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Abstract

In this paper, we propose a novel approach
to Bayesian experimental design for non-
exchangeable data that formulates it as risk-
sensitive policy optimization. We develop the
Inside-Out SMC? algorithm, a nested sequential
Monte Carlo technique to infer optimal designs,
and embed it into a particle Markov chain Monte
Carlo framework to perform gradient-based pol-
icy amortization. Our approach is distinct from
other amortized experimental design techniques,
as it does not rely on contrastive estimators. Nu-
merical validation on a set of dynamical systems
showcases the efficacy of our method in compari-
son to other state-of-the-art strategies.

1. Introduction

Traditionally, Bayesian inference on the parameters of a sta-
tistical model is performed after the fact by employing a pos-
terior elicitation routine to previously gathered data. How-
ever, in many scenarios, experimenters can proactively de-
sign experiments to acquire maximal information about the
parameters of interest. Bayesian experimental design (BED,
Lindley, 1956; Chaloner & Verdinelli, 1995) offers a prin-
cipled framework to achieve this goal by maximizing the
expected information gain over the design space. BED
has found applications in fields as varied as active learn-
ing (Bickford Smith et al., 2023), neuroscience (Shababo
et al., 2013), physics (McMichael et al., 2021), psychol-
ogy (Myung et al., 2013), and robotics (Schultheis et al.,
2020). A recent overview of the field of BED can be found
in Rainforth et al. (2024).

In Bayesian experimental design, we are given a prior p(6)
and a likelihood p(x | £, 6), where § € © is the set of un-
known parameters of interest, z € X is the experimental
outcome, and ¢ € = is a controllable design. The informa-
tion gain (IG, Lindley, 1956) in a parameter 6 upon applying

! Aalto University, Espoo, Finland. Correspondence to: Sahel
Igbal <sahel.igbal @aalto.fi>.

Proceedings of the 41°% International Conference on Machine
Learning, Vienna, Austria. PMLR 235, 2024. Copyright 2024 by
the author(s).

a design ¢ and observing an outcome z is defined as

G(x,€) = Hlp(0)] — Hp(0 | z,¢)],

with H[p(-)] := —E,)[logp(-)] denoting the entropy of
a random variable with probability density p. Since the
outcomes z are themselves random variables for a fixed
design &, the goal in BED is to choose a design &* that
maximizes the expected information gain (EIG), defined as

L(§) = Ep(aie) [Hp(0)] — Hlp(0 | 2, )], (1)
where p(z | §) = Epg)[p(x | 0,)]. The expected informa-
tion gain thus quantifies the decrease in uncertainty in the
unknown variable 6 upon implementing a design .

While mathematically elegant, the BED framework involves
maximizing nested expectations over intractable quantities
such as the marginal likelihood of = and the posterior of
0 appearing in (1). This is a computationally intensive
task (Kueck et al., 2009; Rainforth et al., 2018), which
becomes even more challenging when optimizing designs
for a series of experiments conducted sequentially, where
the impact of each individual design needs to be accounted
for across the entire sequence of experiments. This makes
the deployment of sequential BED close to impossible on
real-time systems with high-frequency data.

Huan & Marzouk (2016) addressed this limitation by intro-
ducing a parametric policy to predict designs as a function
of the running parameter posterior, thereby eliminating the
cost of the maximization step in each experiment. Fos-
ter et al. (2021) extended this idea to amortize the overall
cost of sequential BED by conditioning the policy on the
entire outcome-design history and avoiding explicit poste-
rior computation. In that approach, called Deep Adaptive
Design (DAD), there is an upfront cost to learning the pol-
icy, but experiments can be performed in real-time. While
DAD is only applicable for exchangeable models, implicit
DAD (iDAD, Ivanova et al., 2021) generalized the concept
to accommodate non-exchangeable models that cover dy-
namical systems. These methods leverage a lower bound
to the EIG known as the sequential Prior Contrastive Es-
timation (SPCE) bound. sPCE exhibits significant bias in
low-sample regimes, thus requiring a large number of sam-
ples for accurate estimates of the EIG (Foster et al., 2021).

