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Abstract

Machine learning systems often acquire biases by leveraging undesired features
in the data, impacting accuracy variably across different sub-populations. This
paper explores the evolution of bias in a teacher-student setup modeling different
data sub-populations with a Gaussian-mixture model, by providing an analytical
description of the stochastic gradient descent dynamics of a linear classifier in this
setting. Our analysis reveals how different properties of sub-populations influence
bias at different timescales, showing a shifting preference of the classifier during
training. We empirically validate our results in more complex scenarios by training
deeper networks on real datasets including CIFAR10, MNIST, and CelebA.

1 Introduction

Machine learning (ML) systems not only reproduce existing biases in the data but also tend to amplify
them [19] 38| [11]. Given the complexity of the ML pipeline, isolating and characterising the key
drivers of this amplification is challenging. Theoretical results in this area (e.g., [35,136l]) are mostly
based on asymptotic analysis, leaving the transient learning regime poorly understood.

Our analysis addresses this gap by providing a precise characterisation of the transient dynamics
of online stochastic gradient descent (SGD) in a high dimensional prototypical model of linear
classification. We use the teacher-mixture (TM) framework [36], where different data sub-populations
are modeled with a mixture of Gaussians, each having its own linear rule (teacher) for determining the
labels. Adjusting the parameters of the data distribution in our framework connects models of fairness
and spurious correlations, providing a unifying framework and a general set of results applicable to
both domains. Remarkably, our study reveals a rich behaviour divided into three learning phases,
where different features of data bias the classifier and causing significant deviations from asymptotic
predictions. We reproduce our theoretical findings through numerical experiments in more complex
settings, demonstrating validity beyond the simplicity of our model.

2 Problem setup

We consider a standard supervised learning setup where the training data consists of pairs of a feature
vector € R and a binary label 4 = 4-1. To model subgroups within the data [33], we assume that

the feature vectors are structured as clusters c1, . . ., ¢,,, respectively centered on some fixed attribute
vectors vy, - - - , U, € R? Specifically, x is sampled from a mixture of m isotropic Gaussians:
m
z~ ZP;‘ N(w;/Vd, Ajlaxa), Y]
j=1
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Figure 1: Teacher-Mixture in fairness and robustness. Panel (a) shows the generalisation errors—
for the subpopulations + (blue) and — (red)—obtained through simulation (crosses) and predicted by
the theory (solid lines) for a network with linear activation. The inset shows the same comparison for
the order parameters: R, (blue), R_ (red), M (green), and () (orange). Panels (b-d) exemplify the
different scenarios achievable in the TM model investigated in Sec.[d] Panel (b) represent a model
for robustness where a spurious feature—given by the shift vector—can mislead the classifier, see
Sec. @ Panels (c,d) are instead discussed in Sec. @ and represent two models of fairness. First,
Panel (c¢) has no shift, v = 0, allowing us to remove the confounding effects. Finally, Panel (d) shows
the general fairness problem.

with mixing probabilities p1, - - - , p, and scalar variances Ay, -- -, A,,. Assuming the entries of
v; are of order 1 as d gets large, the scaling factor 1/ V/d ensures that the Euclidean norm of the
renormalised vector is of order 1. This prevents the problem from becoming either trivial or overly
challenging in the high-dimensional limit [23] 22]]. We adopt a teacher-mixture (TM) scenario [36]
where each cluster has its own teacher rule:

reEc = y= sign(ﬁij/\/&). )

This rule is characterised by the teacher vectors w; ¢ R?, ensuring linear separability within each
cluster. Fig. [Tp-d illustrate the data distribution for two clusters with opposite mean vectors v,
which will be the primary case study for our analysis.

Model. In this study we analyse a linear model applied to the above data distribution. We aim to
learn a vector parameter w, referred to as the ‘student’, such that predictions are given by

jlx) =w'z/Vd. 3)

The training process involves applying online SGD on the squared loss ¢ = (y —)? with learning rate
n/2 > 0 (see Eq. in Appendix . In our analysis, the model is evaluated by its generalisation
error, or population loss, € := E[¢].

3 SGD analysis

We study the evolution of the generalisation error during training in the high dimensional setting (i.e.
large d). Following a classical approach [32] [8]], we streamline the problem by focusing on a small
set of summary statistics, referred to as ‘order parameters’, which fully characterises the dynamics.
As the dimension increases, it can be shown by concentration arguments that the evolution of these
order parameters converges to the deterministic solution of a system of ODEs [[14. (6] [3]]. Notably, in
our setting, we achieve an analytical solution of this ODE system.

3.1 Order parameters

In the setup described in Section 2} consider the following 2m + 1 variables:
1 4+ 1 4 1
Rj=ww;, M=-wwv; Q= g”’w”zv “

for 1 < 57 < m. These variables correspond to key statistics of the student, namely its alignment to
the cluster teachers, its alignment to the cluster centers, and its magnitude, respectively. Lemma [C.T]
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in Appendix [C|shows how the generalisation error depend on the model parameter w only through
these order parameters.

3.2 High dimensional dynamics

Let S := (Si)1<i<2m+1 denote the collection of order parameters. Theorem in Appendix
states that as d gets large, the stochastic evolution S* of the order parameter gets uniformly close,
with high probability, to the average continuous-time dynamics described by the ODE system:
dS;(t)
dt

where the continuous fime is given by the example number divided by the input dimension, ¢t = k/d.

= fi(S(t)), 1<i<2m+1, &)

Solving the ODEs. We present the explicit solution of the ODE:s in the case of two clusters (m = 2)
with opposite mean vectors v, as in [36]. Henceforth, we refer to v as the shift vector and to the
two clusters as the ‘positive” and ‘negative’ sub-populations, with mixing probabilities p and (1 — p),
variances A and teacher vectors W, respectively. The order parameters introduced in Eq. ] are
specifically denoted as M = w 'v/d, Ry =w'w, /d, and R_ = w ' w_ /d in this setting.

Theorem 3.1. In the above setting, solutions to the order parameter evolution take the form
M(t) = Moe—Tl(erN"”')t + M>®(1 - e—n(u—irA"”"’)t)7 ©)
Ri (t) — Rg:e_nArn'imt + R?Co(l o e_nATnimt) + k?:(e_nAnlizt . e_,,](,U_,'_Ann'z)t)’ (7)
Q(t) — Qoein(2AnLiminA2mil)t + Qoo(l o 6777(2Am’i1 *ﬁAQmim)t)
+ kQ(e*t(zAmm*nA%mm)ﬂ B e*tAmmU) 4 k3(€7t(2Amm7ﬁA2mm)n B eit(v+Amim)T])
+ k4(e_t(2Amiz_T]A2miz)n _ e_t(21)+2AmiI)7])7 (8)
with AT = pA (1= p) A, A = pAZ (1~ p)AZ and v = Jo]*/d.

The remaining constants are less significant and are reported in Appendix [E.T|and discussed further
in Appendix [F} This solution allows us to describe important observables such as the generalisation
error at any timestep. Fig. [Th plots the theoretical closed-form solutions along with values obtained
through simulation when we set d = 1000. Note the remarkable agreement between the analytical
ODE solution and simulations of the online SGD dynamics in this high dimensional data limit.

