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ABSTRACT

We provide a theoretical analysis for end-to-end training Discrete Flow Match-
ing (DFM) generative models. DFM is a promising discrete generative modeling
framework that learns the underlying generative dynamics by training a neural
network to approximate the transformative velocity field. Our analysis establishes
a clear chain of guarantees by decomposing the final distribution estimation error.
We first prove that the total variation distance between the generated and target
distributions is controlled by the risk of the learned velocity field. We then bound
this risk by analyzing its two primary sources: (i) Approximation Error, where we
quantify the capacity of the Transformer architecture to represent the true velocity,
and (ii) Estimation Error, where we derive statistical convergence rates that bound
the error from training on a finite dataset. By composing these results, we pro-
vide the first formal proof that the distribution generated by a trained DFM model
provably converges to the true data distribution as the training set size increases.

1 INTRODUCTION

We provide a comprehensive theoretical analysis of Discrete Flow Matching (DFM), establishing
rigorous error bounds and statistical convergence rates for training this emerging class of models.
Generative models for discrete data, such as text, proteins, and molecules, are central to modern ma-
chine learning. Recently, discrete flow matching (Campbell et al.l |2024; |Gat et al.| [2024) emerges
as a powerful and flexible paradigm in these domains. It learns a transformation from a simple prior
distribution to a complex data distribution by parameterizing the dynamics of a Continuous-Time
Markov Chain (CTMC). A key advantage of this approach is its simulation-free training objective.
Instead of solving complex differential equations, discrete flow matching models learn the under-
lying velocity field that governs the probability path, leading to efficient and stable training. This
framework has achieved promising results in various applications, including video generation (Fuest
et al., [2023)), inverse protein folding (Y1 et al., |2025), and graph generation (Qin et al., 2024)).

Despite its rapid adoption and strong empirical performance, the theoretical foundations of discrete
flow matching remain unexplored. This creates a critical gap between practice and theory: How
does the error in the learned velocity field translate to error in the final generated distribution? What
are the expressive limits of the neural networks, like Transformers, used to parameterize these ve-
locities? And how does the quality of the generated samples depend on the amount of training data?
Without answers to these questions, it is difficult to understand the discrete flow matching method’s
behavior, its fundamental limitations, or how to guide future improvements in a principled manner.

This paper addresses these gaps by providing the comprehensive theoretical analysis of end-to-
end training for Discrete Flow Matching. We focus on the popular setting of factorized velocities
(Lipman et al., 2024) parameterized by the Transformer architecture (Vaswani et al., 2017} |Gat
et al.| [2024])), the major workhorse of modern generative Al. Our analysis establishes a clear chain
of guarantees connecting model design and data size to the quality of the resulting distribution.

Contributions. Our contributions are three-fold:

¢ Intrinsic Error Bounds for Discrete Flow Matching. We establish a fundamental error
bound intrinsic to the Discrete Flow Matching (DFM) framework. Our analysis begins
with the Kolmogorov equation (2.3)), which governs the relationship between a probability
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distribution and its underlying velocity field in a Continues Time Markov Chain[Section 2]
We frame the problem as analyzing the discrepancy between the solutions to two systems
of Kolmogorov ODEs (Lemma C.3): one for the true data distribution p; and its velocity
field u¢, and the other for the estimated distribution p driven by our learned velocity field
uY. By applying Gronwall’s Inequality , we derive an explicit upper bound on
the total variation distance between the true distribution p; and the estimated distribution pf
in (Theorem 3.T). This bound is intrinsic because it originates from the core discrete flow
matching paradigm of modeling the velocity field rather than the distribution—an inherent
source of error that exists irrespective of model architecture or data volume. This result
validates the intuition that a more accurate velocity field approximation yields a higher-
fidelity generative model. It provides a distribution convergence guarantee for any discrete
flow matching implementation, including empirical works that do not use Transformers
(Campbell et al} 2024} |Gat et al., 2024} |Lipman et al., [2024).

* Approximation Error Analysis. We analyze the approximation error, proving that Trans-
former networks possess sufficient expressive power to approximate the ground-truth ve-
locity fields with a controlled error rate. A key challenge is that the existing universal ap-
proximation results for Transformers limits to continuous functions, whereas
our velocity field u(x, t) is defined over a discrete space « € S. We bridge this theoretical
gap in[Lemma 4.5|by first constructing a continuous extension, u(,t), that preserves the
temporal smoothness of the discrete velocity function. Building on this, we then derive
an upper bound on the approximation error when using a Transformer estimator ug(z, t)
to model the ground-truth velocity u(x,t) (Theorem 4.7). This result provides a formal
justification for using Transformers to model discrete flows.

» Estimation Error Analysis. We derive statistical convergence rates for the estimation er-
ror, which arises from learning the velocity field from a finite dataset. Our analysis proceeds
in two stages. First, leveraging our approximation error bounds from we ana-
lyze the velocity estimation error in[Theorem 5.1} This result establishes a rate at which the
Transformer-based velocity estimator converges to the true field as the number of training
samples increases. Second, we combine this velocity estimation error with the intrinsic
error bound for discrete flow matching (Theorem 3.1)) to derive a final upper bound on
the distribution estimation error in|Theorem 5.2| Together, these theorems provide a solid
theoretical guarantee for discrete flow matching models implemented with Transformers,
grounding existing empirical applications (Fuest et al.l 2025} |Qin et al., 2024; |Y1 et al.,
2025)) in a rigorous framework.

Organization. [Section 2reviews the core concepts of discrete flow matching and the Transformer
architecture. establishes our intrinsic error bound for the Discrete Flow Matching frame-
work. provides an approximation error analysis for discrete flow matching implemented
with Transformers. derives statistical convergence rates for both velocity and distribution
estimation errors. summarizes our contributions and discusses their implications. The ap-
pendix provides supplementary material and proofs. [Appendix B|details the theoretical background
on the expressive power of Transformers. [Appendices C|and [E] to [G] contain detailed proofs of our

main theorems. and [I] study approximation and estimation rates for generic DFM
without the factorized velocity technique.

Notation. We denote the index set {1,. .., I} by [I]. Let 2[i] denote the i-th component of a vector
z. Let Z denote integers and Z_ denote positive integers. Given discrete probability distribution P
and (), we denote the total variation distance between P and @) by TV(P, Q). Given a matrix Z €
RIXL || Z||; and || Z||r denote the induced 1-norm and the Frobenius norm. For vectors u,v € R,
the Bregman divergence induced by a strictly convex function ® : R — R is D(u,v) := ®(u) —
®(v)—(u—v) T V®(v). Let ||-||; and ||-||2 be the ¢; and ¢y vector norms. LetS = {s1,...,sy}bea
finite state space. Foreach ¢ € [0, 1], let f; : S xS — R be a scalar-valued function. Then we define
a vector-valued function f;(-,z) : S x [0,1] — RN, as f;(-,z) := [fi(s1,2), ..., fe(sn,2)] .
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2 PRELIMINARIES

In this section, we provide an high level review of discrete flow matching following (Lipman et al.,
2024)), and the transformer architecture (Vaswani et al.,[2017).

Continues Time Markov Chain. Consider the discrete data = from state space S = V¢ where
vocabulary V = {1,..., M}. In this paper, we utilize a natural embedding £ : S — R? that maps
each discrete token j € V to its corresponding integer value as a real number.. For convenience,
we view V = [M] as a subspace of R. The Continues Time Markov Chain (CTMC) (Norris, [1998)
is a continuous stochastic process (X;);>¢ that models systems evolving over continuous time. A
defining characteristic of a Continues Time Markov Chain is the Markov property, meaning the
system’s future state only depends on its current state, not on its past history. Let p; denote the
probability mass function (PMF) of X;. Then we define an unique Continues Time Markov Chain
by specifying an initial distribution py and rates function (velocity field) us(y,z) : S x S — R.
This function induces the probability transition kernel p; ¢ as

Peynft(Y|z) = P(Xeyn = y[Xe = ) = §(z,y) + we(y, v)h + o(h), 2.1

where §(z, y) is the Kronecker delta function, equal to 1 when = = y and 0 otherwise. The values
u¢(y, ), called rates or velocities, represent the instantaneous rate of transition from state x to state
y at time . We define u; generates p; if there exists p, |, satisfying (2.1)) with probability path
(pt)t>0. For the total probability to sum to one, i.e., > psyn)¢(y|z) = 1, the rates function u; must
satisfy the following conditions (rates conditions),

ug(y,z) >0 forall y+# 2, and Zut(y,x) =0. (2.2)
y

By the definition of transition kernel (2.1)), a rates function u; and an initial distribution py define a
unique probability path p; via the Kolmogorov Equation (Lipman et al., 2024, Theorem 12),

M = Z ue(y, )pe(x). 2.3)

dt €S
Finally, we simulate a sample trajectory (x;);>1 with Euler method

P(Xin = y| Xy = 2) = 0(z,y) + we(y, x)h, with P(Xo) = po(x).

Discrete Flow Matching. Discrete Flow Matching (DFM) is a generative modeling framework
that learns a transformation from a source distribution py to a target distribution p; (Campbell et al.,
2024; |Gat et al.| 2024} Lipman et al., 2024). The core principle is to first define a probability
path (pt)te[o,1] that interpolates between py and p;. This path is induced by a Continuous-Time
Markov Chain (CTMC) characterized by a velocity field u;. The learning objective is to train a
neural network ! to approximate this ground-truth velocity. We train the model by minimizing the
discrete flow matching loss, which measures the discrepancy between the ground-truth velocity
and predicted velocities uf using a Bregman divergence D(-,-) (see for definition)

Lorm = Et x,op, [D(us(-, Xe),ul (-, X2))]

where the ground-truth velocity (-, X;) (notation follows[Section 1)) satisfies the rate conditions in
(2:2). A tractable method for constructing these paths and velocities is Conditional Discrete Flow
Matching (CDFM) (Campbell et al., [2024; |Gat et al., 2024)), which introduces an auxiliary discrete
random variable Z over a space Z with PMF py(z). The marginal probability path is defined as

pi(z) = Z pt‘z(x|z)pz(2).

zEZ

As shown by (Lipman et al 2024), if each conditional path p;(z|z) is generated by a velocity
ut(y, z|2), the corresponding marginal velocity u;(x) is given by

ug(x) = Z Ut(ya$|z)pz|t(2|$)7 where pz\t(z|33) =
z2€EZ
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This leads to the CDFM loss, an objective based on the conditional velocity fields

ﬁCDFM = Et,Zsz,XtNPt\Z [D(ut('vthz)’ uf('vXt))] .

Crucially, the CDFM and DFM objectives yield identical learning gradients (Lipman et al.| 2024,
Theorem 15), i.e., VoLcprm(0) = VoLprm(6). This equivalence makes CDFM a powerful and
efficient training strategy. In this paper, we instantiate the Bregman divergence as the squared (o
distance. Then the conditional flow matching loss takes the form

Leom = Btz x,mpy [0 ( Xel Z) — uf (-, X1)|13] - (24

Factorized Paths and Velocities. For sequences of length d over a vocabulary of size M, the ve-
locity field u;(-, ) must specify a transition rate to all M? possible states. The model’s output is
therefore a vector in RM*. This exponential scaling with sequence length makes the direct mod-

eling of the velocity field intractable. To overcome this challenge, we employ factorized velocities
(Campbell et al., 2022} [2024; |Gat et al.,|2024)), which decompose the velocity field as

u(y, x) = > 8y, 2" )uy(y', @), 2.5)

where (-, -) is the Kronecker delta and 7 := (1,...,4 — 1,4 + 1,...,d) denotes all indices except .

We then model each component u (3, ) with a neural network u!" (¢, ), which outputs a vector
in RM. This reduces the total output dimension to a tractable d - M. Substituting the factorized
velocity (2.5) into the CDFM objective (2.4) yields the following loss function

»CCDFM = Et,ZvXtNPt\Z [||ut(,Xt\Z) — ’LL?(,Xt)H%] s (By the definition of CDFM :4))
= - . . . 2
=Bz | 3 90 00 XD) (. X 2) — il X)) | e
_yGVd i€[d]
:Et,ZXtN:Df,\Z Z ||uzl€(7Xt|Z) _uf)i(WXt)H% : (2.6)
i€[d]

To generate samples from the trained model (Campbell et al., 2024; |Gat et al., 2024), we simulate
the CTMC by applying coordinate-wise updates for each ¢ € [d] using a discrete time step h

P(Xi, =y'|X, = 2) = 8(z',y) + huf' (3, ). 2.7

Mixture Paths. Following (Gat et al.,[2024; Lipman et al., 2024)), we adopt mixture paths for our
strategy for conditional generation. By conditioning on the source-target pair Z = (Xo, X1), we
construct a factorized conditional probability path py|o,1(z|zo, 21) = [I; P}, (¢"|z0, z1), where
each per-coordinate path interpolates between the source and target tokens

pilO,l(xi“T()vxl) = rib(2’,x]) + (1 — Ke)d(a", ).
Here, §(-, -) is the Kronecker delta and &, is a monotonically increasing smooth function that satisfies

the boundary conditions

d
ko =0, k1=1, and %>0 for ¢ e (0,1).

The conditional factorized velocity field that generates this per-coordinate path takes the form

Kt

[0(y", x}) — 6(y', =)]. (2.8)

ui(y' @' a}) = T

We parameterize the velocity ui with a model uf’i. The model is trained to match the ground-truth
velocity for each coordinate uy, resulting in the following CDFM loss objective

H.t i i 0,1
Lcprm = Et,Xo,Xl,XtNPtlxo,Xl § | 1— ry [5('7 X1) —6(, Xt)} Uy ('a Xt)”g ) (2.9)
i€[d]
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Figure 1: Discrete Flow Matching (with Factorized Velocity) Network Architecture. Our model processes
a discrete input x € S and a continuous time ¢ € [0, 1] as input. Initially, embedding layer E' maps discrete
tokens to continuous embeddings (Section 2). Sequentially, the model concat the continues embeddings with
the time variable. A reshape layer then structures this combined representation into a sequence format with a
hidden dimension of do, making it compatible with the Transformer network. This Transformer block processes
the sequence to learn the complex temporal dynamics of the discrete flow. Finally, a reverse reshape layer
flattens the output for a linear projection that predicts the underlying velocity field over the vocabulary space.

where §(-, z) denotes a one-hot vector in RM corresponding to a token z € V. For notational
simplicity, we define u(x,t) := u(-, ) as the vector-value function representing the full velocity
field for a state x at time ¢. This function maps the state-time space S x [0, 1] to the velocity space

RM?, Similarly, we apply this convention to the learnable model and their factorized counterparts:
ug(z,t) = uf (-, x), u' (z,t) := ul(-,z), and u (z,t) := u?' (-, z).

This paper focuses on discrete flow matching (DFM) using factorized velocities and the mixture
path construction, as these are most common choices in practice (Campbell et al., [2024; |Gat et al.|

2024; [Lipman et al., [2024). Given n i.i.d training {x;}?_, , the factorized empirical loss used to
train the velocity model for coordinate i is defined as:

Kt Loy s(. yioy] _ 2
Spe = Z / oot RS a) = 6 X)) (X D)
(2.10)

Discrete Flow Matching Transformers. We parameterize the velocity model u{ using a Trans-
former architecture (Vaswani et al 2017). Due to space limits, we defer a detailed definition of
the Transformer block and its theoretical properties to including Lipschitzness and
universal approximation. We also illustrate the specific architecture used in our paper in[Figure 1]

3 ERROR BOUNDS FOR DISCRETE FLOW MATCHING

Instead of estimating the distribution paths p;, the Discrete Flow Matching (DFM) framework
(Campbell et al., 2024} (Gat et al., [2024) learns the underlying dynamics by estimating the veloc-
ity field u;. This section provides the first theoretical verification for this approach by establishing
rigorous error bounds for the discrete flow matching (with factorized velocity). We prove that the
quality of the generated distribution is controlled by the accuracy of the learned velocity field. We
formalize this relationship by presenting an upper bound on the total variation distance between the

estimated distribution P and target distributions P, in terms of the risk of the velocity estimator.

Theorem 3.1 (Error Bound for Discrete Flow Matching). Consider the discrete state space S = V¢
with vocabulary V = {1,..., M}. Let P be the true data distribution and let P be the distribution
generated by a DFM model using factorized velocity estimators ﬂé, . ,ﬂg. For each coordinate
io € [d], define the factorized risk as the mean squared error of its velocity estimator:

T
RE@)i= [ B (Xt - T (X o),
to Xtht(
where the time interval is clipped to [to, T to ensure numerical stability and p.(x) is true probability
path generated by factorized velocities u', . .., u®. Then, the total variation distance between the
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true and generated distributions is bounded by the sum of the risks from each factorized component:

TV(P,P) < VMexp(2M,) Y /Rio(6),
|

ioG[d

where M, is the upper bound of estimated velocity such that ‘u?’io (y, x)‘ < M, forally,x € S.

Proof. Please see for a detailed proof. O

Remark 3.2 (Comparison with Flow Matching Error Bounds). Our error bounds pro-
vides an analogue to flow matching bounds (in 2-Wasserstein distance) like (Benton et al.| |2023)),
with foundational differences in technique. We bound the solution error of the Kolmogorov for-
ward equation governing the probability distribution. In contrast, their approach uses the Alekseev-
Grobner formula to control the trajectory-wise error of the underlying flow ODE. This technical
distinction leads to different complexity sources: total variation distance bound scales exponentially
with upper bound of the estimated velocity M,,, whereas their 2-Wasserstein bound scales with the
velocity field’s Lipschitz constant L.

confirms that the central challenge in discrete flow matching is to learn factorized

~

velocity estimators 4> with low risk R% (©). Therefore, the subsequent sections analyzes the two
primary sources of this risk: (i) the approximation error (the error arising from learning
velocity estimators with neural networks, which is the inherent limitation of model class) and (ii)
the estimation error (the error arising from training on a finite dataset).

Roadmap of Our Theoretical Results. For the convenience of readers, we provide the logical
structure of our theoretical results in below. It illustrates the progression from supporting
lemmas to intermediate error bounds. Altogether, these bounds culminate in our four main results
(error bounds for discrete flow matching): intrinsic (Theorem 3.T), approximation (Theorem 4.7),
velocity estimation (Theorem 3.1)), and distribution estimation (Theorem 5.2).

