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Improving the Worst-Case Bidirectional Communication Complexity
for Nonconvex Distributed Optimization under Function Similarity
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Abstract

Effective communication between the server and
workers plays a key role in distributed optimiza-
tion. In this paper, we focus on optimizing the
server-to-worker communication, uncovering in-
efficiencies in prevalent downlink compression ap-
proaches. Considering first the pure setup where
the uplink communication costs are negligible, we
introduce MARINA-P, a novel method for down-
link compression, employing a collection of cor-
related compressors. Theoretical analyses demon-
strates that MARINA-P with permutation compres-
sors can achieve a server-to-worker communica-
tion complexity improving with the number of
workers, thus being provably superior to exist-
ing algorithms. We further show that MARINA-P
can serve as a starting point for extensions such
as methods supporting bidirectional compression.
We introduce M3, a method combining MARINA-
P with uplink compression and a momentum step,
achieving bidirectional compression with prov-
able improvements in total communication com-
plexity as the number of workers increases. The-
oretical findings align closely with empirical ex-
periments, underscoring the efficiency of the pro-
posed algorithms.

1. Introduction

In federated learning (McMahan et al., 2017; Konec¢ny et al.,
2016) and large-scale machine learning (Ramesh et al.,
2021; OpenAl, 2023), a typical environment consists of
multiple devices working together to train a model. Facil-
itating this collaborative process requires the transmission
of substantial information (e.g., gradients, current model)
between these devices. In the centralized framework, com-
munication takes place via a server. As a result, practical
challenges arise due to the large size of machine learning
models and network speed limitations, potentially creating
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a communication bottleneck (Kairouz et al., 2021; Wang
et al., 2023a).

One possible strategy to reduce this communication burden
is to use lossy compression (Seide et al., 2014; Alistarh et al.,
2017). Our paper focuses on this research direction.

We consider the nonconvex distributed optimization task

i@%@{f(x) - ;fox)}, ()

where € R? is the vector of parameters of the model, n
is the number of workers and f; : R? = R, i € [n] :=
{1,...,n} are smooth nonconvex functions.

We investigate the scenario where the functions f; are stored
on n distinct workers, each directly connected to the server
via some communication port (Kairouz et al., 2021). At
present, we operate under the following generic assump-
tions:

Assumption 1.1. The function f is L-smooth, i.e.,
IVf(z) =Vl < Llz—yl, Vr,yeR™

Assumption 1.2. There exists f* € R such that f(z) > f*
Vo € RY.

In the nonconvex world, our goal is to find a (possibly)
random point Z such that

112
E(IV/@IF] <e.
We refer to such a point an e—stationary point.

1.1. Related Work

Before we discuss more advanced optimization methods, let
us consider the simplest baseline: the gradient descent (GD)
(Lan, 2020), which iteratively performs updates

vaz‘(l”t)-

In the distributed setting, the method can be implemented as
follows: each worker calculates V f;(z") and sends it to the
server, where the gradients are aggregated. The server takes

o' =2t — 4V f(a!) =2t —
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the step and broadcasts z**! back to the workers. With step
size v = 1/, GD finds an e-stationary point after

5L
°(%)
€
steps, where 6 := f(2°) — f* for a starting point x°.
Since at each step the workers and the server send O(d)

coordinates/bits, the worker-to-server (w2s, uplink) and
server-to-worker (s2w, downlink) communication costs are

0
O(d(s L). 2)

9

Definition 1.3. The worker-to-server (w2s) and server-to-
worker (s2w) communication complexities of a method are
the expected number of coordinates/floats that a worker
sends to the server and that the server sends to a worker,
respectively, to find an e—solution. The total communication
complexity is the sum of these complexities.

Unbiased compressors. In this work, to perform lossy com-
pression, we employ mappings from the following family:

Definition 1.4. A stochastic mapping C : R? — R?is an
unbiased compressor if there exists w > 0 such that

E[C(z)] =z, E [||c<x) - x\ﬂ <wlz|? vz € RY. (3)

We denote the family of such mappings by U(w). A canoni-
cal example is the RandK € U(4/k — 1) sparsifier, which
preserves K random coordinates of a vector scaled by 4/
(Beznosikov et al., 2020). More examples can be found in
Wangni et al. (2018); Beznosikov et al. (2020); Szlendak
et al. (2021); Horvath et al. (2022). A larger family of com-
pressors, called biased compressors, also exists (see Sec-
tion B). In this paper, we implicitly assume that compressors
are mutually independent across iterations of algorithms.

Worker-to-server compression scales with n. Many previ-
ous works ignore the s2w communication costs and focus
solely on w2s compression, assuming that broadcasting is
free. For nonconvex objective functions, the current state-
of-the-art w2s communication complexities are achieved by
the MARINA and DASHA methods (Gorbunov et al., 2021a;
Szlendak et al., 2021; Tyurin & Richtarik, 2023a). Here,
two additional assumptions are needed:

éssumption 1.5. The function f; is L;—smooth. We define
L? = 15" | L? and Liax = max;e(y) L;.

Assumption 1.6. For all C € U(w), all calls of C are mutu-
ally independent.’

'This assumptions means that if an algorithm calls a compres-
sor C at some points 1, . . ., Tm, then C(x1), ..., C(zm) are i.i.d.

Under Assumptions 1.1, 1.2, 1.5, 1.6, and considering the
Rand K compressor with K < d/./n as an example, the w2s
communication complexity of both methods is

80 w = 8L

# of sent coord.

# of iterations

where we use the facts that L < Land w = gk — 1
for RandK. The key observation is that when comparing
(2) and (4), one sees that (4) can be y/n times smaller if
L~ L. Consequently, the communication complexity of
MARINA/DASHA scales with the number of workers n, and
can provably improve the worker-to-server communication
complexity O (49°L/z) achieved by GD.

Server-to-worker compression does not scale with n. In
certain applications, the significance of s2w communication
cannot be ignored. In 4G LTE and 5G networks, w2s and
s2w communication speeds can be almost the same (Huang
et al., 2012) or differ by at most a factor of 10 (Narayanan
et al., 2021). Although important, this issue is often over-
looked and that is why it is the s2w communication that this
work places a central emphasis on.

There is an abundance of works which study the use of
compression techniques as tools to reduce the s2w commu-
nication (Zheng et al., 2019; Liu et al., 2020; Philippenko &
Dieuleveut, 2021; Fatkhullin et al., 2021; Gruntkowska et al.,
2023; Tyurin & Richtarik, 2023b). However, to the best of
our knowledge, under Assumptions 1.1, 1.2, 1.5, and 1.6, in
the worst case, all previous theoretical s2w communications
guarantees are greater or equal to (2). As an example, let us
consider the result from Gruntkowska et al. (2023)[Theorem
E.3]. If the server employs operators from U(w) and we
ignore w2s compression, the method from Gruntkowska
et al. (2023) converges in O ((w+1)5°L/a) iterations. Thus,
with Rand K, the s2w communication complexity is

o (10 LY Lo (41,

Another method, called CORE, proposed by Yue et al.
(2023), achieves s2w and w2s communication complexi-

ties equal to
o (r1 (f)50L)

3

where 71 (f) is a uniform upper bound of the trace of the
Hessian. When 7 (f) < dL, CORE can improve on GD.
However, this complexity does not scale with n and requires
an additional assumption about the Hessian of f.

2. Contributions

In our work, we aim to investigate whether the server-fo-
worker and total communication complexities (2) of the
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vanilla GD method can be improved. We make the following
contributions:

1. We start by proving the impossibility of devising a
method where the server communicates with the work-
ers using unbiased compressors U(w) (or biased com-
pressors from Section B) and achieves an iteration rate

faster than
Q ((w + 1)L50)
€

(Theorem 3.1) under Assumptions 1.1, 1.2, and 1.6.
This result gives no hope for improving the communi-
cation complexity (2) in the worst case.

2. In view of this result, it is clear that an extra
assumption is needed to break the lower bound
Q (w+1)L3°/c) . In response, we introduce a novel
assumption termed “Functional (L 4, L) Inequality”
(see Assumption 4.2). We prove that this assumption is
relatively weak and holds, for instance, under the local
smoothness of the functions f; (see Assumption 1.5).

3. We develop a new method for downlink compression,
MARINA-P, and show that, under our new assumption,
it can achieve the s2w communication complexity of

déo°L  déOL
o < + A) :
ne 13

Notably, when L 4 is small and n > 1, this complex-
ity is provably superior to (2) and the complexities of
the previous compressed methods. In this context, L 4
serves as a measure of the similarity between the func-
tions f;, and can be bounded by the “variance” of the
Hessians of the functions f; (see Theorem 4.8). Thus,
MARINA-P is the first method whose s2w communica-
tion complexity can provably improve with the number
of workers n.

4. Our theoretical improvements can be combined with
techniques enhancing the w2s communication com-
plexities. In particular, by combining MARINA-P with
MARINA (Gorbunov et al., 2021b) and adding the cru-
cial momentum step, we develop a new method, M3,
that guarantees a fotal communication complexity (s2w
+ w2s) of

9L oL
O (d(S max + dé A> )

nl/3¢ €

When n > 1 and in the close-to-homogeneous regime,
i.e., when L 4 is small, this complexity is better than
(2) and the complexities of the previous bidirectionally
compressed methods.

3. Lower Bound under Smoothness

Let us first investigate the possibility of improving the s2w
communication complexity O (46°L/c) of GD under As-
sumptions 1.1,1.2, and 1.6.

In Section G, we consider a family of methods that include
those proposed in Zheng et al. (2019); Liu et al. (2020);
Philippenko & Dieuleveut (2021); Fatkhullin et al. (2021);
Gruntkowska et al. (2023), where the server communicates
with workers using unbiased/biased compressors, and estab-
lish the following result.

Theorem 3.1 (Slightly Less Formal Reformulation of Theo-
rem G.5). Under Assumptions 1.1, 1.2, and 1.6, all methods,
where the server communicates with clients using different
and independent unbiased compressors from U (w) , and
sends one compressed vector to each worker, cannot con-

verge before
Q ((w + 1)L60>
€
iterations.

Remark 3.2. The theorem remains applicable to biased
compressors B (a) (see Section B) with a lower bound of
© (£9°/ac). This is because if C € U(w), then (w+1)"'C €
B ((w-+1)"'). We also establish a more general result
(Theorem G.4): “all methods in which the server zeroes
out a coordinate with probability < p independently across
iterations cannot converge before Q (L9°/pe) iterations.”

This lower bound is tight up to a constant factor. For in-
stance, under exactly the same assumptions, the EF21-P
mechanism from Gruntkowska et al. (2023) converges after
© ((w+1)L8"/c) iterations. Unlike (4), this convergence rate
does not scale with n, and Theorem 3.1 leaves no room
for improvement. Consequently, breaking the lower bound
requires an additional assumption about the structure of the
problem. Before presenting our candidate assumption, we
first introduce the ingredients needed to leverage it to the
fullest extent: our novel downlink compression method and
the type of compressors we shall employ.

4. The MARINA-P Method

Let us first recall the MARINA method (Gorbunov et al.,
2021a; Szlendak et al., 2021):

T =2t —g¢', ' ~ Bernoulli(p),
1 Vfi(a'th) ct =1,
T H TS = VEGEY) ¢ =0 ()

1 n
foralli € [n], g™ == g™,
n
i=1

where ¢° = V f(2). Motivated by MARINA, we design its
primal counterpart, MARINA-P (Algorithm 1), operating in
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The MARINA-P Method:
Initialize vectors xq,w?, ..., wd € RY, step size
v > 0, probability 0 < p < 1 and compressors
Ct,...,Cl € U(wp) for all t > 0. The method
iterates

1 n
t_7§ . t
g - ni:1 vf’b(wz)7

o = gt — gt

c' ~ Bernoulli(p), (6)
wit! = zt ifct =1,
¢ w4+ Ci(xttl —xt) ifct =0

forall i € [n].

We denote w' := 1/n ) ", wi. See the implemen-
tation in Algorithm 1.

the primal space of the model parameters, as outlined in (6).

At each iteration of MARINA-P, the workers calculate
Vfi(w!) and transmit it to the server. The server then
averages the gradients and updates the global model .
Subsequently, with some (typically small) probability p,
the master sends the non-compressed vector z'*! to all
workers. Otherwise, the i" worker receives a compressed
vector C!(x'™' — zt). Each worker then uses the re-
ceived message to compute wf“ locally. Importantly,
Ch(zt*tt—at),...,CL (2! —2t) can differ, and this distinc-
tion will form the basis of our forthcoming advancements.

Comparing (5) and (6), MARINA-P and MARINA are dual
methods: both learn control variables (w! and g!), compress
the differences (™! — 2! and V f;(2'™1) — V fi(z?)), and
with some probability p send non-compressed vectors (z¢*!
and V f;(x'*1)). However, unlike MARINA, which com-
presses vectors sent from workers to server and operates
in the dual space of gradients, MARINA-P compresses mes-
sages sent from server to workers and operates in the primal
space of arguments.

Let us take RandK € U(4/k — 1) as an example. If we set
p = (w+1)"" = K/a to balance heavy communications
of 2! and light communications of C! in (6), MARINA-P
averages sending pd + (1 — p)K < 2K coordinates per
iteration. Then, the lower bound from Theorem G.4 implies

that at least
Q ((w + 1)60L>
€
iterations of the algorithm are needed.

At first glance, it may seem that MARINA-P does not offer

any extra benefits compared to previous methods; that is true
— we could not expect to break the lower bound. However,
as we shall soon see, under an extra assumption, MARINA-P
achieves communication complexity that improves with n.

4.1. Three ways to compress

Existing algorithms performing s2w compression share a
common characteristic: at each iteration, the server broad-
casts the same message to all workers (Zheng et al., 2019;
Liu et al., 2020; Fatkhullin et al., 2021; Gruntkowska et al.,
2023; Tyurin & Richtérik, 2023b)2. In contrast, in w2s com-
pression methods, each worker sends to the server a different
message, specific to the data stored on that particular device.
An analogous approach can be taken in the s2w commu-
nication: intuitively, sending n distinct messages would
convey more information, potentially leading to theoretical
improvements. This indeed proves to be the case. While the
usual approach of the server broadcasting the same vector
to all clients does not lead to an improvement over (2), al-
lowing these vectors to differ enables a well-crafted method
to achieve communication complexity that improves with n
(see Corollary D.4).

