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Abstract

We investigate the challenging problem of ad-
versarial multi-armed bandits operating un-
der time-varying constraints, a scenario mo-
tivated by numerous real-world applications.
To address this complex setting, we propose
a novel primal-dual algorithm that extends
online mirror descent through the incorpora-
tion of suitable gradient estimators and ef-
fective constraint handling. We provide the-
oretical guarantees establishing sublinear dy-
namic regret and sublinear constraint vio-
lation for our proposed policy. Our algo-
rithm achieves state-of-the-art performance
in terms of both regret and constraint viola-
tion. Empirical evaluations demonstrate the
superiority of our approach.

1 INTRODUCTION

The multi-armed bandit (MAB) problem is a canon-
ical framework within the domain of online decision-
making. At each time step ¢, a decision-maker selects
an action a; from a finite action set A. Subsequently,
the environment reveals the corresponding cost f:(az).
The objective is to minimize the cumulative incurred
cost over time. A fundamental challenge in the MAB
setting is the exploration-exploitation trade-off, which
requires balancing the acquisition of new information
about the environment with the exploitation of current
knowledge to make optimal decisions.

While the foundational multi-armed bandit problem
has been extensively explored for decades (Auer et al.,
2002a; Katehakis and Veinott Jr, 1987; Bubeck et al.,
2012), its relevance persists in contemporary comput-
ing systems. Its applications encompass a wide range
of domains, including recommendation systems (Li
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et al., 2010, 2011), auction design (Avadhanula et al.,
2021; Nguyen, 2020; Gao et al., 2021), resource alloca-
tion (Fu et al., 2022; Verma et al., 2019), and network
routing and scheduling (Gyorgy et al., 2007; Li et al.,
2020; Xu et al., 2024; Huang et al., 2023).

In this work, we focus on a variant of the MAB prob-
lem characterized by additional soft constraints. We
introduce an additional challenge by imposing soft con-
straints on the decision-maker. Specifically, when se-
lecting an action at time ¢, the environment reveals
a corresponding constraint g;(a;). While momentary
constraint violations are permissible, we require long-
term constraint satisfaction, ensuring vanishing time-
averaged constraint violation.

This formulation is motivated by a variety of real-
world applications (Shi and Eryilmaz, 2022; Zhou and
Ji, 2022; Deng et al., 2022a). For instance, in the
optimization of machine learning model hyperparam-
eters (Joy et al., 2016; Zhou and Ji, 2022), we of-
ten aim to minimize validation error while simulta-
neously ensuring a sufficiently short prediction time
for the learned model. Another example arises in
wireless communications, where maximizing through-
put under energy constraints necessitates the man-
agement of a cumulative soft energy consumption
limit (Orhan et al., 2012). Beyond these, related con-
strained bandit formulations arise in optimizing user
engagement under fairness constraints (Hadiji et al.,
2024), energy-aware client selection in federated learn-
ing systems (Zhu et al., 2024), budget-constrained ad
allocation (Li and Stoltz, 2022), and fair resource dis-
tribution across competing tasks (Wang et al., 2024).
In each of these domains, even rare constraint viola-
tions can have significant negative impacts, motivating
algorithms that explicitly control long-run feasibility
while learning from partial feedback.

We make the following contributions:

e We provide a methodology for leveraging the on-
line mirror descent framework for a new variant of
the non-stationary MAB problem with soft time-
varying constraints.
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e To our knowledge, the proposed algorithm
achieves the tightest known theoretical guaran-
tees for dynamic regret and soft constraint viola-
tion in the context of MAB with soft constraints.
Specifically, we derive an improved dynamic re-

gret bound of O (min {W, VT1/3T2/3}> and

constraint violation of O (\/T ), surpassing the
state-of-the-art results in (Deng et al., 2022a) of
@ (VT1/4T3/4) and O (V%/4T3/4), respectively.

o We empirically validate the superiority of our ap-
proach through extensive experiments.

The remainder of the paper is organized as follows.
We present related work and problem formulation in
Section 2 and Section 3, respectively. We state our
main results in Section 4. Our experimental results
are in Section 6; we conclude in Section 7.

2 RELATED WORK

Online Convex Optimization and Dynamic
Comparators. The full-information counterpart to
the MAB problem is the expert problem (Littlestone
and Warmuth, 1994). In the expert problem, a
decision-maker aims to select an expert from a pool
of options, but unlike the MAB setting, the costs as-
sociated with all experts are revealed, even for those
not selected. This problem is subsumed by the more
general framework of Online Convex Optimization
(OCO), which considers a full-information online set-
ting where reward functions are convex (rather than
linear) and decisions are chosen from a compact con-
vex set (instead of the probability simplex). First in-
troduced by Zinkevich (2003), who showed that pro-
jected gradient descent attains sublinear regret. OCO
generalizes several online problems, and has exerted
a profound influence on the machine learning commu-
nity (Hazan, 2016; Shalev-Shwartz, 2012; McMahan,
2017). A variant of OCO closely related to our work
focuses on dynamic regret (Zinkevich, 2003; Besbes
et al., 2015; Jadbabaie et al., 2015; Mokhtari et al.,
2016), where performance is evaluated against an opti-
mal time-varying sequence rather than a static optimal
decision, wherein the regret is evaluated w.r.t. an opti-
mal comparator sequence instead of an optimal static
decision in hindsight.

Deriving worst-case bounds for dynamic regret with-
out additional assumptions is unattainable (Jadbabaie
et al., 2015). Therefore, following established method-
ologies (Jadbabaie et al., 2015), we impose regular-
ity conditions on the comparator sequence, such as
assuming slow growth in its path length or temporal

variability of costs, to derive meaningful performance
guarantees.

Non-Stationary M AB. The seminal work of Auer
et al. (2002b) introduced the concept of modeling non-
stationarity in the costs of MABs as an adversarial
process. A significant contribution was the proposal
of measuring regret against an arbitrary baseline pol-
icy, characterized by a difficulty metric based on the
frequency of arm switches. This concept was subse-
quently formalized as switching regret in later stud-
ies (Yu and Mannor, 2009; Garivier and Moulines,
2011), equivalent to the comparator sequence’s path
length in the present work. While other research has
focused on regret relative to the absolute variation of
arm costs (Slivkins and Upfal, 2008; Besbes et al.,
2014), aligning with the temporal variability inherent
to our treatment of the problem. This work adheres
to the OCO framework for consistency in terminology
regarding path length and temporal variability regu-
larity conditions.

Non-Stationary M AB with Constraints. The
difficulty of non-stationary MABs is substantially am-
plified in realistic deployments, where decision-makers
must cope not only with fluctuating costs but also
with time-varying soft constraints. While several stud-
ies (Shi and Eryilmaz, 2022; Zhou and Ji, 2022; Deng
et al., 2022a) address this setting under static regret,
to the best of our knowledge only Deng et al. (2022a)
proposes algorithmic approaches for the more challeng-
ing dynamic regret regime with jointly non-stationary
costs and constraints. Their method models both
costs and constraints using Gaussian processes (GPs)
and employs an Upper Confidence Bound (UCB)-
style exploration rule; non-stationarity is handled via
forgetting mechanisms such as sliding windows and
restarts (Cheung et al., 2019; Russac et al., 2019; Zhou
and Shroff, 2021; Deng et al., 2022b), which effectively
construct time-local GP posteriors and UCB statis-
tics. A key limitation of forgetting-based approaches
is that performance hinges on committing to a partic-
ular forgetting schedule (e.g., a window length or dis-
count factor), often tuned using a known or assumed
rate of temporal change and fixed once the algorithm
begins; consequently, they can degrade when varia-
tion is irregular, adversarial, or unknown. In contrast,
our work develops an algorithm with bandit feedback
that adapts to non-stationarity without requiring such
prior tuning, and our analysis provides order-wise op-
timal dynamic regret and cumulative constraint vi-
olation guarantees under standard measures of tem-
poral complexity. A close alternative, Cao and Liu
(2018), captures only comparator-drift-type complex-
ity (cf. Zinkevich (2003)), remains within a Euclidean
framework with two-point feedback, and uses coupled
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Paper | Regularity used | Regret (Asm. 3) [ Violation (Asm. 3) | Regret (Agnostic) [ Violation (Agnostic)
Static Unconstrained MAB

(Auer et al., 2002a) | none | O(/T) | N/A | N/A | N/A

Dynamic Unconstrained MAB

(Zhao et al., 2021) Pr T3/4(1 + Pr)'/? N/A T3/4(1 + Pr)'/? N/A

(Deng et al., 2022b) Vr VA4 N/A v/ AT/ N/A

(Kim and Yun, 2025) Pr X N/A PrVT N/A

(Chen et al., 2025) both min {VT“ 372/3, m} N/A X N/A
Dynamic Constrained MAB

(Cao and Liu, 2018) Pr VPrT (Pr)'/*T3/4 X X

(Deng et al., 2022a) Vr v/ A3 v/ A3 Vi T3/ VT34

This work both min {V%/STWS, \/W} VT min {\/PiTTQB7 V%/ST”Q} VT

Table 1: Comparison of regret and violation bounds under path length (Pr) and variation (V) measures. The
“Regularity used” column specifies whether the algorithm requires prior knowledge of path length, variation,
both, or neither. We consider three settings: static unconstrained, dynamic unconstrained, and dynamic con-
strained MABs. In the unconstrained case, our algorithm attains the same regret rate as Chen et al. (2025).
To the best of our knowledge, this work establishes the tightest known regret and violation guarantees for non-
stationary MABs across both constrained and unconstrained settings. Furthermore, the rates are order-optimal,
matching the lower bound in Proposition 1. When regularity assumptions are removed, we also provide the best
known regret and violation bounds in the constrained setting.

loss and constraint learning rates that yield feasibility
bounds scaling with the amount of drift; by contrast,
our single-point, non-Fuclidean primal-dual updates
decouple the two effects and provide guarantees that
also accommodate changing environments.