In this work, we introduce a novel amortization scheme that
circumvents the drawbacks of sPCE. Our approach is rooted
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in understanding sequential Bayesian experimental design
as an adaptive risk-sensitive decision-making process (Whit-
tle, 1990). We demonstrate that risk-sensitive decision-
making can be cast as an inference problem for an equivalent
non-Markovian non-linear and non-Gaussian state-space
model (Toussaint & Storkey, 2006; Rawlik, 2013). This
insight motivates a novel nested sequential Monte Carlo
(SMC) algorithm that jointly estimates the EIG and the cor-
responding optimal designs. We refer to this algorithm as
Inside-Out SMC?, due to its relation to the SMC? algorithm
of Chopin et al. (2013). Finally, we embed our technique
within a particle Markov chain Monte Carlo (pMCMC)
algorithm to perform gradient-based optimization of the
amortizing policy.

We validate our algorithm on a range of dynamical systems
with long experiment sequences, highlighting the compu-
tational advantages of our proposed method compared to
existing work. The code to reproduce our results is available
at https://github.com/Sahel13/InsideOutSMC?2 jl.

2. Problem Statement

We are interested in the sequential BED problem for non-
exchangeable data, specifically dynamical systems. Accord-
ingly, we assume a scenario of 7' € N sequential experi-
ments to infer a parameter vector 6, starting from a prior
p(6), a Markovian likelihood f(zty1 | xt,&:,6), and an
initial distribution p(z), where ¢ indexes the experiment
number. We further assume that the designs are sampled
from a stochastic policy mg(&: | z0.+) parameterized by ¢,
where we define zo := {z¢} and z; = {x4,§;—1} for all
t > 1, and denote the outcome-design history up to time ¢
by z0.¢+ = {Zo:t,o:t—1}. This yields the following factor-
ization for the joint distribution of outcomes and designs:
T
Po(z0: | 0) = p(20) [ [ po (2t | 20:0-1,0) )

t=1

T
= p(zo) {H [l | $t—17§t—179)}

t=1

X {H%(ft_l | ZO:t—l)} .

t=1

In this setting, the expected information gain can be written
analogously to that of the single experiment:

T(8) = Epyeo [H[p(0)] —H[p(0 | 201)] |, G

where py(z0.7) = Epg) [ps(z0.0 | 0)]. This definition
corresponds to the terminal reward framework in litera-
ture (Foster, 2021, Section 1.8), as it compares the prior
entropy of 6 with the posterior entropy at the end of the
experiment sequence. Note that the EIG in (3) is evaluated

under the expectation of the marginal distribution py (2o.7),
including the stochastic design policy. The resulting experi-
mental design objective corresponds to finding the optimal
policy parameters ¢* := argmax, Z(¢). The upcoming
sections will present a novel interpretation of this objec-
tive in a sequential decision-making framework that lever-
ages the duality with inference techniques to perform policy
amortization.

3. Sequential Bayesian Experimental Design as
Probabilistic Inference

To formulate sequential BED as an inference problem, we
demonstrate a factorization of the EIG over time steps.

Proposition 1. For models specified by the joint density
in (2), the expected information gain factorizes to

T(6) = By, () [ZTj n(z«o:tﬂ , @

t=1

where r¢(zo.¢) is a stage reward defined as

ri(20:) = a¢(20:0) + Be(20:40), &)
with o (zo.t) and Bi(20.+) defined as

ae(z04) = / D(8 | 200) log f(x¢ | 211, &1, 6) 6,

Bt(zO:t): —log/p(9 | ZO:tfl)f(xt | $t717ft7179) de.

Furthermore, for models with additive, constant noise in the
dynamics, the EIG can be written as

T
I(d)) = Epgb(zo;T) lz ﬁt(ZO:t)] y (6)

t=1

where ‘=’ denotes equality up to an additive constant.

The proof is given in Appendix A. Written in this form,
the expected information gain resembles the expected total
reward of a discrete-time, finite-horizon, non-Markovian
decision-making problem (Puterman, 2014) with a stage
reward 7¢(2o.+) that captures the information content re-
garding the unknown parameters . We will now use this
factorization of Z(¢) to derive a risk-sensitive objective and
a dual inference perspective, leading to a novel amortized
BED learning scheme.