4 Insights

§ 1.00 4 1.0 o
By examining the exponents in Eqs. [G}f8] we can iden- 2 E
tify the relevant training timescales. Notably, M fol- 2 0.751 €
lows a straightforward behaviour dominated by a single & r0.5a
timescale, whereas R and () exhibit multiple timescales, ‘© 0.50 1 _E
leading to significant implications for the emergence and % §
evolution of bias during training. o 0.25 4 ' -+ 0.0

10° 103 108

Parameters specifying these different bias scenarios are
the shift norm v = ||v||?/d and relative representation p,
the subpopulation variances A, and the teacher overlap
T, = EIW_ /d. For simplicity we fix the teacher norm

epoch

Figure 2: Spurious correlations tran-
; T sient alignment. Time-evolution of
lwll2 = V/d, so that Ty is the cosine similarity between loss (purple), student-teacher (red) and

the two teachers. student-shift (green) cosine similarities.
The initial phase (green background) of
4.1 Spurious correlations learning aligns classifier and shift vec-

tor before aligning with the teacher (red
The emergence of spurious correlations during training  background). Parameters: v = 16,p =
illustrates a type of bias where a classifier favours a spu- 0.5, A_ = Ay =0.1,74 = 1,7 = 0.5.
rious feature over a core one. To isolate the impact
of spurious correlation in our model while avoiding confounding effects, we consider perfectly
overlapping teachers (w; = w_) and sub-populations with equal variance and representation
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Figure 3: The crossing phenomenon. Panel (a) (left side) shows the loss curves of sub-population —
(in red) and sub-population + in blue along with the overall loss (in purple). We observe a crossing
cause by a higher variance but lower representation in sub-population —. The background colours
represent the different phases of bias that are characterised by the evolution of the order parameters
shown in Panel (a) (right side). Panel (b) shows the presence of the crossing phenomenon in a large
portion of the parameter space using a phase diagram. Blue indicates an asymptotic preference for
sub-population + and red the opposite. Dark colours indicates regions where bias is consistent across
training, while regions in light colours undergo a crossing phenomenon. White indicates that learning
rate was too high and training diverged. Parameters: v = 0,A; = 1,74y = 0.9,7n = 0.1.

(p = 0.5,AL = A_). With non-perfectly overlapping clusters v # 0, we introduce a spurious
correlation by adding a small cosine similarity between the shift vector and the teacher, creating a
label imbalance within each sub-population (Fig. [Ib).

From Egs. two relevant timescales for the problem are observed:

1
v+ A7)

The shortest timescale, 7/, indicates that the student first aligns with the spurious feature. By
aligning with the shift vector, the student can predict most examples correctly, but not all. The effect
of spurious correlations is transient; at ¢ ~ 7g, the student starts disaligning from the spurious feature
and aligns with the teacher vector, eventually achieving nearly perfect alignment (Fig. 2)).

™ = TR = 1/nA™. ©9)

4.2 Fairness

In this section, we identify the properties of sub-populations that determine the bias during learning
and show how bias evolves in three phases. To quantify bias, we use the overall accuracy equality
metric [7], which measures the discrepancy in accuracy across groups. Intuitively, we aim for equal
loss on both groups, considering any deviation from this condition as bias.

Zero shift. We first consider a simplified case where we assume that both clusters are centered at
the origin v = 0 as shown in Fig. [Tc. We will later reintroduce the shift and analyse the transient
dynamics it introduces as per the discussion in section This setting is particularly suited to
analysing the effects of ‘group level’ features, such as group variance and relative representation, on
the preference of the classifier.

In this simplified setting, M (¢) is always zero and the constants k:f, ks, k4 presented in equations
and [8are zero. Thus, the dynamics only involve two relevant timescales given by 75 in Eq.[9]and

TQ = 1/(n2A™" — nA™)). (10)

Fig. B illustrates the changing preference of the classifier. Specifically, we observe that the variance
of the sub-population is particularly relevant initially and the sub-population with higher variance
(red) is learnt faster, i.e. its generalisation error drops faster. However, asymptotically we observe
that the relative representation becomes more important wherein the student aligns itself with the
teacher that has a higher product of representation and standard deviation (blue), i.e.

Az (1-p)/A_ < RY 2 R>. (1D
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Thus, the network can advantage the cluster with higher variance initially but asymptotically advantage
the other cluster if its representation is high enough. This leads to the ‘crossing’ of the losses on the
two sub-populations shown in Fig. 3] (more in Appendix [F2).

Initial dynamics. The ratio between initial rate of change in generalisation errors is bounded by
(derived in Appendix [F3):

Ty | 2F < 9 =0 = [2F (12)

When the teachers are only slightly misaligned—7"; < 1—the bound is tight and we can see that it is
the ratio of the square roots of the variances that determines which cluster is learnt faster initially.
Fig.[3p shows in a phase diagram the existence of ‘bias crossing’ across a wide range of variances
and representations. The transition between the phases that represent a initial preference for the
positive sub-population (light red and dark blue) and the phases that represent an initial preference for
negative sub-population (dark red and light blue) is approximately given by the line A_ = A, =1,
independent of the representation as predicted by Eq.[I2] The portion of the dark blue phase just
above the white divergent phase marks a ‘quasi-divergent’ region wherein the generalisation error on
the negative sub-population rises even at ¢ = 0 because the learning rate is too large for such high
variances and marks a region of impractical behaviour observed with poorly optimised learning rates.

Asymptotic preference. In the limit of small learning rates n — 0, the student will asymptotically
exhibit lower loss on whichever sub-population’s teacher it has better alignment with. Thus, Eq.[TT]
provides a simple characterisation of asymptotic preference from representations and standard
deviations in the small learning rate limit. However, the situation is more complex in the case of finite
learning rate, which may disrupt learning in one or both clusters (more in Appendix [F4).

General case. We now consider the S n
genera.I case shown in Fig.[Td, where 5 1.0 9 2 Q
the shift is non zero and all three g g |
timescales identified so far play arole. = 0.8 ® — §+
N ° 14— "=

As observed in Sec.[4.1] when the shift g .
norm v is large, the effect of i g 067 3

ge, the effect of spurious @ o
correlations becomes significant and & . -l S 07 : :
the timescale associated with the spu- 100 103 10° 100 103 106
rious correlations is the fastest. In gen- epoch epoch

eral, when v # 0 we observe an addi- .
tional phase due to the effect of spuri- Figure 4: Double crossing phenomenon. (Left panel) shows

ous correlation. In this new first phase, the loss for the two sub-populations (blue and red lines) and
the student advantages the cluster with the global one (in purple). ( Right panel) shqws the value of
higher representation and lower vari- the order parameters across time. The behaviour of the order
ance since the salient information re- Parameters across time provides a precise characterisation
ceived from this cluster is more coher- and understanding of the different phases. Parameters: v =
ent and easier to access. 100,p = 0.75, A4 = 0.1,A_ = 0.5,7 = 0.03,T% =