Cemma C2| Cemma C3| | [Cemmas EJlto[E.6] CemmaEDJ] | (Lemma D.11
Gronwall’s Inequality Error Dynamics| | Auxiliary lemmas | |Continues Extension Bump Function
(Theorem 3.1 ITheorem 4.7 to
Intrinsic Error Bound for DFM Approximation Error Bound| |Auxiliary Lemmas
(Iheorem 5.2 Iheorem J.11

Distribution Estimation Error Bound| | Velocity Estimation Error Bound

Figure 2: Roadmap of Our Theoretical Results.

4  APPROXIMATION ERROR FOR DISCRETE FLOW MATCHING

This section addresses the first component of the learning error: the approximation error of discrete
flow matching with transformers. We focus on the transformers since the transformers are the foun-
dational architecture in many of today’s most powerful generative models based on discrete flows,
such as (Fuest et al.,2025), inverse protein folding (Y1 et al.,2025), and graph generation (Qin et al.,

2024). embeds the discrete ground-truth velocity field u(z, t) into a continuous space

d . . . .
RM", presents the approximation error bounds for discrete flow matching.

4.1 EXTENDING THE VELOCITY FIELD

To analyze our model’s approximation error, which operates on the discrete domain S = V%, we
require a continuous extension of the ground-truth velocity field. Therefore, we first embed the
discrete input space S into the continuous Euclidean space R?, following m
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Remark 4.1. While we present our proofs using the inclusion embedding, the functional extension
technique in[Lemma 4.3 applies to any frozen injective embedding of the vocabulary. Consequently,
analogues of our main results continue to hold for arbitrary injective embeddings. We formulate our
main results under the inclusion embedding for simplicity of analysis.

Applying this embedding, we then extend the velocity function u(z,t) to a continuous function
t(2,t) defined over z € RY. The goal is to construct this extension u such that it preserves the
smoothness of the original function. We quantify this smoothness using the Holder space.
Definition 4.2 (Holder Class). Let d,d’ € Z, Q C RY and let B = k + ~ be the smoothness
parameter with k = || € Z>o and v € [0,1). For a k-times differentiable function f : Q@ — R,
the Holder norm is defined as

a 80{f € _8af Yy
£l = D 0% fl=@y+ >, sup | |(|x) E 2
ol <k o=k " Y
y
The Hélder class with smoothness [ and radius K > 0 is then

MW (LK) ={f=(fi,....fa)T : Q= R?| sup I fillags ) < K-
i€[d’

Our analysis requires the ground-truth velocity field w(z, t) to be smooth in time. We assume that
for any fixed state 2 € S, the velocity function ¢ — u(x, t) is Holder continuous, as stated below.

Assumption 4.3. For each state x € S, the true velocity function t — u(x,t) lies in the Holder
space 'H’f Kl ([0,1], K) for some smoothness parameter 3 > 1.

Remark 4.4. This is a standard assumption in the analysis of differential equations, ensuring the

velocity field changes smoothly over time. is not restrictive and holds for many

common probability path constructions. A prominent example is the mixture path. The velocity
that generates the mixture path 2:8)) is smooth with respect to time t. This ensures that for any

smoothness level 3 > 1, the condition in[Assumption 4.3)is satisfied.

Then the following lemma demonstrates that a smooth extension (z, t) exists that interpolates the
original function while preserving its smoothness.

Lemma 4.5 (Discrete-to-Continuous Functional Extension). Let S C R? be the discrete state space.

Foreach x € S, let t — u(x,t) € HfMd([O, 1, K) with 8 = k1 +v > 1, where k = | 3] and

v € [0,1). Then there exists an continuous extension u € HS+1 e (RE X [0,1], C) such that

u(s,t) = u(s,t) forallse S,tel0,1],
where the Holder norm C = 3e - (ky + 2)(2k;)?** K M.

Proof. Please see for a detailed proof. O

Remark 4.6. This lemma shows that it is possible to extend a family of smooth functions indexed by
discrete points to a smooth function on the whole domain with controlled Holder norm.

4.2 DISCRETE FLOW MATCHING APPROXIMATION

Building on the continuous extension of the velocity field from we now derive a spe-
cific approximation rate for the discrete flow matching model. Following practical implementation
(Campbell et al.| 2024} Gat et al.|[2024; Lipman et al.|[2024), our analysis in this section focuses on
the setting that combines factorized velocities with the mixture path construction (Section 2)).

Theorem 4.7 (Informal Version of Approximation Theorem for Discrete Flow Match-
ing). Let u'(x,t) be the factorized velocity field for coordinate i € |d) under mixture path setting.

Let M be the vocabulary size. Assume holds, then for any € € (0,1), there exists a
transformer network u(x, t) satisfying that for any t € [to, T):

i i 2 2 713
D N, t) = (2, )13 - pe(x) S 37 M,
€S
where the size of transformers depends on € and dy is the transformer feature dimension.

Proof. Please see[Appendix E|for a formal version and a detailed proof. O
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S5 VELOCITY AND DISTRIBUTION ESTIMATIONS

While confirms that Transformers are powerful enough to approximate true velocity field
with any precision, this section addresses the practical challenge of learning from data. We analyze
the estimation error—the error that arises from having access only to a finite set of n training samples
rather than the true underlying data distribution. Specifically, derives convergence rates
for the velocity estimator, showing how its error decreases as the number of training samples n
increases. Then, by applying the error bounds for discrete flow matching|[Theorem 3.1| [Section 5.2|
translates this velocity error into a bound on the final distribution error under total variation distance.

5.1 VELOCITY ESTIMATION

We begin by establishing the estimation error bounds of training the factorized velocity estimator.

Theorem 5.1 (Velocity Estimation with Discrete Flow Matching Transformer). Let ﬁé” € ’TIZ T

with parameter ©% be the factorized velocity estimator for coordinate iy € [d] under mixture path
setting. Given n i.i.d training samples {x;}7_, from state space S = [M 19, we train the model by

minimizing empirical loss QDFM Jollowing @I0). Then for large enough n we have:
B [R©(6%)] £ M"n” % (logn) 7,
{zi}io,

Here we set transformer feature dimension dy > 25 for simplicity.

Proof. Please see for a detailed proof. O

5.2 DISTRIBUTION ESTIMATION

The velocity estimation rate is a critical intermediate step. We now leverage this result to derive the
main statistical guarantee of our work: an end-to-end bound on the final distribution generated by
the discrete flow matching process. By combining the velocity estimation error bound from

[rem 5.1] with the internal error analysis for the discrete flow matching (Theorem 3.1)), we establish
the convergence rates for discrete flow matching distribution estimation error.

Theorem 5.2 (Discrete Flow Matching Velocity Estimation with Transformer). For any coordinate
ig € [d], let ﬂé‘) be the i-th velocity estimator trained by minimizing empirical loss EgDFM following
(2.10). Let P denote the true distribution and P the distribution generated by the discrete flow
matching framework with factorized velocity estimators Uy, Uz, . . . , ﬂg. Then for a vocabulary size
M, the expected total variation distance TV(P, ﬁ) over training data {x;}!_; is bounded by:

( H;: [TV(PJB)] S Mmonfﬁ(logn)ﬁ,

Here we set transformer feature dimension dy > 25 for simplicity.

Proof. Please see for a detailed proof. O

establishes a concrete convergence rate, confirming that the model’s generated distri-
bution provably converges to the true data distribution as the size of the training set increases.

6 DISCUSSION AND LIMITATIONS

Our analysis also provides a strong theoretical justification for employing factorized velocities, a
common practical choice. A comparison between the statistical rates for the factorized setting
[tions 4Jand [5) and the general, non-factorized setting (Appendices H|and[I) reveals a critical insight.
The intrinsic error bound for the general case scales with a term of M4/2 , where
M is the vocabulary size and d is the sequence length. In contrast, the intrinsic error bound for

the factorized velocity discrete flow matching depends only on v/ M (Theorem 3.1), mitigating this
severe curse of dimensionality. Because this error is model-agnostic and intrinsic to the discrete
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flow matching framework itself, the VM term represents a fundamental barrier, not an artifact of a
specific network architecture. This intrinsic weakness propagates to the final learning guarantees,
resulting in looser estimation error bounds for the non-factorized approach (Theorem 1.7] and [Theo-
[rem I.8). This finding demonstrates that factorization is not only a computational convenience but is
also crucial for statistical efficiency.

While our work provide solid statistical foundation for discrete flow matching, we highlight lim-
itations and opens avenues for future research. A key limitation revealed by our analysis is the
polynomial dependence of the error bounds on the vocabulary size M. As shown in our main theo-
rems the error bounds scale with terms like M/ 7%, and thus do not provide meaningful
guarantees for typical large-vocabulary tasks such as text generation. This provides a critical in-
sight: the discrete flow matching framework may be better suited for applications with small to

medium sized vocabularies, such as coding or protein design. As part of our future work, we plan to
investigate whether this polynomial dependence constitutes a fundamental hardness result.

7 CONCLUSION

In this work, we present the first comprehensive theoretical analysis of Discrete Flow Matching
(DFEM), providing an end-to-end guarantee that the generated distribution provably converges to the
true data distribution. Our key innovation is establishing a model-agnostic, intrinsic error bound
for the discrete flow matching (Theorem 3.T). This foundational result demonstrates that the final
distribution error is controlled by the accuracy of the learned velocity field, a principle that holds true
for discrete flow matching with any arbitrary implementation. Building on this intrinsic bound, we
specialized our analysis to the popular case of Transformer-based models, decomposing the velocity
risk into its two fundamental components: approximation error, which concerns the expressive
power of the model architecture, and estimation error, which results from learning on a finite sample.

To address the approximation error, we first bridge the theoretical gap between the discrete data
space S and our transformer universal approximation theory. We then construct an embedding that
maps the discrete space into Euclidean space (Section 2). This embedding allows us to extend the
discrete velocity field to a continuous one (Cemma E.2). By applying transformer universal approx-
imation theory (Proposition B.17] and [Theorem B.18) to the continuous extension of the velocity
field, we obtain explicit approximation rates for discrete flow matching with Transformers
[rem 4.7). To bound the estimation error, we analyze the complexity of the function class learned
by the Transformer. By applying covering number arguments, we establish a precise rate for the
velocity estimation error (Theorem 5.1)). Finally, by composing these results, we derive the overall
distribution estimation error in [Theorem 5.2] This final bound characterizes the convergence rate
of the learned distribution, providing a complete statistical analysis of the discrete flow matching
Transformers pipeline.

In conclusion, this paper establishes a solid theoretical foundation for the discrete flow matching
framework, with our intrinsic error bound serving as the cornerstone. By validating the core princi-
ples of discrete flow matching and the practical utility of techniques like velocity factorization, our
work moves the understanding of these models from an empirical art to a more rigorous science,
paving the way for more principled and robust advancements in discrete generative modeling.

Related Work: Statistical Rates for Generative Models. The theoretical study of generative
models involves analyzing their statistical properties, including approximation error, estimation er-
ror, convergence rates, and sample complexity. Recent works make significant progress in this area
for continuous data models. For instance, |Fu et al.| (2024) establish sharp statistical rates for con-
ditional diffusion models with MLP backbones, while Jiao et al.| (2024) derive explicit convergence
rates for flow models in a latent space. In a key development for Flow Matching (FM), [Fukumizu
et al.| (2024) show that Flow Matching achieve nearly minimax optimal convergence rates under the
p-Wasserstein distance, providing the first theoretical evidence of its competitiveness with diffusion
models. This line of studies extend to analyze conditional diffusion transformers (Hu et al.l 2024b)
and higher-order flow matching methods (Su et al., [2025).

However, these theoretical work only focus on models for continuous data, leaving the discrete set-
ting unexplored. A fundamental challenge for discrete generative approaches is how to define a
tractable denoising process on discrete spaces. Our key innovation is to overcome this obstacle by
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constructing an embedding layer that maps discrete data into a continuous space. This crucial step
enables a rigorous statistical analysis of discrete generative models within continuous-time frame-
work. Building on this, we provide an end-to-end statistical guarantee for discrete flow matching.

We defer an extended discussion on related work to due to page limits.
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A RELATED WORK
In this section, we discuss the recent success of DFM and techniques used in our work.

Discrete Generative Models and Discrete Flow Matching. While autoregressive models remain
the predominant paradigm for discrete data generation (Achiam et al., [2023} [Liu et al., 2024} [In-
graham et al.,2019), recent diffusion and flow-matching alternatives show impressive performance
across many domains, including sound generation (Yang et al., 2023), graph generation (Vignac
et al.,2022), and protein design (Campbell et al.,|2024)). Progress in adapting these continuous-time
models to discrete settings follows two strategies. The first involves designing diffusion processes
over discrete state spaces (Sohl-Dickstein et al., 2015} [Hoogeboom et al., 2021} |Austin et al., 2021}
Lou et al., 2023} |Yang et al., [2023}; [Vignac et al., 2022). The second embeds discrete data into a
continuous space, where standard diffusion or flow-matching techniques then be applied (Dieleman
et al.| 20225 |Campbell et al.,|2022; |Davis et al.| 2024)).

Most recently, [Campbell et al.| (2024) and |Gat et al.| (2024) introduce Discrete Flow Matching
(DFM), which emerge as a powerful new paradigm for discrete generative modeling. DFM offers
significant flexibility in the design of the denoising process and the choice of the source distribu-
tion. Consequently, there is a growing interest in exploring the efficiency and application of DFM
for various generation tasks. This interest lead to a rapid expansion of DFM-based models. For
instance, [Hu & Ommer| (2024) validate its efficiency in the image domain. In graph generation,
Qin et al.|(2024)) introduce DeFoG, a framework that uses DFM to respect the inherent symme-
tries of graphs and disentangle sampling from training for more efficient optimization. [Fuest et al.
(2025)) introduce MaskFlow, a unified video generation framework that leverages DFM for efficient,
high-quality long video synthesis. Similarly, in structural biology, |Y1 et al.| (2025) present ADFLIP,
a DFM-based model for designing protein sequences conditioned on all-atom structural contexts.
However, the success of these models are driven by empirical validation. Despite their impressive
performance and growing adoption, a rigorous theoretical understanding of DFM is lacking. Our
work fills this critical gap by providing the solid theoretical foundations for Discrete Flow Matching.

A closely related line of work investigates discrete diffusion models. |Austin et al.| (2021) introduce
Discrete Diffusion Models, and extend diffusion models to discrete state spaces. Subsequent work
develops masked discrete diffusion frameworks and demonstrates their effectiveness for graph gen-
eralization (Shi et al.| [2025) and language modeling (Sahoo et al.| [2024). There is also a growing
literature on the theoretical foundations of discrete diffusion models. For instance, |(Chen & Ying
(2024) analyze the theoretical properties of the discrete diffusion model and [Zhang et al| (2025)
investigate the convergence result of discrete diffusion model under a certain sampling algorithm.
However, previous theoretical analyses rely on cross-entropy loss function used in discrete diffusion
model. As clarified by [Lipman et al|(2024), the standard diffusion training objective can be inter-
preted as training a particular flow-matching model with xp—prediction under an appropriate time
reparameterization. In particular, masked discrete diffusion model introduced in (Austin et al.,2021)
can be viewed as a special case of mixture path model after an appropriate time reparameterization,
with source distribution Py ~ 0(az,ar,..., ar) @and cross-entropy loss function. Analysis and techniques
developed in our work extend to a broader class of loss functions, beyond the MSE considered in this
paper and the cross-entropy commonly used in discrete diffusion models. Our results thus provide
a general framework for the theoretical analysis of discrete flow matching, accommodating a wider
range of loss functions tailored to different tasks.

Transformer Universal Approximation. Transformers are universal approximators, possessing
the capacity to model any arbitrary sequence-to-sequence function with a desired level of precision.
Yun et al.|(2019)) establish universality for deep stacks of self-attention and feed-forward layers via
a contextual mapping method, under the assumption that hidden representations remain sufficiently
separated. Later, (Alberti et al., |2023) broaden the scope of this guarantee to encompass variants
using sparse attention mechanisms. Building on this foundation, more recent findings relax the ar-
chitectural requirements. Research from Hu et al.| (2024a); |[Kajitsuka & Sato| (2023)) demonstrate
that the powerful approximation capability is not dependent on depth, showing that a single Trans-
former block with one self-attention layer is itself sufficient to achieve universal approximation. In
our work, we leverage this powerful result to analyze the approximation error of Transformer-based
discrete flow matching models.

14
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B SUPPLEMENTARY BACKGROUND: TRANSFORMER BLOCK

In this section, we introduce the transformer network structure (Vaswani et al., 2017)) and its prop-
erties. Following the notations in (Hu et al., [2024b), We start with the definition of transformers.

B.1 TRANSFORMERS
Transformer Block. Let h be the number of heads and s be the hidden dimension of the multi-head
attention layer. The multi-head attention layer F'S4 : R¥*L — RXL 5 then defined as:

h
FSMNZ) = Z 4+ W,H(W, Z) Softmax(Wic 2) T (W4 Z)),
i=1
where Wi, W, Wy, (W) T € R**? are weight matrices for all i € [h] and Softmax(-) is the
column-wise softmax function.

Let r be the dimension of hidden of the feed-forward layer. The feed-forward layer F¥¥(Z) :
RIXL — RIXL js then defined as:

FF¥(Z) .= Z + WoReLUW/, Z + by 1]) + b1l |,

where Wy, (W) T € R™*? are weight matrices, b; € R"™, by € RY are bias. Throughout this paper,
we treat ReLU(+) as element-wise operation when applied to vectors or matrices.

We define a transformer block as the composition of a self-attention layer and a feed-forward layer.
Definition B.1 (Transformer Block). For h,s,r € Z7T, we define a transformer block F"*" :
RdXL — Rde as:

Fh,s,r — FFF ° FSA

where F5? has h heads and hidden dimension s, F¥Y has hidden dimension r.

Then we define the transformer networks function class as composition of transformer blocks.

Definition B.2 (Transformer Network Function Class). Let transformer block F"*" be as defined
in|Definition B.1| Then we define the transformer network function class T™*" as a function class
with each component being the composition of transformer blocks:

Th,s,r _ {7_ . RdXL N RdXL | = Fh,sm 0.0 Fh7s,r}.

Discrete Flow Matching Transformers. Following the common structure of diffusion transformers
(Peebles & Xiel 2023) and flow matching transformers (Su et al.| [2025), we introduce the trans-
former architecture used in this paper. We start with the definition of a reshape layer that converts a
vector input 2 € R% into a matrix input Z € R4*L, where d, = d x L.

