ 1, the condition in Assumption 4.3 is satisfied.

Then the following lemma demonstrates that a smooth extension ũ(z, t) exists that interpolates the
original function while preserving its smoothness.
Lemma 4.5 (Discrete-to-Continuous Functional Extension). Let S ⊂ Rd be the discrete state space.
For each x ∈ S, let t 7→ u(x, t) ∈ Hβ

1,Md([0, 1],K) with β = k1 + γ ≥ 1, where k = ⌊β⌋ and

γ ∈ [0, 1). Then there exists an continuous extension ũ ∈ Hβ
d+1,Md(Rd × [0, 1], C) such that

ũ(s, t) = u(s, t) for all s ∈ S, t ∈ [0, 1],

where the Hölder norm C = 3e · (k1 + 2)(2k1)
2k1KMd.

Proof. Please see Appendix D for a detailed proof.

Remark 4.6. This lemma shows that it is possible to extend a family of smooth functions indexed by
discrete points to a smooth function on the whole domain with controlled Hölder norm.

4.2 DISCRETE FLOW MATCHING APPROXIMATION

Building on the continuous extension of the velocity field from Section 4.1, we now derive a spe-
cific approximation rate for the discrete flow matching model. Following practical implementation
(Campbell et al., 2024; Gat et al., 2024; Lipman et al., 2024), our analysis in this section focuses on
the setting that combines factorized velocities with the mixture path construction (Section 2).
Theorem 4.7 (Informal Version of Theorem E.7: Approximation Theorem for Discrete Flow Match-
ing). Let ui(x, t) be the factorized velocity field for coordinate i ∈ [d] under mixture path setting.
Let M be the vocabulary size. Assume Assumption 4.3 holds, then for any ϵ ∈ (0, 1), there exists a
transformer network ui

θ(x, t) satisfying that for any t ∈ [t0, T ]:∑
x∈S

∥ui
θ(x, t)− ui(x, t)∥22 · pt(x) ≲ ϵ

2
M M13,

where the size of transformers depends on ϵ and d0 is the transformer feature dimension.

Proof. Please see Appendix E for a formal version and a detailed proof.

7



378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431

Under review as a conference paper at ICLR 2026

5 VELOCITY AND DISTRIBUTION ESTIMATIONS

While Section 4 confirms that Transformers are powerful enough to approximate true velocity field
with any precision, this section addresses the practical challenge of learning from data. We analyze
the estimation error—the error that arises from having access only to a finite set of n training samples
rather than the true underlying data distribution. Specifically, Section 5.1 derives convergence rates
for the velocity estimator, showing how its error decreases as the number of training samples n
increases. Then, by applying the error bounds for discrete flow matching Theorem 3.1, Section 5.2
translates this velocity error into a bound on the final distribution error under total variation distance.

5.1 VELOCITY ESTIMATION

We begin by establishing the estimation error bounds of training the factorized velocity estimator.

Theorem 5.1 (Velocity Estimation with Discrete Flow Matching Transformer). Let ûi0
θ ∈ T h,s,r

R

with parameter Θ̂i0 be the factorized velocity estimator for coordinate i0 ∈ [d] under mixture path
setting. Given n i.i.d training samples {xi}ni=1 from state space S = [M ]d, we train the model by
minimizing empirical loss L̂i0

CDFM following (2.10). Then for large enough n we have:

E
{xi}n

i=1

[Ri0(Θ̂i0)] ≲ M13d0n− 1
5Md0 (log n)

1
5Md0 ,

Here we set transformer feature dimension d0 > 25 for simplicity.

Proof. Please see Appendix F for a detailed proof.

5.2 DISTRIBUTION ESTIMATION

The velocity estimation rate is a critical intermediate step. We now leverage this result to derive the
main statistical guarantee of our work: an end-to-end bound on the final distribution generated by
the discrete flow matching process. By combining the velocity estimation error bound from Theo-
rem 5.1 with the internal error analysis for the discrete flow matching (Theorem 3.1), we establish
the convergence rates for discrete flow matching distribution estimation error.
Theorem 5.2 (Discrete Flow Matching Velocity Estimation with Transformer). For any coordinate
i0 ∈ [d], let ûi0

θ be the i-th velocity estimator trained by minimizing empirical loss L̂i0
CDFM following

(2.10). Let P denote the true distribution and P̂ the distribution generated by the discrete flow
matching framework with factorized velocity estimators û1

θ, û
2
θ, . . . , û

d
θ . Then for a vocabulary size

M , the expected total variation distance TV(P, P̂ ) over training data {xi}ni=1 is bounded by:

E
{xi}n

i=1

[TV(P, P̂ )] ≲ M7d0n− 1
9Md0 (log n)

1
9Md0 .

Here we set transformer feature dimension d0 > 25 for simplicity.

Proof. Please see Appendix G for a detailed proof.

Theorem 5.2 establishes a concrete convergence rate, confirming that the model’s generated distri-
bution provably converges to the true data distribution as the size of the training set increases.

6 DISCUSSION AND LIMITATIONS

Our analysis also provides a strong theoretical justification for employing factorized velocities, a
common practical choice. A comparison between the statistical rates for the factorized setting (Sec-
tions 4 and 5) and the general, non-factorized setting (Appendices H and I) reveals a critical insight.
The intrinsic error bound for the general case scales with a term of Md/2 (Theorem C.4), where
M is the vocabulary size and d is the sequence length. In contrast, the intrinsic error bound for
the factorized velocity discrete flow matching depends only on

√
M (Theorem 3.1), mitigating this

severe curse of dimensionality. Because this error is model-agnostic and intrinsic to the discrete
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flow matching framework itself, the
√
M term represents a fundamental barrier, not an artifact of a

specific network architecture. This intrinsic weakness propagates to the final learning guarantees,
resulting in looser estimation error bounds for the non-factorized approach (Theorem I.7 and Theo-
rem I.8). This finding demonstrates that factorization is not only a computational convenience but is
also crucial for statistical efficiency.

While our work provide solid statistical foundation for discrete flow matching, we highlight lim-
itations and opens avenues for future research. A key limitation revealed by our analysis is the
polynomial dependence of the error bounds on the vocabulary size M . As shown in our main theo-
rems Theorem 5.2, the error bounds scale with terms like M7d0 , and thus do not provide meaningful
guarantees for typical large-vocabulary tasks such as text generation. This provides a critical in-
sight: the discrete flow matching framework may be better suited for applications with small to
medium sized vocabularies, such as coding or protein design. As part of our future work, we plan to
investigate whether this polynomial dependence constitutes a fundamental hardness result.

7 CONCLUSION

In this work, we present the first comprehensive theoretical analysis of Discrete Flow Matching
(DFM), providing an end-to-end guarantee that the generated distribution provably converges to the
true data distribution. Our key innovation is establishing a model-agnostic, intrinsic error bound
for the discrete flow matching (Theorem 3.1). This foundational result demonstrates that the final
distribution error is controlled by the accuracy of the learned velocity field, a principle that holds true
for discrete flow matching with any arbitrary implementation. Building on this intrinsic bound, we
specialized our analysis to the popular case of Transformer-based models, decomposing the velocity
risk into its two fundamental components: approximation error, which concerns the expressive
power of the model architecture, and estimation error, which results from learning on a finite sample.

To address the approximation error, we first bridge the theoretical gap between the discrete data
space S and our transformer universal approximation theory. We then construct an embedding that
maps the discrete space into Euclidean space (Section 2). This embedding allows us to extend the
discrete velocity field to a continuous one (Lemma E.2). By applying transformer universal approx-
imation theory (Proposition B.17 and Theorem B.18) to the continuous extension of the velocity
field, we obtain explicit approximation rates for discrete flow matching with Transformers (Theo-
rem 4.7). To bound the estimation error, we analyze the complexity of the function class learned
by the Transformer. By applying covering number arguments, we establish a precise rate for the
velocity estimation error (Theorem 5.1). Finally, by composing these results, we derive the overall
distribution estimation error in Theorem 5.2. This final bound characterizes the convergence rate
of the learned distribution, providing a complete statistical analysis of the discrete flow matching
Transformers pipeline.

In conclusion, this paper establishes a solid theoretical foundation for the discrete flow matching
framework, with our intrinsic error bound serving as the cornerstone. By validating the core princi-
ples of discrete flow matching and the practical utility of techniques like velocity factorization, our
work moves the understanding of these models from an empirical art to a more rigorous science,
paving the way for more principled and robust advancements in discrete generative modeling.

Related Work: Statistical Rates for Generative Models. The theoretical study of generative
models involves analyzing their statistical properties, including approximation error, estimation er-
ror, convergence rates, and sample complexity. Recent works make significant progress in this area
for continuous data models. For instance, Fu et al. (2024) establish sharp statistical rates for con-
ditional diffusion models with MLP backbones, while Jiao et al. (2024) derive explicit convergence
rates for flow models in a latent space. In a key development for Flow Matching (FM), Fukumizu
et al. (2024) show that Flow Matching achieve nearly minimax optimal convergence rates under the
p-Wasserstein distance, providing the first theoretical evidence of its competitiveness with diffusion
models. This line of studies extend to analyze conditional diffusion transformers (Hu et al., 2024b)
and higher-order flow matching methods (Su et al., 2025).

However, these theoretical work only focus on models for continuous data, leaving the discrete set-
ting unexplored. A fundamental challenge for discrete generative approaches is how to define a
tractable denoising process on discrete spaces. Our key innovation is to overcome this obstacle by

9
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constructing an embedding layer that maps discrete data into a continuous space. This crucial step
enables a rigorous statistical analysis of discrete generative models within continuous-time frame-
work. Building on this, we provide an end-to-end statistical guarantee for discrete flow matching.

We defer an extended discussion on related work to Appendix A due to page limits.
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A RELATED WORK

In this section, we discuss the recent success of DFM and techniques used in our work.

Discrete Generative Models and Discrete Flow Matching. While autoregressive models remain
the predominant paradigm for discrete data generation (Achiam et al., 2023; Liu et al., 2024; In-
graham et al., 2019), recent diffusion and flow-matching alternatives show impressive performance
across many domains, including sound generation (Yang et al., 2023), graph generation (Vignac
et al., 2022), and protein design (Campbell et al., 2024). Progress in adapting these continuous-time
models to discrete settings follows two strategies. The first involves designing diffusion processes
over discrete state spaces (Sohl-Dickstein et al., 2015; Hoogeboom et al., 2021; Austin et al., 2021;
Lou et al., 2023; Yang et al., 2023; Vignac et al., 2022). The second embeds discrete data into a
continuous space, where standard diffusion or flow-matching techniques then be applied (Dieleman
et al., 2022; Campbell et al., 2022; Davis et al., 2024).

Most recently, Campbell et al. (2024) and Gat et al. (2024) introduce Discrete Flow Matching
(DFM), which emerge as a powerful new paradigm for discrete generative modeling. DFM offers
significant flexibility in the design of the denoising process and the choice of the source distribu-
tion. Consequently, there is a growing interest in exploring the efficiency and application of DFM
for various generation tasks. This interest lead to a rapid expansion of DFM-based models. For
instance, Hu & Ommer (2024) validate its efficiency in the image domain. In graph generation,
Qin et al. (2024) introduce DeFoG, a framework that uses DFM to respect the inherent symme-
tries of graphs and disentangle sampling from training for more efficient optimization. Fuest et al.
(2025) introduce MaskFlow, a unified video generation framework that leverages DFM for efficient,
high-quality long video synthesis. Similarly, in structural biology, Yi et al. (2025) present ADFLIP,
a DFM-based model for designing protein sequences conditioned on all-atom structural contexts.
However, the success of these models are driven by empirical validation. Despite their impressive
performance and growing adoption, a rigorous theoretical understanding of DFM is lacking. Our
work fills this critical gap by providing the solid theoretical foundations for Discrete Flow Matching.

A closely related line of work investigates discrete diffusion models. Austin et al. (2021) introduce
Discrete Diffusion Models, and extend diffusion models to discrete state spaces. Subsequent work
develops masked discrete diffusion frameworks and demonstrates their effectiveness for graph gen-
eralization (Shi et al., 2025) and language modeling (Sahoo et al., 2024). There is also a growing
literature on the theoretical foundations of discrete diffusion models. For instance, Chen & Ying
(2024) analyze the theoretical properties of the discrete diffusion model and Zhang et al. (2025)
investigate the convergence result of discrete diffusion model under a certain sampling algorithm.
However, previous theoretical analyses rely on cross-entropy loss function used in discrete diffusion
model. As clarified by Lipman et al. (2024), the standard diffusion training objective can be inter-
preted as training a particular flow-matching model with x0–prediction under an appropriate time
reparameterization. In particular, masked discrete diffusion model introduced in (Austin et al., 2021)
can be viewed as a special case of mixture path model after an appropriate time reparameterization,
with source distribution P0 ∼ δ(M,M,...,M) and cross-entropy loss function. Analysis and techniques
developed in our work extend to a broader class of loss functions, beyond the MSE considered in this
paper and the cross-entropy commonly used in discrete diffusion models. Our results thus provide
a general framework for the theoretical analysis of discrete flow matching, accommodating a wider
range of loss functions tailored to different tasks.

Transformer Universal Approximation. Transformers are universal approximators, possessing
the capacity to model any arbitrary sequence-to-sequence function with a desired level of precision.
Yun et al. (2019) establish universality for deep stacks of self-attention and feed-forward layers via
a contextual mapping method, under the assumption that hidden representations remain sufficiently
separated. Later, (Alberti et al., 2023) broaden the scope of this guarantee to encompass variants
using sparse attention mechanisms. Building on this foundation, more recent findings relax the ar-
chitectural requirements. Research from Hu et al. (2024a); Kajitsuka & Sato (2023) demonstrate
that the powerful approximation capability is not dependent on depth, showing that a single Trans-
former block with one self-attention layer is itself sufficient to achieve universal approximation. In
our work, we leverage this powerful result to analyze the approximation error of Transformer-based
discrete flow matching models.

14
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B SUPPLEMENTARY BACKGROUND: TRANSFORMER BLOCK

In this section, we introduce the transformer network structure (Vaswani et al., 2017) and its prop-
erties. Following the notations in (Hu et al., 2024b), We start with the definition of transformers.

B.1 TRANSFORMERS

Transformer Block. Let h be the number of heads and s be the hidden dimension of the multi-head
attention layer. The multi-head attention layer F SA : Rd×L → Rd×L is then defined as:

F SA(Z) := Z +

h∑
i=1

W i
O(W

i
V Z)Softmax((W i

KZ)⊤(W i
QZ)),

where W i
K ,W i

Q,W
i
V , (W

i
O)

⊤ ∈ Rs×d are weight matrices for all i ∈ [h] and Softmax(·) is the
column-wise softmax function.

Let r be the dimension of hidden of the feed-forward layer. The feed-forward layer FFF(Z) :
Rd×L → Rd×L is then defined as:

FFF(Z) := Z +W2 ReLU(W1Z + b11
⊤
L ) + b21

⊤
L ,

where W1, (W2)
⊤ ∈ Rr×d are weight matrices, b1 ∈ Rr, b2 ∈ Rd are bias. Throughout this paper,

we treat ReLU(·) as element-wise operation when applied to vectors or matrices.

We define a transformer block as the composition of a self-attention layer and a feed-forward layer.

Definition B.1 (Transformer Block). For h, s, r ∈ Z+, we define a transformer block Fh,s,r :
Rd×L → Rd×L as:

Fh,s,r := FFF ◦ F SA,

where F SA has h heads and hidden dimension s, FFF has hidden dimension r.

Then we define the transformer networks function class as composition of transformer blocks.

Definition B.2 (Transformer Network Function Class). Let transformer block Fh,s,r be as defined
in Definition B.1. Then we define the transformer network function class T h,s,r as a function class
with each component being the composition of transformer blocks:

T h,s,r = {τ : Rd×L → Rd×L | τ = Fh,s,r ◦ · · · ◦ Fh,s,r}.

Discrete Flow Matching Transformers. Following the common structure of diffusion transformers
(Peebles & Xie, 2023) and flow matching transformers (Su et al., 2025), we introduce the trans-
former architecture used in this paper. We start with the definition of a reshape layer that converts a
vector input x ∈ Rdx into a matrix input Z ∈ Rd×L, where dx = d× L.

Definition B.3 (Reshape Layer). The reshape layer R(·) : Rdx → Rd×L is an operator transform-
ing vector input of dimension dx to matrix output of size d × L. Te reshape layer is frozen when
training. Further, we define the reverse reshape layer as R−1(·) : Rd×L → Rdx .

For instance, the most commonly used reshape layer in diffusion models is the operator turning
vector input of dimension dx to matrix input of size d×L by rearranging entries, where dx = d ·L.

Finally, we define the following transformer function class with reshape layer.

Definition B.4 (Transformer Function Class With Reshape Layer and Parameter Bound). Let
FE(Z) := Z + E represent the position encoding layer and R represent the reshape layer. The
transformer network class with reshape layer is defined as:

T h,s,r
R := {R−1 ◦ fT ◦ FE ◦R : Rd0 → Rd0 | fT ∈ T h,s,r}.

We write W i
KQ := (W i

K)⊤W i
Q and W i

OV := W i
OW

i
V for simplicity of notations. Then,

a transformer function class with reshape layer and parameter bound is defined as as
T h,s,r
R (CT , C

2,∞
KQ , CKQ, C

2,∞
OV , COV , CE , C

2,∞
F , CF , LT ), which satisfies:

15
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• h, s, r as defined above;

• Transformer output bound: supZ ∥fT (Z)∥ ≤ CT ;

• Parameter bound in FFF: max{∥W1∥2,∞, ∥W2∥2,∞} ≤ C2,∞
F , max{∥W1∥2, ∥W2∥2} ≤

C2
F ;

• Parameter bound in F SA: ∥W i
KQ∥2 ≤ CKQ, ∥W i

OV ∥2 ≤ COV , ∥W i
KQ∥2,∞ ≤

C2,∞
KQ , ∥W i

OV ∥2 ≤ C2,∞
OV ;

• Parameter bound in FE: ∥E⊤∥2,∞ ≤ CE;

• Frobenius Lipschitzness of fT ∈ T h,s,r:∥fT (Z1)− fT (Z2)∥F ≤ LT ∥Z1 − Z2∥F .

B.2 LIPSCHITZNESS OF TRANSFORMER NETWORK

To prepare our proofs, we first establish a new result on the Lipschitzness of transformer networks
(i.e., Lemma B.11). It shows that a function composed of Lipschitz functions remains Lipschitz.

Preparations of Lemma B.11. We first present some helper lemmas for proving Lemma B.11.
Lemma B.5. Let f1, f2 : Rd×L → Rd×L be L1- and L2-Lipschitz w.r.t. Frobenius norm ∥ · ∥F
respectively. Then f1 ◦ f2 is (L1L2)-Lipschitz with respect to ∥ · ∥F .