. Lo . . 0.9, a4 =0.343, 00— = 0.12.
More precisely, in high dimensions

the shift and the teachers are likely to

exhibit a small cosine similarity leading to a class imbalance in the clusters and creating spurious
correlation. The amount of label imbalance within a cluster is characterised by the value of «, as
detailed in Appendix [B| For smaller variances, « takes more extreme values leading to stronger
spurious correlation of that cluster with the shift. If a cluster has more positive examples, we would
observe a reduction in loss for that cluster if the student aligns with the mean of that cluster (and
opposite to the mean if the cluster has mostly negative examples). When both clusters have different
majority classes, the direction of spurious correlation for the two are same. However, when the
majority classes are the same, we have competing directions for spurious correlation. The expression
for M, in Appendix Eq. shows that in this case the relative representation comes into
play and the mean of the cluster with greater representation and class imbalance will be chosen by
the teacher to align with. Fig. 4] shows such a scenario with three phase bias evolution. First, the
green phase is driven by spurious correlation where the positive cluster is advantaged since it has
greater representation and class imbalance. Next, the red phase is driven by greater variance where
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the negative cluster is learnt faster as discussed through Eq.[T2] Finally, we observe the orange phase
wherein the student starts aligning with the positive cluster as per the asymptotic rule in Eq. [IT}

Our analysis thus shows that bias is a dynamical quantity that can vary non-monotonically during
training and cannot be characterised by simply the initial and asymptotic values.

5 Ablations using numerical simulations

Rotated MINIST. We train a 2- 100 4 100 4
layer neural network with 200 hid- @ a
den units, ReLU activation, and sig- 3 10-1 S 10-1 4
moidal readout activation on a vari- ! ! T T
ation of MNIST that mimics our > 10 510
model. Digits 0 to 4 and 5 to 9 are g <
grouped to form the two subpopula- &L’, g 0.5 1
tions. With probability p, and p_, 0.5° 00 10° ol 10°
digits of both subpopulations are ro-
. . . Epoch Epoch
tated with a subpopulation-specific ) )
angle—i.e. Fig. E}a uses angles of (a) Crossing phenomenon  (b) Double crossing phenomenon
rotation ¢ = 45? and 0 = —90°. pjgyre 5. Numerical simulations on MNIST. The figure
Tl’iet.goal of the classifier is to detect  ghows the average (solid lines) and standard deviation (shaded
rotations.

area) of 100 simulations run in this framework. In particular
The experimental framework gives a the upper plots show the test loss and lower plots the test
correspondence between parameters accuracy for subpopulation + (blue) and — (red). Panel (a)
of the generative model and proper- an example of crossing phenomenon obtained by imposing
ties of a real dataset. We can con- \/Z+ =1, vVA_ = 0.2, and p = 0.1. Panel (b) shows
trol relative representation by sub- the double crossing, obtained by introducing an additional
sampling, teacher similarity by play- timescale to the previous case by tuning label imbalance.
ing with angle difference, label im-

balance by changing the probability of rotation, and saliency by increasing and decreasing the norm
of the subpopulation using multiplicative factors A. The only parameter that we cannot control is
the shift v which is a property of the data.

Therefore, in order to reproduce the zero-shift case of Sec. @], we remove the label imbalance
by setting the probability of rotation p; = p_ = 0.5. By properly calibrating the saliency A and
the relative representation p, it is possible to bias the classifier towards one subpopulation at the
beginning of training and the other in the end. This is shown in Fig.[5Sh where p = 0.1 and A, > A_.
The saliency difference favours subpopulation + initially while setting p small enough advantages
subpopulation — later in training. This is precisely what we observe in the plot.

Finally, we consider the general fairness case. By creating label imbalance, i.e. setting py = 0.3
and p_ = 0.7, we observe an additional phase of bias evolution, wherein the classifier prefers dense
regions with consistent labels. This advantages subpopulation — and indeed it is what we see in
Fig. [5b. The result of the simulations matches the theory displaying a double crossing phenomenon.

Additional numerical expirements. In Appendix [G] we provide additional experiments within our
model and the CIFAR10 and CelebA, exploring different architectures and losses. We observe that
bias presents different timescales and shows crossing behaviors.

6 Conclusion

This paper examined the dynamics of bias in a high dimensional synthetic framework, showing that it
can be explicitly characterised to reveal transient behaviour. Our findings reveal that classifiers exhibit
biases toward different data features during training, possibly alternating sub-population preference.
Although our analysis is based on certain assumptions, numerical experiments that violate these
assumptions still display the behaviour predicated by our theory.

We believe this line of research will have practical impacts in the medium term, aiding the design of
mitigation strategies that account for transient dynamics. Future research will further explore this
connection, proposing theory-based dynamical protocols for bias mitigation.
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A Further related works

Class imbalance and fairness. A key element in our study is the presence of heterogeneous
data distributions within the dataset. In the context of fairness, these distributions model different
groups in a population. Sampling unbalance is particularly critical, as minority groups are often
misclassified [9}[18]]. However, theoretical studies on group imbalance have been limited to asymptotic
analyses [36], which may not apply in practical settings. Related questions have been explored in
the label imbalance literature [20], where it has long been known [} [16] that underrepresented
classes have slower convergence rate and may even experience increased errors early in training. Our
work shows that pre-asymptotic analysis can reveal complex transient dynamics, which is practically
relevant when learning slows down or training to convergence is not possible. Similar to our analysis,
[12] has shown that supposedly neutral choices, like activation functions or pooling operations, can
generate strong biases. In contrast to prior work, our focus on data properties identifies several
timescales associated to different data features relevant to bias generation.

Simplicity bias. Several studies [29, 15, 39} 10} 30] have highlighted a bias of deep neural networks
(DNNG5s) towards simple solutions, suggesting this bias is a key to their generalisation performance.
Simplicity bias also influences learning dynamics: [4, (30} 26, 28} |31]] have showed that DNNs learn
progressively more complex functions during training, with a notion of complexity often defined
implicitly by other DNNs or observations like the time to memorisation. Our results connect with
simplicity bias by identifying interpretable properties of the data that make samples appear “simple”
to a shallow network. Interestingly, our findings reveal that different phases of learning experience
simplicity in different ways, leading to forgetting of previously learned features.

Spurious correlations. Simplicity bias can also lead to shortcomings [37] by excessively relying
of spurious features in the data, possibly hurting generalisation, especially in out-of-distribution
contexts [13]]. Theoretical works [27, 35 [17] have identified statistical properties that cause a
classifier to favour spurious features over potentially more complex but more predictive features.
Various methods have been proposed to address this problem using explicit partitioning of the data
[2,134]); some approaches implicitly infer subgroups with various degrees of correlation as spurious
features. Notably, [24}40] rely on early stages of learning to detect bias and adjust sample importance
accordingly. Our study provides a unifying view of learning in fairness and spurious correlation
problems, highlighting the presence of ephemeral biases characterised by multiple timescales during
training. This adds complexity to the understanding of learning dynamics and points out potential
confounding effects in existing mitigation methods.