Definition B.3 (Reshape Layer). The reshape layer R(-) : R% — R¥*L is an operator transform-
ing vector input of dimension d, to matrix output of size d x L. Te reshape layer is frozen when
training. Further, we define the reverse reshape layer as R=1(-) : R¥™*EF — Rd=,

For instance, the most commonly used reshape layer in diffusion models is the operator turning
vector input of dimension d,, to matrix input of size d x L by rearranging entries, where d, = d - L.

Finally, we define the following transformer function class with reshape layer.

Definition B.4 (Transformer Function Class With Reshape Layer and Parameter Bound). Let
FY(Z) := Z + E represent the position encoding layer and R represent the reshape layer. The
transformer network class with reshape layer is defined as:

Te®" ={R o froF®oR:R% —» R® | fr € Th="}.

We write Wi = (W}()TWZ;) and Wiy, = WEWY, for simplicity of notations. Then,
a transformer function class with reshape layer and parameter bound is defined as as
T (Cr.Cy . Ckq. Cov . Cov, Cr, C3™, Cp, L), which satisfies:

15



Under review as a conference paper at ICLR 2026

e h,s,r as defined above;

o Transformer output bound: supy, ||f+(Z)| < Cr;

e Parameter bound in F¥F: max{||W1| 2,00, |W2||2,00 } < C’f;oo, max{||Wi|lz, |[Wa|l2} <
C%;
. Parameter bound in FSA: Wiollz < Ckq, [Whvllz < Cov, [Wigll2o <
KQa Wy lla < CEY

* Parameter bound in FE: ||ET||27C>O < Cg;

s Frobenius Lipschitzness of f1 € T™*":|| fr(Z1) — fr(Z2)||Fr < L7||Z1 — Z3| F.

B.2 LIPSCHITZNESS OF TRANSFORMER NETWORK

To prepare our proofs, we first establish a new result on the Lipschitzness of transformer networks
(i.e.,[Cemma B.TT). It shows that a function composed of Lipschitz functions remains Lipschitz.

Preparations of We first present some helper lemmas for proving[Lemma B.11

Lemma B.5. Let fy, fo : R¥*E — RYXL pe Ly- and Lo-Lipschitz w.r.t. Frobenius norm || - || ¢
respectively. Then fy o fo is (L1 Lo)-Lipschitz with respect to || - || -

Proof. Forall X1, X, € R™Z it holds:

110 f2(X1) = fro fo(X2) P < Lal f2(X1) = f2(X2) | F
< LiLo|| X1 — Xl
where the first line is by || f1(X1)— f1(X2)||r < L1||X1—X2||r and the second line is by || fo(X71)—
f2(X2)||lr < L2|| X1 — X3|| p. This completes the proof. O

Next, we analyze the Lipschitzness of RELU function. Throughout this paper, we treat ReLU(-) as
element-wise operator when applied to vectors or matrices.

Lemma B.6 (Lipschitzness of ReLU(+)). The ReLU function ReLU : R¥*L — RI*L js 1-Lipschitz
with respect to the Frobenius norm || - || p.

Proof. For all X;, X, € R¥L it holds:

L
|| ReLU(X;) — ReLU(X2)|lF = Z | ReLU((X1), ;) — ReLU((X2): ;)12

”MR

(By the definition of Frobenius Norm)

L
Z — (X2)i40?

= ||X1 - XQHF'v

”M&

where the second line is by | ReLU(x1) — ReLU(22)| < |x1 — @o| for 1, z2 € R.
This completes the proof. O

With[Cemma B.6| we now prove the Lipschitzness of feed-forward layer.
Lemma B.7 (Lipschitzness of FEN). Let Z € R?* L and define the feedforward layer as
F*¥(Z) .= Z + WoReLUW/ Z + by 1]) + boll | .
Then F¥Y is Lipschitz continuous with respect to Frobenius norm, with Lipschitz constant |[W7 ||z -

[Wall2 + 1.
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Proof. For all X1, X5 € R™ZL it holds:
[FFF(X1) — FTF(Xo) | r

< ||X; — Xa||p + [[(Wa ReLUWL X, + b11]) + bol} ) — (Wa ReLU(W; Xo 4 b1} ) + bol ] )| ¢
(By triangle inequality)

< || X1 — Xo|lp + ||Wall2 - || ReLU(W1 X, + b11] ) — ReLU(W, Xy 4 011} || 7

<Xy = Xollp + [Wallz - [[(Wi Xy + b1l ]) — (WiXs + bily)||r

< X1 = Xolr + [[Wall2 - [Wall2 - [[ X1 — Xa|p

= ([[Will2 - [Wall2 +1) - [ X1 — Xo|F,

where the third line is by [|AX ||z < [|A]l2 - | X| F. the fourth line is by [Lemma B.6] and the fifth

lineis by [[AX | F < [|All2]| X]|F.

This completes the proof. O

Next, we establish the Lipschitzness of self-attention. We remark that |Castin et al.| (2024) also
establish similar results but with a different method not applicable in our setting. We start with a
lemma proving Lipschitzness of any function whose Jacobian norm is uniformly bounded.

Lemma B.8 (Lipschitzness of Functions with Bounded Jacobian; Modified from Lemma A.6 of
(Edelman et al.,|[2022)). Let A"~! = {z € R"|z > 0, ||z||; = 1} denote the n-simplex. Suppose
[+ RY — A" D belongs to C' and satisfies ||Jf(x)||2 < ¢y for all x € R Then for all
x1, T € RY, it holds:

[ f(z1) = f(@2)ll2 < cpllzr — 222

Proof. Our proof follows the proof of (Edelman et al.l 2022, Lemma A.6). With Newton-Leibniz
formula and change of variables, we have

1£@) - Fa)ll < I / J(tzs + (1 — Oa2)dt) (1 — 22)]o

1
< / ||J(tl'1 + (1 — t)lﬁg)($1 — LEQ) ||2dt (By Jensen’s inequality)
0
1
< [ Wtter+ (= 0wl —aalladt (e < el
0
< cpller — 2. ATf @)z < ep)
This completes the proof. O

With[Lemma B.8| we now prove the Lipschitzness of Softmax(-).

Lemma B.9 (Lipschitzness of Softmax(-); Modified from Corollary A.7 of (Edelman et al.,[2022)).
Let Softmax(-) : R*L — RIXL denote the column-wise softmax function. Then for all X1, Xo €
REXL it holds:

|| Softmax(Xl) — Softmax(Xg)HF < HX1 — XQHF

Proof. For the simplicity of presentation, let s : R¢ — R? denote the (element-wise) softmax
function. Its Jacobian is J = diag(s) — ss'. Thus, J is symmetric and positive semi-definite,
so its singular values equal its eigenvalues. Recall that for softmax function, its Jacobian matrix’s
eigenvalues are smaller than 1. Hence,

|72 < 1.

Combining [|J||2 < 1 with[Cemma B.8] for each column i € [L] we have
I(Softmax(X1) — Softmax(X2)).sll2 < [[(X1 — X2).,
Summing over all columns gives
|| Softmax(X1) — Softmax(Xs)||r < || X1 — X2||F.
This completes the proof. O

2.

17



Under review as a conference paper at ICLR 2026

Finally, we prove the Lipschitzness of self-attention layer.
Lemma B.10 (Lipschitzness of Multi-Head Self-Attention). Let X € R*E sarisfy | X || < Bx
on a compact domain. Define FSA(X) := X + Z?:l W (Wi, X) Softmax(Wi X) T (W) X)).
Then, FS is Lipschitz continuous w.rt. the Frobenius norm || - |

F, with Lipschitz constant
h h
1+2(Bx)* Y [Wovllz - [[Wiqglla + LY [[Wov 2,
i=1 =1
where Wiy, = WHWy, and Wic = (Wi) "W} for any i € [h).

Proof. For || X||2 < Bx, the quadratic form X " AX is Lipschitz continuous with Lipschitz constant
w.r.t. the Frobenius norm || - || p, with Lipschitz constant 2||A||2 Bx . Therefore, by [Lemma B.5|and
Lemma B.9| function Softmax((Wj X) " (W} X)) is Lipschitz continuous with Lipschitz constant

w.r.t. the Frobenius norm || - || 7, with Lipschitz constant QHW}‘(Q loBx.

Then, for every X1, X5 € R?*Z such that || X1 ||, || X2||2 < Bx, it holds:

|F3A(X1) — FSM(Xy)||p
h

<1 X1 — Xol[F + || Z Wiy X1 Softmax(X{ Wi X1) — Wy Xo Softmax(X, Wi Xo)| r
=1
<Xy = Xollp + D Wy llz - X7 Softmax(X[ WicoX1) — X Softmax(Xy WicqX2)|r
i=1
([AX[F < [[All2[1X 11 F)
h
<X = Xallp + D Wy llz - 1 X3 Softmax(X[ WicoX1) — X Softmax(Xy WicqXa)| r
i=1

h
+ Z Wy Iz - I1X: Softmax(X;W}(QXg) - X Softmax(X;—W}‘(QXg)Hp

i=1
h
<X = Xollp + > Wy llz2 - Bx - || Softmax(X," Wi X1) — Softmax(X, WicoXa)||r
i=1
h
i T
+ Y (IWoylla - 1X1 = Xol|r - || Softmax(Xy WicqXa)|lr
i=1
(IX1ll2 < Bx and [AX |7 < [|AllF - [[X ]| )
h h
<Xy = Xallp+ > Wovlla - Bx - 2WioBx - [|X1 = Xallr + > [Woyllz - [|X1 = Xa|lr - L
i=1 i=1
By || Softmax(Z)||r < L when Z € RE*1)
h h
= (L+2(Bx)® D IWoyll2 - IWicglle + LD [Woyll2) - 1 X1 = Xallr. (1511 121 < 520
i=1 1=1
This completes the proof. O

Lipschitzness of Transformer. Now we state our result on the Lipschitzness of transformer.

Lemma B.11 (Lipschitzness of Transformer Block). Let
fr= FlFF oFSAoFQFF

)

be a Transformer block in the class
T (Cr,CRy Ckq, Coy, Cov, Cr, C3>,Cr).

If X € R¥*L satisfies | X || < Bx, then fr is Lipschitz continuous w.r.t. the Frobenius norm | - ||
with Lipschitz constant

L7 < (14 2h(Bx)*CovCkq + hLCov) - (CF + 1)
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Proof. This is a direct consequence of combining and [B.10] O

Remark B.12 (Near-Optimality of the Lipschitz Bound). We remark that the upper bound on the
Lipschitz constant in is near-optimal in its dependence on the key parameters. To
illustrate this, we construct a worst-case example as follows. Let A € R**L be the diagonal matrix

1, i=3y
A= {0: i%i
Consider the network f1 with parameter
Why =Covla, Wig=Ckqoli, Wi=W;=CrA,
where 14 is the d X d identity.
A direct calculation shows that the operator norm of the directional derivative of f1 at an input Z

in direction V' scales with the same order as the upper bound in up to constants and
polynomial factors in d. Hence the bound in provides a tight estimate by construction.

B.3 UNIVERSAL APPROXIMATION OF TRANSFORMERS

Previous works (Hu et al. 2024b; Kajitsuka & Sato, [2023} |Yun et al., 2019) study the universal
approximation property of Transformers for continuous functions. In this section, we restate the
proofs for completeness and adapt the parameter estimates to the discrete flow-matching framework.
This adaptation highlights the connection between universal approximation and our discrete setting.

Background: Contextual Mapping. Concept of contextual mapping is key to the proof of uni-
versal approximation of transformer. We restate the definition of contextual mapping and related
concepts introduced by Kajitsuka & Sato| (2023)) for completeness. To start with, we introduce the
concept of Vocabulary. We use Z. j, to denote the k-th column of vector Z.

Definition B.13 (Vocabulary). Let Z € R¥*L represent input embeddings. Specifically, given N
embeddings ZW | ..., ZWN) € RL we call Z4) the i-th sequence for i € [N]. Further, we define
the i-th vocabulary set as V() = Urei) 2 (Zk) C RY. Then the whole vocabulary set V is defined as

V= UiE[N]V(i) € R4
We assume embeddings are separate. Specifically, we assume embeddings are (Ymin, Ymax,0)-

separated defined below.

Definition B.14 (Tokenwise Separateness). Ler Z(1) ... ZWN) ¢ RI*L pe embeddings. Then
A (1), A (V) gre called tokenwise (Ymin, Ymax, 0 )-Separated if the following conditions hold:

(i) Foranyi € [N]and k € [L], Z(Zk)|| > Ymin holds.

(ii) Foranyi € [N]and k € [L], ||Z(Zk)|| < Ymax holds.
(iii) Foranyi,j € [N]and k,m € [L], ifZ:(fk) + Z(JT,)1 then HZ:(Q - Z(]%H > § holds.

Further, ZW ..., ZMN) are called tokenwise (v, 9)-separated if only (ii) and (iii) hold. Also,
ZW . ZWN) are called tokenwise 8-separated if only (iii) holds.

Building on the condition (ii) and (iii) in [Definition B.14] we introduce the concept of contextual
mapping. Contextual mapping describes attention layer’s ability to distinguish difference and rela-
tionship between tokens in different input sequences.

Definition B.15 (Contextual Mapping). Ler Z(1), ... Z(N) € R¥*L pe embeddings. Then, we say
amap f: RI*E — RIXL js q (v, §)-contextual mapping if the following conditions hold:

(i) For Foranyi € [N]and k € [L], | f(ZD). || < v holds.

(ii) For any i,j € [N] and k,m € [L], if VO # VD or 2{) # 23, then || (Z)). 1
f(Z(j)):,'mH > 6 holds.
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Helper Lemma. We restate a lemma from (Hu et al.| [2024a). This lemma guarantee the existence
of 1-layer single head attention that is (v, §)-contextual mapping.

Lemma B.16 (Any-Rank Attention is (-, §)-Contextual Mapping, Lemma 2.2 of (Hu et al., 2024a)).
Let Z (1), R (N) ¢ RIXL pe tokenwise (Ymin, Ymax, €)-separated embeddings with the vocabu-
lary setV = Uie[N]V(i) C RZ Assume there are no duplicate token in each sequence; that is,
Zﬁik) # Z;(,i,zl fori € [N] and k,m € [L]. Then there exists a 1-layer single head attention layer that
is a (7, )-contextual mapping for the embeddings ZV , ..., ZWN) with

5|V | dkYmax l0g L)

€

= +—E 0 =ex
— "/max ) =€
Y= I p

where k = —Z/‘“a".

Proof. See the proof of (Hu et al., [2024a, Lemma 2.2). O

Universal Approximation of Transformer. We introduce the universal approximation theory of
transformer in (Su et al.| 2025)) and restate the proof for completeness.

Proposition B.17 (Transformer Universal Approximation, Theorem H.2 of (Su et al., 2025)). Let
e € (0,1) and p € [1,00). Let Z € [—I,I)*™L be an input sequence on a bounder domain,
where I > 0. Let f(Z) : [=I, 1)L — RI¥>E pe a continuous function on a bounded domain.
Then there exists a g(Z) = FF¥ o F5% o FFF € Ths" such that dp(f(Z),9(Z)) < € where

dp = ([11£(2) - 9(2)|}dZ)>.
Proof. Here, we restate the proof of (Su et al.,|2025, Theorem H.2) for completeness.

The proof proceeds in four parts:

e Step 1: Approximation using step function

 Step 2: Quantization by the first feed-forward layer

 Step 3: Contextual mapping through the self-attention layer
» Step 4: Memorization via the second feed-forward layer

Step 1: Approximation using Step Function. We assume the domain of f is Q = [—1, []**L,

Then we construct the grid Gp as :

Gp:={CeQCip=—I+ %,s,,k. =1,...,2ID,}

where D > 0 is the grid granularity. Given Z € (), we approximate f via the step function
g1(Z)= Y f(O){Z € C+[-1/D,0)""}.
CeGp
By uniform continuity of f , there exists D such that

dr(f,g1) < %

Then we use a transformer to approximate the step function g1 (7).

Step 2: Quantization by the First Feed-forward Layer. The quantification function we want
to approximate consists of two parts, namely, the quantize function and the penalty function. We
approximate two parts separately.

* Quantize Function We define the quantization function quant : R — R:
—I z < -1,

—I+1/D —-I<z<-I+1/D,
quantp(z) =« . .

I I-1/D <z
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Further, we define the quantize function quant**(Z) : R4*% — R?¥L as the entrywise
quantize function, such that (quant$*“(Z)); » = quant(Z; ). Notice that quant (2)
is approximated through the following function by taking sufficiently small J:

1%—:1) RELU[z/d — t/0D] — ReLU[z/d — 1 — t/6D)]

D

fi(z) == —T+ (B.1)

t=—ID
That’s to say, there exists RELU feed-forward network approximating quantdX Lz).

* Penalty Function We define the penalty function penalty : R — R:

-1 z<-I,
penalty(z) :=< 0 z € [-1,1],
1 z> 1.

Further, we define the penalty function penalty™ (Z) : RIXE 5 RIXL a5 the entrywise

penalty function, such that (penalty®*(Z)), » = quantp,(Z; ). Notice that penalty(z)
is approximated through the following function by taking sufficiently small J:

f2(z) = ReLU[(z — I)/é] — ReLU[(z — I)/§ + 1]
+ ReLU[(—z —I)/é] — ReLU[(—2z — 1)/ + 1] (B.2)

That’s to say, there exists RELU feed-forward network approximating penalty ™ (2).

Altogether, we define go(Z) : R¥*E — RIXE a5

dx L
quanty “(Z) + 1
Z) =

92(Z) Vi
92(Z) map [—1I, I)**L into normalized grid Gi™ C [0, 1]9* % with gride granularity 27 D. At the

same time, go(Z) guarantees non-positive outputs on domain R¥ L\ [T, 1]4*L. We use f;(z) and
fa(z) introduced above to construct the first feed-forward layer F{'F.

+ penaltdeL(Z).

Step 3: Contextual Mapping through the Self-attention Layer. Let G denote the following
sub-grid class on [0, 1]4*£:

Gp :={G € G™ | forall k,m € [L],G. 1 # G..m}.

The by definition, Gp is a token class with token-wise ((21D)~',V/d, (2I1D)~")-separated se-
quence. Following the construction of FSA in proof of (Su et al.| [2025, Theorem H.2), for suffi-
ciently large D we have:

FS8 o FF¥(Z), 1 < forall Z € R>IN\[—1, 1%L te[d,ke[L],

1

4D
3

FS2 o FF¥(Z) 1 > D forall Ze[-I,1%E teld,kelL].