3 PROBLEM STATEMENT

We consider a system operating over T' € N time
slots. In each slot, a decision-maker selects an ac-
tion a; from a set of n € N\ {1} possible actions
A = {1,2,...,n}. Subsequently, the environment
discloses the corresponding cost f¢,, and constraint
9t,a, for the selected action a;. This setting represents
a multi-armed bandit problem with bandit feedback.
An oblivious adversary determines the losses and con-
straints by selecting loss vectors f; = (fi.a)aca and
constraint vectors g; = (gi.a)aca for each time slot
t € [T] at the beginning of the game. We assume
bounded losses and constraints. Formally,

Assumption 1. The loss vectors and constraint vec-
tors are generated by an oblivious adversary and are
assumed to be uniformly bounded, with f; € [0,1]" and
g: € [-1,1]" for all t € [T7].

This boundedness assumption is necessary to obtain
meaningful guarantees: if losses were unbounded, an
adversary could force an arbitrarily large loss in the
first round. Once boundedness is imposed, we nor-
malize both the losses and the constraints solely for
notational convenience; this entails no loss of general-
1ty.

At each time step t, the decision-maker selects an ac-
tion according to a distribution x; over the action

space A. This distribution is represented by a prob-
ability vector x; belonging to the n-dimensional sim-
plex:

On = A{z € [0,1]" : [lfl =1} (1)

The expected loss and constraint violation are defined
as fi(x) £ f; -  and gi(x) £ g; - x for every x €
and ¢ € [T]. For notational convenience, we adopt the
shorthand f;(a) and g:(a) to denote fi(es) = fi,o and
gt(€q) = gt,a, respectively, where e, is the unit basis
vector with a 1 in the a-th position.

We assume the existence of strictly feasible decisions,
a condition commonly referred to as Slater’s condition
in the literature (Boyd and Vandenberghe, 2004). This
assumption is standard in the context of time-varying
constraints (Valls et al., 2020; Deng et al., 2022a). For-
mally, we posit the following:

Assumption 2. There exists a point * € {, and a
positive constant 1 > p > 0 such that g:(x) < —p for
vt € [T].

Policies. A policy P is the rule for selecting actions
based on the history of previously chosen actions to-
gether with the corresponding realized costs and con-
straint values. Formally, we define a policy as a se-
quence of randomized mappings

a1 =Py ({asafs(as)mgs(as)}zzl) ) (2)

where each P, maps the trajectory up to round ¢ to a
distribution over feasible actions and samples an action
a4 from it. The initial action is drawn according to
an initial distribution a3 = P1(9) ~ x;.
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Optimal Comparator Sequence. We select the op-
timal comparator sequence after T rounds to minimize
cumulative loss while adhering to time-varying con-
straints. For each timeslot ¢ € [T], we define the fea-
sible subset &+ C ¢, as the set of feasible points
within the simplex: £, Lz ey, gi(x) <0} We
aim to determine the best comparator sequence, which
represents a solution to the following problem:

{x} }thl € argmin

T
{ ft(ﬂ%)} ;o (3)
{3 exily bne Li=1

Performance Metrics. The goal of a policy is to
minimize the cumulative loss relative to the compara-
tor decisions while satisfying the constraints. The re-
gret of the policy and the constraint violations are de-
fined as follows, respectively:

T T

Ry (P) £ Ep th(at)] *th(a?:)a (4)
T

Ur (P) £ Ep th(at)] . (5)
t=1

The policy P aims to achieve both sublinear regret
Rr (P) = o(T) and sublinear violation U (P) =
o(T). This implies that the policy’s performance grad-
ually approaches that of the best comparator sequence,
while remaining feasible on average over time.

Regularity Assumptions. As demonstrated by Jad-
babaie et al. (2015), deriving worst-case bounds for
dynamic regret without imposing additional assump-
tions is infeasible. Consequently, we introduce regular-
ity conditions on the non-stationarity of the problem.

We employ two distinct metrics to quantify non-
stationarity: the path length, denoted by Pr € Rx,
which indirectly measures fluctuations in the cost func-
tions through the comparator sequence {w:}thl, and
the cost function temporal variation, denoted by Vp €
R>g, which directly quantifies changes in the cost func-
tions themselves. We formally define these measures
as follows:

T
Pr £ ZHQ}: =1, (path length) (6)
=1

T
Ve 2 S0 = foslloos  (temporal variation) ()
t=1
and we adopt the following assumption.

Assumption 3. The policy P has access to the requ-
larity measures Pr and Vp.

This assumption makes explicit the side information
used to tune the algorithm. In Section 5.3 we show
how to remove this requirement.

Incomparability of Regularity Assumptions.
The two non-stationarity measures, path length Pr
and temporal variation Vp, are complementary, each
capturing a different aspect of the non-stationarity of
the cost functions. Path length quantifies the cumu-
lative variability of the cost functions along a com-
parator sequence, whereas temporal variation directly
measures fluctuations of the cost functions themselves.
These measures are inherently incomparable: there ex-
ist cases where Vp grows linearly with time (Vp =
Q(T)) while Pr remains constant (Pr = O (1)), as
well as cases where Vr is bounded (Vr = O (1)) but
Pr grows linearly (Pr = Q(T)). Concrete examples
are provided in Appendix G

Fundamental Limits. Under this problem, the con-
strained setting strictly generalizes the unconstrained
one. Therefore, the known lower bound for uncon-
strained dynamic regret directly transfers to this set-
ting:

Proposition 1. ((Chen et al., 2025), (Besbes et al.,
2015)) For given T ,n,Vp, Pr satisfying T > n > 2
and Vp < T/n, the regret for any policy P is lower
bounded as

R(P) =Q (min{vj%“TQ/?’, \/ﬁ}) C(8)

The Q (v/PrT) term is established by (Chen et al.,
2025), while the ((VT)1/3T2/3) term follows from the
analysis of (Besbes et al., 2015). Combining the two
yields the stated lower bound.

4 BCOMD POLICY

Our policy incorporates a Lagrangian function defined
as U(x,\) £ fi(x) + Ags(x). The first term mini-
mizes the cost function, while the second term penal-
izes soft constraint violations through the Lagrangian
multiplier, which serves as an importance weight. Op-
erating in a challenging bandit setting, we estimate the
gradient of this function with respect to the distribu-
tion & € {,, but compute the gradient with respect
to the dual variable A exactly.

4.1 Gradient Estimators

In the bandit feedback setting, we construct unbiased
estimates of the gradients of the expected loss function
fi(x) and constraint g;(x) using the following estima-
tors:

ft = f(at)x;;teat’ gt = g(at)x;;teat' (9)

Here, a; denotes the action selected at time step ¢, and

e, represents a unit basis vector aligned with action
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Algorithm 1 BCOMD: Bandit-Feedback Mirror Descent
with Time-Varying Constraints.

Require: Initial distribution @1 = 1/n, Initial dual variable A\; =
0, Mirror map ® : D C R™ — R, Learning rate n € R>(, Shift
parameter v € [0,1/n]

: Assign Q as in Eq. (17).

fort=1,...,T do

Sample action a;y ~ x4
Incur fi(a¢) and g¢(at)
constraints 5
Construct estimates f; and g: (9)

W — %eat > Stabilizer to ensure non-negative
,at

pseudo-costs

> Bandit-feedback costs and

7. by +— & + f-t + Xtg: > Gradient estimate of W(-, \;) at @
8: Yiq1 — (VO) 1 (V®(z,) —nby) > Adapt primal variable
9: Tpp1 Hgn,«,ﬁD (yt+1) > Bregman projection onto ¢y, 4
10: Atg1 — ()\t + ugt (u,t))Jr > Adapt dual variable
11: end for

a¢. The gradient estimates are unbiased, i.e.:
Eona [f(at)xglea} = vft(w)a

The same property holds for the constraint gradient
estimates g;.

