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ABSTRACT

This paper studies the expressive power of linear attention layers for in-context
learning (ICL) of linear dynamical systems (LDS). We consider training on se-
quences of inexact observations produced by noise-corrupted LDSs, with all per-
turbations being Gaussian. Importantly, this non-i.i.d. data setting is a significant
step towards modeling real-world scenarios. We provide the optimal weight con-
struction for a single linear-attention layer and show its equivalence to one step
of Gradient Descent relative to an autoregression objective of window size one.
Guided by experiments, we uncover a connection to a generalization of the Pre-
conditioned Conjugate Gradient method for larger window sizes. We back our
findings with numerical evidence. These results add to the existing understanding
of transformers’ expressivity as in-context learners and offer plausible hypotheses
for recent observations that place their performance on par with that of the Kalman
Filter — the optimal model-dependent learner for this setting.

1 INTRODUCTION

This paper contributes towards understanding transformers’ expressive power when learning from

non-i.i.d. data. In particular, we consider sequences produced by a time-invariant linear dynamical

system (LDS) doubly-corrupted by Gaussian noise

{$t+1 = Az + w, 1)
yr = ¢ @y + vy,

where w; & N (0,%) and v; N (0,02) with mutually independent w; and v;. Our starting
point is the well-known ability of transformer-based Large Language Models to perform in-context
learning (ICL) (Brown et al., 2020).

ICL boils down to accurately answering a query based on a set of examples given as a textual prefix
(“in context”) (Brown et al., 2020). This behaviour is desirable, as it dampens the requirement for
expensive data collection and fine-tuning stages (Liu et al., 2023). Present research on ICL spans the
spectrum of directions between enhancing it through specialized training and prompt engineering,
and building a mechanistic understanding of it — see the comprehensive review of Dong et al. (2022).
Our work is aligned with the latter direction.

Broadly, there are two theoretical perspectives on ICL mechanics: a Bayesian view in which trans-
formers recover latent concepts from prompts, thereby performing implicit Bayesian inference (Wang
et al., 2023; Jiang, 2023; Wies et al., 2023; Xie et al., 2021, and subsequent works in this direction),
and an algorithmic view in which they implement iterative optimization methods in context (Von Os-
wald et al., 2023a; Giannou et al., 2023; Akyiirek et al., 2022; Garg et al., 2022; Ahn et al., 2023;
Mahankali et al., 2023; Sander & Peyré, 2024; Von Oswald et al., 2023b; Sander et al., 2024). While
the latter view does not account for the “emergent” aspect of “in-the-wild” ICL (Shen et al., 2023), it
provides concrete expressions for transformers’ modelling power and identifies the minimal func-
tional unit wielding it — a single, causally-masked, linear attention layer, without positional encoding.
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Works adopting the algorithmic view investigate transformers’ ability to perform linear regression
in the forward pass, confirming this through both empirical evidence and formal analysis. The i.i.d.
setting is well understood, with results showing that for specific tokenizations, data distributions,
and architectural choices, the optimal transformer weights implement gradient-based optimization
relative to a context-dependent least-squares loss (Von Oswald et al., 2023a; Mahankali et al., 2023;
Ahn et al., 2023; Von Oswald et al., 2023b; Sander et al., 2024). In contrast to the i.i.d. case, our
theoretical grasp of the more realistic non-i.i.d. setting is weak. The main hurdle in analyzing this
scenario is handling tokens’ statistical dependence on their preceding context. Our work takes the
first steps towards unraveling this difficulty.

Specifically, we study the ability of a single linear attention layer to predict observation yr based on
a context of past observations {yt}fz_ll generated by LDS (1). This setting is well-motivated: firstly,
sequence {y; }7_; is built on a temporal scaffold similar to that of language-induced tokens, which
stands in stark contrast to the i.i.d. setup predominantly addressed by prior works (with few exceptions
discussed shortly). Notably, dynamical systems have already been proposed as conveniently flexible
models for grammatical sentence formation (Elman, 1995; Tabor et al., 1996; Beim Graben et al.,
2004; Belanger & Kakade, 2015), thus making setting (1) particularly relevant. Secondly, considering
LDS-produced data places the algorithmic and Bayesian views on closer footing, since LDSs are a
subclass of the Hidden Markov Models (Minka, 1999) used in the Bayesian formulation of ICL (Xie
et al., 2021). Finally, empirical observations highlight the strong performance of transformers relative
to the Kalman Filter (KF) (Kalman, 1960) for predicting yr, even in regimes where KF is provably
optimal (Du et al., 2023). To our knowledge, the underlying mechanism is yet to be understood.

Our goal is to characterize the optimal single linear self-attention layer trained to predict yr based
on the context {y; tT;ll. We begin by defining a context-dependent loss for time-series data via
the improper learning approach to system identification, whereby processes of type (1) are well
approximated by autoregressive models. We then identify and interpret the structure of optimally
trained linear attention layers as algorithmic steps on the corresponding autoregressive loss. Our
contributions are the following.

C1. In Theorem 4.1, we prove that for an order-one autoregressive approximation of (1), the
optimal linear attention layer implements a step of Gradient Descent on the associated
least-squares loss. To our knowledge, this is the first optimality result for LDS data.

C2. In Lemma 4.1, we identify a salient banded pattern of the matrices involved in the stationarity
condition for generic order-s approximations of (1). We further define a class of parameters
that satisfy this structural constraint and empirically observe that minimizers obey it, thereby
narrowing the search for the provably optimal linear attention layer when s > 2.

C3. In Section 5, we provide numerical experiments verifying our theory for order-one au-
toregressive approximations. Furthermore, we connect the tiling pattern of empirically
determined minimizers for order-s approximations, s > 2, with a generalization of the
Preconditioned Conjugate Gradient method, thus further highlighting the view of ICL as
on-the-fly optimization. To our knowledge, this is the first interpretation of the in-context
algorithm for general order-s autoregression.

C4. Conceptually, we provide theoretical grounding for interpreting ICL as implicit optimization
in the LDS setting, bridging system identification theory and empirical observations of
transformer-KF parity.

2 RELATED LITERATURE

We review the studies treating ICL as in-context optimization, together with works on filtering and
system identification. Further comparisons are discussed in Section 4.1.

ICL for linear regression with i.i.d data. This line of work studies whether transformers trained
on a few-shot learning objective can perform linear regression in-context, and how. Garg et al.
(2022); Akyiirek et al. (2022); Von Oswald et al. (2023a) provide empirical results in the affirmative,
along with possible architecture constructions implementing Gradient Descent (GD) steps relative
to a context-induced least squares loss. Through this lens, ICL reduces to on-the-fly optimization
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executed in the transformer’s forward pass. Mahankali et al. (2023); Zhang et al. (2024); Ahn et al.
(2023) complement these findings by proving that the one-layer linear self-attention implementing a
(preconditioned) GD step is a global minimizer of the pretraining loss when covariates are Gaussian
and i.i.d. Finally, Zhang et al. (2024) complete the picture by proving that Gradient Flow converges
to these global minimizers. Our results extend this line of work to the non-i.i.d. setting.

ICL and system identification. Different from the prior section, the following papers use the
standard causal pretraining objective (minimizing prediction error over all sequence positions) and,
unless stated otherwise, the results concern a single layer of linear self-attention. Von Oswald et al.
(2023b) give a construction implementing a GD step on L(W) = Zf;i | Wy; — yip1 | in
parallel for all positions ¢, for a specific token augmentation. Sander et al. (2024), further characterize
the global minimizers of this causal pretraining loss relative to the noiseless data y;.1 = Ay,
with A sampled from the set of commuting orthogonal matrices. Notably, under the same token
augmentation, this characterization coincides with the construction of Von Oswald et al. (2023b).
Sander et al. (2024) also describe minimizers for architectures using positional encoding, albeit under
the restriction of diagonal weight matrices. Zheng et al. (2024) complement these results by showing
that, for a diagonal weight initialization and a controlled distribution of y,, Gradient Flow (GF)
recovers the aforementioned GD-implementing optimum. Finally, Sander & Peyré (2024) extend
these results to arbitrary orthogonal As via an infinite-depth attention-only transformer that correctly
predicts yr in the limit 7" — oo. This result also extends to the standard softmax activation.

Moving away from the noiseless settings above, Cole et al. (2025) establish approximation theoretic

results for deep attention-only transformers predicting the sequence y;11 = Ay + wy, with
w; ~ N(0,021) and A € S . They establish the existence of a log(7')-depth transformer that
log(T)

achieves uniform-over-A error of order for predicting E[xr11 | ¢, A], and derive a lower
bound on the prediction accuracy attainable by a single linear attention layer. Regarding transformers’
capacity, Ziemann et al. (2024) establish that achieving a uniform-in-time error bound for next-step
prediction requires a number of parameters at least quadratic in the algebraic multiplicities of A’s
unstable eigenvalues, as well as a context length at least logarithmic in 7.

In summary, these works either study transformers’ ICL performance relative to simplified LDSs or
do not address the question of weight optimality. In contrast, we study fully-fledged systems (1) with
the aim of characterizing the pretraining loss minimizers in the few-shot training setting.