Step 4: Memorization via the Second Feed-forward Layer. Finally, we construct a bump function
of scale R > 0 to map every ¢ € Gp to its label f(C') and sends any sequence that lies component-
wise below the threshold 1/(4D) to zero. Precisely, for each C € G5"™ we construct a bump
function of scale R:

20 &
bumpp(Z) = Z > (RELUR(Z¢x — Cex) — 1]

t=1 1

k
— ReLU[R(Zy1c — Cii)] + ReLU[R(Zy i — Cu i) + 1]). (B.3)
Summing up over C' € GU™ and we obtain the second feed-forward layer Fi¥.

We sum up the error bound in four steps. As discussed in the step approximation using step function,
there exists D such that

dr(f,g1) <

c,o\m
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By choosing sifficiently quantization step 6 > 0, we obtain

dp(FF¥ o FSA o FFY FFF o PS4 6 gy) < g

By choosing granularity D large enough, |Gp\G'5™ | is negligible. Then we have for large enough
D and R,

dp(FF¥ o F3% 0 gy, g1) < g
Altogether, summing up the error we have:
dp(f(2),9(Z)) <e.
This completes the proof. O

Parameter Norm Bounds of Transformer Approximator. Next, we compute the norm bound
of the approximator transformer in This theorem is modified from of (Su et al
2025, Lemma H.4). The main difference is that we also take polynomial factor of L into the final
result instead of neglecting it, while other parts of computation is similar.

Theorem B.18 (Parameter Norm Bound for Approximator Transformer, Modified from Lemma
H.4 of (Su et al., 2025)). Let ¢ € (0,1). Consider Z € [—I,1|%*L be input sequence, where
I >0and L > 2. Let Let f(Z) : [-I,1)%F — RY*L be a Lipschitz continuous function with
respect to Frobenius norm on_a bounded domain. Then for the approximator g(Z) = FF'F o F54 o
FYY € Ths7 in|Proposition B.17\within ¢ precision, i.e., dr(f,g) < €, the parameter bound in the
transformer network class follow:

Ckq.Cpy = O(I* e 4224 og L); Coy, Coyf = O(eL™1/?)

Cp,C3™ = O0(Ie 'L -max | f(2)||r); Cr = O(L),

where O(-) hides polynomial factors depending on d.

Proof. The proof is modified from proof of (Su et al.|[2025, Lemma H.4).
Recall that we take sufficiently large D, R and sufficiently small § in proof of [Proposition B.17|to
ensure the precision. We then start with bounding D, R, ¢ in terms of e.

* Bound on §. Recall the approximation in (B.I)) and (B.2). To guarantee the effect of grid,
we hope partition (i/D,i/D + ¢) is a contained in the interval (i/D, (i + 1)/D) where
i € Z*. Then it’s sufficient to take § = o(1/D).

* Bound on D. For Lipschitz continuous function f with respect to Frobenius norm with
Lipschitz constant Ly, we have

dp(f(2),01(2)) < L¢||Z = Z*||p < 2VdLLy /D,
where Z* = argminy, g ||Z — Z'|| p. Then we take D = O(e"'V/L).

* Bound on R. To obtain the correct labeling in (B.3), we need S := Z; — Cr i €
(0,1/R) forallt € [d], k € [L]. Then since C, j is defined on G'*™ with granularity 2D
and is chosen close enough to Z; j, it suffices to set R = O(DI).

Next, we get the norm bound of matrices on the basis of computation above. Since the F'S4 is
a single head self-attention layer, we directly write W, W§, Wy, W§ as Wi, Wo, Wy, Wo for
simplicity of notations.

* Bound on Norm of Wi . Recall that in the proof of Theorem H.1 of (Su et al., 2025),
W and Wg, follows the construction of

p P
Wi =Y pig] € R Wo = plg]" € R,
=1

i=1
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where p; p} = (|V| + 1)*dlog L/(€sYmin)- Then we have

4log LIV |*
IWiall2 < IWillr = Wi Wellr = O(—==—),
4log LIV |*
Wkall2.o = W Woll2,00 = O(i”)

Recall that input G p is a token class with token-wise ((27D)~!,v/d, (2ID)~")-separated
sequence. Then [V'| = O((DI)%) and i, €, — (2D1)". Finally, by D = O(e~'VL),
we get

IWkqll2, [Wiqll2,00 = O(e 2142 L2 Jog L).

* Bound on Norm of Wyy . Recall that in the proof of Theorem H.1 of (Su et al. [2025),
Wo and Wy, follows the construction of

p 13
WO _ Zp;/qg/'r e Rsxd7 WV — Zp;///p;/‘r c RdXS’
i=1 i=1
where |[p’|| < €s/(4pmax||P]|) and p! € R® is any nonzero vector. Then with the
(Ymin = 1/ D, Ymax = Vd, €5 = 1/D)-separateness and D = O(e_lx/f),p < d, we get:
Wy ll2 = ” Sll‘lp Wyl < O(y/p) < O(Vd),
x 2:1

Wy ll2,00 = Jmax, (W),

2 < 0(p) < O(d),

IWollz= sup [[Wozllz < O(Vp-p" - Ymax - €5) = O(d1eL™Y2),

lzll2=1
IWolla.oe = mmax [(Wo) i llz < O(p o1 ke - €5) = O(d™1/2eL71/2),
Therefore we get:

[Wovllz = [[WoWy|l2 < O(eL™'2), [Wovllz,c0 = [WoWv|l2,e0 < O(eL™/?).

* Bound on Norm of Wi and W3 in FFF. Recall that in the construction of the first feed-
forward layer, we have two key approximator:

I(il) RELU[z/6 — t/6D] — ReLU[z/§ — 1 — t/6D)]

D )

fl(Z) = —I+

t=—ID
and
f2(2) = ReLU[(z — I)/d] — ReLU[(z — I)/d + 1]+
ReLU[(—z — I)/d] — ReLU[(—z — I)/d + 1].
Then for ¢t € [d], k € [L], we approximate each entry of g1 (Z) with

Zy I
_ fl( él;) + +f2(Zt,k)~

That’s to say, each element in W7 and W5 is bounded by 1/6 and I. Recall that 6 = o(1/D)
and D = O(e~*V/L), we have

max{||W{lz, [W3|2} < O(e™" L), max{[[W} [l2,00, W3 ||2.0c} < O(e7'L).

FI*(Z)ix

* Bound on Norm of W32 and W2 in FI'F. Recall that in the construction of the second
feed-forward layer, we construct Fi' ¥ through bump function:

d L
bump(2) = L2 S5
t=1 k=1

RELU[R(Z¢x — Cix) — 1]
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— ReLU[R(Zyx — Cy.1)] + ReLU[R(Zy e — Cip) + 1]).

Therefore, the output of Fi'¥ is bounded by R and max || f(Z)| . Then by R = O(DI)
and D = O(¢~*V/L), we have:

max{||W7l2, W32} < O(e™' L - max||f(Z)||r),
max{||Wr|l2,c0, W3 l2,00} < O(Te™ L - max | f(Z) | F)-

* Bound on Norm of Encoding Matrix E. By (Kajitsuka & Satol 2023| Corollary 2), it
suffices to take the encoding matrix E:

2'7max 4’7max AR 2L’Ymax

2Ymax  4Ymax -+ 2L7Ymax
E = . . .

2’)/1113.)( 4'7max A 2L"Ymax

Recall that we have y.x = V/d, then we obtain:

|ET ||2.00 = VAdL2ymax = O(L).

This complete the proof. O
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C PROOF OF [THEOREM 3.1|

This section provides the proof of

Organization. Due to the complexity of the proof, our proof proceeds in two steps: (i) First, in
ILemma C.3| we establish a key intermediate result by presenting the distribution error in terms of
the velocity error. (ii) Second, building upon this lemma, we present the final proof of

in by applying Gronwall’s Inequality.
C.1 PRELIMINARIES

At beginning, we recall that for any matrix Z, || Z||; denote the operator norm induced by vector ¢4
norm. Total Variation Distance is a distance function defined between probability distributions. We
start with the definition of total variation distance as below.

Definition C.1 (Total Variation Distance). Let P and Q) be two probability distributions defined on
a discrete state space S, with corresponding probability mass functions p(z) and q(x). Then the
total variation (TV) distance between them is defined as:

V(P,Q) = 3 3 Ip(x) — a(a)l.

zeS

Our analysis relies on Gronwall’s Inequality. It is a fundamental tool for establishing bounds on the
solutions of ordinary differential equations (ODEs).

Lemma C.2 (Gronwall’s Inequality, (Gronwall, (1919). Let a,b € R satisfy a < b. Let y(t) and
f(t) be two real value function defined on [a,b]. Suppose that y(t) is differentiable on [a,b] and
satisfies:

d

V(1) <y f ()t € o b]

b
y(b) < y(a)exp (/ f(s)ds) .

To analyze the distribution error, we first express the DFM framework in the language of linear
algebra. Let the discrete state space be indexed as S = {wy,...,w|s|}. We represent the ground-
truth probability mass function p,(z) and its corresponding estimator p; g(x) as vectors p;, p ¢ in
RISI, where p;[i] = pi(w;) and p; ¢[i] = pse(w;). Similarly, the velocity fields are represented as
rates matrices Uy, Uy g € RISIXISI where the entry [Uy];; = wi(w;, w;), [Usglij = wro(wi,wj) is
the corresponding rate of transition from state w; to state w;. With these definitions, we rewrite the
Kolmogorov Forward Equation (2.3) for both the true and estimated paths into the compact matrix
form (C.I). Then we derive the distribution error bounds in terms of the risk function.

Then we have:

Lemma C.3 (Variation of Constants Formula for Error). Let the true probability vector p; and the
estimated vector p, g be solutions to the linear differential systems

{ftpt = Uipt,

(C.1)
%pt,o = Ut,@pt,97

with a shared initial condition py = pog. Let the evolution operator for the estimated system be

Psto € RISXISI which is the solution to %Ps,t,e = U;,0Ps,t,0 with Ps s 9 = 1. The difference
between the distributions at time t > 0 is given by

t
Do — Pt = / Ps,t.0(Us,o — Us)psds.
0

Proof. We construct the helping function Z(s) as:
Z(S) = Ps7t,0ps- (CZ)
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Then since P; ; ¢ and p, is differentiable, we have:

d d d

dsZ( ) (d Ps’t,e)ps + Ps,t,0(d*p8) @By )
= ( PS t, 9U5 g)ps + 7)5 t, 9( sps) (By backward Kolmogorov Equation @ and @)
= - Ps,t,O(Us, - Us)ps~ (C3)

Integrating (C.3)), we obtain:

t t
d
_/ Ps,tﬂ(Us,Q - Us)psds = / dSZ( )d Z(t) - Z(O) =Pt — Dt,6-
0 0

This completes the proof. O

C.2  MAIN PROOF OF

Before studying the tractable factorized velocity (Section 2) case, we first establish a foundational
error bound for the general discrete flow matching framework. Presenting the universal principle
first makes our subsequent, more detailed analysis clearer and more readable.

Theorem C.4 (Error Bounds for Discrete Flow Matching). Consider the discrete state space S =
T4, where the vocabulary is T = {1,...,M } Let P be the true data distribution over S. Let

Uy be the velocity estimator, with parameters © and let P be the distribution generated using this
estimator. Define the risk of the velocity estimator as

1
R(6) ::/ B (X ) = g2, 0,
0 tNPt(

where pi(x) is the true probability path. Then, the total variation distance between the true and
generated distributions is bounded by the risk of this estimator:

TV(P, P) < exp(2M,)M%1/R(6),

where M, is the upper bound of the true velocity field, satisfying IélaX[ ]|ut (y,x)] < M,.
y,x€S5,te0,1

Proof. Following the definitions in let p, € RM * and U, € RM ‘XM be the true

. A — d -~ d d )
probability vector and the true rates matrix. Let p; o € RM" and U, y € RM"*M" be the estimated
probability vectors and rates matrix defined by estimated velocity %, g. Then we have:

dtpt Uipt,
dtpt 0= Ut,@pt,«%
Po = Po,g ~ Fo.

Let evolution operator P, ;¢ be defined as in Then by definition of total variation
distance, we have:

= % Z Ip1(z) — p1o(z)

€S
= = ||]/)\1 0 — P1 || 1 (By the definition of vectors Py ¢ and p1)
= fll / Ps.1,0Us,0 — Us)psds|y (By[Emma C3)

<2 [ IPasolUea~ Upilias,
0

IN

1 1
5 [ IPesall|Ueo = Uolpilnds 4
0
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where the last line follows by ||ps||s = 1 the sub-multiplicative property of norm || - ||;. To bound
|Ps.1.0]| 7, we first bound the derivative of ||Ps, g||#. Let M be the vocabulary size and set the
transformer estimator ug bound by M,,, then we have

0 0

- Ps t.011 S *,Ps t.0|l1 (By the Lipschitz continuous of £ norm)

ot 5ty ot 5ty
= ||Ut79,Ps,t,0 ‘1 (By Kolmogorov Equation)
S ||Ut,0 || 1 ||7)s,t,9 |1 (By sub-multiplicativity of operator norm)
< 2My||Ps,t0ll1, (C.5)

where the last line follows by the maximum of the sum of absolute value if entry of U, ¢ in each
rd

column is less than 2/, since Zi\il [[Utolij| = —[Usoljj + 2 izi [[Ue0li5] < 2M, (please see

the rates condition (2.2)).) Then by Groénwall’s Inequality we have:

t
P56l < [[Ps,s.0ll1 exp (/ 2Mud3) < exp(2My). (C.6)
0

Substituting (C.6) into (C4), we get:

IN

~ 1 /1!
VPP < 5 [ IPeralil W = Ulpilas »ED
0
1

IN

1
5 [ epCM)(Uo — Ulp s
0

< exp(2M,)M % \/R(8)),
where the last line is by the definition of risk function R and Cauchy-Schwarz inequality.

This completes the proof. O

Now we consider the error bounds for discrete flow matching with factorized velocity (Section 2).

Theorem C.5 (Error Bounds for Discrete Flow Matching with Factorized Velocity,
Restate). Consider the discrete state space S = T with vocabulary T = {1,...,M}. Let P be
the true data distribution and let P be the distribution generated by a DFM model using factorized
velocity estimators Uy, . . . ,ﬂg. For each coordinate io € [d], define the factorized risk as the mean
squared error of its velocity estimator:

T
Rio(8) ;:/ E 0 t) = T (X ),
t

o Xir~pi(

where the time interval is clipped to [to, T to ensure numerical stability and p,(x) is true probability

path generated by u', ..., u?. Then, the total variation distance between the true and generated

distributions is bounded by the sum of the risks from each factorized component:

TV(P,P) < VMexp(2M,) Y 1/R?(6)),

10€ [d]

where M, is the upper bound of estimated velocity such that ‘uf’i(y, x)‘ < M, forally,x € S.

Proof. Following the definitions in |Lemma C.3| and |Theorem C.4l Let evolution operator ;?t,e
be the transformation operator for coordinate ig. Let p;° € RM and U/ € RM*M be the true
probability vector and the true rates matrix for coordinate 7g. Let ]’51‘;?9 € RM and ﬁffe € RM*M pe
the estimated probability vectors and rates matrix defined by estimated velocity 4y ¢ for coordinate
1g. Then by definition of total variation distance, we have:

V(P.P) = 2 3 Ina(a) ~ puol)

zeS
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1 . .
i i ’
- E E |p O — ploe(l’” By p1 = H,]“:l pi and p1 9 = H,]“ 1 Pi%)

loe[d IES
5/ > PR ol - (UL, = U)pie [1ds, (C.7)
loe[d]

where the last equation follows from the proof of Asin we then bound

the derivative of ||77§°t ollr. Let M be the vocabulary size and set the transformer estimator u;ﬁ
bound by M,, for any iy € [d], then we have

(By the Lipschitz continuous of £; norm)

. o .
52 Psell < 115, Pl ol

= || Utioe iot 0 H 1 (By Kolmogorov Equation)
< || UZ 9 || 1° || t 0 || 1 (By sub-multiplicativity of operator norm)
< 2My [P gl (C.8)

where the last line follows by the maximum of the sum of absolute value of entry of Utif’e in each
column is less than 2MM,,, since S ‘[sz’a]”‘ = —[U{%)5 + i ’[Uffe]ij < 2M,, (please see
the rates condition (2:2).) Then by Gronwall’s Inequality we have:

t
Pl < [P ol ep( [ 201.as) < expiear,) (©9)
0
Substituting (C.9) into (C.7), we get:
V(P P) / Z ||79101 olli - | Uﬁ“a U)pi | ds By T
io€ld
<y / exp(2M,,)[|(UL, — U )pie|1ds
i0€ld
SV M exp(2M,,) Z \/R“)
i0€E d]

where the last line is by the definition of risk function R and Cauchy-Schwarz inequality.

This completes the proof. O
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D PROOF OF

This section provides the proof of Note that we view 7 = [M] as a subspace of R in
this section. In other words, we embed S = 7 ¢ into R? through the inclusion map E : S — R%.

Organization. In[Appendix D.1] we define a C function n(x) and derive bounds for all its deriva-
tives in[Lemma D.1| Then we present the main proof of [Lemma 4.5|in [Appendix D.2|on the basis
of function constructed in[Lemma D.1l

D.1 PRELIMINARIES

We start with defining a smooth function 7(x) and bounding its derivatives.
Lemma D.1. Define n(z) : [0,00) — [0, 1] by

n(z) = {e'eXp(_llw)’ z €0,1),

0, x € [1,00).

Then n(t) € C* and |2 (z)| < 3e - (22)2" for all z € [0, 1].

dan e

Proof. Our proof consists of three steps.

Step 1: Smoothness. First, we show that n(z) € C*°.

n

For z > 1, n(z) = 0 so all derivatives vanish (i.e., (dlx—,? =0foranyn € Z1).

For z € [0,1), we have 2 (z) = - (—ﬁ) -exp(ﬁ).
We denote, for x < 1,

dr 1
ﬁ(x) ::e-pn(x_l)-exp<x_1>, for neZt, (D.1)
where p,, () is a function to be determined. Then po(z) = 1 and p(v) = —a2.
For n € ZT, it holds
d™n
@(x)
d dn—l,'7
= @(W)(m)
d 1 1
— e na e 1)
1 1 1 1 1 _
=c€- (— (:17 _ 1)2pn_1(x — 1) + — (.’I,' _ 1)2pn_1(m)) . exp(x — 1) (By chain rule)
Then we have the recurrence relation p,, () = —22(p,,_1(z)+p!,_,(z)) forn € Z* and po(z) = 1.