B Problem setup and notation

We begin by refreshing the problem description and notation introduced in the main body for the two
cluster case (Sec. ??) as well as defining some new notation to make the presentations of the results
more compact.

1. (z,y) denotes a training example withz € R and y € {—1,1}.

2. x is drawn from a mixture of two Gaussians with means v/+v/d and —v/+/d respectively,
covariances A4 I 4 and A_ I35 4 respectively. These two Gaussians are henceforth referred
to as the positive and negative Gaussians respectively.

3. prepresents the probability of the data being drawn from the positive Gaussian.

4. () denotes an average over z, ()q, denotes an average over the positive Gaussian and () o
denotes an average over the negative Gaussian.

5. w and w_ denote the teachers for the positive Gaussian and negative Gaussian respectively.
w is the learnt classifier ("the student").

6. The true labels, y, are then given by:
* y=sign(@, - x/+/d) for the positive cluster;
* y=sign(w_ - z//d) for the negative cluster.
7. Our predictions are § = w - z//d.

8. The student is trained to minimise L2 loss = (y — ).

11
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9. The student learns using online stochastic gradient descent.

10. 7n/2 is the learning rate.

11. e denotes the generalisation error.

12. a - b denotes the dot product between vectors a and b.

13. We now define the following Order Parameters (where only the first 4 change with training):
c Q=w- w/d
* R, =w- -w4/d;
*R_=w-w_/d;
s M=w-v/d;
b Ti :w+ 'E,/d;
s My =wy -v/d;
s M* =w_ -v/d;
cv=v-v/d

14. For algebraic simplicity, we assume |[w ||o = |[@w_||» = v/d (and thus, W, -w, /d = 1

andw_ - w_/d = 1). This has the consequence that Ty exactly equals the cosine similarity
between the two teachers.

15. We also define A™® = pA; + (1 — p)A_ and A?™ = pA?Z + (1 — p)AZ.

16. For notational convenience we define:

oy = <y>@:1—2®(\/]\£>7 (B.13)
—(—M*>>.
VAo

Note, oy also has an intuitive meaning. It represents the difference between the probability
that an example drawn from the positive cluster has positive true label and the probability
that an example drawn from the positive cluster has negative true label. It is hence 0 when
the positive cluster has equal positive and negative examples, positive when the cluster has
more positive examples than negative, negative when the cluster has more negative examples
than positive. Similarly, «_ represents the difference in these probabilities for the negative
cluster.

o :(y)e:1—2¢>( (B.14)

17. Finally, we also define

O 2A4 —M:?
By = - exp( A, ), (B.15)

[2A_ —M*?
B = - exp( N ) (B.16)

18. Lastly, we use ¢ to denote continuous time given by (epoch number/d).

C Main theorems and proofs

In our study we analyse the linear model in Eq. [3]trained with online SGD on the data distribution
Eq with the square loss ¢ = (y — §/)2. At the k-th iteration, a feature vector z* is sampled from ,
the ground truth label /* and current model prediction §/* are respectively given by (2) and (3), and
the parameter is updated as:

Aw" = wh ! —wh = —gV€k(wk) = i(yk — ")k (C.17)

Vd

where 17/2 > 0 denotes the learning rate. Note that in this online setting, the number of time steps is
equivalent to the number of training examples.
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C.1 Order parameters

The following lemma shows how the genralisation error depend on the model parameter w only
through the order parameters defined in Eq. ]

Lemma C.1. The generalisation error can be written as an average € = Z;nzl pj€; over the clusters,
where €; is a degree 2 polynomial in R;, M; and () taking the form

¢j =1—2a;M; + M} — B;R; + QA (C.18)

where «;, 3 are constants independent of the parameter w.

Proof. Denote with (-) ; the expectation over samples from cluster j. The generalisation error reads
€ = Z;nzl Pj€j with

&= (=97, = <( - %)> =0, <<w¢;)> - <yw¢;>

=1+ (QAJ + MJZ) - 2(0[ij + Rjﬂj),

where the second term comes from: isolating the mean and the definition of M, and the isotropy of
x. The third term comes from the useful identity Integral 1 Eq.[D.30} derived in Appendix [D.1] and
the constants are given by

~M; [2A, —(M)?
1 J N ] M)
aj =1 2@(\/A7j>, Bj = - exp< 24, ) (C.19)

where M} := Eijj/d and ®(x)
the standard normal.

= \/% f foo e~%*/2qy is the cumulative distribution function of

The formula for the generalisation error specializes to the case of two clusters with opposite means as
e=1+M?*— 200y —2(1 —pla_) M

~2pB4 Ry — 2(1 — p)B_R_ + A™7Q,

Notably, arg has an intuitive meaning wherein it represents the difference between the fraction of
positive and negatives in a cluster, i.e., oy = (y) and o = (y) __. O

c=—

(C.20)

c=+4

Our problem thus reduces to characterising the evolution of order parameters (). Using the gradient

. . k._ .k __ sk . .
update of the parameter in Eq. and the notation 6" := y"* — §*, we can write update equations
for the order parameters as follows:

'UTxk' ’ITT.’Ek 2 ’U)T.’Ek 2
ANt = Mkl ARE — Mgk AQF = 25k i (592|125 2. 21
F=a Rj =~ B Q" == \/g+d2()HxH (C.21)

C.2 High dimensional dynamics

We build upon classic results [32, [8], recently put on rigorous grounds [[14} |6} 13]], leveraging the
self-averaging property of the order parameters in the high dimensional limit d — oco. As a result,
as the dimension gets large, the discrete, stochastic evolution of the order parameters can be
effectively described in terms of the deterministic solution of the average continuous-time dynamics.

Let S := (S;)1<i<2m+1 denote the collection of order parameters. The following lemma shows that
the average of the updates (C.21)) over the sample z* can be expressed solely in terms of S*.

Lemma C.2. E[ASF] = L f,(S*) for some functions (f;(S))1<i<om+1 in O(1) as d — .
Proof. Explicit computations are carried out in Appendix [D.2]below for the case of two clusters. [J

The theorem below states that as d gets large, the stochastic evolution S* of the order parameter gets
uniformly close, with high probability, to the average continuous-time dynamics described by the
ODE system:

= fi(S(t), 1<i<2m+1, (C.22)

13



482
483

484

485
486
487

489

490
491

492

493
494

496

497

499

500
501
502
503

504
505

506
507
508

509
510

511
512

where the continuous time is given by the example number divided by the input dimension, ¢t = k/d.
Formally,

Theorem C.3. Fix a time horizonT > 0. For 1 <i <2m +1,

max_|SF— S;(k/d)| 0 asd— . (C.23)
0<k<dT

where = denotes convergence in probability. A proof is provided in Appendix|C} We provide the
explicit expression of the functions f; in the ODEs (C.22)) in Appendix [D] focusing on m = 2 clusters
for clarity.