Proof. For all X1, X2 ∈ Rd×L, it holds:

∥f1 ◦ f2(X1)− f1 ◦ f2(X2)∥F ≤ L1∥f2(X1)− f2(X2)∥F
≤ L1L2∥X1 −X2∥F ,

where the first line is by ∥f1(X1)−f1(X2)∥F ≤ L1∥X1−X2∥F and the second line is by ∥f2(X1)−
f2(X2)∥F ≤ L2∥X1 −X2∥F . This completes the proof.

Next, we analyze the Lipschitzness of RELU function. Throughout this paper, we treat ReLU(·) as
element-wise operator when applied to vectors or matrices.
Lemma B.6 (Lipschitzness of ReLU(·)). The ReLU function ReLU : Rd×L → Rd×L is 1-Lipschitz
with respect to the Frobenius norm ∥ · ∥F .

Proof. For all X1, X2 ∈ Rd×L, it holds:

∥ReLU(X1)− ReLU(X2)∥F =

√√√√ d∑
i=1

L∑
j=1

|ReLU((X1)i,j)− ReLU((X2)i,j)|2

(By the definition of Frobenius Norm)

≤

√√√√ d∑
i=1

L∑
j=1

|(X1)i,j − (X2)i,j |2

= ∥X1 −X2∥F ,

where the second line is by |ReLU(x1)− ReLU(x2)| ≤ |x1 − x2| for x1, x2 ∈ R.

This completes the proof.

With Lemma B.6, we now prove the Lipschitzness of feed-forward layer.
Lemma B.7 (Lipschitzness of FFN). Let Z ∈ Rd×L and define the feedforward layer as

FFF(Z) := Z +W2 ReLU(W1Z + b11
⊤
L ) + b21

⊤
L .

Then FFF is Lipschitz continuous with respect to Frobenius norm, with Lipschitz constant ∥W1∥2 ·
∥W2∥2 + 1.

16
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Proof. For all X1, X2 ∈ Rd×L, it holds:

∥FFF(X1)− FFF(X2)∥F
≤ ∥X1 −X2∥F + ∥(W2 ReLU(W1X1 + b11

⊤
L ) + b21

⊤
L )− (W2 ReLU(W1X2 + b11

⊤
L ) + b21

⊤
L )∥F

(By triangle inequality)

≤ ∥X1 −X2∥F + ∥W2∥2 · ∥ReLU(W1X1 + b11
⊤
L )− ReLU(W1X2 + b11

⊤
L )∥F

≤ ∥X1 −X2∥F + ∥W2∥2 · ∥(W1X1 + b11
⊤
L )− (W1X2 + b11

⊤
L )∥F

≤ ∥X1 −X2∥F + ∥W1∥2 · ∥W2∥2 · ∥X1 −X2∥F
= (∥W1∥2 · ∥W2∥2 + 1) · ∥X1 −X2∥F ,
where the third line is by ∥AX∥F ≤ ∥A∥2 · ∥X∥F , the fourth line is by Lemma B.6, and the fifth
line is by ∥AX∥F ≤ ∥A∥2∥X∥F .

This completes the proof.

Next, we establish the Lipschitzness of self-attention. We remark that Castin et al. (2024) also
establish similar results but with a different method not applicable in our setting. We start with a
lemma proving Lipschitzness of any function whose Jacobian norm is uniformly bounded.
Lemma B.8 (Lipschitzness of Functions with Bounded Jacobian; Modified from Lemma A.6 of
(Edelman et al., 2022)). Let ∆n−1 = {x ∈ Rn|x ≥ 0, ∥x∥1 = 1} denote the n-simplex. Suppose
f : Rd → ∆n−1 belongs to C1 and satisfies ∥Jf(x)∥2 ≤ cf for all x ∈ Rd. Then for all
x1, x2 ∈ Rd, it holds:

∥f(x1)− f(x2)∥2 ≤ cf∥x1 − x2∥2.

Proof. Our proof follows the proof of (Edelman et al., 2022, Lemma A.6). With Newton-Leibniz
formula and change of variables, we have

∥f(x1)− f(x2)∥2 ≤ ∥(
∫ 1

0

J(tx1 + (1− t)x2)dt)(x1 − x2)∥2

≤
∫ 1

0

∥J(tx1 + (1− t)x2)(x1 − x2)∥2dt (By Jensen’s inequality)

≤
∫ 1

0

∥J(tx1 + (1− t)x2)∥2 · ∥x1 − x2∥2dt (∥Ax∥2 ≤ ∥A∥2∥x∥2)

≤ cf∥x1 − x2∥2. (∥Jf(x)∥2 ≤ cf )

This completes the proof.

With Lemma B.8, we now prove the Lipschitzness of Softmax(·).
Lemma B.9 (Lipschitzness of Softmax(·); Modified from Corollary A.7 of (Edelman et al., 2022)).
Let Softmax(·) : Rd×L → Rd×L denote the column-wise softmax function. Then for all X1, X2 ∈
Rd×L, it holds:

∥ Softmax(X1)− Softmax(X2)∥F ≤ ∥X1 −X2∥F .

Proof. For the simplicity of presentation, let s : Rd → Rd denote the (element-wise) softmax
function. Its Jacobian is J = diag(s) − ss⊤. Thus, J is symmetric and positive semi-definite,
so its singular values equal its eigenvalues. Recall that for softmax function, its Jacobian matrix’s
eigenvalues are smaller than 1. Hence,

∥J∥2 ≤ 1.

Combining ∥J∥2 ≤ 1 with Lemma B.8, for each column i ∈ [L] we have

∥(Softmax(X1)− Softmax(X2))·,i∥2 ≤ ∥(X1 −X2)·,i∥2.
Summing over all columns gives

∥ Softmax(X1)− Softmax(X2)∥F ≤ ∥X1 −X2∥F .
This completes the proof.
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Finally, we prove the Lipschitzness of self-attention layer.
Lemma B.10 (Lipschitzness of Multi-Head Self-Attention). Let X ∈ Rd×L satisfy ∥X∥2 ≤ BX

on a compact domain. Define F SA(X) := X +
∑h

i=1 W
i
O(W

i
V X)Softmax((W i

KX)⊤(W i
QX)).

Then, F SA is Lipschitz continuous w.r.t. the Frobenius norm ∥ · ∥F , with Lipschitz constant

1 + 2(BX)2
h∑

i=1

∥W i
OV ∥2 · ∥W i

KQ∥2 + L

h∑
i=1

∥W i
OV ∥2,

where W i
OV = W i

OW
i
V and W i

KQ = (W i
K)⊤W i

Q for any i ∈ [h].

Proof. For ∥X∥2 ≤ BX , the quadratic form X⊤AX is Lipschitz continuous with Lipschitz constant
w.r.t. the Frobenius norm ∥ · ∥F , with Lipschitz constant 2∥A∥2BX . Therefore, by Lemma B.5 and
Lemma B.9, function Softmax((W i

KX)⊤(W i
QX)) is Lipschitz continuous with Lipschitz constant

w.r.t. the Frobenius norm ∥ · ∥F , with Lipschitz constant 2∥W i
KQ∥2BX .

Then, for every X1, X2 ∈ Rd×L such that ∥X1∥2, ∥X2∥2 ≤ BX , it holds:

∥F SA(X1)− F SA(X2)∥F

≤ ∥X1 −X2∥F + ∥
h∑

i=1

W i
OV X1 Softmax(X⊤

1 W i
KQX1)−W i

OV X2 Softmax(X⊤
2 W i

KQX2)∥F

≤ ∥X1 −X2∥F +

h∑
i=1

∥W i
OV ∥2 · ∥X1 Softmax(X⊤

1 W i
KQX1)−X2 Softmax(X⊤

2 W i
KQX2)∥F

(∥AX∥F ≤ ∥A∥2∥X∥F )

≤ ∥X1 −X2∥F +

h∑
i=1

∥W i
OV ∥2 · ∥X1 Softmax(X⊤

1 W i
KQX1)−X1 Softmax(X⊤

2 W i
KQX2)∥F

+

h∑
i=1

∥W i
OV ∥2 · ∥X1 Softmax(X⊤

2 W i
KQX2)−X2 Softmax(X⊤

2 W i
KQX2)∥F

≤ ∥X1 −X2∥F +

h∑
i=1

∥W i
OV ∥2 ·BX · ∥ Softmax(X⊤

1 W i
KQX1)− Softmax(X⊤

2 W i
KQX2)∥F

+

h∑
i=1

∥W i
OV ∥2 · ∥X1 −X2∥F · ∥ Softmax(X⊤

2 W i
KQX2)∥F

(∥X1∥2 ≤ BX and ∥AX∥F ≤ ∥A∥F · ∥X∥F )

≤ ∥X1 −X2∥F +

h∑
i=1

∥W i
OV ∥2 ·BX · 2W i

KQBX · ∥X1 −X2∥F +

h∑
i=1

∥W i
OV ∥2 · ∥X1 −X2∥F · L

(By ∥ Softmax(Z)∥F ≤ L when Z ∈ RL×L)

= (1 + 2(BX)2
h∑

i=1

∥W i
OV ∥2 · ∥W i

KQ∥2 + L

h∑
i=1

∥W i
OV ∥2) · ∥X1 −X2∥F . (∥X1∥2, ∥X2∥2 ≤ BX )

This completes the proof.

Lipschitzness of Transformer. Now we state our result on the Lipschitzness of transformer.
Lemma B.11 (Lipschitzness of Transformer Block). Let

fT := FFF
1 ◦ F SA ◦ FFF

2 ,

be a Transformer block in the class

T h,s,r(CT , C
2,∞
KQ , CKQ, C

2,∞
OV , COV , CE , C

2,∞
F , CF ).

If X ∈ Rd×L satisfies ∥X∥ ≤ BX , then fT is Lipschitz continuous w.r.t. the Frobenius norm ∥ · ∥F
with Lipschitz constant

LT ≤ (1 + 2h(BX)2COV CKQ + hLCOV ) · (C2
F + 1)2.
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Proof. This is a direct consequence of combining Lemmas B.5, B.7 and B.10.

Remark B.12 (Near-Optimality of the Lipschitz Bound). We remark that the upper bound on the
Lipschitz constant in Lemma B.11 is near-optimal in its dependence on the key parameters. To
illustrate this, we construct a worst-case example as follows. Let A ∈ Rd×L be the diagonal matrix

Aij =

{
1, i = j,

0, i ̸= j.

Consider the network fT with parameter

W i
OV = COV Id, W i

KQ = CKQId, W1 = W2 = CFA,

where Id is the d× d identity.

A direct calculation shows that the operator norm of the directional derivative of fT at an input Z
in direction V scales with the same order as the upper bound in Lemma B.11, up to constants and
polynomial factors in d. Hence the bound in Lemma B.11 provides a tight estimate by construction.

B.3 UNIVERSAL APPROXIMATION OF TRANSFORMERS

Previous works (Hu et al., 2024b; Kajitsuka & Sato, 2023; Yun et al., 2019) study the universal
approximation property of Transformers for continuous functions. In this section, we restate the
proofs for completeness and adapt the parameter estimates to the discrete flow-matching framework.
This adaptation highlights the connection between universal approximation and our discrete setting.

Background: Contextual Mapping. Concept of contextual mapping is key to the proof of uni-
versal approximation of transformer. We restate the definition of contextual mapping and related
concepts introduced by Kajitsuka & Sato (2023) for completeness. To start with, we introduce the
concept of Vocabulary. We use Z:,k to denote the k-th column of vector Z.

Definition B.13 (Vocabulary). Let Z ∈ Rd×L represent input embeddings. Specifically, given N
embeddings Z(1), . . . , Z(N) ∈ Rd×L, we call Z(i) the i-th sequence for i ∈ [N ]. Further, we define
the i-th vocabulary set as V(i) = ∪k∈[L]Z

(i)
:,k ⊂ Rd. Then the whole vocabulary set V is defined as

V = ∪i∈[N ]V(i) ∈ Rd.

We assume embeddings are separate. Specifically, we assume embeddings are (γmin, γmax, δ)-
separated defined below.

Definition B.14 (Tokenwise Separateness). Let Z(1), . . . , Z(N) ∈ Rd×L be embeddings. Then
Z(1), . . . , Z(N) are called tokenwise (γmin, γmax, δ)-separated if the following conditions hold:

(i) For any i ∈ [N ] and k ∈ [L], ∥Z(i)
:,k∥ > γmin holds.

(ii) For any i ∈ [N ] and k ∈ [L], ∥Z(i)
:,k∥ < γmax holds.

(iii) For any i, j ∈ [N ] and k,m ∈ [L], if Z(i)
:,k ̸= Z

(j)
:,m, then ∥Z(i)

:,k − Z
(j)
:,m∥ > δ holds.

Further, Z(1), . . . , Z(N) are called tokenwise (γ, δ)-separated if only (ii) and (iii) hold. Also,
Z(1), . . . , Z(N) are called tokenwise δ-separated if only (iii) holds.

Building on the condition (ii) and (iii) in Definition B.14, we introduce the concept of contextual
mapping. Contextual mapping describes attention layer’s ability to distinguish difference and rela-
tionship between tokens in different input sequences.

Definition B.15 (Contextual Mapping). Let Z(1), . . . , Z(N) ∈ Rd×L be embeddings. Then, we say
a map f : Rd×L → Rd×L is a (γ, δ)-contextual mapping if the following conditions hold:

(i) For For any i ∈ [N ] and k ∈ [L], ∥f(Z(i)):,k∥ < γ holds.

(ii) For any i, j ∈ [N ] and k,m ∈ [L], if V(i) ̸= V(j) or Z
(i)
:,k ̸= Z

(j)
:,m, then ∥f(Z(i)):,k −

f(Z(j)):,m∥ > δ holds.
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Helper Lemma. We restate a lemma from (Hu et al., 2024a). This lemma guarantee the existence
of 1-layer single head attention that is (γ, δ)-contextual mapping.
Lemma B.16 (Any-Rank Attention is (γ, δ)-Contextual Mapping, Lemma 2.2 of (Hu et al., 2024a)).
Let Z(1), . . . , Z(N) ∈ Rd×L be tokenwise (γmin, γmax, ϵ)-separated embeddings with the vocabu-
lary set V = ∪i∈[N ]V(i) ⊂ Rd. Assume there are no duplicate token in each sequence; that is,

Z
(i)
:,k ̸= Z

(i)
:,m for i ∈ [N ] and k,m ∈ [L]. Then there exists a 1-layer single head attention layer that

is a (γ, δ)-contextual mapping for the embeddings Z(1), . . . , Z(N) with

γ = γmax +
ϵ

4
, δ = exp

(
−5|V|4dκγmax logL

ϵ

)
,

where κ := γmax

γmin
.

Proof. See the proof of (Hu et al., 2024a, Lemma 2.2).

Universal Approximation of Transformer. We introduce the universal approximation theory of
transformer in (Su et al., 2025) and restate the proof for completeness.
Proposition B.17 (Transformer Universal Approximation, Theorem H.2 of (Su et al., 2025)). Let
ϵ ∈ (0, 1) and p ∈ [1,∞). Let Z ∈ [−I, I]d×L be an input sequence on a bounder domain,
where I > 0. Let f(Z) : [−I, I]d×L → Rd×L be a continuous function on a bounded domain.
Then there exists a g(Z) = FFF

1 ◦ F SA ◦ FFF
2 ∈ T h,s,r such that dF (f(Z), g(Z)) < ϵ, where

dF := (
∫
∥f(Z)− g(Z)∥2FdZ)

1
2 .

Proof. Here, we restate the proof of (Su et al., 2025, Theorem H.2) for completeness.

The proof proceeds in four parts:

• Step 1: Approximation using step function

• Step 2: Quantization by the first feed-forward layer

• Step 3: Contextual mapping through the self-attention layer

• Step 4: Memorization via the second feed-forward layer

Step 1: Approximation using Step Function. We assume the domain of f is Ω = [−I, I]d×L.

Then we construct the grid GD as :

GD := {C ∈ Ω|Ci,k = −I +
si,k
D

, si,k = 1, . . . , 2ID, }

where D > 0 is the grid granularity. Given Z ∈ Ω, we approximate f via the step function

g1(Z) =
∑

C∈GD

f(C)1{Z ∈ C + [−1/D, 0)d×L}.

By uniform continuity of f , there exists D such that

dF (f, g1) <
ϵ

3
.

Then we use a transformer to approximate the step function g1(Z).

Step 2: Quantization by the First Feed-forward Layer. The quantification function we want
to approximate consists of two parts, namely, the quantize function and the penalty function. We
approximate two parts separately.

• Quantize Function We define the quantization function quantD : R → R:

quantD(z) :=


−I z < −I,

−I + 1/D −I ≤ z < −I + 1/D,
...

...
I I − 1/D ≤ z.
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Further, we define the quantize function quantd×L
D (Z) : Rd×L → Rd×L as the entrywise

quantize function, such that (quantd×L
D (Z))t,k = quantD(Zt,k). Notice that quantD(z)

is approximated through the following function by taking sufficiently small δ:

f1(z) := −I +

I(D−1)∑
t=−ID

RELU[z/δ − t/δD]− ReLU[z/δ − 1− t/δD]

D
. (B.1)

That’s to say, there exists RELU feed-forward network approximating quantd×L
D (Z).

• Penalty Function We define the penalty function penalty : R → R:

penalty(z) :=


−1 z < −I,

0 z ∈ [−I, I],

1 z > I.

Further, we define the penalty function penaltyd×L(Z) : Rd×L → Rd×L as the entrywise
penalty function, such that (penaltyd×L(Z))t,k = quantD(Zt,k). Notice that penalty(z)
is approximated through the following function by taking sufficiently small δ:

f2(z) = ReLU[(z − I)/δ]− ReLU[(z − I)/δ + 1]

+ ReLU[(−z − I)/δ]− ReLU[(−z − I)/δ + 1] (B.2)

That’s to say, there exists RELU feed-forward network approximating penaltyd×L(Z).

Altogether, we define g2(Z) : Rd×L → Rd×L as :

g2(Z) :=
quantd×L

D (Z) + I

2I
+ penaltyd×L(Z).

g2(Z) map [−I, I]d×L into normalized grid Gnorm
D ⊂ [0, 1]d×L with gride granularity 2ID. At the

same time, g2(Z) guarantees non-positive outputs on domain Rd×L\[−I, I]d×L. We use f1(z) and
f2(z) introduced above to construct the first feed-forward layer FFF

1 .

Step 3: Contextual Mapping through the Self-attention Layer. Let ḠD denote the following
sub-grid class on [0, 1]d×L:

ḠD := {G ∈ Gnorm
D | for all k,m ∈ [L], G:,k ̸= G:,m}.