By induction, p,, is a polynomial of degree 2n. Then for n € Z™, we have

amy 1 1
Iim —(z)= lim e-p exp By {O:1))
x—1- dx"( ) z—1- "(x—l) r—1 CD
= lim e- Pn (1') - e¥ (By setting z = —17)
T——00
=0 ((polynomial) - e vanishes as z — —o0)
d™n

= lim —(z Byn(z) =0forz > 1)

z—1+ da” ( )’

showing that all derivatives match at x = 1.

Then, since 7)(z) is smooth on [0, 1) and (1, co], we have n(z) € C*°.
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Step 2: Growth Bound. Next, we bound |3;—sz ()]
Define ¢, () := |e® - p,(x)|. Then g 41(x) = 2% - ¢, (x),n € Z*.
Introduce the generating function

Gita) =Y "”T(f”)t

n>0
Then G (¢, x) satisfies the partial differential equation

0:G(t,x) = 220,G(t,x), G(0,z) = e”. (D.2)
One solution to (D2) is G(t,z) = exp(1 — t). Hence, an(!w) is the ¢"-th coefficient in the Taylor

expansion of G(t,x) = exp(ﬁ) at point t = 0.

By Cauchy integral formula, forall z < —1 and 0 < r < 1/|z|, we have

Gn(x) _ 1 G(t,x)dt
n! 271 [t|=rteC g+l
1 / G(t,x)
< — | |dt By gn(z) € Rand | [ fdz| < [ |f|dz)
27 Jit)=riec "
1 maxjy—rec |G(t, z)| /
<= : 1dz By [ |fgldz < (sup|f]) [ |gldz)
27 rrtl [t|=r,tcC
max;|— G(t,x
_ |t|=r,teC | ( )| ] (D3)
/rf'I'L
Further, forz < —land 0 < r < 1/|z|, we sett = re? € C and get
x
a G(t, = ax |e —
\t|3~,t}éC| (t,2)| eg[lo,?ﬂ] | Xp(l — mre”’) |
1
= ax e -Re(———
eg[lo,%{w] P <x (1 — zret? )>
- exp< m ) (D.4)
1—ar

where the second line is by | exp(z)| = exp(Re(z)), and the last line is by z < —1 and |zr| < 1.
Substituting (D-4) into (D.3), we get
1
Ln(x) < inf — exp( i )

n! - O<r<gd 1" 1—ar

2
< (2lal)" - exp(3x>
3n
e
where the second line is by setting r = ﬁ and the last line follow from x < —1 and optimizing
over .

< (=)™ (D.5)

Step 3: Final Bound. Finally we bound \32—2(33)\ as

@@N =e- Qn(j)
<e-nl- (3?”)” By 03) and -1 < —1 whenz € [0, 1))
<e. (Z)n o - e - (3?”)" (By Stirling’s formula)
< 0. (Pt
This completes the proof. ‘ O
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D.2  MAIN PROOF OF
We now establish building on This lemma guarantees the existence of

a smooth function that interpolates a given discrete function by matching its values at prescribed
points. In this way, it provides a bridge between discrete functions and their continuous counterparts.
Lemma D.2 (Lemma 4.5|Restate). Let S C R¢ be the state space of discrete flow matching. Recall
that S C R is a 1-separated finite set with |S| = MY, i.e., ||s — §'|| > 1 for all distinct 5,5’ € S.

Foreach x € S, let u(x,-) € Hf aa([0,1], K) with B = ki 4+~ > 1 and k1 = |B]. Then there

exists an extension U : RY x [0, 1] — R such that

U(w,t) € Hy, ppa(RE X [0,1],3e - (ky + 2)(2k1)* K M?),

and u(s,t) = u(s,t) forall s € Sandt € [0, 1].

Proof. Our proof consists of five steps. We give the construction of @(z, t) first in Step 1 & 2, and
then prove that it has desired properties in Step 3 - 5.

Step 1: Partition of Unity around S. Let 7(¢) be the bump function from
Letr = 1/e < 1/2. For s € S C RY, we define ¢ (z) : R? — R as
¢s(x) = n(

lz — s|I?

)

r
Then ¢7(z) € C™, supp ¢".(z) C B(s,7) = {z € R? | ||z — s|| < r}, and ¢"(s) = 1. Since S is
1-separated and r < 1/2, the supports {supp(¢s)}scs are pairwise disjoint.
Step 2: Extension. Next, we extend the discrete function u to a continuous function .
We construct u(x, t) as:
Ua,t) = ds() - uls,t). (D.6)
sES

Disjointness implies that for each fixed = at most one term in is nonzero. Hence, u(s,t) =
u(s,t) forall s € S.

Step 3: Derivative Bounds up to Order k. We now prove u(z,t) € Hd’B:Md (RZ x [0, 1], K").

Let (\,m) be multi-indices with A € N&, m € Ny, and || +m < k.
Since ¢, is independent of ¢ and u(s, -) is independent of x
O (x,t) = Z@;‘@(m‘)@mu(s,t),
seS
or in component-wise form, for every k € R?, it holds:
000Uk (w,t) = > 02 ba(2)0] un (s, 1).
seES
Further, for all s € S, z € R? and 5 € [d], it holds
9 2(z[5] — slg]) , Nz —s|?
|al’[]] S(x)|_| 7”2 77( 7’2 )l

Then with |s[j] — z[j]] < 1 when z € supp{¢;(z)}, using mathematical induction we get that for
alls €S,z € RYand m € Z7, it holds

0207 ()] < T ‘dxim(T)l'
By[Lemma D.1|and r = 1/e, we have | = (z)] < 3¢ - (222)>™ and hence
10265 oo (ray < 3e(2a))?*l forall se€S. (D.7)
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Step 4: v-Holder Seminorm for Order %,. Return to the discussion of .

Let [A| +m = ky. For (z,t1), (y,t2) € R? x [0, 1] and for every k € [M?], we have

S IRunE e < Y Y10 @oruls e s
[IM14+m<k1 A1 +m<k; sE€ES
< 3e- (2k)* Z Z 107 uk (s, 1) Lo ®y O
m<ky s€S
=3e- (2k1)* ) 0 > (07 uk(s, 1) L~
seS m<k;

(Interchange the order of summations)

<3e-(2k))*"* KM<, (D.8)

where the last line follows that u(s, t) € ’Hf Apd

([0, 1], K') with respect to ¢. Also, we have
wp [200Tat) — 0207 Ty, to)

Il Ay (@:t1),(y,t2) R X[0,1] I, 1) = (g, t2) 17
(z,t1)#(yt2)

| Eses 8;\¢S($)8Znuk(37tl) - 8£¢s(y)aznuk(57t2)|

B sub ®By O
|/\||1;n—k1 (@,t1),(y,t2) R [0,1] (@, t1) = (y, )7
(z,t1)#(y,t2)
om £) — om +
< 3e- (2k1)2k1Md sup | t uk}(sy 1) t Uk(S, 2)| By
n/ <k, tt2€[0:1] 17 t2,5€S [t1 — to|7
m t _am +
=3e- (2k)* M- ( sup |0 ug (s, t1) — O ug(s, t2)]
T 12 €[0.1] 61 5ES [t1 —ta|7

|0 ug (s,t1) — O ug (s, ta)]

)

+ Z sup

/< hoy t112€[0,1] 81 #t2,5€S [ty — ta|7
m _ Am

<3e- (2k)* M4 ( sup |07 ug, (s, t1) — 07" un (s, t2)|
il Dt1:t2€[0,1] 11 #t2,5€S [ty — ta]”

10" uk(s, )= - |1 — to]

)

+ Z sup

<y t1:t2€[0,1] 81t s€S [ty — ta]”
(By Newton-Leibniz formula)
S 3e - (2k1)2k1Md . (K + Z K) (u(s,t) € Hfu\,a([“- 1], K) and |t — f‘z‘l <
n’'<ki
=3e- (k1 + 1)(2k1)* P K M4, )

Step 5: Altogether. Combing (D.8) and (D.9), we get
U(w,t) € Hy, apa(RE X [0,1],3e - (ky +2)(2k1)* K M9).

This completes the proof. O
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E PROOF OF THEOREM 4.7

This section provides the proof of We first develop auxiliary lemmas characterizing
Lipschitz continuity properties and bound point-wise values of Lipschitz continuous functions using
integral upper bounds. Building on these technical tools, we then present the proof of approximation
theorem [I'heorem 4.7} which guarantees the existence of transformer networks that approximate the
target function with controlled error and parameter bounds.

Organization. We recall basic concepts of factorized discrete flow matching and mixture path

setting in [Appendix E.I] Then we introduce and prove auxiliary lemmas in [Appendix E.2] Finally,

we present the main proof of [Theorem 4.7|in[Appendix E.3|

E.1 PRELIMINARIES

To start with, recall from[Section 2|that when constructing a factorized path, the probability path has
a factorized generating velocity of the form

ut(yax) = Z(S(y;,x;),u;(yz,x), (El)

wherei = (1,...,i— 1,i+1,...,d) denotes all indices except i. Following notations in
we write (-, ) and u}(-, z) as u(x,t) and u*(z, t) respectively.

Next, recall that in we construct mixture path pyjo,1 (2|zo,21) = [1, P}, (2" |20, 21),
where each per-coordinate path interpolates between the source and target tokens:

pi|0,1($i‘£€0,x1) = ’Qtd(l‘i71€) + (1 - ’it)fs(zza%)

Here, d(-, ) is the Kronecker delta and & is a monotonically increasing smooth function that satisfies
the boundary conditions:

d
ko =0, k1 =1, and £>0 for te (0,1).

Then the corresponding conditional factorized velocity field that generates this per-coordinate path
takes the form:

K¢

uy(y', 'y, af) = By’ 2%) — 6(y",2)].

1— Rt
Taking expectation on x; and we obtain:

Kt

uj(y, x) [6(y",2}) — 6(y’, =) (E2)

- 1 — Rt x1 ~ Py
Further, we clip the time interval for training stability. Specifically, we focus on the time period
[to, T], where 0 < to < T' < 1. This clipping is to prevent — ) from blowing up att = 0,1. We

t
i ’ 1—k(t)
assume 155-:()@ = 0(1) and (1ffgt))’ =0(1)int € [to, T].

Remark E.1. We demonstrate that clipping the interval of t is necessary in discrete flow matching,
Sfor there doesn’t exist a construction of k() that keeps stability of 15(7:()” atbotht =0andt = 1.

To show this, we set r(t) = lfg()t) and g(t) = 1 — k(t). Then we have:

—9'(t)
—log(g(t)) = —==2 = r(t).
(—log(g(t)) o) (t)
Since k(0) = 0 and k(1) = 1, we have —log g(0) = 0 and —log g(1) = oo. This means r(t) =
(—log(g(t)) is not bounded on [0,1]. Then for k(t) finite on (0,1), it must be instable at t = 0 or
t = 1. Therefore, clipping the interval of t is necessary.
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E.2 AUXILIARY LEMMAS

In this section, we introduce auxiliary lemmas for the proof of [Theorem 4.7 We adapt|[Cemma 4.3
to the mixture path setting, stated asLemma E.2{ In|Lemma E.3|and [Lemma E.4] we compute the
Lipschitz constants of the functions constructed in these bridging lemmas. Finally, we establish
connections between local Lipschitz behavior and integral bounds in|{Lemma E.5|and [Lemma E.6]

To begin with, we introduce a lemma parallel to[Cemma 4.5} guaranteeing the existence of a smooth
function taking same value as a given discrete function at certain points.

Lemma E.2 (Discrete-to-Continuous Functional Extension of Velocity under Mixture Path Setting,

Modified from . Consider velocity function u(x,t) with the form (E.2) generating mix-

ture path. For each x € S and coordinate i € [d), let t — u'(z,t) € Hf7M([to,T],K) with

ﬁ = k:l +7v > 1, where k = |3] and v € [0,1). Then there exists an continuous extension
b e Hd_HM( x [0, 1], C) such that

u(s,t) =u(s,t) foralls e S,te€ [ty,T],
where the Holder norm C' = 3e - (ki + 2)(2k;)?** K M.

Proof. The construction of %(z, t) is same as the construction in the proof of We restate
it for completeness. Let 7(t) be as defined in[Lemma D.1} For s € S, we define ¢, (z) as:

¢s(z) = n(e?|lx — E(s)||*).
Then we construct u(z, t) as
= ¢u(z) - u'(s,1). (E.3)
seS
This construction takes the same form as in (D.6), while u and u has output dimension of M in

mixture path case instead of M. Then u'(s,t) = u’(s,t) for every s € S given that ¢(s) = 1.

The computation of Holder constant of u‘(x,t) is exactly in the same form to the computation in
proof of [Lemma 4.5 while the only difference is to replace M9 with M. O

Next, we prove that when u(z, t) is Lipschitz continuous with respect to ¢ for fixed x, u(x,t) we
construct is Lipschitz continuous. Further, we give the Lipschitz constant of %(z, t) under £5-norm.
We first present the result under general case to increase readability.

Lemma E.3 (Lipschitzness of Extension). Suppose that for every given s € S, it holds ||u(s,t)]|2 <
M., and u(s,t) is Lipschitz continuous under {s-norm with respect to t, with Lipschitz constant L.
Then u(x,t) defined in the proof of| is Lipschitz continuous under {o-norm with respect

to (z,t), with Lipschitz constant max{ L, 4ex/dM,,}.

Proof. By letting n = 1 in (D.7), we get |0¢;| < 4e. This indicates || V|2 < 4e+/d, meaning that
&, is is Lipschitz continuous under £5-norm, with Lipschitz constant 4ev/d.

By definition, for s; # s; € &, it holds |[s; — s2|| > 1. Then B(s1, ) and B(s2, 1) does

not intersect for distinct s;.s9. Therefore for z € [0, M]?, there is at most one s € S such that
x € B(s, L). For (21,t1), (z2, t2) € R? x R, we discuss two possible cases as below.

(1). There exists sg € S, such that z1, zo € B(sy, é)
Then it holds:
(1) = Ao, to)ll2 = | D (@) - uls,tr) = Y ds(wa) - uls, ta)]2
seS sES
= ||¢So (331) U(So,tl) — d)so (%2) . U(So,tQ)HQ (¢s(z) =0forz ¢ B(s, 1))
< l@so(@1) - uls0, 1) — @5y (#1) - uls0,12) |2
+ @50 (21) - uls0, t2) — Pso (w2) - uls0,t2)|[2

<Hlu(so, t1) — u(so, ta)ll2 + My|lds, (71) — dso (22) |2
(¢s(x) < Lfju(s, t)|l2 < M)
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< Lylty — talla + 4eVdM,||z1 — x2]|2

< max{Ly, 4eVdM,}|(z1,t1) — (z2,t2)]2.
(2). Forall s € S, z; and 25 do not both belong to B(s, 1).
Then ||lz; — 22| > 1 — 2. Therefore we have:

2e
=22l £ o Mul(1,t1) = (22, t2)l2.

Hu(xlvtl) - u($27t2)||2 >~

Since 4dev/dM,, > 62_—52Mu this completes the proof. O

Next, we introduce a lemma modified from [Cemma E.3] This lemma computes the upper bound of
u'(z,t) for u*(z,t) with the form (E-2) generating mixture path.

Lemma E.4 (Lipschitzness of Extension under Mixture Path Setting, Modified from [Cemma E.3).
Consider u'(z,t) under mixture path setting with the form (E2) . Then u'(z,t) comstructed in the
ﬁ

proof of [ILemma E.2|is Lipschitz continuous under {s-norm with respect to (x,t) when t € [to, T,
with Lipschitz constant Ly < 1.

Proof. Recall that under mixture path setting M,,, L,, = O(1). Substituting M, and L,, with O(1)
in conclusion of and we get the result for mixture path case. O

Observing that for Lipschitz continuous function, its Lipschitz constant gives an upper bound on how
fast a function increases or decreases. This leads to the following lemma, connecting a function’s
local value to its integral’s value lower bound.

Lemma E.5 (Integral Lower Bound via Point-wise Magnitude). Suppose that f : R¥*E — RI*L jg
Lipschitz continuous under Frobenius norm, with Lipschitz constant L. Let n = dL. If there exists
X € R¥™L such that || f(X)||F > a > 0, then it holds:

n+2

2 1/2 255 120 %
([ 1@)302) 2 > () iR

where S,, denote the surface area of the unit sphere in n-dimensional Euclidean space.

Proof. For Z such that || Z — X||r < 7> itholds:

1f(Z)lFr=a— Ll X = Z||p.

Let S,, denote the surface area of the unit sphere in n-dimensional Euclidean space. We have:

/ 1£(2)]342)2 > (/ (a— Lg|X - Z|lp)*d2)/?
Z-X|r<

a
L

/ Lf ||Z||F) dZ)1/2 (By change of variable)
Zlr<%

a/L
/ (a—Lyr)*S, )2

28,a" 12
n(n+1)(n+2)L%

= e

(By integration)

n+2

2S'n )1/20/ 2
T

- (n(n+ Dn+2)’ L3

This completes the proof. O

With[Cemma E.5|we have the following lemma bounding local value with integral value.
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Lemma E.6 (Point-wise Upper Bound via Integral Constraint). Suppose that f : [—I,1]%*F —
R¥*L s Lipschitz continuous on a bounded domain under Frobenius norm, with Lipschitz constant
Ly. Letn = dL. Let ([ || f(£)||2d2Z)'/? < b, then for all Z € [—I,1)%L it holds:

If(2)llr S bRLT?.

Proof. We obtain the conclusion by rearranging the inequality in conclusion of and
ignoring constants. U

E.3 MAIN PROOF OF

In this section, we prove the approximation theorem for discrete flow matching under the mixture
path and factorized velocity settings. Notice that in the proof of this theorem, we treat the upper
bound of the Lipschitz constant of the approximator Transformer class as a constant independent of
e. Also, in the main text we present a simplified version[Theorem 4.7]in order to keep the exposition
concise, while [Theorem E.7|stated below is the explicit form.

