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ABSTRACT

Federated Learning (FL) is an emerging learning paradigm that preserves privacy
by ensuring client data locality on edge devices. The optimization of FL is chal-
lenging in practice due to the diversity and heterogeneity of the learning system.
Despite recent research efforts on improving the optimization of heterogeneous
data, the impact of time-varying heterogeneous data in real-world scenarios, such
as changing client data or intermittent clients joining or leaving during training,
has not been well studied. In this work, we propose Continual Federated Learning
(CFL), a flexible framework, to capture the time-varying heterogeneity of FL.
CFL covers complex and realistic scenarios—which are challenging to evaluate
in previous FL formulations—by extracting the information of past local datasets
and approximating the local objective functions. Theoretically, we demonstrate
that CFL methods achieve a faster convergence rate than FedAvg in time-varying
scenarios, with the benefit being dependent on approximation quality. In a series of
experiments, we show that the numerical findings match the convergence analysis,
and CFL methods significantly outperform the other SOTA FL baselines.

1 INTRODUCTION

Federated Learning (FL) has recently emerged as a critical distributed machine learning paradigm to
preserve user/client privacy. Clients engaged in the training process of FL only communicate their
local model parameters, rather than their private local data, with the central server.

As the workhorse algorithm in FL, FedAvg (McMahan et al.,2017) performs multiple local stochastic
gradient descent (SGD) updates on the available clients before communicating with the server.
Despite its success, FedAvg suffers from the large heterogeneity (non-iid-ness) in the data presented
on the different clients, causing drift in each client’s updates and resulting in slow and unstable
convergence (Karimireddy et all [2020b). To address this issue, a new line of study has been
suggested lately that either simulates the distribution of the whole dataset using preassigned weights
of clients (Wang et al.| 2020; [Reisizadeh et al., 2020; Mohri et al., 2019 L1 et al.,|2020a)) or adopts
variance reduction methods (Karimireddy et al., 2020bja; |Das et al., 2020; Haddadpour et al., 2021)).
However, the FL formulation in these approaches always assumes a fixed data distribution among
clients throughout all training rounds, while in practice this assumption does not always hold because
of the complex, uncontrolled, and unpredictable client behaviors. Local datasets, for example, often
vary over time, and intermittent clients can join or depart during training without prior notice.

The difficulty in addressing the time-varying heterogeneity of FL lies in the stateless nature of the local
datasets, which includes the unpredictable future datasets and the impossibility of retaining all prior
local datasets. To this end, we first provide a novel Continual Federated Learning (CFL) formulation
and then propose a unified CFL framework as our solution. This framework encompasses a variety of
design choices for approximating the local objective functions in the previous training rounds, with
the difference between actual and estimated local object functions described as information loss for
further analysis.

To capture the time-varying data heterogeneity in the CFL framework, we expand the theoretical
assumption on the client drift—which has been extensively utilized recently in Karimireddy et al.
(2020b)); Khaled et al.|(2020); |Li et al.|(2020b)—to include both client drift and time drift. This allows
us to quantify the difference between local client objective function and global objective function for
the considered time-varying heterogeneous clients.

We provide convergence rates for our unified CFL framework in conjunction with information loss and
new models of both client and time drifts. Our analysis reveals a faster convergence of CFL framework
than FedAvg, with the benefit dependent on approximation quality. The rate of FedAvg obtained from
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our framework is consistent with previous work, while a similarly simplified rate on Continual Learn-
ing (CL) (Frenchl [1999; Kirkpatrick et al.,[2017)) for the convex and strongly convex cases is novel.
Finally, in extensive empirical results, we demonstrate that CFL. methods—stemmed from the CFL
framework with different approximation techniques—significantly outperform the SOTA FL competi-
tors on various realistic datasets. These numerical observations corroborate our theoretical findings.

Contribution. We summarize our key contributions below.

* We present a unified framework, termed Continual Federated Learning (CFL), together with a
novel client and time drift modeling approach, to capture complex FL scenarios involving time-
varying heterogeneous data. This is the first theoretical study, to our knowledge, that describes the
time-varying nature of FL.

» We provide rigorous convergence analysis for the CFL methods. Our theoretical analysis explains
the faster and more stabilized optimization of the CFL methods over that of FedAvg, and conjecture
their variance reduction effect. In addition, we provide tight convergence rates for standalone CL
methods on convex and strongly-convex problems: to the best of our knowledge, we are the first
to provide such guarantees for CL on SGD.

* We examine several approximation techniques for CFL framework: the insights therein offer a
valuable practical guideline. We demonstrate the efficacy and necessity of CFL methods over the
SOTA FL baselines across a range of time-varying heterogeneous data scenarios and datasets.

2 RELATED WORK

Federated Learning. FedAvg (McMahan et al.| 2017;|Lin et al., [2020b) is the de facto standard
FL algorithm, in which multiple local SGD steps are executed on the available clients to alleviate
the communication bottleneck. While communication efficient, heterogeneity, such as system
heterogeneity (Li et all 2018; Wang et al., 2020; [Mitra et al., [2021; Diao et al., 2021) and
statistical/objective heterogeneity (Li et al., 2018} |Wang et al., [2020; Mitra et al., 2021} |Lin et al.
2020a; Karimireddy et al.||2020bza)), results in inconsistent optimization objectives and drifted clients
models, impeding federated optimization considerably.

A line of work has been proposed to address the heterogeneity in FL. FedProx (L1 et al., 2018)
adds the regularization term on the distance of local and global models when performing local
training—similar formulations can be found in other recent FL. works (Hanzely & Richtarik| [2020;
Dinh et al}|2020; L1 et al.| 202 1)) for various purposes. To address the issue of objective heterogeneity
e.g. caused by heterogeneous data, works like SCAFFOLD (Karimireddy et al.,[2020b}; Mitra et al.|
2021)) introduce the idea of variance reduction on the client local update steps. FedNova (Wang et al.}
2020) further proposes a general framework for unifying FedAvg and FedProx, and argues that while
averaging, local updates should be normalized to minimize heterogeneity induced by different number
of local update steps. However, most of these prior works focus on the fixed heterogeneity across
clients and throughout the entire optimization procedure; we instead consider the novel scenario with
time-varying data heterogeneity.

The theoretical study on the convergence of FedAvg can date back to the parallel SGD analysis on
the identical functions [Zinkevich et al.| (2010) and recently is improved by [Stich| (2019); |Stich &
Karimireddy| (2020); [Patel & Dieuleveut| (2019); [Khaled et al.| (2020); [Woodworth et al.| (2020b). For
the analysis of heterogeneous data, [Li et al.| (2020b) first give the convergence rate of FedAvg on
non-iid datasets with random selection, assuming that the client optimum are e-close. Woodworth
et al.[(2020a)); Khaled et al.|(2020) give tighter convergence rates under the assumption of bounded
gradient drift. All above works give a O (1/T") convergence rate for convex local objective functions.
More recently, Karimireddy et al.|(2020b)); Koloskova et al.| (2020) give the convergence analysis of
local SGD for non-convex objective functions under bounded gradient noise assumptions, and obtain
a O(1/+/T) convergence rate. Our theoretical analysis framework covers more challenging time-
varying data heterogeneity in FL, which has not been considered in the community yet—our rate can
be simplified to the standard FL scenario, matching the tight analysis in [Karimireddy et al.|(2020b).

Continual Learning. Continual learning, also known as incremental learning or lifelong learn-
ing, aims to learn from (time-varying) sequential data while avoiding the problem of catastrophic
forgetting (French, [1999; Kirkpatrick et al., [2017)). There exists a large amount of works, from
the perspectives of regularization (Kirkpatrick et al.,[2017;|Li & Hoiem, 2017} |Zenke et al.,|2017),
experience replay (Castro et al., 2018}, |[Rebuffi et al.| |2017)), and dynamic architectures (Maltoni &
Lomonaco, |2019j Rusu et al.,[2016). In this paper, we examine both regularization and experience
replay based methods, and compare their empirical performance in depth.
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Despite the empirical success, the theoretical analysis of CL is limited: only a very recent preprint (Yin
et al.,|2020b) provides a viewpoint of regularization-based continual learning, and only for the single
worker scenario. In this work, we provide tight convergence analysis for both CL and CFL on SGD.

Continual Federated Learning. To our knowledge, the scenario of CFL was originally described
in Bui et al.| (2018)) in order to federated train Bayesian Neural Network and continually learn for
Gaussian Process models—it is orthogonal to our optimization aspect in this paper.

FedCurv (Shoham et al.| 2019) blends EWC (Kirkpatrick et al., 2017) regularization with FedAvg,
and empirically shows a faster convergence. FedWelT (Yoon et al.|[2021) extends the regularization
idea, with a focus on selective inter-client knowledge transfer for task-adaptive parameters. In a very
recent parallel (and empirical) work, CDA-FedAvg (Casado et al., 2021) uses a locally maintained
long-term data samples, with asynchronous communication; however, this design choice lacks
sufficient numerical results to justify the performance gain (even over FedAvg) and it cannot be
applied to more general scenarios. Our theoretically sound CFL framework covers the regularization
component of FedCurv and the core set part of CDA-FedAvg, and is orthogonal to the neural
architecture manipulation idea in FedWelT.

3 CONTINUAL FEDERATED LEARNING FRAMEWORK

3.1 FORMULATION

Conventional FL. Formulation. The standard FL typically considers a sum-structured distributed
optimization problem as below:

J* = ming g [f(w) = T pifi(w)] M

where the objective function f(w) : R? — R is the weighted sum of the local objective functions
fi(w) := Ep, [F;(w)] of N nodes/clients, and p; is the weight of client i.

