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ABSTRACT

How can we design neural networks that allow for stable universal approximation of maps
between topologically interesting manifolds? The answer is with a coordinate projection.
Neural networks based on topological data analysis (TDA) use tools such as persistent
homology to learn topological signatures of data and stabilize training but may not be uni-
versal approximators or have stable inverses. Other architectures universally approximate
data distributions on submanifolds but only when the latter are given by a single chart, mak-
ing them unable to learn maps that change topology. By exploiting the topological parallels
between locally bilipschitz maps, covering spaces, and local homeomorphisms, and by using
universal approximation arguments from machine learning, we find that a novel network of
the form 7 o po &, where £ is an injective network, p a fixed coordinate projection, and T
a bijective network, is a universal approximator of local diffeomorphisms between compact
smooth submanifolds embedded in R™. We emphasize the case when the target map changes
topology. Further, we find that by constraining the projection p, multivalued inversions of
our networks can be computed without sacrificing universality. As an application, we show
that learning a group invariant function with unknown group action naturally reduces to
the question of learning local diffeomorphisms for finite groups. Our theory permits us to
recover orbits of the group action. We also outline possible extensions of our architecture
to address molecular imaging of molecules with symmetries. Finally, our analysis informs
the choice of topologically expressive starting spaces in generative problems.

1 INTRODUCTION

Topology is key in machine learning applications, from generative modeling, classification and autoencoding
to applications in physics such as gauge field theory and occurrence of topological excitations. Here we
describe a neural network architecture which is a universal approximator of locally stable maps between
topological manifolds. In contrast to classical universal architectures, like the multilayer perceptron (MLP),
the architecture studied in this work is built with forward and inverse stability in mind. We emphasize that
our network applies to the case when the topology of the manifolds are not known a priori.

Proving that specific deep network architectures are universal approximators of broad classes of functions
have been long studied with much progress in recent years. Beginning with |(Cybenko (1989) and |[Hornik
(1991), shallow networks formed with ReLU or sigmoid activation functions were shown to be universal
approximators of continuous functions on compact subsets in R™. Recently an effort has emerged to extend
the existing work to more specialized problems where other properties, for example monotonicity [Huang
et al.| (2018]) or stability of inversion Puthawala et al. (2022), are desired in addition to universality.

In parallel with these developments, manifold learning has emerged as a vibrant subfield of machine learning.
Manifold learning is guided by the manifold hypothesis, the mantra that “high dimensional data are usually
clustered around a low-dimensional manifold” |Tenenbaum et al.| (1998). This in turn begat the subfield
of manifold learning Belkin & Niyogi (2004)); [Belkin et al.| (2006); |Cayton| (2005)); |[Fefferman et al.| (2016));
Kumar et al.| (2017); [Lei et al| (2020); [Rifai et al.| (2011)); |Roweis & Saul| (2000); [Saul & Roweis| (2003);
Tenenbaum et al.|(2000); Vincent & Bengio| (2003); [Weinberger & Saul (2006). The guiding principle is that
a useful network needn’t (and often shouldn’t!) operate on all possible values in data space. Instead, it is
better to use the ansatz that one should manipulate data that lies on or near a low-dimensional manifold in
data space. The manifold hypothesis has helped guide network design in numerous applications, for example
in classification (see e.g. [Lecouat et al.| (2018); Naitzat et al.| (2020)); Rifai et al.| (2011)); Simard et al.| (1991));
Yu et al|(2019)) where data belonging to a fixed label is conceived of as being on a common manifold, as
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well as both generative and encoding tasks, (see e.g. [Brehmer & Cranmer| (2020)); Bronstein et al.| (2017));
|Cunningham et al| (2020); |Ganea et al. (2018); Krioukov et al.| (2010); [Nickel & Kiela (2017; 2018); [Sarkar
2011); Shao et al| (2018)) and Child (2020); Dai & Wipf (2019); Dinh et al. (2016); Kingma & Welling
2019)) where the manifold hypothesis is used as an “existence proof” of a low-dimensional parameterization
of the data of interest. In the context of inverse problems, the manifold hypothesis can be interpreted as a
statement that forward operators map low-dimensional space to the high-dimensional space of all possible
measurements |Alberti et al.| (2020); |Angles & Mallat| (2018); |Anirudh et al.| (2018)); Behrmann et al.| (2018]);
Jin et al.| (2017); [Kothari et al| (2021)); Kruse et al.| (2021); Narnhofer et al|(2019)); Siahkoohi et al.| (2020);
Whang et al| (2020)). The hypothesis has also been used in Variational Autoencoder (VAE) and Generative
Adversarial Networks (GAN) architectures for solving inverse problems [Angles & Mallat| (2018); |Anirudh
et al] (2018); |Ardizzone et al.| (2018)); [Behrmann et al.| (2018); Hand et al| (2018); Jin et al. (2017); [Kruse
et al.| (2021)); Shah & Hegde| (2018)); |Siahkoohi et al.| (2020)).

A natural question at the intersection of universality efforts and manifold learning is the following. What
kinds of architecture are universal approximators of maps between manifolds? In particular, which networks
are able to learn functions on manifolds if the manifolds are not known ahead of time? Some existing methods
that operate on the level of manifolds use tools such as persistent homology to learn homology groups of
data Briiel-Gabrielsson et al.| (2019)); [Hofer et al (2020aljb; [2019; 2017)); Moor et al| (2020). In this work we
look to learn mappings that are locally inverse stable. This condition is not generally true for homotopies
between manifolds, and so we are unable to use many tools in TDA tools. Other approaches not utilizing
TDA exist and are able to learn mappings between submanifolds, but only when the manifolds to be learned
have simple topology. That is, they only apply to manifolds that are given by a single chart and so can’t
learn mappings that change topology Brehmer & Cranmer| (2020); [Puthawala et al.| (2022); Kothari et al.|
(2021). Because of this latter limitation they are only able to apply to problems where the starting and
target manifold are different embeddings of the same manifold. In the context of generative models, this
means that one has to get the topology of the starting space “exactly right” in order to learn a pushforward
mapping that has inverse stability.

In order to combine the best of these two approaches, in this paper we look to learn mappings that are uni-
versal approximators of mappings between manifolds that are locally diffeomorphisms but globally complex.
A practical gain of such an approach can be seen in the generative context. One no longer has to get the
topology of the starting space ‘exactly right’ to insure that a suitable stable forward map exists. We also
present a result that establishes mathematical parallels between problems in invariant network design and
cryogenic electron microscopy (cryo-EM) where learning a mapping that changes topology arises naturally.

1.1 NETWORK DESCRIPTION

For families of functions H and G with compatible domain and range we use a well-tuned shorthand notation
and write Ho G = {hog: h € H,g € G} to denote their pair-wise composition. We introduce eztension-
projection networks which are of the form

TopoFE, whereTeT, E€& (1)

and 7 C C(R™,R™) is a family of homeomorphism T": R™ — R"™_ p is a fixed projector, and £ is a family
of networks of the form & := 7" o R}* "™ 0.0 T{" 0 RY"™ o 75" where R, "™ C C(R™-1,R™) are
injective, 7,"* C C(R™,R™) are homeomorphisms, L € N, ng =n, n, =m, and ny > ng_y for £ =1,..., L.

Examples of specific choices of R in the definition of £ include zero padding, multiplication by full-rank
matrix, injective ReLU layers or injective ReLU networks. Choices of the networks 7 include Coupling flows
Dinh et al. (2014} 2016); Kingma & Dhariwal (2018) or Autoregressive flows Kingma et al.| (2016); Huang
et al.| (2018]). For an extended discussion of these choices, please see (Puthawala et al.l [2022 Section 2).

1.2 COMPARISON TO PRIOR WORK

In this subsection, we describe how this work is related to prior work in Topological Data Analysis (TDA),
simplicial flow networks and group invariant/equivariant networks.

1.2.1 ToproLoGICAL DATA ANALYSIS

For a general survey of topological machine learning methods we refer to [Hensel et al. (2021). Many ap-
proaches that stem from TDA use information gained directly from data, for example a persistence diagram




Under review as a conference paper at ICLR 2023

Carlsson| (2009), and use this data as either a regularizer (in the form of a loss function) or as a prior for
architecture design |Bruel-Gabrielsson et al.| (2019); Hofer et al.| (2020agb; 2019; [2017)); Moor et al.| (2020)).
These works are closest to ours in terms of design, but fundamentally look to answer different questions
than the ones studied in this work. TDA tools that use homology groups are sensitive enough to detect if
two manifolds have the same homotopy type, but not sensitive enough to determine if they are homeomor-
phic. Two manifolds that are homeomorphic always have the same homotopy type, but the converse is not
true. The converse direction follows by comparing the unit interval to a single point.

Replacing the need for homeomorphisms with the need for homotopies means that TDA based approaches
are unable to enjoy the theoretical guarantees of our work, in particular inverse stability and universality.
TDA based works generally do not prove universality of their networks nor do they guarantee that network
inversion is stable.