Proof. Using the notation of Section[C.2]and assuming Lemma[C.2] we examine the update equations
(C.Z1) written as a stochastic iterative process

E+1 _ ok l k i k E._ k k
St = SP+E-f(S) + ﬁgd, ek = Vd(AS* — E[ASY)) (C.24)

where the expectation is over the new sample x* and conditional on the past samples. The noise term
€% has zero mean E[¢%] = 0 and conditional covariance X, := E[¢k¢hT].

Define the continuous-time rescaled process Sg(t)) as the linear interpolation of S*4:
Sa(t) = St 4 (td — |td))(SLA+T — gltdly (C.25)

Here we leverage existing stochastic process convergence results (e.g., [6l], Theorem 2.3]) showing
that, if 3, converges to the matrix valued function 3(S) as d — oo in some appropriate sense, then

the sequence S;(t) converges weakly as d — oo to the solution S; of the stochastic differential
equation:

dS; = f(S;)dt 4+ \/2(S,)dB, (C.26)

where B; is a standard Brownian motion in R*™ . In our case, we can show that X, € O(d~1) as
d — 00, so that ¥ = 0 and Eq. [C.26|reduces to the ODE in Eq.

Let us sketch the scaling argument. Algebraic manipulations similar to those in Section[D.2]show that
Nq = VSFTE[@"FTIVSH(1+0(d ™)), & :=n(s*z" — E[s"z")) (C.27)

where V denotes the gradient with respect to the student vector w. Recall that S* has 2m components
that are linear in w (corresponding to the order parameters R; and M; in Eq.[4) and one that is
quadratic (corresponding to (). By making the gradients VS* explicit using Eq, we see that at
leading order, the matrix entries Efjj ,1 <4,5 < 2m + 1 take the form

o Tk T ok
nif = gEELe) el =0t s - BT (C28)

where the vector a; is either one of the teacher vectors w, one of the shift vector v;, or the student
vector w, depending on the entry ¢ = 1,--- ,2m + 1. As can be shown explicitly as in Appendix [D.]

below, @& depend on z* only through auxiliary variables w; z/v/d, v, z/v/d, w* " /7/d, which
jointly follow a multivariate distribution whose parameters depend on the student vector w"® only
through S* and are in O(1) as d — co. As aresult, & € O(d™1).

Finally, the weak convergence of Sy(t); to S; implies convergence in probability for the supremum
norm on the interval [0, T'] for any T > 0. Specifically, foreach 1 < i < 2m + 1,

sup_[Sai(t) — Si(t)| = 0, (C.29)
0<t<T

where £ denotes convergence in probability. This result directly leads to Eq. , thereby proving
the theorem. O
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D Derivation of the ODEs

In this section we are going to explicitly derive the ODE describing the dynamics of the order
parameters. Starting from the discrete updates of the order parameters, Eqs.[C.21] we are going to
consider the thermodynamic limit, d — oo. As proven in Thm. the updates concentrate to their
typical value and the discrete evolution converges to differential equations. Therefore, the rest of the
section is devoted to performing averages over the Gaussians in order to evaluate the typical values.
Before proceeding with the evaluation of Eqgs. [C.21] it is useful to introduce two identities.

D.1 Useful Averages

(D.30)
where x is multivariate normal distribution with mean p and covariance A, and the angular bracket
notation indicates average with respect to x.

Derivation. Define the auxiliary random variables zy = a - x and 2o = b - x + ¢, that follow a
multivariate normal distribution

(ool o2l

Using the law of iterated expectation, our average can be written as:
(a-xsign(b-x+c)) = E,,[sign(22)E;, ., [21]]

- b
= E.,[sign(z2)(a- ji+ 3 (22— (b- p+0))]
a-b : a-b :
= (a-p— 35 (b p+ O))Es, [sign(z2)] + 7 Ex, [zasien(z2)]

The first expectation follows from the definition of the cumulative distribution function ®
. —(b-p+c )

E,,[sign(z2)] = (1 -2 ——— ).

ezl = ( Vars )

The second term is simply the mean of a folded normal distribution

E,, [zosign(zs)] = (\/m)\/ZeXp <W> (b p+e)(l =20 (‘(b’”c)> ).

2Ab-b VAD-b
Combining these three expressions we obtain the identity.
Integral 2:
(a-2b-x)=(a- p)(b p)+Ala-b) (D.31)

where z is defined as for the previous identity.

Derivation. We proceed as in the previous case. Define the auxiliary random variables z; = a - x and
29 = b - x. They follow a multivariate normal distribution

HE (R ERE)!

Using the law of iterated expectation, our average may be written as:
<a’ “zh- I> = E22 [22E21|22 [Zl]]

=E.,[2(a-p+ CLi'b(Z’Q — (b~ p))]

b-b
= (@ T B[] + R[]
= o n= T2 )b )+ T (Ab b (b))
— (- w)(b- 1) + Ala - b)
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D.2 ODEs

We have now the building blocks to evaluate the expected values of Egs. [C.2T] We refresh the
notation that §* = y* — g*, y* = sign (:1:“ 'Eu/\/g), and §* = x* - w/+/d. Final step is to take

the continuous limit. This is obtained by noticing that the RHS of the equations is factorised by 1/d.
Therefore by taking as time unit 1/d and defining time as ¢ = u/d the discrete updates converge to
continuous increments as d — oo.

Student-shift overlap M.

(AM) = g (pvay + pM* By — (1= plva_ + (1 — p)M*B_ — (M(v + A™T)))  (D.32)
Derivation. Starting from the definition in Eq.[C.2T|for M
7 z-v w-TT-v
AM)y =1 _ ,
i =5(() - (7))

The first term can be evaluated using integral 1 and the second term using integral 2 yielding the
result.

Student-teacher + overlap 17..
77 * *
(ARy) = 7 (p(Mias +84) + (1= p)(~MIa- +Tep-)

— p(MM? + RyAy) — (1— p) (MM + R+A_)) (D.33)

Derivation.
oo =3((-22)(=5))
() o), o (), (R

These 4 terms can be computed using integrals 1 and 2 yielding the result.

Student-teacher — overlap R_.

(AR} = 3(p(M* oy +TBy) + (1 - p)(~-Ma_ +5.)

—p(MM* + R_AL) — (1— p)(MM* + R,A,)) (D.34)

Derivation. Same as for R .
Self-overlap Q.
(AQ) = = (p(as M + B4 Ry) + (1 = p)(—a-M + B_Ry) — M? — QA™7)

+

ey

(Ann’x + QAQ’rnil‘ + MQA’miw

~2(pAy(ay M+ ByRy) + (1= pA (-a-M+B-Ry))). (D39

Derivation. This update requires additional steps with respect to the previous ones.