(10)

Online Gradient Descent (OGD) methods are standard
tools in online learning (Hazan, 2016; Shalev-Shwartz,
2012; McMahan, 2017). However, they are not appli-
cable in our setting: their O(\/T ) regret guarantees
hinge on a bounded second moment of the (possibly
stochastic) gradient estimator. Under bandit feedback
over the simplex this condition fails—the second mo-
ment is unbounded,

sup {EM [Hftng] Lz c @n} — (11

whenever fi(a) > 0 for some a, since taking z, — 0
makes the estimator explode. In this regime, the
Euclidean-norm variance terms that appear in OGD
analyses (Hazan, 2016) can diverge in the bandit
regime, and consequently no meaningful regret bounds
can be established. While two-point (or multi-point)
bandit schemes can control this variance (Chen and
Giannakis, 2018), such feedback is unavailable in our
setting.

To address this challenge, we propose leveraging the
online mirror descent (OMD) framework. OMD al-
lows us to employ the same gradient estimates while
departing from Euclidean geometry. A notable exam-
ple is the EXP-3 policy for adversarial bandits under
static regret and no constraints setting (Hazan and
Levy, 2014) constitutes a specific instance of OMD
that employs an entropic setup and the gradient esti-
mate defined in Equation (9), achieving sublinear re-
gret bounds.

4.2 Mirror Descent Policies

We propose a policy that employs OMD framework
to address the challenge of controlling estimator vari-

ance. The core principle of mirror descent is the dis-
tinction between two spaces: the primal space for vari-
ables and the dual space for supergradients. A mirror
map connects these spaces. Unlike standard online
gradient descent, updates are computed in the dual
space before being mapped back to the primal space
using the mirror map. For several constrained opti-
mization problems of interest, OMD exhibits faster
convergence compared to OGD (Bubeck, 2011, Sec-
tion 4.3). Within our specific context, we will estab-
lish that appropriately configured OMD yields tighter
regret bounds with gradient estimators where OGD
fails. The OMD policy is well-defined under the fol-
lowing assumption.

Assumption 4. Let ® : D — R be a mirror map,
where D C R™ is an open, convex set. We assume
that ® is compatible with the simpler geometry and
satisfies the following standard regularity conditions:

1. The probability simplex &, is contained in the clo-
sure of the domain, i.e., >y, C closure(D), and it has
a nonempty intersection with the interior domain,

tnND # 2.

2. The function ® s strictly conver and continuously
differentiable on D, namely ® € C*(D).

3. The gradient mapping induced by ® covers the entire
dual space, i.e., V®(D) = R".

4. The gradient norm diverges as one approaches the

boundary of the domain: |V®(z)| — 0o as ¢ — ID.

A map & satisfying these properties is termed a mir-
ror map. In particular, the above assumption implies
the existence of the inverse of the mapping induced by
gradient V@, and the uniqueness of the Bregman pro-
jection step in Line 9 Algorithm 1. Formally, defined
as

Definition 1. Let & : D — R be a mirror map. The
Bregman projection associated to a map ® onto a con-
vex set S is denoted by 11 : R" — S, is defined as

I (y') £ argmin Dy (y, '), (12)
yeS

where Do (y,y') = ®(y) — 2(y') = VO(y') - (y —y/) is

the Bregman divergence Do : D x D — R associated

to the map P.

Our policy, detailed in Algorithm 1, iteratively up-
dates the action distribution. This update is informed
by an OMD step that incorporates a gradient estimate
of the cost function and a weighted gradient estimate
of the constraint function (Lines 8-9, Algorithm 1).
Crucially, we dynamically adjust the weights applied
to the constraint function’s gradients based on a cu-
mulative measure of constraint violation (Line 10, Al-
gorithm 1).
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4.3 Entropic Instantiation

We derive our primary results for the entropic OMD
algorithm. This specific instance employs the negative
entropy mirror map ® : D — R defined as

x) = Z z; log(z;)
i=1

It is readily verified that this mapping satisfies As-
sumption 4.

forz € DERY,. (13)

We define the algorithm’s domain as the restricted sim-
plex &y = &p N [y,1]". This construction ensures
that the probability of selecting any action remains
above a predetermined threshold, . This parame-
ter is crucial for establishing the algorithm’s theoreti-
cal guarantees. Intuitively, v controls the algorithm’s
exploration, which is essential for adapting to distri-
bution shifts and rapidly identifying optimal actions.
We present our primary regret bound achieved by Al-
gorithm 1 when configured with entropic OMD. For-
mally,

Theorem 1. Let cr = min{\/]TT, VT1/3T1/6}, w o=
1/(MVT), n = max{1,cr} /(MVT), v = 6(T~/?),
and M = 4 (32 41 ’
and 3, the policy P produced by Algorithm 1 satisfies

Ry (BCOMD) = O (min { VPrT, VT1/3T2/3}) :
0 (BCOMD) = O (\/T) . (14)

Under Assumptions 1, 2,

We employ the operator O (-) as a variant of the stan-
dard big-O notation, O (- ), where logarithmic factors
are omitted. A sketch of the proof is provided in the
following section. The full proof is deferred to the Ap-
pendix.

When decision-makers possess limited knowledge of
optimal path length (Pr) and temporal variation (Vr),
we propose a meta-algorithm designed to learn these
parameters in Section 5.3.

5 FORMAL ANALYSIS OF
PERFORMANCE GUARANTEE

We start by presenting various technical lemmas that
support the main proof.

5.1 Supporting Lemmas

The history H; of Algorithm 1 is fully characterized by
its random actions and received feedback up to time ¢
given by:

Hi £ {(aSafs(as)7gs(a3))}se[[tﬂ . (15)

Lemma 1.
map (13

Under the negative entropy mirror
), the primal iterates of Algorithm 1 satisfy

E [D<1>(-’Bt7 yt+1))7{t—1} < 1L5p°n(1+ A7 + Q7).

Proof sketch. We obtain the lemma by instantiating
the Bregman divergence induced by the negative-
entropy mirror map. Using an appropriate upper
bound, we show that the expected discrepancy be-
tween the iterates x; and y;+1, measured in this di-
vergence, remains bounded. This guarantee is specific
to the mirror-descent geometry and does not extend
to OGD, where the analogous term reduces to the Eu-
clidean norm of the (estimated) gradients and need not
be bounded. O

The full proof is deferred to Appendix C.1.

Lemma 2. Under the negative entropy mirror
map (13), for any t € [T] the variables A\, and x,
in Algorithm 1 satisfy the following inequality:

E [T (xs, A) — Uy, At)] (16)
(17! (Do (2, 2:) — Do (®,2141))]
2u HO0 =22 = O = 07

<E

+E|(

+E [(n ' Do (e, y111) + 1/2) ], for @ € ton, A > 0.
Proof sketch. We derive the following lemma by ex-
ploiting the linearity of the function ¥ with respect to
its arguments & and A. Since both iterates produced
by Algorithm 1 are driven by gradient algorithms,
with carfeul analysis we can bound the above differ-
ence with respect to the update rule of OMD over the
distributions and standard OGD over the constraint
weights. O

The full proof is deferred to Appendix C.2.

Lemma 3. Under the negative entropy mairror
map (13), the dual variables N, for t € [T] in Al-
gorithm 1 are bounded by

log (y~1 3 1 3n 2
Qém)(”>+nn+u+n++1,
p n 2p° 2p p P
(17)
forn < Q72 and p € Rsyg.

Proof sketch. We establish the following Lemma by

contradiction. Assuming the existence of a t = g
such that \; > ), we demonstrate, in conjunction with
Lemma 2, that this assumption is untenable. O

The full proof is deferred to Appendix C.4.
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Lemma 4. Let v € Ryg and {m;,y}tT:l be the projec-
tion of the comparator sequence (3) onto (>, . Under
the negative entropy mirror map (13), the primal de-
cisions {a:t}thl of Algorithm 1 satisfy the following:

T
> (Da(} ., i) — Do (7, i11)) (18)
t=1

T—1
< log(1/4) (1 +23 iy - w:|> )
t=1
Proof sketch. We extend the standard mirror descent
analysis of Bubeck (2011) to establish the above rela-
tionship. Specifically, for fixed comparator sequences,
we derive telescoping terms upper-bounded by the
range term log(n), coinciding with the diameter of our
set under the Bregman divergence associated with the
negative entropy mirror map. In contrast to the clas-
sical approach, our analysis for non-fixed comparator
sequences highlights the indispensable role of the pa-
rameter v > 0 in deriving regret guarantees within the
dynamic setting. O

The full proof is deferred to Appendix C.6.