Transformers and linear filtering. The classical model-based prediction tool for systems of
type (1) is the Kalman Filter (KF) (Kalman, 1960). Using knowledge of system parameters, the KF
gives the minimum expected squared error estimates &; of the hidden states x; as linear combinations
of the past observations y;. Transformers as potential implementers of KF were studied by Goel &
Bartlett (2024), who prove that a softmax causal attention layer is an arbitrarily good approximator
for a given type (1) system. Akram & Vikalo (2024) further construct a transformer emulating the
KF. Finally, Du et al. (2023) provide empirical evidence that a GPT-2 architecture (Radford et al.,
2019) competes in accuracy with the KF for predicting the next observation in-context, though the
mechanism remains unstudied. We partially fill this gap with our present work.

3 PROBLEM FORMULATION & ASSUMPTIONS

Notation. Vectors and matrices are denoted by bold, lowercase and uppercase letters, respectively,
with lowercase letters reserved for scalars. Symbols 1, and 04 are the all-ones and all-zeros vectors
of dimension d, and 144, and 04y, are the analogous matrices. Subscripts of the form A;.; 4.x
identify the submatrix formed by rows from ¢ to j and columns from p to g. Unless stated otherwise,
|| - || denotes the Euclidean norm of vectors and the spectral norm of matrices. We denote by Tr (+)
the trace of a matrix, (-, -) the inner product, by || - ||  its Frobenius norm, and by p(-) its spectral

radius. We use e; for the i canonical basis vector and I for the identity matrix. The notation Si( +)

defines the cone of symmetric positive-semidefinite (-definite) matrices in , respectively. We
use S~ to denote the unit sphere in R¢. We use ® to denote the Hadamard product. Finally, we use
[n] when referencing the set of integers {1,2,...n}. We write w.p. to mean “with probability”.

Rdxd
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The big picture: filtering, system identification, and linear regression. The KF (Kalman, 1960)
computes the optimal estimates &; of x; through the system of recursions

Predict: &, = A%,
P,y = AP,AT +%,

Gain: ki1 = Py yc (CTPt+1|tC + Uv)_l @

Update: &¢y1 = @441 + ki1 (Yes1 — € Bpp1pe)
P= ;- kt+1CT)Pt+1\t>

where & and the error covariance estimate Py are inputs. Under the Gaussian errors assumption, the
state prediction satisfies &; = E[x; | y¢, . . . y1] and, consequently, the forward observation prediction
follows 9y 11 = c' A%y = Elys11|ys, - - - y1). The fast, constant-time KF predictions, however,
require knowing the LDS parameters — a condition generally not satisfied in practice.

Consequently, “proper learning” approaches seek to reconstruct the underlying model by first estimat-
ing A, ¢, ¥, 0, through costly parameter identification techniques, and then producing forward
observation predictions using the KF (Hamilton, 1995). In contrast, “improper learning” methods
eschew structural constraints and solely seek to achieve low error relative to the underlying data
distribution and the learning objective (Kozdoba et al., 2019, and references therein). For LDSs,
this boils down to expressing the next observation as a linear function of the recent past. Not only
does the latter approach avoid parameter estimation, but it also benefits from convex formulations,
thus being amenable to classical optimization techniques. Most importantly, for certain LDS classes,
improper learning methods can closely track E[y;11 | ¢, - - - y1], as we describe next.

The data-generating process (1) can be rewritten via the KF quantities in expression (2). In particular,
Tsiamis & Pappas (2019) express future observations as a function of their past s predecessors,

[y5+17 .. .nyl] = CT[(A — kCT)S_lk, N k} [gh e ’ngsfl]
+ CT(A — kCT)S[fﬁl, . iT—s—&-l] + [854_1, .. .€T_1], 3)

where §: = [yt Yss1,--- yt+5,1]T, k is the steady-state gain, and e; € R are i.i.d, zero-mean
Gaussian errors. Under KF convergence conditions, quantity p(A — ke') < 1 makes the second
term vanish exponentially in s and thus renders it negligible. We are now in the familiar setting
of noisy linear regression, albeit with non-i.i.d. data. The resulting order-s autoregressive process
(AR(s)) is associated with the optimization objective

1 T—s—1

- — \ T2
o Lars)(w) = AT —s—1) ; (s —w Ye)” 4)

This simplification is the crux of improper learning approaches to system identification (Kozdoba
et al., 2019) and becomes relevant in conjunction with the view of transformers as optimizers of a
context-induced least-squares objective. Should this view withstand scrutiny in the non-i.i.d. setting,
it would suggest that transformers can learn LDS-based time series in context to arbitrary accuracy as
a function of s. This is our incentive for characterizing the few-shot pretraining loss minimizers.

To ensure the validity of the autoregressive process approximation, we make the following assumption.

Assumption 3.1 (System assumptions). LDS (1) has strictly positive definite noise covariances 3.,
and o, > 0. The transition matrix A € R4 is marginally stable, with p(A) < 1, and the pair
(A, c) is observable, meaning that

O=[c, ATc, ..., (Ad‘l)Tc}T )
has a column rank of d.

Assumption 3.1 is standard in the literature, and ensures KF convergence (Harrison, 1997) along with
the exponential vanishing of the bias term in (3). Furthermore, it ensures the closeness of forward
observation predictions given by the KF with those produced by a linear autoregressive predictor
determined by expression (4) (Kozdoba et al., 2019).
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Transformer architecture. Transformers (Vaswani et al., 2017) are neural architectures performing
sequence-to-sequence mapping. For input tokens Sy = [s1,...sy]" € RV*P, the transformer
produces a corresponding Sy = [81,...8y5]7 € RN*P by dynamically mixing tokens via its
attention mechanism. An L-layer transformer Ty : RV*P — RN P parametrized by 6 = [0;]% , is a
composition of blocks 77, = Tp, o ... Ty, . Each Ty, is a sequence-to-sequence function given by

%L(S) = (MLPgiMLP O.Ag:m)(S),

where MLP guwe is a multilayer perceptron and A(,?n is the attention mapping. This paper studies
the simplified block To(S) = Ap(S), with L = 1 and MLP puwe = Id.

The causal h-headed attention block with residual connections is given by

H
1
Ap(S) = 8+ o <M ® TSWC?;(WI%)TST> SW{EwWh, (6)
h=1
where the parameters 0 = [Wg, Wk, W(}7 Wg]{le are the query, key, value, and projection

matrices, respectively; 7 > 0 is a scaling constant; ¢ is the softmax normalizing function applied
row-wise; and M € RV*N with M; ; = 1if i > j and —oo otherwise, is a causal mask.

Similar to prior works (Von Oswald et al., 2023a; Ahn et al., 2023; Mahankali et al., 2023), we restrict
our study to the analytically tractable setting of single-headed linear attention (Katharopoulos et al.,
2020). Without loss of expressivity, we drop the projection matrix W, and consider the Wo W/ as
a single matrix Wg i € RP*P. Since we’re working in the few-shot scenario, we’re concerned solely
with predicting the final position as
1 N—1
Sy = 'Tg(S)N = SN—FHWJ ZSiSIWgKSN, @)
i=1

where we set 7 = N — 1 and omit the last sum element due to a token asymmetry discussed next.

Token construction. We use the token construction approach of Von Oswald et al. (2023a); Ahn
et al. (2023); Mahankali et al. (2023). The input matrix Yj built for AR(s) data (4) is

. Yy Y2 o Yr-s-1 YT
Y, = 8
0 Yst1 Yst2 0 YT-1 0 } ®

where s > 1 is the window size of the AR process and Yy € R(+*1)*(T=5)  The corresponding
scaling constant 7 in (6) becomes 7' — s — 1. The last column represents the “test” token, whose last
entry is filled in the transformer’s forward pass by the estimate gp. This asymmetry motivates the
last term’s removal in (7).

Lemma 3.1 below ensures the existence (by construction) of a linear attention layer producing Y
from the raw sequence {y; }7_;. Its proof is deferred to Appendix C.1 due to space constraints.

Lemma 3.1. For a given s >= 1, there exists an s + 1-headed linear attention layer with positional

encoding which transforms input sequences [y1,va, . .., yr| ' into
_ _ T
Y1 oo Yr—s Oy x(r—s-1)
Ysir oo 0 07 s

The latter quantity is essentially equivalent to Yy as defined in equation (8).

Data distribution, loss function, and training paradigm. We consider trajectories {y;} %,
sampled from system (1), where each trajectory corresponds to different parameters A, ¢ and xy. We

assume o ~ N (04, X4, ), and impose the following condition on the distributions of A and c.

Assumption 3.2 (LDS family). The system matrix A € R**? is sampled from a centrally symmetric
distribution supported on {M € Réxd ’ p(M) < 1},f0r which it holds that

P({A]|Ti,j € [d], st \(A) = \;(A)}) =0. )

In other words, A has a simple spectrum almost surely. The observation vector ¢ € R? is sampled
independently, from a distribution that is absolutely continuous w.r.t. the Lebesgue measure over R,
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Except for the central symmetry condition, Assumption 3.2 simply ensures that Assumption 3.1 holds
w.p. 1 for every sampled LDS (proven in Appendix C.2). The central symmetry of A’s distribution,
on the other hand, is a technical requirement for proving our main result.