1.2.2 SiMPLICIAL FLOwW NETWORKS

There is much work designing and developing the theory for networks that learn maps between graphs and
simplicial complexes [Ebli et al.| (2020); Paluzo-Hidalgo et al.| (2021)). If two manifolds are triangulable, then
functions between them can be learning a function between their triangulation with simplicial networks. The
work presented here does not require access to a triangulation to be a universal approximator. Although
all manifolds that we consider are triangulable, a fact which is important for our proof, the triangulation is
not actually necessary for the statement of the final theorem [3] Simplicial networks have the advantage that
they do not require any dimensionality restrictions, while our results do.

1.2.3 GROUP INVARIANT/EQUIVARIANT NETWORKS

Finally, we describe a connection between group invariant networks and the work presented here. Partially
motivated by the success of convolutional networks applied to image data, there has recently been much
development and analysis of group invariant and group equivariant networks [Birrell et al.| (2022); [Yarotsky
(2022); Murphy et al| (2018); Bietti et al.| (2021)); [Puny et al.| (2021)); Maron et al.| (2018)); [Liu & Moitra
(2021). For a group ¥ with action g,: M; — M; defined over M; a function f: M; — Ms is called
Y-invariant if f(g,x) = f(x) for all x € My, 0 € X.

If the symmetry group X is known then we can design a network that enforces and exploits this symmetry by
architecture choice |Bietti et al.| (2021]) or by averaging over the group action Puny et al.| (2021)). Conceptually,
we may consider both similar in so far as they both approximate an f of the form f = f’Ml/Zowg M — Mo

where 75 : My — My /Y projects M onto the orbits of M; under gs.

Learning functions f: M; — My that are invariant w.r.t. some group action gs; on Mj is closely related to
the idea of learning local homeomorphisms between M; and My. If ¥ is finite with group action gy that
is d-to-one and smooth enough then, as presented in Lemma [2] g5 is a local diffeomorphism. Thus it can
be approximated using the networks studied here. Further, because our networks are built with inversion
in mind we can recover orbits of M; under the action of X, see Corollary [5} In this way, our network is a
universal solver for the ‘finite blind invariance problem. To this point, we don’t intend to offer our network
as a drop-in replacement to existing X invariant networks. Instead it offers a different perspective on a
closely related problem.

1.3 OUR CONTRIBUTION

In this work we show that extension-projection networks of the form [I| are universal approximators of local
diffeomorphisms between smooth compact manifolds. The problem has two parts. In the first, we show that
by extending the analysis of [Puthawala et al.| (2022]), we can universally approximate any embedding of a
smooth, compact (topologically complex) n manifold. In the second, we show that we approximate mappings
that globally change topology between manifolds, but locally are diffeomorphisms. The latter part is the
more difficult and novel, and so is the main focus of this work. By using topological arguments, in particular
the parallels between local diffeomorphisms and covering maps, we find that local diffeomorphisms (locally
one-to-one, globally many-to-one) can be lifted to diffeomorphisms (globally one-to-one) in a sufficiently
high dimensional space. Further, this lifting can always be done so that the inverse lifting (a projection) is
a coordinate projection. This is the main content of Theorem The projection is simple enough that it
may be inverted. By approximating the lifting, projection, and one final embedding with existing networks,
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we find that the architecture end-to-end is a universal approximator of local diffeomorphisms and maintains
the novel inversion property, Theorem [3]

We also consider applications of extension-projection networks in the design of group-invariant networks, the
choice of starting spaces in generative problems, and describe a promising connection between the problem
of cryogenic electron microscopy (cryo-EM) when the sample to be imaged possesses an unknown symmetry.

2 THEORETICAL DEVELOPMENT

The manifolds that we consider here are smooth, compact n-dimensional and embedded in R™ for some
m > n. In particular, we pose the question of approximating a surjection f: Mj; — My with a network of
the form [T} Before presenting our results, we point readers to Appendix [A] for a definition of terms used in
this manuscript.

2.1 BISTABLE APPROXIMATIONS AND LOCAL HOMEOMORPHISMS

We wish to introduce architectures that are universal approximators and have properties which are necessary
or desirable in practice. In particular, we consider approximations that locally have an inverse that is stable.
We call this mode of approximation a bistable approximation. To define this concept, we recall that when
M C R™ is a C*°-smooth submanifold, the reach of M, denoted Reach(M), is the supremum of all » > 0
such that for all z in the r-neighborhood U, C R™ of M there is the unique nearest point y € M. We
denote the nearest point by y = Pa(z). We note that for 0 < r < Reach(M), the map Ppq : U, — M is
C*°-smooth [Fefferman et al| (2020). For a point « € U, the pair (y,v) of the nearest point y = Py(x) and
the normal vector v = x — Pyp(z) € NyM of M at y form tubular coordinates of the point x.

Definition 1 (Bistable approximation). Let F C locdif!(My,R™2), and g € C(M1, Ms) where g is sur-
jective for n-dimensional submanifolds M; C R™! and My C R™2. We say that F has a bistable uniform
approximator of g, if there is an M > 0, so that for any 0 < e < Reach(M3) there is an f € F so that for
all z € M; the following hold

If (@) = g(@)lzme <& V@) mmuxzme < M, [(V(Prz 0 (@) I1ny, rapMaxTorts < M. (2)

For a family of functions G, we say that F is a bistable uniform approximator of G, if it has a bistable
uniform approximator for each g € G. We call a sequence (f,),-, C F a bistable uniform approximating
sequence if there is an M > 0 and (e,,),-, such that lim,_, €, = 0 and for all z € M; and n € Z we have

—1
I(V(Prt 0 f0)) " 1e, oy Mo xTerts < M IV fo (@) [ aty xmemz < Mand || fr(2) — g(2) [[Rme < €n.

A neural network architecture F undergoing training to approximate a function g can be formalized as a
bistable uniform approximating sequence (f,) -, where f, — g in the limit. In this formalization, we let
f1 be the network after being trained for one epoch, f; be the network trained for two epochs, etc. The

three terms in Eqn. [2l have a natural interpretation in this formalism.

Requiring || f(z) — g(x)||rm2 < € forces an approximating sequence to be a uniform approximator on compact
sets and justifies saying that f approximates g.

The [|[Vf(2)|l7,myxrm2 < M term requires that good approximations to g are stable, and in particular
penalizes convergence to discontinuous or ‘kinked’ functions. If, for a given value of the weights, a network
is Lipschitz (as is the case for deep feed-forward networks with ReLU or sigmoid activation functions), then
uniform convergence of f,, to a g with unbounded gradient implies that ||V f,,(z)|| diverges as n — oco. If the
weights of a neural network diverge as the network is trained, this is generally thought to be undesirable.
Thus requiring ||V f.(z)|| to be bounded permits only ‘good’ convergence.

The ||(V(Pp, o f)(z) " T, . sy MaxT, M, term enforces a locally stable inverse of an approximation and
2

has a meaning in the context of Bayesian Uncertainty Quantification (Bayesian UQ). In Bayesian UQ, the
uncertainty associated with an approximation is evaluated by computing a change of variables term. To
estimate this term, it is necessary to compute, or suitably approximate, the inverse gradient. Thus, by
requiring ||(V(Ppy, o f)(:r))71||TPM2(f(z))M2XTT,Ml to be bounded, we require that this change of variables
has determinant bounded away from zero, and so the model admits Bayesian UQ that doesn’t deteriorate
in the limit.
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Figure 1: In the space R® there is a genus three surface Y3 and in the space R3 there is a genus two surface
Y5 such that projection ps : R® — R? is a covering map (and thus a local diffeomorphism) p3 : ¥3 — ¥s.
These surfaces can be obtained by taking curves that are deformed to surfaces by replacing all points of the
curves by circles. The figure gives idea of the construction of such curves. In the figure we have a deformation
h : R3 — R3 that maps a curve S3 C R? to a self-intersecting curve h(Ss3) C R? and projection p : R? — R?
that maps h(S3) to a curve Sz C R%. We add a forth dimension (time) in the space R? that contains S,
and modify h in the time-variable to obtain a diffeomorphism % : R* — R* so that S3 = h(S3 x {0}) is a
non-self-intersecting by curve R* which projetion to the 3-dimensional space R? is h(S3). We add one more
dimension in all Euclidean spaces and obtain a diffeomorphism H : R**! — R*' H(z,t) = (h(z),t) and
the projection ps : R**! — R2*! such that ps3 o H : S3 x {0} — Sy x {0}. Finally, we replace all points of
the curves by circles (analogously to the Penrose diagrams in general relativity) to deform the curves H(S3)
and Sy x {0} to surfaces ¥ C R?T! and X3 C R*+! having the genus 2 and 3, respectively.

For a family F C locdif* (M7, R™2) the notation F denotes the closure of F under bistable uniform approx-

imation. That is, F = {g € C(M1, Ms): F has a bistable uniform approximator for g}.
With the definition given above we present our first result, which describes what kinds of functions admit
bistable uniform approximators by any function class.

Lemma 1 (Closure of Bistable Uniform Approximation). If M; is compact then limit points of bistable
uniform approrimating sequences are locally bilipschitz.

The proof for Lemma [I] is given in the Appendix in and implies the following

Corollary 1 (Bistable Uniform Approximations are Local Homeomorphisms). If M; is compact, then

locdif* (M1, M) C lochom(My, M) NWE2(My, My). The set WH2( My, My) refers to functions that are
weakly differentiable with L*(My, M) derivative.