3.1. The Dual Inference Problem

To leverage the duality between risk-sensitive decision-
making and inference, we follow the formulation of Tous-
saint & Storkey (2006) and Rawlik (2013), and introduce
the potential function

9¢(20:¢) == exp {77 m(ZO:t)}, 7N
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with n € R . If we define the potential of an entire trajec-
tory, g1.7(zo.7), to be the product of the potential functions
over time steps, then

T T
log g1:7(207) = Y 10g g¢(20:4) =1 [Z rt(ZO:t)] :

t=1 t=1
is the total reward of a trajectory scaled by 7. In this con-
text, the potentials g;.7 play the role of an un-normalized
pseudo-likelihood proportional to the probability of the tra-
jectory zg.r being optimal (Dayan & Hinton, 1997). This
perspective allows us to define a non-Markovian state-space
model characterized, for ¢ = 0,...,T, by the following
joint density

1 t
1_\t(ZO:t; ¢) = 717(2'0) p (Zs | ZO:S—l) 93(20:5); (8)
Ziay ") L e

where pg(2¢ | z0:¢—1) are the marginal dynamics under the
running filtered posterior p( | zo.t—1)

P (2t | Zo:t—1)=/p¢(zt | z0:t—1,0) p(0 | 20:¢—1)dB, (9)

s=1

and Z;(¢) is the normalizing constant

Zi(¢) = /glzt(zo;t)PM«Zo:t)dZo;t.

For ease of exposition, we will henceforth refer to Z7(¢)
as the marginal likelihood of being optimal, even though it
may not represent any meaningful probability.

The duality principle becomes evident when we apply
Jensen’s inequality to show that the log marginal likelihood
is an upper bound on the EIG scaled by 7:

log Z7(¢) = logEp, (z0.1) [91:7 (20:7)]
> By, (z0.0) 108 91:7(20:7)]
=nZ(¢).
Hence, maximizing the marginal likelihood is equivalent to

maximizing a risk-sensitive EIG objective, which we denote
as Z,,(¢) (Marcus et al., 1997; Rawlik, 2013),

1 T
Z,(¢) = EIOgEm(ZO:T) lexp {T)Zn(zo:t)}l . (1D

t=1
Note that 7 modulates the bias-variance trade-off of this
objective. This aspect is revealed by considering a first-
order expansion of the objective around n = 0

T
Zrt(ZO:t)‘| s

where the expectation and variance operators are in relation
to pg(20.7). Note that in the limit  — 0, we recover the
risk-neutral EIG objective from (4).

T

Z Tt(Zo:t)

t=1

Z,(¢) =~ E

n
Iy
2

The choice of a positive tempering parameter n € Ry
leads to a risk-seeking objective that incentivizes exploration

during policy amortization. This is compatible with the
heuristic of optimism in the face of uncertainty, widely
adopted in stochastic optimization settings (Neu & Pike-
Burke, 2020).

In this section, we formalized the connection between a risk-
sensitive sequential BED objective and inference in an equiv-
alent non-Markovian state-space model. In the following,
we leverage this insight to formulate a gradient-based policy
optimization technique within a particle MCMC framework.

3.2. Amortization as Likelihood Maximization

The duality principle demonstrated in Section 3 enables us
to view amortized BED from an inference-centric perspec-
tive and to frame policy optimization in terms of maximum
likelihood estimation (MLE) in a non-Markovian, nonlinear,
and non-Gaussian state-space model, as specified by (8).
Following the literature on particle methods for MLE (Kan-
tas et al., 2015), we employ a stochastic gradient ascent
algorithm (Robbins & Monro, 1951).

To obtain the derivative of the log marginal likelihood,
S(¢) = Vg log Zr(¢), also known as the score function,
we make use of Fisher’s identity (Cappé et al., 2005),

S(¢) = /V¢> log D' (20.75 ¢) D (20.75 6) dzo.1

= / Vs log pe(zo.7) T'r(z0:1; @) dzo.1.

where we define fT(ZOIT; @) = pe(20.1) g1:7(20.T) to be
the un-normalized density from (8). This identity provides a
Monte Carlo estimate of the score S (¢) given samples from
T (+; ). It is well-known that computing this expectation
naively by first sampling from py(zo.7) and then weighting
the samples by g results in very high variance estimates (see,
e.g., in Doucet et al., 2009, Section 3.3). Alternatively, a
lower variance estimate can be achieved by drawing approxi-
mate samples from I'r(+; ¢) via particle smoothing, yielding
consistent, albeit biased, estimates of expectations under the
smoothing distribution for a finite sample size (Chopin &
Papaspiliopoulos, 2020, Chapter 12).