In practice, it may be infeasible to select all clients each round, especially for cross-device
setup (McMabhan et al.l 2017; Kairouz et al.,[2019). The standard FedAvg then randomly selects S
clients to receive the model parameters from the server (S < N) in each communication round and
performs K local SGD update steps in the form of wy ; p = wy i k—1 — M(V fi(Wiik—1) + Veik—1)s
with local step-size 7; and gradient noise v/ ; 1. The selected clients then communicate the updates

Awy ; = wy; g — w; with the server for the model aggregation: wy41 = w; — %’ Zle Awy ;.

Continual FL Formulation. Despite its wide usage, the standard FL formulation given in Equation
(T) cannot properly reflect actual time-varying scenarios, such as local datasets changing over time
or intermittent clients joining or leaving during training. To address this problem, we propose the
Continual Federated Learning (CFL) formulation:

[ = ming ez [F@) = T Ties, prifa(@)] (CFL)

where f; ;(w) represents the local objective function of client ¢ at time ¢. S; is a subset of clients
sampled from all clients set €2, where |S;| = S. For the time-varying scenarios, client i could have
different local objective functions f; ;(w) due to the changing local datasets on different ¢.

3.2 APPROXIMATION OF CFL

The challenge of addressing formulation stems from the stateless nature of the local datasets,
which include unpredictable future datasets, as well as the difficulty of keeping all the previous local
datasets. The original definition of is theoretically and empirically infeasible. To handle the
second case (while ignoring the intractable former), a straightforward approach is to approximate
the prior local objective functions (Kirkpatrick et al., [2017; Zenke et al.,|2017; L1 & Hoiem| 2017,
which may be accomplished by retraining information from earlier rounds in accordance with privacy
protection standards. Thus, we can express the approximated CFL formulation as:

ft* = min,, cpd {ft(w) = Ziest peifri(w) + th;l1 Ziest pTvifT’i(w)} ’ @

where f“(w) denotes the approximated local objective function of client ¢ at time ¢. In practice,

different approximation methods can be used to calculate f, ;(w), and we refer the detailed illustration
and discussions of these approximation algorithms in Section Sectionﬁg and Appendix @l
We give the formal definition of CFL framework in Algorithm|I} CFL methods are a collection o

methods that make use of different approximation techniques and are based on Algorithm (1| We

retrieve the objective function of conventional Continual Learning (CL), by setting S = 1 in (2).
Take note that in most cases, the previous local object functions cannot be properly approximated.

Due to the fact that such approximation impairs optimization, we define the information loss below.
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Algorithm 1 Approximated CFL Framework

Require: initial weights wo, global learning rate 7, local learning rate 77;, number of training rounds 7'
Ensure: trained weights wr

1: forroundt =1,...,7T do

2: communicate w; to the chosen clients.

3: for client i € S; in parallel do

4: initialize local model w; ;0 = wy.

5: fork=1,...,Kdo

6: Gt,i (Wt ik—1) = (pt,ivft,i(wt,i,kfl) + Zi_:ll pT,iva,i(wt,i,kﬂ)) + Uik
7 Wik — Wi k=1 — MGt,ik (Wt k—1)-

8: communicate Aw; ; < Wy i Kk — We.

9: Aw; + ¢ > ics, Awri.

10: ‘ Wit — wi + Aws.

Definition 3.1 (Information Loss). We define the information loss as the difference between the
approximated local objective function f; ;(w) and the real local objective function f; ;(w), i.e.

At,i(w) = me(w) - Vft,z(w) . (3)
In practice, we use || Ay ;(w)]|, to measure the information loss of different approximation methods.
We show large information loss can impede the convergence theoretically (c.f. Theorem .T)) and
empirically (e.g. Figure[I]in Section[5.2).
3.3 GRADIENT NOISE MODEL

To analyze Equation (2)) and Algorithm [I]in-depth, we propose the Gradient Noise Model (Equation
@) to capture the dynamics of performing SGD with data heterogeneity. We first recap the standard
definition of gradient noise inSammut & Webb| (2010); |(Gower et al.| (2019).

Gradient noise in SGD. For objective function f(w), the gradient with stochastic noise can be
defined as V f(w) = g(w) + v, where g(w) is the stochastic gradient, and v is a zero-mean noise.

Client drift in FL. To analyze the impact of data heterogeneity, recent works (Karimireddy et al.,
2020bj; |[Khaled et al., 2020; |Li et al.,2020b)) similarly use the gradient noise to capture the distribution
drift between local objective function and global objective function:

Vf(w) =Vfi(w) +6:, ©)
where §; is a zero-mean random variable which measures the gradient noise of client 3.

Client drift and time drift in CFL framework. In (CFL), we use {¢,i} pair instead of i to
represent client ¢ at time ¢. Considering the distribution drift in the dimension of client and time, we
further modify the gradient noise model in FL as,

Viw)=Vifi(w)+ 0+ & (5)

Note that we extend the gradient noise to two terms: d; ; and &; ;. 0; ; is a time independent (of ),
zero-mean random variable that measures the drift of client ¢. The zero-mean &; ; measures the drift of
client ¢ at time ¢: this value of client ¢ may change over time ¢, due to the time-varying local datasets.

Remark 3.2. We assume different &; ; are independent to simplify the analysis. We also empirically
examine the performance of CFL methods under overlapped time-varying local data in Section[5.2}
3.4 ASSUMPTIONS

To ease the theoretical analysis of (CFL)) framework, we use the following widely used assumptions.
Assumption 1 (Smoothness and convexity). Assume local objective functions f; ;(w) are L-smooth
and p-convex, i.e. 5 |wy — ws® < Fri(wr) = fri(wa) = (Vfri(ws),wi —wa) < &l — wsl|%.
A widely used corollary is that if a function f;; is both L-smooth and p-convex, then it satisfies

2

3z IV fei(x) = ViII" < fei(x) = frily) = Vfei(x)"(x —y),and L > p.

Assumption 2 (Bounded noise in stochastic gradient). Let g, ; 1 (w) = V fii k(W) + vy i, where
Vi ) IS the stochastic noise of client i on round t at k-th local update step. We assume that

E[v|w] = 0, and E [Hun2 |w] <o
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Table 1: Number of communication rounds required to reach ¢ 4 ¢ accuracy for p strongly convex and
general convex functions under time-varying FL scenarios (Assumption [TH). We can recover the rates in
conventional FL setups by setting D = 0 and A = 0. Note that ¢ = 0 in FedAvg. Our convergence rate of
FedAvg matches the results in Karimireddy et al.|(2020b). Our SGD rate of CL on strongly-convex case is novel.

Algorithm Strongly Convex General Convex
SGD ,
o 1
R ~Rz T
FedAvg
Li et al.|(2020b) ‘12 \ = + M _
2 2 2 2
Khaled et al.|(2020) z :;Kt”‘ + vt;j;? | A o m{:n‘ peteyD N(a>+5%)
.. 1 cp cp 2 G‘Z
Karimireddy et al.|(2020b) “13715 + iffD 4+ 2 *z m 4+ G+D 4 rn(DE +G7)
T g |, o%c o2c G+D)e ocp
Woodworth et al.|(2020a} K\I}ZL) + g+ inD + H‘}’i T'B + ”\!’g ( *{ ; vE \FIBQ
2 TG+D | ¢ 2 24 p? +G+D
Ours uNKE + < :ED + ‘ﬁ; Vo 1;[3 A+ NK52 +€ :70 + £ B
CL
Yin et al.|(2020b} g (GD) -
: < g < B+ YT . c 224
CFL

2 2
crp caA+G2 5 G teatG? s/<n CpptVCBT ¥CE caAtG2 G +ea+G?
Ours T ;ANK + - ety e t nZe + {2 5 + v ? + 2t =3

_ 2 2 _ _D?R? _ D8
cpg =1+B +A,CA—W,CB—W~

K is the number of local iterations.

N is the number of chosen clients in each round, and

Assumption |I| and|2| are common assumptions in FL (Karimireddy et al.l [2020bj |Li et al., [2020Db)).
Considering a relaxed assumption like the bounded noise at optimum in Khaled et al.| (2020) will be
an interesting future research direction. Besides, we introduce the following assumptions to better
characterize the client and time drifts in CFL framework (i.e. @)).

Assumption 3 (Bounded gradient drift of CFL framework). Let f(w) = V f ;(w)+0¢,;+& i, where
8y, measures client drift and &, ; indicates the time drift of {t,i}. We assume E [§|w] = 0, E [§|w] =

0, and thus E [||5|\2 |w] < G? + B’E||Vf(w)|? and E [Hg”? \w] < D? + A2E||V fi(w)|*

We can derive the corollary from Assumptionthat E {||£||2 |w} <D+ A2G2 4+ A2B2E||V f(w)|°,
which can simplified to E {|\£H2 |w} < D? 4+ A?E||V f(w)]||®, by assuming A% = A2B2, D? =
D24+ A2G2.

Assumption [3| assumes the bounded E {Hé 12 |w} and E {HEHQ |w} in CFL framework, which is

equivalent to the widely used (G, B) gradient drift assumptiorﬂ (Gower et al.,[2019; [Karimireddy
et al.,|2020b)) on the bounded E {H V fi(w) HQ} . We prove this claim in Appendix

Assumption 4 (Bounded information loss). We assume the information loss A ;(w) can be bounded
by an arbitrary non-negative value R, i.e. |A;;(w)| < R.

Remark 3.3. The exact information loss in Assumption]may be intractable for some approximation
methods. In Lemmal[B.3]of Appendix[B-3| we showcase a tight analysis of information loss for Taylor
extension based regularization methods.