" T 2 w2
(AQ) = % <5w\g> + L <(5#)2””3d”>.
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The first term is

2n ij-’L' _2n ) w-x HQ
d<5\/3>_d<y\/8 (ﬁ>>
n

2
F () (v e
d d d Vd d
o 222 (W ‘oz o, W TT T
4 d Ja) a Vg a
requires additional steps. We consider the three terms in the expression above, starting from the first
one

(PEE) = (25 = 200 @) = (0 p () + (=) (a2) )

J =1 i=1
= é(zp<A+ +’U3/d) + (1 — p)(Ai +U12/d)) — AMiz +’U/d

— Amzx + O(d—l)7

Where we used the simplification 32 = 1 independently of the cluster’s teacher. However, the
remaining terms require us to split the expectation considering the probability of sampling from each
cluster. The second term

x~x<w~x)2 B x~x(w~x)2 - p) xm(wz>2

d \ Vi Na\va) /) P\ e \va) /o

We begin by analysing the average over the positive Gaussian and split as ¢ = v/ V/d + Z such that
2 has zero mean. Then,

zz/w-z\’ vy T IT-Z wov)’ w-vw- T w-z\>
— | —F ={ |t + +2 +
d \Vvd) [, & avd  d d d Vd vd o
Multiplying the terms in the brackets will give rise to 9 terms. We can see that the 3+3=6 terms

corresponding to v - v/d? and 2v - Z/d+/d will tend to 0 in the limit of infinite d due to their scaling.
We now analyse the other 3 terms:

Term 1:
JO 2 -
T-T/w-v _(wv T 1
(EE(%)) = () (532, rou
@
=M?*A; +0(d™)
Term 2:
T-Tw-vw- I T-Tw- T
2( —— —_— =2R{ ——
), {5,
- w-x
—2R< <> +0(d™1)
d @ d /g
=0+0(d™)
Term 3:



= AL (ALQ)+0(d7") = QAL +0(d™).
564
565
se6 Thus finally,

2
r-r/w-T
<d <\/ﬁ> > = p(M?Ay + QAZL) + (1 - p)(M?A_ + QA?)
567

568

s69  For the the third term

<y%7> N p<yui/;?>@ +(1—p) <y%?>e,

570 As before, we analyse the average over the positive Gaussian first and split z into its mean and a zero
571 mean component:

(mEem) - (a2 ),

s72 This gives rise to 6 terms. We can see that the 2+2=4 terms corresponding to v - v/d? and 2v - /d\/d
573 will tend to O in the limit of infinite d due to their scaling. We now analyse the other 2 terms:
574

575 Term 1:
T-Tw-v T
) )
< d d o d @
T w4+ w+"U ji
= M { sign +
(sn(E B2 >@
. EWy Wy v -z -1
= M ( sign + > < > +0(d
(s34 Be)) (2F) o
=M (y)y Ay +0(d™1)
= MO[+A+ + O(dil)
576
577
578 Term 2:

(7)) = 007). ¢
)

579 Where the last equality follows using integral 1. Thus:

<ymdxui/;> =Ap(ayM + B Ry) +0(d7).
52

ss0 We repeat the same analysis for the negative gaussian and get:

TTW-T _
<yd\/g> = pAi (@M + B4 Ry) + (1= p)A_(—a-M + S-Ry) + O(d ™).
ss1  Collecting everything together and taking the infinite dimensional limit:
(Aw - Aw/d) = % (A™ 4 QAP™T 4 MZA™ — 2 (pAy(ay M + By Ry) + (1 — p)A_(—a_M + B_R.)))
sg2  Thus,
2 .
(AQ) = =L (plas M + B Ry) + (1= p)(—a- M + B_Ry) = M? — QA™")

2
n % (A™ L QAP™* 4 MPA™* — 2 (pAy (ay M + By Ry) + (1 — p)A_(—a_M + B_Ry))) .

18



583 Continuous limit. Final step of the derivation is taking the termodynamics limit that leads to the
ss4  ODEs implicitely defined in Thm. [C.3}

u(M, Ry, R, Q) = n(pvay. + pM By

(1 - p)va_ + (1 — p)M*B_ — (M(v + Am”))), (D.36)
fry (M, Ry, R, Q) = n(p(Miay +By) + (1= p)(~Mja_ +Tuf)

— p(MM + RyAy) — (1 — p)(MM? + R+A_)), (D.37)
fr (M, Ry, R_,Q) =n(p(M=ay +Tefy) + (1 - p)(—M o +5-)

~p(MM* + R_AL) — (1— p)(MM* + R,A,))7 (D.38)

fo(M,Ry,R_,Q) =2n (p(ay M + ByRy) + (1 — p)(—a—M + B_Ry) — M? — QA™)
+772 (Amzx + QAQTI’L’LT +M2Amim _ 2(/)A+<01+M+B+R+)

+(1 —p)A,(—a,MJrﬁ,Rg)). (D.39)
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E ODE solutions

In this section we first present the general solutions of the ODEs sketched in Theorem 3.1} then we

specialise to the two scenarios discussed in the main text.

E.1 General case

From the previous section, we have a system of coupled ODEs for the order parameters of the form:

dM

E =c1 + CQM,

dR_

T c3— +cy-M+c5_R_,

dR

L,

dQ _ 2

rra cg+ ot M + cgM?* 4+ coy Ry + cg— R_ + ¢10Q.

This represent a linear system of ODEs which can be solved using standard methods like Laplace
transform, leading to Egs. [6}8] We now report the equations including the exact expression of their

coefficients.
M _ .
M (t) = Moe T 4 M (1 — e MFA™)),
Where,
v (PMEBy + (1= p)MZB) + v(pay — (1= plo-)
o v+ Amzz :
R+:
R.(t) = Rge—tnA"””” +RY(1- e—tnA’"”) + kH(e—tnN”w _ e—tn(u+A"””))_
Where,
poo — PP+ T = p)B) + Mi(poy — (1 = pla — M)
+ Am,ix )
by = MM — M)
+ 0 .
R_:

R7 (t) _ R(le_tnAnLiw + Ric(l o e_tnAwm'w) + kli(e_tnAnLi:z . e_tn(v+A'rrz'im)).

Where,
poo _ (TepBi+ (L= p)B-) + M2 (pay — (1 = p)a- — M)
B Amm: s
p MM = Mo)
1— ; )
Q:
Q(t) = Qoe MEA™ T =nAT) L (1 — eTtATT —nAT)
O N
+ k'3 (e_tn(QAwrim _nAZ’mim) - e_tn(v+Amix))
oy (e M@ATTT I ARTE) _ o—in(20+2A7) )
Where,
O = nA™® + 2pBL RY (1 —nA4) +2(1 — p)B_R®(1 —nA_)

2Amm’ _ nAsza:
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607

608

ko

k3

ky =

+

Moo (Moo (nA™* — 2) + 2pa (1 —nAy) — 2(1 — pla_(1 —nA_))

2Amzx _ nAme:

)

_ 2pB (L= AL )(RY — R —kiy) +2(1— p)B-(1 —nA_)(R® — R? —ky_)

Amia: _ nAsza:

_ 208+ (A=A ks +2(1 —p)B-(1 —nA_)ki_

Amiz _ nAszm + v

)

(Moo = Mo) (Moo (A™ — 2) + 2pas (1 = A1) = 2(1 = pla— (1~ yA-))

(nAmlz _

Amiw _ nAszw + v

2)(Moc - MO)2 )

nAQmia: + 20

E.2 Spurious correlations setting

9

(E.49)

(E.50)

(E.51)

(E.52)

Under the setting discussed in the Sec. @(p =0.5,AL = A_ = ATy =1), we can make the
following simplifications:

1.