In Appendix A we provide a detailed discussion of the
topic and compare the theoretical complexities of MARINA-
P when the server employs three different compression tech-
niques: a) uses one compressor and sends the same vector to
all clients, b) uses a collection of independent compressors,
or ¢) uses a collection of correlated compressors. We now
turn to presenting the technique that gives the best theoret-
ical s2w communication complexity out of these, namely
the use of a set of correlated compressors.

4.2. Recap: permutation compressors PermX

Szlendak et al. (2021) propose compressors that will play a
key role in our new theory. For clarity of presentation, we
shall assume that d > n and n|d.?

Definition 4.1 (Perm K (for d > n and n|d)). Assume that
d > nand d = gn, where ¢ € N5g. Let 7 = (m1,...,7q)
be a random permutation of {1, ..., d}. Then for all x € RY
and each i € {1,2,...,n} we define

qt

Ci(z) :==nx z

Jj=q(i—1)+1

Lr;Cory-

Unpacking this definition: when the server compresses a
vector using a Perm K compressor, it randomly partitions its
coordinates across the workers, so that each client receives

2A notable exception form this rule is the MCM method (Philip-
penko & Dieuleveut, 2021) - see Appendix A.

>The general definition of PermK for d mod n # 0 is pre-
sented in (Szlendak et al., 2021)[App. I].
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a sparse vector containing a random subset of entries of
the input vector. Like RandK, PermK is also a sparsifier.
However, unlike RandK, it does not allow flexibility in
choosing K, as it is fixed to ¢/n. Furthermore, it can be
shown (Lemma A.6) that C; € U(n — 1) for all ¢ € [n].

An appealing property of PermK is the fact that
Ly e ™
- i) =X
n-
i=1

for all x € R? deterministically. Here, it is important to
note that by design, compressors C; from Definition 4.1 are
correlated, and do not satisfy Assumption 1.6. This corre-
lation proves advantageous - Szlendak et al. (2021) show
that MARINA with Perm K compressors performs provably
better than with i.i.d. Rand K’ compressors.

4.3. Warmup: homogeneous quadratics

We are finally ready to present our first result showing that
the s2w communication complexity can scale with the num-
ber of workers n. To explain the intuition behind our ap-
proach, let us consider the simplest (and somewhat imprac-
tical) choice of functions f; — the homogeneous quadratics:

1
filz)=zzTAz+b"z+c,

5 el ®

where A € R?*9 is a symmetric but not necessarily positive
semidefinite matrix, b € R¢ and ¢ € R. We now investigate
the operation of MARINA-P with Perm K compressors. With
probability p, we have w!*! = z!T1 Otherwise w!*! =
w'+ L3 Cla T —at) D pt+1 4 (w? — xt). Hence, if
we initialize w{ = 2° for all i € [n], an inductive argument
shows that wt = «t deterministically for all £ > 0. Then,
substituting the gradients of f; to (6), one gets
1 n
g'==> (Aw!+b) = Aw' +b= Az’ +b=Vf(a')
i
for all ¢ > 0. Therefore, MARINA-P with Perm K compres-
sor in this setting is essentially a smart implementation of
vanilla GD! Indeed, for p < 1/n, MARINA-P with PermK
sends on average < 2d/n coordinates to each worker, so the
s2w communication complexity is

2 0 0

dx(’)<5L>:(’)<d5L>,

n £ ne
———

GD rate

which is n times smaller than in (2)!

4.4. Functional (L 4, L) Inequality

From the discussion in Section 3, we know that to im-
prove (2), an extra assumption about the structure of the

Table 1: The worst case server-to-workers communication
complexities to find an s—stationary point. For simplic-
ity, we compare the complexities with non-homogeneous
quadratics: f;(x) = %xTAix—i—b;x—f—ci, where A; € Rdxd
is symmetric but not necessarily positive semidefinite, b; €
R%and ¢; € R for i € [n]. We denote A = 577" | A,

Method Complexity
GD < do°A]
and other compressed methods'® - €
CORE 5OwA
(Yue et al., 2023) €
MARINA-P

482 3% N Ai]l |, d6® maxiep, || Ai—Al
+

with independent Rand K
ne €

(Corollary D.4)

MARINA-P with Perm K ® 450 All N d6° max ;e | A~ A
(Corollary 4.7) ne €

The complexity of MARINA-P with Perm K is better when nn > 1 and in close-to-homogeneous
regimes, i.e., when max;¢(n) [|A; — Al is small.

@ including EF21-P (Gruntkowska et al., 2023), dist-EF-SGD (Zheng et al., 2019), DORE (Liu
et al., 2020), MCM (Philippenko & Dieuleveut, 2021), and EF21-BC (Fatkhullin et al., 2021).
®) This table only showcases the results for Rand K and PermK. A more general result for
all compressors is provided in Section D. One can see that the correlated Perm K compressors
provide better guarantees than independent Rand K.

problem is needed. Building on the example from Sec-
tion 4.3, we introduce the Functional (L 4, Lg) Inequality.

Assumption 4.2 (Functional (L 4, L) Inequality). There
exist constants L 4, Lg > 0 such that

2
1 n
- D (Vfila+u) = Vi)
=1
1 & 1 & ?
2 2 2
< Ly g;HUiH +Lg g;ui )

forall z, u1, ..., u, € R%

Remark 4.3. A similar assumption termed “Heterogeneity-
driven Lipschitz Condition on Averaged Gradients” is pro-
posed in Wang et al. (2023b). Our assumption aligns with
theirs when Lp = 0. However, our formulation proves to
be more powerful. The possibility that Lz > 0 becomes
instrumental in driving the enhancements we introduce.

Assumption 4.2 is defined for all functions together, and
intuitively, it tries to capture the similarities between the
functions f;. For n = 1, inequality (9) reduces to

IVf(@) = VF)I* < (L3 + L) |l = yl* v,y € RY,
equivalent to standard L-smoothness (Assumption 1.1) with

L? = L% + L%. The Functional (L4, Lg) Inequality is
reasonably weak also for n > 1, as the next theorem shows.
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Theorem 4.4. For all i € [n], assume that the functions
fi are L;—smooth (Assumption 1.5). Then, Assumption 4.2
holds with L4 = L.« and Lg = 0.

Therefore, Assumption 4.2 holds whenever the functions f;
are smooth, which is a standard assumption in the literature.
Now, returning to the example from Section 4.3,

Theorem 4.5. For all i € [n], assume that the functions f;
are homogeneous quadratics defined in (8). Then, Assump-
tion 4.2 holds with Ly = 0and L = ||A]|.

Under Assumption 1.5, no information about the similar-
ity of the functions f; is available, yielding Lg = 0 and
L 4 > 0in Theorem 4.4. However, once we have some in-
formation limiting heterogeneity, L 4 can decrease. Notably,
L4 = 0 for homogeneous quadratics. As we shall see in
Section 4.5, the values L 4 and Lp significantly influence
the s2w communication complexity of MARINA-P, with
lower L 4 values leading to greatly improved performance.

4.5. The Convergence Theory of MARINA-P with
PermK

We are ready to present our main convergence result. For
simplicity, we consider the Perm K compressor from Sec-
tion 4.2. The general theory covering all unbiased compres-
sors can be found in Appendix D.

Theorem 4.6. Let Assumptions 1.1, 1.2 and 4.2 be satisfied.
Set wY = 20 for all i € [n). Take PermK as C} and

where wp = n — 1 (Lemma A.6). Then, MARINA-P finds an
e—stationary point after

0
o <6 (L+LA1 /“‘“"))
£ P
iterations.

Corollary 4.7. Let p = K/a = 1/n. Then, in the view of
Theorem 4.6, the average s2w communication complexity of
MARINA-P with PermK compressor is

do%L  déL
O( + A> .

ne 9

(10)

The key observation is that (10) is independent of Lp, and
only depends on L 4. This particular property is specific to
correlated compressors with parameter § = 0 (defined in
Appendix A), such as PermK. A similar result holds for in-
dependent Rand K’ compressors (see Corollary D.4), but the
convergence rate is worse and depends on L g. Nevertheless,
this dependence improves with n.

When L 4 = 0, which is the case for homogeneous quadrat-
ics, the step size bound from Theorem 4.6 simplifies to
v < 1/L, the standard GD stepsize (recall that in this case
our method reduces to GD). Most importantly, (10) scales
with the number of workers n! Even when L4 > 0, for
sufficiently big n, (10) can improve (2) to O (d5°LA/s) .

Let us now investigate how the constants L 4 and L change
in the general case.

4.6. Estimating L 4 and L 5 in the General Case

It is clear from Corollary 4.7, that MARINA-P with Perm K’
shines when L 4 is small. To gain further insights into what
values L 4 may take, we now provide an analysis based on
the Hessians of the functions f;.

Theorem 4.8. Assume that the functions f; are twice con-
tinuously differentiable, L;—smooth (Assumption 1.5), and
that there exist D; > 0 such that

3

V2fi(z)|| < Di
1

1
sup V2fi(zi) - —
Z1yeeny ZneRd n ]

(1)

Soralli € [n]. Then, Assumption 4.2 holds with

Ly = \/Em?)](Di < Qﬁm?)]([/i
i€n i€ln

and
17’L
Lg=v2| - L;|.

Intuitively, (11) measures the similarity between the func-
tions f;. The above theorem yields a more refined result
than Theorem 4.4: it is always true that max;c[,) D; <
2max;e[n) Li, and, in fact, max;c[,) D; can be much
smaller, as the next result shows.

Theorem 4.9. Assume that f;(z) = 2" Ajz + b 2 + ¢,
where A; € R4 is symmetric but not necessarily positive
semidefinite, b; € R% and ¢; € R for i € [n]. Define
A =15 A, Then, Assumption 4.2 holds with

3

La= ﬁmﬁllAi — A
1€|n

and

Ly=V3 (iz Ain) -

Thus, L 4 is less than or equal to v/2 max;e[,) [|A; — Al
which serves as a measure of similarity between the matrices.
The smaller the values of ||A; — A|| (indicating greater
similarity among the functions f;), the smaller the L 4 value.
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In the view of this theorem, the s2w communication com-
plexity of MARINA-P with Perm K on non-homogeneous
quadratics is

ds® ||A dé® max; e [|A; — A
0( Al et | ||). w2
ne €
Since the corresponding complexity of GD is
ds° || A
€
in the close-to-homogeneous regimes (i.e., when

max;e,) ||A; — Al| is small), the complexity (12) can be
provably much smaller than (13). The same reasoning
applies to the general case when the functions f; are
not quadratics: MARINA-P improves with the number
of workers n in the regimes when D; are small (see
Theorem 4.8).

Let us note that there is another method, CORE, by Yue et al.
(2023), that can also provably outperform GD, achieving
the s2w communication complexity of 2 (‘SO%A> on non-
homogeneous quadratics. Neither their method nor ours
universally provides the best possible communication guar-
antees. Our method excels in the close-to-homogeneous
regimes: for example, if we take A; = L;I for all i € [n],
and define L = L 3" | L;, then the complexity of CORE

is 50
dé’ L
Q ( > ’
€
while ours is

o dé°L 4 ds°® maxie[n”Li - L|
ne € '

Hence, our guarantees are superior in regimes where
max;ep,|L; — L| < L. One interesting research direc-
tion is to develop a universally better method combining the
benefits of both approaches.

5. M3: A New Bidirectional Method

In the previous sections, we introduce a new method that
provably improves the server-to-worker communication,
but ignores the worker-to-server communication overhead.
Our aim now is to treat MARINA-P as a starting point for
developing methods applicable to more practical scenarios,
by combining it with techniques that compress in the op-
posite direction. Since the theoretical state-of-the-art w2s
communication complexity is obtained by MARINA (see
Section 1.1), our next research step was to combine the
two and analyze "MARINA + MARINA-P”, but this naive ap-
proach did not yield communication complexity guarantees
surpassing (2) in any regime. It became apparent that some
“buffer” step between these two techniques is needed, and

The M3 Method
(M3 = MARINA-P + Momentum + MARINA):
Initialize vectors xg,w?, g¢,2? € RY for all i €
[n], step size v > 0, probabilities 0 < pp,pp <
1 and compressors Ci,...,Ct € U(wp) N P(H),
t,...,9! € U(wp) for all ¢ > 0. The method

iterates
o+l = gt — gt
wit! = {xtjl ) W.p. PP,
wt + CH(at™ —2t) wp.1—pp,
2 = B!t 4 (1 - 8)zf (Momentum)
W.p. Pp,

T QUG = Vi) w1 - pp
forall i € [n],

t+1 _ {Vfi(zfﬂ)

(14)
where the probabilistic decisions are the same for
all ¢ € [n], i.e., one coin is tossed for all work-
ers (as in (5) and (6)), and the coins for the first
and second probabilistic decisions with pp and pp
are independent. We denote w' := 1/n Y 1" | wf,
gt i=1Ynd o gt 2t =10 > | 2L See the im-
plementation in Algorithm 2.

“By IP(0) we denote a family of correlated compres-
sors (defined in Appendix A). It includes, among others,
Perm K compressors.

this step turned out to be the momentum. Our new method,
M3 (Algorithm 2), is described in (14).

M3 combines (5), (6), and the momentum step

g = w4+ (1= B)4,

which is the key to our improvements. A similar technique
is used to reduce the variance in Fatkhullin et al. (2023). Let
us explain how M3 works in practice. First, the server calcu-
lates 2'*1. Depending on the first probabilistic decision, it
sends either z¢*! or C! (2! — ') to the workers, who then
calculate w! ™" locally. Next, the workers compute 2/,
and depending on the second probabilistic decision, they
send either V f;(2/71) or QU(V fi(2iT1) — V f;(2})) back
to the server. The server aggregates the received vectors
and calculates g‘*'. As in MARINA, pp and pp are cho-
sen in such a way that the non-compressed communication
does not negatively affect the communication complexity.
Therefore, the method predominantly transmits compressed
information, with only a marginal probability of sending
uncompressed vectors.
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Table 2: The worst case total communication complexities
to find an c—stationary point. For simplicity, we com-
pare the complexities with non-homogeneous quadratics:
filz) = %mTAix + b;'—x + ¢;, where A; € R%*? is sym-
metric but not necessarily positive semidefinite, b; € R?
and ¢; € Rfori € [n]. Wedenote A = L 3" A,

Method Complexity

GD o

dé” || A
and other compressed > ! H
methods®
CORE 59%wrA
(Yue et al., 2023) €
M3 0 0
. ds§” max | A, || dé” max||A;—Al|
with Perm K and Rand K i€[n] i€ln]

173
(Theorem 5.1) niie €

The complexity of M3 with PermK and Rand K is better when n > 1 and in
close-to-homogeneous regimes, i.e., when max; e, [|A; — Al is small.