Lemma 5. Consider a comparator sequence
{ut}gzl € oL, Under the negative entropy mir-
ror map (13), Algorithm 1 has the following regret
guarantee under Asms. 1 and 2 for 8 = n(3/2+ 30?),
n= \/"L and 1o > log(n)/\/2:

th at) — fi ut)] (20)

(1og<n> +210g(1/7) 1 e = wesa )

< BT
Mo
T

+107/BT + 29T + ’% (21)

Proof sketch. We employ Lemmas 1 through 4 for this
proof. Specifically, summing Lemma 2 from ¢ = 1 to
T and setting A = 0 completes the argument. O

The full proof is deferred to Appendix D.1.

Lemma 6. Assume that \y < Q for allt € [T]. Fiz
an arbitrary comparator sequence {u;}i_, € &L We
run Algorithm 1 with the negative-entropy mirror map
n (13). Let B = n(3/2 + 3Q2) and set n = no//BT
with g > log(n)/v/2. Under these choices, we obtain
the following regret guarantee.

th at ft ’U,t) SQTlo\/ﬁiT“‘Q’YT"‘%
410g(1/'7)TVT
T(n)/Q]l (Er). (22)

— 2_log(n
where Ep £ (ZtT:llHut — Uy > %).

Proof sketch. We extend the argument of Lemma 2 in
Jadbabaie et al. (2015) to complete the proof. O

The full proof is deferred to Appendix D.2.

5.2 Proof of Theorem 1

Proof. Combining Lemmas 5 and 6, we obtain

[Z felas) = fi ut)] (23)

— min {2770 BT + %, (24)
log(n)/2 + log( )P

( - T)+no JB?}+27T+%

(25)

We mnext set n = no/v/BT with 1y =
min{\/Pr, VT1/3T1/6}/M, choose u = 1/(MVT),
and take v = ©(T~'/2). Substituting these parameter
choices into the preceding bound yields

=0 (min{m, V%/3T2/3}) .

(26)

lth as) — fi(uy)

For the cumulative constraint violation, note that the
dual update implies

pE {)\t+1 - /\t)Htfl} > gi(xt). (27)

Therefore, for p = ©(T~

T T
E|> gia)| =E lz gt(mt)] (28)
t= . t=
<E lz p'E [At-i-l - /\t‘rﬂt—l}
t=1

— i Bl <ple=0(VT),  (30)

1/2) we have

(29)

where the penultimate inequality uses E[Ar41] < Q.

Finally, our choice of M ensures that < Q72 (Ap-
pendix C.5); hence, Lemma 3 guarantees that the
dual iterates remain bounded by 2, which justifies the
bound in (30). This completes the proof. O
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5.3 Meta-Algorithm for Learning Path
Length and Temporal Variation

We eliminate the need for prior knowledge of Pr or
Vr by employing a meta-algorithm (MBCOMD in Algo-
rithm 2 in the Appendix). The time horizon is parti-
tioned into geometrically growing phases Z,, of length
L, =2m"1 form=1,...,M = [logy,T]. In each
phase Z,,, we run K, = [log, L,,| instances of BCOMD
from a geometric grid. At the beginning of every
phase, the dual variable is reset. The meta-learner
maintains a mixture distribution over these experts
and aggregates their predictions. Bandit feedback is
broadcast to all experts, enabling them to update via
entropic mirror descent with appropriate expert-level
losses (see Algorithm 2 in the Appendix).

Bandit with Expert Advice (Meta-Bandits).
Formally, let A be the action set as before and £ the
expert set with |€] = K. At each round ¢: (1) each

expert k € £ outputs a distribution a;gk) € Oa; (2) the
learner samples and plays action a; ~ T € pg;
(3) the learner observes the bandit feedback for a;
and constructs unbiased estimates of cost and con-
straint; (4) the learner updates **** and the internal
states of the experts. The regret in this setting sat-
isfies O (\/nL log K) over any block of length L (see
Lemma 21 in Appendix), i.e., sublinear in the number
of actions n and only logarithmic in the number of ex-
perts K. In our setting, K,, = ©(log L,,), so the per-
phase overhead is O(v/nLy, log K,;,). Summing across
phases with the doubling schedule gives a global over-
head O(v/nTloglogT), which is absorbed into O(-).

Theorem 2 (Adaptive regret and violation via dou-
bling). Under Assumptions 1 and 2, MBCOMD (Al-

gorithm 2 run across phases m = 1,...,[logyT])
achieves
R (MBCOMD) = @(min {\/ET2/3, VT1/3T7/9}) ’
2, (MBCOMD) = O(VT). (31)

The full proof is provided in the Appendix E.

6 NUMERICAL EVALUATION

We conclude with a numerical evaluation demonstrat-
ing the effectiveness of our proposed policy.

Policies and Hyperparameters. We implement
our proposed policy, BCOMD, in Algorithm 1 under
the entropic setup. We configure the hyperparam-
eters of BCOMD as follows: 7 € [1073,4 x 1072],
v € [1075,1073], and p = n/2, and Q@ = 0. Ad-
ditionally, we implement the R-GP-UCB policy (Deng
et al., 2022a) as a benchmark. This policy employs

‘WH‘H \H‘ | H‘\‘ ]H“I\ “I\ “\H‘H 0.7
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Figure 1: Non-stationary Trace Generation Setup.
The underlying function changes every 2 x 103 times-
lots for six times.

Gaussian Processes (GP) coupled with an Upper Con-
fidence Bound (UCB)-inspired exploration strategy.
For R-GP-UCB, we adopt a windowed restarting ap-
proach. For R-GP-UCB, we tune the five hyperparam-
eters A € [5x 1072,107Y, W € [2 x 10,8 x 103,
§ € 10745 x 1072], R € [1,2], 7 € [1073,1072].
To ensure fairness, we maintain a consistent resolu-
tion across all hyperparameter grids during the search
process. We run the experiment on Intel(R) Xeon(R)
Platinum 8164 CPU (104 cores).

Non-Stationary Setup. We construct a demonstra-
tive example with n = 25 arms. A synthetic en-
vironment was constructed with fixed cost and con-
straint functions as initial conditions; each arm is as-
sociated with costs f(a) = 1 + sin(n(a/(n — 1))) and
g(a) = 0.51(a < n/1.5) —1/4. To introduce non-
stationarity, the cost and constraint values were cycli-
cally shifted by five arms within each time window
of length W = 2 x 102, repeating this process six
times. The constraints are truncated to values within
[—103,00). Gaussian noise £ ~ N(0,0.1) was added in-
dependently to the function values at each timeslot to
simulate real-world variability. The trace is depicted
in Figure 1.

Discussion. We execute both BCOMD and R-GP-UCB
policies on the generated trace. Figure 2 (a) presents
the simulation results corresponding to the optimal
hyperparameter values identified through grid search.
The figure clearly demonstrates the superiority of our
approach by achieving concurrently lower cumulative
costs and constraint violation. Furthermore, we show-
case in Figure 2 (b) the robustness of BCOMD by visu-
alizing the learned distribution over arms across time,
which reveals the policy’s ability to identify optimal
and feasible actions in diverse time slots.
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Figure 2: Subfigure (a) illustrates the cumulative
costs and constraint satisfaction of both BCOMD and
R-GP-UCB policies under a non-stationary environ-
ment. Subfigure (b) presents the action distribution
A acquired by the BCOMD algorithm.

7 CONCLUSION

In this work, we present a novel primal-dual algorithm
that extends online mirror descent by incorporating
tailored gradient estimators and robust constraint han-
dling. We provide rigorous theoretical analysis estab-
lishing sublinear dynamic regret and sublinear con-
straint violation for our proposed policy. Our empiri-
cal findings corroborate our theoretical results, demon-
strating state-of-the-art performance in terms of both
regret and constraint violation.