4 THEORETICAL RESULTS

In this section, we analyze the theoretical performance of Algorithm [[junder Assumption [TH4] We
prove that CFL methods converges faster than FedAvg, despite that the term (refer to ¢; in Theorem
[.T) induced by information loss concurrently trades off the optimization. Additionally, our results
include the FedAvg rate (and match the prior work) and a novel convergence rate for SGD on CL.
In Table|1} we summarize the convergence rate of different algorithms”| The proof details refer to
Appendix [B.4]and Appendix [B23]

4.1 CONVERGENCE RATE OF CFL METHODS

We start our analysis of Algorithm [I]from the one round progress of CFL methods in the Theorem
stated below.

'The (G, B) gradient drift: E [||Vfl(w)|\2] < G’E [||Vf(w)||2] + B2, where G* > 1and B® > 0.

2To match the notations of prior works that include all clients in all training rounds, we use the abbreviation
N to denote the number of selected clients in each round in this section.
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Theorem 4.1 (One round Progress of CFL methods). When {f; ;(w)} satisfy Assumption and
let n = Kngmi, we have the one round progress of CFL methods as,
1

* 1 *
flwn) = fw) < =(1 = EDE||lw, — w*|? = ZEllwiss — w"|* + 1 + can® +or, ©)
Ui 2 n N—

Az
A

2 Le Lo?2 L 2 2
— g — PG g CR — —
where C1 = QCPG+W+2CR’ Cy = W—FW—FW, Cpg = N E i=1 G +D (E 1p7_z) CR =

~ ZZ 1(27 1 Pr.i)?R%. @y is a constant satisfying oy = (N Zl 1 ZT 1 PR ||wo — w*H)
N is the number of chosen clients in each round, and K is the number of local iterations.

Theorem [.1] shows the one round progress of CFL methods. The A; part of (6) indicates the
linear convergence rate, while the A, part illustrates the worsened convergence induced by gradient
noise and information loss. ¢, is a constant related to the information loss that causes the drift of
the optimum. When the upper limit on information loss R exceeds 0, we cannot reach the exact
optimum due to the approximation error: the iterates instead reach the neighborhood of € + ¢, where

T
p = Zt%qtq% for some sequence ¢;. We show in Section [5|that in practice, the approximation
t=1 9t
methods with small information loss converge much better than methods with larger information loss.

Theorem 4.2 (Convergence rate of CFL methods). Assume {f;;(w)} satisfy Assumption
the output of Algorithm |Z| has expected error smaller than € + ¢, for ng = 1, n; <
V/3+4(1+B2+A2)—/4(1+ B2+ A2) (t—1)R2+D?

D2
KLV A7 » Pri = IDTIG=DRE (T <t),andp; = iD= R O round t.
When { fi ;(w)} are p-strongly convex functions, we have,
T=0(ket vt [y [l @)
and when { f; ;(w)} are general convex functions (1. = 0), we have
C c 3 (& 2
e R RV ®)

and when { f; ;(w)} are non-convex, setting n=Kngn = —V\FI;]LV and when - Zthl E {HVf(wt) Hz}

converge to €, we have

T=0

4
L2(fo—f)2 1 [VEN 2 \? VKN KN)5¢3
(fo f) + ?( CRr1 4 g ) + CR2 +( ) CRZ ; (9)

NEKc2,e L VNEK cmel (eL)3

D?R? D¢ L L
WhereCO:1+A2+B2, CA:G2+W’ CB:W’ Ccc = 2UK+ czA, Cp =

Cr1 = %, Cro = ﬁ, Cm 15 a constant related to A, B and R, and F = ||w0 - *|| .

is the number of chosen clients in each round, and K is the number of local iterations. We elaborate
the choice of py.; in Appendix[B.4.3}

Remark 4.3. When setting N = 1 in Theorem[{.2} we recover the convergence rate of standalone
CL methods. To the best of our knowledge, we are the first to provide such theoretical guarantees for
SGD: the recent work ([Yin et al.| |2020a) only gives the convergence rate of GD for regularization
based CL methods on general convex case, under the constraint of R = 0.

Remark 4.4. For stateless FL scenarios (clients only appear once during training), we can derive

tighter bounds than that of Theorem Applying Lemmal[B.2]to the considered stateless scenario,
2

. ) (G*+D?*)R? (D?+G?)? ca o
become cor = Gy pey gz and cp = gEypryGEyey Where S8+ R 2

To show the faster convergence of CFL methods than FedAvg, we provide the convergence rate of
FedAvg under time-varying scenarios. Results are derived from Theorem [4.1] by setting p; ; = 1.
Note that when p, ; = 1, we can set ¢, to 0.

cq and cg in TheoremH

CA' + " and CA L+ CB 2 corresponds to the rate of strongly convex setting in Theorem

ue

4.2 CONVERGENCE RATE OF FEDAVG UNDER TIME-VARYING SCENARIOS
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Theorem 4.5 (Convergence rate of FedAvg under time-varying scenarios). Assume { fi;(w)} satisfy
Assumption the output of FedAvg has expected error smaller than €, for ng, = 1 and n; <

\/3+4(1+B2+A2)—/4(1+ B2

%) When {fii(w)} are p-strongly convex functions, we have,

6K L\/14+B2+ A2
T=0(ke 4 vt [5), (10)
and when { f; ;(w)} are general convex functions (1 = 0), we have
r=0 (CoF + N A+ °CF2) : (11)
_ 2 2 2 2 Leg _ |2 .
where co = 14+ A* + B?, ¢y = G* 4+ D?, ¢coc = 2K—i— ,and F = ||wp — w*||*. N is the

9
number of chosen clients in each round, and K is the number of local iterations.

Remark 4.6. CFL methods accelerates the convergence by reducing the variance term. As stated
in Theorem[d.2|and Theorem[4.3] FedAvg (under time-varying scenarios) is a special case of CFL
methods by setting p; ; = 1, and we can show by proof (in Appendix that it is equivalent to

setting the upper bound of information loss R — oo (we can also observe this result by setting

R — ocoinpy; = % in Theorem The upper bound R is linearly correlated to

gradient noise, where c4 = G?+ R2 D2 in Theoremmcreases toca =G24+ D2 in Theorem.

5 EXPERIMENTS

In our numerical investigation, we first use the Noisy Quadratic Model—a simple convex model—to
verify our theoretical results stated in Section[d} The results (in Appendix [C.I)) demonstrate that CFL
methods converge much faster than baselines like FedAvg and FedProx, with a smoother convergence
curve. These findings are corroborate Remark [4.6]about the variance reduction effect of CFL methods.
We further provide extensive empirical evaluations below by comparing CFL methods with various
strong FL competitors on different realistic datasets. We explore several approximation techniques
in CFL methods and shed light on achieving practical efficient federated learning with time-varying
data heterogeneity.

5.1 SETUP

Time-varying heterogeneous local datasets. We consider federated learn an image classifier us-
ing ResNet18 on split-CIFAR10 and split-CIFAR100 datasets, as well as a two layer MLP on the
split-Fashion-MNIST dataset. The “split” follows the idea introduced in|Yurochkin et al.|(2019); Hsu
et al.[(2019); Reddi et al.| (2021), where we leverage the Latent Dirichlet Allocation (LDA) to control
the distribution drift with parameter « (See Algorithm[4)). Larger « indicates smaller drifts.

Unless specifically mentioned otherwise our studies use the following protocol. All datasets are parti-
tioned to 210 subsets for 7 distinct clients: all clients are selected and trained for 500 communication
rounds, and each client randomly samples one of the corresponding 30 subsets for the local training—
this challenging time-varying scenario mimics the realistic client data sampling scheme (from some
underlying distributions). Notably, the training strategy used in this section is applicable to all FL.
baselines and CFL methods, and we assess the model performance using a global test dataseﬂ We
carefully tune the hyper-parameters in all algorithms (details refer to Appendix [C.2.T])), and report
the optimal results (i.e. mean test accuracy across the past 5 best epochs) after repeated trials.

Approximation techniques in CFL methods. Below, we review three representative types of
information approximation techniques in CL, and use them to investigate the effect of various
types of information loss under the formulation. We refer to Appendix [C.2.2] for a more
comprehensive introduction and discussion.

* Regularization methods. Instead of keeping datasets from previous rounds, we keep track
the gradients and Hessian matrices of local objective functions, and use Taylor Extension to
approximate the local objective functions in previous rounds. Note that the trade-off between
Hessian estimation and computational overhead constrains the practical feasible of such approach.

* Core set methods. Another simple yet effective treatment in CL lines in the category of Exemplar
Replay (Rebuffi et al.| 2017} |Castro et al., |2018)). This method selects and regularly saves previous
core-set samples (a.k.a. exemplars), and replays them with the current local datasets.

3The training loss/accuracy on (CFL) formulation are closely aligned with that of global test data, as shown
in Figure E]of Appendix @ We here only present the global test results for the common interests in practice.
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Table 2: Top-1 accuracy for different choices of approximation techniques in CFL. We train ResNet18 on
split-CIFAR10 dataset (w/ o = 0.2) for 300 communication rounds, and the dataset is partitioned to 300 subsets
for 10 different clients. All examined algorithms use FedAvg as the backbone.

Algorithm Regularization Methods Core Set Methods Generative Methods
PyHessian Fisher Information Matrix ~ Naive (Small Set)  Naive (Large Set) iCaRL (Small Set) iCaRL (Large Set) MCMC
Accuracy  74.15 4 0.66 73.70 £ 0.39 77.84 +0.06 78.90 &+ 0.09 76.97 £ 0.16 77.09 £ 0.09 74.18 £ 0.08

Table 3: Top-1 accuracy of various CFL methods on diverse datasets for training ResNet18 with 500
communication rounds. In order to observe a noticeable performance difference on Fashion-MNIST, we
use o = 0.1 instead. All examined algorithms use FedAvg as the backbone. Both CFL-Regularization and
CFL-Regularization-Full are regularization based method, and the difference lies on where the regularization
is applied: the full version applies regularization to all layers while the other only considers the top layers. R,
indicates the accuracy of CFL-Regularization, while 2y denotes the accuracy of FedAvg.