@ including EF21-P (Gruntkowska et al., 2023), dist-EF-SGD (Zheng et al.,
2019), DORE (Liu et al., 2020), MCM (Philippenko & Dieuleveut, 2021), and
EF21-BC (Fatkhullin et al., 2021).

®) This table only showcases the results for Perm K and Rand K. A more general
result for all compressors is provided in Section E.

5.1. The Convergence Theory of M3

For simplicity, we consider PermK in the role of C! and
RandK in the role of Q. The general theory for all unbiased
compressors is presented in Section E.

Theorem 5.1. Let Assumptions 1.1, 1.2, 1.5 and 4.2 be
satisfied. Take

1
v = (L +34 (nLA +n2Lp + n2/3Lmax)) :

pp =pp = Yn B = n=2/3, wd = 20 = 2% and ¢0 =

V fi(2%) for all i € [n]. Then MARINA-P with C! = PermK
and Q! = RandK with K = d/n finds an e—stationary point

after
0
o) <5 (n2/3Lmax + nLA>>
€

iterations. The total communication complexity is

<d50LmaX d6°L s )

nl/3¢ € (15

Once again, we observe improvement with the number of
workers n, and the obtained complexity (15) can be prov-
ably smaller than (2). Indeed, in scenarios like federated
learning, where the number of workers (e.g., mobile phones)
is typically large (Kairouz et al., 2021; Chowdhery et al.,
2023), the first term can be significantly smaller than 46° L/
The second term can also be small in close-to-homogeneous
regimes (see Section 4).

n=10 n=100 n=1000

10° -0~ 6> 100 -~ o> 10°
A EF219, Top30, A EF217, Top3

- MARINAP, SameRand30. - MARINA®P, SameRand3,

b MARINAP, Rand30, N b MARINAP, Rand3, 10-1

10-1 ¥~ MARINAP, Perm30, 10 - MARINAP, Perm3,

A~ EF21P, Topl,
~4- MARINA-P, SameRand1,
> MARINAP, Rax
¥~ MARINAP, Perm1,

IVAXY /19X |2

1076
0005101520253035 00
# bits / n (s-to-w) 1e4

0.0020406081.01.21.4
# bits / n (s-to-w) 1e5

05 10 15
# bits / n (s-to-w) led

Figure 1: Experiments on the quadratic optimization prob-
lem from Section 6.1. We plot the norm of the gradient w.r.t.
# of coordinates sent from the server to the workers.

6. Experiments

This section provides some insights from the experiments.
Further details and additional experiments can be found in
Appendix F.

6.1. Experiments with MARINA-P on quadratic
optimization tasks

The aim of this experiment is to empirically test the the-
oretical results from Section 4. We consider a quadratic
optimization problem, where the functions f; are as defined
in Theorem 4.9 and A; € R399%300 We compare the fol-
lowing algorithms: GD, MARINA-P sending the same mes-
sage compressed using a single Rand K" compressor to all
workers (“SameRand K™ from Section A), MARINA-P with
independent Rand K compressors, MARINA-P with Perm K’
compressors, and EF21-P with Top K compressor. We con-
sider n € {10,100, 1000} and fine-tune the step size for
each algorithm.

The results, presented in Figure 1, align closely with the
theory. MARINA-P with Perm K compressor performs best
in all experiments. Moreover, the convergence rate of both
MARINA-P with Perm K compressors and MARINA-P with
independent Rand K' compressors improves with n. Since
this is not the case for EF21-P, even though it outperforms
MARINA-P with independent Rand K’ compressors for n =
10, it becomes worse for n € {100, 1000}.

6.2. Experiments with M3 on quadratic optimization
tasks

We consider close-to-homogeneous quadratic optimization
problem with A; = (1 + &;)I4, where & ~ N(0,0.01)
for all i € [n], and d = 1000. We run two algorithms
from Table 2, M3 and CORE, and check whether theory
matches practice. In M3, we use PermK followed by the
natural compressor Cy, (Horviéth et al., 2022) (composi-
tion of two unbiased compressors) on the server’s side, and
RandK followed by Cp, on the workers’ side. We use
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Figure 2: Experiments on the quadratic optimization prob-
lem from Section 6.2. We plot the norm of the gradient w.r.t.
# of coordinates sent from the server (s2w) and from the
workers (w2s).
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Figure 3: Experiments on the autoencoder task from Sec-
tion 6.3. We plot the norm of the gradient w.r.t. # of co-
ordinates sent from the server (s2w) and from the workers
(wW2s).

K = |d/n] € {1,10,100} for n € {1000, 100, 10}. In
CORE, the number of communicated coordinates is set to
10. We run each experiment 5 times with different seeds and
plot the average to reduce the noise factor. Only the step
size is fine-tuned for each algorithm.

The results are presented in Figure 2. As expected, CORE
does not change its behavior as the number of workers
increases from 10 to 100; this is expected since CORE does
not depend on n. At the same time, M3 does improve with
n, which supports our findings from Theorem 5.1.

6.3. Experiments with an autoencoder and MNIST

We now compare MARINA-P, M3, CORE, EF21-P + DCGD,
and GD on a non-convex autoencoder problem. We train it
on the MNIST dataset (LeCun et al., 2010) with objective
function

1 & 2 A 2
D.E) = — DEb; — b; — ||DE - 1||7,
FDB) = T3 I+ 2 IDE 12

where D € Riixd2 E ¢ Ré2xd1 . e RY gre sam-
ples, di = 784 is the number of features, do = 16 is
the size of the encoding space, A = 0.001 is a regular-
izer, and m = 60000 is the number of samples. The di-
mension of the problem is d = 25 088. We randomly split
the dataset among n = 100 workers. For MARINA-P and
M3, we take PermK followed by the natural compressor

Cuae On the server’s side. On the workers’ side, M3 uses
RandK and C,,. For EF21-P + DCGD, we take Rand K
with C,a on both the workers’ and server’s sides. In each
case, K = |d/n] = 250. For CORE, we set the num-
ber of communicated coordinates to 100. As in previous
experiments, we only fine-tune the step size, repeat each
experiment 5 times, and plot the average results.

In Figure 3, the results are presented. All methods with bidi-
rectional compression: M3, CORE, and EF21-P + DCGD,
converge much faster than GD. MARINA-P converges fastest
only in the first plot. This is expected since it compresses
only from the server to the workers. M3, CORE, and EF21-
P + DCGD have similar convergence rates in both metrics,
with M3 performing better in the low accuracy regime.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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Appendix

A. Three unbiased ways to compress

The main focus of this paper is handling the server-to-worker communication costs. To explain better where the improvements
outlined in the main part of this paper come from, let us first consider the scenario where uplink communication cost is
negligible but downilnk communication cost is not. While we do no necessarily say that this is a realistic setup, examining it
first enables us to understand how downlink compression should be performed, capturing all the intricacies.

Existing algorithms with lossy s2w and w2s communication have a certain common feature. The compression mechanism
employed on the clients is very different from the one used on the server: while each client transmits to the server a different
message, specific to the data stored on each device, the server broadcasts the same update to all clients. We want to question
this algorithmic step and suggest to the reader that if compression is applied multiple times and each worker receives its
individual update, then intuitively more information can be transmitted. A well-designed algorithm should be able to take
advantage of this.

One can depart from the usual approach of sending the same update to all workers in two ways: a) compress the update
n times independently, or b) produce n such updates in a correlated way. Either way, the server broadcasts n different
compressed messages rather than one, and sends a different update to each worker. The key discovery here is that both a)
and b) are mathematically provably better than the prevalent approach of sending the same update to all clients.

This is a crucial improvement in a system where the above setup is a good approximation of reality. And even if it is not,
and the current model is not perfectly capturing the reality, we can accept it for now, as it allows us to focus on the novel
aspects of the approach. With that said, these considerations can serve as a starting point for thinking about bidirectional
compression: having focused on the simplified setup and equipped with knowledge on how the compression on the master
should be performed, we employ this mechanism in more complex scenarios (see Section 5).

Let us now describe the three possible ways to perform compression on the server.

“Same” compressors. The prevalent approach in downlink compression is to transmit the same update to all workers. To
illustrate this, let us call a collection Cy, . .., C,, of compressors “SameRand K™ if for all ¢ € [n] we have C; = C for some
Rand K compressor C. Now, consider one iteration ¢ of MARINA-P with SameRandK compressor. The server calculates
Cl(z**1 — 2t) for i € [n], butin this case,

Cl(ztt — a2ty = ... =Cl (! — zt) = Pt — 2h).

Thus, applying a collection of SameRand K compressors to some vector z € R? is equivalent to using a single Rand K’
compression operator and transmitting the same message C(z) to all workers.

Independent Compressors. Rather than setting C;(x) = C(z) for all i € [n], one can break the dependency between the
messages and allow the compressors to differ. For illustrational purposes, suppose that C;, i € [n] are independent Rand K
compressors (Assumption 1.6). Then, applying such a collection of mappings to the vector of interest z € R?, one obtains n
distinct and independent sparse vectors Cy (), . .., Cp(x).

Remark A.1. We are aware of only one method that uses n distinct compressors in downlink compression, Rand-MCM by
Philippenko & Dieuleveut (2021). Given the absence of results in the non-convex case, let us compare the communication
complexities of Rand-MCM and M3 under the Polyak-L.ojasiewicz condition (Assumption D.9), which holds under strong
convexity. In the strongly convex case, the proved iteration complexity of Rand-MCM is

Lmax 3/2 Wngz wWp (50
Q —— 4+ —)log—].
( I (wp + vn + n )%

Assuming for simplicity that the server and the workers use Rand K compressors with K = d/n, this gives the total
communication complexity of

Linax i 0 Linasx 0"
Q<dx . (wi/u%+W>log5>zg(d\/ﬁalog5>7
u n £ w €

n vn
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which is getting worse as the number of workers n increases. Meanwhile, by Corollary E.10, the total communication
complexity of M3 (where C} are the PermK compressors and Q} are independent Rand K" compressors, both with K = d/n)
under the Polyak-F.ojasiewicz condition is

dLyax  dL 50
0(( - +A+d>1og>.
ni/3p 1 €

Since n is typically large, the total communication complexity of M3 can be much better than that of Rand-MCM.

Correlated Compressors. In their work, Szlendak et al. (2021) introduce an alternative class of compressors, which
satisfy the following condition:

Definition A.2 (AB-inequality (Szlendak et al., 2021)). There exist constants A, B > 0 such that the random operators
Cy,...C, satisfy

E[Ci(z)] = =,

1 — 5
A=Y el - B
=1

n

n 2
% > Cilwi) — %sz
i=1

i=1

1 |
w2

i=1

E (16)

forall z,z1,...,z, € R% If these conditions hold, we write {C;}|_, € U(A, B).

Following on this idea, we introduce the concept of a collection of correlated compressors.

Definition A.3 (Collection of Correlated Compressors). There exists a constant § > 0 such that the random operators
Cy,...C, satisfy:

n

%ZC,(m) —x

i=1

E <0z (17)

for all z € R%. If these conditions hold, we write {C;}}_, € P(6).

Definition A.3 will play a key role in our upcoming advancements. But what makes this assumption reasonable?

First, it is easy to note that condition (17) is weaker than (16). Indeed, if {Ci}?zl € U(A, B), then inequality (17) holds
with 6 := A — B. It turns out that it is in fact strictly weaker, as the following example shows.

Example A4. Letn = 2,d = 1. Let {(, : = € R} be the collection of independent Cauchy variables indexed by real
numbers. Define C; (u) = u + (, and C3(u) = u — (. Then

1
5 (C1(w) + Co(u)) = u,

s0 C1 (u) and Ca(u) satisfy Definition A.3 with # = 0. However, for u; # ug, by the properties of Cauchy distribution we
have

E l(; (C1(u) + Ca(u)) — % (w1 +u2)) ] =E l(; (G + @)) ] = iE [6F+ G +206] = oo

Thus, C; (u) and Ca(u) do not satisfy Definition A.2.

In fact, the condition specified in Definition A.3 does not impose any restrictions on the compressor class when working
with unbiased compressors. This is because, for any set of compressors C1, . ..,C, € U(w), there exists # > 0 such that
{C;};_, € P(0), as shown in the following lemma.

Lemma A.5.
1. Let Cq,...,C, be a collection of compressors such that C; € U(w) for all i € [n]. Then {C;},_, € P(w).

13



Improving the Worst-Case Bidirectional Communication Complexity for Distributed Optimization under Function Similarity

2. Let us further assume that Cy, . .. ,C,, are independent (Assumption 1.6). Then {C;}._, € P(«/n).
Proof. 1. Jensen’s inequality gives

(0 1

n 97 Defild 1 - 5 5
E < S E[IC@ —ul?] T =Y wllul® = wlul?,
=1 i=1

1< ’
E;Ci(u) —u

so 0 = w.

2. Using independence of compressors, we have

2
1 <& o7 Defld 1 & s w 9
E = Y E[IC(w) —ull?] "7 Y wlul’ ==l
i=1 i=1

;écz(u) —u

Thus 0 = w/n.
O

However, the true advantages of employing correlated compressors become apparent when the definition holds with 6 = 0,
as in the case of Perm K compressors.

Lemma A.6. LetCy,...,C, be a collection of a) SameRand K, b) independent RandK, c) PermK compressors. Then
a) {C;};_, € P(w) and C; € U(w) where w = d/k — 1 for all i € [n],
b) {C;};_, € P(«/n) and C; € U(w) where w = d/k — 1 for all i € [n],
c) {C;};_, € P(0) and C; € U(w) where w =n — 1 for all i € [n].

Proof. Unbiasedness follows easily from definitions of compressors (the proof for PermX compressors can be found in
Szlendak et al. (2021)). That RandK € U(d/k — 1) (and hence trivially SameRandK € U(d/k — 1)) is a well-known

fact. Next, the fact that a) {C;}.—; € P(w) for SameRandK compressors and b) {C;}"_; € P(«/n) for independent Rand K
compressors follows directly from Lemma A.5.

To compute w for PermK compressor, first assume that d > n. Then E [||CZ (x)Hz} = n||z||* (Szlendak et al., 2021), so
2] (48 2 2 2
E[lci@) - oI*] L E [llci@)I?] = l2l* = (n = 1) 1.