The by definition, ḠD is a token class with token-wise ((2ID)−1,
√
d, (2ID)−1)-separated se-

quence. Following the construction of F SA in proof of (Su et al., 2025, Theorem H.2), for suffi-
ciently large D we have:

F SA ◦ FFF
1 (Z)t,k <

1

4D
for all Z ∈ Rd×L\[−I, I]d×L, t ∈ [d], k ∈ [L],

F SA ◦ FFF
1 (Z)t,k >

3

4D
for all Z ∈ [−I, I]d×L, t ∈ [d], k ∈ [L].

Step 4: Memorization via the Second Feed-forward Layer. Finally, we construct a bump function
of scale R > 0 to map every c ∈ ḠD to its label f(C) and sends any sequence that lies component-
wise below the threshold 1/(4D) to zero. Precisely, for each C ∈ Gnorm

D we construct a bump
function of scale R:

bumpR(Z) =
f(2C − I)

dL

d∑
t=1

L∑
k=1

(RELU[R(Zt,k − Ct,k)− 1]

− ReLU[R(Zt,k − Ct,k)] + ReLU[R(Zt,k − Ct,k) + 1]). (B.3)

Summing up over C ∈ Gnorm
D and we obtain the second feed-forward layer FFF

2 .

We sum up the error bound in four steps. As discussed in the step approximation using step function,
there exists D such that

dF (f, g1) <
ϵ

3
.
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By choosing sifficiently quantization step δ > 0, we obtain

dF (F
FF
2 ◦ F SA ◦ FFF

1 , FFF
2 ◦ F SA ◦ g2) <

ϵ

3
.

By choosing granularity D large enough, |GD\Gnorm
D | is negligible. Then we have for large enough

D and R,

dF (F
FF
2 ◦ F SA ◦ g2, g1) <

ϵ

3
.

Altogether, summing up the error we have:

dF (f(Z), g(Z)) < ϵ.

This completes the proof.

Parameter Norm Bounds of Transformer Approximator. Next, we compute the norm bound
of the approximator transformer in Proposition B.17. This theorem is modified from of (Su et al.,
2025, Lemma H.4). The main difference is that we also take polynomial factor of L into the final
result instead of neglecting it, while other parts of computation is similar.
Theorem B.18 (Parameter Norm Bound for Approximator Transformer, Modified from Lemma
H.4 of (Su et al., 2025)). Let ϵ ∈ (0, 1). Consider Z ∈ [−I, I]d×L be input sequence, where
I > 0 and L > 2. Let Let f(Z) : [−I, I]d×L → Rd×L be a Lipschitz continuous function with
respect to Frobenius norm on a bounded domain. Then for the approximator g(Z) = FFF

1 ◦ F SA ◦
FFF
2 ∈ T h,s,r in Proposition B.17 within ϵ precision, i.e., dF (f, g) < ϵ, the parameter bound in the

transformer network class follow:

CKQ, C
2,∞
KQ = O(I4d+2ϵ−4d−2L2d+1 logL);COV , C

2,∞
OV = O(ϵL−1/2)

CF , C
2,∞
F = O(Iϵ−1L ·max ∥f(Z)∥F );CE = O(L),

where O(·) hides polynomial factors depending on d.

Proof. The proof is modified from proof of (Su et al., 2025, Lemma H.4).

Recall that we take sufficiently large D,R and sufficiently small δ in proof of Proposition B.17 to
ensure the precision. We then start with bounding D,R, δ in terms of ϵ.

• Bound on δ. Recall the approximation in (B.1) and (B.2). To guarantee the effect of grid,
we hope partition (i/D, i/D + δ) is a contained in the interval (i/D, (i + 1)/D) where
i ∈ Z+. Then it’s sufficient to take δ = o(1/D).

• Bound on D. For Lipschitz continuous function f with respect to Frobenius norm with
Lipschitz constant Lf , we have

dF (f(Z), g1(Z)) ≤ Lf∥Z − Z∗∥F ≤ 2
√
dLLf/D,

where Z∗ = argminZ′∈ḠD
∥Z − Z ′∥F . Then we take D = O(ϵ−1

√
L).

• Bound on R. To obtain the correct labeling in (B.3), we need St,k := Zt,k − Ct,k ∈
(0, 1/R) for all t ∈ [d], k ∈ [L]. Then since Ct,k is defined on Gnorm

D with granularity 2DI
and is chosen close enough to Zt,k, it suffices to set R = O(DI).

Next, we get the norm bound of matrices on the basis of computation above. Since the F SA is
a single head self-attention layer, we directly write W 1

K ,W 1
Q,W

1
V ,W

1
O as WK ,WQ,WV ,WO for

simplicity of notations.

• Bound on Norm of WKQ. Recall that in the proof of Theorem H.1 of (Su et al., 2025),
WK and WQ follows the construction of

WK =

ρ∑
i=1

piq
⊤
i ∈ Rs×d,WQ =

ρ∑
i=1

p′iq
′⊤
i ∈ Rs×d,

22



1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241

Under review as a conference paper at ICLR 2026

where p⊤i p
′
i = (|V|+ 1)4d logL/(ϵsγmin). Then we have

∥WKQ∥2 ≤ ∥WKQ∥F = ∥W⊤
KWQ∥F = O(

4 logL|V |4

ϵsγmin
),

∥WKQ∥2,∞ = ∥W⊤
KWQ∥2,∞ = O(

4 logL|V |4

ϵsγmin
).

Recall that input ḠD is a token class with token-wise ((2ID)−1,
√
d, (2ID)−1)-separated

sequence. Then |V | = O((DI)d) and γmin, ϵs = (2DI)−1. Finally, by D = O(ϵ−1
√
L),

we get

∥WKQ∥2, ∥WKQ∥2,∞ = O(ϵ−4d−2I4d+2L2d+1 logL).

• Bound on Norm of WOV . Recall that in the proof of Theorem H.1 of (Su et al., 2025),
WO and WV follows the construction of

WO =

ρ∑
i=1

p′′i q
′′⊤
i ∈ Rs×d,WV =

ρ∑
i=1

p′′′′i p′′⊤i ∈ Rd×s,

where ∥p′′′i ∥ ≲ ϵs/(4ργmax∥p′′i ∥) and p′′i ∈ Rs is any nonzero vector. Then with the
(γmin = 1/D, γmax =

√
d, ϵs = 1/D)-separateness and D = O(ϵ−1

√
L), ρ < d, we get:

∥WV ∥2 = sup
∥x∥2=1

∥WV x∥2 ≤ O(
√
ρ) ≤ O(

√
d),

∥WV ∥2,∞ = max
1≤i≤d

∥(WV )(i,:)∥2 ≤ O(ρ) ≤ O(d),

∥WO∥2 = sup
∥x∥2=1

∥WOx∥2 ≤ O(
√
ρ · ρ−1 · γ−1

max · ϵs) = O(d−1ϵL−1/2),

∥WO∥2,∞ = max
1≤i≤d

∥(WO)(i,:)∥2 ≤ O(ρ · ρ−1 · γ−1
max · ϵs) = O(d−1/2ϵL−1/2).

Therefore we get:

∥WOV ∥2 = ∥WOWV ∥2 ≤ O(ϵL−1/2), ∥WOV ∥2,∞ = ∥WOWV ∥2,∞ ≤ O(ϵL−1/2).

• Bound on Norm of W 1
1 and W 1

2 in FFF
1 . Recall that in the construction of the first feed-

forward layer, we have two key approximator:

f1(z) := −I +

I(D−1)∑
t=−ID

RELU[z/δ − t/δD]− ReLU[z/δ − 1− t/δD]

D
,

and

f2(z) = ReLU[(z − I)/δ]− ReLU[(z − I)/δ + 1]+

ReLU[(−z − I)/δ]− ReLU[(−z − I)/δ + 1].

Then for t ∈ [d], k ∈ [L], we approximate each entry of g1(Z) with

FFF
1 (Z)t,k =

f1(Zt,k) + I

2I
+ f2(Zt,k).

That’s to say, each element in W1 and W2 is bounded by 1/δ and I . Recall that δ = o(1/D)

and D = O(ϵ−1
√
L), we have

max{∥W 1
1 ∥2, ∥W 1

2 ∥2} ≤ O(ϵ−1L),max{∥W 1
1 ∥2,∞, ∥W 1

2 ∥2,∞} ≤ O(ϵ−1L).

• Bound on Norm of W 2
1 and W 2

2 in FFF
2 . Recall that in the construction of the second

feed-forward layer, we construct FFF
2 through bump function:

bumpR(Z) =
f(2C − I)

dL

d∑
t=1

L∑
k=1

(RELU[R(Zt,k − Ct,k)− 1]
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− ReLU[R(Zt,k − Ct,k)] + ReLU[R(Zt,k − Ct,k) + 1]).

Therefore, the output of FFF
2 is bounded by R and max ∥f(Z)∥F . Then by R = O(DI)

and D = O(ϵ−1
√
L), we have:

max{∥W 2
1 ∥2, ∥W 2

2 ∥2} ≤ O(Iϵ−1L ·max ∥f(Z)∥F ),
max{∥W 2

1 ∥2,∞, ∥W 2
2 ∥2,∞} ≤ O(Iϵ−1L ·max ∥f(Z)∥F ).

• Bound on Norm of Encoding Matrix E. By (Kajitsuka & Sato, 2023, Corollary 2), it
suffices to take the encoding matrix E:

E =


2γmax 4γmax . . . 2Lγmax

2γmax 4γmax . . . 2Lγmax

...
...

...
2γmax 4γmax . . . 2Lγmax

 .

Recall that we have γmax =
√
d, then we obtain:

∥E⊤∥2,∞ =
√
4dL2γmax = O(L).

This complete the proof.
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C PROOF OF THEOREM 3.1

This section provides the proof of Theorem 3.1.

Organization. Due to the complexity of the proof, our proof proceeds in two steps: (i) First, in
Lemma C.3, we establish a key intermediate result by presenting the distribution error in terms of
the velocity error. (ii) Second, building upon this lemma, we present the final proof of Theorem 3.1
in Theorem C.5 by applying Grönwall’s Inequality.

C.1 PRELIMINARIES

At beginning, we recall that for any matrix Z, ∥Z∥1 denote the operator norm induced by vector ℓ1
norm. Total Variation Distance is a distance function defined between probability distributions. We
start with the definition of total variation distance as below.
Definition C.1 (Total Variation Distance). Let P and Q be two probability distributions defined on
a discrete state space S, with corresponding probability mass functions p(x) and q(x). Then the
total variation (TV) distance between them is defined as:

TV(P,Q) :=
1

2

∑
x∈S

|p(x)− q(x)|.

Our analysis relies on Grönwall’s Inequality. It is a fundamental tool for establishing bounds on the
solutions of ordinary differential equations (ODEs).
Lemma C.2 (Grönwall’s Inequality, (Gronwall, 1919)). Let a, b ∈ R satisfy a < b. Let y(t) and
f(t) be two real value function defined on [a, b]. Suppose that y(t) is differentiable on [a, b] and
satisfies:

d

dt
y(t) ≤ y(t)f(t), t ∈ [a, b].

Then we have:

y(b) ≤ y(a) exp

(∫ b

a

f(s)ds

)
.

To analyze the distribution error, we first express the DFM framework in the language of linear
algebra. Let the discrete state space be indexed as S = {w1, . . . , w|S|}. We represent the ground-
truth probability mass function pt(x) and its corresponding estimator pt,θ(x) as vectors pt, pt,θ in
R|S|, where pt[i] = pt(wi) and pt,θ[i] = pt,θ(wi). Similarly, the velocity fields are represented as
rates matrices Ut, Ut,θ ∈ R|S|×|S|, where the entry [Ut]ij = ut(wi, wj), [Ut,θ]ij = ut,θ(wi, wj) is
the corresponding rate of transition from state wj to state wi. With these definitions, we rewrite the
Kolmogorov Forward Equation (2.3) for both the true and estimated paths into the compact matrix
form (C.1). Then we derive the distribution error bounds in terms of the risk function.
Lemma C.3 (Variation of Constants Formula for Error). Let the true probability vector pt and the
estimated vector pt,θ be solutions to the linear differential systems{

d
dtpt = Utpt,
d
dtpt,θ = Ut,θpt,θ,

(C.1)

with a shared initial condition p0 = p0,θ. Let the evolution operator for the estimated system be
Ps,t,θ ∈ R|S|×|S|, which is the solution to d

dtPs,t,θ = Ut,θPs,t,θ with Ps,s,θ = I . The difference
between the distributions at time t > 0 is given by

pt,θ − pt =

∫ t

0

Ps,t,θ(Us,θ − Us)psds.

Proof. We construct the helping function Z(s) as:

Z(s) = Ps,t,θps. (C.2)
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Then since Ps,t,θ and ps is differentiable, we have:

d

ds
Z(s) = (

d

ds
Ps,t,θ)ps + Ps,t,θ(

d

ds
ps) (By (C.2))

= (−Ps,t,θUs,θ)ps + Ps,t,θ(Usps) (By backward Kolmogorov Equation (2.3) and (C.1))

= − Ps,t,θ(Us,θ − Us)ps. (C.3)

Integrating (C.3), we obtain:

−
∫ t

0

Ps,t,θ(Us,θ − Us)psds =

∫ t

0

d

ds
Z(s)ds = Z(t)− Z(0) = pt − pt,θ.

This completes the proof.

C.2 MAIN PROOF OF THEOREM 3.1

Before studying the tractable factorized velocity (Section 2) case, we first establish a foundational
error bound for the general discrete flow matching framework. Presenting the universal principle
first makes our subsequent, more detailed analysis clearer and more readable.

Theorem C.4 (Error Bounds for Discrete Flow Matching). Consider the discrete state space S =
T d, where the vocabulary is T = {1, . . . ,M}. Let P be the true data distribution over S. Let
ûθ be the velocity estimator, with parameters Θ̂ and let P̂ be the distribution generated using this
estimator. Define the risk of the velocity estimator as

R(Θ̂) :=

∫ 1

0

E
Xt∼pt(x)

∥u(Xt, t)− uθ̂(Xt, t)∥22dt,

where pt(x) is the true probability path. Then, the total variation distance between the true and
generated distributions is bounded by the risk of this estimator:

TV(P, P̂ ) ≲ exp(2Mu)M
d
2

√
R(Θ̂),

where Mu is the upper bound of the true velocity field, satisfying max
y,x∈S,t∈[0,1]

|ut(y, x)| ≤ Mu.

Proof. Following the definitions in Lemma C.3, let pt ∈ RMd

and Ut ∈ RMd×Md

be the true
probability vector and the true rates matrix. Let p̂t,θ ∈ RMd

and Ût,θ ∈ RMd×Md

be the estimated
probability vectors and rates matrix defined by estimated velocity ût,θ. Then we have:

d
dtpt = Utpt,
d
dt p̂t,θ = Ût,θpt,θ,

p0 = p̂0,θ ∼ P0.

Let evolution operator Ps,t,θ be defined as in Lemma C.3. Then by definition of total variation
distance, we have:

TV(P, P̂ ) =
1

2

∑
x∈S

|p1(x)− p1,θ(x)|

=
1

2
∥p̂1,θ − p1∥1 (By the definition of vectors p̂1,θ and p1)

=
1

2
∥
∫ 1

0

Ps,1,θ(Us,θ − Us)psds∥1 (By Lemma C.3)

≤ 1

2

∫ 1

0

∥Ps,1,θ(Us,θ − Us)ps∥1ds,

≤ 1

2

∫ 1

0

∥Ps,1,θ∥1∥(Us,θ − Us)ps∥1ds (C.4)
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where the last line follows by ∥ps∥1 = 1 the sub-multiplicative property of norm ∥ · ∥1. To bound
∥Ps,1,θ∥F , we first bound the derivative of ∥Ps,t,θ∥F . Let M be the vocabulary size and set the
transformer estimator uθ̂ bound by Mu, then we have

∂

∂t
∥Ps,t,θ∥1 ≤ ∥ ∂

∂t
Ps,t,θ∥1 (By the Lipschitz continuous of ℓ1 norm)

= ∥Ut,θPs,t,θ∥1 (By Kolmogorov Equation)

≤ ∥Ut,θ∥1 · ∥Ps,t,θ∥1 (By sub-multiplicativity of operator norm)

≤ 2Mu∥Ps,t,θ∥1, (C.5)

where the last line follows by the maximum of the sum of absolute value if entry of Ut,θ in each

column is less than 2Mu, since
∑Md

i=1 |[Ut,θ]ij | = −[Ut,θ]jj +
∑

i ̸=j |[Ut,θ]ij | ≤ 2Mu (please see
the rates condition (2.2).) Then by Grönwall’s Inequality Lemma C.2, we have:

∥Ps,1,θ∥1 ≤ ∥Ps,s,θ∥1 exp
(∫ t

0

2Muds

)
≤ exp(2Mu). (C.6)

Substituting (C.6) into (C.4), we get:

TV(P, P̂ ) ≤ 1

2

∫ 1

0

∥Ps,1,θ∥1∥(Us,θ − Us)ps∥1ds (By (C.4))

≤ 1

2

∫ 1

0

exp(2Mu)∥(Us,θ − Us)ps∥1ds

≲ exp(2Mu)M
d
2

√
R(Θ̂)),

where the last line is by the definition of risk function R and Cauchy-Schwarz inequality.

This completes the proof.

Now we consider the error bounds for discrete flow matching with factorized velocity (Section 2).

Theorem C.5 (Error Bounds for Discrete Flow Matching with Factorized Velocity, Theorem 3.1
Restate). Consider the discrete state space S = T d with vocabulary T = {1, . . . ,M}. Let P be
the true data distribution and let P̂ be the distribution generated by a DFM model using factorized
velocity estimators û1

θ, . . . , û
d
θ . For each coordinate i0 ∈ [d], define the factorized risk as the mean

squared error of its velocity estimator:

Ri0(Θ̂) :=

∫ T

t0

E
Xt∼pt(x)

∥ui0(Xt, t)− ûi0
θ (Xt, t)∥22dt,

where the time interval is clipped to [t0, T ] to ensure numerical stability and pt(x) is true probability
path generated by u1, . . . , ud. Then, the total variation distance between the true and generated
distributions is bounded by the sum of the risks from each factorized component:

TV(P, P̂ ) ≲
√
M exp(2Mu)

∑
i0∈[d]

√
Ri0(Θ̂)),

where Mu is the upper bound of estimated velocity such that
∣∣∣uθ,i

t (y, x)
∣∣∣ ≤ Mu for all y, x ∈ S.