Algorithm Accuracy on Fashion-MNIST (%) Accuracy on CIFAR10 (%) Accuracy on CIFAR100 (%)
FedAvg 86.75 £ 0.14 70.51 £0.19 49.97+0.19
CFL-Regularization 87.02+£0.21 70.86 £ 0.31 50.69 £ 0.06
CFL-Core-Set 88.32 +0.12 81.48 +0.24 53.17 +£0.08
CFL-Regularization-Full 77.37+£0.63 33.09 £ 1.45 14.84 +0.12

Metric Improvement on Fashion-MNIST (%)  Improvement on CIFAR10 (%)  Improvement on CIFAR100 (%)
Absolute (R, — Ry) 0.27 0.35 0.72
Ratio (R, — Ry)/Ry) 031 0.50 1.44

* Generative methods. Maintaining a core set for each client may become impractical when learn-
ing scales to millions of clients. To ensure a privacy-preserved federated learning, the generative
models (Goodfellow et al.,[2014) could be used locally to capture the local data distribution: fresh
data samples will be generated on the fly and combined with the current local dataset. For the
sake of simplicity, we use Markov Chain Monte Carlo (Nori et al., 2014) in our assessment.

5.2 RESULTS

Comments on different CFL approximation techniques. In Table [2, we examine the perfor-
mance of several approximation techniques using the split-CIFAR10 dataset. We can conclude that
(1) Core set methods outperform other methods by a significant margin. The simple choice of “naive
core set”, i.e. randomly and uniformly sample data from the local dataset, surpasses the sampling
technique described in iCaRL (Rebuffi et al. 2017ﬂ for CL, despite their faster convergence in
the initial training phase. (2) The quality of Hessian estimation matters for regularization based
methods. PyHessian (Yao et al.,[2020), as a method to approximate diagonal Hessian matrix, is
slightly preferable than Fisher Information Matrix, though the latter one involves less computation.
(3) The performance of generative methods is restricted, and we hypothesize that the poor quality of

generated samples contributes to the constraint.
In the subsequent evaluation, we consider naive core set sampling for CFL-Core-Set method, and use

PyHessian for CFL-Regularization. We exclude the results of generative methods, due to the trivial
performance gain and significant computational overhead.

Understanding various approximated CFL implementations on different datasets. Table
experimentally studies the impacts of various information approximation techniques in CFL methods—
as discussed in Section[5.I}—and compares them with the backbone algorithm of CFL methods, i.e.

FedAvg. We have the following consistent findings on different datasets.
1. The improvement of CFL methods over FedAvg becomes larger for more challenging tasks, as

shown in the bottom of the Table [3] for regularization based methods. This might reflect the
fact that the precision of the information approximation is more crucial for complicated tasks.
Similarly, we demonstrate in Figure[6|(in Appendix|[C.2.3)) that CFL methods offer better resistance
to time-varying non-iid data and the significance of such finding is depending on the task difficulty.

2. For CFL-Regularization method, applying regularization terms on top layers works better than
that on all layers. This observation matches the recent work on decoupling feature extractor and
classifier (Collins et al.,[2021} |Chen & Chao, [2021;|Luo et al., 2021): the bottom layers are more
generic across tasks and can serve as a global feature extractor, while the top layers are subject to
task-specific information.

3. The core-set method consistently outperforms FedAvg and other CFL approximation techniques
by a large margin.

We further investigate the connection between the information loss and the learning performance. We

examine CFL methods with naive core sets, where the degree of information loss’|can be changed

*The algorithmic details of the sampling method in iCaRL refer to Algorithmin Appendix
°We estimate the information loss by using & Ziszl S IAri(w)], where A ;(w) is defined in
Equation @]), S is the number of clients chosen in each round, and ¢ is the number of communication rounds.
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by altering the core set size from 20 to 150, with the same random seed and optimizers. Figure|[l]
depicts that the performance of models is highly linked to the value of information loss: the lesser the
information loss, the higher the performance.

Superior performance of CFL methods over other strong FL baselines. Alongside the com-
parison between CFL methods and FedAvg on various datasets (Table[3), in Table @ we verify the
efficacy of CFL methods over other strong FL baselines, on split-CIFAR10 dataset. We also examine
MimeLite (Karimireddy et al.| [2020a), a method suggested for stateless FL scenarios. Note that
we exclude the results illustration for methods like SCAFFOLD (Karimireddy et al., 2020b) and
Ditto (Li et al., 2021), due to their infeasibility to be applied in our continual scenario

We further relax the difficulty of federated "
continual learning, from challenging non- ~
overlapping time-varying heterogeneous data i
(e.g. in Table 2] and Table [3) to a moderate
time-varying case (i.e. the local data evolves
with the overlapping, while the size of local
datasets stay unchanged). Table [5]illustrates the
performance of FL baselines and CFL methods, e 10

under different degrees of overlapping (the Core setsize

. . . ~ Figure 1: Information loss (left y-axis) and accuracy
construction details refers to Appendix @ (right y-axis) for training ResNet18 on split-CIFAR10

the improvement of CFL methods is consistent i, different core set sizes (x-axis) and o = 0.2.

to our previous results, while the overlap

parameter has no obvious connection with the final global test performance. We believe that both
the overlap degree and the new arriving data influence final performance, and we leave future work
on realistic time-varying FL datasets to gain a better understanding.

Table 4: Comparing the SOTA FL baselines with several CFL methods, for training ResNet18 on split-
CIFAR10 dataset with different degrees of non-iid-ness o (and with total 500 communication rounds).

Information Loss
Accuracy

Accuracy FL baselines CFL methods

FedAvg FedProx MimelLite CFL-Core-Set  CFL-Regularization — CFL-Regularization + FedProx
a=0.1 70.51+0.19 71.57+£0.17 69.55+0.36 81.48+0.24 70.86 £+ 0.31 71.50 +0.07
a=0.2 77.98+0.36 78.40+0.22 78.65+0.26 84.41+0.11 78.76 £+ 0.26 79.04 £+ 0.01

Table 5: Benchmarking FL baselines and CFL methods on different degrees of local dataset overlapping,
for training ResNet18 on split-CIFAR10 dataset. The overlap reduces the degree of non-iid-ness. In order to
observe a noticeable performance difference, we use a larger data distribution gap between rounds (i.e. « = 0.1).

FL baselines CFL methods
Overlap
FedAvg MimeLite CFL-Core-Set  CFL-Regularization
0% 80.66 £0.40 80.78 +£0.07 84.87+0.11 81.27 +£0.38

25% 80.16 £0.01 80.17+0.11 84.66 £0.11 80.67 £ 0.27
50% 79.97+£0.23 80.35+0.39 84.59 + 0.07 80.914+0.25

Investigating other time-varying scenarios. In previous numerical investigations, we examine
the stateful clients and assume that these clients would learn and retain their client states throughout
the training process. The remainder of this section will discuss how to learn with stateless clients (i.e.
each client only appear once). To do this, we change the data partition strategy such that fresh data
partitions are sampled on the fly for each client and communication round.

Table [0 evaluates the above-mentioned scenario. We find that CFL-Regularization methods consis-
tently outperform alternative FL baselines, similar to the observations in Table[d] However, due to the
nature of stateless under the privacy concern, the advancements of core set method in CFL algorithm
cannot be seen in this scenario. Additionally, we discuss the applicability of different algorithms in a
variety of time-varying scenarios in Table 8] of Appendix[C.2.3]

Table 6: Learning with stateless clients, regarding training ResNet18 on split-CIFAR10 with o = 0.2. All
examined algorithms use FedAvg as the backbone. The details w.r.t. CFL-Regularization refer to Appendix[C.2.2]

. FL baselines CFL methods
Algorithm
FedAvg MimeLite FedProx CFL-Regularization ~ CFL-Regularization + FedProx
Accuracy  78.07+0.06 78.47+0.19 78.48+0.05 79.07+£0.25 79.32 1+ 0.07

We also naively adapted and examined these methods, but we cannot observe significant performance gains.
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A TECHNIQUES

Here we show some technical lemmas which are helpful in the theoretical proof.
Lemma A.1 (Linear convergence rate (Karimireddy et al. [2020b, Lemma 1)). For every non-

negative sequence {d,_1},>1, and any parameter iy > 0, T > Pr—r there exists a constant

step-size 1 < Nyax and weights wy = (1 — un)1=t such that for W = ZtT:ll Wi

T+1
1 Wi_1 Wy ~
Spr = — 1-— - — = —Mmaz)) - 12
T WT;( » (1 — pn)di— ndt> O (pdoexp(—pn ) (12)

Lemma A.2 (Sub-linear convergence rate (Karimireddy et al[2020b, Lemma 2)). For every non-
negative sequence {d,_1},>1 and any parameters Nyq; > 0, c1 > 0, ca > 0, T > 0, there exists a
constant step-size 1 < Nmaz SUch that

T+1 2
1 dt,1 dt 2> do 24/ Cld() < d() ) 31
i) :72 — — —+ocan+tec < + +2 e

T T+ ( n o T ) e+ 1) VT 1 T+1) 72

t=1

13)

Lemma A.3 (Relaxed triangle inequality (Karimireddy et al.l[2020b, Lemma 3)). Let {v1,...,v,}
be T vectors in R%. Then the following is true:

1O 1 <
ll;;vill2 < ;Z;Hvill? (14)

Lemma A.4 (Separating mean and variance (Stich & Karimireddyl 2020, Lemma 14)). Let
Z1,Za,...,2, be T random variables in R which are not necessarily independent. First sup-
pose that their mean is E[Z;] = &;, and variance is bounded as E||Z; — &|° < M||&||? + o2, then
the following holds

- 2

YE| <(r+M)> GNP+ 707 (15)
i=1 i=1

Lemma A.5 (Perturbed strongly convexity (Karimireddy et al.l 2020b, Lemma 5)). The following
holds for any L-smooth and pi-strongly convex function h, and any X, y, z in the domain of h:

(Vh(x),2 —y) > h(z) — h(y) + %Ily — 2|~ L|z - x| (16)

E

Lemma A.6. Define S = 2321 Bt where Zle pe = 1, and p; < piy1 then S < Zle 1=
()
).