Similarly, suppose that d < n, and write n as n = qd + r, where ¢ € Nypand 0 < r < d. Then E |:||CZ(£C)H2i| =n/q|z|?
(Szlendak et al., 2021), and hence

E (160 - ol] L& les@l] - el = (£ - 1) ol < (2= 1)

In both cases w =n — 1.

Finally, by construction of PermK, we have % Yoi, Ci(z) = x, implying 6 = 0. O

In what follows, when considering the Perm K compressor, we shall assume for simplicity that d > n. The results for d < n
are analogous.

14
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Algorithm 1 MARINA-P

1: Input: initial model xy € R? (stored on the server), initial model shifts w9 = ... = w® = 0 (stored on the workers),

step size v > 0, probability 0 < p < 1, compressors Ct, ... ,Cl € U(wp)
2: fort=0,...,Tdo
3: fori=1,...,nin parallel do
4
5

Calculate sz (wf) and send it to the server Workers evaluate the gradients at the current model estimate
end for
On the server:
6 gt = % Z?:l Vfl (’IUI’) Server averages the messages received from the workers
7: .TH_l = xt — ’)/gt Server takes a gradient-type step to update the global model
8:  Sample ¢! ~ Bernoulli(p)
9: if ' =0 then
10: Send Czt (l‘tJrl - .’Et) to worker ¢ for i € [Tl} Server sends compressed messages to all workers with probability 1 — p
11:  else
12: Send 2! to worker i for i € [n] Server sends the same uncompressed message to all workers with probability p
13:  endif

On the workers:
14:  fori=1,...,nin parallel do

15: ’wHFl = -’I;t-‘rl if Ct - 1’ Worker 7 updates its local model shift
! wi 4 CHat —2t) ifct =0

16:  end for

17: end for

B. Biased Compressors

In addition to unbiased compressors (Definition 1.4), the literature of compressed methods distinguishes another class of
mappings:

Definition B.1. A stochastic mapping C : R? — R? is a biased compressor if there exists o € (0, 1] such that

E[lc@ -2I’] < (1 - a) le* vo R (18)

The family of such compressors is denoted by B(cv). It is well-known that if C € U(w), then (w + 1)7'C € B (w4 1)71),
meaning that the family of biased compressors is broader. A canonical example is the TopK € B(X/4) compressor, which
preserves the K largest in magnitude coordinates of the input vector (Beznosikov et al., 2020).

C. Properties of L, and Lp

We first prove the results from Section 4, starting with calculating the constants L 4 and L g from Assumption 4.2 in some
special cases.

Theorem 4.4. For all i € [n], assume that the functions f; are L;—smooth (Assumption 1.5). Then, Assumption 4.2 holds
with Lo = Ly, and Lg = 0.

Proof. From Assumption 1.5 it follows that

n 2 n

H:LZ(Vfi(:c—i—ui)—Vfi(x))H (5§0) %ZHVfi(x‘f'ui)_vfi(xﬂﬁ

=1 i=1
Ass.1.5 ] n

2
<S> 1 il
i=1

1 « 2
< Lilax <1’L Z ||u’t|| > )
=1

15
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so Assumption 4.2 holds with L4 = Lyax and Lp = 0. O

Theorem 4.5. For alli € [n], assume that the functions f; are homogeneous quadratics defined in (8). Then, Assumption 4.2
holds with Ly =0and L = ||A]|.

Proof. Ttis easy to verify that

n

Z T +u;) +b— (Az +b))

H <zf >

meaning that Assumption 4.2 holds with Ly = 0 and L = ||A]|. O

n

S (Vi + ) - Ve

=1

< |A|®

Lemma C.1. Let Assumption 1.5 hold. Then, there exist constants L, L > 0 such that Assumption 4.2 holds and
L3+ L% <L?

max-*

Proof. Assumption 1.5 gives
n 2 n
1 GO 1 2
H" > (Vi +u) - Vfi(x))H < - S IV ila +ui) = Vi)
i=1

i=1
5 1 5
SN I

max< leuzll )

and hence Assumption 4.2 holds with L% = L2 _and L% = 0. O
Remark C.2. Under Assumption 4.2 we have

n

% > (Vile +u;) = Vi)

=1

2
n
1
n
1=1

2
Ass.4.2 1 n
< Ly <n2|ui||2>+L2B
Ass. 1.5
< (La+Lp) ( ZnuZH)

so, in principle, one could always set L% = 0. However, the bound could be tightened by decreasing L 4 and increasing L .
The smaller L 4, the better the performance of our algorithms (see Corollaries D.4 and E.3).

Now, we proceed to prove the result that relates the values of L 4 and L to the Hessians of the functions f;.

Theorem 4.8. Assume that the functions f; are twice continuously differentiable, L;—smooth (Assumption 1.5), and that
there exist D; > 0 such that

1 n
sup || V2fi(z) — - > Vfi(z)| < D (11)

21,...,2n €ERY

foralli € [n]. Then, Assumption 4.2 holds with

La= \/imaxDi < 2\f2maxLi

1€[n] 1€[n]

16
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and .
1
Lp=+2 (n i:Zle) .
Proof. By the fundamental theorem of calculus,
Vfilx +u;) — Vfi(z / V2 fi(x 4 tug)usdt = </ V2 fi(x + tul)dt) = Q,u,,

where Q; = fol V2 fi(@ + tu;)dt. Letting Q = £ 37 | Q;, we can write
1 ’
> Qu;
n 4

=1
1 n

i=1

2

Hi > (Vii(w+uw) = Vi)

i=1

2 2
“, 1 &
S @-an Q(nzui)
=1 =1
(50) 1 2
<22 ZH Quil* +21QJ | >
=1

2
n

1

- E w;

n
i=1

1 ¢ 2 2 2
< QEZHQZ-—QH Juil” +21Ql
i=1

Further,
1 1< 1
1Q: — Q| = / szi(a:—#tui)dt_ﬁz/ V2 fj (@ + tuy)dt
0 Jj=1 0
1 11 &
— / szi(ﬂl‘-‘rt@bi)dt_/ = V(@ + tuy)dt
0 o "4
1 1 n 9 2
- /0 E;(v filw +tug) = V2 fi(x + tuy)) dt
1
S/ V2 fi(z + tu;) —*ZVQfa (@ +tuj)| dt
Jj=1
/Ddt
and

1~ [t Ty
Q1= |23 [ 9 to - tmpar) = | [ 239 ok )
hga, C I R,
S/ = VP fi(w + tuy) dtg/ =S Vi@ + tuy) | dt
o ||" o "4
</11iL'dt—lzn:L‘
~Jo nio ’ _njzl "

17
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By combining the above, we get

1 n 2 1 n 1 n 2 1 n 2
2
IS W) - V@) <22 D2 () LS
i=1 i=1 =1 i=1
1« : 1 |
<2( D'z) i*+2 j - il
<2 (max D7) Jusl* +2 | =3 Ly | |-
j=1 =1
which means that Assumption 4.2 holds with L% = 2(max; D?) and L% =2 (2 3" | L;) 2 O

Remark C.3. Clearly, if Assumption 1.5 holds, i.e., if there exists L; > 0 such that sup,, cga || V2fi(z)|| < L; for all

i € [n], then there exists D; such thatsup,, . cga||V2fi(zi) — & > V2 £i(z5) H < D;, which means that this latter

condition is not restrictive. Indeed,
1 « 1 &
V2 fi(zi) - - Y V)| < IV )] + - > Vi)
j=1 j=1

<IVAG g 95|

However, D; can be small even if the constants {L;} are large, as the next theorem shows.

Theorem 4.9. Assume that f;(x) = %xTAix + bz + ¢;, where A; € R¥* is symmetric but not necessarily positive
semidefinite, b; € R% and c; € R fori € [n]. Define A = 23" | A;. Then, Assumption 4.2 holds with

Ly= \@m’ﬁ( [A; — Al
1€|n

and
1 n
Lg=v2| - Al
b= ( > ||>
Proof. In this case V? fi(z;) = A, and the result easily follows from Theorem 4.8. O]

18
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D. Convergence of MARINA-P in the General Case
D.1. Main Results

As promised, we now present a result generalizing Theorem 4.6 to all unbiased compressors.

Theorem D.1. Let Assumptions 1.1, 1.2 and 4.2 be satisfied and suppose that {C!};_, € P(6) (Def. A.3) and C} € U(wp)
(Def. 1.4) for all i € [n)]. Let

1
L+-VQL3WP-+L%9)(;-1)

0<y<

Letting
fyL *yL 2
V= g = GRS ot B
foreach T > 1 we have

T-1

S ze[Ivsen] < 5

t=0

Let us provide some important examples:
Theorem D.2. Let Assumptions 1.1, 1.2 and 4.2 be satisfied. Choose

-1
(L + /(L4 + L%) wP/p) for SameRandK compressors

-1
Y= (L + \/(Li + L2B/n) WP/p) for independent RandK compressors

-1
(L + Lan /wP/p) for PermK compressors

and set w) = x° for all i € [n]. Then MARINA-P finds an e—stationary point after

80 (L+ (L3+L2B)wp/p)
@ - for SameRandK compressors
T— 80 <L+ (L3+L%/n)w;>/p>
o - for independent RandK compressors
8O (L4+La/«
@ (M) for PermK compressors
iterations.
Remark D.3.

e The result for Perm K compressors proves Theorem 4.6.

* The above theorem demonstrates the complexities for a) SameRandK, b) independent RandK and c) PermK
compressors. However, the result applies to any families of compressors such that for all ¢ > 0 we have a)
Ct=...=C =C"e Uwp),b)Cl,...,C € Uwp) are independent, and ¢) Ci,...,C! € Uwp) NP(H),
respectively.

We now derive the communication complexities:

19
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Corollary D.4. Let us take p = 1/n and set K = d/n (corresponding to the sparsification level of a PermK compressor).
Then, in the view of Theorem D.2, the average s2w communication complexity of MARINA-P is

o (df;L + d%ox/La + LQB) for SameRandK compressors

2
@ (d‘:;L + @\/ Li + Lf) for independent RandK compressors (19)
O (% + d%ULA) for PermK compressors

Remark D.5.

* The result for Perm K compressors proves Corollary 4.7.

* The key observation from (19) is the dependence on L 4 and Lp. In particular, if L 4 = 0 (which is the case, e.g., for
homogeneous quadratics), the above communication complexities are

@] %d (& + LB)) for SameRandK compressors,
@) gd (% =+ L—i)) for independent RandK compressors,
g %) for PermK compressors.

Hence, only by sending different messages to different clients, one obtains complexities improving with n. In particular,
for Perm K, the complexity scales linearly with the number of workers.

D.2. Proofs

To prove the results from the previous section, we first establish several identities and inequalities satisfied by the sequences

{wt, ..., wh};>0. We start by studying the evolution of the quantity |jw! — z!||°. In what follows, E, [] denotes the
expectation conditioned on the first ¢ iterations.

Lemma D.6. Let C! € U(wp) for all i € [n]. Then

n

2 2 [t e < - S oI 1 [ )]

Proof. In the view of definition of w!*?!, we get
B, ot — a1
= (1= B [[lwf +Chat*t — at) — 241 7]

E 1 - pE, [Hcf(xt“ — ') = (" - xt)Hz} + (1 - p)E [wa - mtﬂ

P2 (= pp o ot + (1= p) ! — 2t

Averaging, taking expectation and using the tower property, we get the result. O

This lemma is less powerful: it is not an identity, and hence some information is lost. Moreover, it focuses on a single
client ¢, and is therefore not able to take advantage of the correlation among the compressors. On the other hand, it can be
used in the convergence analysis without any need to restrict the function class.

Next, we study the evolution of the quantity ||w — zt||>.
Lemma D.7. Let {C!}}_, € P(0). Then

E [Hw“‘l — :CH'lHQ} <(1-pE [Hwt — actHQ} + (1 — p)dE [Hx“‘l — xtHQ} .

20
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Proof. In the view of definition of w!*?, we get

1 — ’
< sz‘ﬂ _ bttt
n “

=1

E [t -] = E,

(1—p)E; ||| = Z Py Cl(attt — gt)) — 2t

1 n
= (1-pE || - ZCf(th — ') — (2" —2t) — 2t + !
n 4

(48)

B (1 pE, [[[ 3 CHatt - af) — (2t — at)
n —

+ (1= p)Ey [ - 2*|?]

Def'gA-S (1-p)o Hx“‘l — :UtH2 +(1-p) Hwt — J;tHQ .

Taking expectation and using the tower property, we get the result. O

This lemma is more powerful since it is able to take advantage of the correlation among the compressors. Indeed, if § = 0
(as in the case of Perm K compressors), then it becomes an identity:

E o+~ o) = 1~ pE [Juf — ']

We now prove convergence of MARINA-P in the general case.

Theorem D.1. Let Assumptions 1.1, 1.2 and 4.2 be satisfied and suppose that {C!}}_, € P(0) (Def. A.3) and C} € U(wp)
(Def. 1.4) for all i € [n)]. Let

1
0<y< .
L+ \/(La,wza +136) (L - 1)
Letting
L? L?
v = f(a") - 7A XN Bl [t
i=1
foreachT' > 1 we have
T—1

ZE[[Vse)] < 2

t

I
o

Proof. First, combining the inequalities in Lemmas D.6 and D.7, we get

”ﬁliEthwHM+tﬁﬂww—wwﬂ

S
< L= D [luf - 1]+ SR - e [ ]
+g§“_mEMW—fW}+ﬂ%G—MmUW“—ﬂW}
ST 31 [y Ry [y
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n % (L3wp + L30) (1 — p)E [thﬂ _xtﬂ (20)

Next, using Assumption 4.2, we have

el vrel] - [

LS (V) - Vi)

i=1

n 0 n 2
Asséw L%%ZE {wa fxtHz} + L4E ” %wa —zt ] .
=1 =1
Combining the above inequality with Lemma H.1 gives
L
B[] <[] - 3B [I95600] - (5 -5 ) B [l — o] + 3 [lof - 91
L
B[] - 28 (976007 - (5 - 5 ) B [l -]
2 (122 SRt - o)) + 2B [t - o] e
2 An p 1 B .