Data generation proceeds in two steps: we sample A, ¢, and x( independently and observe the
evolution of system (1) for 7" steps. Note the noises w; and v; are independent of A, ¢, and . We
then construct Yy (8) for a fixed s, and train our model to minimize the in-context loss

1
LO)=E | 5 (To(Yo)ss17—s —ur)" |, (10)

where the expectation here and throughout is taken over A, ¢, g, {w;}, {v:}. The subscript (s +
1, T — s) isolates the rightmost element of the final output token.

4 OPTIMAL PARAMETER CONFIGURATIONS

This section presents our formal analysis and its implications relative to prior literature. Our theoretical
contribution is two-fold. First, in Lemma 4.1 we reveal a salient structure within the first-order
optimality condition, which plays an important role in finding optimum configurations relative to the
in-context loss (10) for any s > 1. Second, in Theorem 4.1 we prove that the weight configuration
implementing one step of GD is a global minimizer of loss (10) for AR(1)-type tokens.

Unlike the i.i.d. case, each token generated by the LDS depends on the entire history. This causes
high-order data moments to appear in the in-context loss, which can only be handled by unrolling the
process to its initial state xy. A general approach to dealing with this statistical dependence is given
in Appendix D.3. We now describe the structure emerging within the first-order optimality condition.

Following Ahn et al. (2023), we use basic algebra (Appendix D.3) to rewrite loss (10) as

S

2
i 1 o b T
E(b,217...zs) = E <CZ_'_S_1 ;<Y7bzk >yT—S—1+k —yT> 5 (11)
where W, = [0(s+1)xs> bT, WC:?FK =[z1,...25,0541] and Y = YO:,LT_S_1YO:T,1:T_S_1~ The

zero-padding of both matrices comes from predicting solely the last position of the final token.
Consequently, parameters satisfying for all j € [s] that

S

E Z<Y»bzl—cr>nysfl+knysfl+jY
k=1

= (T—s—1DE[yryr—s—14Y |, (12)

are critical points of the loss. Notably, the RHS of (12) has a banded structure induced by the
distributional symmetry of A, whose pattern alternates depending on the parity of s + j. In particular,
RHS (12) = Byg(s,j) if s + j € 2Z, and RHS (12) = Bi(s,j) if s+ j € 2Z + 1, with

0 « O * 0 %
* 0 % . 0 « 0 .
Bo(s,7) = |0 % 0 . o] ad Bi(s,j) = |x 0 % . x| (13)
L % O (|
0 % O * 0 x

where * is a placeholder for structurally unconstrained elements which can evaluate to arbitrary reals,
not necessarily the same at different positions (see Appendix D.3). Note that By(s, j) is constrained
to zero at positions (r,1) € [s+ 1] x [s+ 1] such that » + € 2N, and By (s, j) is constrained to zero
whenever r + [ € 2N + 1. Lemma 4.1 below formalizes a class of parameters ensuring that LHS (12)
respects the structural sparsity pattern of RHS (12).

Lemma 4.1. Forany s > 1, j € [s], the parameters W i and Wy, having the structure

Rl:s, 1:(s+1)

WQK = [ ]7 Wy = [O(s-i-l)XS r2+5m0d2:2(%~|]7 (14

T
Os+1
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with R = 1LST+1JX[%] ® [S 2} and r = 1[%] ® {2} ensure that LHS (12),. , = 0 whenever
r+1le2Nands+j€2Z, orr+1€2N+1lands+j € 2Z + 1.

Note that these parameters recover the zero-structure of By(s, j) and By (s, j). Lemma 4.1 can
be understood as a structure-based narrowing of the parameter class likely to hold minimizers of
loss (10). The experiments in Section 5 give empirical support for this claim.

Our second step is to use structure (14) to identify a global minimizer of loss (10) for AR(1)-type
tokens. The result is stated in Theorem 4.1, whose proof we defer to Appendix D.4.

Theorem 4.1. Let Yy encode the input tokens for s = 1. Then, the optimal parameters 0* =
(Wc*g K5 W‘i) of a single linear self-attention layer with respect to loss L(0) are

(T—Q)]E[ny wr S Py y'H»l]

* T—2 2 0 " 0
WQK = E[y%—l(zial y,-yi+1) ] 0 7WVZ [0 1] , "

up to rescaling with a nonzero constant.

Broadly, the proof of Theorem 4.1 encounters two difficulties compared to the i.i.d. case: the number
of terms that need to be matched in satisfying the first-order optimality condition, and the full-
history dependence of the data. We address the first obstacle by using the structural simplification of
Lemma 4.1, and the second by invoking Isserlis’ theorem (Isserlis, 1918), which provides a tractable
decomposition of the higher-order moments of the data. Details are given in Appendix D.3.

Notably, a forward pass using the optimal parameters (15) amounts to the prediction given after one
GD step on £ 4 (1) (w) starting from wy = 0. We thus recover the ICL-as-optimization view upheld
by works in the i.i.d. setting (Ahn et al., 2023; Mahankali et al., 2023) but for LDS-produced data.

4.1 DISCUSSION

To our knowledge, the only other architecture proposed for handling noisy observations y; of
type (1) is given by Cole et al. (2025). Theirs is part of a proof of existence by construction
and, as such, is not accompanied by confirming experimental evidence. Different from us, they
propose an attention-only transformer that unrolls a modified Richardson iteration meant to estimate

-1
(% S Ty ) (% Sr L wa, ) for a simpler LDS with direct state access. Their construction

extends to the setting of objective (4) via the work of Tsiamis & Pappas (2019), who give a high

-1
probability result for the existence of (ZtT:_ls_l GGy ) under our assumptions. However, their

transformer has a minimum of two layers, of which the first is fixed, therefore providing no guarantee
that training will recover it. Our results take a first step towards filling this gap.

Tangentially, Akram & Vikalo (2024) construct a transformer emulating the KF, contingent on
knowledge of the system parameters and an elaborate token augmentation scheme. While this
architecture is capable of computing the forward KF observation g7, it relies on ideal knowledge of
LDS (1) which is rarely encountered in practice.

Theorem 4.1 sets forth a plausible hypothesis for prior experiments (Du et al., 2023, Fig. 2) using a
GPT-2 architecture trained autoregressively with data (1) for stable A € Si - Their results highlight
the transformer’s competitive performance relative to the KF for predicting the next observation of
a previously unseen sequence, in-context. These experiments suggest an implicit form of system
identification might be executed in the forward pass, though the mechanism remains unstudied.
Through the ICL-as-optimization lens, we can interpret the high accuracy of GPT-2’s in-context
predictions as a possible consequence of Theorem 2 of Kozdoba et al. (2019). Importantly, the
latter result implies that for an arbitrary, finite family S of LDSs (1) and an € > 0, there exists a
window-length s(e) such that the optimal AR(s(¢)) predictor incurs an average error that is at least
as good, up to €, as that of the forward observation prediction ;1 of the best KF in S. Our results
take the first step in formally exploring this hypothesis.
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Figure 1: Experimental results for AR(1-4) tokens showing the optimally-trained attention parameters.

5 EXPERIMENTS

We now present numerical evidence supporting our theory. All experiments were implemented
in Python 3.12 and run on a ThinkPad T14p with 32 GB RAM and a 22-core Intel Core™
Ultra 9 185H processor. The code is available at https://github.com/XHZhang01l/
icl-for-lds—-data.

We train architecture (7) on sequences {y;}7_,, T = 30, each sampled from a different LDS of
type (1) with a hidden state dimension d = 5. The number of training iterations is 8000 for all cases,
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with an increase in the batch size for every increase in window size, starting from 3000 for AR(1). A
fresh batch of LDSs is sampled at every iteration. The experiments cover the following four settings.

(a) For each sequence, we sample A’s diagonal entries uniformly in the interval [—1, 1] and set
¢ = 14. The noise covariances are set to >,, = 1e—-21 and 03 = le-2. The results are
depicted in Figure 1 for AR(1-4) tokens.

(b) For each sequence, we sample a vector v ~ Unif([—1,1]) and a matrix @ ~ Haar(O(d))
independently, and set A = Q" diag(v)Q. We further sample ¢ ~ Unif([—2, 2]¢) indepen-
dently. The noise covariances are set to ¥, = 1e-21 and 02 = 1e-2. Experiments for
AR(1-4)-type tokens are provided in Figure 3 in Appendix B.3.

(c) For each sequence, we sample a vector v ~ Unif([—1, 1]¢) and a matrix Q ~ Haar(O(d))
independently, and set A = Q"diag(v)Q. We further sample ¢ ~ Unif([—0.5,0.5]¢)
independently. We fix the covariance %, = QwTdiag(le—Z -[0.9,0.95,1.0,1.05,1.1]) Qw
for all systems, for arbitrary Qy, ~ Haar(O(d)). We fix 02 = 1e-2. Experiments for
AR(1-3)-type tokens are provided in Figure 4 in Appendix B.4.

(d) For each sequence, we independently sample a vector v ~ Unif([—1,1]¢) and a matrix
P= [pi,j]ﬁjzl with p; ; id- ([-1,1]), and set A = P~'diag(v)P. We further sample
¢ ~ Unif([~1,1]¢). The noise covariances are set to ¥,, = 1e-2I and 02 = 1e-2.
Experiments for AR(1-2)- tokens are provided in Figure 5 in Appendix B.5.