AR i

Amix — A’
AQmix — A2’

ar = —0_ =q,
B+ =pB-=0,
M; =M* = M,
R,=R_=R

The equations then take the form:

Where,

M(t) = Moeitn(erA) + Moo(l - eftn(v+A))’

My =

Roo =

ki =

Qoo:

ko =

ks =

ky =

(t) = R0 A 4 R®(1 — e 118 4 kg (e711A — e tn(wHA)Y
(t) = Qoe_tn(2A—77A2) + Qoo(l _ e—tn(QA—7]A2))
+ ko (e_t"@A_"Az) — e A
+ kg (e MRANAY) _ o—in(vFA))
T k4(e—tn(2A—nA2) _ e—tn(2v+2A)).
_ M5 v
v+A
B+ M*(a— M)
A Y
(Moo = Mo)
/U )
A +26Rec(1 = nA) | Moo(Moc(nA = 2) +2a(1 = nA))
2A —nA? 2A — nA?
2B(1 = nA)(Ro — Ro — k1)
A — A2 ’

28(1 —nA)kr | (Moo — Mo)(Moo(nA —2) + 2a(1 —nA))

A —nA2+o A —nA2+o
(nA = 2)(Mw — MO)Q
nA2 + 2 '
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E.3 Fairness setting

The general fairness case coincides with the general case discussed above (E.IJ), therefore we limit
our discussion to the simplified case with centered clusters.

Under the zero shift v = 0, the equations take the simplified form wherein M, v, M1 are 0, the
transient term in R4 vanishes and @) only has one transient term. Specifically:

R+(t> _ Rgre_tnAnLiw + R?‘ro(l _ e_tnANLia;))
R_ (t) _ Ro_e_tnAmzz + Rio(jl - e_tnAmzm),

Q(t) _ Qoeitn@AmminA%nm) " Qoo(l _ eftn(ZA""manm"“”)) " Qtrans(eitn(QAmminAzmm) _
Where
R \/5,0«/A+ + T (1= p)y/A_
+ T Amiz ’
R 2T5py/ Ay + (1= p)y/A-
- T Amiz ’
AT 2/ 20V /BLRE(1— A y) +2,/2(1 - p) /A R=(1-nA_)

QIAMIT _ nAQmia; ’

o \ﬁ 20y/Br (1= AL )(RT — RY) +2(1 - p) /B (1 - nA_)(R® — RY)
rans — T AmizT _ 77A2miz :

F Deeper analysis of the learning dynamics equations

This section provides insights into the learning dynamics — particularly those relevant to bias
evolution — that arise out of the expressions for order parameter evolution. We shall provide intuitive
explanations behind the various mathematical terms that appear.

F.1 Single centered cluster

Consider first a single cluster centered at the origin—i.e. p = 1, v = 0 with variance A. In this setting,
the minimum generalisation error is achieved when the student perfectly aligns with the teacher and

optimises its norm such that Q,,; = —%, achieving the generalisation error €y, = 1 — 2.

Importantly, this is not O since the student and the teacher are mismatched —i.e. the student is linear
whereas the teacher has a sign(-) activation function. From the equations, we observe that the
asymptotic generalisation error when training using online stochastic gradient descent in this setting

1S
_1=2/ (2 nA 272
600_1—77A/2_<1 ﬂ) (1+ 5 +O(nA)>. (F.53)

Thus, as the learning rate increases, the generalisation error increases until it reaches the critical
learning rate beyond which training is unstable and the loss grows unboundedly. In the single cluster
case, Eq. this is 2/ A which matches the classical result from convex optimisation [21]]. We can
similarly find the critical learning rate for two clusters to be 2A™% / A2™i® by ensuring exponential
terms decay to zero in equation

F.2 Analysis of teacher alignment (7r) and student magnitude (1) timescales
We now consider the fairness setting with zero shift as illustrated in Fig. [Tk. As discussed in section

[M.2] the relevant timescales in this setting are

1 1
- nAmiz’ Q= n(?Am’L’E _ nA2mi.r)’

TR

since M (t) is always zero. Fig. E] shows the crossing phenomena of the loss curves along with the
order parameter evolution and other insightful terms. The alignment of the student is governed by the
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Figure 6: The Crossing Phenomenon The left shows the ‘crossing’ of the loss curves on the negative
sub-population in red (higher variance and lower representation) and positive sub-population in
blue (lower variance but greater representation) along with the overall loss in purple obtained as
a weighted average of the two. It also marks 7 as the dashed vertical line and 7¢ as the dotted
vertical line. The right side shows the evolution of the order parameters and a transient term. The
horizontal blue and red dash-dotted line mark the optimal value of Q for the positive-subpopulation
and negative sub-populations respectively. The parameters are v = 0,p = 0.8, Ay = 0.1,A_ =
1,7y =0.9,7 =0.1.

timescale 7 and the change in its magnitude is governed by the timescale 7. Initially, the classifier
has a small magnitude and its alignment roughly matches the two teachers which are themselves quite
similar (T3 = 0.9). Indeed, we see that the R, and R_ have very similar trajectories. However,
smaller magnitudes advantage higher variances as discussed in Appendix (Qopt is inversely
proportional to the cluster variance).

We mark the optimal values of @ using horizontal lines in Fig[6|on the left side with blue for the
positive sub-population (lower variance) and red for the negative sub-population (higher variance). As
the magnitude of the student grows, we observe a sharp drop in the generalisation error on the higher
variance sub-population till () crosses the horizontal red line. Beyond this point, the generalisation
error on the higher variance sub-population rises since the magnitude of the student has exceeded the
optimal value (horizontal red line) and the generalisation error on the lower variance sub-population
continues to fall as the magnitude of the student approaches the horizontal blue line. Finally, an
inspection of the timescales reveals that 7 (vertical dotted line) is less than ¢ (vertical dashed
line) and hence we may expect the student magnitude to saturate before its alignment. However,
Qtrans, the transient term associated with @ (third line of equation , is always negative and hence
suppresses the growth of () initially.

In summary, we observe a two phase behaviour. First the student shifts its alignment and increases
magnitude leading to a sharper drop in the higher variance generalisation error. Second, we observe
that as the student continues increasing magnitude while keeping its alignment fixed, it advantages
the lower variance cluster.