By adding inequalities (20) and (21), we get

E[w] = E [51] + ,YZLpA - ZE [ [ t+1|ﬂ I 72[;)123153 [Hwtﬂ _ xt+1H2}
B[] - 28 (197607 - (5 - 5 ) B [l -]
W (inira ot — a*17] + 13 —xtm)
S0 =D 2 S ]+ 20 - )]

+%(LAWP+LBH)( ~P)E {me—xtﬂ}

L
—E[w] - JE[|vre)]?] - ( - F - L (Ber+ )0 _p)) E [+ o]
<E[W] - JE [V,
where in the last line we use the assumption on the step size and Lemma H.2. Summing up the above inequality for
t=0,1,...,T — 1 and rearranging the terms, we get

F S (Ivsel] < 2 @ -m ) < 2
O

With the above result, we can establish the iteration and communication complexities of MARINA-P for three different
compression schemes described in Appendix A. First, let us prove a result when independent compressors are used

Theorem D.8. Let Assumptions 1.1, 1.2 and 4.2 be satisfied and suppose that Ct, . .. C! is a collection of independent
compressors (Assumption 1.6) such that C! € U(w) for all i € [n], t € N. Choose

SN CYETEDR
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and set w9 = x° for all i € [n]. Then MARINA-P finds an e—stationary point after

0 (L4 (L + i) )

e

T=0

iterations.

Proof. In view of Theorem D.1, the step size satisfies the inequality

1

v < :
L+ \/(Lin +130) (L~ 1)

Since by Lemma A.5, when the compressors are independent we have § = «r/n, the algorithm converges in

I 1 70 12
T== <L+\/(Lin+L2B°;P) <p 1)) ~0 (5 <L+\/w; (Li,+f>>> 22)

iterations. O

Theorem D.2. Let Assumptions 1.1, 1.2 and 4.2 be satisfied. Choose

-1
(L +/(L4 +L%) wP/p) for SameRandK compressors

—1
Y= (L + \/(L?4 + LzB/n) WP/p) for independent RandK compressors
1

(L + Lan /wP/p) for PermK compressors

and set w9 = x° for all i € [n]. Then MARINA-P finds an e—stationary point after

80 (L+ (L§+L§3)wp/p>

g

@ for SameRandK compressors

80 <L+ (L2A+L23/n)wp/p)

€

o (50 (L+LA \/Lﬁ/p) )

g

N
Il

o

for independent RandK compressors

for PermK compressors

iterations.

Proof. In view of Theorem D.1, the step size is such that

1
v <

- L+\/(L2Awp+LQBG) (%—1).

We now use Lemma A.6 and substitute the vales of 8 specific to each compression type.

For SameRand K, we have § = wp, so the algorithm converges after

0 0
r- ¥ <L+ \/<L,awp+L2BWP> (%- 1)> o (L (14 [ uny)) @3
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iterations. Following the same reasoning as in the proof of Theorem D.8, for Rand K" we have

g0 1 30 L2
T== <L+\/(L3wP+L2B“;f> <p1>> 0(6 <L+\/°‘Z° <L§+:)>> (24)

Finally, for Perm K we have 6 = 0, so

0 0
T:‘I’<L+ Liwp (1—1>):(’)<\D <L+LA,/WP>>- (25)
€ D € b

The result follows from the fact that w) = z° for all i € [n]. O

Corollary D.4. Let us take p = 1/n and set K = d/n (corresponding to the sparsification level of a PermK compressor).
Then, in the view of Theorem D.2, the average s2w communication complexity of MARINA-P is

o (% + d%gx/Li + LQB) for SameRandK compressors

O (diof + @\/ L + L:B) for independent RandK compressors (19)
@ (% + %OLA) for PermK compressors

Proof. The expected number of floats a server is relaying to each client at each iteration of MARINA-P is

—1 2
pd+<1—p>k=§+” <2

Next, using the results from Lemma A.6, our choice of compressors and parameters gives wp = ¢/Kk — 1 = n — 1 in each of
the three cases. Hence, substituting p = 1/n in (23), (24) and (25), we obtain the following server-to-worker communication
complexities:

1. for SameRand K compressors:

d & . (1 O (d d -
=0 o gL—&—d\/L?—&—L?
B e \n ATTB) )

2. for Rand K’ compressors:

0 2 0 2
gxi <L+\/wp (L%+Z;B) <1_1>> :i <dL+d\/(L124+LB> (n_1)2>
n g n P 1> n n n
0 2
:o<6 (dm,/@w)),
g n n

3. for Perm K compressors:

0 0
w(H ngp(l_l))zé(wh )
n € p e \n n
0
:O<6<dL+dLA>>.
g n
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D.3. Polyak-L.ojasiewicz condition
D.3.1. MAIN RESULTS

To complete the theory, we now establish a convergence result for MARINA-P under the Polyak-t.ojasiewicz assumption.

Assumption D.9 (Polyak-Lojasiewicz condition). The function f satisfies Polyak-tf.ojasiewicz (PL) condition with parame-
ter i, i.e., for all z € R? there exists 2* € arg min, g« f() such that

20 (f(2) = f@*) < |V F ()] (26)

Theorem D.10. Let Assumptions 1.1, 1.2, 4.2 and D.9 be satisfied and suppose that {C}};_, € P(0) and C! € U(wp) for
all'i € [n]. Take

1 D

0 <y <min ,ﬂ 27
L+ \/2 (L4wp + L2,0) (% - 1)
Letting
n n 2
\I/t:f(xt)—f*—&—?iZE[Hwﬁ—xtHQ} —I—,YLP%E %Zwﬁ—xt , (28)
i=1 i=1

foreachT' > 1 we have
E[07] < (1 —u)" ¥,

Corollary D.11. Let C! € P(0) for all i € [n] (e.g. PermK), choose p = 1/(wp + 1). Then, in the view of Theorem D.10,
Algorithm 1 ensures that E [ f(zT) — f*] < € after

L+ L po
@) (max{—’_AwP,wP + l}log 5)
i

iterations.

Corollary D.12. Let C! be the PermK compressors (K = d/n). Then, in the view of Corollary D.11, the s2w communication

complexity of MARINA-P with PermK is
dL dL po
(’)(<+A+d)10g) .
npy I €

Theorem D.10. Let Assumptions 1.1, 1.2, 4.2 and D.9 be satisfied and suppose that {C}}_, € P(0) and C! € U(wp) for
alli € [n]. Take

D.3.2. PROOFS

1
0 <~ < min ,ﬂ ) (27)

2
L+ \/2 (L3wp + L30) (£~ 1) s

Letting

n

1
—E wf—xt
n

i=1

by e VALY [t - |’ Ly
U= fat) - f* pngE wf = |} + —2E

) (28)

foreachT' > 1 we have

E[07] < (1 —yu)" w0,
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Proof. We proceed similarly as in the proof of Theorem D.1. Combining the inequalities in Lemmas D.6 and D.7 gives

’YLA Z]E [ku—l t+1H2:| n ﬁE [Hwt+1 _ xt+1||2]
pn D

’YLA ZE Mw t” ] ’YLA (1 - p)wpE |:th+1 _ xtH2]
2 2
" ”LTBu ~pE[ut - o] + ”LTB(l ) [t — ot ]
- ZE [t = 17] + 2221~ p [t ~ o]
+5 (LAwp + L36) (1 - p)E [l —xtH ] (29)

By adding inequalities (21) and (29), we get

Ble] = B4 AL S [t o] + 2k et o]
< 5= JE[IViEI] - (5 - 5 ) B [l - o]
+g (leE ot 24+ 32 1o -]
Ly ZE[Hw 1)+ - et - o]
+%(L wp + L30) (1 - p)E [[l21+1 — at|]
— E[#) - IE[|vse ( -5 - L (Lhwr + 130) (1 - >)E[|Ixt“—xtll2}
o (L1 ZE[ ~o ] 0t (5 =) Bl -
ML 6]+ 2 - LS8 ot o]+ 22 B -]

(1—yu)E W],

where the last inequality follows from the Polyak-tL.ojasiewicz condition, Lemma H.2 and our choice of . Applying the
above inequality iteratively, we finish the proof. O

Corollary D.11. Let C! € P(0) for all i € [n] (e.g. PermK), choose p = 1/(wp + 1). Then, in the view of Theorem D. 10,
Algorithm 1 ensures that E [f(xT) — f*} < ¢ after

L+ L PO
o <max {—’_AWP,QJP + 1} log >
" €
iterations.

Proof. In view of Theorem D.10, the step size satisfies

1

L+ \/2 (L3wp +130) (- 1)

v < min

)

P
2
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Therefore, since § = 0 and p = 1/(wp + 1), the algorithm converges after

L+ \/2 (L3wp + L36) (4~ 1) o o
- P 2 v L+L v
T = max y — 1og:(’)(max{+AwP,wp+1}log)
2 p € 0 £

iterations. O

Corollary D.12. Let C! be the PermK compressors (K = d/n). Then, in the view of Corollary D.11, the s2w communication

complexity of MARINA-P with PermK is
dL  dL po
(9(<+A+d)1og) )
np L €

Proof. For PermK, wp = n — 1. Therefore, the iteration complexity is

0
O (max {LJFLATL’H} log \P) )
u €

Since the expected number of floats the server is relaying to each client is

d —1 2d
pd+(L=pk==-+"—k<—,

the server-to-worker communication complexity is
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E. Convergence of M3 in the General Case

We now move on to the bidirectionally compressed method. Below is a generalization of Theorem 5.1 to all unbiased
COMPressors.

E.1. Main Results

Theorem E.1. Let Assumptions 1.1, 1.2, 1.5 and 4.2 hold and suppose that the compressors Q € U(wp) satisfy
Assumption 1.6, {C!}!_, € P(0) and C! € U(wp) for all i € [n]. Let vy > 0 be such that

0 1+0 1+ 1+
y< D+ 288(<+2pP)LQB+(wP+ wpr>L?4+<waP6+wD( prP))Lgnax)
PP B P B npp npp

Letting

—1

2

n n n
] s 3L/ [RRTIRIT N o S Y T s o e
i=1 i=1 =
where k = L, 1 = 47[1;‘25, v = MﬁLA + 67“55}5""“‘ = 32vL% (pip—i—%%’) and p = 32yL% (pip—i—%%) +
% (B + pp), M3 ensures that

st -o(%)

t=0

We now simplify the above result by considering that § = 0.
Corollary E.2. Let C! € P(0) for all i € [n] (e.g. PermK), choose pp = 1/(wp + 1), pp = 1/(wp + 1) and

. n 1/3
5:m1n{<Wpr(WD+l)> ,1}.

Then, in the view of Theorem E. |, the iteration complexity is

30 1 /3 1
O<€<Lmax+(owP<:D+)> Lot 2200 1 oo a1 ) )

We now give the bound for the total communication complexity of M3.

Corollary E.3. Let C! be the PermK compressors and Q! be the independent (Assumption 1.6) RandK compressors, both
with K = d/n. Then, in the view of Corollary E.2, the iteration complexity is

\I/O

@ ( (n2/3Lmax + nLA)> 5
g
U0 (" dLax

@) (E < /3 —|—dLA>) .

Remark E.4. The above result proves the complexities from Theorem 5.1.

and the total communication complexity is

E.2. Proofs

Similar to our approach from the previous section, we start by establishing several inequalities satisfied by the sequences
{w1157 ey wfl}tz(), {Z%, ey Z;}tzo and {gi, . ag;}tZO-
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Algorithm 2 M3

1: Input: initial model zo € R (stored on the server), initial model shifts w9 = 29 = 20 (stored on the workers),

initial gradient estimators g° = V f(2°) (stored on the sever), i € [n], step size v > 0, probabilities 0 < pp,pp < 1,
compressors Ct,...,C! € U(wp) NP(0), Qf,..., QL € U(wp) forall t > 0.

2: fort=0,...,Tdo
3: Jit+1 =T —7g Server takes a gradient-type step to update the global model
4:  Sample ¢}, ~ Bernoulli(pp), ¢}, ~ Bernoulli(pp)
5. Fori € [n], send C!(z!*1 — zt) to worker 4 if c¢;, = 0 and 2! otherwise
6: fori=1,...,ninparallel do
1 Jatt! ifct, =1,
7: w; = ¢ t0otl ¢ et Worker 7 updates its local model shift
wi +C(zt —2") ifch =0,
8: Zf+1 = Bwf“ —+ (1 — 6)2: Worker 7 takes the momentum step
9: Send QH(V fi(21T1) — V f;(2!)) to the server if ¢}, = 0 and V f; (/1) otherwise
10:  end for

11: ichzlthen

12: t+1 1 ZZ 1f2( t+1)

13: else

14 gt =g+ L QUV (Y — V(D)
15:  endif

16: end for

(maintaining only the sequence g* in the implementation is sufficient; the sequences g! from (14) are virtual)

Lemma E.5. Let C! € U(wp) forall i € [n] and {C!};_, € P(0). Then

By [[|uoft = =] < [l = 2) = powf - ') + (wf = * 4 po||of - ' +wp ot ot
foralli € [n], and
B [[lof = ] < @ = a) = po(wf — o) + (0 = )"+ po|of -t +0 2+ - ot
Proof. Using the definition of w! ™", we have
Er [wf™] = 2" 4 (1 - pp)(wf — 2")
and hence
B [[wft = 2] L [la 1 + (1= )t = at) = 21 + By [ = @+ (1= pe)( n }
= [[@"* ") = pe(wl =)+ (wf —2D” + By [[[wf* = @ + (1= pe)(wf = )] -
Using the definition of w!™" again, we get
B [t = 2"] = @ =) = pp(w! — 2 + (! = 2”4 pp [|o+ = @4+ (1= pp)(wf - 29

+(1 —pp)Et |:wa +Cit(],‘t+1 _ xt) _ (xt+1 + (1 _pP ’U) gt H ]

et — ) pp(ut — ) + (wh — )|+ pp(1 — pp)? [t 2]
+(1 = pp)E [[CHt — at) = (@~ 2f) + pp(w — o))

D@ =2t = pe(wl — ) + (wf = 2D + pp(L - pp)? ||wt t||2
+(1 = pe)pd ot — 2 |* 4+ (1 = pp)E: [[|ci @+ — o) = @+ = 2t)|]
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D62.4 t+1 _xt||2.

|(&" = 2") — pp(w) — 2") + (w} — zf)||2 + pp [Jw] — xtH2 +wp ||z

Using the same reasoning, we now prove the second inequality:

E, [Hthrl _ ZtHZ] 48) thﬂ +(1—pp)(wt — at) — Zt||2 1E, [Hwtﬂ B (It+1 (1= pp)(wt — It))H?}
_ ||(xt+1 . zt) 7pp(wt . wt) + (wt . Zt)H?