The proof for Corollary [1| is given in the Appendix in The fact that locdif'(My,Rm2) C
lochom(M;, M3) is key to the subsequent developments of this paper. Before moving onto those de-
velopments, we give an example of manifolds to illustrate the difference between hom(M;, Ms) and
lochom (M, Ms), a distinction which is key to understanding the contribution of our paper.

Example 1 (Examples of Homeomorphic and Locally Homeomorphic Manifolds). Homeomorphisms pre-
serve homotopy type so a surface of genus 3, S3, and genus 2, Sy, are not homeomorphic. Nevertheless,
there is e.g. a two-sheet covering of Sy by S3, and so there is a local homeomorphism from S3 to S3. A
visualization of this covering is given in Figure[I] The covering is done in two steps, in the first the A local
homeomorphism from S3 to S is given explicitly in Appendix B2}

Lemma [I] and Corollary [I] show that limiting sequences of bistable uniform approximating sequences are
always at least local homeomorphisms, and are in general weakly differentiable. A natural question is if
they are always local diffeomorphisms. They are not. An example of a nonsmooth function that can be
approximated bistably is given in Appendix [B.4]

Any C' diffeomorphism can be uniformly approximated by C*° diffeomorphisms (Hirschl, [2012, Theorem
2.7), hence uniform approximation results true of C! diffeomorphisms, are automatically true of C> ones
as well. Further, from Miiller| (2014), we have that a homeomorphism can be uniformly approximated by a
diffeomorphism if and only if the homeomorphism is isotopic to a diffeomorphism, as in the example given

in Appendix [B:4]

A limit homeomorphism f., of a sequence (f;) is weakly differentiable in the Sobolev sense, see Corollary
[ The sign of the Jacobian determinant det D fo, carries topological information on the orientation of the
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mapping. Under weaker notions of converge this analytical information on the Jacobian determinant is
lost. For example, by a result of Hencl and Vejnar [Hencl & Vejnar| (2016)), there exists a homeomorphism
f: R* — R* which belongs to the Sobolev space W1I but for which sets {det Df > 0} and {det Df < 0}
have positive measure. This homeomorphism cannot be approximated by diffeomorphisms in the Sobolev
norm of W11, Indeed, if such an approximating sequence ( f;) would exist, then it would have a subsequence
(fi,;) having the property that det(Df;;) — det(Df) almost everywhere, but this is not possible as functions
det Df;, do not change sign.

The homeomorphism of Hencl and Vejnar is an intricate construction based on a reflection in a set containing
a positive measure Cantor set and we do not discuss the construction of Hencl and Vejnar in more detail
here. We merely note that homeomorphisms f xid: R* x Rk — R* x R¥ for k£ > 0 yield similar examples in all
dimensions above four. In lower dimensions n < 3 construction of such homeomorphisms is not possible by a
result of Hencl and Maly [Hencl & Maly]| (2010) which states that W!'-homeomorphisms in these dimensions
have the property that their Jacobians do not change sign.

2.2 MEASURES ON MANIFOLDS WITH NONTRIVIAL TOPOLOGY

The following result says that if we could get access to some manifold M; which is homeomorphic to a target
manifold M5, than we can learn to approximate measures on M5 using a network, under some dimension
requirements.

Theorem 1. Let ng = n,ny, = m, M C R"™ be a compact k manifold for n > 3k + 1, u € P(My), and be
an absolutely continuouﬂ; Further let, for each ¢ = 1,...,L, """ =T o Ry"™ for t =1,...,L,
where ng > 3ng_q1 + 1, Rﬁ‘l’n" C CYR™-1,R™) is a family of injective maps that contains a linear map
and the families T," are dense in Dijj‘Q(RW) (e.g., T," is a family of bijective networks (Puthawala et al.,
2022, Section 2)). Finally let Ty* C Diff?(R™) be distributionally universal family and f € emb* (M7, R™).
Then, there is a sequence of {Ei}i:LQ’_“ CEF o0& o T such that

dim Wa (fyp, Eigp) = 0. (3)

The proof of Theorem [1]is given in the Appendix in This theorem has the following corollary that says
that, morally, the generative problem of learning a v with support Ms can be solved if we had access to a
M diffeomorphic to M.

Corollary 2. Let v be a Borel measure in R™2 which support is a subset of some smooth compact n sub-
manifold My of R™2 and let v be absolutely continuous w.r.t. Riemannian measure of Ms. If a submanifold
My in R™2 4s smooth and diffeomorphic to My for mi > n and mo > n, then the Trumpet architecture
Kothari et al| (2021]) pushes forward the uniform distribution on My arbitrarily close to v in Wasserstein
distance.

The proof of Corollary [2[is given in the Appendix in This corollary says that one can use existing
architectures, e.g. [Kothari et al.| (2021)), to solve generation problems, provided that we know the topology
of My, so that we can construct a suitable M;. In this sense, although the embedding of My doesn’t
need to be known exactly, its topology must be completely understood. Furthermore, provided we can
obtain universality with respect to the relevant function classes, than we can get universality in the sense of
pushforward of measure.

Corollary 3 (Bistable Uniform Approximation Implies Pushforward Universality). Let mg > 3n+1, M; C
R™, My C R™2, and let F C locdif' (M1, R™2) be a bistable uniform approzimator for G C C(My, My).
Then for any p € P(My) absolutely continuous and g € G, there is a sequence (f;);e, C F so that
lim; 00 Wa (918, figept) = 0.

The proof of Corollary [3]is given in the Appendix in[B.7 The above results show that if T opo£ is a bistable
uniform approximator to F, then questions of learning to approximate measures supported on Range(f) for
f € F are solved. Thus, for the remainder of the section, we focus on the problem of showing that 7 opo &
is a bistable uniform approximator with respect to the largest class F possible.

'Here the absolute continuity means that ¢4 is absolutely continuous w.r.t. Lebesgue measure in R* w.r.t. each
chart ¢ of M.
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2.3 COVERING MAPS AND LEARNING TOPOLOGY

Here we present a topological theorem. This result has a technical appearance, but is the major work horse
for the subsequent developments in the paper.

Theorem 2 (Covering Map Decomposition). Let M; C R™ and Ms C R™2 be smooth compact n-
manifolds, where My is triangulable, and let p: R™2 x R2"T1 — R™2 be the projection to the first coordinate.
Then each local diffeomorphism g: My — My there exists an embedding h: My — My x R?"1 for which
g =poh and so that the restriction p|pag,): M(M1) = My is a covering map. Moreover, if Ms is given a
triangulation K that is fine enough, then we may fix h satisfying the following condition: for each vertex v
of the triangulation K, the preimage p~1(v) is {v} x {0,1...,d} x {0}2", where d is the degree of the map g.

The proof of Theorem [2is given in the Appendix in A difficulty in proving Theorem []is that p is not
merely a map between abstract spaces, but rather a projector in the ambient space. The fact that such a
projector exists is non-obvious when M; or Mj are, for example, knottecﬂ

Theorem |2 allows us to approximate a local diffeomorphism g by approximating h, a diffeomorphism. We
can then compose this approximation with a projection p which only depends on the degree of g. This leads
to the following theorem.

Theorem 3 (Bistable Approximations of Local Diffeomorphisms). Let M; C R™! and My C R™2 be
compact submanifolds, my > 3n+1, £ C emb' (Ml, Rmﬁznﬂ) be a uniformly bistable approzimator of each
smooth embedding h: My — R™2+Hgnd T c dif! (R™2,R™2) be a uniformly bistable approzimator of

difl(RmQ,RmQ). Then, for any g : My — Ma, and finite Y C Mo, there is a bistable uniform approzimating
sequence (f;);o; C T opo& for g. Further, if the degree of g is d then for f; = T;opo E;, the set

X, = {argminwi(x) — (T (), A0 ai y € Vg € {1, .,d}} (4)
reM;y

satisfies
du(Xi g ' (Y)) =0 (5)
as i — oo where dy is the Hausdorff distance.

The proof of Theorem [3]is given in the Appendix in The set X; defined in Eqn. [f] can be computed in
closed-form provided that E; and T; admit closed-form inverses. This, combined with Eqn. [5} means that we
can compute arbitrarily good approximations to the multi-values inverses of g on any point in Y. Theorem
says that local diffeomorphisms can always be learned in a bistable way using expansive-projectors. What
about manifolds that don’t admit local diffeomorphisms? We explore this question in the following

Corollary 4 (Approximations to Maps Between Non Locally Homeomorphic Manifolds). Let M; C R™
and Ms C R™ be smooth compact manifolds, and lochom(Mj, Ms) be empty. Let g: My — Ms be
continuous and surjective. There are no bistable uniform approrimating sequences of g.

The proof of Corollary [f]is given in the Appendix in Corollary [f shows that the only functions between
smooth compact manifolds that can be approximated bistably (by anything) but are not approximated by
the network lie in lochom(M 1, Ma3) \ locdif (M7, M>).

3 APPLICATIONS AND IMPLICATIONS

In this section, we describe how the networks studied in this work are naturally connected to various other
problems in machine learning, as well as an application in cryo-EM.