14
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B CONVERGENCE RATE OF CFL

B.1 BOUND OF GRADIENT NOISE

Lemma B.1 (Bound of Gradient Noise). Suppose f;(w) is the local objective function, and f(w) =
E [fi(w)] is the global objective function. Define V f(w) = V fi(w) + s;, E[s;] = 0, and assume

E [Hg||2 |w] < A’ {||Vf(w)||2] + B2, we have

E[IVA@)IF] < (42 + DE[IV£(w)?] + B2 (17)
Proof.
E[IV£i@)I*] =E [IVF(w) + ] (8)
—E[IV/@)I’] +E[ll:]?] (19)
< (A+1E||IVf@)|*] +B. 20)
O

B.2 BOUNDED GRADIENT NOISE OF CFL

Lemma B.2 (Bounded Gradient Noise of CFL). For Formulation (CEL), consider CFL and FedAvg,
we can bound the gradient drift as
(1) FedAvg only optimize current local objective functions, thus,

EIVfii(@)’ < (1+ A% + BYE|Vf ()| + G + D*.
(2) For CFL, in general (same clients can appear in different rounds), we have

2 t
< (1 +B%+ A Zp%-) E||V f(w)]?

T=1

E

t
E:Ihdvfﬂdw)
=1

t
+G+ D> pr..
=1
(3) For CFL, when clients only participate in training once(9d; ; are independent for all t and i), we
have
2

t t
B> priViniw)|| < <1+ (B +A2)2p3,i> E|Vf(w)[|?
T=1 T=1
t
+(G*+ D% pls.
T=1
Proof. Using Assumption together with the fact that V f; ;(w) = V f(w) + &;,; + &4, we have
BV fii(w)|* = B[V f(w) + 8 + &1l @1
= B[V (@)II* +E|80:|” +Ell&q (22)
< (14 42+ BOE|Vf(w)|* + G + D?. (23)

The second inequality is based on the independence of noise, and directly use Assumption [3|we get
the last inequality. Similarly, we have

2 2

t t
B Y priVii@)|| =E|Y pri(Viei(w) + 8 + &) (24)
T=1 T=1
t 2
= E||Vf(w)|]” +E[6;]* +E > pribri (25)
=1
t t
< <1+BQ+AQZpi,i) E|Vf(w)|*+G*+D>> p;.  (26)
T=1 T=1

15
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For the last inequality, when &, ; and d;, ; are independent for all ¢;, ¢,

t 2 t 2
B> priViri@)|| =B pri(Viri(w) + 60+ &) 27)
T=1 T=1
t 2 t 2
=BV +E| prideil| +E|Y pritr (28)
T=1 T=1
t t
< (1 + (A% + B?) Zpi,i) E|Vf(@)|*+(G*+ D) p2;. (29)
T=1 =1
L]

B.3 BOUNDED APPROXIMATION ERROR

Lemma B.3 (Bounded Approximation Error). For A, ;(w) = V fi ;(w) —me (w) (c.f Definition @)
when use Taylor Extension,

Vfei(w) = Vfei(we) + V2 fri(we) (w — we)

we have
[Ae (W) < €llw — @il -
Proof.
1A i@l = ||V fi(w) = Vfuitw)| (30)
= |V fi,i(w) = Viii(weix) — Hijr(w — wi i k)| (31)
= ||V fri(we ) (w — wii k) — Hyjr(w — wiig) || (32)
= ||(V2fri(we.e) — Hyjro ) (w — wii i) | (33)
<eé|lw—weikll- (34)

The first two equations come from the mean value theorem which says for continuous function f in
closed intervals [a, b] and differentiable on open interval (a, b), there exists a point ¢ C (a, b) such

that )
f’(c) — f( l)):i(a)

The last inequality is based on Assumption 4] O

(35)

B.4 PROOF OF THEOREM [4.2]

In this section we will give the complete proof of convergence rate of algorithm [2] when the local
objective functions are convex.

Algorithm 2 CFL Framework

Require: initial weights wy, global learning rate 7, local learning rate 7
1: forroundt =1,...,7 do

2: communicate w; to the chosen clients.
3: for client ¢ € S, in parallel do
4: initialize local model wy ; 0 = wy.
5: fork=1,...,Kdo
~ t—1 z
6: Gtik(Weip—1)= (pt,ivft,i(wt,i,k—l) +>.4 p-r,ivft,i(wt,i,k—l)) + Vi ke
7 Wik < Weik—1 — MJt,i k(Wi k—1)-
8: communicate Aw; ; < Wi ; k — Wy.
. n
9: Aw; gg ZieSt Awm.
10: W1 < Wy + Awt.

16
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B.4.1 START UP.
The local objective function of round ¢ on client ¢ is

th,i( ) ptzftz +Zprzf77, . (36)

Without loss of generality, assume 2721 pr,; = 1. Then follow the steps in algorithm [2} we have

t—1
V(W) = puiV i)+ priViriw). (37)
T=1
Then the noisy gradient in mini-batch SGD can be described as
Grik(Wiik—1) =V ii(Weir-1)+ Vi (38)

Then follow the steps in algorithm 2} we have

-
Awt = ?Vng

Gt,i(Wrik—1) (39)

1M
1> 11

BlAw] = 4o

N Viei(weir-1). (40)

-

©
I
—
ES
Il
-

Then let n = Kn;ny, we have

2‘|
NS
.MZ
M=
QI

«
Il
—
b
I
-

Aw, = t,i(wt,i,k—l)a 41)

ElAw] = Vfri(weik—1)- (42)

<K
M-
]~

s
Il
—
=~
Il
-

B.4.2 ONE STEP PROGRESS
Consider the one-step progress we have

Ellw; + Aw; — w*||> = [|w; — w*[|? — 2B(w; — w*, Awy) + E| Awy|” . (43)
A A
1 2

Firstly we consider A; part in equation (@3),
- 2E<wt —w", Awy)

ZZ vftz (Wrik—1),w" —wy) (44)
NKl 1 k=1
2 e i1 _
= NK ;Z Dt, sztz Wik +;p7,ivf77i(wt,i7k)7w* _wt> (45)
2n N oK 2 N K t—1
S I)3) NIINITNREENTEE 'S 35 3) SR
i=lk=17=1 i=1 k=171=1
(46)
2n N KL N t-1
< 7Zzzpr,i<vfr,i(wt,i,k)aw* - ZZ}?”RHw —wil| . 47)
i=1 k=17=1 =1 71=1

We use equality (@2)) for first inequality, and directly use Assumption 4] and Cauchy—Schwarz
inequality for last inequality.
Then we can consider the first term of inequality (47). Firstly, by Lemma[A.5|we see that

(Viri(weig—1),w" —wy) < fri(w) — fri(we) — %”wt — w2+ Ll|lwg g1 — wil*. 48)

17
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That is, based on @7) and {@8)), we have,

—2F{w; — w™, Awy)

N K
2nL
< —2n(filwr) = folw”) + llor =@ IP) + T 20D lwrinos — el

t—1
+ 2 me-R |w* — wy - (49)

T=1

Then consider As in (@3)), and define ch i =14+B2+ A2 L D30)s Cpgi = G?+D* (Y L D30)s

Cpp = N Zi:l Cpp,i>and cp, = N Zi:l Cpe,i We have

E| Aw|?
n? N K t—1 : 2
= NQKQE ;; (Pt,ivft,i(wt,i,k—l) + ;pﬂ',ivfﬂ',i(wt,i,k—l) + Vt,i,k) (50)
772 N K t—1 2
- ey @pﬂwﬂ S a e M,i,k) 61
2
Lem A 2 N K t—1 20_2
< % Z ZE Zpr,ivfr,i(wt,i,k—l) - Zp-r,iA‘r,i(wt,i,k—l) 1]7VK (52)
i=1 k=1 ||7=1 =1
2
LemBd 952 N K ¢ t—1
< NWK ZZ E pr,ivfni(wt,i,kfl) +E Zpr,z‘Ar,i(wt,i,kA) NK (53)
i=1 k=1 T=1 =1

<
M=
M=

t N t— 2 2
2 2 2 2 77 252 N0
R R LI CE wER) S o)) gD R e

1=1 k=1 T=1 =1
(54)
Lemm42 N K 22 N t-1 20_2
< e Y con (BIVS @rikm1) = V@) ? +EIVF@)I?) +20°co + 5= D (3 pri) B + 22
i=1 k=1 =1 7=1
(55)
Ass[l . 8 2L2 N K 2 2 N t-1 20,
< 16772LCPB (f(we) = f(w)) + XfK Cpp iBllwe k-1 — we||” + 20" cpe + N Z( pr z)2R2 + ?VK .
i=1 k=1 i=1 7=1
(56)
Then consider equation (@) and (56), to solve E||w; ;11 — w;||, we have
2
2 _
Ellwrin —well” = i(@rir1) (57)
k
Lem[A4] _ 2
< k’??Z]EHVft,i(wt,i,Tq)H + knfo?. (58)
T=1

Here we directly use Lemma[A.4|to get inequality (58).