Theorem E.7 ( Approximation Theorem for Mixture Path Discrete Flow Matching, [Theorem 4.7

Restate). Let u'(x,t) be the factorized velocity field for coordinate i € [d] under mixture path

setting. Assume holds, then for any € € (0,1), there exists a transformer network

uf(z,t) € TJQ’S’T(CT, C’?(’EO, Cko, C’g"o/o, Cov,CEg, CIQJ’OO, Cr) satisfying that for any t € [to, T):
12M dg+25M

3 (@, t) — wi(a, )3 - pole) S eI
TES

where dy is the transformer feature dimension. The parameter bound of the transformer network
class follows:

Crq.Crgy = O(MOD e 14=2), 0oy CF = O(M ™~ 2¢)
Cr, 0™ = O(M?e™Y);Cg = O(M),

where O(-) hides polynomial factors depending on d, d, 6() hides polynomial factors depending
on d, dy and logarithmic factors depending on M .

Proof. To begin with, we introduce reshape layer we use in the proof.

While ordinary transformer network approximates function with same input and output dimension,
under factorized path setting we need to approximate function %(x, t), with input dimension d + 1
and output dimension M. To accommodate this difference, we introduce two reshape layers: R; and
Rs to facilitate the transformation of dimensions. We assume d + 1| M for simplicity in discussions
below.

A , . o
« Ry : [0, M]% % [0,1] = R%™*4 is a reshape function rearranging a vector of dimension

M . . .
d+1 into a matrix of size R%* 7 , Where transformer feature dimension dy satisfies do|d +

1. We realize R; by first reshaping input vector (z,¢) with dimension d + 1 into a matrix

A € R%*4g , following the standard procedure of rearranging entries. Then we replicate

the matrix dj_fl times along its columns, yielding a matrix of size dy x %. Altogether,
M

the output of R; is a matrix of size dy X %. As the reverse of R, Rfl c R%*a

0, M]?® x [0,1] is defined by taking first 2L columns of the matrix, and then rearrangin
y g o ging
it into a vector of dimension d + 1.

* Ry : R%* % — RM is a reshape function rearranging a matrix of size R%X45 into a
vector of dimension M, where dy|d 4+ 1. We realize R» by rearranging the entries of the
matrix into a vector preserving the total number of elements, following standard reshape
layer construction. We define R ! as the reverse map of R,. This is well-defined since Ry

M
is bijection between R** % and RM.
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It is important to note that these reshape layers do not participate in the learning process of the Dis-
crete Flow Matching, and therefore, are not the main focus of our discussion. R; and Rs represent
a feasible design for the reshape layers, but they are not unique construction to make up for the
dimension difference. We present these particular forms of R; and R» for clarity and completeness,
but the core of our discussion does not depend on them, and readers should avoid overemphasizing
these details.

We now return to the main proof. Let u(x,t) be as defined in For any coordinate
. M
i € [d], let reshaped factorized velocity field wieshape ; R%* 45 — R%* @ be:

i -1~ -1
ubrehape — Rt o gi(xt) o Ry

Then u***haP¢ js Lipschitz continuous under Frobenius norm, with Lipschitz constant no larger
than Lipschitz constant of %. By [Proposition B.17} for any e there exists a

ug" M P(Z) = Ff¥ o FS* o FY¥ o F¥ € T"*"(Cr, CRy, Crq, Cov, Cov, Cr, C3>, Cr),

such that dp(u1*h(Z) ug"™M*(2)) < ¢ where dr(f(2).9(2)) = ([If(Z) -
9(Z)||2dZ)"/2. By[Theorem B.18} the parameter bound of the transformer network satisfies:
Crq.Crgy = O(MP+3=4d=2), 0y O = O(M ™ 2¢)
Cp,Cy> = O(M?c");Cp = O(M), (E.4)

where O(-) hides polynomial factors depending on d, do, O(-) hides polynomial factors depending
on d, dy and logarithmic factors depending on M.

Let h = uf* "¢ _ yireshape  Then ([ [|h]|%dZ)Y/? < e. By|Lemma B.11|and [Lemma E.4}

ylreshape u2 rreshape are T jpschitz continuous under Frobenius norm, indicating that & is Lipschitz
; : p ting p
continuous under Frobenius norm. We denote their Lipschitz constant as L;’r%hape, Lireshape and
L;, respectively.
We first compute Lj;"*"*P° according to|Lemma B.11
; M
L;’reShape < (1 + 2M200VCKQ + hdioOV) . (012: + 1)2
0
25
5 M6d0+ 2, (By . Note that we drop terms od €.)
Then we compute the expression of Lp:
Lh < Lé,reshape + Li,reshape
25
S MOPHE, (by [ )
Let ug := Ry o u™" o Ry Forall (z,t) € [0, M]% x [to, T], it holds:
h h 2
[up (. t) = @' (@, 0)[[3 < [|lug™"* 0 Ry (x,) — u" P o Ry (2, 8) |3
= Hh Rl (SC, t)) ||F (By definition of h)
4 12Mdg+25M
Sevme MM (By[Cemma E'6)
Then for every ¢ € [to, T], we have:
. 12Md +20]L1 12Mdy+25M
> @, t) = wi (@ D3 - pila) S e M 7T Y pya) I
€S €S
This completes the proof. O
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Remark E.8. Our choice of the Transformer architecture is motivated by its widespread practical
adoption in modern generative modeling. Transformers is the dominant backbone for parameter-
izing velocity (or score) networks in state-of-the-art generative models, including Diffusion Trans-
formers (Peebles & Xie|[2023), MaskFlow 2025), and DeFoG 2025). However,
the theorem is not restricted to Transformer architectures. It extends to any network architecture that
owns a universal approximation theorem similar to[Proposition B.17] For example, multi-layer per-
ceptrons (MLP) also satisfy a universal approximation property (Lemma B.5 of (Fu et al.][2024))). By
replacing the Transformer universal approximation lemmal|Proposition B.17|with the corresponding
MLP result, deriving velocity approximation theorem with MLP is straightforward.
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F PROOF OF|THEOREM 5.1|

This section provides the proof of deriving velocity estimation rate for factorized
discrete flow matching implemented with transformers under mixture path setting. The analysis
adapts and modifies the risk-decomposition plus covering-number technique of (Fu et al., 2024) to

our setting and parameter bounds from

Organization. We derive the estimation rates of discrete flow matching transformers in four steps.

* Preliminaries. In[Appendix F.1} we introduce several essential concepts, including factor-
ized empirical loss ECDFM, factorized discrete flow matching risk R (©%) and factorized
empirical risk Rio(©).

* Covering Number Upper bound. We obtain covering-number bounds for the transformer
class using the parameter constraints from and for the induced loss class in
[Appendix F.2| [Lemma F.3l{Lemma F.5|

* Generalization and Approximation Error Bound. We apply the covering-number ma-
chinery and conclusions from to bound generalization and approximation
error in[Appendix F.2] [Lemmas F.6|and [F.7]

* Velocity Estimation rates. We utilize conclusions from prior three steps to prove
the velocity estimation rate.

F.1 PRELIMINARIES

In this section, we introduce and discuss basic concepts risk function of factorized flow matching.

In factorized velocity discrete flow matching case, for ig € [M], uéo is trained to approximate
u® (x,t) solely, independent of the behaviour of velocity field u(z,t) on other d — 1 dimensions.
In other words, given iy € [d] and n i.i.d training samples {z;}?_,, the transformer network u is
trained through minimizing the factorized empirical loss:

D 3 AN S T BT
to X0~P0,Xt~Ptjag=Xg,21=x;

For simplicity of expression, we define the loss of certain function f with respect to some certain
end point z as:

T
e f)i= [ E Jue (X2, = (X003,
to X0~P0;Xt~Ptlog=Xg,o1 =2

Then we have:
0
CDFM = Zﬁ (w45 Ug

We use © to denote the parameter of network trained by minimizing the factorized empirical loss
Cppu With niid training samples {x; };,. That’s to say, discrete flow matching network ugo with

parameter ©' is the factorized empmcal r1sk minimizer, satisfying Qi ¢ argmin ECDFM(u9 ).
eio

For a factorized discrete flow matching network u o with parameter ©%, its performance in velocity
estimation is measured by the factorized discrete ﬂow matching risk, which is defined as:

T
RO©)i= [ B (X0 0) - (X2, . ®1)

to

In practice, we evaluate the performance of the factorized network ué“ using factorized empirical
discrete flow matching risk, which is defined as:

. 1 < . .
Rio(0) = = waw%;wawx (F2)
=1
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where {x;}*_; are ni.i.d samples and u is the true velocity. We have the following lemma showing
that factorized discrete flow matching risk is equal to the expectation of factorized empirical discrete
flow matching risk.
Lemma F.1 (Modified from Remark E.2 of (Su et al.,[2025)). For a factorized discrete flow matching
network ué" (x,t) with parameters noted as ©% and i.i.d samples {x;}?_,, it holds:
GE [RO(O9)] = RY(O").
Tifi=1

Proof. The proof is modified from Remark E.2 of (Su et al., 2025).

We use O (o denote the true parameter of velocity function. That’s to say, with parameter
©''ue jt holds u,’ = u'. Then we have:

n n

~. . 1 . . 1 . .
E [Re(@©)]= E [-) £%zzul)]— E [=) £°%ax;u® By 2
{z’i}?:l[ ] {Il}?zl[n ; ’ o ] {zl ;L:l[n ; ( ‘ )]
= LEppu(0™) = Lppy (077)
=R (@’LO) — R (@zo,true) (By gradient equivalence ol'ﬁy;;’k.m and L',g),),_-\])
— Rio (@’LO) («Rz,J<(~)'[(,,m\<;> =0)
This completes the proof. O

F.2 AUXILIARY LEMMAS

To bound . I}Ej: [Rio(©%)], we modify the risk decomposition approach formulated in (Fu et al.,
2024) to discrete flow matching case. Specifically, we have:
E [RUO")]= E [ROOF)-R0@)+ E [RUO),  (E3

{mi}, {mi}l, {mi}iy

) (11)

In this section, we introduce auxiliary lemmas helping us prove [Theorem 5.1} Specifically, we
compute the covering number bound of transformers in |Lemma F.3|and |[Lemma F.4] Further, we
obtain the covering number of loss function class in|Lemma F.5| Finally,[Lemma F.6|and|{Lemma F.7|
bounds (I) and (II) in respectively.

To begin with, we introduce the definition of covering number, a concept that plays a fundamental
role in establishing bounds on (I), the generalization error.

Definition F.2 (Covering Number). Consider a vector-valued function class F. For € > 0, a point
set {z;}7_, and a norm || - ||, the quantity Noo (F; €;{2;}?_1; || - ||) denotes the minimal cardinality

of a subset (a cover) C C F such that, for any f € F, there exists fe C such that:

~

max [|f(zi) = f(z)]| < e

1<i<n

We call N (Fi €, {2} 1; || - ||) the e-covering number of F with respect to point set {z;}_,. We
further set:
Noo(Fiemi |- ) = [nax Noo(Fre{zibiZs |- )

rSi=1

Next, we introduce the following lemma that gives an upper bound on the covering number of
multiple-layer transformer network.

Lemma F.3 (Lemma J.2 of (Hu et al., [2024b)), Modified from Theorem A.17 of (Edelman et al.,
2022)). Let TIQ’S’T(CT, C?(’E; Ckaq, 035307 Cov,Cg, C?,’Oo, Cr, L1) represent the class of trans-
Sformer network with parameter bound. Then for data points x such that ||z||2 < Bx, we have:

log N (T *" e, | - [12)
log(nL 2 ooy 2 2 ooy 2 con 2
< 7g(62 T34 (C2)} + 4§ (2(Cr)*Cov O} +2((Cr12CH0)H,

where . = (Cp)?Coy (1 4+ 4Ck)(Bx + Cg).
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Proof. See Remark J.7 of (Hu et al.| 2024b) and proof of Lemma A.17 of (Edelman et al.,2022)). [

Equipped with [Cemma F.3| we compute the covering number of transformer network class with
parameter bound given in[Theorem 4.7}
Lemma F4 (Covering Number Bound for Transformer Class, Modified from

Lemma J.3 of (Hu et all [2024b)). Let ¢, > 0. Consider the transformer class
TIQ’S’T(CT,CIQ{’E;,C’KQ,C(Q)’@O,COV,CE,CIQ;OO,CF) with parameter bound given in

and x; satisfying x; € S. Then the €.-covering number of Tlg > has the following upper
bound:

log(nM
logN(Tlg’s’T,ec,n, ) < g( )M24d0+286—16d0—12.

~ 2
c

Proof. The proof is modified from proof of Lemma J.2 of (Hu et al.}|2024b).
From[Theorem E.7| we have the bounds on transformer parameters:

Crq. Oy = O(MOh+3=4d0=2), Oy, CF° = O(M ™% ¢)

Cp,C%® = O(M?c"); Cp = O(M); LT = O(M5%+ %), (F4)
We first use parameter in (F.4) to compute « and get:

a< (M2e*1)2 M~ Fe. MOdot3 —4do=2 pr _ pr6dotP —4do—3
Further, by we have:
log N (T e, |- |2)

lo L 2 con 2
< 19801LT) 2 4F (0 2Oy OB B

€
< IOg(ZLM) Nf24do+28 —~16do—12
6C
This completes the proof. O

Then we compute the covering number bound of loss function class by bounding error of loss func-
tion with error of transformer.

Lemma E.5 (Covering Number Bound for Loss Function Class, Modified from Lemma L.3 of (Su
et al., 2025)). Let e, > 0 and ig € [M]. Suppose that for every given x € S, u'(x,t) represent
the velocity field of x at time t that follows mixture path setting (E.2). We define the factorized loss
function class by

R o= {0 (zyu) luf € T™"},

where ’Tlg " s the transformer class with parameter bound given in

Then we have:

. log(M) — log(e.
o N (s o b | ) § BB ot ooz

€

Proof. The proof is modified from the proof of Lemma L.3 of (Su et al., [2025).

Consider ig € [d]and {z;}7_, € S. Let u!® (x,t), u (x, t) be mixture path velocity function satis-
fying lu (z,t) — ug (z,t)]] < dforallz € Sand ¢t = 0, @, %, ..., 1. Then since u{® and
ugy’ is Lipschitz continuous with Lipschitz constant L7 under £>-norm, for z € S and ¢ € [0, 1] we
have ||ui®(z,t) — uy (z,t)|| < 20.

Further, for x = x;, 1 <7 < n we have:

[(omyul) — 00 (3 uy)|
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T
=1 E (luz’ (Xe, 8) = u' (X, )3 = [Juz’ (Xe, t) — u' (X, 1) [3)dt]
to X0~P0,Xt~Pi|zg=X¢,21=x
=1 poxins (1 (X ) = 0 (X, 0) T (i (X, ) (X, ) — 20 (Xe, 1))
to 0~P0, At ~Pt|zg=X(g,z1 ==
1
< 25/ E ko (X¢, t) 4+ ubd (X¢, t) — 2u™ (X4, t)]2dt (lui® —uil |2 < 26)
0 Xo~Po,Xt~Pt|zg=Xg,2q =2
<83CT,
where the last line is by assuming C'7 > max % without losing generality.

te[thT]

From computation above, for every function class U/ being a e.-covering of Tlg *" with respect to

point set S, function class £ = {£(z;u)|u € U} is a de.Cy-covering of F° . Recall that we
assume ) — O(1) when t € [to,T] in|Appendix E.2| Then, for small enough e it holds that

T—r() —
C7 = O(1). We further obtain:

i h,s,r €c Lt
logN(F‘l(?Ss7€C7{$i}$ieS? | : D S logN(TR ) SCT,Md([ c ] + 1)7| : |)
< log(M) ;10g<66)M24d0+286—16d0—12' By T
6C
This completes the proof. O

We now bound (I) with covering number of loss function class and (II), the empirical risk.

Lemma F.6 (Generalization Bound, Modified from Lemma L.5 of (Su et al., [2025)). Let ﬂéo with
parameter O be the velocity estimator trained by minimizing E%’DFM with i.i.d training samples

{z;}1,, where x; € S. For simplicity, we use N to denote N'(F°,_, ec, {2i}z;es,| - |). Then we
bound (1), the generalization bound as:

QB [RO@) -RO@) S B[RO+ O ogN + <o),

where K denote the upper bound of £*° (z; uy ).

Proof. The proof is modified from the proof of Lemma L.5 of (Su et al., [2025).