Proof. Following the definitions in Lemma C.3 and Theorem C.4. Let evolution operator Pi0
s,t,θ

be the transformation operator for coordinate i0. Let pi0t ∈ RM and U i0
t ∈ RM×M be the true

probability vector and the true rates matrix for coordinate i0. Let p̂i0t,θ ∈ RM and Û i0
t,θ ∈ RM×M be

the estimated probability vectors and rates matrix defined by estimated velocity ût,θ for coordinate
i0. Then by definition of total variation distance, we have:

TV(P, P̂ ) =
1

2

∑
x∈S

|p1(x)− p1,θ(x)|
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≤ 1

2

∑
i0∈[d]

∑
x∈S

|pi01 (x)− pi01,θ(x)| (By p1 =
∏d

i0=1 p
i0
1 and p1,θ =

∏d
i0=1 p

i0
1,θ)

≲
∫ 1

0

∑
i0∈[d]

∥Pi0
s,1,θ∥1 · ∥(U

i0
s,θ − U i0

s )pi0s ∥1ds, (C.7)

where the last equation follows from the proof of Theorem C.4. As in Theorem C.4, we then bound
the derivative of ∥Pi0

s,t,θ∥F . Let M be the vocabulary size and set the transformer estimator ui0
θ̂

bound by Mu for any i0 ∈ [d], then we have

∂

∂t
∥Pi0

s,t,θ∥1 ≤ ∥ ∂

∂t
Pi0
s,t,θ∥1 (By the Lipschitz continuous of ℓ1 norm)

= ∥U i0
t,θP

i0
s,t,θ∥1 (By Kolmogorov Equation)

≤ ∥U i0
t,θ∥1 · ∥P

i0
s,t,θ∥1 (By sub-multiplicativity of operator norm)

≤ 2Mu∥Pi0
s,t,θ∥1, (C.8)

where the last line follows by the maximum of the sum of absolute value of entry of U i0
t,θ in each

column is less than 2Mu, since
∑M

i=1

∣∣∣[U i0
t,θ]ij

∣∣∣ = −[U i0
t,θ]jj +

∑
i̸=j

∣∣∣[U i0
t,θ]ij

∣∣∣ ≤ 2Mu (please see
the rates condition (2.2).) Then by Grönwall’s Inequality Lemma C.2, we have:

∥Pi0
s,1,θ∥1 ≤ ∥Pi0

s,s,θ∥1 exp
(∫ t

0

2Muds

)
≤ exp(2Mu). (C.9)

Substituting (C.9) into (C.7), we get:

TV(P, P̂ ) ≤
∫ 1

0

∑
i0∈[d]

∥Pi0
s,1,θ∥1 · ∥(U

i0
s,θ − U i0

s )pi0s ∥1ds (By (C.7))

≤
∑
i0∈[d]

∫ 1

0

exp(2Mu)∥(U i0
s,θ − U i0

s )pi0s ∥1ds

≲
√
M exp(2Mu)

∑
i0∈[d]

√
Ri0(Θ̂)),

where the last line is by the definition of risk function Ri0 and Cauchy-Schwarz inequality.

This completes the proof.
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D PROOF OF LEMMA 4.5

This section provides the proof of Lemma 4.5. Note that we view T = [M ] as a subspace of R in
this section. In other words, we embed S = T d into Rd through the inclusion map E : S ↪→ Rd.

Organization. In Appendix D.1, we define a C∞ function η(x) and derive bounds for all its deriva-
tives in Lemma D.1. Then we present the main proof of Lemma 4.5 in Appendix D.2 on the basis
of function constructed in Lemma D.1.

D.1 PRELIMINARIES

We start with defining a smooth function η(x) and bounding its derivatives.

Lemma D.1. Define η(x) : [0,∞) → [0, 1] by

η(x) =

{
e · exp

(
− 1

1−x

)
, x ∈ [0, 1),

0, x ∈ [1,∞).

Then η(t) ∈ C∞ and |d
nη

dxn (x)| ≤ 3e · ( 2ne )2n for all x ∈ [0, 1].

Proof. Our proof consists of three steps.

Step 1: Smoothness. First, we show that η(x) ∈ C∞.

For x > 1, η(x) = 0 so all derivatives vanish (i.e., dnη
dxn = 0 for any n ∈ Z+).

For x ∈ [0, 1), we have dη
dx (x) = e · (− 1

(x−1)2 ) · exp
(

1
x−1

)
.

We denote, for x < 1,

dnη

dxn
(x) := e · pn(

1

x− 1
) · exp

(
1

x− 1

)
, for n ∈ Z+, (D.1)

where pn(x) is a function to be determined. Then p0(x) = 1 and p1(x) = −x2.

For n ∈ Z+, it holds

dnη

dxn
(x)

=
d

dx
(
dn−1η

dxn−1
)(x)

=
d

dx
(e · pn−1(

1

x− 1
) · exp

(
1

x− 1

)
)

= e · (− 1

(x− 1)2
p′n−1(

1

x− 1
) +− 1

(x− 1)2
pn−1(

1

x− 1
)) · exp

(
1

x− 1

)
. (By chain rule)

Then we have the recurrence relation pn(x) = −x2(pn−1(x)+p′n−1(x)) for n ∈ Z+ and p0(x) = 1.

By induction, pn is a polynomial of degree 2n. Then for n ∈ Z+, we have

lim
x→1−

dnη

dxn
(x) = lim

x→1−
e · pn(

1

x− 1
) exp

(
1

x− 1

)
(By (D.1))

= lim
x→−∞

e · pn(x) · ex (By setting z = 1
x−1 )

= 0 ((polynomial) · ez vanishes as z → −∞)

= lim
x→1+

dnη

dxn
(x), (By η(x) = 0 for x > 1)

showing that all derivatives match at x = 1.

Then, since η(x) is smooth on [0, 1) and (1,∞], we have η(x) ∈ C∞.
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Step 2: Growth Bound. Next, we bound |d
nη

dxn (x)|.

Define qn(x) := |ex · pn(x)|. Then qn+1(x) = x2 · q′n(x), n ∈ Z+.

Introduce the generating function

G(t, x) :=
∑
n≥0

qn(x)

n!
tn.

Then G(t, x) satisfies the partial differential equation
∂tG(t, x) = x2∂xG(t, x), G(0, x) = ex. (D.2)

One solution to (D.2) is G(t, x) = exp
(

x
1−xt

)
. Hence, qn(x)

n! is the tn-th coefficient in the Taylor

expansion of G(t, x) = exp
(

x
1−xt

)
at point t = 0.

By Cauchy integral formula, for all x ≤ −1 and 0 < r < 1/|x|, we have
qn(x)

n!
=

1

2πi

∫
|t|=r,t∈C

G(t, x)

tn+1
dt

≤ 1

2π

∫
|t|=r,t∈C

|G(t, x)

tn+1
|dt (By qn(x) ∈ R and |

∫
fdx| ≤

∫
|f |dx)

≤ 1

2π
·
max|t|=r,t∈C |G(t, x)|

rn+1

∫
|t|=r,t∈C

1dx (By
∫
|fg|dx ≤ (sup |f |)

∫
|g|dx)

=
max|t|=r,t∈C |G(t, x)|

rn
. (D.3)

Further, for x ≤ −1 and 0 < r < 1/|x|, we set t = reiθ ∈ C and get

max
|t|=r,t∈C

|G(t, x)| = max
θ∈[0,2π]

| exp
(

x

1− xreiθ

)
|

= max
θ∈[0,2π]

exp

(
x · Re( 1

1− xreiθ
)

)
= exp

(
x

1− xr

)
, (D.4)

where the second line is by | exp(z)| = exp(Re(z)), and the last line is by x ≤ −1 and |xr| < 1.

Substituting (D.4) into (D.3), we get
qn(x)

n!
≤ inf

0<r< 1
|x|

1

rn
exp

(
x

1− xr

)
≤ (2|x|)n · exp

(
2

3
x

)
≤ (

3n

e
)n, (D.5)

where the second line is by setting r = 1
2|x| , and the last line follow from x ≤ −1 and optimizing

over x.

Step 3: Final Bound. Finally we bound |d
nη

dxn (x)| as

|d
nη

dxn
(x)| = e · qn(

1

x− 1
)

≤ e · n! · (3n
e
)n (By (D.5) and 1

x−1 ≤ −1 when x ∈ [0, 1))

≤ e · (n
e
)n ·

√
2πn · e 1

12n · (3n
e
)n (By Stirling’s formula)

≤ 3e · (2n
e
)2n.

This completes the proof.
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D.2 MAIN PROOF OF LEMMA 4.5

We now establish Lemma 4.5 building on Lemma D.1. This lemma guarantees the existence of
a smooth function that interpolates a given discrete function by matching its values at prescribed
points. In this way, it provides a bridge between discrete functions and their continuous counterparts.
Lemma D.2 (Lemma 4.5 Restate). Let S ⊂ Rd be the state space of discrete flow matching. Recall
that S ⊂ Rd is a 1-separated finite set with |S| = Md, i.e., ∥s − s′∥ ≥ 1 for all distinct s, s′ ∈ S.
For each x ∈ S, let u(x, ·) ∈ Hβ

1,Md([0, 1],K) with β = k1 + γ ≥ 1 and k1 = ⌊β⌋. Then there
exists an extension ũ : Rd × [0, 1] → R such that

ũ(x, t) ∈ Hβ
d+1,Md(Rd × [0, 1], 3e · (k1 + 2)(2k1)

2k1KMd),

and ũ(s, t) = u(s, t) for all s ∈ S and t ∈ [0, 1].

Proof. Our proof consists of five steps. We give the construction of ũ(x, t) first in Step 1 & 2, and
then prove that it has desired properties in Step 3 - 5.

Step 1: Partition of Unity around S. Let η(t) be the bump function from Lemma D.1.

Let r = 1/e < 1/2. For s ∈ S ⊂ Rd, we define ϕr
s(x) : Rd → R as

ϕr
s(x) := η(

∥x− s∥2

r2
).

Then ϕr
s(x) ∈ C∞, supp ϕr

s(x) ⊂ B(s, r) = {x ∈ Rd | ∥x− s∥ < r}, and ϕr
s(s) = 1. Since S is

1-separated and r < 1/2, the supports {supp(ϕs)}s∈S are pairwise disjoint.

Step 2: Extension. Next, we extend the discrete function u to a continuous function ũ.

We construct ũ(x, t) as:

ũ(x, t) =
∑
s∈S

ϕs(x) · u(s, t). (D.6)

Disjointness implies that for each fixed x at most one term in (D.6) is nonzero. Hence, ũ(s, t) =
u(s, t) for all s ∈ S.

Step 3: Derivative Bounds up to Order k1. We now prove ũ(x, t) ∈ Hβ′

d,Md(Rd × [0, 1],K ′).

Let (λ,m) be multi-indices with λ ∈ Nd
0, m ∈ N0, and |λ|+m ≤ k1.

Since ϕs is independent of t and u(s, ·) is independent of x

∂λ
x∂

m
t ũ(x, t) =

∑
s∈S

∂λ
xϕs(x)∂

m
t u(s, t),

or in component-wise form, for every k ∈ Rd, it holds:

∂λ
x∂

m
t ũk(x, t) =

∑
s∈S

∂λ
xϕs(x)∂

m
t uk(s, t).

Further, for all s ∈ S, x ∈ Rd and j ∈ [d], it holds

| ∂

∂x[j]
ϕs(x)| = |2(x[j]− s[j])

r2
η′(

∥x− s∥2

r2
)|.

Then with |s[j]− x[j]| ≤ 1
e when x ∈ supp{ϕs(x)}, using mathematical induction we get that for

all s ∈ S, x ∈ Rd and m ∈ Z+, it holds

|∂λ
x∂

m
t ϕs(x)| ≤

1

r2m
· |d

mη

dxm
(
∥x− s∥2

r2
)|.

By Lemma D.1 and r = 1/e, we have |d
mη

dxm (x)| ≤ 3e · ( 2me )2m and hence

∥∂α
xϕs∥L∞(Rd) ≤ 3e(2|α|)2|α| for all s ∈ S. (D.7)
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Step 4: γ-Hölder Seminorm for Order k1. Return to the discussion of ũk.

Let |λ|+m = k1. For (x, t1), (y, t2) ∈ Rd × [0, 1] and for every k ∈ [Md], we have∑
∥λ∥1+m≤k1

∥∂λ
x ũk(x, t)∥L∞ ≤

∑
∥λ∥1+m≤k1

∑
s∈S

∥∂λ
xϕs(x)∂

m
t uk(s, t)∥L∞ (By (D.6))

≤ 3e · (2k1)2k1

∑
m≤k1

∑
s∈S

∥∂m
t uk(s, t)∥L∞ (By (D.7))

= 3e · (2k1)2k1

∑
s∈S

∑
m≤k1

∥∂m
t uk(s, t)∥L∞

(Interchange the order of summations)

≤ 3e · (2k1)2k1KMd, (D.8)

where the last line follows that u(s, t) ∈ Hβ
1,Md([0, 1],K) with respect to t. Also, we have

∑
∥λ∥1+m=k1

sup
(x,t1),(y,t2)∈Rd×[0,1]

(x,t1) ̸=(y,t2)

|∂λ
x∂

m
t ũk(x, t1)− ∂λ

x∂
m
t ũk(y, t2)|

∥(x, t1)− (y, t2)∥γ

=
∑

∥λ∥1+m=k1

sup
(x,t1),(y,t2)∈Rd×[0,1]

(x,t1 )̸=(y,t2)

|
∑

s∈S ∂λ
xϕs(x)∂

m
t uk(s, t1)− ∂λ

xϕs(y)∂
m
t uk(s, t2)|

∥(x, t1)− (y, t2)∥γ
(By (D.6))

≤ 3e · (2k1)2k1Md
∑

n′≤k1

sup
t1,t2∈[0,1],t1 ̸=t2,s∈S

|∂m
t uk(s, t1)− ∂m

t uk(s, t2)|
|t1 − t2|γ

(By (D.7))

= 3e · (2k1)2k1Md · (
∑

n′=k1

sup
t1,t2∈[0,1],t1 ̸=t2,s∈S

|∂m
t uk(s, t1)− ∂m

t uk(s, t2)|
|t1 − t2|γ

+
∑

n′<k1

sup
t1,t2∈[0,1],t1 ̸=t2,s∈S

|∂m
t uk(s, t1)− ∂m

t uk(s, t2)|
|t1 − t2|γ

)

≤ 3e · (2k1)2k1Md · (
∑

n′=k1

sup
t,t1,t2∈[0,1],t1 ̸=t2,s∈S

|∂m
t uk(s, t1)− ∂m

t uk(s, t2)|
|t1 − t2|γ

+
∑

n′<k1

sup
t1,t2∈[0,1],t1 ̸=t2,s∈S

∥∂n′+1uk(s, t)∥L∞ · |t1 − t2|
|t1 − t2|γ

)

(By Newton-Leibniz formula)

≤ 3e · (2k1)2k1Md · (K +
∑

n′<k1

K) (u(s, t) ∈ Hβ

1,Md ([0, 1], K) and |t1 − t2|1−γ ≤ 1)

= 3e · (k1 + 1)(2k1)
2k1KMd. (D.9)

Step 5: Altogether. Combing (D.8) and (D.9), we get

ũ(x, t) ∈ Hβ
d+1,Md(Rd × [0, 1], 3e · (k1 + 2)(2k1)

2k1KMd).

This completes the proof.
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E PROOF OF THEOREM 4.7

This section provides the proof of Theorem 4.7. We first develop auxiliary lemmas characterizing
Lipschitz continuity properties and bound point-wise values of Lipschitz continuous functions using
integral upper bounds. Building on these technical tools, we then present the proof of approximation
theorem Theorem 4.7, which guarantees the existence of transformer networks that approximate the
target function with controlled error and parameter bounds.

Organization. We recall basic concepts of factorized discrete flow matching and mixture path
setting in Appendix E.1. Then we introduce and prove auxiliary lemmas in Appendix E.2. Finally,
we present the main proof of Theorem 4.7 in Appendix E.3.

E.1 PRELIMINARIES

To start with, recall from Section 2 that when constructing a factorized path, the probability path has
a factorized generating velocity of the form

ut(y, x) =
∑
i

δ(yī, xī), ui
t(y

i, x), (E.1)

where ī = (1, . . . , i− 1, i+1, . . . , d) denotes all indices except i. Following notations in Section 1,
we write ut(·, x) and ui

t(·, x) as u(x, t) and ui(x, t) respectively.

Next, recall that in Section 2 we construct mixture path pt|0,1(x|x0, x1) =
∏

i p
i
t|0,1(x

i|x0, x1),
where each per-coordinate path interpolates between the source and target tokens:

pit|0,1(x
i|x0, x1) = κtδ(x

i, xi
1) + (1− κt)δ(x

i, xi
0).

Here, δ(·, ·) is the Kronecker delta and κt is a monotonically increasing smooth function that satisfies
the boundary conditions:

κ0 = 0, κ1 = 1, and
dκt

dt
> 0 for t ∈ (0, 1).

Then the corresponding conditional factorized velocity field that generates this per-coordinate path
takes the form:

ui
t(y

i, xi|xi
0, x

i
1) =

κ̇t

1− κt
[δ(yi, xi

1)− δ(yi, xi)].

Taking expectation on x1 and we obtain:

ui
t(y, x) =

κ̇t

1− κt
E

x1∼P1

[δ(yi, xi
1)− δ(yi, xi)]. (E.2)

Further, we clip the time interval for training stability. Specifically, we focus on the time period
[t0, T ], where 0 < t0 < T < 1. This clipping is to prevent κ̇(t)

1−κ(t) from blowing up at t = 0, 1. We

assume κ̇(t)
1−κ(t) = O(1) and ( κ̇(t)

1−κ(t) )
′ = O(1) in t ∈ [t0, T ].

Remark E.1. We demonstrate that clipping the interval of t is necessary in discrete flow matching,
for there doesn’t exist a construction of κ(t) that keeps stability of κ̇(t)

1−κ(t) at both t = 0 and t = 1.

To show this, we set r(t) = κ̇(t)
1−κ(t) and g(t) = 1− κ(t). Then we have:

(− log(g(t))
′
=

−g′(t)

g(t)
= r(t).

Since κ(0) = 0 and κ(1) = 1, we have − log g(0) = 0 and − log g(1) = ∞. This means r(t) =
(− log(g(t))

′ is not bounded on [0,1]. Then for κ(t) finite on (0,1), it must be instable at t = 0 or
t = 1. Therefore, clipping the interval of t is necessary.
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E.2 AUXILIARY LEMMAS

In this section, we introduce auxiliary lemmas for the proof of Theorem 4.7. We adapt Lemma 4.5
to the mixture path setting, stated as Lemma E.2. In Lemma E.3 and Lemma E.4, we compute the
Lipschitz constants of the functions constructed in these bridging lemmas. Finally, we establish
connections between local Lipschitz behavior and integral bounds in Lemma E.5 and Lemma E.6.