Another alternative is to use Markovian score climb-
ing (MSC, Gu & Kong, 1998; Naesseth et al., 2020), see
Algorithm 1. MSC uses a I'r(+; ¢)-ergodic Markov chain
Monte Carlo (MCMC, see, e.g., Brooks et al., 2011, for a
review and definition) kernel, Ky (- | zo.7), to compute a
Monte Carlo estimate of the score. Contrary to simply using
particle smoother approximations within a gradient ascent
procedure (see Kantas et al., 2015, Section 5), Algorithm 1
is guaranteed to converge to a local optimum of the marginal
likelihood (Naesseth et al., 2020, Proposition 1).

In this work, we construct the MCMC kernel Ky as a vari-
ant of the conditional sequential Monte Carlo (CSMC) ker-
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Algorithm 1 Markovian score climbing

Algorithm 2 Single step of IBIS

input Initial trajectory zJ.-, initial parameters ¢y, step size
sequence {+; }sen, Markov kernel K.
output Local optimum ¢* of the marginal likelihood.
I k1
2: while not converged do
3:  Sample 2} 7~ Ko G2

4. Compute S(¢y_1) < V4 10gp¢>(ZOT |p=gr—1
5. Update ¢y < dr—1 + 7k S(k_1)

6: k<« k+1

7: end while

8: return ¢y

nel (Andrieu et al., 2010), namely the Rao—Blackwellized
CSMC kernel (Olsson & Westerborn, 2017; Cardoso et al.,
2023; Abdulsamad et al., 2023). In practice, CSMC (as well
as its Rao—Blackwellized modifications aforementioned)
can be implemented as a simple modification to a particle
filter representation of the smoothing distribution (Kitagawa,
1996, Section 4.1). In the next section, we describe how
such a particle filter can be implemented for (8), and, for
the sake of brevity, we defer the full description of the con-
ditional version to Appendix C.4.

4. Inside-Out SMC?
4.1. Approximating the Filtered Posterior

A bootstrap particle filter samples particles from the tran-
sition density and weights them using the potential func-
tion (Chopin & Papaspiliopoulos, 2020, Section 10.3). In
our non-Markovian model, this would imply sampling from
the marginal dynamics py(2; | 20..—1) in (9), and evaluat-
ing the potential function g;(2¢.¢) in (7). Both steps require
computing the filtered posterior p(6 | zo.;—1). Fortunately,
for models of the form

0~ p(9),

the iterated batch importance sampling (IBIS) algorithm
of Chopin (2002) can be used to generate weighted Monte
Carlo samples {#"}M_, = 1*M that are approximately
distributed according to p(6 | zo.+) at each time step using
a specialized particle filtering procedure. We summarize a
single step of the method in Algorithm 2.

2t ~ py(2t | 20:4-1,0), t>1,

In Algorithm 2, M (W M) denotes multinomial sampling
using the normalized weights WM and Q; is a p(6 | zo.¢)-
ergodic Markov chain Monte Carlo kernel. If a degeneracy
criterion is met, IBIS employs a resample-move step (lines 4—
6 in Algorithm 2, see Gilks & Berzuini, 2001) to rejuvenate
particles using the Markov kernel ;. A standard degen-
eracy measure, which we use in this work, is given by the
effective sample size (ESS) (Liu & Chen, 1995) of the par-

ticle representation computed as ESS = 1/ Zn]\le (Wm)2,

notation Any operation with superscript m is to be under-
stood as performed forallm =1,..., M.
function IBIS_STEP(zqg.;, 0% WHM)
1: Compute v¢(0™) = py(2¢ | 20:4—1,0™).

2: Reweight: W™ oc W™, (™).

3: if some degeneracy criterion is fulfilled then

4 Resample: aj* ~ M(WM),

5. Move: 0™ ~ Q. (%", -).

6:  Replace the current set of weighted particles with
(@™, Wm™) « (0™,1/M).