As avenues for future research, we propose exploring
the impact of different mirror maps on algorithm per-
formance. In particular, we are interested in investi-
gating the Tsallis entropy map as a potential alterna-
tive to the standard entropy map. This exploration is
motivated by the promising results reported in the lit-
erature (Zimmert and Seldin, 2021), where the Tsallis
entropy map has been shown to achieve optimal regret
bounds in both adversarial and stationary stochastic
settings without requiring involved concentration rea-
soning. Secondly, we intend to assess the adaptability
of our proposed methods to a wider range of bandit
problem formulations, such as combinatorial bandits
and bandit-feedback submodular maximization. By
incorporating time-varying constraints, we anticipate
addressing a broader spectrum of real-world applica-
tions.
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A Standard Preliminaries: Bregman Divergences and Projections

A.1 Three-Point (“Pythagorean”) Identity for Bregman Divergences

Lemma 7. Let ® : D — R be differentiable and let Dg be the associated Bregman divergence (12). Then for
any x,yY,z € D,

Do (z,y) + Da(z,2) — Da(2,y) = (VO(z) = VO(y)) - (z — 2). (32)

Proof. Expand the Lh.s. expression via the definition of Bregman divergences in Eq. (12):

Dq’(w’y)—I_D‘I’(sz)_D@(z,y) (33)

= (2(z) - 2(y) — VO(y) - (z — y)) + (2(z) — () — V() - (2 — x))

—((z) —2(y) - Ve(y) - (2 — y) (34)

= (Vo(z) - VO(y)) - (z — 2). (35)
We conclude the proof. O

A.2 Bregman Projection Inequality
Lemma 8. Firy € D and let x = 1% (y) be the Bregman projection of y onto X. Then for all ¥’ € X,
Dg(x',y) > Do(x', ). (36)
Proof. First, we show that the following holds
(VO(y) —VP(x)) - (' —x) <0 vz’ eX. (37)
Since x = I1% (y) = argming, . v Do (2, y). The first order optimality condition Bubeck et al. (2015) gives:
VaDo(x,y) - (x — ') <0, V' € X. (38)
By taking VoDg(x,y) = VO(x) — V&(y) completes the proof of the first part. Second, Lemma 7 gives
Dg(z,y) + Do(z',x) — Do (', y) = (VO(x) — VO(y)) - (x — ') <0, Vo' e X. (39)
Where the inequality is obtained from the preceding part. This concludes the proof. O

A.3 One-Step Online Mirror Descent Inequality

Lemma 9. Let x € X be arbitrary. At time t, given a gradient (or subgradient) by, the OMD update rule (1)
with state x; satisfies

b (@ — @) < % (Da(z, 1) — Da(@, @441) + Da(@r, ypen)) (40)

Proof. The OMD algorithm satisfies:

b (0 — ) =+ (VO(@) — V() - (@1 =) (41)
< % (Do (x, ) — Do (2, Yit1) + Do (4, Tr41)) (Lemma 7) (42)
< % (Do(x, ) — Do (x, 2141) + Do (x4, T411)) - (Lemma 8) (43)

This concludes the proof. O



Tareq Si Salem

B Specialization to Negative Entropy

B.1 Negative Entropy Mirror-Map Regularity

The mirror map ®(x) = Y1 ; z;logx; defined on D = R satisfies each of the required conditions in Assump-
tion 4, as detailed below.

The probability simplex 4\, is contained in the closure closure (D) and intersects D non-trivially (&, ND # @).

The function @ is strictly convex and continuously differentiable on D. This follows since, for each coordinate,
the mapping ¢ — tlogt has strictly positive second derivative on (0, 00).

The gradient of ® is given component-wise by V& (x) = (1 +logxy, ..., 1+log xn)T. Consequently, V® maps
D onto R™: for any y € R", choosing z; = e¥ ! yields V®(x) = y.

e As x approaches the boundary of D, at least one coordinate satisfies x; — 0%, which implies logz; — —oo;
hence, |[V®(z)| diverges as x approaches 0D.

B.2 Negative-Entropy Mirror Map and Multiplicative Update

Lemma 10. The iterates generated by Algorithm 1 and negative entropy mirror map (4) on cost functions
t . t . .
{fs}io1 and constraints {gs},_, satisfy the following:

Yip1 = (aft,a exp (_ngt’a))aeA ,t e [T] (44)

Proof. The gradient of the map ®(x) = ), 4 4 log(z,) is given by V®(x) = (log(x,) +1),c 4. Thus, the
inverse mapping of V@ : RY, — R" is given by

(V)" ®(@) = (expla — 1)yen- (45)
Thus, Line 8 in Algorithm 1 yields the following update rule
Yir1 = (exp((log(xtya) +1)— nl;t,a — 1))a€A = (exp(log(xm) - ngt’a))aeA = (zm exp (fnz)t’a))aeA. (46)

This concludes the proof. O

B.3 KL-Diameter Bounds on §,

Lemma 11. Consider &1 = 1/n € {,. The Bregman divergence Dg under the negative entropy mirror map
® (13) has the following upper bounds

De(z,x') <log(1/7), for z, x’ € p,. (47)
Dg(x, 1) <log(n) for x € {y. (48)

Proof. First upper-bound. Take z, &’ € ¢, . The Bregman divergence under the negative entropy over the
simplex is the KL divergence:

Zxalog( ) 3" g log(ra) +Zlog< ) (49)

acA acA acA
< Z x4 log(xy) + Z zq log ( - ) (50)
= = min {x ca’ € A}
1
= GEZAZG log(z,) + log (min o e A}> (51)

<iog (1), (52)
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The last inequality is obtained considering that the negative entropy is non-positive over the simplex and
min {2/, : ' € A} = 7 for any &’ € £, . Recall that &, , = &, N [y,1]4. The equality holds for a sparse
point = e, and a near sparse point &’ = 3. c 4\ (o3 7+ (n — 1)7eq for some a’ # a € A.

Second upper-bound. The decision ®; minimizes the negative entropy ®, corresponding to a maximum
entropy scenario. By the first-order condition Bubeck et al. (2015), we have —V®(x1)(x — x1) < 0 as x;
minimizes a convex function.

Consequently, we derive the following upper bound for the Bregman divergence:

Do(x, 1) < seué) ®(x) +log(n) < log(n). (53)

This inequality holds due to the non-positivity of ®(x). The equality holds for sparse points in &, N{0,1}". O

B.4 Quadratic Upper Bound for Entropic Bregman Divergence

Lemma 12. Let the map ® be the negative entropy (13). The Bregman divergence Do (x,y) of variables € >y
and y, € zq,e% for b, € R and a € A is upper bounded as follows.

1 n
D{D(may) S 5 ;x(l (ba)27 fOT n € ]RZO (54)

Proof. From the definition of Bregman divergence (12)

Dg(z,y) = Z T4 log(z,) + zeeb (log(zq) + ba) — Z (log(wa) + bg + 1) - (w4 — xaeb“) (55)
acA acA
= Z zq (e — by — 1) = Z 2a&(ba), (56)
acA acA
where £(s) = exp(s) — s — 1. Considering that £(s) < 32 for s € R<g concludes the proof. O

C Specialized Bounds for the Bandit Primal-Dual Analysis
C.1 Conditional Bregman Divergence Bound
Lemma 13. Under the negative entropy mirror map (13), the primal iterates of Algorithm 1 satisfy

3n°n

5 (1+ A+ Q). (57)

E [Dé(mtayt+1)’7'[t—l} <

Proof. At each timeslot ¢, we sample an action a from the action space A with probability x + ¢,a. The update
rule for OMD is provided in Lemma 10. We subsequently compute the expectation of the bound presented in
Lemma 12.

1 . 2 2 302 | 3ffa | 2390a
E [D(D(ﬂlt, yt+1)’Ht—l] S iE [Z xt,a (Ubt . ea) ’Ht_1‘| § % Z xia <.’L‘2 + :E2t, + )\? x2t~,
acA acA t,at t,a t,a

3n°n

- 2

(1422 +02). (58)

We used in the second inequality the fact that (z +y + 2)° < 3z + 3y + 3z. This concludes the proof. O
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C.2 Primal-Dual Saddle-Point Inequality

Lemma 14. Under the negative entropy mirror map (13), for any t € [T] the variables Ay and x; in Algorithm 1
satisfy the following inequality:

E[Pi(x, \) — Uy(x, \)] < E [71] (Do (x,x:) — Do(x, 21 41)) + i (()\t _ )\)2 — (Aeg1 — )\)2)}
+1E[<D‘I>(wj7’yt“)+’;>}, for & € Py, A > 0. (59)

Proof. Given any \; > 0 the function W(-,\;) is linear, so the following holds

\I/t($, )\t) — \Ilt(:vt, )\t) = qujt(wt, )\t) . (il) - $t). (60)
Given any x; € {, the function W;(xy, -) is linear, so the following holds
OV (xy, A
(x4, \) — U(@p, Ae) = % (= A (61)
Combine the preceding equations to obtain:
OV, (g, A
\Ilt(a:, >\t) — \I/t(mt, )\) = Vm\Ift(a:t, )\f) . (CC — $t) — % . ()\ — )\f) (62)
Note that from the dual update rule we have
A= Aep1)? < A= N — pgelan)® < (A= M) + 12 (gear)® = 2pge(ar) (A = Ar). (63)
This gives
OV (g, A
DU (4 ) = gi@)h = M) = E [gula) (A — A1) (69)
1
SE oo (= 2 = (= 2)?) + 4 (anan)? o (65)
1
<E [2 (A=2)% = (A= Ng1)?) + “!HH} . (66)
0 2
Consider the following:
[ OV (s, A
E[W (2, \) — Uy(x, \)] = E |V Uy (@, \) - (@ — ) — % (A — At)} (67)
—E b (x— 1) — gilar) - (A — At)} (68)
- i
<E ﬂ (()\ — M) = (A= >\t+1>2) + 2]
1
+E p (Da(z, ) — Do (x, 2411) + D@(fﬂt,ytﬂ))] . (69)

The first equality is obtained from the Eq. (62). The second equation holds since b, and gt(ay) are unbiased
estimators of the gradients VW, (xy, A¢) and %
concludes the proof.