To begin with, we introduce a lemma parallel to Lemma 4.5, guaranteeing the existence of a smooth
function taking same value as a given discrete function at certain points.
Lemma E.2 (Discrete-to-Continuous Functional Extension of Velocity under Mixture Path Setting,
Modified from Lemma 4.5). Consider velocity function u(x, t) with the form (E.2) generating mix-
ture path. For each x ∈ S and coordinate i ∈ [d], let t 7→ ui(x, t) ∈ Hβ

1,M ([t0, T ],K) with
β = k1 + γ ≥ 1, where k = ⌊β⌋ and γ ∈ [0, 1). Then there exists an continuous extension
ũi ∈ Hβ

d+1,M (Rd × [0, 1], C) such that

ũ(s, t) = u(s, t) for all s ∈ S, t ∈ [t0, T ],

where the Hölder norm C = 3e · (k1 + 2)(2k1)
2k1KM .

Proof. The construction of ũ(x, t) is same as the construction in the proof of Lemma 4.5. We restate
it for completeness. Let η(t) be as defined in Lemma D.1. For s ∈ S, we define ϕs(x) as:

ϕs(x) = η(e2∥x− E(s)∥2).
Then we construct ũ(x, t) as:

ũi(x, t) =
∑
s∈S

ϕs(x) · ui(s, t). (E.3)

This construction takes the same form as in (D.6), while u and ũ has output dimension of M in
mixture path case instead of Md. Then ũi(s, t) = ui(s, t) for every s ∈ S given that ϕs(s) = 1.

The computation of Hölder constant of ũi(x, t) is exactly in the same form to the computation in
proof of Lemma 4.5, while the only difference is to replace Md with M .

Next, we prove that when u(x, t) is Lipschitz continuous with respect to t for fixed x, ũ(x, t) we
construct is Lipschitz continuous. Further, we give the Lipschitz constant of ũ(x, t) under ℓ2-norm.
We first present the result under general case to increase readability.
Lemma E.3 (Lipschitzness of Extension). Suppose that for every given s ∈ S, it holds ∥u(s, t)∥2 ≤
Mu and u(s, t) is Lipschitz continuous under ℓ2-norm with respect to t, with Lipschitz constant Lu.
Then ũ(x, t) defined in the proof of Lemma 4.5 is Lipschitz continuous under ℓ2-norm with respect
to (x, t), with Lipschitz constant max{Lu, 4e

√
dMu}.

Proof. By letting n = 1 in (D.7), we get |∂ϕs| ≤ 4e. This indicates ∥∇ϕs∥2 ≤ 4e
√
d, meaning that

ϕs is is Lipschitz continuous under ℓ2-norm, with Lipschitz constant 4e
√
d.

By definition, for s1 ̸= s2 ∈ S, it holds ∥s1 − s2∥ ≥ 1. Then B(s1,
1
e ) and B(s2,

1
e ) does

not intersect for distinct s1.s2. Therefore for x ∈ [0,M ]d, there is at most one s ∈ S such that
x ∈ B(s, 1

e ). For (x1, t1), (x2, t2) ∈ Rd × R, we discuss two possible cases as below.

(1). There exists s0 ∈ S, such that x1, x2 ∈ B(s0,
1
e ).

Then it holds:

∥ũ(x1, t1)− ũ(x2, t2)∥2 = ∥
∑
s∈S

ϕs(x1) · u(s, t1)−
∑
s∈S

ϕs(x2) · u(s, t2)∥2

= ∥ϕs0(x1) · u(s0, t1)− ϕs0(x2) · u(s0, t2)∥2 (ϕs(x) = 0 for x /∈ B(s, 1
e ))

≤ ∥ϕs0(x1) · u(s0, t1)− ϕs0(x1) · u(s0, t2)∥2
+ ∥ϕs0(x1) · u(s0, t2)− ϕs0(x2) · u(s0, t2)∥2

≤ ∥u(s0, t1)− u(s0, t2)∥2 +Mu∥ϕs0(x1)− ϕs0(x2)∥2
(ϕs(x) ≤ 1,∥u(s, t)∥2 ≤ Mu)
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≤ Lu∥t1 − t2∥2 + 4e
√
dMu∥x1 − x2∥2

≤ max{Lu, 4e
√
dMu}∥(x1, t1)− (x2, t2)∥2.

(2). For all s ∈ S, x1 and x2 do not both belong to B(s, 1
e ).

Then ∥x1 − x2∥ ≥ 1− 2
e . Therefore we have:

∥u(x1, t1)− u(x2, t2)∥2 ≤ 2Mu ≤ 2e

e− 2
Mu∥x1 − x2∥2 ≤ 2e

e− 2
Mu∥(x1, t1)− (x2, t2)∥2.

Since 4e
√
dMu ≥ 2e

e−2Mu this completes the proof.

Next, we introduce a lemma modified from Lemma E.3. This lemma computes the upper bound of
ũi(x, t) for ui(x, t) with the form (E.2) generating mixture path.

Lemma E.4 (Lipschitzness of Extension under Mixture Path Setting, Modified from Lemma E.3).
Consider ui(x, t) under mixture path setting with the form (E.2) . Then ũi(x, t) comstructed in the
proof of Lemma E.2 is Lipschitz continuous under ℓ2-norm with respect to (x, t) when t ∈ [t0, T ],
with Lipschitz constant Lũ ≲ 1.

Proof. Recall that under mixture path setting Mu, Lu = O(1). Substituting Mu and Lu with O(1)
in conclusion of Lemma E.3 and we get the result for mixture path case.

Observing that for Lipschitz continuous function, its Lipschitz constant gives an upper bound on how
fast a function increases or decreases. This leads to the following lemma, connecting a function’s
local value to its integral’s value lower bound.

Lemma E.5 (Integral Lower Bound via Point-wise Magnitude). Suppose that f : Rd×L → Rd×L is
Lipschitz continuous under Frobenius norm, with Lipschitz constant Lf . Let n = dL. If there exists
X ∈ Rd×L such that ∥f(X)∥F ≥ a > 0, then it holds:

(

∫
∥f(Z)∥2FdZ)1/2 ≥ (

2Sn

n(n+ 1)(n+ 2)
)1/2

a
n+2
2

L
n
2

f

,

where Sn denote the surface area of the unit sphere in n-dimensional Euclidean space.

Proof. For Z such that ∥Z −X∥F ≤ a
Lf

, it holds:

∥f(Z)∥F ≥ a− Lf∥X − Z∥F .

Let Sn denote the surface area of the unit sphere in n-dimensional Euclidean space. We have:

(

∫
∥f(Z)∥2FdZ)1/2 ≥ (

∫
∥Z−X∥F≤ a

L

(a− Lf∥X − Z∥F )2dZ)1/2

= (

∫
∥Z∥F≤ a

L

(a− Lf∥Z∥F )2dZ)1/2 (By change of variable)

= (

∫ a/L

0

(a− Lfr)
2Snr

n−1dr)1/2

= (
2Sna

n+2

n(n+ 1)(n+ 2)Ln
f

)1/2 (By integration)

= (
2Sn

n(n+ 1)(n+ 2)
)1/2

a
n+2
2

L
n
2

f

.

This completes the proof.

With Lemma E.5 we have the following lemma bounding local value with integral value.
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Lemma E.6 (Point-wise Upper Bound via Integral Constraint). Suppose that f : [−I, I]d×L →
Rd×L is Lipschitz continuous on a bounded domain under Frobenius norm, with Lipschitz constant
Lf . Let n = dL. Let (

∫
∥f(Z)∥2FdZ)1/2 ≤ b, then for all Z ∈ [−I, I]d×L it holds:

∥f(Z)∥F ≲ b
2

n+2L
n

n+2

f .

Proof. We obtain the conclusion by rearranging the inequality in conclusion of Lemma E.5 and
ignoring constants.

E.3 MAIN PROOF OF THEOREM 4.7

In this section, we prove the approximation theorem for discrete flow matching under the mixture
path and factorized velocity settings. Notice that in the proof of this theorem, we treat the upper
bound of the Lipschitz constant of the approximator Transformer class as a constant independent of
ϵ. Also, in the main text we present a simplified version Theorem 4.7 in order to keep the exposition
concise, while Theorem E.7 stated below is the explicit form.

Theorem E.7 ( Approximation Theorem for Mixture Path Discrete Flow Matching, Theorem 4.7
Restate). Let ui(x, t) be the factorized velocity field for coordinate i ∈ [d] under mixture path
setting. Assume Assumption 4.3 holds, then for any ϵ ∈ (0, 1), there exists a transformer network
ui
θ(x, t) ∈ T h,s,r

R (CT , C
2,∞
KQ , CKQ, C

2,∞
OV , COV , CE , C

2,∞
F , CF ) satisfying that for any t ∈ [t0, T ]:∑

x∈S
∥ui

θ(x, t)− ui(x, t)∥22 · pt(x) ≲ ϵ
4

M+2M
12Md0+25M

M+2 ,

where d0 is the transformer feature dimension. The parameter bound of the transformer network
class follows:

CKQ, C
2,∞
KQ = Õ(M6d0+3ϵ−4d0−2);COV , C

2,∞
OV = O(M− 1

2 ϵ)

CF , C
2,∞
F = O(M2ϵ−1);CE = O(M),

where O(·) hides polynomial factors depending on d, d0, Õ(·) hides polynomial factors depending
on d, d0 and logarithmic factors depending on M .

Proof. To begin with, we introduce reshape layer we use in the proof.

While ordinary transformer network approximates function with same input and output dimension,
under factorized path setting we need to approximate function ũ(x, t), with input dimension d + 1
and output dimension M . To accommodate this difference, we introduce two reshape layers: R1 and
R2 to facilitate the transformation of dimensions. We assume d+ 1|M for simplicity in discussions
below.

• R1 : [0,M ]d × [0, 1] → Rd0× M
d0 is a reshape function rearranging a vector of dimension

d+1 into a matrix of size Rd0× M
d0 , where transformer feature dimension d0 satisfies d0|d+

1. We realize R1 by first reshaping input vector (x, t) with dimension d + 1 into a matrix
A ∈ Rd0× d+1

d0 , following the standard procedure of rearranging entries. Then we replicate
the matrix M

d+1 times along its columns, yielding a matrix of size d0 × M
d0

. Altogether,

the output of R1 is a matrix of size d0 × M
d0

. As the reverse of R1, R−1
1 : Rd0× M

d0 →
[0,M ]d × [0, 1] is defined by taking first d+1

d0
columns of the matrix, and then rearranging

it into a vector of dimension d+ 1.

• R2 : Rd0× M
d0 → RM is a reshape function rearranging a matrix of size Rd0× M

d0 into a
vector of dimension M , where d0|d + 1. We realize R2 by rearranging the entries of the
matrix into a vector preserving the total number of elements, following standard reshape
layer construction. We define R−1

2 as the reverse map of R2. This is well-defined since R2

is bijection between Rd0× M
d0 and RM .
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It is important to note that these reshape layers do not participate in the learning process of the Dis-
crete Flow Matching, and therefore, are not the main focus of our discussion. R1 and R2 represent
a feasible design for the reshape layers, but they are not unique construction to make up for the
dimension difference. We present these particular forms of R1 and R2 for clarity and completeness,
but the core of our discussion does not depend on them, and readers should avoid overemphasizing
these details.

We now return to the main proof. Let ũ(x, t) be as defined in Lemma E.2. For any coordinate
i ∈ [d], let reshaped factorized velocity field ui,reshape : Rd0× M

d0 → Rd0× M
d0 be:

ui,reshape = R−1
2 ◦ ũ(x, t) ◦R−1

1 .

Then ui,reshape is Lipschitz continuous under Frobenius norm, with Lipschitz constant no larger
than Lipschitz constant of ũ. By Proposition B.17, for any ϵ there exists a

ui,reshape
θ (Z) = FFF

1 ◦ F SA ◦ FFF
2 ◦ FE ∈ T h,s,r(CT , C

2,∞
KQ , CKQ, C

2,∞
OV , COV , CE , C

2,∞
F , CF ),

such that dF (u
i,reshape(Z), ui,reshape

θ (Z)) < ϵ, where dF (f(Z), g(Z)) := (
∫
∥f(Z) −

g(Z)∥2FdZ)1/2. By Theorem B.18, the parameter bound of the transformer network satisfies:

CKQ, C
2,∞
KQ = Õ(M6d0+3ϵ−4d0−2);COV , C

2,∞
OV = O(M− 1

2 ϵ)

CF , C
2,∞
F = O(M2ϵ−1);CE = O(M), (E.4)

where O(·) hides polynomial factors depending on d, d0, Õ(·) hides polynomial factors depending
on d, d0 and logarithmic factors depending on M .

Let h = ui,reshape
θ − ui,reshape. Then (

∫
∥h∥2FdZ)1/2 < ϵ. By Lemma B.11 and Lemma E.4,

ui,reshape
θ , ui,reshape are Lipschitz continuous under Frobenius norm, indicating that h is Lipschitz

continuous under Frobenius norm. We denote their Lipschitz constant as Li,reshape
θ , Li,reshape and

Lh respectively.

We first compute Li,reshape
θ according to Lemma B.11:

Li,reshape
θ ≤ (1 + 2M2COV CKQ + h

M

d0
COV ) · (C2

F + 1)2

≲ (CF )
2 ·M2 · hCKQCOV · (CF )

2

≲ M6d0+
25
2 . (By (E.4). Note that we drop terms od ϵ.)

Then we compute the expression of Lh:

Lh ≤ Li,reshape
θ + Li,reshape

≲M6d0+
25
2 . (By Lemma E.4)

Let uθ := R2 ◦ ui,reshape
θ ◦R1. For all (x, t) ∈ [0,M ]d × [t0, T ], it holds:

∥ui
θ(x, t)− ũi(x, t)∥22 ≤ ∥ui,reshape

θ ◦R1(x, t)− ui,reshape ◦R1(x, t)∥2F
= ∥h(R1(x, t))∥2F (By definition of h)

≲ ϵ
4

M+2M
12Md0+25M

M+2 . (By Lemma E.6)

Then for every t ∈ [t0, T ], we have:∑
x∈S

∥ui
θ(x, t)− ui(x, t)∥22 · pt(x) ≲ ϵ

4
M+2M

12Md0+25M
M+2

∑
x∈S

pt(x) = ϵ
4

M+2M
12Md0+25M

M+2 .

This completes the proof.
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Remark E.8. Our choice of the Transformer architecture is motivated by its widespread practical
adoption in modern generative modeling. Transformers is the dominant backbone for parameter-
izing velocity (or score) networks in state-of-the-art generative models, including Diffusion Trans-
formers (Peebles & Xie, 2023), MaskFlow (Fuest et al., 2025), and DeFoG (Yi et al., 2025). However,
the theorem is not restricted to Transformer architectures. It extends to any network architecture that
owns a universal approximation theorem similar to Proposition B.17. For example, multi-layer per-
ceptrons (MLP) also satisfy a universal approximation property (Lemma B.5 of (Fu et al., 2024)). By
replacing the Transformer universal approximation lemma Proposition B.17 with the corresponding
MLP result, deriving velocity approximation theorem with MLP is straightforward.
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F PROOF OF THEOREM 5.1

This section provides the proof of Theorem 5.1, deriving velocity estimation rate for factorized
discrete flow matching implemented with transformers under mixture path setting. The analysis
adapts and modifies the risk-decomposition plus covering-number technique of (Fu et al., 2024) to
our setting and parameter bounds from Theorem 4.7.

Organization. We derive the estimation rates of discrete flow matching transformers in four steps.

• Preliminaries. In Appendix F.1, we introduce several essential concepts, including factor-
ized empirical loss L̂i0

CDFM, factorized discrete flow matching risk Ri0(Θi0) and factorized
empirical risk R̂i0(Θi0).

• Covering Number Upper bound. We obtain covering-number bounds for the transformer
class using the parameter constraints from Theorem 4.7 and for the induced loss class in
Appendix F.2, Lemma F.3-Lemma F.5.

• Generalization and Approximation Error Bound. We apply the covering-number ma-
chinery and conclusions from Theorem 4.7 to bound generalization and approximation
error in Appendix F.2, Lemmas F.6 and F.7.

• Velocity Estimation rates. We utilize conclusions from prior three steps to prove Theo-
rem 5.1, the velocity estimation rate.

F.1 PRELIMINARIES

In this section, we introduce and discuss basic concepts risk function of factorized flow matching.

In factorized velocity discrete flow matching case, for i0 ∈ [M ], ui0
θ is trained to approximate

ui0(x, t) solely, independent of the behaviour of velocity field u(x, t) on other d − 1 dimensions.
In other words, given i0 ∈ [d] and n i.i.d training samples {xi}ni=1, the transformer network ui0

θ is
trained through minimizing the factorized empirical loss:

L̂i0
CDFM :=

1

n

n∑
i=1

∫ T

t0

E
X0∼p0,Xt∼pt|x0=X0,x1=xi

∥ui0(Xt, t)− ui0
θ (Xt, t)∥22dt.

For simplicity of expression, we define the loss of certain function f with respect to some certain
end point x as:

ℓi0(x; f) :=

∫ T

t0

E
X0∼p0,Xt∼pt|x0=X0,x1=x

∥ui0(Xt, t)− f(Xt, t)∥22dt.

Then we have:

L̂i0
CDFM =

1

n

n∑
i=1

ℓi0(xi;u
i0
θ ).

We use Θ̂i0 to denote the parameter of network trained by minimizing the factorized empirical loss
L̂i0
CDFM with n i.i.d training samples {xi}ni=1. That’s to say, discrete flow matching network ûi0

θ with
parameter Θ̂i0 is the factorized empirical risk minimizer, satisfying Θ̂i0 ∈ argmin

Θi0

L̂CDFM(ui0
θ ).

For a factorized discrete flow matching network ui0
θ with parameter Θi0 , its performance in velocity

estimation is measured by the factorized discrete flow matching risk, which is defined as:

Ri0(Θ) :=

∫ T

t0

E
Xt∼pt

∥ui0(Xt, t)− ui0
θ (Xt, t)∥22dt. (F.1)

In practice, we evaluate the performance of the factorized network ui0
θ using factorized empirical

discrete flow matching risk, which is defined as:

R̂i0(Θi0) :=
1

n

n∑
i=1

ℓi0(xi;u
i0
θ )− 1

n

n∑
i=1

ℓi0(xi;u
i0), (F.2)
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where {xi}ni=1 are n i.i.d samples and ui0 is the true velocity. We have the following lemma showing
that factorized discrete flow matching risk is equal to the expectation of factorized empirical discrete
flow matching risk.
Lemma F.1 (Modified from Remark E.2 of (Su et al., 2025)). For a factorized discrete flow matching
network ui0

θ (x, t) with parameters noted as Θi0 and i.i.d samples {xi}ni=1, it holds:

E
{xi}n

i=1

[R̂i0(Θi0)] = Ri0(Θi0).