+E, [Hwt+1 (et (1 - (wt — z* H }

= [l ) —pp(w’ - xt) + <wt =N+ pp(t = pp)? ot — ot

FO=pp)By ([t + 2 S — o) — (@ 4 (1 pp) (')

_ ||(zt+1 _ It) *pp(wt _ It) + (wt _ Zt)||2 +pP(1 *pP)Z ||,wt _ xtHQ

2

1 n
1— E 4 too bl oty ol t .t
+(1 —pp)E; - Zcz(w z') — (z z') + pp(w' —z")

“8 H(xt-&-l _ xt) —pp(wt _ xt) + (wt _ zt)||2 +pp(l —pP)2 Hwt _ xtH2
2

+(1 - pp)E; +p3(1 - pp) [Jw’ — 2|

1
E Zcf($t+1 _ th) _ (.’L‘H_l _ xt)
i=1

P = 2t) — pp(wt — o) + (b — 2|2+ pp ot — 2P + 6 |2t — 2t

O

Lemma E.6. Let Assumption 1.5 hold. Furthermore, suppose that the compressors Q' € U(wp) satisfy Assumption 1.6
and that C! € U(wp) fori € [n]. Then

n 2
t+1 % Z vfl(zf-i-l)
=1

< % <4PP52E %Z lwt = *|*| +35°E Z 2 = wi|*| + 3(wp + 1)B%E [||o"+" xt||2]>
1:1 2
+ (1= pp)E || = 2 D VAG
i=1
Proof. First, from the definition of g/ ™!, we get
T %vai(zz”l) = (1 —pp)E Hi S (0! + QU () = V(1) — VFi(20))
i=1 i=1

and hence

2
1 n
t+177§ \va? i.5+1
ni:1 f’L(Zz )

n 2

Rl H ZQt VAE) = VAGED) - 5 3 (TG - VAED)

i=1
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gt _ %ZVfl(Zf) ]
=1
+ (1 —pp)E [ ]
Z [ExEs

28|15 o) - v
1O ’
+ (1~ pp)E [gt—n;wi(zf) ] (30)
Let us consider the first term separately:

S R o i [ D i

Using the result from Lemma E.5, we have

1 n
B n2||z:+1—zfu2]
i=1

+(1 —pp)E [

Def14(16) WD

1 n
9" — n vai(zf)
i=1

Assélﬁ wp Lmax wpLinax o

1 n
< B |23 ) ot —x>+<wf—z:>|ﬁ+ppn21||w£—zt||2+wpuxtﬂ—w’fllﬂ
i—
s L2 Ly o a2 4112
< BE EZH“}Z’_ZZ‘H +4pngHwi—x "+ (wp +3) ||« = |||,
i=1 i=1
where in the last line we use the fact that pp < 1. It remains to substitute the above inequality in (30). O

Lemma E.7. Let C! € U(wp) for all i € [n] and {C!}}_, € P(0). Then

B [+ =t < (1= 5 ) B [ - wtlP] 4 (Gt r ) B [let* o] ape (1422 B Ju - )]

foralli € [n], and

B [+ w7 < (1= 5 ) B [ - wlP] 4 (G4 0) B [l =] e (1425 B [t - 2]

Proof. From the definition of z“‘l

E ([l = wl ] = E [|8uit + (1= B)zf = wf™°] = (1 = B%E [t - 2]
Then, Lemma E.5 gives

E [[l - utt)?]

we get

< Q- BE[| o) ppluf o)+ (ud — 2D 4o fud 2t 4 op 2t
(44),(4;),(47) (1_ ﬂ)E [wa —szQ] +EIE |:H(xt+1 — 2t — pp(wt _xt)m
2 B
+E [pp ||wf — :L‘t||2 + wp Hle - :L'tHQ}
@5) B t_t2] é[t_t,-l t:| 4pp[t_t2}
€ (1= 5) B et = 0] g [l o] - 2 [t - )
VE [pp uf — | +wp o+ — 2|
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< (1= D) lut - ] 4 (5 +m ) B [ =] + e (14 25 ) B [t - 1))

The second inequality is proved almost in the same way. First,

B[ — w1 ] = (1 - 8B [Jurtt 1]

and using Lemma E.5, we obtain

E [Hzt-i-l _ wt+1H2}

< (1= BPE [ = a') — pp(w! — o)+ (w' = 2|+ p [t = 2|+ 6 [ = ]

2 (1= 2) & ot 7]+ 28 ) =~ ot = 91| +E oot~ 0 =]

“3) B r 2] 1 4p? 2 2

L (1-2) B ot -] 4 (G4 0) Bl — o) + 228 [t o] 48 [om ot - o]
B 0t t)2] 1 t+1 t pp t t)2

< (12>E_||w — | +4(6+9>E[||x — o] + o <1+6>E[||w o).

O

Theorem E.1. Let Assumptions 1.1, 1.2, 1.5 and 4.2 hold and suppose that the compressors Qf € U(wp) satisfy
Assumption 1.6, {C!}!_| € P(0) and C! € U(wp) forall i € [n]. Let v > 0 be such that

0 1+46 1+ 14
v< L+ [2ss << + 2PP) 2+ <WP I W2PPP> 2+ (waPB n wp( WPPP)) ernax)
P B P B npp npp

Letting

—1

2

n n n
v =t = SVAGD| ol St gt D et =
i=1 i —
where k = pl), n = %, v = 47ﬁLA + 67“555""“ p = 329L% (i—i- 52) and p = 32vL% (pip—i—%%) +
% (B + pp), M3 ensures that

Z—; (I1vs)|] = 0<$;)

Proof. Lemma H.1 gives

B[] < B[] - 3B (1976017 - (5 - 5) B [l o]+ 3 [lst - vre)]
|

Lep]- eIV - (5 - 7 ) B [l - o]
e gt—iiwzn | wa[ - _ (Vhilzh) = Vfila") ]
a5 -2 [0l - (; -5 ) E[la —=
+E _ 9 - iivﬁ(d) ] +7L?4711£;]E [Hzf *fﬂt”z} +L3E {Hzt *xtm
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(4§4) E[5] - W]E [va )| } ( - §> [thﬂ _ xtHZ] +9E [ gt — iini(zf) ]

N z( (1126 = wi"] +E [[lwt = a*°] ) +2vL% (E [l = w|*] +E [’ - 2'|]"]).-

Let x,n, v, p, ;4 > 0 be some non-negative numbers that we define later. Using Lemmas D.6, D.7, E.6 and E.7, we get

2
1 « 2
E[67] + nE [ o L VG ] o [ — ]

LS et iiuwﬁthHQ]
i=1 =1
n 2
B[] - 2 19760 - (5 - ) B [uxtﬂ—mtmﬂxﬁlgt—;;wzn]
+27L?4% ; (B [l[2f = wt*] +E [t = 2[*]) + 292 (E[|l2* = 0']*] + E [’ - 2*]*])
2 n

e e L o R P kS o E T PR e (R i)

n 2
—I-H(l—pD)IE[gt_i;Vfi(Z:) ]

+n<(1_§)xa [EEN +4(1+9>E [att — o] +4pp( p;)E [Hwt_mtyﬂ)
(- 0) R Aot -t (5 ar) [l - e (1427 25t 2 )

+p(1— pp) ( [Hw tH]Jre]E [thﬂ_xtHzD
Mlpp( [ ZH“’ 2| +wPE[IIxt+1xt|ﬂ>-

LR 4R [Hwtﬂ _ xt+1||2} 4 uE

+38°E

Taking = - and n = 4'YLB ,we gety + k(1 — pp) = k and 27L% + n(1 — B/2) = n, which gives
g

n;Vfl(Zi )
1 & 2 1 — 2
LS et —t) L3ttt -t
i=1 =1

L 9 1 n 2
B[] - 38 (197017 - (5 - 5 ) B [l = o1P] 4 u | of - £ 3 9AGH
=1

+ 7 [|2* - w'|?] +zm%z (B [JI2f = w!*] + B [Jlwt - o[*]) +2vL3E [’ - ']

i=1
L
+Z% (anrnax <4PP52E ZHZ _ t|| 4 3(wp + 1 E[Hztﬂ_thz}))

E [5t+1:| +I€E |: gt+1

] B[] = ]

+vE

+ pE [Hw“‘l — actHHQ} + uE

+ 35°RE

n
1 t )2
= [lwi =2
n <

=1
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05 (4 (5+0) B [l o]+ ape (1422 B [t - 21)7])
((1) [ Znt atlP[ +4 (5 4o ) B[l o] 4 ape (1425 ) 2

4o (0= pe)E [t = o] + 08 [+ — o))

(0 £t 4 r et -1

We rearrange the terms to obtain

1 & L
- Ezvfi(zﬁ )
i=1
LS et Ly gt ot
ni:l ' ' ni:l '
L 1 &
<E[ - 2E[|vseH)?] - (—2)E[||xt+l—xtuz]+m[gf—RZVfi<z:>

+nE {Hzt—thQ} + (V (1—§> +27L124+?W’> ZH t_ 5“21

DEEE)

E [6“‘1] + kE [ gt'H

] +E [Hzt+1 _ wt-&-lHQ}

1R + o [Hwt+1 _ xt+1||2} 4 uE

|

272 2
+ <3’YWD(WP+1)B Lmax +p0+ 16’YLB <1+0) +4I/ <;+wp) +,UWP>E |:||:Ct+1 7xtH2:|

npp B B
1612
+ <p(1 —pp) +29L% + % <1 + )) ([ = 2|}
pp 4ywpppB?L2 . 1< 2

1242-;;2 for all z,y > 0, we get

We now consider the coefficient of the term E [||wt — ! HQ} . Using the inequality zy <

16vL2
—pp)+ 2L+ — 1+ ) <p(l—pp) + 16713 1+ + =5
p(1 = pp) + 2yL% + —L BpP<1+pP>< (1—pp) + 16yL2 (1+ + 2)
B B BB
<p(1—pp)+327L% (1 + 52>
=

for p = 32vL% (p% + p—’;) . With this choice of p, we obtain

1 n
B (5] + B [ I VARG

] B[ =t

+vE

1 — 2 1 & 2
LS ot — a1 DWEREER
i=1 i=1

B3] - 32 [Iose] - (—Q)E[thﬂ—wt|ﬂ+d€[gt—iEVfi<zf>

s [ = "] + o [t — 2|

4R [Hwtﬂ _ xt+1||2:| 1+ uE

|

34



Improving the Worst-Case Bidirectional Communication Complexity for Distributed Optimization under Function Similarity
wpP?L?
e (o (1=8) ooz + D s g [ > et -t
3 1)B2L2 1 16vL% (1 1
+ ( ywp(@p £ DS Linax g9 12 ( n ) 0+ — B (5 +9> Y (B +wp) +Wp> E [||gct+1 _ xfﬂ

npp B? B
2712 n
oo Yo 13 ot - 2.
=1

npp

+ <u(1 —pp) +2v7L% + 4vpp (1 + pﬁp) +

Next, taking v = 4'YLA + 67“’25 Linsx gives

2
1 — 2
e R I I R [

TR +oE [Hwtﬂ _ xtHHQ} + uE

1« t+1 t+1(2
gZsz —w
i=1

1 ¢ t4+1 t+1(]2
L3 -t
i=1
1 n
9" - - > Vi
i=1

2
L

B[] - 38 (976007 - (5 - 5 ) B [l - o)) + o
1¢ t |2

3ywp(wp +1)B2L2 2( ) 167LQB<1 )
+ max 4 309712 (— + 22 ) 04+ 2B (2 40
( npp e 52 5 \p

) 2
L (47LA N 6’YWDﬁLmax> (1 +wp> + pwp |E {th-i-l _ sctHz]
3 npp g

4~ IL? 6 L 4 212
YLA + /YWD/B max) pp <1 + pP> + waDpPB max) E
g npp g npp

o [l = ] 4 [t — o] +

- (u(l —pp) +2vL% +4 (

1 n
nEN@—ﬁW]
i=1

Let us consider the last bracket:

4vL% 6 L2 4 272
,u(l—pp)+2fyL§l+4< vLa | 6ywnb max>pp<1+pp>+w’5mx

ﬁ npp 5 npo
= u(1—pp) +29L% + 16yppL% n 24ywpppBLipax n 16vp% L4 n 24ywppBH L2, ax 4’wapP52Lmax
A 154 npp 32 "o o
p 24’wapPLmax

<N(1—pP)+167L?4<1+6+61;> T(ﬁ-f'pp-h@?)