All the settings above have xg ~ N (0,031), 03 = 1e-2. Note that we could have used any other
centrally symmetric distribution with marginals supported on [—1, 1] for the sampling of the diagonal
v, e.g., Unif(S~1) — uniform on the unit sphere; Unif ({x € R? : ||z||2 < 1}) — uniform inside
the unit ball, etc. These sampling schemes obey Assumption 3.2, as proven in Appendix E.1. All
results are averaged over 3 random seeds. The weights are learned using AdamW (Loshchilov &
Hutter, 2017) with gradient clipping and a learning rate schedule consisting of a linear warm-up
phase followed by cosine annealing (Loshchilov & Hutter, 2016). A full list of hyperparameters is
provided in Appendix B.

Subplots (b,c) in Figures 1, 3, 4 and 5 show optima conforming to Theorem 4.1 for AR(1)-type
tokens. Moreover, subplots (e,f,h,i,k,1) in Figures 1 and 3, subplots (e,f,h,i) in Figure 4 and subplots
(e,f) in Figure 5 confirm the pattern dictated by Lemma 4.1 for general s > 2. Finally, we empirically
show that in setting (a), the weights converge to the sparsity pattern predicted by Lemma 4.1 in terms
of the Jaccard distance of their supports. Setup details and results are given in Appendix B.2.

Interpreting the sparsity pattern for AR(s) s > 2. A quick calculation of the forward pass
reveals that weights trained to optimality with AR(s) tokens for s > 2 do not implement standard
GD in the forward pass, but an iteration reminiscent of the Preconditioned Conjugate Gradient
method (PCG) (Hestenes et al., 1952; Shewchuk et al., 1994), or more generally, to Krylov subspace
methods (Saad, 2003, chapters 6 and 7).

We start by observing that the forward pass factor ——Y (with Y defined in (11)) has a meaningful
block structure involving the gradient at zero and the Hessian of £ 4 () (w),

_ VZLares)  VLars(0)
T—i—lY: R<>T a (16)
VLare)(0) v
where vy = —L— f:_ls_l Y7, € Rand V2L 4Ry € R¥* denotes the constant Hessian.

Together with the parameter structure of Lemma 4.1 and the experiments, we use expression (16) to
rewrite the transformer-induced predictor in a manner that highlights its resemblance to that obtained
after two PCG steps on £ 4 (s (w) starting from wo = 0. We describe the case for even s, with the

odd case following similarly. Let s = 2k, k €« Nand N = % Consider weights
ci 0 ¢ Ck+1 c%,k
0 cggo 0 -] O Osxs  [CN—K+1
WQK = - . N : c Rs+1><s+17 . c RS+1XS+1
0 CN -2k 0 0 0
o/ | 0
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where ¢; € R,Vi € [N]. Renaming the top left s x s block of Wqk as P, the top right s x 1
block as p, and the top right s x 1 block of Wy, as q, the transformer-induced linear predictor
——~—WqokY Wy, is

QK Vis+1

T—s—1
PV?Larsa + &PVLAR(0) + &p, (17

where &1 = ey € Rand & = q' VLap(s)(0) + cny € R.

Comparatively, the PCG (Shewchuk et al., 1994, p. 51) predictor obtained after two steps on loss
L 4Rr(s) With preconditioner P! starting from wo = 0 is (see Appendix E.2)

T1PV2Lap(syPVLAR)(0) + T2PVLap(s)(0), (18)

where 71, 79 € R are iteration-dependent constants. Note that we have suspended the requirement for
P’s symmetry here — we will address this drawback shortly.

We make a few observations on the similarities and differences between the two predictors. The
second terms of (17) and (18) coincide up to scaling. The first terms of these predictors represent
directions mapped by PV2L 4 R(s)» Which is typical of Krylov subspace methods. Moreover, if
we initialize the conjugate direction of PCG to the vector g, the first terms also coincide up to
scaling. This prompts the natural question of whether directions PV?2L 4 R(s)PVL AR(s)(0) and
PV3L, R(s)q are aligned, or at least significantly so. As a preliminary test, we compute this
alignment in terms of cosine similarity when replacing V2L 4 R(s) and L 4p(s)(0) with empirical
estimates of their expectations. Using the weights reported for the AR(4) case in settings a) and b)
(Figures 1 and 3), batches of 16000 sequences for estimating the expectations and averaging the result
over five random seeds, we obtain a cosine similarity of 0.88 = 0.05 for setting a) and 0.93 £ 0.01
for setting b). The values suggest a strong alignment, which gives weight to this line of interpretation.

In terms of predictor dissimilarities, the set of directions whose linear combination yields (17)
contains the additional vector p. This structure is typical of so-called augmented Krylov methods,
whereby “correction directions” are added to the standard Krylov search space to compensate for
ill-behaved modes of PV2L 4 R(s) (Carpenter et al., 2010, and references therein). Broadly, they can
be seen as PCG generalizations, and have the added benefit of accommodating asymmetric P's, thus
resolving the earlier drawback. We test whether p acts as a correction by evaluating the residual
obtained prior to and after incorporating p. We use the same setup as above, and compute the cosine
of the angle between the preconditioned residual evaluated at g (which coincides with w; in PCG
with non-standard initial conjugate direction), and the direction PV2L 4 R(s)P- Anti-alignment would
suggest that p moves the predictor in a residual reduction direction. Indeed, we observe a cosine of
—0.99 + 7e~® for the AR(4) case in setting a), and —0.99 + 3¢~ for the AR(4) case in setting b).
Taken together, these preliminary results warrant further exploration of this interpretation.

Finally, we remark that our interpretation of the AR(s) case does not contradict the plain GD step
observed for AR(1), since PCG variants collapse to GD for one-dimensional covariates.

6 LIMITATIONS & FUTURE DIRECTIONS

We have sketched a path to understanding how attention layers learn LDSs in context by leveraging
results from the improper learning literature on system identification. Our study fully characterizes
the learning of order-one autoregressive LDS approximations (Theorem 4.1) and narrows the class
of weights that hold minimizers for higher-order approximations (Lemma 4.1), with all findings
experimentally confirmed. These contributions provide the building blocks for closing further gaps,
the most pressing of which is describing the optima of loss (10) for s > 2. A meaningful intermediate
result here is quantifying the approximation power of optima obtained in the stationary LDS regime,
where the problem structure further simplifies due to Y being Toeplitz. Such an assumption is
reasonable, since systems with p(A) < 1 reach stationarity exponentially fast. Further valuable
directions concern bridging the theory-practice gap, such as extending the analysis to typical causal
pretraining objectives, and empirically probing the parallel between Krylov subspace methods and
the predictor modeled by a multi-layer transformer.

10
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A LLM USAGE DISCLOSURE
LLMs were used in elaborating this paper as follows:

* Finding related work.
* Computing the result of polynomial multiplications.
* Generating LaTeX tables and tikz figures.

* Transferring proofs from pen-and-paper format into LaTeX automatically using the online
tool Manus https://manus.im/.
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B EXPERIMENTS — FURTHER DETAILS

B.1 HYPERPARAMETERS
Table 1: Training hyperparameters of setting (a) in Section 5
Hyperparameter Value

Weight initialization
Optimizer

Weight decay

Learning rate (i.e., max. val.)
Min. learning rate

Linear warmup

Decay schedule

Max. decay steps

Max. grad norm (clipping)
Random seeds

Batch size / iter.

Total iter.

Xavier normal distribution (Glorot & Bengio, 2010) with
gain = le-6

AdamW (Loshchilov & Hutter, 2017) with 5; = 0.9 and
B2 = 0.98 for all AR(1-4), e = 1e-9

5e-3 for AR(2 & 4) and 1e—2 for AR(1 & 3)

2e-2 for AR(1), 3e—-2 for AR(2), 3e—3 for AR(3),
4e-3 for AR(4)

le-4 for AR(1 & 2) and 1e-5 for AR(3 & 4)
800 iter.

Cosine annealing (Loshchilov & Hutter, 2016)
7200 iter.

300

{666013, 1,0}

3000 for AR(1), 4000 for AR(2), 10000 for AR(3),
18000 for AR(4)

8001
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Table 2: Training hyperparameters of setting (b) in Section 5

Hyperparameter

Value

Weight initialization

Optimizer

Weight decay

Learning rate (i.e., max. val.)
Min. learning rate

Linear warmup

Decay schedule

Max. decay steps

Max. grad norm (clipping)
Random seeds

Batch size / iter.

Xavier normal distribution (Glorot & Bengio, 2010) with
gain = le-6

AdamW (Loshchilov & Hutter, 2017) with $; = 0.98 for
AR(1), 0.96 for AR(2), 0.92 for AR(3), 0.88 for AR(4),
B2 = 0.99 for AR(1), 0.98 for AR(2), 0.96 for AR(3),
0.92 for AR(4), e = 1e-9

1e-2 for AR(1), Le-3 for AR(2), 1e-4 for AR(3 & 4)

le-3 for AR(1), 4e-3 for AR(2), 6e—-3 for AR(3),
8e—3 for AR(4)

le-5

800 iter.