3.1 GROUP INVARIANT NETWORKS

Let ¥ be a group with action g,: M; — M; for each ¢ € ¥. When constructing a group invariant network
E: M; — Mo, the task is to approximate an f: M; — My by building a network (via choice of architecture
or else averaged training) so that E(g,x) = E(x) for all 0 € ¥ and = € M. If f is 3 invariant as well then

2For an example of a 3D printed model of an internally knotted torus artistically rendered by Carlo Séuin, see
http://gallery.bridgesmathart.org/exhibitions/2011-bridges-conference/sequin


http://gallery.bridgesmathart.org/exhibitions/2011-bridges-conference/sequin

Under review as a conference paper at ICLR 2023

enforcing ¥ invariance of E does not harm approximation and improves both training and generalization
error in theory Bietti et al.[(2021) and in practice Chaman & Dokmanic| (2021)).

For each € M we call the orbit of = the set orbit(x) := {g,2: 0 € £}. We let M;/3 denote the quotient
of M by the group action, that is, the orbit space of M; by . A group on M is called free if for any
x € M1, gox = x implies that o is the identity. It is called smooth if the map g, (x) is smooth as a function
of z for each o € X. If a finite ¥ is smooth and free, then M; /¥ is a smooth manifold (Lee, 2013, Theorem
21.13). This suggests that there is a connection between learning f: M; — My that is ¥ invariant, and
learning a ‘symmetrized’ modification of f defined between : M; /% — Msy. When the group action induces
constant-sized orbits (a stronger condition than ¥ acting freely) then this is indeed the case.

Lemma 2 (Symmetrization as a Quotient Manifolds). Let 3 be a continuous finite group on compact n
manifold My so that the orbit of x is the same size for all x € My, and let f: My — My be a continuous
Y invariant smooth map. Then the quotient space M1 /% is an n manifold,

1. let ws: My — My/X take each point to its orbit and f| : M/E = My so that

Mi/s"
f|M1/2(0Tbit(x)) = f(x), then

£ = Flagy s 07 (6)

2. if both f and ¥ are smooth, f is surjective and d-to-one where |X| = d, then f € locdif (M1, Ms).

The proof of Lemma [2]is given in the Appendix in The r.h.s. of Eqn. [6] can be used to construct a ¥
invariant network in general. See, e.g. the symmetrization operator studied in (Birrell et al. |2022, Sec. 3.4)
or group convolution (Bronstein et al., 2021} Sec. 4.3), both of which play a similar role to the 7y here.

The final point of Lemma [2] gives conditions under which a ¥ invariant function g is a local diffeomorphism
and so can be approximated bistably by the networks considered here. Combining this with Theorem [3]
yields a result that says that we can back out the group action of ¥ from the g approximation, without
knowledge of X. The proof of Corollary [f] is given in the Appendix in[B:12]

Corollary 5 (Recovery of Group Action). Let h: M; — Ms be a smooth, surjective, d-to-one, o invariant
function for n submanifolds M1 C R™ and Ms C R™2, and let Y C Moy be finite. Then there is a sequence
(fz‘)f; C T opo& that is a bistable uniform approrimator for h, and for eachy € Y, fi_l(y) converges to a
Y orbit in Hausdorff distance.

3.2 CHOICE OF STARTING SPACE

In a generation problem, the goal is to approximate a probability distribution v over some subset X of R™
given samples X from v. This can be solved by fixing a base distribution g over some simpler subset Z of R™
and using a neural network to learn f: R™ — R™ so that fxq ~ v Brehmer & Cranmer| (2020); Bronstein
et al.| (2017); |Cunningham et al.| (2020)); |Ganea et al.| (2018]); Krioukov et al.| (2010); Nickel & Kiela| (2017}
2018); [Sarkar| (2011)); |Shao et al,| (2018). This leads to the question: how should we choose Z to allow for
maximal flexibility of X7

The classification theorem (Munkres, 2000, Theorem 77.5) says that each connected compact 2 manifolds
is homeomorphic to S?, the n-fold torus, or the m-fold projective plane. Further, orientable surfaces can
be classified by genus alone while a nonorientable surface is covered by its orientation covering (Lee, 2013,
Theorem 15.41) itself an orientable surface. Moreover, by (Hatcher| 2005, Example 1.41 and Page 157), there
exists some covering map from an oriented Riemannian surface S, of genus m to an oriented Riemannian
surface S, of genus n if and only if m = (n — 1)k + 1, as the following lemma shows.

Lemma 3 (Local Diffeomorphisms Between Surfaces). Let m = (n—1)k+1, wheren,m,k € Z., k > 2 and
d > 5. Moreover, let S, and S,, be oriented Riemannian surface of genus n and m, respectively. Then S,
and S, can be embedded in R? so that the restriction of the projection p : R3 x R4™3 — R3, p(z,y) = x defines
a k-to-1 covering map p|s,, : Sm — Sn. In particular, p|s,, : Sm — Sy is a surjective local diffeomorphism.

The proof of Lemma[3is given in the Appendix in[B:13] This shows that such a covering map exists, however
the existence of such a covering map does not guarantee that if .S,, and S,, are submanifold of an Euclidean
space that the covering map extends to continuous map of the Euclidean space. In the next lemma we
prove when S, and S, are embedded in the Euclidean space appropriately, the covering map is realized by
projection.
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This lemma can be combined with the following theorem which gives a general construction for local diffeo-
morphisms using projectors between manifolds M; and Mo by passing through diffeomorphisms.

Theorem 4 (Covering Maps as Projections). Let M; C R™, My C R™*, My C R™ and My C R™ be

compact smooth submanifolds where 1y > my and mo > mao. Suppose further that both My and M as well
as Mo and My are diffeomorphic and there is a projection p: R™ — R™2 so that the restriction ofp|/\;ll 18

a covering map p|/\;l1 : M1 — Ms. Then there is a linear injective map Jy: R™ — R™ | q diffeomorphism
Ty: R™ — R™ an integer k > max (g, 3msa + 1), a linear injective map Jo: R™2 — R¥  q diffeomorphism
Ty: R¥ = R¥ and a projection py: R¥ — R™2 such that f = pyoTyo0JyopoTyoJy € locdif(My, Ms) is a
k-to-1 covering map f: M1 — Ms.

The proof of Theorem [ is given in the Appendix in[B.14] Theorem [ gives a recipe for extending this to the
case when S5 is a surface with two knotted handles, that is a torus that is embedded in expansive-projectors
non-standard (Osadal (2016). As products of covering maps are a covering map, Theorem [4 and Lemma
imply the following. Let m = k! + 1, N € R% be a compact connected submanifold and S, C R% be an
oriented Riemannian surface of genus m. Next, we consider the model space N x S,, C R™ my =dy + ds
and its possible images in the composition networks of the form Eq. Let My C R™2 be a submanifold
that that is diffeomorphic to N x S,,, where S, is an oriented Riemannian surface of genus n with n < k+1.
Then by Theorem [ there is a composition f := ppoTh o Jyopo T30 J; : R™ — R™2 of projections,
global diffeomorphisms and linear injective maps such that f : N x S,, — N x S, is a surjective local
diffeomophism. This means that a combination of two composition networks of the form Eq. [I| can can map
the model manifold N x S, to any manifold diffeomorphic to N x S,, with n < k + 1. In particular, if we
consider the first betting number b;(N) of the manifold N (i.e. the number of handles), the composition
map f can map N x S, to manifolds having any 1st Betti number n - b1 (N) with n < k + 1.

3.3 CRYOGENIC ELECTRON MICROSCOPY

Cryogenic electron microscopy (cryo-EM) is a molecular imaging technique where samples (molecules) are
suspended in vitreous ice and tomographically imaged with an electron microscope (2017 Nobel Prize in
Chemistry). Like in traditional tomography one images the three-dimensional sample with two-dimensional
projections (slices) but with unknown orientations. Orientations are then modeled as random samples from
the rotation group SO(3), often from the Haar (uniform) measure Bendory et al.| (2020); |Frank (2008). The
task is to recover the underlying molecular density up to natural global symmetries. Mathematically, this
can be modeled as the problem of recovering the orbit of samples under the rotation group, SO(3) [Liu &
Moitra/ (2021)).

In addition to the emergence of SO(3) as a natural group in this problem, the molecule often has its own
discrete symmetries which means that the orbit to recover is topologically different from SO(S)E The
presence of a symmetry in the sample, encoded by a group X, means that the natural problem is to recover
orbits of SO(3)/X, where ¥ is unknown. This task is a natural setting for the analysis in this manuscript,
see Lemma 2l and Theorem [Bl

We remark that the results described in Section [3.1] apply only when ¥’s group action produces orbits of
constant size. This is not the case for some natural settings. Indeed in the setting of imaging a bacteriophage,
rotation out the axis of symmetry fixes the points at the poles, and so is not free. Thus, quotients of manifolds
by ¥ do not yield manifolds, but so-called orbifolds (Thurston) 2014, Chapter 13). Extending the analysis of
the manuscript to apply to the case when the target space is an orbifold will be the subject of future work.