7 48~yw L2

n(1—pp) +32vL3 1—1—1)71; +M(ﬂ+pp)

/6 npp

=
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48ywp L2

for u = 32yL% (i + 7;3—’;) Ry — (8 + pp) . For this choice, we get

" 2
1 2
E [5t+1] +KE ||| - = ;Vfi(zfﬂ) +E [Hthrl _ wt+1” }

+vE + pE [Hth —:Et+1||2:| +

1 « 2
DWEEEER
i=1
g -2 Zn:Vf‘(Zt)
n =1 '

1 — 2
= Ml = wi
i=1
2
L

Y
<[] - 1B [|vs@)] - (_Q)E[th+1_xt|\2}+ma
1¢ t t||2 RS t t]|2
R RN

3 1)B2L2 16vL% /1 4~IL2% 6 L2 1
+<7WD<UJP+) max+32 L2 (+Z)}9>9+ WB(6+€>+4<7A+ ’waﬁ max>(+wp)

+ pE [Hwt — xtHQ} + pl

+ nE [Hzt — thQ} + vE

npp B? B B npp B
1 48ywpwpL?
+32ywpl? +p’; IS (5 4 pp) E ot - ot |]
p npp
(31)
Let us simplify the last bracket.
3 1)3%L2 16vL% (1
7= rwa(WP + )B max 32 L2 ( + 2) 0 + VLB < + 9)
npp B p B
4yL?%  6ywpfBL 1 1 48ywpwpL
+4<7 A, Swnb ma") (+wp>+32prA( +p§>+wpm°"‘(ﬁ+pp)
B npp B B npp (32)
< (3%JD(UJP +1)52 n 24ywp n 24ywpwp B n 48ywpwpfB n 487waPpP> I
npp npp npp npp npp
(167 16qwp  32qwp 32’ywppp> 2 (3279 32yppt | 167 1679) 2,
B? B pP B? PP B2 B2 g

We next consider the coefficients of L%, L% and L2, . First, for L%, we have

3290 32yppl 16y 1670 0 1
70 32pe 7, 1600 g < <1 pp pp) N )
P

@ @ p S TETE) e
con i+ + )

9 1+9pp)
—6dry [ =+ .
7<1DP (2

Next, the coefficient of L? can be bounded as

16y  16ywp  32vwp = 32vywppp ( ( ))
=+ + + < 32y + L1+ 4
p? B pp p? p? B p?

wp  wppp | 1
o + =
= <pp 52 62>

1
< 64 <W++W2PPP>,
pp p

and for L2, we obtain

3ywp(wp + 1) 52 n 24ywp n 24ywpwpfB n 48ywpwpf3 n 48vywpwppp
npp npp npp npp npp
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(wp+1)p* 1 wpb wppp)

+—+

< T2ywp (
npp npp npp npp

|
§144WD( +wP’8+prP)
npp npp npp
1
— 144y (waPﬁ N wp( +WPPP)>

npp npp

(WP+1)62 < 1
npp — MPD

since + %. Substituting these inequalities to (31) and (32), we get

2
1 < 2
E[67] + vE [ o L VG ] o [ — ]
LS et -t L5 gt = ot
ni:l ' ' ni:l '
L 1 &
<E[5] - ZE[|vs@)] - (—Q)E[r|xt+1—mtu2}+ma[gt—ngwx
1 & 1 &
LSt -t DWERY

0 146 1 1
+ 144 ( n + PP) 1%+ (wP " +w2PPP> 2+ (waPB wp +wPPP)) 2 [thﬂ _xtH2:| .
pp p? pp B npp npp

+vE + 9B [[[w*! = 2] + B

2]
+nE [Hzt—wt}ﬂ +vE + pE [Hwt—a:tHQ} + uE

By collecting all the terms w.r.t. E {th“ —at Hﬂ , using the step size vy from the theorem and Lemma H.2, we obtain

E [V =E [6""'] + kE

1 n
o " Z sz‘(zfﬂ)
i=1
1 n
S e g
i=1

] + [} = w1 ]

+ vE

+ oE “|wt+1 _ xtHHQ} +uE

1 & 2
Lttt — gt ]
n =1

E[5"] - 2E [|Vf@)|*] + E

t_l - . t

g n;Vfl(Zz)
n

LSt —xtuﬂ

n =1

2
] +E ||| = w'|]
+ pE [Hwt — xtHz} + plE

1 n
2
B>l - will
n <
=1

=E[¥] - 1E[|Vf@")]] -

It remains to rearrange and sum the last inequality for¢t = 0,...,7 — 1. O

Corollary E.2. Let C! € P(0) for all i € [n] (e.g. PermK), choose pp = 1/(wp + 1), pp = 1/(wp + 1) and

. 1/3
¢ = min { <waP(WD + 1)> ’1} .

Then, in the view of Theorem E. 1, the iteration complexity is

v D\"? 1 ——
@ (5 (Lmax + (LLWP(WD_F)> Lmax + %Lmax + WP(WP + 1)LA .

n
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Proof. By Theorem E.1, up to a constant factor, the algorithm converges after

— \I’O 0 1+6 1 1
T=— L+ (+ +2pP>L%+<wP+ +w2PpP)L?4+<waP5+wD( +prP)>L%’nax
€ PP B pp B npp npp
1 1
I+ \/ (“’P n +W2PPP> 2+ (waPﬂ n wp( +prP)> ernax>
pp B npp npp

[+
B GREE
[+

wp 2 wpwpf | 2wp
< — — + L3+ < + ) L3 ox
( 52> A npp npp *

PO 2 1 2 1
S - L \/ (WP(WP + 1) 2) L2 + (waP(WD + )ﬁ + WD(WD i )> L%nax)

€ 8 n n

2y0 L2 + L2 1
<— L+ \/ A; by wowrlen s )BL?nax wolen +1) )L?nax +wp(wp +1)L%

13 n n

iterations, where we use the choice of pp and pp. Using Lemma C.1, we have L% + L% < L2 and hence

_ 200 1 1 1
T§<L+\/( +°WP<°«}D+>5)L3W IM’“LEWWP(WPH)@)
n n

€ 32

490 1)\ %3 1
<= L+ <1+ (O.WP(UJD"‘)) L2+ ML%M-FWP(WP-FUL%
n n

€
YO wap(wD+1) 1/3 wD(wD+1)
S - Lmax + - Lmax + 7Lmax + V wP(wP + 1)LA )
€ n n
where we substitute our choice of 3. O

Corollary E.3. Let C! be the PermK compressors and Q! be the independent (Assumption 1.6) RandK compressors, both
with K = d/n. Then, in the view of Corollary E.2, the iteration complexity is

0

@ (\II (n2/3Lmax + TLLA)> )
g
U0/ dLmax

o <E ( e +dLA>) .

Proof. The choice of compressors and parameters ensures that wp = wp = n — 1 (Lemma A.6). Thus, the iteration
complexity is

oo H\"* 1 —
O (E (Lmax + (MDMP(WD_‘_)> Lmax + %Lmax + WP(WP + 1)LA

n

and the total communication complexity is

—0 (io (L + 1% Lo + VL + nLA)) =0 (io (/% L + ”LA)) '

Since pp = pp = 1/n and K = d/n, on average, the algorithm sends < % coordinates in both directions. Therefore, the
total communication complexity is

d oo PO d
o(%x= (nQ/BLmaX + nLA) 0 — (- Lo +dLa) ).
n € e \nl/3
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E.3. Polyak-Lojasiewicz condition
E.3.1. MAIN RESULTS

As with MARINA-P, we provide the analysis of M3 under the Polyak-FLojasiewicz condition.

Theorem E.8. Let Assumptions 1.1, 1.2, 1.5, 4.2 and D.9 be satisfied and suppose that the compressors Q' € U(wp) satisfy
Assumption 1.6, {C!}!_| € P(0) and C! € U(wp) for all i € [n]. Let vy > 0 be such that

-1

0 1+46 1 1
~=min{ | L+ 153(3( <+W) L2+ (WP+ +wppp> 2+ (wpwpﬂ . wp( +wppp)) L?xlax) 7

pP B? PP B? npp npp
pe po B 33)
20 2 Ap
Letting
ot — st t V(2 t . t]]2 < t_ . t)2 t o t)? < ;_t27
O R R B e wi R R R R W LR
2 2 2
where Kk = %, n = 78"/53, v = S’Yé/A + 24’YwnDpﬁDLmax, p = 128’)/L2B (]i + %) and T = 128'}/L?4 (1% + %) +
%75’;?““ (B8 + pp), M3 ensures that for each T > 1
E[07] < (1—u)" 0"
Corollary E.9. Let C! € P(0) for all i € [n] (e.g. PermK), choose pp = 1/(wp + 1), pp = 1/(wp + 1) and
1/3
£ = min SR L 10
wpwp(wp + 1)
Then, in the view of Theorem E.8, Algorithm 2 ensures that E [f(xT) — f*} < ¢ after
wpwp(wp+1) 1/3 /wp(wp+1)

1 + (713 Pn L ) + £ nD Lmax + WP(WP + 1)LA WhwW (w + 1) 1/3 \IJU

O | max ,wp+ 1,wp +1, <DPD> log —
1 n €

iterations.

Corollary E.10. Let C! be the PermK compressors and Q' be the independent (Assumption 1.6) RandK compressors, both
with K = d/n. Then, in the view of Corollary E.9, the total communication complexity is

dLmax | dL 0
0(( 5 +A+d>log>.
nop " €

Theorem E.8. Let Assumptions 1.1, 1.2, 1.5, 4.2 and D.9 be satisfied and suppose that the compressors Q! € U(wp) satisfy
Assumption 1.6, {C!}!_, € P(0) and C! € U(wp) for all i € [n]. Let v > 0 be such that

E.3.2. PROOFS

—1

6 146 1 1
y=mind | L+ 1536(<++ pP)LQB-i-(wP-i— +prP>L?4+(waPﬁ+wD( +prP))L%nax) :

bp (2 ppP (2 npp npp

PP PD 5}'

33
e (33)
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Letting

2 1 n 1 n
] T B E Rl A i S i

i=1 i=1

Pt =6+ &

1 n
t_7§ (St
g ni:1vfl(zz)

where Kk = 277’ n = 787]:?3’ v = S’YLA + 24’YWD'6L“‘"‘X , p = 128’7L2 (7 + 52) and T = 128’}/.[/2 (p% + %) =+

PD B npp
384~ywp L?

T (B8 + pp), M3 ensures thatfor eachT > 1
E[07] < (1 —yu)" wO.

Proof. Starting as in the proof of Theorem E.1, we have

S e
n 4 L\
i=1
1 < 1 <
r Bl EAREToAs nZHwE“—WH
1=1 =1

n 2
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i 1( [ ZHw o +wPE[uxf+l—wtﬁ>

for some x,n,v, p, 7 > 0. This time, we let K = z% and n = 8105

29LE + (1 —B/2) =1 (1 - 7> Hence

E [5t+1:| +I€E [ gt+1

] [ — ]
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s 1
+ (1 - 4> B [l2* - w!||"] +2vL% - ; (B [[|2 = wlll”] +E [t - 2*]"]) + 20L3E [J|uwt — o]
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Rearranging the terms
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R o P
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8’7prP52L12nax ) E
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Considering the coefficient of E {Hwt —at ||2} and using the inequality zy < # forall z,y > 0, we get

+ (T(l —pp) 4+ 2yL2 + 4vpp (1 + p;) +

2~ L2
1= pr) + 2L+ L (1 P2 < 1 ) an <1+5+’;§>

2
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where we define p = 128vL% (— +2 i ) Substituting this choice of p, we obtain

IR o N
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E [5'] - 7E [HVf )| } (—;)E[th—kl_muﬂ +f€(1—p?D)IE gt_;ini(zt 2
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P
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Considering the last bracket, we have
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for 7 = 128yL% (ﬁ + ’;—P) + B0 kiss (54 pp). Then

npp
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where the last bracket can be bounded as
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We next consider the coefficients of L%, L% and L2, . First, for L%, we have
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Next, the coefficient of L% can be bounded as
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1
< 256+ <wP + —i_WQP‘mD) 7
pp B
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By collecting all the terms w.r.t. E [th*l -t Hz} , using the step size v from the theorem and Lemma H.2, we obtain
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1 < 2 1 — 2
LS et -t D EEEE
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It remains to apply the last inequality iteratively to finish the proof. O

Corollary E.9. Let C! € P(0) for all i € [n] (e.g. PermK), choose pp = 1/(wp + 1), pp = 1/(wp + 1) and

. n 1/3
5:m1n{<Wpr(WD+l)> ,1}.

Then, in the view of Theorem E.8, Algorithm 2 ensures that E [f(xT) — f*} < ¢ after

1/3
(1 + (7MD“P§:"D+1)> + 4/ ‘”D(WnDH)) Liax + Vwp(wp +1)L 4

1) ? 70
0 | max op - Lwp 11, <WDWP<WD+>> log
1 n €
iterations.
Proof. Note that U7 > f(2T) — f*. In view of condition (33) from Theorem E.8, the step size satisfies
-1
0 1+6 1 1
v=0(mnd L+ (+ +2pP>L2B+ <W+ +W2PPP>L?4+(WDWP5+WD( +prP)>L12naX 7
pp B bp B npp npp

pp o B

2u’ 2u’ 4 | )
Therefore, since § = 0, the algorithm converges after

172 wp | l4wpp 2 wpwpfB | wp(ltwppp) 2
_ L+ B2LB+(p£+ ,85 P>LA+< 21)5 + npp )Lmax 1 1 1 o
T =0 | max ,—,—,— o log—
I pp pp B 3
iterations. Using the choice of pp and pp, we have
) L+ \//}Z(LQB + L) +wp(wp + 1)L4 + (“D“’D;”“’Pﬁ + ”D(‘jj?“)) L2, . 0
T =0 | max ,wp+ lL,wp+1,= plog —
I B

Due to Lemma C.1, we get

L+ \/wp(wp I 1)[/34 + (% + wo(wozl)wpﬂ + wD(anDJrl)) L?nax i )
T =0 | max ,wp~+1lwp+1,= 3log—

% B €

Using the choice of 3, we obtain the result of the theorem. O
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Corollary E.10. Let C! be the PermK compressors and Q! be the independent (Assumption 1.6) RandK compressors, both
with K = d/n. Then, in the view of Corollary E.9, the total communication complexity is

dLmax  dL g0
0(( 5 +A+d>log>.
nop " 5

Proof. The choice of compressors and parameters ensures that wp = wp = n — 1 (Lemma A.6). Thus, the iteration

complexity is
14+ 2/3_|_ 1/2 Lmax+ L \IJO
O(max{( n n ) t A,n,n,n2/3 log —
I €

n2/3 L ax +nla PO
= O | max P ,n ¢ log -

Since pp = pp = 1/n and K = d/n, on average, the algorithm sends < 2d/n coordinates in both directions. Therefore, the
total communication complexity is

d */3 Linax +nL v i Linax + dL wo
O(xmax{n tn A,n}log)z(’)(max{w,d log— | .
n I € W €
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Algorithm 3 Heterogeneous quadratic problem generation

1: Parameters: v, ...,vs € Ry, 00,...,04 € R>o.
2: Let
2 -1 0
x— 1|1 € R300X300
4 ..
.o =1
0 -1 2
3: fork=0,...,4do
4:  Generate & ~ N(0,0%) N [—vp, vo) for i € [n]
5 for( =0,...,4do
6: Set APl = (v, + &)X fori € [n]
7 Sample b' ~ N(0,14) for i € [n]
8: end for
9:  Output: matrices Af’l, vectors bf"l, 1€ [n], k,1 € [4].
10: end for

F. Experiments

The experiments were prepared in Python. The distributed environment was emulated on a machine with Intel(R) Xeon(R)
Gold 6226R CPU @ 2.90GHz and 64 cores.

F.1. Experiments with quadratic optimization tasks

The aim of this set of experiments is to empirically test our results under Assumption 4.2. We consider the problem of
quadratic minimization with varying level of heterogeneity between the n functions stored on the workers. The goal is to
minimize the squared norm of the gradient of »_" , f;, where the functions f; are of form

1
filz) = §ITAix + b .