, respectively. The inequality follows from Lemma 9. This

O

C.3 Dual Drift Inequality

Lemma 15. Under the negative-entropy mirror map (13), the iterates of Algorithm 1 satisfy, for some x* € (>,
guaranteed by Assumption 2,

1 2 2 1 * * 3nn 2 2y | M
VE[ ] <2 B[]+ 1 (B De(a" @) - Dalat ) + (0B 19+ 5) . 0
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Proof. From Lemma 2, we have for any & € {,:

E[W,(@1,0) — Uy (a, A)] < E [ (Do (@, @1) — Do(®, z011)) + i (2 - Am)} iR KD@(”%M N Mﬂ

n i 2
(71)
Rearranging:
—E Ay = A7] + E[We(a,0) — Tyl Ar)] (72)
<E % (Do (@, ;) — Do (@, 2141)) + (D‘I’(“”j?y”l) + g) ] (73)
<E {’17 (Dcp(.’ll .’Bt) ch(.’l),mt.l,.l)) + <3ZTL(1 +E [)\2] + 92) g)] . (74)

Consider a feasible action &* which always exists for all ¢ € [T] from Assumption 2, we note that g:(z*) < —p.
~E [Afp1 = A7) (75)

* 1 * * 377” 2 2
SE\fil@) + Agi(@i) = fl@i) + 2 (Do (@, @1) = Do (@, @i11)) + | 5= (L+ A+ 07 + 2 (76)

<E [2 —pAi + % (Do (x*,x) — Do(x*, @111)) + (37;”(1 + A7+ Q%) + g)} : (77)

This concludes the proof. O

C.4 Uniform Bound on the Dual Iterates

Lemma 16. Under the negative entropy mirror map (13), the dual variables A, for t € [T] in Algorithm 1 are
bounded by

log (y* 3 1 sno 2
gelelT) (py de, 1 o0 2 (78)
p n) 20 20 p p

forn < Q2% and p € Rsyp.

Proof. Our proof adopts a similar logical structure to that presented by Chen and Giannakis (2018) for the
Euclidean setting.

First case (t < 1/p). Consider that 1 <¢ < i, then the following holds
M< N a+p<ut<1<Q. (79)

Second case (1/p <t < T). Assume that i t <T, we prove the claim by contradiction. Assume that Tj is
the first timeslot for which A; > . Therefore, it holds that )\T 1 < Q < Ap,. This yields

m

“;M—‘

Z A2, - a2 = HE [/\QTO —X ] >er-e o (80)
=To—

1:\H

Use Lemma 15 and Lemma 18 and sum from Ty — i to To — 1 for the points x* satisfying the Slater’s condition 2
for t € [Tp — i, To] to obtain

To—1 -1 To—
2 lo 3 3 3
LS Epe, - <2 Y E[At]+w+ﬂ+ﬂ §j E[72] + ""QQ+§ (81)
t TO,, t:Tofi n t— TO**
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Note that since Ay, > Q then we have

)\To—s > Q- Sit, (82)
where s < i This gives:
To—1 To—1
1
> ]E[At>—fu dosz——— (83)
t:To—i t= Tg—f M M
Thus,
To—1 —1 2
1 2 o p log(v')  3gn 3m0? 1
- EDN,, - X <-4 b= 100y + 2. 84
Mk;l At =] noopon n 21 7 2 (84)
“To—1
From Eq. (80) and consider n < Q72
2 lo o3 3mQ? 1
0< 2P, 0 Y8 0T) S IiP (55)
[ n 2p J 2
2 Q lo 337 3n 1
<2 0 p g7 3m 30 1 (86)
poooHp n 20 p 2
Multiply each side by %
2 log (y~! 3nn 3n
0<2 _qi14 B0 3 3 g (87)
p on 20 p  2p
This gives
log (y71 3n 1 3n 2
Q<gM(“>+ ot —n+ 24410, (88)
P n 20" T2 T T T

which is a contradiction. Then, such Ty < T for which A; > € does not exist, so \; < Q,Vt < T. We conclude
the proof.

O
C.5 Stability of the Dual Iterates

2
Lemma 17. Letn e N, p >0, and T > 1. Define M =4 (3"+2 + 1) For any scaling constant cr € [1, \/T],

set the learning rate n = M\/T’ the dual learning rate p = M\/T’ and the restriction threshold v = T~Y/2. Let
be defined as in Eq. (78):

lo -1 3 1 3 2
Q:g(v)<“>+nn+u+n++1.
p n 2p° 2p PP
Then, for all T > 1 and all ¢y € [1,V/T), the following condition holds:
1
0*< - 89
; (89)
Proof. Let K = (% + 1) so that M = 4K?. Substituting v = T1/2, n = MC—\T/f, and p = Mi/? into the
definition of §2 yields
lo -1 3 1 3 2
o le07) <”>-nn+u+++l
p n) 2 2p p
log(T) 1 <3n 2 > 3ner +1
= _ _ + —
20 cr p P 2pM~T
log(T) ) 3ner +1 1
= + K A C + B C .
( ZPCT ( T) 2p\/T ( T) M
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Since cr € [1,VT), we have B(cr) < Buax with

B N 3nVT + 1
max 2p\/T .

Define the upper envelope

log(T Bmax
o 108(T) | g, :

Qmax
ax(er) 2pcr M

so that Q < Quax(cr) for all admissible cp. Therefore, it suffices to show

Write Qumax(cr) as a+ B/cr where

Biax 3nvT +1
K4 VT +

A
a= K+ = _— =
M 2p0VTM 2p

Then (92) is equivalent to

Expanding,

2
¢(c):a20+2aﬁ+?, c> 0.

(94)

(95)

The function ¢ is strictly convex on (0,00) because it is the sum of an affine term in ¢ and the strictly convex

term ¢ — (32 /c. Hence, over the compact interval [1, VT ], its maximum is attained at an endpoint:

e 9(¢) = max {o(0),6(vT)}.

Thus, it suffices to verify (94) for ¢y € {1, \/T}
Case 1: ¢y = V/T. Using log(T)/vT < 1 for T > 1 and M = 4K?, we obtain

Qmax(\/f) =K + log(T) 37’L\/T+ 1

20T 20V TM

1 3n+1 1 3n+1
<K+ — =K+ — .
- +2p+ 2pM 2p+ 8pK?

To show Qumax(VT)? < M = 4K?, it is enough to prove Quax (V1) < 2K. By (97), it suffices that

1 3n+1 1 3n+1
K4+ —+—F<2K & —+4+—= <K
+2p+ 8pK?2 — 2p+ 8pK? —

Multiplying (98) by p > 0 gives

1 3n+1
< oK.
5 T 8rz =°

Since pK =3n +2+4 p > 3n+2 and K? > 1, we have

1 3n+1
R

3n+1 3n+5
—+ =

1
< Z <3n+2<pK
-2 8 8 7 " =P

(96)

(98)

(100)
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where 325 < 3n + 2 holds for all n € N. Hence Quax(vVT) < 2K and thus ¢(vT) < MVT.

Case 2: ¢y = 1. Here n = #ﬁ’ 50 (94) becomes Qax(1)? < MVT, equivalently Quax(1) < 2K, T4 since
M =4K?. Using M = 4K? and T > 1,

log(T) = 3nVT +1

Qm X 1) =K+
(1) 2p 20V TM
log(T) 3n+1 log(T) 3n+1
<K =K . 101
<K+ = = S =t R (101)

Moreover, ghby < %% < K (since K > **2), 5o from (101),

log(T
O (1) < 28T o (102)
2p
Using log(T') < 4T"* for T > 1, we obtain
2
Qmax(1) < ;TI/A‘ +2K. (103)

Finally, K = % +1> % implies %T1/4 < KTY*, and also 2K < 2KT'* since T'/* > 1. Applying both
bounds to (103) yields

Qmax (1) < 2KTYV4, (104)

MVT.

which implies ¢(1) <
Since ¢(cr) < max{ } < MV/T for all ey € [1, VT), we conclude Q2 < 1/n for all valid T and ¢z, O

C.6 Telescoping Bound for Drifting Comparators

Lemma 18. Let v € Ry and {a:;‘ﬁ}tT:l be the projection of the comparator sequence (3) onto {>, . Under the

negative entropy mirror map (13), the primal decisions {sr:t}thl of Algorithm 1 satisfy the following:

T T-1
Y (Da(a} @) — Da(] . 2e41)) < E+2log(1/7) Y llziyy — 27|, (105)

t=to t=to

where & =log(n) when tg =1 and £ = log(1/v) for tg > 1.
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Proof. Consider the following:

T

Z (D (., ) — Do (., @111)) (106)
t=to
T-1
< Do(@ @) — Do(af, @r11) + Y (Da(@yy 1) — Do(@,, ®ii1)) (107)
<e <0 =t
T-1
<6+ Y (Vi )~ V(@) - (24, — 2,) — Dalaf,. iy, (108)
= —
T-1 -
<E+ Y (V@) = VO(®is1)) - (@741, — 27 ,) — Da(@,, @5y ) (109)
t=to Cauchy-Schwarz’s Ineq. >0
T-1
<6+ Y V(i) — VO(@) @iy — wisl (10)
=t < 2log(1/7)
T-1 T-1
< £+ 200g(1/7) Y lwir , — i, s < €+ 210817 Y iy — i, 1. (1)
t=to t=to
This concludes the proof. O

D Regret Guarantees

D.1 Regret Bound in Terms of Comparator Path Length Pr

Lemma 19. We assume that Ay < Q,Vt € [T]. Given a comparator sequence {ut}tT | in the simplex (T, we apply

Algorithm 1 under the negative entropy mirror map (13). For 8 =n(3/2+3Q2), n = \/’707 and no > log(n)/v?2,

we establish the following regret guarantee:

T log(n) + 2log(1/7) 320 lwe — e |
£ |3 Ala) - lwo| < | Ee b)) v
+2(1+Q)7T+§. (112)

Proof. Consider the following:

T T T T T T
E [Z filar) =Y ﬁ(m:)] —E > E [fla)[Hia| =D fila@d)| =E [ filw) - foa::)] (113)
t=1 t=1 t=1 t=1 t=1 t=1
T T
<E > fulz) Z +2(1 4+ Q)T (114)
t=1 t=1
It holds from Lemma 2 and Lemma 18
T T
D E[Tilea, \) = Walah  A)] = DB [We(@e, A) — U@ 1 M) (115)
— t=1
1 T—1 , uT T B
E log(n) +2log(1/7) Y _llws — el + A% | + > T > E[n ' Da(as, yr41)] (116)
t=1 t=1

It remains to bound the expectation of Dg (s, yi+1). Lemma 1 and Lemma 3 gives:

3n°n

E [ Do (@, yen) [Hia| < 2521+ 202). (117)
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Thus, it holds

T
ZE [\Ilt(eflm)‘) \I/t( 'yt7>\ )] (118)
t=1
1 - T
< p <log( + 2log(1/7) Z lus — w1 + >\2> + % +nn(3/2 + 3Q*)T. (119)

Substitute the definition of the Lagrangian with for A = 0 to obtain the following

T T
ZE (Uy(ea,s A) — Wy(xh 1, M) [ Hea] = ZE (U (@, A) — Wy (@ 1 M) He] (120)
. T T .
=3 fulas) = fila ) = Y Mgl ) (121)

The comparator point xj € (¢, satisfies gi(z7) < 0, so the projected point x} . satisfies gi(z7 ) < 2yn. This
gives

T T—1
> Sl ffat) < % <log<n> + 2log(1/7) 3 e - umnl) + B (32 + 3077 + 29m0T. (122)

Replace n with n = \/7707 in the preceding equation to conclude the proof. O

D.2 Regret Bound in Terms of Temporal Variation Vp

Lemma 20. Assume that \y < Q for all t € [T]. Fiz an arbitrary comparator sequence {u;}1_, € &L, We run
Algorithm 1 with the negative-entropy mirror map in (13). Let B = n(3/2 + 3Q2) and set n = no//BT with
no > log(n)/v/2. Under these choices, we obtain the following regret guarantee.

T
E [Z fe(a) — ft(ut)‘| < 2nov/ AT + W <Z|Ut vl IOgIE)f/(W))/Q>
wl

+2(1+ QT + 5 (123)

Proof. We adapt the proof of Lemma 2 in Jadbabaie et al. (2015) for our analysis. To begin, we define the
following set. Define the following set

T—1 2
~log(n)/2
S L - < o — 0872 <0,tell 124
UT {ulv ,ur € O t:Zl”ut ut+1||1 = log(l/’y) 7gt(ut) = 07 € [ ] ( )
and
T
* T .

{ui}io, € argming, \r > filu). (125)

t=1

The choice of 79 > log(n)/+/2 indicates that the fixed comparator with zero path length is in Uy so Uy # @,
and in term the sequence {uf}tT:1 exists.
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Lemma 5 yields the following regret bound:

lth at ft Ut <E lth at ft Ut
wl

t=1
<3770\/57T+th uy) — fi Ut)+2(1+ﬂ)’yT+7

+th uy) — fr(ug)

T-1

— log(1/7)

2 _ n
< 3n0/BT + (Z i) - ft<ut>> 1 (th il > ”1g(>/2> v201 47 AL
t=1

where the last step follows from the fact that

th wl) — fe(ug) <0 if (ug,...,ur) € Up.

(126)

(127)

(128)

(129)

Divide the time-horizon to B batches of equal lengths, and pick a fixed comparator within each batch. This

yields:

T
> llue = wiga|ly < 2B.
t=1

(130)

Take B = BE0/2 o ¢ argming v, wy<0 fi(®@), and any fixed t; € Tp 2 [(k — 1)(T/B) + 1,k(T/B)] we

2log(1/v)
have

T T
Zf (uf) = frlw) < Z (uf) — fi(=y)
=1

Z — fi(x})
=)

IA
@ WMm TTMU: i

GRS ACH)

T

B
) Z X{ft wtk ft(w:)}-

IN

We now claim that for any ¢ € Ty, we have

flxr) = fulxp) <2 sup (@) = foor()|

s€Txk ZELR

We prove the claim by contradiction. Assume otherwise then there must be ¢ such that

fo(@h) = fr(®F) >2 ) sup [fo(@) = foa(a)]

s€Tx 2ELn

which gives

fla} ) < fi(xr )+ > sup |fo(@) — foar()]

sETk ZELR

< fo (@) = Y sup [fi(@) — for(@)] < fil}).

SE.T]-C TENn

(131)

(132)

(133)

(134)

(135)

(136)

(137)

(138)
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Algorithm 2 MBCOMD: Meta (Agnostic) Bandit-Feedback Mirror Descent with Time-Varying Constraints.

Require: K,, = [logy L,,], grid for k € [K,.]: ex = 2%, p =
nmeta = 9(L1/?) (Mk is selected as in Theorem 1)

Mk\/le’ n*) = Mkc\/kLm*v v = O(L;Y), and 42t = ©(L;Y/3),

1: Initialize 2 = 2L-1; for all k € [Kpn]: @it) = 11; X, = 0. > phase Z,, with Ly, = |Zn| and £, = min (Z,,)
2: for t =tp,,...,t +L —1do
3: Each expert outputs wik) € By
4: mlﬁneta _ Zk m;neta,(k) (k)’ sample ag ~ wlns-t’x
5:  Observe fi(ar), ge(a); st fr = fgé::;eat, g0 = thehiea,.
sat
6: For each k: BcoMp(®) (Algorithm 1) step with estimators ft, g+ and step 77( k), ; project onto By, -
(k)
7 Meta update: m(k) x ?]Ltt: Fo(ae); y:flm (k) 1;11eta,(k) exp( nlnetdmik)), w;lj:td _ H@,, meta (yz;flta) (KL projection onto
at “Ym

@n‘,yynyjlcta)
8: end for

The preceding relation for ¢ = ¢, violates the optimality of definition of f;(x;, ). Thus, we have

r
2 i) = il < (5 )ZmaX{ft zi,) — fi(@))} (139)
(5 )ZZ sup |f, (@) — fo-1(a)] (140)

k=1s€Tx 2ELn

T _ 4log(1/)TVr
2 (B) I= leg(n)2

We conclude the proof. O

| /\

(141)

E Adaptive Meta-Algorithm

E.1 Meta algorithm MBCOMD

We eliminate the need for prior knowledge of Pr or Vp by employing a meta-algorithm. The time horizon is
partitioned into geometrically growing phases Z,, of length L,, = 2™~! for m = 1,..., M = [logy T']. In each
phase Z,,, we run K,,, = [logy L,,| BCOMD from a geometric grid. At the beginning of every phase, the dual
variable is reset. The meta-learner maintains a mixture distribution over these experts and aggregates their
predictions. Bandit feedback is broadcast to all experts, enabling them to update via entropic mirror descent
with appropriate expert-level losses (see Algorithm 2). Formally,

Theorem 3 (Adaptive regret and violation via doubling). Under Assumptions 1 and 2, MBCOMD (Algorithm 2
run across phases m =1,...,[logy, T']) achieves

R (MBCOMD) = @(min {\/PTT2/3, VT1/3T7/9}) , (142)
207 (MBCOMD) = O(VT). (143)
Before providing the full proof, we establish the following Lemma for the meta learner.