Cosine annealing (Loshchilov & Hutter, 2016)
7200 iter.

300

{666013,1,0}

4000 for AR(1), 8000 for AR(2), 14000 for AR(3),
18000 for AR(4)

Total iter. 8001
Table 3: Training hyperparameters of setting (c) in Section 5
Hyperparameter Value

Weight initialization
Optimizer

Weight decay

Learning rate (i.e., max. val.)
Min. learning rate

Linear warmup

Decay schedule

Max. decay steps

Max. grad norm (clipping)
Random seeds

Batch size / iter.

Total iter.

Xavier normal distribution (Glorot & Bengio, 2010) with
gain = le-6

AdamW (Loshchilov & Hutter, 2017) with 51 = 0.98 for
AR(1), 0.96 for AR(2), 0.92 for AR(3), 52 = 0.99 for
AR(1), 0.98 for AR(2), 0.96 for AR(3), e = 1e-9

le-2 for AR(1), 5e-3 for AR(2), 1e—-3 for AR(3)
2e-3 for AR(1), 3e-3 for AR(2), 4e-3 for AR(3)
le-5

800 iter.

Cosine annealing (Loshchilov & Hutter, 2016)
7200 iter.

300

{666013,1,0}

4000 for AR(1), 8000 for AR(2), 16000 for AR(3)
8001
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Table 4: Training hyperparameters of setting (d) in Section 5

Hyperparameter

Value

Weight initialization
Optimizer

Weight decay

Learning rate (i.e., max. val.)
Min. learning rate

Linear warmup

Decay schedule

Max. decay steps

Max. grad norm (clipping)

Random seeds

Xavier normal distribution (Glorot & Bengio, 2010) with
gain = le-6

AdamW (Loshchilov & Hutter, 2017) with 8; = 0.92 and
B2 = 0.96 for all AR(1 - 2), 81 = 0.88 and B3 = 0.94 for
all AR(3), e = 1e-9

5e-3 for AR(1), 1e-3 for AR(2), 1e-3 for AR(3)
5e-3 for AR(1), 5e—4 for AR(2), 1e—4 for AR(3)
le-5

800 iter.

Cosine annealing (Loshchilov & Hutter, 2016)
7200 iter.

300

{666013, 1,0}

Batch size / iter. 4000 for AR(1), 10000 for AR(2), 18000 for AR(3)

Total iter. 8001

B.2 EXPERIMENTS SHOWING CONVERGENCE TO THE CHECKERBOARD PATTERN DURING
TRAINING

This set of experiments serves to illustrate that parameters W and Wy, converge to the checker-
board pattern across iterations. Since the non-zero values of these parameters are of different
magnitudes and we do not have their theoretical expressions for window-sizes greater than 1, we
shall only consider their non-zero support, as follows.

Definition B.1. For a matrix M € R*¥™, its support is defined as the collection of positions
corresponding to non-zero values

supp(M) = {(i,j) € [d] x [m] | a;; # 0}. (19)
Additionally, the support-induced mask is a binary matrix with unit entries on the support
i=d,j=m
mask(M) = [1(i,j)€supp(M) 1 (20)
ij=
where 1¢ = 1 if condition C' is true and 0 otherwise, is the indicator function centered at z.
We rely on the Jaccard distance (Jaccard, 1901) adapted to binary matrices A, B
ai b
dyac(A,B) = 1 2 b (21)

> max{a; j, by}

to track whether the support-induced masks of our parameters during training converge to the predicted
(for AR(1)) or hypothesized (for AR(s) s > 2) sparsity patterns of Lemma 4.1. Our experiments
employ a tolerance level of 1e-1 when computing the masks of Wy, and W, meaning that any
entry below this value is considered zero. The results are depicted in Figure 2 and its subplots for
varying window sizes, where M, 5‘}% and M represent the masks posited in Lemma 4.1 for a null
tolerance level. The illustrations empirically confirm that our parameters’ supports converge to the
ones identified in Lemma 4.1.
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Figure 2: The experiment results of the Jaccard distance between the M, 5“% and Wk and the Jaccard distance
between the M{** and Wy for AR(1-4). Both converge to 0 at the end of the training.
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Figure 3: Experimental results for AR(1-4) with non-diagonal, symmetric A, random ¢ and isotropic X,
setting (b) in Section 5, which align with the Lemma 4.1.

B.3 EXPERIMENTS WITH NON-DIAGONAL, SYMMETRIC A, RANDOM ¢ AND ISOTROPIC Y.,

The LDS which generates the training data is as follows. For each sequence, sample v ~
Unif([—1, 1]¢), sample Q ~ Haar(O(d)) and set A = Q " diag(v)Q. Sample ¢ ~ Unif([-2,2]%).
The noise covariances are set to >,, = 1e—21 and 03 =le-2.
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B.4 EXPERIMENTS WITH NON-DIAGONAL, SYMMETRIC A, RANDOM ¢ AND NON-DIAGONAL,
ANISOTROPIC X,

The LDS which generates the training data is as follows. For each sequence, sample
v ~ Unif([~1,1]%); sample Q ~ Haar(O(d)) and set A = QTdiag(v)Q; sam-
ple ¢ ~ Unif([-0.5,0.5]%). Set the process noise covariance ¥, = Q. ' diag(le-2 -
[0.9,0.95,1.0,1.05,1.1]) Qw, where Qy ~ Haar(O(d)). Set 02 = 1e-2.
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Figure 4: Experimental results for AR(1) with non-diagonal, symmetric A, random ¢ and non-diagonal,
anisotropic X, setting (c) in Section 5, which align with the Lemma 4.1.

B.5 EXPERIMENTS WITH NON-DIAGONAL, NON-SYMMETRIC A, RANDOM ¢ AND ISOTROPIC
Y

The LDS which generates the training data is as follows.

For each sequence, sample d ~ Unif([—1,1]%), sample P = [p; ;]¢,_, by sampling p; ; i.i.d. from
U ([-1,1]), and set A = P~diag(d)P. Sample ¢ ~ Unif([—1, 1]¢). The noise covariances are set
toY¥, = le-2I and 02 = le-2.

In practice, we need to guarantee P is well conditioned. After sampling p; ; i.i.d. from ¢/ ([—1,1]),
we decompose P = Q R, where Q is an orthogonal matrix and R is an upper-triangle matrix from
the QR decomposition of P. We modify the diagonals of R manually to make sure %ﬁg“ = 2 and
right multiply @ with the modified R to have the well conditioned P.
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Figure 5: Experimental results for AR(1-3) with non-diagonal, non-symmetric A, random c and isotropic 3.,
setting (d) in Section 5, which align with the Lemma 4.1.
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C SECTION 3 PROOFS

C.1 PROOF OF TOKEN CONSTRUCTION LEMMA

Lemma 3.1. For a given s >= 1, there exists an s + 1-headed linear attention layer with positional

encoding which transforms input sequences [y1, Yz, . ..,yr]' into
_ _ T
[ Y1 .. Yr—s Op_1)x (T—s—l)]
Ysi1 oo 0 071

The latter quantity is essentially equivalent to Y|y as defined in equation (8).

Proof. We first define a matrix right-shift operator, which shifts each row one position to the right,
padding the first column with zeros. Let >: R™*"™ — R™*" be > (M) = M R, where

0 0!
R= [0 L I,"_j ) (22)

We follow Von Oswald et al. (2023a) in using the one-hot positional encodings, concatenated to the
input sequence to obtain tokens {[y;, e;]}7_,. We define s + 1 attention heads given by

Define Wg € RTHXT Wy € RTT1XT and Wy, € RTH1X5 as follows:

wh— 07| v 1
Q — IT ’ E[S+ ]
Or, >>(...>>(IT)...
(W,@)Tz[ = )
h—1 times
Il ... h ... s+l
Wy = Vh 1 23
V= Oper ... er ... Opy] 0 TREHI] (23)
Each head then computes the following
yr 1.0 ... 0 Y1 Y2 Ys ... Yr y1 1 0 0
y201...0khT100...0 yo 0 1 0
o s W W) W
yp 0 0 ... 1 o 0 0 ... 1 yr 0 0 1
=Ir _[Or—ht1xn-1 Ir_ I oeee h . s+
On—1xn-1  On—1xT-h+1 0 Y1 0
- |0 Yo 0
0 yr 0
1 h . s+ 1
0 ... Yh ... 0
0 ... Yh+1 ... 0
0 yr 0
0h><s+1
Summing over the outputs of all heads, we get an equivalent representation to (8). [
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C.2 PROOF OF THE ALMOST SURE OBSERVABILITY OF THE LDS

We seek to show that Assumption 3.2 ensures LDS (1) observability w.p. 1. Note that the central
symmetry of the distribution is irrelevant for this statement, and only relevant for the proofs in
Section 4. We repeat Assumption 3.2 below for convenience.

Assumption 3.2 (LDS family). The system matrix A € R**? is sampled from a centrally symmetric
distribution supported on {M € Réxd ’ p(M) < 1},f0r which it holds that

P({A]|Ji,j€[d], st \(A) = \;(A)}) =0. ©)

In other words, A has a simple spectrum almost surely. The observation vector ¢ € R? is sampled
independently, from a distribution that is absolutely continuous w.r.t. the Lebesgue measure over RY.