We use E*CS’FM and R* to denote the factorize conditional discrete flow matching loss and em-
pirical risk with i.i.d training samples {z} }. Then we have B [LEnm(©0)] = Ly (07)

i Ji=1

and E [R*0(00)] = Rio(0%) for all parameter set ©. We now rewrite (I) as:

{zi ¥,
LB [RU(B) - R(B)
Titioy

E [ E [R*"(6%)] - R"(@O)

{mi}po, {=f i,

= E[R(6")-R"(6")

{wiw} i,
= B Q) = o ) = (0 w0 = Y 0 i u))]
T H i=1 i=1 i=1 i=1

For €. to be chosen later, let £ = {Kflo, Eéo Ej\‘}} be a e.-covering of F; liooss with respect to point set S

~i0

That’s to say, for every ﬂg’, there exists £°° € £ such that |€§-° — o (z, ug)| < e forevery x € S.
For simplicity of notations, we have the following definitions:
w(w) = 00 (w; U ) — £ (w;u™),

wj () 1= €09 () — 01 (ar;u0),
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hj = max{A7 \/ ES[EEU (Z) — ,e’io (Z, 'Ll/io )]}, (A is a constant to be chosen later)
z€

Q.= max|zwkxz_ )\

Then we further obtain:

n
1 %, Al 7 ~ T
n{zl,w - ;EU[L‘ 0 ZZO 0 ,(; Iz,ueo ZEO TisU
(E5)
1 *
< - |w(gjz ) - w(:cz)\ (By definition of w(x))
N,z
1
< — |wj( ) Wi (LEZ)‘ + 2¢. By |w;(z) —w(x)| < e whenz € S)
'fl{a:l,;v* *
1
<— E  [hiQ+ 2 (By definition of /2; and ©2)
nA{zi,x; i,
1
<= E [RM+-— E [Q+2 F.6
S Sy, Wltgm, BT+ 2 (F.6)
where the last line follows AM-GM Inequality. In the following paragraphs, we bound . E [h?]
Ti ml :L 1

and E  [0Q?] separately. We start with bounding ~ E_ [r3]:
{xivm?}zgl {CI:1 zz :’ 1

M= E @

{woaltin, 7 e,
< A%+ E 090 (2) — 0°(z,u
< (e s S[ (2) (z,u)]
<A+ B [fo(zap) — 00z ul)] +
< . 1,zes[ (z:0) — £ (2;u")] + €.
(\Ir;.“(z) —00(2,T,°)| < e. whenz € S)
— A2 4 . E [Ri(’((:)“)]+ec. (F7)

where the last line follows [Lemma F.1} Next, we bound E  [Q?] by using Bernstein’s In-

{zi,2] },
equality to bound Pr(Q2 > b) for given b > 0. We define ay; as ay; = %}:’k(m) Then
Q = maxyen | Yo k|- Also, since x denote the upper bound of (% (z;uf), we have
¢ (z;ul) < k. For k € [N] we have:
0o (z) K
| <X <—. E
|ak,i| < | I |_A (F.8)

By definition of w; (x) and h, for all k € [N/] we have:

Elwg(2)] = E[£(x) — £ (2;u™)] < h}. (F9)
By symmetrization, we get:

Elay;] = E [M] —0. (F.10)

{xwxf} hk
Then we bound the variation of ay, ; as:
wi (i) —wi(x]
;/%Cr [a.i] = w%[(%)z]

[wi(xi) L wrled) | 2wn(@wn(e; )]
h; hi; h;
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2
wi () Wi () 119 .
= 2]%[ hi } — 2(]5[ hk ]) (By symmetrization)
wii(@)
< k
PNC/AC)) ‘
K:z [ h2 } (By @’
k
< 2, (F11)
where the last line follows (E9).
Then for b > 0 we have:
Pr[Q? > b*] = Pr[Q > b] (E12)
k
< NPI‘ l| Z akﬂ;| > l;| (By union bound)
=1
02
S 2N exp —% (By @(m and Bernstein’s Inequality)
< Zi:l 2K + ;’Z) 1
o?
=2Nexp| ——2—— F.13
p( 2nk + gﬁ) ( )
We now bound - IE [QQ] as
bg )
]E [Qz] = / Pr [92 < 62] db + / Pr [QQ 2 bz] db (bg is a constant to be determined)
{Zi,ﬂif}?zl 0 bg
o0 o?
S b(Q) +/ 2Nexp —ﬁ db (By m)
b2 nK + 33
*° Ab
S bg + / 2./\/ exp ()db (Assume by > 12nA)
b2 K
2N Ab2
:b%—&— A’Q eXp(—KO).
Let by = v/nklog N and A = ﬁ we have:
. 1@} [Q?] < nklogN. (F.14)
Substituting the result of (E7) and (EI4) into (E.6), we finish the proof. O

With[Cemma F.6] we reduce bounding (I) to bounding (II). Finally, we bound (IT) with[Theorem E.7}
Lemma F.7 (Empirical Risk Bound, Modified from Theorem L.1 of (Su et al., 2025)). Consider
the transformer class Th 5" with parameter bound given in W Let Ag’ € Th ST with
parameter ©'o be the factorized velocity estimator under mixture path setting trained by mlmmtzmg

ECDFM with i.i.d tralnmg samples {x;}_|, where x; € S. Let factorized empirical risk Rlo(@m)
be as defined in . Then we have:

~ . -~ . 4 12Mdg+25M
E [Rio (@10)] 5 eM+2 N[ T M¥z
{=i}i,
Proof. The proof is modified from proof of Theorem L.1 of (Su et al.|[2025).
Given that 1y with parameter O is the minimizer of ECDFM, for all uy with parameter © we have:

{x_En [ﬁm(ém)] = {xl?" [Z%)DFM(aéo) - E@DFM(UZ.O)]
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< E [Léppumluy)— gDFM(uiO)]

T {ax =1
= E [R™(©")]
{mi},
— R¥(@%). (8 [Cemma )

Let ué"’approx with parameter ©%-2PPTX be the approximator network in[Theorem E.7, we obtain:
E ﬁio[(@io)] < Rio(@io,approx)

{xz}?=1
= 37 [l (2 t) — ()3 - pe(a)

zeS

4 12Mdg+25M
< enmiz )\ M2
~J

This completes the proof. O

F.3 MAIN PROOF OF

This section presents the main proof of [Theorem 3.1] In the main text, we give a simplified version
of [Theorem 5.1]to keep the exposition concise, while Theorem F.8|provides the explicit form.
Theorem F.8 (Mixture Path Discrete Flow Matching Velocity Estimation with Transformer,
Restate). Let u, € 7}’3 T with parameter ©% be the factorized velocity estimator un-
der mixture path setting trained by minimizing LSpy\; with i.i.d training samples {x;}7—,, where
x; € S. Then for large enough n we have:

E [Rig (élo )} < M12d0+25n* 4Mdo+311v1+8d0+9 (]Og n) 4Md0+3i4+8d0+9
{wi}i, ~

Proof. Recall the decomposition given in (F.3):
E [RU@O9)= E [RO(O9)-RO(O")]+ E [RV(O)]

{mi}i, {zi}i, {zi}io,

Substituting what we get in[Lemma F.6|and [Lemma F.7|into the decomposition, we get:

E [RO(1)] <O(Zlogh +e)+2 E [Ro(6i0)] (By[EmmaTH)
{zi}i, n {zi}iy
K 4 12Mdg+25M
SO(=logN +e) +emm M ez (8y[EmmaT)
n
< log(M) fQIOg(ec) M2Ado+28—16d0—12 | (o eﬁMW
nez

(By and £ < 1 under mixture path setting)

Next, we choose proper ¢, €. to get a optimal bound for the estimation rates.

. 24dg+28 —16dpg—12
First, we let ¢, = (&M S )M/3 and get
E [Rl() ((/_\)'LO)] 5 (log(ne))1/3M24d%+28 6_ 1Gd%+12 n_% + €Mi2M12M]\(fIO_;F225I\/]

{zi}?:1

3 o M+42 . M42
Next, let e = M ~an~ T6Mdg+120+52d0+36 (]og ) TOMdoF12M+5249+36  then for large enough n we get:

E ['Rio (@io )] < pl2do+25,,— 4Md0+311u+sdo+9 (log n) 41Wd0+31%/1+8d0+9 .
{wi}, ~

This completes the proof. O
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G PROOF OF|THEOREM 5.2|

This section provides the main proof of [Theorem 5.2] In the main text, we give a simplified version
of to keep the exposition concise, while[Theorem G.T|below presents the explicit form.
Theorem G.1 (Discrete Flow Matching Distribution Estimation with Transformer,
Restate). For any coordinate ig € [d], let uy be the i-th velocity estimator trained by minimizing

empirical conditional discrete flow matching loss LSy, following @10). Let P denote the true
distribution and P the distribution generated by the discrete flow matching framework with fac-
torized velocity istimators {ﬂg’}fo:l. Then for a vocabulary size M, the expected total variation
distance TV(P, P) over training data {x;}?_, is bounded by:

E [TV(P, ﬁ)] 5 M6do+13 eXP(M)ni 8Md0+61wl+16d0+18 (log TL) 8Md0+6Ml+16d0+18 i

{Ii};;l
Proof. From [Theorem 3.1] we have:
TV(P,P) < VMexp(2M,) Y \/Rio(6).
]

ioe[d
Taking expectation on both sides and recalling that M,, = O(1) under mixture setting, we obtain:
E [TV(P.P)] SV M E | Y VR9(O)]

x; P n_
{zi}i, it oeld

1 1
g M6d0+13n* 8Mdg+6M+16dg+18 (log n) 8Mdo+6M+16dg+18 | (By

This completes the proof. O
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H APPROXIMATION THEORY FOR DISCRETE FLOW MATCHING: GENERAL
CASE

This section establishes the approximation theory for discrete flow matching in the general case.

Organization. We recall and restate important lemmas in [Appendix H.1} Then we present the main
proof of with same proof strategy in[Theorem E.7|

H.1 AUXILIARY LEMMAS

In this section, we restate auxiliary lemmas for proving the approximation theory
We start with restating [Lemma E.3|as [Lemma H.1|, computing the Lipschitz constant of u(zx,t)
constructed in [Lemma 4.5] Then we restate [Lemma E.6|as |[Lemma H.2| a key lemma in proof of
Theorem H.3|bounding function’s local value with its integral’s value lower bound.

To begin with, we restate[Cemma E.3|proved in[Appendix E.2|as[Cemma H.1} This lemma computes
the Lipschitz constant of u(x, t) in[Lemma 4.5}

Lemma H.1 (Lipschitzness of Extension,[Lemma E.3|Restate). Suppose that for every given s € S,
it holds ||u(s,t)||2 < M, and u(s,t) is Lipschitz continuous under {y-norm with respect to t, with
Lipschitz constant L,,. Then u(x,t) defined in the proof 0 is Lipschitz continuous under

{y-norm with respect to (x,t), with Lipschitz constant max{L,,, 4ev/dM,}.

Proof. See the proof of O

Then we restate proved in[Appendix E.2|as[Cemma H.2} bounding local value of Lips-
chitz continuous function with its integral value.

Lemma H.2 (Point-wise Upper Bound via Integral Constraint, Restate). Suppose that
[ =1, 0)%E — RIXL s Lipschitz continuous on a bounded domain under Frobenius norm, with
Lipschitz constant Ly. Letn = dL. Let ([ ||f(Z)||%dZ)'/? < b, then for all Z € [—I,1)7% it
holds:

If(2)llr Sb=LT?.

Proof. See the proof of O

H.2 APPROXIMATION THEORY FOR DISCRETE FLOW MATCHING

In this section, we prove the approximation theorem for discrete flow matching in the general case.
Similar to proof of [Theorem E.7] we treat the upper bound of the Lipschitz constant of the approxi-
mator Transformer class as a constant independent of e.

Theorem H.3 (Approximation Theorem for Discrete Flow Matching). Suppose that for every given
x € S, u(x,t) is bounded and Lipschitz continuous with respect to t, such that ||u(x,t)||2 < M,
and Lipschitz constant is L,. Then for every ¢ > 0, there exists a transformer network ug(x,t) €

TIQ’S’T(CT, 012(’2207 Crq, 05X, Cov,Cr, Cu™, Cr) satisfying that for every t € [0,1]:

4 aM%ddg+13M%d+8MPdg+12m9 81;4’1
S N, t) = ule, )3 pila) S €3 M e M
zeS

where dy is the transformer feature dimension. The parameter bound of the transformer network
class follows:

CKQ,C'f(’gO — 6(M2ddo+d+4do+2€f4d072); COV’C(%;O _ O(M*%de)
OFaC}Z:"OO :O(Md+1Mu€71); OE :O(Md)’

where O(-) hides polynomial factors depending on d, dy, O(-) hides polynomial factors depending
on d, dy and logarithmic factors depending on M.
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Proof. Similar to proof of m we start with introducing the reshape layer of ug(z, t). In
the general case, we need to approximate function %*(x, ), with input dimension d + 1 and output
dimension M?. To make up for this difference, we introduce two reshape layers: R; and R,. Note
that we assume d + 1|M? for simplicity in discussions below.

Mmd
« Ry :[0,M]? % [0,1] — R%* 4 is a reshape function rearranging a vector of dimension
M
d + 1 into a matrix of size RdOXW, where transformer feature dimension d satisfies
do|d + 1. We realize R1 by first reshaping input vector (z,t) with dimension d + 1 into

a matrix A € RdoX o

d
we replicate the matrix d +1 times along its columns, yleldlng a matrix of size dy X ]‘g—o.

followmg the standard procedure of rearranging entries. Then

Altogether, the output of R; is a matrix of size dy X W' As the reverse of Ry, R .

d
R%*% [0, M]¢ x [0, 1] is defined by taking first ddiol columns of the matrix, and then
rearranging it into a vector of dimension d + 1.

d ><M7d da . . . . . d xm .

e Ry : R™ 4% — RM" is a reshape function rearranging a matrix of size R™” @ into
a vector of dimension M?. We realize R, by rearranging the entries of the matrix into a
vector preserving the total number of elements, following standard reshape layer construc-
tion. We define R, ! as the reverse map of R,. This is well-defined since Ry is bijection

d, XM d
between R 4o and RM".

Again, as discussed in proof of we state the construction above for clarity, while the
construction of B and R5 is not focus of our discussion.

~ . M
Now we return to the main proof. Let %(z, t) be as defined in Let yreshape ; R%0>* a5 _y

d,
R%* do be as:
reshape -1~ -1
u'PAPe = RC o u(w, t) o Ry

Then u"°*P#P¢ is Lipschitz continuous under Frobenius norm, with Lipschitz constant no larger than
Lipschitz constant of u. By [Proposition B.17| for any e there exists a

ug™e(Z) = FY¥ o F3% o Fj¥ o F® € TM*"(C7, O}, Crqp, Coy° , Cov, C, C5%, Cr),
such that dp(u®hePe(Z) ul™™°(Z)) < e where dp(f(2),9(Z)) = ([If(Z
9(Z)||%dZ)"/2. By|Theorem B.18} the parameter bound of the transformer network satisfies:
CKQ,CKQ _ O(M2dd0+d+4d0+2€—4d0—2) Cowcov _ O(M_%de)
Cp, 0% = O(MH M,e7Y); Cp = O(MY), (H.1)

where O(-) hides polynomial factors depending on d, do, O(-) hides polynomial factors depending
on d, dy and logarithmic factors depending on M.

Let h = uS"*P¢ — yreshape Then ([ ||h]|2dZ)"/? < e. Further, by [Lemma B.11|and [Lemma H.1}

reshape
u P , U

rCShapC are Lipschitz continuous under Frobenius norm. Then h is Lipschitz continuous
. .o . h .
under Frobenius norm. We denote their Lipschitz constant as Ly™"*P°, Lshape and L, respectively.

We first compute L;eShape according to|Lemma B.11| It holds:

Md
Lrgeshape (1 + 2M2dCOVCKQ —+ h COV) (C% + ]‘)2

~

2ddo+13 d+4do+6 3 r4
< MEedoT 0OTOM,,.

2 2d
S (Crp)? - M= - hCkoCov - (CF)
(By (H.I) and dropping terms of €)
Then we compute L. We have:

L} < Lreshape +chshapc
v —= o
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2ddo+ 12 d+4do+6 j r4
< MEedoT TP M,,.

(By|Lemma H. 1)
Let ug := Ry o u}*™™° o R. For all (z,t) € [0, M]% x [0, 1], it holds:
o (x,t) = @(a, )5 < [lup™ " o Ry (,t) — w*"*° o Ry (x, 1)}
= || h(Rl ($, t)) H%‘ (By definition of h)
4 aM¥ddg+13MParsmidg+12m? SIL\;Id
5 eMat2 [ Md 2 MuM +2’ (By[Cemma IT7)
where Lj, = M2ddo+3d+4do+6 14 Then we have for every ¢ € [0, 1], it holds:
4 am4adg+1smdarsmddg+i2md Sitifd
> llus(e,t) = ule, O3 - pile) S e M s M pela)
€S z€S
4 am%adg+13mdarsmddg+i2md smd
—emi2 \[ MI12 ]\juMGl"'2 ,
This completes the proof. O

I ESTIMATION THEORY FOR DISCRETE FLOW MATCHING: GENERAL CASE

This section derives estimation rates for discrete flow matching with transformers in the general
case. The analysis adapts and modifies the risk-decomposition plus covering-number technique of

(Fu et all 2024) to our setting and parameter bounds from

Organization. This section consists of four steps to obtain the estimation rates of discrete flow

matching. The proof structure follows

* Preliminaries. In[Appendix I.1] we introduce several essential concepts, including empir-
ical loss Lcprw, discrete flow matching risk R(©) and empirical risk R(O).

* Covering Number Upper bound. We obtain covering-number bounds for the transformer
class using the parameter constraints from [Theorem H.3|and for the induced loss class in
[Appendix 1.2} |[Lemma [.2HLemma [.4}

* Generalization and Approximation Error Bound. We apply the covering-number ma-
chinery and conclusions from to bound generalization and approximation
error in[Appendix 1.2} [Cemmas I.5|and[L.6]

» Estimation rates. We apply conclusions from prior three steps to prove the velocity esti-
mation rate in[Theorem 1.7] and then the distribution estimation rate in[Theorem L8]

1.1 PRELIMINARIES

In practlce given n i.i.d training samples {x;}?_;, the transformer network is trained through mini-
mizing the empirical loss:

L = w( Xy, t) — ug( Xy, t)||2de.
corv z / o (X t) w1

Similar to notations in we define the loss of certain function f with respect to some
certain point x as:

1
U f) = / E Ju(Xent) — F(X0 )2

Xo~po, Xe~Pt|og=X(,z1=a

Then we have:

~ 1 &
Leprm = > (i ug).

i=1
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We use © to denote the parameter of network trained by minimizing the empirical loss with 7 i.i.d
training samples {x;}? ;. That’s to say, discrete flow matching network @y with parameter © is the
empirical risk minimizer, satisfying © € argmin Loppm (ue)-

e

Similar to the factorized case, for a discrete flow matching network ug with parameter O, its per-
formance in velocity estimation is measured by the discrete flow matching risk, which is defined
as:

1
R(O) ;:/O CE (X 1) = u (X 1)l @

In practice, we evaluate the performance of the network wg using empirical discrete flow matching
risk, which is defined as:

- 1 1 «
R(©) == o ZE(%‘;U@) “ Zé(lfi;U% (1.2)
=1 i=1

where {x;}?_; are n i.i.d samples and u is the true velocity. We have the following lemma showing
that discrete flow matching risk is equal to the expectation of empirical discrete flow matching risk.

Lemma 1.1 (Modified from [Lemma FE.1). For a discrete flow matching network ug(x,t) with pa-
rameters noted as © and i.i.d samples {x;}I_,, it holds:

{I}%:l[R(@)] =R(©).

Proof. See the proof of The only difference is the integration domain in definition of ¢
and (%, which is modified in the same way on both sides of the equality, from [to, T] to [0,1]. [

1.2 AUXILIARY LEMMAS

Tobound E [Ri(6%)], we take the same decomposition approach introduced in|[Appendix F.2

n
Tifi=1

Specifically, we have:

~ ~

E [RO)= E [RO) -R®O E R0 3
{ri}:;l[ (©)] {Ii}?ﬂ[ (©) = R( )]+{xi}?:1[ ©)], (13)

@ (I1)

In this section, we introduce auxiliary lemmas helping us prove [Theorem 1.7] Specifically, we
derive the covering number bound of transformers in|Lemma [.2 and [Lemma .3} Then we get the
covering number of loss function class in [Cemma 1.4} [Lemma L.5] gives an upper bound on (1), the
generalization bound. Finally, [Lemma [.6|bound the empirical risk of a trained network.