4 CONCLUSION

In this work we showed that extension-projection networks are universal approximators of local diffeomor-
phisms between smooth compact manifolds. In particular, we showed that we can approximate mappings
that globally change topology between manifolds. We found that local diffeomorphisms can always be lifted
to diffeomorphisms in a sufficiently high dimensional space. By approximating this lifting and a subsequent
projection, we found that extension-projection networks are end-to-end universal approximators of local dif-
feomorphisms while maintaining a novel inversion property. Finally, we considered applications where our
extension-projection networks can be used.

3For example bacteriophages have a natural axis of discrete rotational symmetry. COVID viruses such as COVID-
19 are spherical with non-symmetric spikes.
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A  DEFINITION OF TERMS

A Hausdorff space is a topological space so that distinct points are always separated by disjoint neighbor-
hoods. Metric spaces are always Hausdorff, and so is R™ with the usual metric.

A n manifold, notated M, is a Hausdorff space with countable basis such that each point x in M has a
neighborhood that is homeomorphic with an open subset of R”.

A n submanifold is a manifold that is embedded in R™ for some m.

Given two topological spaces X and Y, we notate hom(X,Y") as the space of homeomorphisms between X
and Y. That is, the set of functions X — Y which are continuous and bijective with continuous inverse.

Given two topological spaces X and Y, we notate lochom(X,Y") as the space of local homeomorphisms
between X and Y. That is, the set of functions f: X — Y so that f maps open subsets of X to open subsets
of Y and for every x € X, there is an open neighborhood U C X so that f | : U — f(U) is a homeomorphism.
Observe that if X is compact and non-empty and Y is connected, then al[{ local homeomorphism f: X — Y
are surjective maps.

Given a Riemannian n manifold M we use the notation da(+,-) to refer to the geodesic metric.

Given two n manifolds with geodesic metrics M; and My, we notate locbilip(M7, M3) as the space of locally
bilipschitz functions f: M — My which are local homeomorphisms and for which there is an L > 0 so that
for all z € M; there is an open U, C M so that for all 2’ € U, +dx(z,a') < dy(f(z), f(2')) < Ldx (z,').

Given two smooth manifolds X and Y, a smooth map f: X — Y is a diffeomorphims if it is bijection
and its inverse is a smooth map. We denote dif(X,Y") as the space of diffeomorphisms between X and Y.
Moreover, we notate locdif (X, Y") as the space of local diffeomorphisms between X and Y. That is, the set of
functions f: X — Y so that f maps open subsets of X to open subsets of Y and for every x € X, there is an
open neighborhood U C X so that f |U U — f(U) is a diffeomorphism. All local diffeomorphism are local
homeomorphism and thus, if X is compact and non-empty and Y is connected, then all local diffeomorphism
f: X — Y are surjective maps.

We call a function f an embedding and denote it by f € emb(X,Y) if f : X — Y is continuous, injective,
and f~1: f(X) — X is continuou Also we denote by emb®(R”, R™) the set of maps f € emb(R",R™) N
Ck(R",R™) which differential df|, : R® — R™ is injective at all points x € R".

Given a smooth n manifold and point x € M, T, M denotes the tangent space of M at . T M denotes the
tangent space of M.

Two homeomorphisms ¢ and v are said to be isotopic if there exists a continuous ®: [0,1] x M — M so
that ®(t,-) is a homeomorphism for each ¢, and so that ®(0,-) = ¢, and ®(1,-) = .

Let X be a topological space. We call X a polyhedron if there exists a simplicial complex K and a homeomor-
phism h: |K| — X. The pair (K, h) is called a triangulation of X. For a well-written, high level description
of triangulation of manifolds, see Manolescu| (2016) or (Rotman) 2013, Chapter 7). A key result is that all

“Note that if X is a compact set, then continuity of the of f=': f(X) — X is automatic, and need not be assumed
(Sutherland| [2009 Cor. 13.27). Moreover, if f : R™ — R™ is a continuous injective map that satisfies |f(z)| — oo as
|#] = oo, then by (Mukherjee et al., 2015, Cor. 2.1.23) the map f~*: f(R™) — R™ is continuous.
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smooth topological manifolds are triangulable. Further, every topological n manifold is triangulable if n < 4,
but counter examples exist for n > 4.

In Definition |1, (V f (as))_1 refers to the inverse of a gradient matrix, not the gradient of the inverse mapping.
Similarly the norm |[|-||7, m, xrm2 denotes, e.g., the operator (matrix) norm.

B  PROOFS

B.1 HELPER LEMMA

Before we proceed with the proof of our main results, we first present the following helper lemma, which
allows us to compare the euclidian distance between points with the geodesic distance. It lets us compare
euclidian distance (as vectors in R™) and arclength geodesic distances (as points on an n-manifold M)
between two points. This presentation and Lemma are not original, and are taken from (Bernstein et al.,
2000, Section 3).

Let M be a smooth n manifold embedded in R™. We define the minimum radius of curvature ro(M) as
1
To (M)

where «v: D — R™ varies over all unit-sphere geodesics in M, and ¢ varies over D. The minimum branch
separation so(M) is the largest positive number for which

|z — yllrgm < so(M) implies that dap(x,y) < wro(M).

= max|[§(¢)]|rn
v,t

Lemma 4 (Comparing Euclidian and Geodesic Distances). Let M be a smooth compact n manifold that
connects points x and y with geodesic v of length £. Then ro(M) > 0 and so(M) > 0 both exist. Further, if
< mro(M), then

270 (M) sin(6/2ro(M)) < ||z — yllzn < £.

The Lemma above is the same as in (Bernstein et al., [2000, Lemma 3). We refer the reader to that work for
a proof. If we denote the geodesic distance dys: M x M — R as

dar(x,y) = inf {length (7)}
where « varies over the smooth paths connecting 2 and y, then Lemma [4] implies that when da(x,y) <
mro(M),
@2/m)dm(z,y) < [z = yllem < da(z,y). (7)
When M is compact, this implies that there is a constant caq > 0 such that for all z,y € M,
emdrm(z,y) < lz—yllrm < dm(z,y). (8)

B.2 Proor Or LEmMA [I]

In this subsection we present the proof of Lemma

Proof. Let (fn),—, be a bistable uniform approximating sequence converging to g: M; — R™2. We first
show that g is Lipschitz, and inverse Lipschitz when restricted to a small metric ball.

Let x1, 22 € My be given, and close enough together so that Eqn. [7] applies. Then for any n, we have that
dpmy(9(21), 9(22)) < 7/2||g(21) = fr(@1)lRm +7/2][g(22) = fu(z2)lRm + dy, (fn(21), fo(22))
<aM/2dx(x1,x2) + TEy

where Y,, denotes the manifold f,,(M;). If we let n — oo then n — 0, and so ||g(z1) — g(z2)|| < M||z1 — x2].

Thus g is Lipshitz with constant wM /2.

Now we prove that ¢ is locally inverse Lipschitz. Let n € Zy and zg € M;j. As

[[(V (P, © fn)(aco))leTPM otn ey MaxToM; < M, the inverse function theorem (see e.g. (Tao, 2009, The-
,0fn ~

orem 17.7.2)) implies that there is some neighborhood V' C M of zg so that Pag, o fo|,: V — W =

v

15



Under review as a conference paper at ICLR 2023

P, (fn(V)) is a bijection and has a C'-smooth inverse hy, v : (Pp, © f”|v)_1 : W — V such that the norm
of derivative of h, 1 is bounded by M. Consider now z;,z2 € M;. Consider the geodesic v of My that
connects y1 = Pay, 0 frn(21) to y2 = Pa, o fn(22). By covering the geodesic v by neighborhoods V; where
the inverse map h,, v, are defined, we see that

dM1(x1ax2) < MdM2(PM2 o fn(x1)7PM2 © fn(x2))

Next, let 21,29 € My and assume the €, is so small that €, < reach(Ms)/2. Then,

||PM2 o fn(w1) — Pp, 0 fn(x2)H > cModMs, (PMz © fn(xl)vp/\/lz o fn(x2))
> ey Mg, (w1, 22)

> ep, M|z — 2o

Recall that by the definition of Pp,, the point Py, o f,(z) is the nearest point of My to f,(x). Hence, as
|frn(2) — g(z)] < €, and g(z) € My, we have

[fn(@) = Prm, © fu(@)] < [fn(z) = g(2)] < €n.

Hence,

(1) = fa(@2)ll = 1Pamy 0 fu(@1) = Paty © fal@2) ]| = 260 2 e, M |21 — | — 2€n.