Lemma C.1. Assumption 3.2 ensures the pair (A, c) is observable w.p. 1.

Proof. Since A has distinct eigenvalues w.p. 1 (the simple spectrum condition), it is (block)
diagonalizable almost surely, and its eigenvectors {v1,...vq} are linearly independent. Therefore,
observability is ensured if ¢ " v; # 0 almost surely for all i € [d].

Since c is sampled from a distribution that is absolutely continuous w.r.t. the Lebesgue measure in
R?, we want to prove that the set

d
U:U{ceRd’chizo}
i=1

has zero Lebesgue measure in the ambient R?. Each collection {c € R?|c"v; = 0} forms a proper

subspace of R? with dimension at most d — 1 (it can be less, for complex v;). Therefore, its Lebesgue
measure is null (see, e.g., (Royden & Fitzpatrick, 2010, pg. 435)).

Since U is a finite union of measure zero sets, it is itself measure zero. Hence, observability holds
w.p. L. [
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D SECTION 4 PROOFS

D.1 PRELIMINARIES

Since we’re dealing with data generated from stochastic processes, our proofs will heavily rely on
taking expectations conditioned on randomness up to a certain point in the process. In what follows,
we formalize the natural filtrations with respect to process (1).

We denote the natural filtration associated with (1). as {F; };>0, where

Fi = o(A, ¢, g, wo,...,Wi—1, Voy.-.,V—1), t>0. 24)

By convention, when ¢ = 0 the sets of noise variables are empty, and we define
Fo = O'(A, C, .’Bo), (25)
to illustrate that A and c are sampled once at time 0 and then remain fixed.

It follows that
(@ F: C Fip1,VE >0
(b) x4 is F;-measurable for all ¢ > 0.
(c) y; is Fy+1-measurable (since y; depends on v;)

(d) The noise at time ¢ is independent on the respective filtration: w; L F;, v, L Fy, for all
t>0.

D.2 AUXILIARY RESULTS AND TECHNICAL LEMMATA

Theorem D.1 (Isserlis (1918)). Lety = [y1,ya, - - - ,yn]T ~ N, (0,%) be an n-dimensional, mean-
zero multivariate normal vector. Then, for any even integer n,

Elyia-vn] = >[I Elwewr],
pePP(n) (L,r)€p

where PP(n) denotes the set of all pairwise partitions of [n] into disjoint pairs. If n is odd, then
Ely1y2---yn] = 0.

Lemma D.1. Given random vectors z,w, q € R? and assuming that w is independent of z, q and
the relevant integrability conditions hold, then

E [sz'qu] =E [ZTIE[wa]q] (26)

Proof. We use the towering property of expectations,
E[zTww'z] =E[2'E [ww'|z,4q] q]
=E [zTE ['ww—w q] ,
where the last line follows from the quantities’ independence. O
Lemma D.2. Let the sequence {y;};>o be generated by an LDS (1) sampled according to Assump-

tion 3.2. For time indices 0 < i < j, it holds that

i—1
Elyiy;] =E[c" A'Sg, (AT )] + Y BT AT S, (A7) 7 ] + 100, (27)
k=0

where 1(;_;y takes the value 1 if t = j and 0 otherwise.
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Proof. For process (1) it holds that

7j—1
x;=A""x; + E ATk,
k=i
and therefore
j—1
y; = cT Al g, + E ¢l AV Ry, ;.
k=i

The product of scalars y;y; therefore takes the form

Yiyi = Yiy;
-1 T
= (cT:ci +v;) (cTAj_ia:i + Z cT AV R, + vj>
k=i
j—1
=c'zz] (AT e+ Z c'ziw] (AT Fe+ el aw;
k=i
j—1
+ v, (AT e+ Z viw, (AT 1P e 4 vw;. (28)
k=i

Now, observing that E[y;y;] = E[E [y;y; | F;]] and remembering that x;, A, ¢ are F;-measurable,
and that for all ¢ and p > ¢, w, 1L F; and v, 1L F;, and w,, 1L vg, Vp,q > 0, we have

E [cTacl-a:;r(AT)j*ic | Fi] =c'zx] (AT) ¢,
j—1 Jj—1

E c xawl (A7) 17k }"Z-] = ZcTaciIE ['w,;r] (AT)I~1=ke =,
k=1 k=1

E [CTCL‘Z’UJ ‘ .7-}] = CT:BZE[’UJ] =0,

E [vz:c:(AT)J_lc ‘ Fi =Ewz, (AT)Yc=0,
j—1 j—1

E Zviw,;r(AT)]_l_kc ]-"Z] =) Ew|Ew,](AT)Y ' "Fe=0,
k=i k=1

E [v;v, | Fi) = E[v;v,] = 1{223}03.

Therefore,
Elyiy;] = E[Elyiy; | F]l =E [¢ @z (AT) "e] + 1102, (29)

Noting that z; = A’z + Z;;lo A’ 1=k, we further unroll the first term inside the expectation
in (29) and get

i—1 i—1
CTwiw;F<AT)j—ic _ cTAia:O + ZCTAi—l—kwk] [w(—)r(AT)jc+ Zw’;r(AT)j_l_kc

k=0 k=0
i1
=c Alzgxd (AT ) e+ Z c' Alxgw] (A7) ke
k=0
i1 i1
+ Z cTAi_l_kwk:cg(AT)jc + Z cTA"’_l_kwk'wlT(AT)j_l_lc.
k=0 k,1=0

(30)

25



Published as a conference paper at ICLR 2026

Using w, 1L Fo C F;, Vp > 0 and w, 1L wg, Vp # ¢ in conjunction with (30) and Lemma D.1
we get

i1
Elc iz (A7) e | Fo] = c' Alxoz) (AT e+ Z c" ARy (AT ke (31
k=0
Furthermore, noting that 0(A, ¢) C JFo, we have that
i—1
E [chim;r(AT)j*ic | A c] = cTA'Y, (AT e+ Z cT ARy (AT Re (32)
k=0

Taking full expectation in (32), and plugging everything back into (29), we get the stated result
i—1
Elyy;] =E [T A'Sa (AT c] + D E[cT AT S, (AT Fe] + 15307, O
k=0

Lemma D.3. Let {y;};>0 be a sequence of observations generated by an LDS (1) sampled according
to Assumption 3.2. Then,

(a) ifi+j=2p+1forsomep e Ny, Elyy,] =0;
(b) ifi+j+k+1=2p+1forsomep e Ny, Ey;y;ypyi] =0;

(c) ifi+j+k+1+m+n=2p+1forsomepec Ny, E[y;y;yryiymyn] = 0.

Note that there is no condition on the indices being pairwise distinct.

Proof. To prove point (a), we start from the expression derived in Lemma D.2.

1—1
Elyiy;] =E [T A'Sqy (AT) ] + Z E[cT AT RS, (AT Fe] + 102
k=0

Clearly, since 7 + j is odd, it holds that 7 # j and hence the third term is zero. Furthermore, since A
has a centrally symmetric distribution, we have that

Elc'A'Se (A7) e] =E[e" (-A4)'%s, (A7) ¢]
= (—1)"E [c" A'S,, (AT) ], (33)

implying that E [¢ " A", (AT)/¢] = 0. We apply a similar reasoning for the other term and obtain
that

E [yiy;] = 0,
thus proving the first point.

For both points (b) and (c), we will rely on Isserlis’s theorem, which we replicate in The-
orem D.1 for convenience. Note that conditioned, on A and c, the vectors [y;y;yryi|A, c]

and [y;y;YryiYm¥Yn|A, c] are jointly Gaussian since they are linear transformations of the
T
jointly Gaussian vectors r; = [wg,wOT,...w;ax{ijkl},vo,...vmax{i’j,k,l} and ry =

T 20T T :
[330 SWQ 5 Wtk Lmon}> V05 vmax{i,j7k717m7n}} , respectively. We can therefore apply the
towering property along with Isserlis’s result to get

E [yiyjyey] = E[E [ysy;uey | A, ]
—E[ Elyiy; | A, | Elyen | A c] + E [yin | A, ] Elysn | A, ]

+E[y | A Elype| Al | G4
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since PP ({4, j, k, 1}) = {{(4, ), (k, )}, {(i, k), (5, },{(¢,1), (4, k) } }. Since i + j + k + I is odd,
the two pairs inside any ¢ € PP( {1, j, k,1}) must have different parities (i.e., one even, one odd).
W.lLo.g, we analyze the first term in (34), assuming 0 < ¢ < j < k < [. From (32), we know that

t=0

i—1
E[yiy; | A, c]E[yryi | A, c] = lcTAiZmO (ATYec+ Z cTATITIS (AT T e 4 1{2-_]-}012,]

k—1

[CTAkEZO(AT)lC+ ZCTAkilitzw(AT)lilitC#* 1{k=l}012;
t=0

(35)

Assume w.l.o.g that i + j is even, and k + [ is odd. This implies that 1;,_;; = 0. Taking full
expectation on both sides and developing the product, we get

E [ E [yiyj ‘ A, C] E [ykyl | A, C} }
=E [ cTA'S, (AT) ce" APS, (AT) e]

+ZE TAz AT)]CCTAk 1— tz (AT)l—l—tc]

+ ZE TAiflftEw(AT)jflftccTAkEwo(AT)lc}

i—1 k-1
+ ZE TAi—l—tEw(AT)j—l—tC CTAk:—l—sZw(AT)l—l—sc]
t=0 s=0
+ {i:j}UUE [ CTAkEwU (AT)IC]
k—1
+1gpy00 Y E[cl AT, (A7) e (36)

t=0

Using the index parity assumptions and the reasoning based on the central symmetry of A’s distribu-
tion from (33), we get that all the terms on the RHS of (36) are zero. We treat the remaining terms
in (34) similarly to get the final result in (b).