18
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Then for E||V f;(w)| ? we have
a 2
E[|V fei(w)]]
t—1 ) 2
=E||piVfei(w) + Y priViri(w) (59)
T=1
¢ t—1 2
=E[> priVini(w) =Y prilsi(w) (60)
=1 =1
Lem =1 2
V@) 2> pridsi(w) (61)
T=1
Lem ?? 2 =t 252
<20, B[V (@)|” + 200, + 20D pri)*R (62)
T=1
Ass 2 * — 2 p2
< 4L, Ellw — wil|® + 8Ley, i (flwi) = f(w")) + 2600 + 20> _pri)®R%. (63)
T=1
Combine equation (38) and (63) we get,
Ellwtix — wt||2
t—1

<AL ey iBllwr i k-1 — wil® + 8607 Lep, i (f (wi) — f(w?)) + 26707 Cpe.i + 2607 (> pri)® R + knfo”.

T=1

(64)
That is,

El|wt,ix — wil|”
t—1

< K0 Lepg i(f(wi) = f(w")) + 2K 07 cpe i+ 2K707 (Y pri)*R? + Knjfo®) (4Kn} L2cy, )7

=0 T=1
(65)
_ K0 Loy a(f (we) = Fw") + 2K nPcpe.i + 2K0F (05 pro)* B + Knfo®
= 1—4K?n?L%¢,,
Combine the equation (3], @9), (56), and (66), we get
Ellw; + Aw; — w*||?
16K2nn? Ley,, (1 + 4nLey, i)
1-)E 21+ 167 L Lo — -
( ) ||wt w H +( 77+ 6,’7 CpB + Z 1_4K277l2L28pBJ )(f(wt)
n’o’ Zp K L(ZT 1 Pri) (L4 4nLeyy i) R2
NK N 1 —4K?n?L%cy, ;
N t-1
2K7777[2L 2Kcpg i +02)(1+4nLe,, i) 277
I D) SNV P
i PBst i=17=1
Then we notice that
N
1 16K2nm?L2c,,, i(1+4nLc,,, ;)
) 1 2L 7 l PB,? PB,? <0. 68
77+ 677 CPB—'_N; 1 —4K2 lzLQCpBJ 70 ( )
Use the fact that n = K74, and solve above inequality, we notice that if 7 satisfy
3n2 + 4dep, it — \/40 AN
n<\/ St Ay (69)

6L‘ /Cpp,i
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for any c,,;, convergence can be promised. Define ¢,, as the largest c,,;, let n <
3n2+4éy, ,ni—y/4ép 0t 33—8n2¢, . +4. /3102, 5 +4An3E2
V315 1y /10 ¢, we have 1 — 4K?n?L%c,, ; > 9 7B 9 P56 9%5 and then

12L0,/2,p, 36
1+4nLey g s <1 _ 7 < L
1—AR27 L2y = 12 334, /3028, , +Anics  —202ép, — 12°

t 2 1 N 2
Define cg; = (ZT 1 pri)?R?, and CR = % 27 LCR,i- Assume ¢; = 2¢p, + 5 + 2CR,

cy = LCPG + 6772K + LCR ,and e = 2 5N S p SR, inequality (67) become
Bllw + Awe — oI < (1 2D Ellw, — P~ n(f(w) ~ 1)+ e + e’ +esnlwr — w7
(70)
Move f(w;) — f* to the left side, we get
* 1 2 1 %112 2
flwe) = f(w™) < 77(1_ ED)E]jwr — w| _EEHth—W "+ ean+cn +e. (7D

Here ¢ is a constant bounded by c¢3 ||wy — w*||. Because of ¢;, the model cannot converge to an
arbitrary ¢; instead, it can only converge to the neighborhood of € + , where ¢ is the weighted sum
of the sequence ;. The following parts give the convergence rates when models converge to € + ¢
for convenience.

B.4.3 WEIGHTS OF ROUNDS.

We can carefully tune the p, ; to minimize the noise while speeding up the convergence. Here we
give the lemma of the best choice of p; ;.

(t—1)R*4+D?

Lemma B.4. On round t, when setting Pri = mfor any 7 < t, and Pt = m,

we can minimize c1 and cs to get best convergence.

Proof. Minimizing c¢; and c3 is equal to minimize ¢, + cg, that is,
1 t
min NZ 1 —pi)?R* + G? + D*( Zpiﬂ,),

s.t. me-:LVi:l,...,N. (72)

Solving above optimization problem, we get the results. O

Using lemma|B.4] we have min{c,., + cg} = G2 + D? ( 2U=UR") Notice that the value of ¢
g 4 pc T CRS = tD>+(t—1)R2 ) 1
¢2, and c3 are changing over t. We use ¢}, ¢4, and ¢} to represent ¢y, ¢, and c3 on round .

B.4.4 CONVERGENCE RESULTS

Strongly convex functions. By equation (80), when f, ;(w) are strongly convex functions, using
Lemma A.1} and define ¢; = (1 — 4)' ", we have

T 1
flwr) = f@) SO(uwo—w*n?exp(—“’; >) tgr g lom+en’ ) . ()
t=1 4t

By Lemma[A.6] we have,

T T
1 1 D% + (t — 1)R?
— G(cr+ Cpg) = ———— qe (GQ+D2 <
DA M D S tD? + (t — 1)R?

T
1 5 o R? D* 1
DAY T ( <R2 + D2 (R DA - ol

R? D4 InT
= 24+ D? — ). 4
O(G + <R2+D2 T ErDe T >> 74
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For ¢, by Lemma|[B.4] we have,

T
1 D? D* InT
= <O|R - — —w' ). 75
TSl s" ( (D2+R2 (D2 + B2 T )”“’0 N ”) ™

Then define ¢§ = ET Zf L@, g = ZT Zt 1 qech, we have,

. 2 pnT
Flor) = F@) =0 < O (mllon = Pexp(-00) + et -+ 7 76)
uwT o2 cA CcB cc CD
—0 _ A ,
(’“‘ oo — " " exp(~ Teo) TaNkT Tar Tar Tt ,ﬂTB)
(77
2 p2 6
where co = 1+ A* + B?, ca = G* + 5. cp = (gripoyes € = %}+L?ﬂD7€g.

General convex functions. When f; ;(w) are general convex functions (¢ = 0), directly use
Lemma[A2] we get,

. coF o2F Fcy egF  s/ccF?  /epF?
- —p< \/ \/ ¢/
flwr) — f(w") gp_(’)( T + NKT+ T + T + T2 + T ,

(78)

— 2 2 _ (2 D°R? DS _ Lo®> | Leca _ Lecp
where co =14+ A* + B, ca = G*+ z27ps, cB = T D7) CC = 38 + i ep = ,and

F = |jwg — w*HQ.

The drift of optimal point. Because of information loss, we can’t get the true optimal point when
considering previous rounds’ information. Instead, the drift can be described as

3 § D? D* T .
© =3 ||lwop — w*| _O(R(D2+R2 - (D2+R2)2T> lwp — w > . (79)

Convergence of FedAvg. Notice that FedAvg is a special case of CFL by setting p; ; = 1 on round
t. Having this, we derive the one round convergence of FedAvg under our formulation as,

| 1 .
flw) = flw*) < -(1— —)IEIHwt w*|? — 5EHwt+1 — WP Feanten?,  (80)

3

2 L(G*+D? 2 :
where ¢; = 2(G? + D?) + Z&, ¢ = ( 52 ) 4 ﬁfng' Then using Lemma we get the

convergence rate when f; ;(w) are y strongly convex.

: e LT Ea l
) = 1) <O (uloon =" Poxp(io) + 4 4 20 @8

2 .
where co =14+ A2+ B%, cy = G2+ D?, cc = nL;’K an;‘. Besides, when f; ;(w) are general
g g

convex, we have,

flwr) = f(w*) <O (C%F NKT \/FCA Q/CCF ) ’ 82)

where co = 1+ A% + B2, ¢4 = G? + D?, cc = " Ln""‘ and F = |jwy — w*||°.

B.5 PROOF OF CONVERGENCE RATE FOR NON-CONVEX SETTING

E[f(@en)] < E[F(w0)] + B[V (@), Aw)] + 7 E [ Aw]?] (8)
Pe T
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For A part, we have,

E[(Vf(wt), Aw)]
N K
= N (Vf V fri(we,q (84)
NK ;,; (@), Vfri(weik)]
N N K
— T;ZZE <Vf(wt),ZpT,Nf” Wiik) Zp” i ‘*’t,i,k»] (85)
1= = T=1
—n N1 kKl t n N
S WZZE <vf(wt)7zp7',inT,i(wt,zk ﬁz ptz ( [||vf(wt)“2} +R2)
i=1 k=1 T=1 i=1
(86)
K 2
:ﬁzz (E Vf(wy) Zp”Vf” Wik ] —E[|\vf(wt)||2] _E{
i=1 k=1 p—
N
o . >o(-p) (B [IVr@oI?] + B2) (87)

From equation (33) we have

t

Z pr,iV fri(weik)

T=1

2
+E

E [l aw?] < T’Kig (E

t—1
ZPT,iAT,i(wt,i,k)
T=1

2
o

NK

(88)

2
Then when n < i, the EHZizl PriV fri(We i) H term can be ignored, since the coefficient
. .. . . 2 N 2,2

number will less than 0. Then the remaining term in A is 2 >0 (1 — p; ;)2 R? + L%