Then we have

Ay (9(x1), 9(22)) > llg(21) — g(22)||rm
> [|fn(a1) = fa(z2)l[rm = [fa(z1) = g(21)]

> CM2M71||1‘1 — xo|| — 4e,

rn = [[fa(22) — 9(22)|[mm

The above is true for every n, and €, — 0 as n — oo, thus ||g(z1) — g(x2)|| > cam, M ~1||z1 — 22| Hence g
has an inverse map that is Lipschitz with constant caq, M ~t. This proves that g € locbilip(My, Ms). O

B.3 PRoOOF OF COROLLARY [l

In this subsection we present the proof of Corollary [I]

Proof. We prove the general fact that locbilip(X,Y) C lochom(X,Y) when X is a compact metric space
and Y is a metric space. Combining this with Lemma (1| yields the first claim. Let f € locbilip(X,Y") and
xo € X, then there is some open set U C X so that f’U : U — f(U) is bilipschitz. Then there is a metric

ball B = B(zg,r) such that B C U and the set K = B is compact set. Observe that K C U C X. From this
we have that f|  is continuous (from forward Lipschitzness on U) and injective (from inverse Lipschitzness

on U). Thus f’K is a homeomorphism, and so for any open neighborhood V' C B of z(, the map f’v is a
homeomorphism as well. Therefore f is a local homeomorphism, and so locbilip(X,Y) C lochom(X,Y)

From (Evans| {1998 Pages 294 - 296) we have that if U is open and bounded and g lipschitz on U then g is
weakly differentiable. g is known to be locally (bi)Lipschitz on X and but X is compact hence g is Lipshitz

on X. Therefore g is weakly differentiable, and so emb' (M, R™m2) € W2(My, M3). O

B.4 BISTABLE APPROXIMATION OF NONSMOOTH FUNCTIONS

Example 2 (Bistable Approximation of Nonsmooth Functions).

_fz ifx <0 _Ji@te(z—e) +3x+ e ifxe[—c€
f(x)_{Zm ifz>0’ fe(x)_{}(x) ’ ’ ifxd[—ee’

A simple calculation shows that ||V f.(z)| < 2, [V f(z)] < 1 and f. f/(—€) = 1, f/(¢) = 2, and that
fe — f uniformly.
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B.5 PROOF OF THEOREM [1

If 75" is a universal approximator of C([0,1]™,[0,1]™), then it must also be universal on C'(My, M) for
compact M as, after scaling, we can extend any g € C(My, M;) to a h € C([0,1]™,[0,1]™) by the Tietze
extension theorem (Madsen et al., 1997, Lemma 7.4).

Proof. The proof of this is a generalization of (Puthawala et al.| |2022, Theorem 3.10) where we don’t have
that u € P(R™), but rather that u € P(M;).

Let us consider a compact, smooth submanifold M C R"™. From (Puthawala et al| 2022, Theorem 3.8),
we have that Z%(M;, R™) = emb® (M, R™), where emb® (M, R™) is the set of all C*-smooth embeddings
g : My — R™ and TF(M;,R™) is the set of all C*¥-smooth extendable embeddings g. : M; — R™ that
can be written as a composition g. = h o L|q, of a linear injective map L : R™ — R™ and the C*-smooth
diffeomorphism h : R”™ — R™ of the entire space R™. Moreover, by (Puthawala et al., 2022, Lemma 3.9), we
have that £ = £;* """ 0.+ -0&""" has the manifold embedding property (MEP) w.r.t. the family Z*(R", R™)
of extendable embeddings. Hence, just as in the proof of (Puthawala et al., [2022, Theorem 3.10), see that

there exists of a map E € £ and an a.c. measure 1 € P(M,) such that Wy (f#p,E#u”) < 2¢1. By the
distributional universality of the family 7;, that is a subset of the diffeomorphisms 7" : R™ — R", there is a

map T € T* so that Wy (1, T < €9, and so Wy (fupu, (E o Ty < 2€1 + e lip(E). Thus by choosin
p 0 H #H #H #1 p Y g

€1 < 7 and €2 < m yields a E € E™™ so that Wa (fxu, Exp) < €, the result. O

B.6 PROOF OF COROLLARY [2]

In this section we present the proof of Corollary

Proof. The uniform measure p € P(M;) is absolutely continuous with respect to Mj. From my > n,
we have that the dimension condition of Theorem [I] is met. Finally, the trumpet architecture of [Kothari
et al.| (2021]) satisfies the necessary universality conditions, see [Puthawala et al.| (2022), hence we can apply
Theorem and we obtain a sequence of E; so that lim;_,oo Wa (v, E;pn) = 0. O

B.7 PRroOF oF COROLLARY

In this section we present the proof of Corollary [3]

Proof. Because £ is a bistable approximator, it is a uniform approximator with respect to G. Thus, by
Puthawala et al.| (2022)), we have that & has the MEP w.r.t. G. Thus, we can apply Theorem [l| This yields

limiﬁoo W2 (f#/i, EZ#/L) =0.
O

B.8 PROOF OF THEOREM [2

In this section we first present a lemma relating local homeomorphisms to covering maps. We use this lemma
for our subsequent proof.

Lemma 5. Let My and My be two compact Manifolds, and f: M1 — My a continuous surjection. The
following two are equivalent.

1. f is a local homeomorphism,

2. My is a covering space with base space Ma, and f a finite covering map.

Proof. First we prove that (a) = (b).

Recall that a mapping is called proper if inverse images of compact sets are compact. Let K C My be
compact, we wish to show that f~!(K) is compact as well. Note that this part does not require f to be local
homeomorphisms, and is true more generally for continuous surjections between compact spaces. Compact
sets are closed, and so K is closed. Because f is a surjection, f~!(K) is defined. Preimages of closed sets
are closed, and so f~1(K) is closed. Finally, closed subsets of compact sets are compact, and so f~1(K) is
compact. This shows that f is proper.
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Figure 2: A sketch of the various quantities used in the proof of Theorem [2l This toy example provides a
visual for the proof when n = 2 and d = 2. The blob on the left is M, and the simplices on the right are a
subset of K. As indicated by the hashing, F'(C7') = F(C3') = 01, and likewise F(C7?) = F(C3?) = 02 and
F(C{?) = F(C3?) = 03. Further, we have for each i =1,...,5 that F(x;1) = F(zg2) = v1.

Lemma 2 of Ho| (1975) proves that a surjective proper local homeomorphism between M; and My is a
covering map. We now prove that the degree of f is finite. Here we use the local homeomorphism property.
Because f is proper, f~1(y) is compact for any y € Ms. By the local homeomorphism property of f, for
each x € f~!(y) there is an neighborhood of z, U, so that f |Uw is a homeomorphism and, in particular, is
injective. Thus {Uz tx € f‘l(y)} is an open covering of f~1(y) for which there is no subcover. This covering
must be finite by compactness, and so too must be f~1(y).

To prove that (b) = (a), we prove that a covering map is a local homeomorphism. Let 2 € M; be given,
and y == f(z). Since f is a covering map, there is a neighborhood U, of y so that f~*(U,) is a union of
disjoint open sets. x is in exactly one of these sets, denoted by U,. Then f ‘UI is a homeomorphism. This
works for any x, hence f is a local homeomorphism. O

Now we present the proof of Theorem[2} We remark at the outset that this proof is presented as constructively
as possible. Our hope is that the steps in the proof can inform network training.

Proof. The proof is quite involved and so we first provide a proof sketch highlighting the major steps of each
section in the proof.

First, we show that for each ¢ € K, there are d disjoint compact patches {C’J‘-’}jzl in M such that
F ‘ oot OF — |o| is a homeomorphism for each j. A sketch of the patches C¢ are shown in Figure
J

Second, we construct a map ¢ : U?:1 C? — |o| x [0,d] where g7 (x) = (F(x),-) that makes a d-tall ‘stack
of pancakes’ over 0. Each of the d pancakes is F (CJ") for some j. We construct g so that each pancake
passes through (v, ) for some i € 1,...,d. We then construct a continuous map g: M — | K| x [0, d] so that
9l, =9

Third we show that g is a bijection between M; and {(v, i)}le, and that g can be continuously lifted to an
injective h: M — C so that h(z) = (¢g(z),0). Thus h is a continuous and injective map between compact
sets, and so is an embedding of M into C. Finally, we show that p~!(v) Nh(M) = {(v, 1, 0)}?:1 for 0 € R*".
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Figure 3: Sketch of a toy example where a point x is mapped to a simplex 7 that is a common face of the
simplices o1 and 0.

Let the vertices of V' be enumerated as V = {vy,...,ony} for some N, and for any i < N, let the set
X = {z;;}'=V7=% € M be the d points in M such that F(z; ;) = v;.

(1)

i=1,7=1

Let 0 € K be given, and {v1,...,v541} =0 C K.

We will construct one Cf for each z1,;. Let j be given, then defined r; = mingecp-1(v,),00, ;17 —
1 4]|. Note that r; > 0, and x1 ; = B, (21,5) N F~1(v1). Let

C7 = By, (z1,5) N F~(|o]).

We will show that F | is a homeomorphism.

(054

It is clear that F | oo 18 a local homeomorphism. Further, if o is small enough, then there is some
i
r’ < r; so that |o| C F(B,/(z1,)). Therefore, we have that F| : C7 — |o|. This is guaranteed

from the assumption that the diameter of the largest o € S is suﬂimently small. From Lemma/[5] we
then have that F' ‘ . is a covering map. Because x1,; = B, (21,;) N F~ Y(v1), we can conclude that

this covering map hab degree one, and so F | or is not just a local homeomorphism, but a proper

homeomorphism. As an immediate consequence of this, we have that C7 is compact and connected.

From the previous part we have that for a choice of o and j, that C7 is compact and F } co 8
g

homeomorphism. We also get that C'Y are pairwise disjoint.