Finally, point (c) follows a similar path. We have

PP({i,j, k, 1, m,n}) = {{(i,5), (k,1), (m,n)},{ (2, 5), (k,m), (I, n) }, {(&, 7), (k, m), (I, m) },
{(i, k), (5,0, (m,n)}, {2, k), (G, m), (I, n)}, { (i, k), (4, n), (1, m) },
{(,0), (G, k), (m,n)}, {2, 0), (G, m), (k,n)}, {(3,1), (4, n), (k,m)},
{(5,m), (5, k), (I, )}, {(,m), (4, 1), (R, n)}, { (2, m), (4, ), (K, D)},
{(i,n), (4, k), (1l m)}, {(,n), (4, 1), (K, m)}, { (i, m), (4, m), (k, D) }}-

For the parity hypothesis to be satisfied, not that inside a set ¢ € PP ({4, j, k,1, m,n}), at least one
pair must have an odd parity, while the other two must be of the same parity (either even or odd).
Wolglet0 <i<j<k<Il<m< n, pick the first set in PP({i, j, k,l,m,n}) above (the rest
follow the same logic) and assume that m + n is odd. By the same logic as before, we have that
1in—pny =0and

E[Eyy; | A, c|Eyryi | A, ] E [ymyn | A, c] ]

i—1
CTAisz (AT)jC+ ZCTAi—l—tZw(AT>j—1—tc+ 1{7;—j}0-12)‘|
t=0

k—1
[CTAkZmO (AT) e+ eT A 1tE, (AT) e + 1{,6:1}03]
t=0

k—1
lCTA7n2wO(AT)nC+ ZCTAm—l—tZw(AT)n—l—tC] ‘|
t=0
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Without computing, one can see that every term in the expanded product will have powers of A
whose sum is odd. Therefore, using the centrally symmetric property of A’s distribution, all the
terms evaluate to zero, and point (c) is proven. O

D.3 PROOF OF LEMMA 4.1
Lemma 4.1. Forany s > 1, j € [s], the parameters Wi and Wy, having the structure

Rl:s, 1:(s+1)

WQK = [ ], Wy = [O(S-i-l)xs T24 s mod 2:2]’%{% (14)

O;F-H
ith R =1 O ndr =1 0 hat LHS (12),., = 0 wh

wit =1 en e @ | | and T = 1ra0y ® |, ensure that (12),., = 0 whenever
r+1le2Nands+j€2Z, orr+1€2N+1lands+j € 2Z + 1.

Proof. Recall the in-context loss in (10) with a general AR(s)-constructed input token matrix

Y, = Y1 Yo v Yr—s—1 Y1r—s is defined as
Ys+1 Yst2 -0 Yr—1 0

LO) = E [ (Te (Y0)s17—s — ?JT)2 ] . (37

For equations (38) to (42) below, we use the same reformulations as Ahn et al. (2023). The last
column of the transformer’s output above can be written as

_ _ T—s—1 _ T _ _
Yr—1 Yr—1 1 T YiyY; YiYi+s T |Y7T-s
= — W, T W, 38
{0} [O}J“T—s—l V(; [yfyiﬂ y?+sD QK[U}’ o9
where the summation comes from the causal mask. Therefore, the transformer’s prediction of yr,
To (YO)SH,Tfs can be written as

T

1 T aal g
7b—r _ylyz y2y1+8 21202 U , 39
et X [y?ym v, | | Bl 59

= Y eR(s+1)x(s+1)

where b7 € R (*T) is the last row of Wi/ and z; € R(“™) is the j*" column of W] . So the

in-context loss L(Wy,, W) can be rewritten as a function of b and ZZ = [z;]5_,

L(b,ZZ) = E

1 S 2
(T—s—lb YZZyTS_ZJT) ] (40)

Plugging in the expression of y7_, the in-context loss is

Yr—s
1 _ Yr—s+1
ZZ)=E — by ez _
E(b, ) T_s_ 1b [2122 Zé] yr
Yr—1
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- 2
1 T
=E (T 1 kgl b Yzryr—s—14k — yT>

. 2
1 - .
—F (T—S—l D T(¥zb Jyr-srin - yT>

i k=1
1 2 ’
— - N/ T _
=E (T 1 ;(Y, bz )yr—s—1+k yT) : (41)
We reparametrize the in-context loss using X, = bz,
1 . ’
L(X =E —_— Y, X 14k — . 42
(Xkes) <T—s—1 ;< s Xk )YT—s—1+k yT> (42)

Note that the gradient of the in-context loss with respect to each X; is

S

1 _
<T—s—1 Z<Y, Xk>yT—s—1+k - yT) yT—s—1+jY ] . (43)

k=1

VXJE(XkE[s]) =2E

The gradient Vx, £(X}c[s) is a sum of two terms, Vx L(Xj—1...s) = T()g + T(;i, where,
replacing Y we have

s T—s—1 —_ _T —
@O . 2 v Yiy; YilYi+s
Ty = ——F Y. X e —s—14j e 44
X, T s 1 L_1< y X ) YT—s— 1+ kYT —s—1+j ; {y;yws W2, } ] (44)
© SN
TY = —2E 1 2 igitks) | 45
X; YTYT—s—14j ; {y:yws W2, . } ] (45)
Each matrix element of T(;i has the form
T—s—1
Z 2E [ y1yr—s—1+5Yi+mYitn ] (46)
i=1

with j € [1,s], m € [0,s] and n € [0, s].

The sum of y’s indices in (46) for each term in the above sum is 27 4+ 2i + (m +n — s — 1 + j).
The parity is determined by that of m + n — s — 1 + j and is independent of the sum counter ¢ (i.e.,
the same for all terms). According to Lemma D.3, (46) is 0 if (m +n — s — 1 + j) is odd, and of

arbitrary value if it is even. So a general matrix element of Tgi isOif (m+n—s—1+j)isodd
and of arbitrary value if (m +n — s — 1+ j) is even.
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For a given AR(s)-type token (s is fixed) and a specific j, whether a matrix element of T
depends on m + n (its position in the matrix). So,

()2 is 0 only

* 0
0 « 0
0w ,if |j — s — 1| is even;
* *
* 0
i * 0 x|
T, = i ]
0 % 0
*x 0 x 0
0 x 0 Jif |j — s — 1] is odd.
0 0
0 =%
i 0 % 0]

We now turn to T()g with the end goal of finding a parameter configuration that matches the sparsity

pattern of T(;z For this section, assume s is odd (the other case follows similarly). First, let
s+1
X, = [:cgkj)} and unfold the expression of the matrix inner product
J i 5=1

s s T—s—1

(Y, Xy) = ZZ Z zl(i)l,7-+1yp+ryp+lv (47)

r=01=0 p=0
where 7, [ are the indices traversing Y.

Furthermore, each matrix element of T()g inside the expectation has the form

T—s—1 s

Z Z(Y, Xi) YT—s— 14k YT—s— 145 Yitn Yitm> (48)
i=1 k=1

2
T—-—s—1

where n,m € {0, 1,...s} are the indices traversing Y.
In what follows, we’ll use the notion of a matrix’s support, as follows.

Definition D.1 (Matrix support). Consider matrix B € R™*"™. The support of B is the set of index
pairs corresponding to its nonzero entries,

supp(B) = {(r,£) € [m] x[n] | Bre #0}. (49)

Assume that j is fixed and odd (we discuss the even case afterwards). Note that the sparsity of each
position in T(}?i dictated by the parity of (m 4+ n — s — 1 + j) where, when s, j-odd, the respective
element is zero whenever m + n is even. Notice that except for the contribution of the matrix inner
product, the sum of indices for the y-factors in (48) is 2(T"— s — 1 + i) + k + j + n + m so the
parity is determined by that of k£ + j + n + m. We distinguish two cases:

(a) when k is even, k + j is odd, and we wish that the term zeroes out for even m + n. This
means that X, must select in (47) only pairs y,,yp+¢ for which r 4 £ is even and zero-out
the others. In other words, the support of X, should satisfy

supp(Xi) C{(r, ) e [s+ 1] x[s+1] | r+ L€ 2Z}. (50)
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(d)

Such an X, may look like

U R PR S O
0 ch;) 0 ‘. 0 xgkz_H
(k) (k) (k)
T 0 T x 0
X, =" % > : (51)
k
L g+)1 2 0 $£+)1,s+1_

with arbitrary (possibly also zero) values for constants x( ). Note that, as a consequence, the
entries corresponding to odd m + n are not forced to zero by the distributional symmetry of
A and can generally take arbitrary values.

when k is odd, k + j is even, and we wish that the term zeroes out for even m + n. This
means that X, must select in (47) only pairs ypryp+¢ for which r 4 £ is odd and zero-out
the others. In other words, the support of X, should satisfy

supp(Xg) C{(r, ) € [s+ 1] x[s+1] | r+£€2Z+1}. (52)

Such an X, may look like

o 2 0 0 ]
A0
0 T 0 0 T
Xk— 32 3,s+1 , (53)
o 2% o - 0 2,
k k k
_mg+)1,1 0 $g+)173 24-)1‘,» 0 ]

with arbitrary (possibly also zero) values for constants :c( ) Note that, as a consequence, the
entries corresponding to odd m + n are not forced to zero by the distributional symmetry of
A and can generally take arbitrary values.