To start with, we restate [Lemma F.3|as[Lemma [.2] giving an upper bound on the covering number
of multiple-layer transformer network.

Lemma 1.2 (Cemma F.3| Restate, Lemma J.2 of (Hu et al.| [2024b), Modified from Theorem A.17
of (Edelman et al.| 2022)). Let Tp*" (C7,Cy . Ckq. Cov s Cov, C, C3>, Cr, L) represent
the class of transformer network with parameter bound. Then for data points x such that ||z|2 <
Bx, we have:

IOgN(T£’87T7€7na H : ||2)

log(nL 2 ooy 2 2 ooy 2 con 2
< (6277) a®(d§ (CF™) +dg (2(Cr)*CovCOiy)® +2((Cr)*Coy))°,

where o = (CF)QCOv(l + 4CKQ)(BX + CE)

Proof. See the proof of O

Equipped with[Cemma I.2] we now compute the covering number of transformer network class with
parameter bound given in[Theorem H.3|
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Lemma 1.3 (Covering Number Bound for Transformer Class, Modified from [Lemma F4). Ler
€. > 0. Consider the transformer class T}g’s’r(CT, Cf(’zzo, Ckq, C’é’;}o, Cov,Cg, C’IQ;’OO, Cr) with
parameter bound given in[Theorem H.3|and x; satisfying x; € S. Then the e.-covering number of
7}; T satisfies:

logJ\/‘(Tlg’s’r,ec,n, - o) < 10g(”]\§Muf) Msdd0+12d+16d0+16Mss—lﬁdg—12_
¢

Proof. The proof is modified from the proof of
From [Theorem H.3] we have:

Cro, 012(%0 — O(M2ddot+d+Ado+2 ~4do=2). 1 C% = O(M~3¢)

Cp, C%> = O(M* ' M,e™"); Cp = O(M?); Ly = O(M>3o+ 3 d+4do+6 (1.4)
Then we substitute into and get:

a S M2 0262 | N~ Fde . \f2ddotdtdot2 —4do=2  ppd _ pr2ddotFd+ado+d 2 —4do—3,

Through further computation, we have
IOgN(TIg’Sﬁrv €c, M, ” : ”2)

log(nLt) 5 .2 o0\ 2
S TQQ(% (2(Cr)*CovCiy)3)®

~
c

< IOg(M\jMu) M8dd0+12d+16d0+16M18L€716d0712.
€C
This completes the proof. O

Then we compute the covering number of loss function class with using the same ap-
proach as in[Lemma F.

Lemma I.4 (Covering Number Bound for Loss Function Class, Modified from [Cemma F3). Let
€. > 0. Suppose that for every given x € S, u(x,t) is bounded and Lipschitz continuous with
respect to t, such that ||u(z,t)||2 < M, and Lipschitz constant is L,. We define the loss function
class by

h,s,r
Floss 1= {l(z;ug)|us € Tp"™"},
where Tlg 5" is the transformer class with parameter bound given in|Theorem H.3| Then we have:

log(MM,) — 1
8 A (P o b, | ) 5 SRR OBLE) s 10yl 12

Proof. The proof is modified from the proof of

Consider {z;}?_; € S and function uq(x,t), uz(z,t) satisfying ||u1(z,t) — ua(x,t)|| < ¢ for all
r€Sandt =0, ( i] 7 zq ,..., 1. Then since u; and uy is Lipschitz continuous with Lipschitz
5 F]

constant L7 under ¢5-norm, for x € S and t € [0, 1] we have |lu1(x,t) — ua(z,t)|| < 26.

Further, for x = z;,1 < i < n we have:

[6(; ur) — £(x; )

(Jlur (X, t) = w(Xe, )13 = [lua(Xe, t) — u(Xe, t)]13)dt|

(By definition of £)

1
/0 Xo~po, Xt ~Pt|zg=Xg o1 =2

1
= / E (ur (Xe, t) — ua(Xe, 1)) T (un(Xe, 1) + ua(Xe, 1) — 2u(Xy, t)))dt|
0 Xo~pPo,Xt~Pt|zg=Xg,2q =2
1
< 25/ E s (X, £) + un (X, £) — 2u( Xy, )|t
0 Xo~po,Xt~Pt|eg=Xg,z1 =2
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< 850T7

where the third line is by ||u1 —usl|2 < 20, and the last line is by assuming C'r > M,, without losing

generality. Therefore, suppose U is a e.-covering of T}g **" with respect to point set S, function class
L = {l(x;u)|lu € U} is a 4e.Cr-covering of Floss. Then we get:

s,y €e LT
10g N (Floss, €c; {Ti}ases, | - ) < log N (T ™", ===, M*([=L1 +1),] - |)
807* €c
< log(MMu)2 — log(e.) C%Msddo+12d+16do+16Mse—l6d0—12
6C
(o [EEm T
< log(MMu)2 — log(e.) Mdeo+12d+16d0+16M1}O€—16d0—12.
6C
(C1 = O(M,))
This completes the proof. O

We now bound (I) with the concept of covering number.

Lemma L5 (Generalization Bound, Modified from [Lemma F.6). Let iy with parameter © be the
velocity estimator trained by minimizing Lcprym with i.i.d training samples {x;}_,, where z; € S.
For simplicity, we use N to denote N'(Floss, €c, {i }zes, ||). Then we bound (1), the generalization
bound as:

LE RO -RO) S E [REO)]+0( ogh +c0)

where k denote the upper bound of ¢(x; ug).

Proof. See the proof of Differences in notations do not influence the conclusion.  [J

The next lemma bounds (II) with the approximation theory
Lemma 1.6 (Empirical Risk Bound, Modified from [Lemma F.7). Consider the transformer class
Tlg’s’r with parameter bound given in |Theorem H.3I Let g € 'TIZ ST with parameter © be the

velocity estimator trained by minimizing Lcprm with i.i.d training samples {x; I, where z; € S.
Let empirical risk R(©) be as defined in (L2). Then we have:

PN 4 am%adg+1s3marsmddg+i2md Syd
E [R(O)] < v M Wlts MM

{mi lel

Proof. See the proof of The only difference is using the approximation error given in
[Theorem H.3]instead of the approximation error given in[Theorem 4.7]in proof. O

1.3 ESTIMATION RATES FOR DISCRETE FLOW MATCHING

In this section, we derive the estimation error bounds for discrete flow matching in general case.
Theorem 1.7 (Discrete Flow Matching Velocity Estimation with Transformer). Let uy with param-
eter © be the velocity estimator trained by minimizing empirical conditional discrete flow matching

loss ECDFM with i.i.d training samples {x; }_,, where x; € S. Suppose that for every given x; € S,
u(x;, t) is bounded , such that ||u(z;,t)||2 < M,. Moreover, for every given x; € S u(x;,t) is Lip-
schitz continuous with respect to t. Then for large enough n we have:

E [R(@)] < MSM4ddo+12d+8do+12n7 4Mddo+311wd+sd0+9 (]Og TL) 4Mdd0+311ud+8do+9 .
(@i, -
Proof. Recall the decomposition given in (L3):
E [RO)]=_E [R(O)-RO)+ E [R(O)]

{=i}io, {mi}i, {zi}ie,
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Substituting the result of[Lemma I.5|and [Lemma I.6|into the decomposition, we get:

~ K ~ o~
E [RO)]SO(CIgN +e)+2 E [RO)
{mi}i, n E23 v
K 4 aM%ddg+13M4dysmMPdg+12mY 81(‘1/1‘1
SO(=logN +¢€.) + eMit2 M May2 M (By[emmald)
n
< log(M M,e) — log(e.) 2 8ddo+12d+16do+16 12 —16do—12
~ neg u
4 aM%adg+13M4ar8mddg+12m9 SJ;Id
+ec+emI2 M M2 MY By[Cemma Ldland 5 < M2)

We then choose € and €. to get an optimal estimation.

8dd+12d+16dg+16 12 _—16dg—12
log(ne) M40 0T %M “e 0

First, let e, = (

)1/3 and we obtain:

n
~ . 8ddg+12d+16dg+16  16dg+12 1
E [R(O)] < (log(ne) /3 MM 3 € 5 ns
{Ii}?:l
4 amdadg+13mta+8mdag 129 Syd
M2
T emtiz W72 M2

Mo Mio
. _
Next, let € = M~ 341y 1enmddgti2m+82d0+36 (Jog n) 16MTdo+120M 7+32d0+36 | then for large enough n
we get:

~ _ 1 1
E [R(O)] < M8 MpAddo+12d+8do+12) ™ 4nrdag ysmdrsdg+9 (log n) Mo +3MT+sdg+o
~ My :

{mi}i,
This completes the proof. O
1.4 DISCRETE FLOW MATCHING DISTRIBUTION ESTIMATION

Finally, we present the distribution estimation rate for discrete flow matching in general case.

Theorem L.8 (Discrete Flow Matching Distribution Estimation Rates). Let ug with parameter ©
be the velocity estimator trained by minimizing empirical conditional discrete flow matching loss
LcprM in Let P stand for the true distribution and P stand for the generated distri-

bution with discrete flow matching network ugy. Then we have:

~ _ 1 1
{ I}E [TV(P, P)] < M;l exp(MuMd) MQddo+%d+4do+6n sMadg+6MI+16do+18 (log n) 8MAdg+6MI+16dg+18 |
i}y

Proof. Following[Theorem C.4] we have:
TV(P, P) < exp(2M,)M? \/R(0).
We then take expectations at both sides and apply the velocity estimation rate (I'heorem 1.7)),

E [TV(P,P)] < exp(2M,)M? E [\/R(O)]

{z:}0 {mi}i,
1 1
< Mé eXp(2Mu)M2dd0+§d+4d0+6n_ sMddy+6MIA+16d,+18 (log n) 8Mddy16MI{16dg+18
~J
(o M)
This completes the proof. O
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J NUMERICAL STUDIES

In this section, we validate [-T]and [5.2] with proof-of-concept experiments.
J.1 VALIDATING INTRINSIC ERROR BOUND (THEOREM 3.1)

In this section, we examine [Theorem 3.1|through numerical experiments.

»— TV Distance
—=— Theorem 3.1 Bound

Value

@ - - o o o

19x107  18x107%  17x107 1.6x107% 1.5x1072

€ (Flow-Matching Loss)

21x107  2x107%

Figure 3: Validating TV Distance Bound in
via Learned Velocity. The x-
axis shows the flow-matching loss is decreas-
ing. The y-axis displays metric values on a log-
arithmic scale. The theoretical bound (red line)
consistently upper-bounds the true TV distance
(gray line), validating the guarantee from
rem 3.1l Both metrics decrease as the model’s
flow-matching loss decreases.

=— TV Distance
—=a— Theorem 3.1 Bound

10°° 1077 107°

€ (Flow-Matching Loss)

1073

Figure 4: Validating TV Distance Bound in
via Training-Free Velocity. The
x-axis shows the flow-matching loss is decreas-
ing. The y-axis displays metric values on a log-
arithmic scale. The theoretical bound (red line)
consistently upper-bounds the true TV distance
(gray line), validating the guarantee from[Theo-]
[fem 3.1l Both metrics decrease as the model’s
flow-matching loss decreases.

Setup. We validate the Total Variation (TV) distance between the estimated distribution P and the
ground-truth distribution P is bounded by factorized velocity risk function R* (EI):

TV(P,P) < VMexp(2M,) Y \/m

d.n
’L‘oG{d]

where M is the vocabulary size, M, is the upper bound on velocity entries.
To show the generality of we examine two settings:

* Training-Free Flow. We first validate[Theorem 3.1| with velocity fields ug(z, t) given. We
remark that, this particular setting subsumes the near-optimally trained models in practice
(i.e., ug is almost ground truth, up to some small noise £), and our experiments (Figure 4)

verify such setting directly.

* Learned Flow. We then validate [Theorem 3.1| with velocity fields ug(x,t) learned from

synthetic data.

Data. For each setting, we use the following synthetic data:

* For training-free flow, we work in R! with discrete vocabulary size M = 2. The systems
start at state 0. We set the true velocity u(x,t) as
u(1,0) =a u(l,1)=0 u(0,1)=0 u(0,0)= —q«,
which satisfies the marginalization constraint Zy u(y,x) = 0 foreach « € 0, 1. Under this

velocity, the distribution path p;(1) = 1 — e~ p;(0) = e~**. For the estimated velocity
ug we introduce a small constant estimation error £ > 0, i.e.,

ug(1,0) = a +¢,

U,Q(L 1) = Oa

ug(0,1) =0, up(0,0) = —a —¢,
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Under this velocity, the estimated distribution path ¢; (1) = 1—e~(@+8) ¢,(0) = e~ (a+8)?,

* For learned flow, we work in R? with discrete vocabulary size M = 16. We obtain
discrete data p; from discretizing the continuous make _moons dataset with noise level 0.05

following the implementation in (Lipman et al.} [2024):
p1 ~ 2 = Round (Clip (35 - Zeontinuous + 50,0, M — 1)),

where z € {0,1,..., M — 1}2. The initial distribution is pg = U({0,1,..., M — 1}?).
We use training set sizes n = 5000.
We perform the interpolation using the discrete flow matching scheme:

Y, X, with probability ¢,
"7\ Xy with probability 1 — ¢,

where ¢ ~ U0, 1] during training.

Model. We parametrize the flow matching velocity ug(z,t) : {0,..., M — 1}2 x [0,1] — R**M
with a three layer MLP of hidden dimension 256. The model outputs logits for each dimension and
vocabulary class. We optimize using Adam with learning rate A = 0.001 and batch size B = 256.

Baseline (Ground Truth).

¢ Training-Free Flow. For the left-hand side of (J.I)), we compute the Total Variation dis-
tance using its definition:

TV(P,P) =" |pi(z) — q1(z)|. 1.2)

€S

It is straightforward to calculate ground-true probability p;(x). For ¢;(x), we use Monte
Carlo simulation. Specifically, we generate 2000 samples from the flow model, and esti-
mate probability ¢; (x) by empirical frequency.
For the velocity risk, we use the true conditional velocity w:(Xo, X1,t) = X7 — Xo. We
then estimate:

5 1 o 0 4@y 1)

R(0) = N Z‘c(u9(Xt ), X0,

i=1
where the loss L is the cross-entropy loss.

¢ Learned Flow. For the TV distance, we follow @) In the learned flow setting, we use
cross entropy loss to train the model, as no open-source implementation supports the Lo
velocity loss. This is justifiable. In the discrete setting, once the interpolation path (mixture
path) is fixed, the target velocity field is determined by the path design. Hence, there exists
a single correct velocity regardless of the chosen parametrization. Our cross entropy (CE)
loss is an alternative parametrization of the same target velocity (Lipman et al.| [2024). In
particular, minimizing CE corresponds to minimizing the prediction error of the marginal
posterior. The true velocity is a deterministic transform of this posterior (Equation 7.25
of (Lipman et all, 2024)). Therefore, driving CE loss to zero forces the learned model to
converge to the unique correct velocity. In this sense CE loss is equivalent to Ly loss.

Results. We present our results in [Figure 4{and |[Figure 3}

* Training-Free Flow (Figure 4). We compare the empirical TV distance with the theoreti-
cal upper bound in The red curve shows the theoretical bound, and the gray
curve shows the measured TV distance. As the flow-matching loss e decreases, the theoret-

ical bound consistently upper-bounds the empirical TV distance throughout training. This
shows tight agreement in the training-free setting.

* Learned Flow (Figure 3). A similar comparison reveals a larger gap between the the-
oretical bound and the measured TV distance. This behavior is expected: neural network
training introduces approximation and generalization errors, and hence prevents the learned
velocity from matching the true velocity as closely as in the training-free case.
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J.2 VALIDATING CONVERGENCE RATES OF VELOCITY AND DISTRIBUTION ESTIMATION

ERRORS (THEOREMS 5.1|AND|5.2)

In this section, we examine [Theorems 5.1]and [5.2] through numerical experiments.

TV Distance vs Model Hidden Dimension TV Distance vs Vocabulary Size

-8~ n=500

0.20 =®= n=500 3 0.30 Y
n=1000 Nn=1000 ’y
—a= n=1500 / Bni94 @
== n=2000 == n=2000
0.25
. A

0.20
o

/i

1 >

* 0.00

100 200 300 400 500 20 30 40
Model Hidden Dimension (do) Vocabulary Size (M)

\

Total Variation Distance
°
G

Total Variation Distance
e <
I

50 60

Figure 5: Scaling Law of Total Variation (TV) Distance and 5.2). Left: TV

distance increases with model hidden dimension (dy). Right: TV distance grows from near-zero at
M = 16 to around 0.21 at M = 64. With a fixed training sample size n, increasing the model
hidden dimension d or the vocabulary size M increases TV distance. These align well with our
finite-sample upper bounds that grow polynomially in these complexity parameters.

Setup. Let n be the training sample size. We validate the convergence rates of velocity estimation
error and the distribution estimation error

{ E [Rio(éio)] 5 M13don_7sn}do (log n) 751&40’ [MheoremST)
. I}E [TV(P, P)] §M7d°n‘9ﬁdo (logn)QMldo, (Theorem 5.7

where M is the vocabulary size and d is the transformer feature dimension.

Data. We use the same synthetic data as the learned flow setting in|Appendix J.1l We use different
training samples n € 500, 1000, 1500, 2000 for our experiments to validate and[5.2]
Model. The model architecture, optimzer, learning rate and batch size are follow the learned flow

setting in To validate the scaling law of dg and M in and 5.2 we

report two sets of experiments. First, we first fix the vocabulary size to M = 256 and use different
model hidden dimension dy € 32,64, 128,256, 512. Second, we fix the model hidden dimension to
dy = 256 and use different vocabulary size M € 16,24, 32,48, 64.

Baseline (Ground Truth). We use the same ground truth as the learned flow setting in[Appendix J.1}
Results. We present our results about scaling law of total variation (TV) distance It
Figure 5

presents our findings using different experimental configurations. The left figure in shows
that TV distance keeps increasing when the model hidden dimension d increases. The right figure
in|Figure 5|shows that TV distance keeps increasing when the vocabulary size M increases. These

results align well with our theory and[5.2).
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