Let us define the set of closed patches C = {C]‘-’: oe Smx je{l,... 7d}} where S™* C S are
the maximal simplices of S. Now we introduce two index functions, Ind®: ¢ — {1,...,d} and
Ind*: X — {1,...,d}. They are defined as:

Ind®(C) = j where C = CY €C (9)
Ind™ (z) = j where z = z; ; € X. (10)

We note that the choices of Ind® and Ind™ are not unique. The j index in the definition of C and

X are both dummy indices. The key fact is that C' — (F(C),Ind®(C)) and z — (F(z),Ind™ (z))
are bijections.

Let y € |o|. We can express y in barycentric coordinates in terms of the vertices of o. Let (A (%)), ¢,
be the unique scalars such that F(z) =3 . AJ(x)v, >, c, A7(x) = 1 and AJ(z) > 0. Now define
the function g7 : C7 — |o| x [0,d] as

93 (x ( ), > Ind™ (F~'(v) N CY) XS (F(x))) (11)

veEoT
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Let us briefly prove some properties about gf. First, recall from part (a) that F “lw)n Cy e X,
hence the Ind™ (F~'(v) N Cg) term is well-defined. Now we define

d
g7 U Cy — ol x[0,1], ¢%(z) = gfnds(c)(x) where z € C € C (12)

g% (z) if F(z) € 0y
g: M — |K|x[0,1], ¢7(x)=4" (13)
g% (z) if F(x) € oy

Note that from part (a), we have that {C7},_, , are pairwise disjoint for any o. Thus for any

x, there is a unique C' € C so that x € C. This shows that Equation is well-defined. Equation
on the other hand, may have problems. In particular, it is possible for F'(z) € 0 and F(z) € o’

for o # o’. We resolve this problem by showing that if F(z) € o N o', then ¢ (z) = g7 (z). This
resolves the problem.

Let x € M be such that F(z) € 0 N o’ = 7, see Figure 3| for an illustration. Because F'(z) lies in
the convex hull of 7, we can then conclude that

- 0 frer

and likewise for ¢’. Expanding the definition of g7 (x) we get that there is some k so that

9% (x) = ( ), > Ind™ (F7H(v) N C7) AT (F(a ))) (15)

— | F@). Y md (P 0) 0 Cp) M(F@) + Y. d™ (F70) 1 C7) N (F@) | (16)
vET vEo\T
= < Zlndx ﬂCk) A (F(x ))) . (17)

Likewise, g7 (z) = (F(x) Y ver Ind* (F ( Lw)n C’g//) AL (F(x))) for some k’. Finally, we have that

“Yr)nCg = F~Y(|r]) N Cg'. Thus we have F~'(v) N Cg = F~'(v) N Cg. This proves that
97 (x) = 97 ().
Clearly, g is continuous on the interior of every maximal simplex o € S™**. The previous result
shows that g is continuous across the boundry of all simplices. Therefore, we also obtain continuity
of g by the gluing lemma.
Before we construct h, we will show that g’X is a bijection from X onto {(v,9)},_, . Letz € X,
then F(z) = v' € o for some o € S™**, and for that choice of o, there is a unique & so that z € C7.
Uniqueness follows from separation of C7. Hence

9(x) = g% () = g7 (z).

Evaluating the value of g7 and using the identity

oy 1 ifv =w
Aww—{oﬁu#v (18)
we obtain
9(z) = g (z) = ( ;Y Ind™ (F~H(0) N C7) A (v )) (19)
veEoT
= v, Ind¥ @A)+ D Wmd¥ (F'w)nCy) M) (20)
veov Fu’ =0 as v#v’

= (v', IndX(x)> ) (21)
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If 2; ; and x; j are such that g(z; ;) = g(« j-), then equality in the v component of Eqn. 21| proves
that ¢ = i’ and equality in the Ind® component of Eqn. proves that 5 = j’. This proves that
g is injective on X. Both X and {(v,%)} 4 have #(V) = d elements, therefore bijectivity
follows from injectivity.

veV,i=1,...,

Now we turn to showing that g can be continuously lifted to a function h: M — C that is injective

on all of M, and so an embedding. Before starting with that proof, we remark on the non-injectivity

of g. Because gj is a homeomorphism, g‘ co s injective and so g is locally injective, but g may fail to
k

be injective globally. Consider for example the case when R (v1,1) = 1, R%(ve,1) = 2, R% (v1,2) =

2,R7(v2,2) =1, & € CY and &3 € C be such that F(Z1) = F(&2) = 1 (v1 + v2), then

1 1 1 1 1 1
g(fi’l) = (2 (1)1 +’U2)71§ + 22) = (2 (’Ul +7}2) ,25 + ]_2) = g(fEQ)

If there is a o € S and indices 1 < kj,ke < d and vertices v,v’ € V such that R (v, k1) <
R?(v,k2) and R?(v', k1) < R?(v', ko) then g is non-injective. This follows from Equation [21{and the
intermediate value theorem. Indeed if M is connected then g(M) always has self intersections. If
not, otherwise the maximal (in the final coordinate) components of g(M) would be both open and
closed, which violates connectedness of M.

Now we construct the embedding h. From Whitney’s embedding theorem and compactness there
is an embedding of M into [0,1]*". Let f: M — [0,1]>" be that embedding, Further let ¢ > 0 be
such that g|u xB.(2) is injective. The existence of such an € follows from continuity of g and that

9|y is injective. Let ¢, : M — R be a bump function such that 1)(x) = 1, ¢ is smooth, and ¢ = 0
outside of B.(x). Then we define

\Ij(y) = Z wz,e(y) (22)

zeX

h(y) = (9(y), ¥(y) f(v)) - (23)

Let 7 : R*T1 x R?2" — R and mp: R x R?" — R2™ be coordinate projections. On Ugex Be(z),
71 0 h = g is injective owning to ¢’s injectivity. On M\ Uzex Be(x), mooh = f and so is injective as
well. Clearly h is continuous. h is a continuous injection on a compact set and so is an embedding.
This concludes part 3, and the entire proof overall.

B.9 PROOF OF THEOREM [3]

Before we prove Theorem [3| we first prove a helper lemma. This lemma shows that given a triangulation K
we can always find a finer triangulation K’ with vertices at an arbitrary set of points Y C |K’|.

Lemma 6 (Vertexed Triangulations). Let K be a n triangulation, andY C |K| a finite set of points. Then
there is a triangulation K' = (V') S") of K so thatY C V.

Proof. We proceed by induction on the size of Y. The base case when Y = {} is solved by letting K’ = K.
Now the inductive step. Let y € Y, so that Y = {y} U (Y \ {y}). If y is already a vertex of K’ then we are
done. Otherwise, there is some o € S so that y € 0 where ¢° denotes the relative interior of . Then, we can
subdivide (like a barycentric subdivision but at y instead of the barycenter) o at y into n + 1 simplices. Call
these simplices X,. We form a triangulation K’ by removing ¢ and replacing it with this subdivision. For
each coface 7 € S of o, replace o in 7 with one element each of ¥,. A long but straight forward calculation
shows that after this coface replacement is legitimate, this yields a simplicial complex K with vertex at .
Now apply the inductive hypothesis to K and the points Y\ {y}. O

Now we prove Theorem [3]

Proof. The manifold Ms is smooth, and so triangulable. Let Ky = (V2,.52) be a triangulation of My with
diffeomorphism hg: Ko — Mo,
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We apply Lemma |§| to the triangulation Ky = (Va,S2) where the set of points that we want to add to
the vertex of the triangulation is hy'(Y). Note that Y is finite, and ¥ C My, and so hy ' (Y) C |Ksl,
and so the lemma applies. Thus, there is a triangulation K/ = (V’/,S’) of My with vertices that include
hy'(Y). Now we apply Theorem [2, and obtain projection p: C' — |K3| and h € emb' (M, C) so that for
C = |Ks| x [0,d] x [0,1]™ we have that hy ' 0 g = p o h. Moreover, we have that for each y € hy '(Y) C V7,
pt(w)Nh(My) ={(v,i,0)} fori=1,...,d.

Applying ho to both sides, we get that g = hy o po h, and for every y € Y
g7 ) =h oy ohg ) = b ({0,1.0}y )

where v = hy ' (y).

To form the sequence of f; and X; that satisfy Eqn.s[4]and [5] choose a sequence (E1)]Z, and (T'1)]-, so that
E; and T; are, respectively, bistable uniform approximators to the embedding h and diffeomorphism hy. If
we define f; := T} o p o E; then by compactness (f1)j=; is a bistable uniform approximator. for g. Further,
by inverse Lipschitz-ness of g and f;, we have for all y € Y that

supllh™" o (hy ' (4),4,0) = B (T ()6, 0) g, || < e (24)
ye
where ¢; — 0 as ¢ — oo. This proves Eqn. O

B.10 Proor oF COROLLARY [
In this subsection we present the proof of Corollary [4]
Proof. The proof of this follows from emb'(M;, R™2) C lochom(M;, My). If (f,)07, was a uniform ap-

proximating sequence for g, then g would necessarily be a local homeomorphism between M7 and Ms. This
is a contradiction, hence no such sequence exists. O

B.11 PROOF OF LEMMA [2]
In this section we present the proof of Lemma [2]

Proof. First, we prove that M;/% is a manifold. Because ¥ is finite, 7y is a proper and continuous. It is
free because orbits are all the same size, hence M; /¥ is a manifold from (Lee, [2013, Theorem 21.10).