2
Then we are willing to consider the HVf(wt) — Zi:l iV fri(weik) H . Then we have

2]
2
] (89)

||vf(wf) vf(wf i k) + Vf Wt i k ZPT zvaz wt,i,k)
2

Vf wt Zp'rlvf*ri wtzk)

T=1

< 2B [V (w0) = V(i) + 2B 90)

|vf wtzk qu—vvaz wfzk)

t t
< 2L%E [lwr — wiinl?] + (BZ + 42 Zpii> E IV (wein)IP] + <G2 +D* ZpL)

=1 =1
oD
t
< 217 [|lw, — wiikl?] + 2L <B2 + A2 Zp?.’l) E lwii — wil’]
T=1
t t
+2 <32 + A? Zpiz) E [||Vf(wt)||2] + <G2 +D? Zpi,) (92)
=1 =1

Combine equation and (92) we have
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E[(Vf(wt), Awy)]

0k by 2 Zj'\ilpti 2
< N 2 2 ConiE @i —wil] +n(ep, — 1 = AP (97 ()]

@
Il
_
x~
Il
_

n 1
+5 | e+ Z(l — pt,,;)R2> 93)

nL? Y& 2 SN P 2
E[f(win)] SE[flw)] + 7 ; ;ch,ilE (oo = wel®] + m(eps =1 - %)}E 1V (@)l
n 1 & Lip? & Ln
+2<CpG+Ni_Zl(1_ptz ) Tzl_ tz 2NK (94)
Because we know
E”wt,i,k - wt||2
t—1
< 4k327] LZCPB ZEHwt i,k—1 7 wt” + 4k2771 Cpp, l( [”vf(wt)”ﬂ) + 274327752%@1‘ + 2k27712(2pT’i)2R2 + knl202
T=1
95)

That is,

Ellwis — wil”

k—1 t—1
<X <4k2n?cp3,i(E IV 5 @)IIP]) + 220 ey + 262 (3 e i) B2 + k771202> (k2P Ly ,0)

r=0 T=1
(96)
(4k2 0y i (B [nw(wt)n?}) + 2K g s+ 2K (U ra) 2 B2 + kafo?) o
B - k2771LQC;DB,i
Let 8K%n?c,, i < 1, we have,
1 N K
722 Cpp il wt i k- l_wt”
=1 k=1
i (4820 epn i B [V S (@)I]) + 220 cpgi + 2K 02 (24 pri) *RE + Ko
=N ;CPB” 1— 4K L%, ;
(98)
N 1 t—1 o2
< NZchl (V£ @] + Sepei + 5 Zp” PR+ 99)
1 1 L o2
= B IV @I’ + Gens + 537 2 pra)R + 1 (100)
i=1 7=1

Then we have
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E[f(wer1)] < E[f(@r)] +7 <<L2 1)y, —1- ZQ—NP) E IV w)?]

Ln*c?
+<CPG+ Z pt1 ) Tnz]-_ tz R2+ 27VK
+nL? < Cpe + QNZ an ) R? + 4K> (101)

=1 =1
Then we must to choose the value of p; ; for better convergence. Follow the idea that we want to train
a better model when convergent, we choose p; ; that can minimize the constant term, which is by
solving

t t—1
min G? 4+ D? 2+ -1)?R?
] > onk (;p 1)

T=1

t

> pra=1 (102)

- .

tD2 1 (t—1)R?
— 2 2 —

any 7 < t, and p,; = %, and min{G? + D?>Y"!_ D2+ (Ol pr)?R?) = G2 +

2 ( D*4+(t—1)R? .
D* ( i5=r =iz )- Then we simplify the equation by using co(t), c1(t), and co(t) to denote the

We get same results as when the objective function is convex, that is, p;; = for

constant terms, we have

E [f(wir1)] < E[f(w)] = nco(®E [[VF@)I’] +nes(t) +nPealt)  (103)

Then we have

ZCO |:|Vf wt)” ] [f(wo)] ;E [f(w*)] + n% ZCQ(t) +o (104)
t=1

Consider co, because the value of B2 and A can’t be constrained, the algorithm can’t converge for
very large A and B. Here we first consider when ¢ < 0, and use ¢, to denote the min ¢y. Then let

=Y \/I%g , we derive the convergence rate as
T 2
1 L(fo— f+ 1 (VKN R? o2
TZE [IIVf(wt)IIZ} :O(\/(Oi ) T\ (Rz D2) T
pot TNKc, VT + VNK
VEN D* . VEN D* 2) (105)
TL cn(R2+ D2)2 TfL (R? + D?)?

Then we want to analyse when the algorithm won’t converge. When the algorithm won’t converge,

that means ¢y > 0. Because ¢p = (L% + 1)c,, — 1 — % = LN (L2 1)1+ A%+
B2 ZT 1pT ;) —1— p‘T Then the value of A%, B2, L, p decide if ¢y > 0.

Notice that in FedAvg, p;; = 1, and g aug = (L* 4+ 1)(1 + A% + B?) — 2, and in CFL, we can
setting different p to get better convergence. For example, when B is large, setting p, ; = %, we have

co, = (L2 +1)(1 + A% + BTz) — 1 — 5;. Thus, we draw the conclusion as
Then we have following observations:

* CFL converge faster than FedAvg by reducing the variance terms. For ¢y = % Zf;l (L2 +
1)(1 + A% + B? ZT 1]0”) — 1 — 2% in FedAvg, we have p;; = 1, then cgqpy =
(L2 +1)(1 + A% + B?) — 2, However, in CFL, we can adjust p, such as when setting
pri = 1, wehave ¢g = (L2 N+ A2+ By 1
from B2 to BTQ.

ﬁ, then the variance term reduce
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* The convergence rate of CFL become better for larger t, since ¢, in co become smaller for
largert.

 Improve NV, K will speed up the convergence by reducing the terms about fy — f, and o2.
However, larger N and K will cause larger information loss and round drift (terms with R
and D), thus, it should be a trade off in practice.

C EXPERIMENT DETAILS

C.1 NOISY QUADRATIC MODEL

CFL
*- FedAvg
+- FedProx

— CFL
«- FedAvg
+ FedProx

loss
loss

s, - . #e
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R
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eetus’y
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(a) Small L, strongly convex, small round drift (b) Large L, strongly convex, small round drift
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4.25 - FedProx 4.0 +- FedProx
o, 4.00 o 38
I a
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— CFL 4] st
+- FedAvg
+- FedProx

. . — CFL
.
" - FedAvg
- FedProx
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Figure 2: Performance of different algorithms on noisy quadratic model. The curves all evaluate the loss on
global test datasets.

We use the noisy quadratic model introduced in [Zhang et al.] (2019) to simulate the assumptions
we used in the proof. We use the model f(w) = w! Aw + Blw + C, where w € R" is the
parameter we want to optimize, and A € R"*™, A = 0, B € R™, and C € R. We construct A by
firstly constructing a diagonal matrix A and then constructing A by let A = UTAU, where U is
a unitary matrix. Here we control the eigenvalues of A to control the convexity of model, that is,
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SRD BRD
Method SL-SC LL-SC SL-GC LL-GC SL-SC LL-SC SL-GC LL-GC

FAVG 0.03 0.08 0.33 0.09 0.02 0.01 0.09 0.02
FPROX  0.04 0.07 0.35 0.09 0.02 0.01 0.26 0.02
CFL 0.2 0.09 0.35 0.09 0.25 0.08 0.3 0.08

Table 7: Best learning rate of different algorithms on noisy quadratic model

1< Amin(A) < Anaz(A) < L. Because A and A have same eigenvalues, it’s simple to control the
eigenvalues of A by control the eigenvalues of A.
To simulate Assumption 2] 3] we formulate the gradient noise model by

gri(w) = Aw +B+6; +&i +Viik, (106)

where d; denotes the client drift of client j, & ; denotes the round drift of client j on round ¢, and
v; ;. i denotes the noise of gradient of client j on round ¢, iteration k. All of above drifts and noise
are generated from Normal distribution with zero mean and different variance.

In practice, to show if the numerical results match our theoretical results, we tried eight settings: large
and small L, large and small round drift, and general and strongly convex conditions. For different
types of L, we set L = 20 for large L, and L = 5 for small L. For convexity, we set ;x = 1 for
strongly convex, and = 0 for general convex. For different round drift, we set E||&, ;||> = 100 for
big round drift, and E[|£; ;]|* = 0.01 for small round drift. Besides, we set fixed variance of ; and
vei.1 for B)|65]]* = 0.01, and Ef|vy x| = 0.00001.

We do the gradient descent by let wy ; k+1 = Wy ik — MYt,i(wei k). and we use ||Aw + Bl as loss
because for convex functions, when it reaches the global optimal point, we should have || Aw + B|| =
0, and if it is far away from global optimal, || Aw + B|| will be large.

Besides, we show that CFL algorithms can tolerate a larger learning rate here. Table[7]shows the best
learning rates for different FL algorithms on noisy quadratic model. In Table |/, we denote small
round drift as SRD, big round drift as BRD, small L as SL, large L as LL, strongly convex as SC,
and general convex as GC. We show that the best learning rate of CFL is the largest. The difference
between CFL methods and other FL baselines becomes large when models are strongly convex or
with big round drift.

Figure 2] shows the performance of different algorithms, and CFL outperforms other FL baselines
significantly in all settings. Besides, the loss curves of CFL are smoother than FL. methods, which
implies that CFL can reduce the variance of gradients.

C.2 REALISTIC DATASETS
C.2.1 SETUP

We consider federated learning an image classifier on split-CIFAR10 and split-CIFAR100 datasets
with ResNet18, and split-Fashion-MNIST dataset with a two-layer MLP. The “split” follows the idea
introduced in|Yurochkin et al.|(2019); Hsu et al.|(2019); Redd:i et al.| (2021)), where we leverage the
Latent Dirichlet Allocation (LDA) to control the distribution drift with parameter o (See Algorithm
H). Larger o denotes smaller drifts here.