F.3 Initial Preference

Starting from a small initialisation, the initial rate of change of the generalisation error for sub-
population + is

d ; 2 RY
ot pAmirA |2 T (F.54)
dt =0 7TA+ n
and analogously for —. The learning rate 7 must be chosen to be small enough such that the

generalisation errors decrease and hence the first term in the brackets must dominate over the 1.
Since R°/R> € [T4;1/T4] (for T4 > 0), the ratio between generalisation error rates is therefore
bounded by

Ay < d€9+/dt|t=0 < L [Ay

Ty (|5 < a0 o [0
VAT de,_jat|,_, T\ A

(F.55)
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Figure 7: Initial and Asymptotic student preferences We setv = 0,A, = 1,7y =0.9,7 =0.1
and study the values of p, A_. The figure studies only asymptotic preferences under v = 0, A =
1,74+ = 0.9. When the learning rate is small (n — 0T on left side), the cluster which has better
alignment with the teacher must also have lower generalisation error. However, for non-zero learning
rates (n = 0.1 on right side), behaviour is more complicated leading to the light colored phases where
despite better asymptotic alignment with the teacher, the generalisation error is higher. Parameters:

n — 0T (left) vs n = 0.1 (right).
F.4 Asymptotic preference

This section discusses the asymptotic generalisation errors of our classifier when v = 0 as a function
of representation and variances. Firstly, as discussed in section [4.2]

R > R” = pyAL > (1—-p)/A_.

Intuitively, one might expect that the asymptotically lower generalisation error is achieved on the
population whose teacher has better asymptotic alignment with the student. Indeed, when the learning
rate tends to 0, we observe exactly this as illustrated by the two dark phases in Fig. [7 on the left
side. However, when the learning rate is greater than zero, we observe more complex behaviour.
Fig.[7|(right) shows the emergence two new phases (light red and light blue) wherein the classifier
exhibits higher generalisation error on a sub-population despite having better alignment with its
corresponding teacher. This behaviour can be traced back to equation wherein the increase in
asymptotic generalisation error due to non-zero learning rates is amplified by the cluster variance.
Thus, our analysis shows how a large learning rate can also become a source of bias in our classifier
by advantaging the sub-population with smaller variance.

G Additional numerical simulations

G.1 CIFAR10

We consider the same architecture

1.0 1
and pre-processing described for 1.001 >_< o

MNIST in Sec.[Blon a CIFAR10 clas- PR — . ; S8

sification task. We select 8 classes 8 i(z)(s) i ' ! !
apd assign 4 of them to the pos- 1 0751 >—< >0.7 4

itive group and 4 to the negative F ;g0 ——— €5 G_f
group. Inside each group, 2 classes 9

are labelled as negative and 2 as 0751 _—17 < 037 . .
positive.  This simulation frame- 0.25 0.50 0.75 100 102 10
work is similar to the one considered P Epoch

by [5] where the authors used sub-  (a) Group brightness CIFAR10 (b) Crossing in CIFAR10

populations with only 2 classes each. Figure 8: Numerical simulations on CIFAR10. The figure

The average brightness of the sam- shows experiments of a 2L neural network on CIFAR10 where

ples in each cluster plays the same classes were grouped together to form the subpopulations.

role as the parameter A in the syn- The plots show the average performance—measure by loss or

thetic model. Our theory predicts accuracy—achieved over 100 simulations (for Panel (a)) and
10 simulations (for Panel (b), respectively) using the shaded
area to quantify the standard deviation. Panel (a) shows the
result at tiffend of training changing relative representation p,
while Panel (b) shows the training trajectories in a particular
instance, see text for more details.
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that the classifier will advantage the

group with highest average bright-

ness, see Eq.[T1] In order to achieve

the same generalisation error on both

subpopulations, the less bright group

needs more samples (larger p). This

is shown in Fig. [8p, where the three panels correspond to different assignment of the classes: in the
top panel classes are randomly assigned to the two groups; in the middle panel classes are randomly
partitioned in two groups and the brighter one is assigned to group —; finally the last panel assigns
the brightest classes to group — and least bright to group +. As predicted, we need increasingly high
relative representation p to achieve a balance in losses at the end of training.

When labels are balanced, our theory predicts that the classifier is initially attracted by the larger
A and eventually—if the relative representation of the group with smaller A is large enough—it
switches and favours the other group. This effect is indeed verified in the CIFAR10 experiments.
Starting from the partitioning in Fig. [8a (bottom) with p = 0.8, the dynamics is initially attracted by
group — before advantaging the other group, giving rise to a crossing as shown in Fig. [8p.

G.2 CelebA
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Figure 9: Numerical simulations in the CelebA dataset. Figure shows the average accuracy (solid
lines) and standard deviation (shaded area) of 4 different runs in this framework. The top row
depicts the test accuracy over the course of training for different pairs of target and group attributes.
The bottom row illustrates the difference in test accuracies between the + and — subpopulations,
highlighting the crossing phenomenon observed during training. Panels (a), (b), and (c) depict this
for the pairs of target and group attributes of (Eye glass, Bags under eyes), (Bangs, Blurry), and
(Young, Blond Hair), respectively.

The goal of this experiment is to show the emergence of different timescales in realist scenarios of
relevance for the fairness literature.

The CelebA dataset [25] contains over 200k celebrity images annotated with 40 attribute labels,
covering a wide range of facial attributes such as gender, age, and expressions. For this experiment,
we consider different pairs as the target and group attributes. The task is to predict the target attribute
while the group attribute defines the + and — subpopulations.

For the model, we select a pretrained ResNet-18 model on ImageNet and add an additional fully
connected layer, with only the latter being optimised during training. We use cross-entropy as the
loss objective and train via online SGD.

We randomly selected target-label pairs, making sure to avoid attributes that are pathologically
underrepresented in the dataset and would hinder the significance of the result. In the plots shown
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in Fig. 0] we show some of the pairs that show a crossing phenomenon. Each panel in Fig. [9]
show the accuracy and accuracy gap over the course of training. Notice how the classifier favours
sub-population — in the initial phase of training before changing preference.

This result shows that bias can change over the course of training even in standard setting. This
does not imply that it will always occur and indeed several of the pairs in the dataset do not show a
crossing phenomenon. However, understanding when and why this phenomenon occurs can affect
the algorithmic choices that we make in our ML pipeline.
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G.3 Simulations on Synthetic Data and Deeper Networks
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Figure 10: Simulations on Synthetic Data and Deeper Networks We observe the ‘double-crossing’
phenomena in not only the loss curves, but also the error curves for the positive sub-population (blue)
and the negative sub-population (red). The shaded areas quantify the standard deviation obtained
across 10 seeds. The data distribution parameters are d = 100,v = 4,p = 0.75,A; = 0.1,A_ =
1,71 =0.9,7=0.01,ay = 0.473,a_ = —0.200

In this section we test the validity of the prediction of our model in more realistic settings. Specifically,
assuming the same data distribution, we now train a multilayer perceptron (MLP) having one hidden
layer of 200 units. We use ReLLU activation and a sigmoid activation on the output. We train using
online stochastic gradient descent and use binary cross entropy as our loss function. We sample
training and test data from the data distribution and use the test data to obtain estimates of the loss as
well as error rates (percentage of test examples misclassified).

For the general fairness case (sec. [4.2)), we observe the three phase behaviour predicted by our
model. The positive sub-population is initially advantaged more since it exhibits stronger spurious
correlation. Then, the negative sub-population is advantaged since it has a higher variance. Finally,
as per Eq. [TT] the positive-sub-population is advantaged once more since it has sufficiently high
representation. We not only observe the ‘double-crossing’ phenomena in the losses, but also in the test
errors demonstrating the robustness of our model beyond the linearity and MSE loss assumptions.
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