E.2 Meta-Learner Regret Within a Phase

Lemma 21. Within a phase I of length L, Algorithm 2 satisfies

th at) ] — mm Zl:( ) i = ( nlog(K)L), (144)

€Kl 2
tel

where the expectation is taken over the algorithm’s randomness.

Proof. We provide the proof in five main steps.
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Main inequality. Applying Lemma 2 to the unconstrained instance (A = Ay = p = 0) gives, for any x™°%*
@K?

E[\If (wmeta 0) \I}t (mmeta,*7 0)} < E[ 1 (Dq; (iL,rnetau,*7 (L’?leta) _ Dq)(wmeta Sk x?jreica))} (145)

(€]

+ e B[ Do (2%, y197) ] (146)

(2

Bounding the divergence term (1). The comparator sequence {&™****}, _/ is fixed. Then by Lemma 18,
the telescoping structure implies

SUE[(1)] < H% log(K). (147)

tel

Bounding the variance term (2). From Lemma 1, we have

E Dq>( meta’y;rflta)

Ht71:| < % meta lz xmeta mt . ‘Ht 1‘| . (148)

]; ‘?EZ;Q 1{a = a;} is the importance-weighted

For expert k, the estimated loss is my j, = xt ay ft(at) where f,(a) =

estimator. Thus, 1, = a:§ ). ft and

()2 (zw ) <> ol i (Jensen)
Averaging over experts:

Z xmetm mt k < Z x?,llgta Z ngCa At<a)2 — Z (Zx?;tang“a>ft(a)2 — Z ;C?’l;ta f‘t(a)Q’ (149)

since et =3~ x;nftazt

Taking expectation over a; ~ &t

at)? as)?
lzx?etaft ‘Ht 1 ZE{Ifgfam’Ht—l}ZE{f;;eil HH} (150)
_ meta ft
=) mem Zf (151)

a

As shown earlier, the variance factor satisfies

[Z et 2, ’HH] < n (152)

Hence,

> E[(2)] < np™*nL. (153)
tel

Combining bounds. Summing over ¢ € Z, we obtain

D E[T (2, 0) — Ty (2, 0)] < e log(K) + n™°**nL. (154)
tel
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Unrolling the definition of ¥; gives

1
th(wineta) _ ft(xmeta,*) < - log(K) +7’]metanL. (155)
nme a
tel

Optimizing the learning rate. Choosing ™% = G)( %) yields

Z fe(@e™) — f(x™*) = O ( nlog(K)L) ) (156)
teT

This concludes the proof. O

E.3 Proof of Theorem 3

Proof. We begin by analyzing the regret of a fixed base learner, then quantify the additional regret introduced
by the meta algorithm in searching for the best such learner, and finally combine these results to obtain the
overall regret over the horizon T

Fixed Base Learner (Phase 7). For a fixed base learner k* € [K] with a fractional state x; and intermediate
(yet unprojected) state y; the following holds

Z Tt,q (UBt : €a>2 ‘Ht—1‘| <
acA

1
E [Dé(mtayt+1)‘rﬂt—1:| < EE

2 2 2 9
n meta 30 3ft a 2 3gt a 2 2 ( 1 )
72:‘%‘(1 Tt,a + - +A : < 1n’n(3/2 + 30 _ 157
2 ((xii‘staf (wmetny® 7 (quenay? ) = 8/ ) e (157)

The factor ﬁ represents the additional cost introduced by the meta algorithm at this stage, which propagates
through the analysis and ultimately worsens the regret bounds. From Lemmas 5 and 6 we have the following
regret bound on the base algorithm:

. ~ Pr VzL L
R (BCOMD(k >) =0 <min {I, 12} + ) : (158)
noon ymera
The learning rate is selected to be n = 19/cz, then we have
. ~ P, VzL L
R (BCOMD(k >) =0 (min {ICI, 2 } + R ) . (159)
Mo Mo ymetier

Take cz = O(L?), o = © (min { V/P7, Vz/*L1/°} ), and ymeta = ©(T~1/2).

* ~( . [Pr VzL noL ~ (.
Rr (BCUMD(k )) =0 <m1n {770627 2 } + ’Ymetacz) =0 (mln {\/PILQ/?’,VIUSLWQ}) ) (160)

Meta- and Base-Regret Decomposition and Overall Regret. By Lemma 21 and the previous result (160),
within Z,,, we have

E Z ft(at)] < min Z wgk) -fi+C/Lylog Ky, (161)
t€Tm Yo,
< Z fi(xr)+ O (min {\/PILz/?’, V11/3L7/9}) + C+/Lp,log K,p,. (162)
teZ’VrL
Summing over m = 0,..., M — 1 and noting that the comparator sequences concatenate across phases, we get

T T M—1 M1
B> filan)] = filap) < 30 O (min{/Pr,., 122 viPLIPY) + € Y VI log Ko (163)
t=1 t=1 m=0

m=0
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We bound the two sums separately.

Path-length branch. By Cauchy—Schwarz,

M-1
- () - PR e
m=0 m

where we used Ly, =2™ and T =Y L, = ©(2M), and 3 La/® = O((2M)1/3) = o(T*/3).

Variation branch. Apply Holder with (p,q) = (3, %)

- 1/377/9 1/3 7/9)-3/2)\ */* 1/3 7/6)%/3
SvPL < (v, ) (e )T =y () (165)
m=0 m m m
Again with L,,, = 2™, > LS = O((2M)7/6) = o(T™/%), so
S vl = o (iR (166)
Therefore,
M-1
(mm{ Pr. L3, V1/3L3,{9}) < @(min{\/ETW?’, VT1/3T7/9}), (167)
m=0

since ), min{am, by} <min{)"  am, >, bm}.
Meta overhead. With K,, = [log, Ly,] and L,, = 2™,

M—-1

Z /Ly log K, < Z V2™ log(m + 1) (2M/2\/1ogM) =06(\/TloglogT), (168)

which is absorbed into O(-) and is dominated by the main terms for nontrivial 7.

4. Plugging (167) and (168) into (163) gives the stated regret bound
T T )
E[th(at)] —min Y fi(@}) < O(min{\/PTTQ/g, VT1/3T7/9}> (169)
t=1 =

and the /T loglog T meta overhead is suppressed in O.

For the cumulative violation, the per-phase guarantee remains O(/L,,) by linearity of g;(-) and Theorem 1,
hence

T M—-1
E[zgtmt)] ~ Y 0L = O (170

This completes the proof. O

F Computational Complexity

F.1 Time Complexity and Projection Implementation Details

Algorithm 1 instantiated with the negative-entropy mirror map can be implemented in polynomial time. In
particular, Lines 5-8 and 10 consist of elementary vector operations whose runtime is linear in the number of
actions, |A| = n. The dominant computational cost arises from the projection step onto the truncated simplex
On,y- Given a membership oracle for ¢, , such a projection can be carried out in polynomial time; see, e.g.,
Hazan (2016). Moreover, since the projection problem is convex, it admits efficient iterative solvers that achieve



Tareq Si Salem

arbitrary accuracy. Stronger guarantees are also available: there exist strongly polynomial-time algorithms for
this projection problem; see Gupta et al. (2016, Theorem 3).

In our setting, the projection can often be performed in overall linear time by first normalizing y as y' = y/||y||1
and checking whether y' € ¢, 4, i.e., whether y, > « for all « € A. If this condition holds, then y’ already
equals the projected point and no further computation is required.

G Comparing Variation Measures

G.1 Incomparability of Pr and Vp

In this section, we adapt an illustrative construction from Jadbabaie et al. (2015) to show that Vp and Pr are
not, in general, comparable quantities, even when all losses lie in [0, 1].

We first give an example in which Vr <« Pr. For each round ¢ > 1, define the loss vector f; € [0,1]™ by
ft = (0, %, 1,...,1)if t is even, and f; = (%,O7 1,...,1) if t is odd. Let &} € argmingep, (ft, ) be an optimal
comparator at round ¢. Since the identity of the minimizer alternates between the first two vertices of the
simplex, the path-length satisfies Pr = Q(T'), whereas the per-round change in the loss vectors is only on the
order of 1/T', implying Vpr = O(1).

Conversely, consider a two-action instance (n = 2) with losses in [0,1]? given by f; = (0,1) if ¢ is even and
I = (0, %) if ¢ is odd. Here, action 1 is optimal at every round, so one may choose x} constant over time and
obtain Pr = O(1), while the loss sequence changes by a constant amount each round, yielding Vi = Q(T).

Together, these examples show that neither Vp nor Pr admits a general dominance relationship over the other.
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