In our experiments, unless specifically mentioned otherwise all datasets are partitioned to 210 subsets
for 7 different clients: all clients are selected and trained for 500 communication rounds, and each
client samples one of the corresponding 30 subsets randomly for the local training. Note that unless
mentioned otherwise the training strategy here applies to all FL baselines and CFL methods, and we
evaluate the performance of models on global test datasets. We carefully tuned the hyper-parameters
in all algorithms, and we report the results under the optimal settings after many trials. For CFL-
Regularization, we set the weight of regularization term for 8 = 1 on fc layer, and 5 = 0.1 for last
block (layer). For FedProx, we set the weight of proximal term ; = 0.1, and for MimeLite, we
set the global momentum weight for v = 0.01. Besides, for all experiments, we set fixed learning
rate [r = 0.01. We also naively examined warm-up tuning strategies but can not observe significant
improvement on final results.

current local
dataset

Construct local datasets with overlap. Fol- A
low the partition methods of disjoint local
datasets; we first split the whole dataset to D1 D2 D D4 D5

0y 7.
current pointer . next pointer

Figure 3: Process of constructing local datasets with
overlap. Blue lines bound the current local datasets. Red

T Y e T e T
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M x S subsets for S different clients: each

client has M disjoint local subsets, and we put

these M subsets in sequence. For each client,

we use a pointer to point to the start position

of the current local dataset. Figure [3|show the

case when M = 5: Dy — D5 are 5 disjoint local

subsets of client ¢. The pointer point to the start

point of a local dataset of the current round and the blue lines bound current subsets. At the beginning
of training, pointers belong to each client will point to the beginning of the sequence. At the end of
each round, the pointer moves s steps, and if it moves to the end of all the sequence, it will come
back to the start point.

In practice, the Cifar10 dataset is partitioned to 210 subsets for 7 clients, and set the size of local
dataset S; = 285. Then when we set s = 285, the local datasets are disjoint, which means the overlap
is 0%. Otherwise, when set s = 213, the overlap is 25%, and when set s = 142, the overlap is 50%.

C.2.2 APPROXIMATION METHODS

Regularization Methods. We use Taylor Extension to approximate the objective functions of
previous rounds, that is,

- . A . 1 A . .
fw) = f@)+ V) (w— )+ i(w — )V (o) (w - ), (107)
where w are the parameters of previous rounds. Then the gradient of f (w) is,

Vi(w) = V@) + V(@) (w—a). (108)

Having this, we can approximate the gradients of objective functions of previous rounds. The problem
is how to approximate V2 f(w). Here we use two kinds of methods to calculate the Hessian matrices.
The first is to use the Fisher Information Matrix as introduced in EWC (Kirkpatrick et al.;[2017). The
Fisher Information Matrix is equal to the diagonal Hessian matrix when using cross entropy loss
functions. The Fisher Information Matrix can be calculated by,

Fyj = [V (@), (109)
where I are the entries of Fisher Information Matrix. Another method is to calculate the diagonal
Hessian matrix. We use the PyHessian package (Yao et al.,[2020) in this experiment.

In addition, if the parameters or the Hessian matrix changes too much, the performance of this method
is constrained. To formulate this problem, assume HV2 flw) H < e for some arbitrary €, we have

A (@) < ellw - @* .

The corresponding proof refers to[B.3]

In each round, the server will collect Hessian matrices from clients, and store them in a buffer.
Then at the beginning of next round, server combine send latest 40 Hessian matrices, gradients, and
parameters, and send them to chosen clients. Each clients use these to calculate regularization terms.
In practice, we only add regularization terms to the top layers (last block and fc layer of ResNet18).
This is based on the assumption that top layers contain more personal information while bottom
layers contain more general information. We verified that this strategy perform better than adding
regularization terms to all layers in experiments.

Generation Methods. We use MCMC to generate samples in each round. In practice, we initialize
x from uniform distribution, and update x by,

xF =xM1 gV B(x" ) 4w, (110)

k=1 and the real local

where E(x* — 1) is the function that can measure the distance between x
distribution. w ~ N (0, o).

In practice, we generate 50-100 samples of each local dataset and add them to the current local
datasets for training. However, because of the low quality of the generated data, the improvement is
limited. Besides, the generated data will pollute the batch normalization(BN) layer, and we should

use real data to refresh BN layer at the end of each round.
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Algorithm 3 iCaRL Construct Core Set

Require: Image set X = {x1, X2, X3, ..., X, } of class y, m: target number of samples, ¢ : X — R%:
current feature function

NS %ZXGX (;S(X)
cfork=1,...,mdo

pr < argminex |1 — 4 (660 + 4] 0(0)) |
P+ (p1>p27"'>p'm)

-Jkggl\)H

Core Set Methods. Another simple yet effective treatment in CL lines in the category of Exemplar
Replay (Rebuffi et al.| 2017 |Castro et al., 2018)). This approach stores past core-set samples (a.k.a.
exemplars) selectively and periodically, and replays them together with the current local datasets.
We tried two sample methods. First is so-called Naive method, in which the samples are uniformly
chosen from local datasets. Except of naive select core sets, we also tried another core set sampling
method introduced in iCaRL (Rebuffi et al., [2017)). See AlgorithmE] for details.

In practice, we save 100 figures of each local dataset and combine them with the current local datasets.
Saving core sets perform best compared with these three approximation methods; however, only valid
when the number of clients is limited.

C.2.3 ADDITIONAL EXPERIMENTS

Applicability of different algorithms. We list the applicability of different algorithms under
various time-varying scenarios in Table [§]

Table 8: The applicability of various algorithms under different time-varying scenarios.

. FL baselines CFL methods
Scenarios
FedAvg FedProx SCAFFOLD MimeLite CFL-Regularization CFL-Core-Set
Stateful clients V4 V4 X 4 4 V4
Stateless clients V4 4 X VA v X

Convergence curves for different settings. Figure[d]show convergence curves of CFL and FedAvg
on different datasets. The settings are the same as results in Table[3] Models are trained on partitioned
datasets with a = 0.1, and all datasets are partitioned to 210 subsets for 7 clients. To show the
difference between different algorithms more clearly, all curves are smoothed by a 1D-Mean-Filter.
Results show CFL can converge to a better optimum compare with FedAvg.

Investigating resistance of CFL to time-evolving scenarios. Figure [6] shows the loss curve of
CFL-Regularization and FedAvg on different datasets. Models are trained on partitioned datasets with
a = 0.1, and all datasets are partitioned to 210 subsets for 7 clients. The first column shows the loss
curve of the first 300 rounds, and the second column shows the loss of some chosen details. Because
of the non-iidness of local datasets, the loss will suddenly rise. Notice that CFL-Regularization has
an apparent mitigation effect on this situation.

Difference between training and test loss. Figure [5] show the loss on global test data and past
appeared training data. We evaluate the model with stateful clients, set « = 0.2, and use FedAvg
algorithm. We show that there is no significant difference between loss value on global test data and
past appeared training data.

C.3 ALGORITHMS
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Figure 4: Models are trained on various datasets with o = 0.1. CFL Without Core Set method use regularization
methods, and CFL With Core Set methods use core set methods. All these two CFL algorithms use FedAvg as
backbone.
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Figure 5: Evaluation on global test data and past appeared training data. We trained ResNet18 on split-Cifar10
dataset with o = 0.2 for 85 rounds.
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Figure 6: Models are trained on split-Fashion-MNIST and split-Cifar10 datasets with @ = 0.1. The loss is
evaluated on global test datasets. Left column is the full curve of 300 rounds, and figures in right column are
partially enlarged curves.

Algorithm 4 Data splitting

Require: S: a list of datasets split by labels, M: the number of clients, IV: the size of local datasets,
«: the Dirichlet distribution parameter
Ensure: D: split datasets
1. D+
2: G+ [0,1,2,...,len(9)]
3: form=1,2,..., M do
: P = [P1,P2, - Dien(s)]» Where p; ; denotes the fraction of class i in total dataset.

4
5: 0 < Dirichlet(a, p)

6: Dy, — 0

7 while len(D,,) < N do

8 1 < multinomial(6,1)
9

: y + GJi]
10: data + uniform(S[y])
11: D,, + D, U{data}
12: Sly] < Sly]/data
13: if len(S[y]) == O then
14: G+ Gly
15: 0 + renormalize(0,1)

16: D.append(D,,)

Algorithm 5 renormalize

Require: 0: weights for different classes, i: the class that should be deleted
Ensure: 6: renormalized weights

1: for j =1,2,...,len(0),j # i do

2| 0] + G[j]/sumgtheta/theta[i])
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Algorithm 6 SplitdataMain

Require: S: total dataset split by class, T": rounds, K, NV, «, 3
Ensure: D ;,q: split dataset
1: D« splitData(S, K, N, «)
2: -Dfinal — []
3: fori=1,2,..., K do
4: S; «+ splitByClass(Dli])
Nlocal < len(Dm)/T
D; « splitData(S;, cluster_num, Niocal, 5)

Dfinal — Dfinal U Dz

PN

31



	Techniques
	Convergence rate of CFL
	Bound of Gradient Noise
	Bounded Gradient Noise of CFL
	Bounded Approximation Error
	Proof of Theorem 4.2
	Start up.
	One Step Progress
	Weights of rounds.
	Convergence results

	Proof of convergence rate for non-convex setting

	Experiment details
	Noisy quadratic model
	Realistic datasets
	Setup
	Approximation Methods
	Additional Experiments

	Algorithms