Here, A; are d x d matrices generated following the procedure in Algorithm 3, and b; denotes a standard normal vector

in R%. The constants L4 and Lp from Assumption 4.2 (in this case, by Theorem 4.8 L4 = v/2max;e[, ||A; — Al and

Lp =Vv2 (LY ||Ai]])) are controlled by parameters v; and 7. In particular, for o7

n
matrix A;, and hence in this case L4 = 0.

= 0, all workers hold the same

We compare the following algorithms:

1. MARINA-P with Perm K compressors,

2. MARINA-P with Rand K compressors,

3. MARINA-P with SameRand K compressor,
4. EF21-P with TopK compressor,

5. GD.

In all compressed methods, we set K = d/n and use p = ¥/d in MARINA-P.

The step sizes are tuned from 27, i € Z multiples of the values predicted by the theory (indicated by x 1, x2, ... in the plots).
We fix d = 300 and generate optimization tasks with n € {10,100, 900}. The results are presented in Figures 4, 5, 6.

The empirical results align well with the theory. Among the algorithms tested, MARINA-P with Perm K compressor exhibits
the best performance, while MARINA-P with SameRand K converges the slowest and comparable to GD. MARINA-P with
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Figure 4: Experiments on the quadratic optimization problem from Section F.1 with n = 10 for L% € {0,1,10,100} and
L% € {100, 1000, 10000, 100000}

Rand K compressor and EF21-P achieve performance levels somewhere in between. Notably, the differences between the
runs of MARINA-P with different compressors become more pronounced as the value of n increases. As anticipated, the
performance of MARINA-P with Rand K and Perm K’ compressors improves with an increase in the number of workers, while
the performance of EF21-P does not follow the same behaviour. Specifically, for n = 10, EF21-P outperforms MARINA-P
with Rand K compressor, but this pattern reverses for both n = 100 and n = 1000.
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Figure 5: Experiments on the quadratic optimization problem from Section F.1 with n = 100 for L € {0,1,10,100} and
L% € {100, 1000, 10000, 100000}
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Figure 6: Experiments on the quadratic optimization problem from Section F.1 with n = 900 for L € {0,1,10,100} and
L% € {100, 1000, 10000, 100000}
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G. Proof of the Lower Bounds

G.1. The “difficult” function from the nonconvex world

In our lower bound, we use the function from Carmon et al. (2020); Arjevani et al. (2022). For any T' € N,

Fr(z) == =V(1)®([z]) + Z (U(=[z]i-1)@(=[2]:) = ¥([z]i-1)@([z])) , (36)
where
0, z<1/2, N
\D(x):{exp(l—(%ily), v 12, and @(x):\/é/_ooe dt.

Carmon et al. (2020); Arjevani et al. (2022) also proved the following properties of the function:
Lemma G.1 ((Carmon et al., 2020; Arjevani et al., 2022)). The function Fr satisfies:

~

. Pr(0) —inf,epr Pr(z) < AT, where A® = 12.

2. The function Fr is li—smooth, where [; = 152.

|9%)

. Forallz € RT, |[VEr(z)| ., < Yoo, Where voo = 23.
4. Forall x € RT prog(VFr(z)) < prog(z) + 1.
5. Forall x € RT  ifprog(x) < T, then ||V Fr(z)|| > 1,

where prog(x) := max{i > 0|x; # 0} (x9=1).

The function is a standard function that is used to establish lower bounds in the nonconvex world (Carmon et al., 2020;
Arjevani et al., 2022; Lu & De Sa, 2021; Tyurin & Richtarik, 2023c).

G.2. Theorems

Our lower bound applies to the family of methods with the following structure:

Protocol 4 Protocol
1: Imput: functions f1,..., f, € F, algorithm A, probability p
2: fork=0,...,00do

3:  Server calculates a new point: % = B¥ (g}, ... gk ... gL, ..., gF)
4:  Server aggregates all available information: s¥ = B .(g,... g% ... gL, ... gF)
5 Server sends sparsified vectors Ef to the workers, where

(5515 = [sF15 < mi 5,

and 7; ; is a random variable such that P (1 ; # 0) < p for all j € [d'] and for all i € [n]. We define d' :=
dim(dom(f1)), and [-]; means the j coordinate.

6:  Workers aggregate all available local information and calculate gradients: gf*l =LK, ..., 55
(L% has access to the gradient oracle of f; and can call it as many times as it wants according to the rules (37) and
(38))

7:  Workers send gf“ to the server

8: end for

We consider the following standard classes of functions and algorithms:
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Definition G.2. Let the function f : R? — R be differentiable, L-smooth (i.e., |V f(x) — Vf(y)|| < L ||z — y|| for all
z,y € RY), and f(0) — inf,ega f(z) < §°. We denote the family of functions that satisfy these properties by Fso ..

Definition G.3. Consider Protocol 4. A sequence of tuples of mappings A = {(B}, BS,,...,B5 LY, ... L)} jisa

zero-respecting algorithm, if,

1. Bf . Rdx...de—)RdfOraHkZ1;andB?€Rd'
————/

n Xk times

2. BF, i R¥x .. xR? 5 Reforall k > 1, and BY ; € R? for all i € [n]
it & XX R :

n Xk times

3. LF R4 x - xRY — R forall k > 0 and for all i € [n].
g N———

k+1 times
k n j
4. supp (z*) € Uj_, Ui, supp (gf) supp (sF) € U5_; U, supp (gl)
For all gffl,gf'{l, ... such that

supp gf-li_l U supp (S )

supp (g;5 ') © U supp (7 ) [ supp(V £ (3511)). a7

supp (9;73") < U supp (57) (J supp(V £i(a 1)) | supp(V i (9551).

we have
supp (g/*1) C U supp (9171) , (38)

for all k£ € Ny and for all ¢ € [n], where supp(z) := {i € [d] | z; # 0}.

We denote the set of all algorithms that satisfy these properties by A,;.

The first three properties define the domains of the mapping. The last property is a standard assumption for a zero-respecting
algorithm. Assumption (38) allows the mappings L to calculate gradients.
Theorem G.4. Consider Protocol 4. Assume that the sets {n?,j}ie[n],je[d’]a {771‘17j}i€[n],j€[d/]7 o {nﬁj}ie[n],je[d’h ... are
mutually independent (the variables within one set can be dependent). Let p > 0, L, 8°,¢ > 0,n > 2 be any numbers such
that ce < L&°. Then, for any algorithm A € A,., there exists a function f € Fso 1 and functions f1,..., fn such that
= 15" fiandE {HVf(ack)HZ} > ¢ for all
L&
k<é—.

pE

The quantities ¢ and ¢ are universal constants.

Proof. The proof is conceptually the same as in Arjevani et al. (2022); Lu & De Sa (2021); Huang et al. (2022); Fang et al.
(2018); Carmon et al. (2020); Tyurin & Richtdrik (2023c). We fix A > 0, and consider the following function f : R — R :

flz) == LZfFT (;) .
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One can show (Arjevani et al., 2022)[Theorem 1] that f € Fso p, if

500
T=\|tear | (39)

Next, we define

Fi(z) := {_\I’(Dq)([w]l) + Zzgng and (j—1) mod n=0 (\If(—[x]j,l)tl)(—[gc]j) - \Il([as]j,l)fb([x]j)), i=1
' ' ZznggT and (j—1) mod n=i—1 (‘I’(*[m]j—l)‘p(*[w]j) - q’([z]j—l)q)([z]j)) ) i1>1

and

)= "R (2).

The idea is that we take the first block from (36) to the first worker, the second block to the second worker, ..., (n + 1)th
block to the first worker, and so on. Then, one can show that

n

Using Lemma G.1, we obtain

2 L2 )\2
A HVFT (;) H > Z1prog(x) < 7. (40)
i
The functions f; are zero-chain (Arjevani et al., 2022): for all i € [n], if prog(z) = j and (j mod n) + 1 = 4, then
prog(Vfi(z)) < j+ 1, and for all i € [n], if prog(x) = j and (j mod n) + 1 # i, then prog(V f;(x)) < j. Using the
zero-chain property and the fact that we consider the family of zero-respecting algorithms:

1. The first non-zero coordinate can be discovered only by the first worker.
k
=1
(4 + 1)™ position only if the (j mod n + 1) worker gets a non-zero j" coordinate from the server. This is by the
construction of the functions f;. Note that, for n > 2, one worker cannot discover two consecutive coordinates.

2. Assume that max’_; max;_; prog (gf ) = j > 1. An algorithm can discover one new non-zero coordinate in the

Let us define

¢/ =I[In the 4™ iteration, the coordinate with the index j = m%ix mrélx prog (gf ) is not zeroed out in Line 5
j=1 i=
of Protocol 4 to the worker with the index (p modn+1)ANDT —1>p5>1] (p=0ifk=0).

Then, we have

k—1
]P’(prog(xk) >T)<P ij >T-1
§=0

Assume that G; is the o—algebra generated by all randomness up to the j‘h iteration (inclusive). Then, fj is Gj—measurable,
and, by the construction of Line 5 of Protocol 4, PP (fj 1= 1’gj) < p, where we also use the assumption of the theorem
that the sets of random variables are mutually independent. Using the standard approach with the Chernoff method (Arjevani
etal., 2022; Lu & De Sa, 2021; Huang et al., 2022), one can show that

k—1

PIY ¢>T-1]<p
7=0
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for all

T—-1-logi
k< 7&’
2p
and p € (0, 1]. Therefore, we get
P (prog(a*) > T) < p @1)
for all
T—1-logt
k<
< %

Using (40), we have

232

E [HVf(zk)Hq > 2eP (HVf(xk)H2 > 25) > 2eP (Ll; 1[prog(xz) < T] > 25) .

Let us take A = @ Then

) 242
E [HVf(;pk)H ] > 2P (Ll;]l[prog(x) <T]> 25) = 2P (prog(z) < T). (42)

From (41) with p = % we get
E [HVf(xk)HQ} > 2¢P (prog(z) < T) > ¢ (43)
for all

T—-1-—1log2
2p '

L&l
r= {25Z%AOJ ’

By the theorem’s assumption, L% > . One can choose a universal constant ¢ such that (42) holds for

0
k<@<T):@(L5>,
p €p

where O hides only a universal constant. O

k<

From (39), one can conclude that

G.3. Compressed communication with independent compressors

Protocol 5 is exactly the same as Protocol 4 except for Line 5 and describes the family of methods that send compressed
vectors from the server to the workers.

Protocol 5 Protocol with Compressors

1: Imput: functions fi,..., f, € F, algorithm A, compressors Cy,...,Cy,

2: for k=0,...,00do

3:  Server calculates a new point: ¥ = B¥(gi,... g%, ..., g}, ..., gF)

4:  Server aggregates all available information: si“ = Bgi(g%, gt gk )

5. Server sends compressed vectors 5¥ = C;(sF) to the workers

6:  Workers aggregate all available local information and calculate gradients: gf“ =LK, ..., 55
(L% has access to the gradient oracle of f; and can call it as many times as it wants according to the rules (37) and
(38))

7:  Workers send gf“ to the server

8: end for
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Theorem G.5. Consider Protocol 5. Let w > 0,L,58°, ¢ > 0,n > 2 be any numbers such that ¢ < L6°. Then for any
algorithm A € A, there exists a function f € Fso r,, functions f1,. .., f, such that f = % S, fi,and ii.d. compressors

Ci,...,Cp € U(w) such that E {HVf(:z:k)Hﬂ > ¢ for all

The quantities ¢ and ¢ are universal constants.

Proof. We can use the result of Theorem G.4. It is sufficient to construct an appropriate compressor. Let us define
= l/w+1. We define the following compressor:

le. €8
C@); = {Ox s wem

where S is a random subset of [T'] and each element from [T'] appears with probability p independently. Then, C is unbiased:

Es[[C(x)];] =x; VjeR"

and
s [le@)?] = Es aneS] B =Y PGes) Z% 1) ]

Therefore, we get C € U(w). Let C; be i.i.d. instantiations of C for all ¢ € [n]. Since C is a sparsifier as in Line 5 of
Protocol 4, we can use Theorem G.4 with p = 1/w+1 to finish the proof. O
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H. Useful Identities and Inequalities

Forall z,y,z1,...,2m € R% s > 0and a € (0, 1], we have:
lz +yl” < (1 + ) ll2)* + L+ 57yl (44)
m 2 m
dow| <m (Z Ilw1:||2> : (45)
i=1 i=1
@ Q@
_ )< 1- =
(1-a)(1+5)<1-3, (46)
2 2
(1-a) (1+) < - (47)
Q@ @

Variance decomposition: For any random vector X € R? and any non-random vector ¢ € R%, we have

E [IX | =E [IX - E[X]|?] + |E[X] - cI]*. (48)

Tower property: For any random variables X and Y, we have

EE[X|Y]]=E[X]. (49)

Jensen’s inequality: If f is a convex function and X is a random variable, then

E[f(X)] > f(E[X]). (50)

Lemma H.1 (Lemma 2 of Li et al. (2021)). Suppose that function f is L-smooth and let z'T' = zt — vgt. Then for any
gt € R and v > 0, we have

t+1 t i NI 1 L t4+1 tN2 . Tt INIK
f(x )Sf(x)—§”Vf(x)H —(27—2)H$ —JJH +§Hg —Vf(x)H .
Lemma H.2 (Lemma 5 of Richtarik et al. (2021)). Let a,b > 0. If 0 <~ < 7\/534-1)’ then avy? + by < 1. Moreover, the

L. X . 1 . 11 2
bound is tight up to the factor of 2 since Jath < min { NG } < Tath
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I. Notation

Algorithms

number of workers/nodes/clients/devices

stepsize

Ct ...Ct | Server-to-workers (primal) compressors
t,...Ql | Workers-to-server (dual) compressors

wp,Wp Parameters of server-to-workers (primal) and workers-to-
server (dual) compressors

0 Correlated compressors parameter (Definition A.3)

Momentum parameter (see Algorithm 2)

Definitions
U(w) The family of unbiased compressors with parameter w
(Definition 1.4)
P(6) The family of correlated compressors with parameter ¢
(Definition A.3)
L Smoothness parameter of f (Assumption 1.1)
L; Smoothness parameter of f; (Assumption 1.5)

L, Lp Parameters from Assumption 4.2

Notation

[k] = {1,...,k} for any positive integer k
E; [-] - expectation conditioned on the first ¢ iterations

" = ()~ f*

-~

L2 = L Z?:l LZQ’ Lmax ‘= INaXien] LZ

T n

wh =1/ 2?21 w!

Table 3: Frequently used notation.
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