These patterns need to be coherent with the case of j-even. Note that in T(;z , when s-odd, j-even,
the respective element is zero whenever m + n is odd. We again distinguish two cases:

(a)

(b)

when k is even, k + j is even, and we wish that the term zeroes out for odd m + n. This
means that X, must select in (47) only pairs yp,,yp+¢ for which r 4 £ is even and zero-out
the others. Notice that the pattern of X, in (51) for even k satisfies this requirement and we
have coherence.

when k is odd, k + j is odd, and we wish that the term zeroes out for odd m + n. This
means that X, must select in (47) only pairs yprYyp+¢ for which r 4 £ is odd and zero-out
the others. Notice that the pattern of X, in (53) for odd % satisfies this requirement and we
have coherence.

The same approach goes through for even window size s. To sum up, weights satisfying equations (50)
and (52) for the appropriate parity of triplet (s, j, k) ensure the symmetry-induced sparsity pattern

complies with that of T X,

@

Finally, recall that X, := bz, . It can be easily shown that vectors b and z,] yielding an X}, whose
support has maximum cardinality are those whose support consists of indices of opposing parities
(e.g., even indices for b and odd indices for z, or vice versa) in the case of (52) or the same parities
in the case of (50). For our case of odd window sizes s, the sparsity pattern of b and z,j yielding a
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complying Xy, is

0
ba [0, Zék)a o0, Z£+1] if k is even
b=1: % = (54)
0 (49,0, A", 0] Lif kis odd
bs+1

For even window size s, the patterns are

by
1?2 [O,zék),...,O,zgk),O] ,if k is even
b= . zp = (55)
(:) [ZYC), 0,.. gk)l, 0, zgﬂ] if k is odd
bost
Arranging these vectors inside Wi and Wiy, gives the stated result. O

D.4 PROOF OF THEOREM 4.1

Theorem 4.1. Let Yy encode the input tokens for s = 1. Then, the optimal parameters 0* =
(Wé K WQ) of a single linear self-attention layer with respect to loss L(0) are

(T—2)Elyr—1yr X7, yiyi+1] 0 00
Wik =| BB (S5 vivi)’] Wy = [0 1] , -
0 0

up to rescaling with a nonzero constant.
Proof. For the transformer parameters in (15), the corresponding b’ = [0 1] and the corresponding

F = [C 0],Wherec = (T-2)Ep [“T 1w 1, UL’UHrl]
Ep {yT—l(Zizl yzyz+1) ]

SoX = X, = bf] —bFT — [g 0} The gradient of the in-context loss V x £(X ) is

0
TV = 2 B[V, X)R ¥
X; = T_9 D [< ) >yT—1 ]
) T2
P 2 oy } [0 0] Vi vy
_ E - r rYr+1 7 27 i iit+1
T oD <; l:yr-',-lyr Y2, ¢ o[/¥r-1 ; Yir¥i Y
2 (= vy
= 7E" C rdr : o
T-92 D ; Uryr 41071 Z [?JiJrlyi Y H
T T2 -
2 0 vy
- _ % R Yy 2 1Ji+1 . 56
73D 67:1 YrYr-1Y7 1 ; [yiﬂyi 0 (56)

According to Lemma D.3, the two diagonal elements in (56) E {c ZT 1 YrYr 1Y% > _12 yﬂ

andEp |c Zfz_f YrYr 19>, Z,L.Tz_f y? +1} are 0, since the sums of y indices are both odd.
T—2
Yryr—1 Z Y]
i=1
I
i iYi+1
yror—1 ; l:yi—o—lyi 2 H

2)
T = —2E,

= —2Ex
D yz+1
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=-2Ep

T—2
0 Yilit1
_ E ) 7
yryT-1 p |:yi+1yi 0 (57

According to Lemma D.3, the two diagonal elements in (57) Ep {yTyT_l Z?:_lz yﬂ and
Ep [yTyT_ L 23”2—12 yi2+1} are 0, since the sums of y indices are both odd.
Plugging in the expression of ¢, it can be easily found that

VxL(X)= T&j + T%(j =0. (58)

Since the in-context loss is convex in X and the X resulting from the W7; and W(, - above makes
VxL(X) =0, the Wy; and W5 - above is a global minimizer for the in-context loss. O
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E PROOFS FOR SECTION 5

E.1 PROOF THAT OUR EXPERIMENTS’ SAMPLING SCHEMES OBEY ASSUMPTION 3.2

All our experiments use a sampling schemes whose generalization is the following:

(a) A constructed by sampling v ~ P, where P is centrally symmetric and absolutely con-
tinuous w.r.t. the Lebesgue measure on R? with marginals supported on [—1, 1], and
independently sampling P, whose every entry is drawn i.i.d. from any absolutely continuous
distribution w.r.t. Lebesgue measure in R. Matrix A is then formed as Pdiag(v)P 1.

(b) cis sampled from an absolutely continuous distribution w.r.t. Lebesgue measure in R?, or
otherwise fixed with ¢ # 0.

We need to show that
(a) A’sdistribution is centrally symmetric, i.e., that A 4 —A;
(b) A’s spectrum is simple w.p. 1;
(c) observability still holds when c is fixed according to the above condition.

The first point is achieved since, by the central symmetry of v’s distribution,

—A = —P 'diag(v)P = —P'diag(—v)P £ P~ 'diag(v)P = A. (59)
The second point is ensured by v’s distribution being absolutely continuous w.r.t. the Lebesgue
measure in R?, and hence the probability of v belonging to (d — 1)-dimensional subspaces (and
lower) such as {x € R?|3i, j € [d] s.t. z; = x;} is null. In conjunction with the above, when we
sample ¢ from a continuous distribution in R4, Assumption (3.2) is satisfied.

However, our proofs and experiments go through even if ¢ is fixed, as follows. First, the theoretical
results rest on A’s distributional symmetry and are invariant to the linear transformation induced by
c. Second, observability is ensured since det(O) in expression (5) is not zero w.p. 1, as follows.

We use det(OP) #0w.p. | <= det(O) # 0 w.p. 1, since det(P) # 0 w.p. 1.

det(OP) sec'P det([z; diag(v)z; . . . diag(v)?~12]) (60)
1 v ... vf*
_ . 1 vy ... véi*l

= det(diag(z))det (61)
1 vy ... vgfl

Since P’s entries are drawn i.i.d. from an absolutely continuous distribution w.r.t. Lebesgue measure
in R, it holds that z; # 0 w.p. 1. The remaining matrix is Vandermonde with v; # v;, Vi, j € [d] w.p.
1. Hence, the determinant is nonzero w.p. 1 and observability holds almost surely.

E.2 RELATION OF TRANSFORMER FORWARD PASS WITH PCG

For convenience, we reproduce below the PCG iteration of Shewchuk et al. (1994) for minimizing an
objective

flw) = %wTAw +b w+c

We compute the first two steps of the algorithm with respect to the loss (4), which can be rewritten as

T—s—1

1
> (ers —w'g)? (62)
t=1

‘CAR(S)(w) = Q(T—S— 1)

34



Published as a conference paper at ICLR 2026

Algorithm 1 Preconditioned Conjugate Gradient

1: Input: preconditioner H, wg, 79 = b — Awg, dg = H ™7y, dpey = TOTdO
2: fori =0,1,...do

3: zZ; = 14Clz

4 o= g

5 Wiyl = W; + O[LdZ

6 Tit1 =T — 042

7. v =H '

8 6old - 6neWa 5new - 7';;1'01'-&-1,

6new
9: 57-"—1 = 5old
10: diy1 = vig1 + Bitad;
11: end for
12: return O

T—s—1
L Ta.ab T 2
S5 1) = 2Ytts 63
2(T—s—1) ; w Yy, w Yt+sW Yt + Yips (63)
1
= Sw V2 Lagw —w' VL (0) + ¥y, (64)

2

Two iterations of Algorithm 1 starting from wy = 0 and using H = P~! yield the following
predictor.

w; = apdy = agH 17
wy = wi + aqdy
= apdy + oy [Pry + B1do]
= agPVLAR(s)(0) + a1 [P(ro — apzo) + S1PVL AR (0)]
= agPVL sp(s)(0) + o1 [P(VLAR()(0) — gV LaR(s)do) + BIPVL ar(s)(0)]
= 0 PVLAR(0) + a1 [P(VLAR(0) — a0V Lar(s) PV LARS(0) + B1PVL AR (0)]
= (g + o1 + 1 81) PV L AR (5)(0) — 0100 PV L s (5) PV L ar(s)(0)
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