Proof. The proof is modified from Remark E.2 of (Su et al., 2025).

We use Θi0,true to denote the true parameter of velocity function. That’s to say, with parameter
Θi0,true it holds ui0

θ = ui0 . Then we have:

E
{xi}n

i=1

[R̂i0(Θi0)] = E
{xi}n

i=1

[
1

n

n∑
i=1

ℓi0(xi;u
i0
θ )]− E

{xi}n
i=1

[
1

n

n∑
i=1

ℓi0(xi;u
i0)] (By (F.2))

= Li0
CDFM(Θi0)− Li0

CDFM(Θi0,true)

= Ri0(Θi0)−Ri0(Θi0,true) (By gradient equivalence of Li0
DFM and Li0

CDFM)

= Ri0(Θi0). (Ri0 (Θi0,true) = 0)

This completes the proof.

F.2 AUXILIARY LEMMAS

To bound E
{xi}n

i=1

[Ri0(Θ̂i0)], we modify the risk decomposition approach formulated in (Fu et al.,

2024) to discrete flow matching case. Specifically, we have:

E
{xi}n

i=1

[Ri0(Θ̂i0)] = E
{xi}n

i=1

[Ri0(Θ̂i0)− R̂i0(Θ̂i0)]︸ ︷︷ ︸
(I)

+ E
{xi}n

i=1

[R̂i0(Θ̂i0)]︸ ︷︷ ︸
(II)

, (F.3)

In this section, we introduce auxiliary lemmas helping us prove Theorem 5.1. Specifically, we
compute the covering number bound of transformers in Lemma F.3 and Lemma F.4. Further, we
obtain the covering number of loss function class in Lemma F.5. Finally, Lemma F.6 and Lemma F.7
bounds (I) and (II) in (F.3) respectively.

To begin with, we introduce the definition of covering number, a concept that plays a fundamental
role in establishing bounds on (I), the generalization error.
Definition F.2 (Covering Number). Consider a vector-valued function class F . For ϵ > 0, a point
set {zi}ni=1 and a norm ∥ · ∥ , the quantity N∞(F ; ϵ; {zi}ni=1; ∥ · ∥) denotes the minimal cardinality
of a subset (a cover) C ⊂ F such that, for any f ∈ F , there exists f̂ ∈ C such that:

max
1≤i≤n

∥f(zi)− f̂(zi)∥ ≤ ϵ.

We call N∞(F ; ϵ; {zi}ni=1; ∥ · ∥) the ϵ-covering number of F with respect to point set {zi}ni=1. We
further set:

N∞(F ; ϵ;m; ∥ · ∥) = max
{zi}m

i=1

N∞(F ; ϵ; {zi}mi=1; ∥ · ∥).

Next, we introduce the following lemma that gives an upper bound on the covering number of
multiple-layer transformer network.
Lemma F.3 (Lemma J.2 of (Hu et al., 2024b), Modified from Theorem A.17 of (Edelman et al.,
2022)). Let T h,s,r

R (CT , C
2,∞
KQ , CKQ, C

2,∞
OV , COV , CE , C

2,∞
F , CF , LT ) represent the class of trans-

former network with parameter bound. Then for data points x such that ∥x∥2 ≤ BX , we have:

logN (T h,s,r
R , ϵ, n, ∥ · ∥2)

≤ log(nLT )

ϵ2
α2(d

2
3
0 (C

2,∞
F )

2
3 + d

2
3
0 (2(CF )

2COV C
2,∞
KQ )

2
3 + 2((CF )

2C2,∞
OV )

2
3 )3,

where α = (CF )
2COV (1 + 4CKQ)(BX + CE).
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Proof. See Remark J.7 of (Hu et al., 2024b) and proof of Lemma A.17 of (Edelman et al., 2022).

Equipped with Lemma F.3, we compute the covering number of transformer network class with
parameter bound given in Theorem 4.7.
Lemma F.4 (Covering Number Bound for Transformer Class, Modified from
Lemma J.3 of (Hu et al., 2024b)). Let ϵc > 0. Consider the transformer class
T h,s,r
R (CT , C

2,∞
KQ , CKQ, C

2,∞
OV , COV , CE , C

2,∞
F , CF ) with parameter bound given in Theo-

rem E.7 and xi satisfying xi ∈ S . Then the ϵc-covering number of T h,s,r
R has the following upper

bound:

logN (T h,s,r
R , ϵc, n, ∥ · ∥2) ≲

log(nM)

ϵ2c
M24d0+28ϵ−16d0−12.

Proof. The proof is modified from proof of Lemma J.2 of (Hu et al., 2024b).

From Theorem E.7, we have the bounds on transformer parameters:

CKQ, C
2,∞
KQ = Õ(M6d0+3ϵ−4d0−2);COV , C

2,∞
OV = O(M− 1

2 ϵ)

CF , C
2,∞
F = O(M2ϵ−1);CE = O(M);LT = O(M6d0+

25
2 ). (F.4)

We first use parameter in (F.4) to compute α and get:

α ≲ (M2ϵ−1)2 ·M− 1
2 ϵ ·M6d0+3ϵ−4d0−2 ·M = M6d0+

15
2 ϵ−4d0−3.

Further, by Lemma F.3 we have:

logN (T h,s,r
R , ϵc, n, ∥ · ∥2)

≲
log(nLT )

ϵ2c
α2(d

2
3
0 (2(CF )

2COV C
2,∞
KQ )

2
3 )3

≲
log(nM)

ϵ2c
M24d0+28ϵ−16d0−12.

This completes the proof.

Then we compute the covering number bound of loss function class by bounding error of loss func-
tion with error of transformer.
Lemma F.5 (Covering Number Bound for Loss Function Class, Modified from Lemma L.3 of (Su
et al., 2025)). Let ϵc > 0 and i0 ∈ [M ]. Suppose that for every given x ∈ S, ui0(x, t) represent
the velocity field of x at time t that follows mixture path setting (E.2). We define the factorized loss
function class by

F i0
loss := {ℓi0(x;ui0

θ )|ui0
θ ∈ T h,s,r

R },

where T h,s,r
R is the transformer class with parameter bound given in Theorem 4.7.

Then we have:

logN (F i0
loss, ϵc, {xi}xi∈S , | · |) ≲

log(M)− log(ϵc)

ϵ2c
M24d0+28ϵ−16d0−12.

Proof. The proof is modified from the proof of Lemma L.3 of (Su et al., 2025).

Consider i0 ∈ [d]and {xi}ni=1 ∈ S. Let ui0
1 (x, t), ui0

2 (x, t) be mixture path velocity function satis-
fying ∥ui0

1 (x, t) − ui0
2 (x, t)∥ ≤ δ for all x ∈ S and t = 0, 1

⌈LT
δ ⌉

, 2

⌈LT
δ ⌉

, . . . , 1. Then since ui0
1 and

ui0
2 is Lipschitz continuous with Lipschitz constant LT under ℓ2-norm, for x ∈ S and t ∈ [0, 1] we

have ∥ui0
1 (x, t)− ui0

2 (x, t)∥ ≤ 2δ.

Further, for x = xi, 1 ≤ i ≤ n we have:

|ℓ(i0x;ui0
1 )− ℓi0(x;ui0

2 )|
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= |
∫ T

t0

E
X0∼p0,Xt∼pt|x0=X0,x1=x

(∥ui0
1 (Xt, t)− ui0(Xt, t)∥22 − ∥ui0

2 (Xt, t)− ui0(Xt, t)∥22)dt|

= |
∫ T

t0

E
X0∼p0,Xt∼pt|x0=X0,x1=x

(ui0
1 (Xt, t)− ui0

2 (Xt, t))
⊤(ui0

1 (Xt, t) + ui0
2 (Xt, t)− 2ui0(Xt, t)))dt|

≤ 2δ

∫ 1

0

E
X0∼p0,Xt∼pt|x0=X0,x1=x

∥ui0
1 (Xt, t) + ui0

2 (Xt, t)− 2ui0(Xt, t)∥2dt (∥ui0
1 − u

i0
2 ∥2 ≤ 2δ)

≤ 8δCT ,

where the last line is by assuming CT ≥ max
t∈[t0,T ]

2κ̇(t)
1−κ(t) without losing generality.

From computation above, for every function class U being a ϵc-covering of T h,s,r
R with respect to

point set S, function class L = {ℓ(x;u)|u ∈ U} is a 4ϵcCT -covering of F i0
loss. Recall that we

assume κ̇(t)
1−κ(t) = O(1) when t ∈ [t0, T ] in Appendix E.2. Then, for small enough ϵ it holds that

CT = O(1). We further obtain:

logN (F i0
loss, ϵc, {xi}xi∈S , | · |) ≤ logN (T h,s,r

R ,
ϵc

8CT
,Md(⌈LT

ϵc
⌉+ 1), | · |)

≲
log(M)− log(ϵc)

ϵ2c
M24d0+28ϵ−16d0−12. (By Lemma F.4)

This completes the proof.

We now bound (I) with covering number of loss function class and (II), the empirical risk.

Lemma F.6 (Generalization Bound, Modified from Lemma L.5 of (Su et al., 2025)). Let ûi0
θ with

parameter Θ̂i0 be the velocity estimator trained by minimizing L̂i0
CDFM with i.i.d training samples

{xi}ni=1, where xi ∈ S. For simplicity, we use N to denote N (F i0
loss, ϵc, {xi}xi∈S , | · |). Then we

bound (I), the generalization bound as:

E
{xi}n

i=1

[Ri0(Θ̂i0)− R̂i0(Θ̂i0)] ≲ E
{xi}n

i=1

[R̂i0(Θ̂i0)] +O(
κ

n
logN + ϵc),

where κ denote the upper bound of ℓi0(x;ui0
θ ).

Proof. The proof is modified from the proof of Lemma L.5 of (Su et al., 2025).

We use L̂∗,i0
CDFM and R̂∗,i0 to denote the factorize conditional discrete flow matching loss and em-

pirical risk with i.i.d training samples {x∗
i }. Then we have E

{x∗
i }n

i=1

[L̂∗,i0
CDFM(Θi0)] = Li0

CDFM(Θi0)

and E
{x∗

i }n
i=1

[R̂∗,i0(Θi0)] = Ri0(Θi0) for all parameter set Θi0 . We now rewrite (I) as:

E
{xi}n

i=1

[Ri0(Θ̂i0)− R̂i0(Θ̂i0)]

= E
{xi}n

i=1

[ E
{x∗

i }n
i=1

[R̂∗,i0(Θ̂i0)]− R̂i0(Θ̂i0)]

= E
{xi,x∗

i }n
i=1

[R̂∗,i0(Θ̂i0)− R̂i0(Θ̂i0)]

=
1

n
E

{xi,x∗
i }n

i=1

[(

n∑
i=1

ℓi0(x∗
i ; û

i0
θ )−

n∑
i=1

ℓi0(x∗
i ;u

i0))− (

n∑
i=1

ℓi0(xi; û
i0)−

n∑
i=1

ℓi0(xi;u
i0))].

For ϵc to be chosen later, let L = {ℓi01 , ℓi02 ...ℓi0N } be a ϵc-covering of F i0
loss with respect to point set S.

That’s to say, for every ûi0
θ , there exists ℓi0j ∈ L such that |ℓi0j − ℓi0(x, ûi0

θ )| ≤ ϵc for every x ∈ S .
For simplicity of notations, we have the following definitions:

ω(x) := ℓi0(x; ûi0
θ )− ℓi0(x;ui0),

ωj(x) := ℓi0j (x)− ℓi0(x;ui0),
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hj := max{A,

√
E

z∈S
[ℓi0j (z)− ℓi0(z, ui0)]}, (A is a constant to be chosen later)

Ω := max
k∈[N ]

|
n∑

i=1

ωk(xi)− ωk(x
∗
i )

hk
|.

Then we further obtain:

| 1
n

E
{xi,x∗

i }n
i=1

[(

n∑
i=1

ℓi0(x∗
i ; û

i0
θ )−

n∑
i=1

ℓi0(x∗
i ;u

i0))− (

n∑
i=1

ℓi0(xi; û
i0
θ )−

n∑
i=1

ℓi0(xi;u
i0))]|

(F.5)

≤ 1

n
E

{xi,x∗
i }n

i=1

|ω(x∗
i )− ω(xi)| (By definition of ω(x))

≤ 1

n
E

{xi,x∗
i }n

i=1

|ωj(x
∗
i )− ωj(xi)|+ 2ϵc (By |wj(x) − ω(x)| ≤ ϵc when x ∈ S)

≤ 1

n
E

{xi,x∗
i }n

i=1

[hjΩ] + 2ϵc (By definition of hj and Ω)

≤ 1

2
E

{xi,x∗
i }n

i=1

[h2
j ] +

1

2n2
E

{xi,x∗
i }n

i=1

[Ω2] + 2ϵc, (F.6)

where the last line follows AM-GM Inequality. In the following paragraphs, we bound E
{xi,x∗

i }n
i=1

[h2
j ]

and E
{xi,x∗

i }n
i=1

[Ω2] separately. We start with bounding E
{xi,x∗

i }n
i=1

[h2
j ]:

E
{xi,x∗

i }n
i=1

[h2
j ] = E

{xi}n
i=1

[h2
j ]

≤ A2 + E
{xi}n

i=1,z∈S
[ℓi0j (z)− ℓi0(z, u)]

≤ A2 + E
{xi}n

i=1,z∈S
[ℓi0(z; ûi0

θ )− ℓi0(z;ui0)] + ϵc

(|ℓi0j (z) − ℓi0 (z, û
i0
θ )| ≤ ϵc when z ∈ S)

= A2 + E
{xi}n

i=1

[Ri0(Θ̂i0)] + ϵc. (F.7)

where the last line follows Lemma F.1. Next, we bound E
{xi,x∗

i }n
i=1

[Ω2] by using Bernstein’s In-

equality to bound Pr(Ω ≥ b) for given b > 0. We define ak,i as ak,i :=
ωk(xi)−ωk(x

∗
i )

hk
. Then

Ω = maxk∈[N ] |
∑n

i=1 ak,i|. Also, since κ denote the upper bound of ℓi0(x;ui0
θ ), we have

ℓi0(x;ui0
θ ) ≤ κ. For k ∈ [N ] we have:

|ak,i| ≤ |
ℓi0k (x)

hk
| ≤ κ

A
. (F.8)

By definition of ωj(x) and hj , for all k ∈ [N ] we have:

E
x
[ωk(x)] = E

x
[ℓi0k (x)− ℓi0(x;ui0)] ≤ h2

k. (F.9)

By symmetrization, we get:

E[ak,i] = E
{xi,x∗

i }
[
ωk(xi)− ωk(x

∗
i )

hk
] = 0. (F.10)

Then we bound the variation of ak,i as:

Var
xi,x∗

i

[ak,i] = E
xi,x∗

i

[(
ωk(xi)− ωk(x

∗
i )

hk
)2]

= E
xi,x∗

i

[
ω2
k(xi)

h2
k

+
ω2
k(x

∗
i )

h2
k

− 2ωk(xi)ωk(x
∗
i )

h2
k

]
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= 2E
x
[
ω2
k(x)

h2
k

]− 2(E
x
[
ωk(x)

hk
])2 (By symmetrization)

≤ 2E
x
[
ω2
k(x)

h2
k

]

≤ 2κE
x
[
ωk(x)

h2
k

] (By (F.8))

≤ 2κ, (F.11)

where the last line follows (F.9).

Then for b > 0 we have:

Pr
[
Ω2 ≥ b2

]
= Pr[Ω ≥ b] (F.12)

≤ N Pr

[
|

k∑
i=1

ak,i| ≥ b

]
(By union bound)

≤ 2N exp

(
−

b2

2∑n
i=1 2κ+ bκ

3A

)
(By (F.8),(F.11) and Bernstein’s Inequality)

= 2N exp

(
−

b2

2

2nκ+ bκ
3A

)
(F.13)

We now bound E
{xi,x∗

i }n
i=1

[Ω2] as:

E
{xi,x∗

i }n
i=1

[Ω2] =

∫ b20

0

Pr
[
Ω2 < b2

]
db+

∫ ∞

b20

Pr
[
Ω2 ≥ b2

]
db (b0 is a constant to be determined)

≤ b20 +

∫ ∞

b20

2N exp

(
−

b2

2

2nκ+ bκ
3A

)
db (By (F.13))

≤ b20 +

∫ ∞

b20

2N exp

(
−Ab

κ

)
db (Assume b0 ≥ 12nA)

= b20 +
2Nκ

A
exp

(
−Ab20

κ

)
.

Let b0 = 3
√
nκ logN and A = b0

12n , we have:

E
{xi,x∗

i }n
i=1

[Ω2] ≲ nκ logN . (F.14)

Substituting the result of (F.7) and (F.14) into (F.6), we finish the proof.

With Lemma F.6, we reduce bounding (I) to bounding (II). Finally, we bound (II) with Theorem E.7.
Lemma F.7 (Empirical Risk Bound, Modified from Theorem L.1 of (Su et al., 2025)). Consider
the transformer class T h,s,r

R with parameter bound given in Theorem E.7. Let ûi0
θ ∈ T h,s,r

R with
parameter Θ̂i0 be the factorized velocity estimator under mixture path setting trained by minimizing
L̂i0
CDFM with i.i.d training samples {xi}ni=1, where xi ∈ S. Let factorized empirical risk R̂i0(Θ̂i0)

be as defined in (F.2). Then we have:

E
{xi}n

i=1

[R̂i0(Θ̂i0)] ≲ ϵ
4

M+2M
12Md0+25M

M+2 .

Proof. The proof is modified from proof of Theorem L.1 of (Su et al., 2025).

Given that ûθ with parameter Θ̂ is the minimizer of L̂CDFM, for all uθ with parameter Θ we have:

E
{xi}n

i=1

[R̂i0(Θ̂i0)] = E
{xi}n

i=1

[L̂i0
CDFM(ûi0

θ )− L̂i0
CDFM(ui0)]
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≤ E
{xi}n

i=1

[L̂i0
CDFM(ui0

θ )− L̂i0
CDFM(ui0)]

= E
{xi}n

i=1

[R̂i0(Θi0)]

=Ri0(Θi0). (By Lemma F.1)

Let ui0,approx
θ with parameter Θi0,approx be the approximator network in Theorem E.7, we obtain:

E
{xi}n

i=1

R̂i0 [(Θ̂i0)] ≤ Ri0(Θi0,approx)

=
∑
x∈S

∥ui0,approx
θ (x, t)− ui0(x, t)∥22 · pt(x)

≲ ϵ
4

M+2M
12Md0+25M

M+2 .

This completes the proof.