1. f| My /S is the unique map satisfying Eqn. @ This is shown by passing to the quotient as in (Lee,
2013, Theorem A.30).

2. Clearly 7y is a covering space of M7 /¥ by M. From f and 7s, being d-to-one we obtain that f is
one-to-one, and so it is a diffeomorphism, so fuq, /5 o 7 is a smooth covering map, and so is a local
diffeomorphism

B.12 PRroOOF oF COROLLARY [0l

In this section we present the proof of Corollary

Proof. This follows from Eqn. [5| By uniform inverse lipschitzness of F;, we have that X; converges fi_l(Y),
and so Eqn. |5 becomes that dg (f;*(Y),g~*(Y))) — 0. From inverse Lipschitz-ness of g and f we have that,
for i large enough, that f;*(Y) and ¢g~'(Y) have the same number of points, hence dg (f; *(y), 9~ (y)) for
eachyeY. O
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B.13 PROOF oF LEMMA [

In this section we present the proof of Lemma

Proof. Let m = k(n—1) + 1, where n,m and k are positive integers, k¥ > 2. In this section we explicitly
construct a covering of a genus n surface S,, with a genus m surface S,,,. We consider coordinates (x,y, s, 2, t)
inR® Let P,:R> - R P, :R> - R3, P, : R® — R2, Q4 : R® = R3, Ry : R* — R? be the projections where

Py(z,y,s,2,t) = (z,y)
Psy(z,y,s,2,t) = (2,9, s)
Py(x,y,s,2,t) = (z,y,s,2)
Qs(z,y,s8,2,t) = (2,9, 2)
4(1” Y, 8,2, t) = (x,y, 2, 1)
Ry(z,y,2,t) = (z,y).

Consider curve v : [-2(k — 1)m,2(k — 1)7] — R® given by
() = (cos(r), sin(r), 0, (r), ¥ (r)) (25)
where ¢,1 € C*°(R) are such that
Y(r) >0, for all r, and
P(r) >0, ifand only if |r — (=25 + 1)7| < 1 for some j =1,2,...,k—1
and

¢(=r) = o(r,)
o(r)=1, forrel0,7/2],

o(r)y=75+1, forre[(2j— %)77, (25 + %)7‘(‘], i=1,2,3,...,k—2,
6(r) =k, forre[((k—1)— %)w,2(k — 1),

. 1 .
¢((2]71)ﬂ—):]723 ‘7:17277]%‘71

1 3
7)77,(2j—|—§)7r],j:O,l,Q,...,k—Z.

r — ¢(r), is strictly increasing on the intervals r € [(2j + 5

Then
Py(y(=r)) = Py(y(—s)) if and only if r = s = jm for some j =1,2,...,k — 1. (26)
and v([—-2(k — 1)7,2(k — 1)7]) is a smooth closed curve in R® which does not intersect itself.

Let u(r) = Q4(y(r)) be a smooth curve in R* that has no self-intersections. Then a(r) = Ra(u(r)) is such
that the set a([0,27]) = a([—2(k — 1), 2(k — 1)71]) C R? is the unit circle in R? and the projection

Ry : p([—2(k — Dmr,2(k — 1)7]) — «([0, 27]) (27)
is a k-to-1 covering map.

We will first consider a 2-dimensional torus ¥y in R? whose “central curve” is the path . In other words, a
tube with central axis «. To this end, let

1
u(r) = 5 s O Pa(y(r)) (28)
|0r P2 (v(r))|
be the unit tangent vector of the curve r — P(y(r)) in R? and let
v(r) = v(r)* (29)
be the unit normal vector of the curve r — P(7y(r)) in R? which is obtained by rotating v(r) 90° clockwise

in R?. Let
v(r) = (v(r),0,0,0) (30)

23



Under review as a conference paper at ICLR 2023

be a vector in R® and é = (0,0, 1,0, 0) be a unit vector in R pointing to the direction of the s-axis.
Let H : [-2(k — 1)7,2(k — 1)7] x [, 7] — R be the function
H(r,0) = v(r) + cos(0)v(r) + sin(9)é. (31)
We define
Yo =H([-2(k - 1)m,2(k — 1)7] X [—m, 7)) (32)

to be a 2-dimensional surface in R®. The surface ¥ is a 2-dimensional torus in R®. It has the property that
the surface ¥; = P3(Xg) is a 2-dimensional torus in R? and the projection

Pg : 20 — ¥ (33)

is a 2-to-1 covering map. Observe that the points ¢; = H(2j7,0) = (1,0,0,5 +1,0),  =0,1,2,...,k —1
have neighborhoods U; in R® such that $o N Uj is a subset of R® x {(4,0)} and the maps

Pi,j1(mvyasvz,t)_>(37,y7573+(j_i)7t)7 i7j€{071a27"'ak_1}7 Z<.7 (34)
are bijections
ptzomU,’—)EoﬂUj. (35)

Now, we add n handlebodies to ¥y. We modify ¥y in the sets U; by smoothly gluing to 3¢ N U; a collection
of (n — 1) 2-dimensional toruses T}, C U; NR3 x {(j,0)}, p=1,2,...,n— 1 so that we obtain a C*°-smooth
surface

S = S0t (T 1# 2% - # T 1) # (Do # Dop# - H# o n—1)# . (T # Lo# . #Tjn—1)  (36)
that has genus m = k (n — 1) + 1 and moreover, S,, NU; C R x {(i + 1,0)} and the maps

pij:Sm NU — Sy, NU; (37)

are bijection for all 7 < j. Then S,, = P3(S,,) is a smooth surface in R? that has genus n and the projection

Ps: S, — Sy (38)

is a k-to-1 covering map. This show that in R® there is a surface S,, with genus m that is mapped in the
projection Pj to a surface S, in R® with genus n ,and for these surfaces Ps is a k-to-1 covering map.

O

B.14 PROOF OF THEOREM [4]

Proof. We can assume without loss of generality that my > 3m; + 1. Otherwise, we may replace M, by
Jo(My) where Jo: R™ — R3™ where Jo(z) = (x, {0} 1771,

Let us now return to proof assuming that m; > 3m; + 1. Let J;: R™ — R™ x {0}’7“_’”1 C R™ be the

linear injective map Ji(x) := (x,0). Then Jy|aq,: My — M, = J1(M1) is a diffeomorphism. Also, let
E; :R™ x R™~™ — R™ be the projection to the first coordinate.

As M; and M, are diffeomorphic, there is a diffemorphism g¢;: M; — M;. Then, §3 = gioEy: My — M,
is a diffeomorphism, too. We recall that M; C R™ and M; C R™1. Then, as m; > 3m; + 1, we can apply
(Madsen et al.l 1997, Lemma 7.6) and (Puthawala et al. [2022) Thm. 3.8) to the embedding g; : M; — R™
and see that there is an injective linear map L; : R™' — R™ and a diffeomorphims D; : R™ — R™ such
that

g1 =DrolLi|g
that is, the embedding g; is an extendable embedding (see (Puthawala et al., 2022, Def. 3.7). By basic
results of linear algebra, there is a linear bijection By : R™! x R™~"™ = R™ — R™! gsuch that for

r € R™ we have Bi(x,0) = Li(x). This implies that g; : M; — R™ extends to a diffeomorphism
Ty, = DyoB;: R™ — R™! 5o that T1|/\7l1 = g1. Observe that T7 o J3|arq, = g3 is a diffeomorphims from M,

to M;. We recall that by assumption, the projection p : My — M is a covering map. Then the restriction
of the map poT50 J3: R™ — R™2 on My, that we denote by poT5 0 Js3|arq, : My — Mo, is a covering map.
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Qs(p(r))

Figure 4: Explanation of the proof of Lemma [3|in the case when m = 3, n =2 and k = 2. Curve Q3(u(r))
in R%. In fact, the figure can be considered also as a 4-dimensional curve Q4(u(r)) when the red colour
shows where ¢ > 0 and the black colour where ¢ = 0. Note that projection Rs : Qa(u([—27,2n])) —
Q2(u([—2m,27])) is 2-to-1 covering map. With dotted lines in the figure we have also indicated the projected
core curves of the toruses which we glue to ¥y to obtain a surface S3 and the projected core curve of the
torus that is glued in ¥ to obtain a surface Ss.
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Next, consider the submanifold My in R™2. Let us use the map Ey: R™2 — R™2+F where I;: =mo — k,
defined by Ey(x) = (z,0), to embed Mj into R™** to the manifold My = Ey(My) C R¥. We then
have that po: R™2+F s R™2 py: (z,y) = z defines a diffeomorphism py: My — Msy. We assume that
mo + k > 3mg + 1.

Similarly to the above, let Jy: R™2 — R™2 x {0}F~™2 C RF be a linear injective map J(z) = (x,0). Then
Jal sy, My = My = Jo(My) is a diffeomorphism.

As there is a diffeomorphism go: Mo — M\g and k > 3ms + 1, we see as above by using (Madsen et al.| 1997,

Lemma 7.6) and (Puthawala et al., 2022, Thm. 3.8) that go extends to a diffeomorphism To: R* — R¥, so
that Th| A, = g2. Then we see that the map

paoThodyopoTsods| My — My

My

is a covering map. O
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