F.3 MAIN PROOF OF THEOREM 5.1

This section presents the main proof of Theorem 5.1. In the main text, we give a simplified version
of Theorem 5.1 to keep the exposition concise, while Theorem F.8 provides the explicit form.
Theorem F.8 (Mixture Path Discrete Flow Matching Velocity Estimation with Transformer, The-
orem 5.1 Restate). Let ûi0

θ ∈ T h,s,r
R with parameter Θ̂i0 be the factorized velocity estimator un-

der mixture path setting trained by minimizing L̂i0
CDFM with i.i.d training samples {xi}ni=1, where

xi ∈ S. Then for large enough n we have:

E
{xi}n

i=1

[Ri0(Θ̂i0)] ≲ M12d0+25n− 1
4Md0+3M+8d0+9 (log n)

1
4Md0+3M+8d0+9

Proof. Recall the decomposition given in (F.3):

E
{xi}n

i=1

[Ri0(Θ̂i0)] = E
{xi}n

i=1

[Ri0(Θ̂i0)− R̂i0(Θ̂i0)] + E
{xi}n

i=1

[R̂i0(Θ̂i0)].

Substituting what we get in Lemma F.6 and Lemma F.7 into the decomposition, we get:

E
{xi}n

i=1

[Ri0(Θ̂i0)] ≲ O(
κ

n
logN + ϵc) + 2 E

{xi}n
i=1

[R̂i0(Θ̂i0)] (By Lemma F.6)

≲ O(
κ

n
logN + ϵc) + ϵ

4
M+2M

12Md0+25M
M+2 (By Lemma F.7)

≲
log(M)− log(ϵc)

nϵ2c
M24d0+28ϵ−16d0−12 + ϵc + ϵ

4
M+2M

12Md0+25M
M+2 .

(By Lemma F.5 and κ ≲ 1 under mixture path setting)

Next, we choose proper ϵ, ϵc to get a optimal bound for the estimation rates.

First, we let ϵc = ( log(nϵ)M
24d0+28ϵ−16d0−12

n )1/3 and get

E
{xi}n

i=1

[Ri0(Θ̂i0)] ≲ (log(nϵ))1/3M
24d0+28

3 ϵ−
16d0+12

3 n− 1
3 + ϵ

4
M+2M

12Md0+25M
M+2 .

Next, let ϵ = M− 3
4n− M+2

16Md0+12M+32d0+36 (log n)
M+2

16Md0+12M+32d0+36 , then for large enough n we get:

E
{xi}n

i=1

[Ri0(Θ̂i0)] ≲ M12d0+25n− 1
4Md0+3M+8d0+9 (log n)

1
4Md0+3M+8d0+9 .

This completes the proof.
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G PROOF OF THEOREM 5.2

This section provides the main proof of Theorem 5.2. In the main text, we give a simplified version
of Theorem 5.2 to keep the exposition concise, while Theorem G.1 below presents the explicit form.
Theorem G.1 (Discrete Flow Matching Distribution Estimation with Transformer, Theorem 5.2
Restate). For any coordinate i0 ∈ [d], let ûi0

θ be the i-th velocity estimator trained by minimizing
empirical conditional discrete flow matching loss L̂i0

CDFM following (2.10). Let P denote the true
distribution and P̂ the distribution generated by the discrete flow matching framework with fac-
torized velocity estimators {ûi0

θ }di0=1. Then for a vocabulary size M , the expected total variation
distance TV(P, P̂ ) over training data {xi}ni=1 is bounded by:

E
{xi}n

i=1

[TV(P, P̂ )] ≲ M6d0+13 exp(M)n− 1
8Md0+6M+16d0+18 (log n)

1
8Md0+6M+16d0+18 .

Proof. From Theorem 3.1, we have:

TV(P, P̂ ) ≲
√
M exp(2Mu)

∑
i0∈[d]

√
Ri0(Θ̂).

Taking expectation on both sides and recalling that Mu = O(1) under mixture setting, we obtain:

E
{xi}n

i=1

[TV(P, P̂ )] ≲
√
M E

{xi}n
i=1

[
∑
i0∈[d]

√
Ri0(Θ̂)]

≲ M6d0+13n− 1
8Md0+6M+16d0+18 (log n)

1
8Md0+6M+16d0+18 . (By Theorem F.8)

This completes the proof.
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H APPROXIMATION THEORY FOR DISCRETE FLOW MATCHING: GENERAL
CASE

This section establishes the approximation theory for discrete flow matching in the general case.

Organization. We recall and restate important lemmas in Appendix H.1. Then we present the main
proof of Theorem H.3, with same proof strategy in Theorem E.7.

H.1 AUXILIARY LEMMAS

In this section, we restate auxiliary lemmas for proving the approximation theory Theorem H.3.
We start with restating Lemma E.3 as Lemma H.1 , computing the Lipschitz constant of ũ(x, t)
constructed in Lemma 4.5. Then we restate Lemma E.6 as Lemma H.2, a key lemma in proof of
Theorem H.3 bounding function’s local value with its integral’s value lower bound.

To begin with, we restate Lemma E.3 proved in Appendix E.2 as Lemma H.1. This lemma computes
the Lipschitz constant of ũ(x, t) in Lemma 4.5.

Lemma H.1 (Lipschitzness of Extension, Lemma E.3 Restate). Suppose that for every given s ∈ S,
it holds ∥u(s, t)∥2 ≤ Mu and u(s, t) is Lipschitz continuous under ℓ2-norm with respect to t, with
Lipschitz constant Lu. Then ũ(x, t) defined in the proof of Lemma 4.5 is Lipschitz continuous under
ℓ2-norm with respect to (x, t), with Lipschitz constant max{Lu, 4e

√
dMu}.

Proof. See the proof of Lemma E.3.

Then we restate Lemma E.6 proved in Appendix E.2 as Lemma H.2, bounding local value of Lips-
chitz continuous function with its integral value.

Lemma H.2 (Point-wise Upper Bound via Integral Constraint, Lemma E.6 Restate). Suppose that
f : [−I, I]d×L → Rd×L is Lipschitz continuous on a bounded domain under Frobenius norm, with
Lipschitz constant Lf . Let n = dL. Let (

∫
∥f(Z)∥2FdZ)1/2 ≤ b, then for all Z ∈ [−I, I]d×L it

holds:

∥f(Z)∥F ≲ b
2

n+2L
n

n+2

f .

Proof. See the proof of Lemma E.6.

H.2 APPROXIMATION THEORY FOR DISCRETE FLOW MATCHING

In this section, we prove the approximation theorem for discrete flow matching in the general case.
Similar to proof of Theorem E.7, we treat the upper bound of the Lipschitz constant of the approxi-
mator Transformer class as a constant independent of ϵ.

Theorem H.3 (Approximation Theorem for Discrete Flow Matching). Suppose that for every given
x ∈ S , u(x, t) is bounded and Lipschitz continuous with respect to t, such that ∥u(x, t)∥2 ≤ Mu

and Lipschitz constant is Lu. Then for every ϵ > 0, there exists a transformer network uθ(x, t) ∈
T h,s,r
R (CT , C

2,∞
KQ , CKQ, C

2,∞
OV , COV , CE , C

2,∞
F , CF ) satisfying that for every t ∈ [0, 1]:

∑
x∈S

∥uθ(x, t)− u(x, t)∥22 · pt(x) ≲ ϵ
4

Md+2M
4Mddd0+13Mdd+8Mdd0+12Md

Md+2 M
8Md

Md+2
u ,

where d0 is the transformer feature dimension. The parameter bound of the transformer network
class follows:

CKQ, C
2,∞
KQ = Õ(M2dd0+d+4d0+2ϵ−4d0−2); COV , C

2,∞
OV = O(M− 1

2dϵ)

CF , C
2,∞
F = O(Md+1Muϵ

−1); CE = O(Md),

where O(·) hides polynomial factors depending on d, d0, Õ(·) hides polynomial factors depending
on d, d0 and logarithmic factors depending on M .
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Proof. Similar to proof of Theorem E.7, we start with introducing the reshape layer of uθ(x, t). In
the general case, we need to approximate function ũi(x, t), with input dimension d + 1 and output
dimension Md. To make up for this difference, we introduce two reshape layers: R1 and R2. Note
that we assume d+ 1|Md for simplicity in discussions below.

• R1 : [0,M ]d × [0, 1] → Rd0×Md

d0 is a reshape function rearranging a vector of dimension

d + 1 into a matrix of size Rd0×Md

d0 , where transformer feature dimension d0 satisfies
d0|d + 1. We realize R1 by first reshaping input vector (x, t) with dimension d + 1 into
a matrix A ∈ Rd0× d+1

d0 , following the standard procedure of rearranging entries. Then
we replicate the matrix Md

d+1 times along its columns, yielding a matrix of size d0 × Md

d0
.

Altogether, the output of R1 is a matrix of size d0 × Md

d0
. As the reverse of R1, R−1

1 :

Rd0×Md

d0 → [0,M ]d × [0, 1] is defined by taking first d+1
d0

columns of the matrix, and then
rearranging it into a vector of dimension d+ 1.

• R2 : Rd0×Md

d0 → RMd

is a reshape function rearranging a matrix of size Rd0×Md

d0 into
a vector of dimension Md. We realize R2 by rearranging the entries of the matrix into a
vector preserving the total number of elements, following standard reshape layer construc-
tion. We define R−1

2 as the reverse map of R2. This is well-defined since R2 is bijection

between Rd0×Md

d0 and RMd

.

Again, as discussed in proof of Theorem E.7, we state the construction above for clarity, while the
construction of R1 and R2 is not focus of our discussion.

Now we return to the main proof. Let ũ(x, t) be as defined in Lemma 4.5. Let ureshape : Rd0×Md

d0 →
Rd0×Md

d0 be as:

ureshape = R−1
2 ◦ ũ(x, t) ◦R−1

1 .

Then ureshape is Lipschitz continuous under Frobenius norm, with Lipschitz constant no larger than
Lipschitz constant of ũ. By Proposition B.17, for any ϵ there exists a

ureshape
θ (Z) = FFF

1 ◦ F SA ◦ FFF
2 ◦ FE ∈ T h,s,r(CT , C

2,∞
KQ , CKQ, C

2,∞
OV , COV , CE , C

2,∞
F , CF ),

such that dF (u
reshape(Z), ureshape

θ (Z)) < ϵ, where dF (f(Z), g(Z)) := (
∫
∥f(Z) −

g(Z)∥2FdZ)1/2. By Theorem B.18, the parameter bound of the transformer network satisfies:

CKQ, C
2,∞
KQ = Õ(M2dd0+d+4d0+2ϵ−4d0−2);COV , C

2,∞
OV = O(M− 1

2dϵ)

CF , C
2,∞
F = O(Md+1Muϵ

−1);CE = O(Md), (H.1)

where O(·) hides polynomial factors depending on d, d0, Õ(·) hides polynomial factors depending
on d, d0 and logarithmic factors depending on M .

Let h = ureshape
θ − ureshape. Then (

∫
∥h∥2FdZ)1/2 < ϵ. Further, by Lemma B.11 and Lemma H.1,

ureshape
θ , ureshape are Lipschitz continuous under Frobenius norm. Then h is Lipschitz continuous

under Frobenius norm. We denote their Lipschitz constant as Lreshape
θ , Lreshape and Lh respectively.

We first compute Lreshape
θ according to Lemma B.11. It holds:

Lreshape
θ ≤ (1 + 2M2dCOV CKQ + h

Md

d0
COV ) · (C2

F + 1)2

≲ (CF )
2 ·M2d · hCKQCOV · (CF )

2

≲M2dd0+
13
2 d+4d0+6M4

u . (By (H.1) and dropping terms of ϵ)

Then we compute Lh. We have:

Lh ≤ Lreshape
θ + Lreshape
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≲M2dd0+
13
2 d+4d0+6M4

u . (By Lemma H.1)

Let uθ := R2 ◦ ureshape
θ ◦R1. For all (x, t) ∈ [0,M ]d × [0, 1], it holds:

∥uθ(x, t)− ũ(x, t)∥22 ≤ ∥ureshape
θ ◦R1(x, t)− ureshape ◦R1(x, t)∥2F

= ∥h(R1(x, t))∥2F (By definition of h)

≲ ϵ
4

Md+2M
4Mddd0+13Mdd+8Mdd0+12Md

Md+2 M
8Md

Md+2
u , (By Lemma H.2)

where Lh = M2dd0+
13
2 d+4d0+6M4

u . Then we have for every t ∈ [0, 1], it holds:∑
x∈S

∥uθ(x, t)− u(x, t)∥22 · pt(x) ≲ ϵ
4

Md+2M
4Mddd0+13Mdd+8Mdd0+12Md

Md+2 M
8Md

Md+2
u

∑
x∈S

pt(x)

= ϵ
4

Md+2M
4Mddd0+13Mdd+8Mdd0+12Md

Md+2 M
8Md

Md+2
u ,

This completes the proof.

I ESTIMATION THEORY FOR DISCRETE FLOW MATCHING: GENERAL CASE

This section derives estimation rates for discrete flow matching with transformers in the general
case. The analysis adapts and modifies the risk-decomposition plus covering-number technique of
(Fu et al., 2024) to our setting and parameter bounds from Theorem H.3.

Organization. This section consists of four steps to obtain the estimation rates of discrete flow
matching. The proof structure follows Appendix F.

• Preliminaries. In Appendix I.1, we introduce several essential concepts, including empir-
ical loss L̂CDFM, discrete flow matching risk R(Θ) and empirical risk R̂(Θ).

• Covering Number Upper bound. We obtain covering-number bounds for the transformer
class using the parameter constraints from Theorem H.3 and for the induced loss class in
Appendix I.2, Lemma I.2-Lemma I.4.

• Generalization and Approximation Error Bound. We apply the covering-number ma-
chinery and conclusions from Theorem H.3 to bound generalization and approximation
error in Appendix I.2, Lemmas I.5 and I.6.

• Estimation rates. We apply conclusions from prior three steps to prove the velocity esti-
mation rate in Theorem I.7 and then the distribution estimation rate in Theorem I.8.

I.1 PRELIMINARIES

In practice, given n i.i.d training samples {xi}ni=1, the transformer network is trained through mini-
mizing the empirical loss:

L̂CDFM :=
1

n

n∑
i=1

∫ 1

0

E
X0∼p0,Xt∼pt|x0=X0,x1=xi

∥u(Xt, t)− uθ(Xt, t)∥22dt.

Similar to notations in Appendix F.1, we define the loss of certain function f with respect to some
certain point x as:

ℓ(x; f) :=

∫ 1

0

E
X0∼p0,Xt∼pt|x0=X0,x1=x

∥u(Xt, t)− f(Xt, t)∥22dt.

Then we have:

L̂CDFM =
1

n

n∑
i=1

ℓ(xi;uθ).
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We use Θ̂ to denote the parameter of network trained by minimizing the empirical loss with n i.i.d
training samples {xi}ni=1. That’s to say, discrete flow matching network ûθ with parameter Θ̂ is the
empirical risk minimizer, satisfying Θ̂ ∈ argmin

Θ
L̂CDFM(uθ).

Similar to the factorized case, for a discrete flow matching network uθ with parameter Θ, its per-
formance in velocity estimation is measured by the discrete flow matching risk, which is defined
as:

R(Θ) :=

∫ 1

0

E
Xt∼pt

∥u(Xt, t)− uθ(Xt, t)∥22dt. (I.1)

In practice, we evaluate the performance of the network uθ using empirical discrete flow matching
risk, which is defined as:

R̂(Θ) :=
1

n

n∑
i=1

ℓ(xi;uθ)−
1

n

n∑
i=1

ℓ(xi;u), (I.2)

where {xi}ni=1 are n i.i.d samples and u is the true velocity. We have the following lemma showing
that discrete flow matching risk is equal to the expectation of empirical discrete flow matching risk.
Lemma I.1 (Modified from Lemma F.1). For a discrete flow matching network uθ(x, t) with pa-
rameters noted as Θ and i.i.d samples {xi}ni=1, it holds:

E
{xi}n

i=1

[R̂(Θ)] = R(Θ).

Proof. See the proof of Lemma F.1. The only difference is the integration domain in definition of ℓ
and ℓi

0

, which is modified in the same way on both sides of the equality, from [t0, T ] to [0, 1].

I.2 AUXILIARY LEMMAS

To bound E
{xi}n

i=1

[Ri0(Θ̂i0)], we take the same decomposition approach introduced in Appendix F.2

Specifically, we have:

E
{xi}n

i=1

[R(Θ̂)] = E
{xi}n

i=1

[R(Θ̂)− R̂(Θ̂)]︸ ︷︷ ︸
(I)

+ E
{xi}n

i=1

[R̂(Θ̂)]︸ ︷︷ ︸
(II)

, (I.3)

In this section, we introduce auxiliary lemmas helping us prove Theorem I.7. Specifically, we
derive the covering number bound of transformers in Lemma I.2 and Lemma I.3. Then we get the
covering number of loss function class in Lemma I.4. Lemma I.5 gives an upper bound on (I), the
generalization bound. Finally, Lemma I.6 bound the empirical risk of a trained network.

To start with, we restate Lemma F.3 as Lemma I.2, giving an upper bound on the covering number
of multiple-layer transformer network.
Lemma I.2 (Lemma F.3 Restate, Lemma J.2 of (Hu et al., 2024b), Modified from Theorem A.17
of (Edelman et al., 2022)). Let T h,s,r

R (CT , C
2,∞
KQ , CKQ, C

2,∞
OV , COV , CE , C

2,∞
F , CF , LT ) represent

the class of transformer network with parameter bound. Then for data points x such that ∥x∥2 ≤
BX , we have:

logN (T h,s,r
R , ϵ, n, ∥ · ∥2)

≤ log(nLT )

ϵ2
α2(d

2
3
0 (C

2,∞
F )

2
3 + d

2
3
0 (2(CF )

2COV C
2,∞
KQ )

2
3 + 2((CF )

2C2,∞
OV )

2
3 )3,

where α = (CF )
2COV (1 + 4CKQ)(BX + CE).

Proof. See the proof of Lemma F.3.

Equipped with Lemma I.2, we now compute the covering number of transformer network class with
parameter bound given in Theorem H.3.
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Lemma I.3 (Covering Number Bound for Transformer Class, Modified from Lemma F.4). Let
ϵc > 0. Consider the transformer class T h,s,r

R (CT , C
2,∞
KQ , CKQ, C

2,∞
OV , COV , CE , C

2,∞
F , CF ) with

parameter bound given in Theorem H.3 and xi satisfying xi ∈ S. Then the ϵc-covering number of
T h,s,r
R satisfies:

logN (T h,s,r
R , ϵc, n, ∥ · ∥2) ≲

log(nMMuϵ)

ϵ2c
M8dd0+12d+16d0+16M8

uϵ
−16d0−12.

Proof. The proof is modified from the proof of Lemma F.4.

From Theorem H.3, we have:

CKQ, C
2,∞
KQ = Õ(M2dd0+d+4d0+2ϵ−4d0−2);COV , C

2,∞
OV = O(M− 1

2dϵ)

CF , C
2,∞
F = O(Md+1Muϵ

−1);CE = O(Md);LT = O(M2dd0+
13
2 d+4d0+6M4

u). (I.4)

Then we substitute (I.4) into Lemma I.2 and get:

α ≲ M2d+2M2
uϵ

−2 ·M− 1
2dϵ ·M2dd0+d+4d0+2ϵ−4d0−2 ·Md = M2dd0+

7
2d+4d0+4M2

uϵ
−4d0−3.

Through further computation, we have

logN (T h,s,r
R , ϵc, n, ∥ · ∥2)

≲
log(nLT )

ϵ2c
α2(d

2
3
0 (2(CF )

2COV C
2,∞
KQ )

2
3 )3

≲
log(nMMu)

ϵ2c
M8dd0+12d+16d0+16M8

uϵ
−16d0−12.

This completes the proof.

Then we compute the covering number of loss function class with Lemma I.3, using the same ap-
proach as in Lemma F.5.
Lemma I.4 (Covering Number Bound for Loss Function Class, Modified from Lemma F.5). Let
ϵc > 0. Suppose that for every given x ∈ S, u(x, t) is bounded and Lipschitz continuous with
respect to t, such that ∥u(x, t)∥2 ≤ Mu and Lipschitz constant is Lu. We define the loss function
class by

Floss := {ℓ(x;uθ)|uθ ∈ T h,s,r
R },

where T h,s,r
R is the transformer class with parameter bound given in Theorem H.3. Then we have:

logN (Floss, ϵc, {xi}xi∈S , | · |) ≲
log(MMu)− log(ϵc)

ϵ2c
M8dd0+12d+16d0+16M10

u ϵ−16d0−12.

Proof. The proof is modified from the proof of Lemma F.5.

Consider {xi}ni=1 ∈ S and function u1(x, t), u2(x, t) satisfying ∥u1(x, t) − u2(x, t)∥ ≤ δ for all
x ∈ S and t = 0, 1

⌈LT
δ ⌉

, 2

⌈LT
δ ⌉

, . . . , 1. Then since u1 and u2 is Lipschitz continuous with Lipschitz

constant LT under ℓ2-norm, for x ∈ S and t ∈ [0, 1] we have ∥u1(x, t)− u2(x, t)∥ ≤ 2δ.

Further, for x = xi, 1 ≤ i ≤ n we have:

|ℓ(x;u1)− ℓ(x;u2)|

= |
∫ 1

0

E
X0∼p0,Xt∼pt|x0=X0,x1=x

(∥u1(Xt, t)− u(Xt, t)∥22 − ∥u2(Xt, t)− u(Xt, t)∥22)dt|
(By definition of ℓ)

= |
∫ 1

0

E
X0∼p0,Xt∼pt|x0=X0,x1=x

(u1(Xt, t)− u2(Xt, t))
⊤(u1(Xt, t) + u2(Xt, t)− 2u(Xt, t)))dt|

≤ 2δ

∫ 1

0

E
X0∼p0,Xt∼pt|x0=X0,x1=x

∥u1(Xt, t) + u2(Xt, t)− 2u(Xt, t)∥2dt
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≤ 8δCT ,

where the third line is by ∥u1−u2∥2 ≤ 2δ, and the last line is by assuming CT ≥ Mu without losing
generality. Therefore, suppose U is a ϵc-covering of T h,s,r

R with respect to point set S, function class
L = {ℓ(x;u)|u ∈ U} is a 4ϵcCT -covering of Floss. Then we get:

logN (Floss, ϵc, {xi}xi∈S , | · |) ≤ logN (T h,s,r
R ,

ϵc
8CT

,Md(⌈LT

ϵc
⌉+ 1), | · |)

≲
log(MMu)− log(ϵc)

ϵ2c
C2

T M
8dd0+12d+16d0+16M8

uϵ
−16d0−12

(By Lemma I.3)

≲
log(MMu)− log(ϵc)

ϵ2c
M8dd0+12d+16d0+16M10

u ϵ−16d0−12.

(CT = O(Mu))

This completes the proof.

We now bound (I) with the concept of covering number.

Lemma I.5 (Generalization Bound, Modified from Lemma F.6). Let ûθ with parameter Θ̂ be the
velocity estimator trained by minimizing L̂CDFM with i.i.d training samples {xi}ni=1, where xi ∈ S.
For simplicity, we use N to denote N (Floss, ϵc, {xi}xi∈S , |·|). Then we bound (I), the generalization
bound as:

E
{xi}n

i=1

[R(Θ̂)− R̂(Θ̂)] ≲ E
{xi}n

i=1

[R̂(Θ̂)] +O(
κ

n
logN + ϵc),

where κ denote the upper bound of ℓ(x;uθ).

Proof. See the proof of Lemma F.6. Differences in notations do not influence the conclusion.

The next lemma bounds (II) with the approximation theory Theorem H.3.
Lemma I.6 (Empirical Risk Bound, Modified from Lemma F.7). Consider the transformer class
T h,s,r
R with parameter bound given in Theorem H.3. Let ûθ ∈ T h,s,r

R with parameter Θ̂ be the
velocity estimator trained by minimizing L̂CDFM with i.i.d training samples {xi}ni=1, where xi ∈ S.
Let empirical risk R̂(Θ̂) be as defined in (I.2). Then we have:

E
{xi}n

i=1

[R̂(Θ̂)] ≲ ϵ
4

Md+2M
4Mddd0+13Mdd+8Mdd0+12Md

Md+2 M
8Md

Md+2
u .

Proof. See the proof of Lemma F.7. The only difference is using the approximation error given in
Theorem H.3 instead of the approximation error given in Theorem 4.7 in proof.

I.3 ESTIMATION RATES FOR DISCRETE FLOW MATCHING

In this section, we derive the estimation error bounds for discrete flow matching in general case.
Theorem I.7 (Discrete Flow Matching Velocity Estimation with Transformer). Let ûθ with param-
eter Θ̂ be the velocity estimator trained by minimizing empirical conditional discrete flow matching
loss L̂CDFM with i.i.d training samples {xi}ni=1, where xi ∈ S. Suppose that for every given xi ∈ S,
u(xi, t) is bounded , such that ∥u(xi, t)∥2 ≤ Mu. Moreover, for every given xi ∈ S u(xi, t) is Lip-
schitz continuous with respect to t. Then for large enough n we have:

E
{xi}n

i=1

[R(Θ̂)] ≲ M8
uM

4dd0+12d+8d0+12n
− 1

4Mdd0+3Md+8d0+9 (log n)
1

4Mdd0+3Md+8d0+9 .

Proof. Recall the decomposition given in (I.3):

E
{xi}n

i=1

[R(Θ̂)] = E
{xi}n

i=1

[R(Θ̂)− R̂(Θ̂)] + E
{xi}n

i=1

[R̂(Θ̂)].

52



2808
2809
2810
2811
2812
2813
2814
2815
2816
2817
2818
2819
2820
2821
2822
2823
2824
2825
2826
2827
2828
2829
2830
2831
2832
2833
2834
2835
2836
2837
2838
2839
2840
2841
2842
2843
2844
2845
2846
2847
2848
2849
2850
2851
2852
2853
2854
2855
2856
2857
2858
2859
2860
2861

Under review as a conference paper at ICLR 2026

Substituting the result of Lemma I.5 and Lemma I.6 into the decomposition, we get:

E
{xi}n

i=1

[R(Θ̂)] ≲ O(
κ

n
logN + ϵc) + 2 E

{xi}n
i=1

[R̂(Θ̂)] (By Lemma I.5)

≲ O(
κ

n
logN + ϵc) + ϵ

4

Md+2M
4Mddd0+13Mdd+8Mdd0+12Md

Md+2 M
8Md

Md+2
u (By Lemma I.6)

≲
log(MMuϵ)− log(ϵc)

nϵ2c
M8dd0+12d+16d0+16M12

u ϵ−16d0−12

+ ϵc + ϵ
4

Md+2M
4Mddd0+13Mdd+8Mdd0+12Md

Md+2 M
8Md

Md+2
u . (By Lemma I.4 and κ ≲ M2

u)

We then choose ϵ and ϵc to get an optimal estimation.

First, let ϵc = (
log(nϵ)M8dd0+12d+16d0+16M12

u ϵ−16d0−12

n )1/3 and we obtain:

E
{xi}n

i=1

[R(Θ̂)] ≲ (log(nϵ))1/3M4
uM

8dd0+12d+16d0+16
3 ϵ−

16d0+12
3 n− 1

3

+ ϵ
4

Md+2M
4Mddd0+13Mdd+8Mdd0+12Md

Md+2 M
8Md

Md+2
u .

Next, let ϵ = M− 1
4d+1n

− Md+2

16Mdd0+12Md+32d0+36 (log n)
Md+2

16Mdd0+12Md+32d0+36 , then for large enough n
we get:

E
{xi}n

i=1

[R(Θ̂)] ≲ M8
uM

4dd0+12d+8d0+12n
− 1

4Mdd0+3Md+8d0+9 (log n)
1

4Mdd0+3Md+8d0+9 .

This completes the proof.

I.4 DISCRETE FLOW MATCHING DISTRIBUTION ESTIMATION

Finally, we present the distribution estimation rate for discrete flow matching in general case.

Theorem I.8 (Discrete Flow Matching Distribution Estimation Rates). Let ûθ with parameter Θ̂
be the velocity estimator trained by minimizing empirical conditional discrete flow matching loss
L̂CDFM in Theorem I.7. Let P stand for the true distribution and P̂ stand for the generated distri-
bution with discrete flow matching network ûθ. Then we have:

E
{xi}n

i=1

[TV(P, P̂ )] ≲ M4
u exp

(
MuM

d
)
M2dd0+

13
2 d+4d0+6n

− 1

8Mdd0+6Md+16d0+18 (log n)
1

8Mdd0+6Md+16d0+18 .

Proof. Following Theorem C.4, we have:

TV(P, P̂ ) ≲ exp(2Mu)M
d
2

√
R(Θ).

We then take expectations at both sides and apply the velocity estimation rate (Theorem I.7),

E
{xi}n

i=1

[TV(P, P̂ )] ≲ exp(2Mu)M
d
2 E
{xi}n

i=1

[
√
R(Θ)]

≲ M4
u exp(2Mu)M

2dd0+
13
2 d+4d0+6n

− 1

8Mdd0+6Md+16d0+18 (log n)
1

8Mdd0+6Md+16d0+18 .
(By Theorem I.7)

This completes the proof.
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J NUMERICAL STUDIES

In this section, we validate Theorems 3.1, 5.1 and 5.2 with proof-of-concept experiments.

J.1 VALIDATING INTRINSIC ERROR BOUND (THEOREM 3.1)

In this section, we examine Theorem 3.1 through numerical experiments.
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Figure 3: Validating TV Distance Bound in
Theorem 3.1 via Learned Velocity. The x-
axis shows the flow-matching loss is decreas-
ing. The y-axis displays metric values on a log-
arithmic scale. The theoretical bound (red line)
consistently upper-bounds the true TV distance
(gray line), validating the guarantee from Theo-
rem 3.1. Both metrics decrease as the model’s
flow-matching loss decreases.
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Figure 4: Validating TV Distance Bound in
Theorem 3.1 via Training-Free Velocity. The
x-axis shows the flow-matching loss is decreas-
ing. The y-axis displays metric values on a log-
arithmic scale. The theoretical bound (red line)
consistently upper-bounds the true TV distance
(gray line), validating the guarantee from Theo-
rem 3.1. Both metrics decrease as the model’s
flow-matching loss decreases.

Setup. We validate the Total Variation (TV) distance between the estimated distribution P̂ and the
ground-truth distribution P is bounded by factorized velocity risk function Ri0 (F.1):

TV(P, P̂ ) ≲
√
M exp(2Mu)

∑
i0∈[d]

√
Ri0(Θ̂), (J.1)

where M is the vocabulary size, Mu is the upper bound on velocity entries.

To show the generality of Theorem 3.1, we examine two settings:

• Training-Free Flow. We first validate Theorem 3.1 with velocity fields uθ(x, t) given. We
remark that, this particular setting subsumes the near-optimally trained models in practice
(i.e., uθ is almost ground truth, up to some small noise ξ), and our experiments (Figure 4)
verify such setting directly.

• Learned Flow. We then validate Theorem 3.1 with velocity fields uθ(x, t) learned from
synthetic data.

Data. For each setting, we use the following synthetic data:

• For training-free flow, we work in R1 with discrete vocabulary size M = 2. The systems
start at state 0. We set the true velocity u(x, t) as

u(1, 0) = α u(1, 1) = 0 u(0, 1) = 0 u(0, 0) = −α,

which satisfies the marginalization constraint
∑

y u(y, x) = 0 for each x ∈ 0, 1. Under this
velocity, the distribution path pt(1) = 1− e−αt, pt(0) = e−αt. For the estimated velocity
uθ we introduce a small constant estimation error ξ > 0, i.e.,

uθ(1, 0) = α+ ξ, uθ(1, 1) = 0, uθ(0, 1) = 0, uθ(0, 0) = −α− ξ,
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Under this velocity, the estimated distribution path qt(1) = 1−e−(α+ξ)t, qt(0) = e−(α+ξ)t.
• For learned flow, we work in R2 with discrete vocabulary size M = 16. We obtain

discrete data p1 from discretizing the continuous make moons dataset with noise level 0.05
following the implementation in (Lipman et al., 2024):

p1 ∼ x = Round (Clip (35 · xcontinuous + 50, 0,M − 1)) ,

where x ∈ {0, 1, . . . ,M − 1}2. The initial distribution is p0 = U({0, 1, . . . ,M − 1}2).
We use training set sizes n = 5000.
We perform the interpolation using the discrete flow matching scheme:

Xt =

{
X1 with probability t,

X0 with probability 1− t,

where t ∼ U [0, 1] during training.

Model. We parametrize the flow matching velocity uθ(x, t) : {0, . . . ,M − 1}2 × [0, 1] → R2×M

with a three layer MLP of hidden dimension 256. The model outputs logits for each dimension and
vocabulary class. We optimize using Adam with learning rate λ = 0.001 and batch size B = 256.

Baseline (Ground Truth).

• Training-Free Flow. For the left-hand side of (J.1), we compute the Total Variation dis-
tance using its definition:

TV(P, P̂ ) =
∑
x∈S

|p1(x)− q1(x)|. (J.2)

It is straightforward to calculate ground-true probability p1(x). For q1(x), we use Monte
Carlo simulation. Specifically, we generate 2000 samples from the flow model, and esti-
mate probability q1(x) by empirical frequency.
For the velocity risk, we use the true conditional velocity ut(X0, X1, t) = X1 −X0. We
then estimate:

R̂(θ) =
1

N

N∑
i=1

L(uθ(X
(i)
t , t(i)), X

(i)
1 ),

where the loss L is the cross-entropy loss.
• Learned Flow. For the TV distance, we follow (J.2). In the learned flow setting, we use

cross entropy loss to train the model, as no open-source implementation supports the L2

velocity loss. This is justifiable. In the discrete setting, once the interpolation path (mixture
path) is fixed, the target velocity field is determined by the path design. Hence, there exists
a single correct velocity regardless of the chosen parametrization. Our cross entropy (CE)
loss is an alternative parametrization of the same target velocity (Lipman et al., 2024). In
particular, minimizing CE corresponds to minimizing the prediction error of the marginal
posterior. The true velocity is a deterministic transform of this posterior (Equation 7.25
of (Lipman et al., 2024)). Therefore, driving CE loss to zero forces the learned model to
converge to the unique correct velocity. In this sense CE loss is equivalent to L2 loss.

Results. We present our results in Figure 4 and Figure 3:

• Training-Free Flow (Figure 4). We compare the empirical TV distance with the theoreti-
cal upper bound in Theorem 3.1. The red curve shows the theoretical bound, and the gray
curve shows the measured TV distance. As the flow-matching loss ϵ decreases, the theoret-
ical bound consistently upper-bounds the empirical TV distance throughout training. This
shows tight agreement in the training-free setting.

• Learned Flow (Figure 3). A similar comparison reveals a larger gap between the the-
oretical bound and the measured TV distance. This behavior is expected: neural network
training introduces approximation and generalization errors, and hence prevents the learned
velocity from matching the true velocity as closely as in the training-free case.
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J.2 VALIDATING CONVERGENCE RATES OF VELOCITY AND DISTRIBUTION ESTIMATION
ERRORS (THEOREMS 5.1 AND 5.2)

In this section, we examine Theorems 5.1 and 5.2 through numerical experiments.
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Figure 5: Scaling Law of Total Variation (TV) Distance (Theorems 5.1 and 5.2). Left: TV
distance increases with model hidden dimension (d0). Right: TV distance grows from near-zero at
M = 16 to around 0.21 at M = 64. With a fixed training sample size n, increasing the model
hidden dimension d0 or the vocabulary size M increases TV distance. These align well with our
finite-sample upper bounds that grow polynomially in these complexity parameters.

Setup. Let n be the training sample size. We validate the convergence rates of velocity estimation
error and the distribution estimation error

E
{xi}n

i=1

[Ri0(Θ̂i0)] ≲M13d0n− 1
5Md0 (log n)

1
5Md0 , (Theorem 5.1)

E
{xi}n

i=1

[TV(P, P̂ )] ≲M7d0n− 1
9Md0 (log n)

1
9Md0 , (Theorem 5.2)

where M is the vocabulary size and d0 is the transformer feature dimension.

Data. We use the same synthetic data as the learned flow setting in Appendix J.1. We use different
training samples n ∈ 500, 1000, 1500, 2000 for our experiments to validate Theorems 5.1 and 5.2.

Model. The model architecture, optimzer, learning rate and batch size are follow the learned flow
setting in Appendix J.1. To validate the scaling law of d0 and M in Theorems 5.1 and 5.2, we
report two sets of experiments. First, we first fix the vocabulary size to M = 256 and use different
model hidden dimension d0 ∈ 32, 64, 128, 256, 512. Second, we fix the model hidden dimension to
d0 = 256 and use different vocabulary size M ∈ 16, 24, 32, 48, 64.

Baseline (Ground Truth). We use the same ground truth as the learned flow setting in Appendix J.1.

Results. We present our results about scaling law of total variation (TV) distance in Figure 5. It
presents our findings using different experimental configurations. The left figure in Figure 5 shows
that TV distance keeps increasing when the model hidden dimension d0 increases. The right figure
in Figure 5 shows that TV distance keeps increasing when the vocabulary size M increases. These
results align well with our theory (Theorems 5.1 and 5.2).
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