7: end if

8: return {™ Wm}M_
end function

The ESS roughly corresponds to the number of equivalent
independent samples one would need to compute integrals
with the same precision. The resample-move step is then
triggered if the ESS falls below a chosen fraction of the total
particles M, taken to be 75% in this work. Details on the
choice of the Markov kernel (); are given in Appendix C.2.

4.2. The Inside-Out SMC? Algorithm

Mpm (2004) showed that, for integrable functions 1,

L W™ah(6™) is a consistent and asymptotlcally (as

M —> oo) normal estimator of the integral [ (6)p(6 |
20:¢t) d20.¢. Therefore, a natural solution to perform infer-
ence in (8) is to use IBIS within a standard particle filter.
This idea is similar to the SMC? algorithm of Chopin et al.
(2013) which can be seen as a particle filter within IBIS
targeting the distribution p(6 | y1.¢) for a state-space model
with noisy observations ¥1.;. We thus call our algorithm
Inside-Out SMC?, which we reproduce in Algorithm 3, with
N and M denoting the numbers of samples of z and 6 re-
spectively. Any operation therein with superscripts m or n
is to be understood as performed forevery m = 1,..., M
andn = 1,..., N, and we use an upper script dot u*" to

denote the collection {u™"}M_ .

At a time step ¢ and given a trajectory z;, IBIS approxi-
mates the f-posterior with weighted samples {0;", Wy

z W dapn (0

where ¢ is the Dirac delta functlon. We can then form an
approximation to the marginal dynamics as follows

v | 2 €0) = [ Flaver | 7,600 506 | )0

p(0 | z04) = p(0 | 20.4) =

M
= > W faeg | L 0,

m=1
and consequently, for the augmented state as

Do (241 | 204) = D(Te41 | 20:45 &) To (&t | 20:4)-
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Algorithm 3 Inside-Out SMC?
1: Sample 2§ ~ p(zo), 05" ~ p(0), set 7 1/M.
2: Sample 2" ~ pg(- | 2§) initialize the state history
2 (5, 20).
3: Compute and normalize the weights
W« exp{ —nlogp(z7 | xg,fg)}.
fort < 1,..., T —1do
Sample b ~ M(WEN).
o3, Wy < IBIS STEP(ng, orv Wt'_b:ilﬂ)
Sample 2%, ~ Pg(- | zm), and append to state

. b
history zg.; 41 < [20%4> 2841
8:  Compute and normalize the weights

) o
W' o exp {—nlogp(w?ﬂ | 20it> 6?)} :

9: end for
10: return {23, WP,

AN A

If the Markovian density f(z; | ¢+—1,&—1,6) is condition-
ally linear in the parameters and conjugate to the prior p(6),
we can compute the posterior in closed form, and therefore
the marginal dynamics as well. In this case, we do not
need IBIS, and this significantly reduces the computational
complexity of Algorithm 3 (see Appendix C.3).

Note that, for the sake of clarity, in Algorithm 3 and in
its analysis in Section 4.3, we consider the case when the
dynamics have constant noise, corresponding to the stage
reward in (6). The modification to Algorithm 3 for the more
general case is straightforward, only requiring a modified
weight function, as detailed in Section C.1.

4.3. Target Distribution of Inside-Out SMC?

We now show that the nested particle filter introduced in
the previous section asymptotically targets the correct dis-
tribution. Similarly to Chopin et al. (2013, Proposition 1),
Algorithm 3 is a particle filter targeting a particle filter. In-
deed, dropping the n indices and the explicit dependence
on ¢, let TM (204,05 |, a}iM ) denote the distribution of
all stochastic variables generated by an instance of the inner
IBIS at line 6 in Algorithm 3. We first note that

Féw(zo) = p(ZO)v

1: M
T (20,06™) = p(z0) [] p(65").
Let us break down the ratio of the distributions over succes-
sive iterations as

1:M) le)

M 1:M M 1:M
Ft+1(20:t+1790:t A1) Ft+1(ZOIt+1790f ) A1:¢
M M LM\ M .M 1M
LM (200, 0pi42 15 agi2 1) M (20, 051" agi”)
M 1:M
I (ZOtaGOt ,a1i)

M LM LM N
Iy (ZO:thOf A1)

(12)

The second fraction in (12) the IBIS rejuvenation step:

M 1:M 1:M
Ft (Z():taHOt 1a1t )

M 1
Iy (ZO:tveo:t—lvalt 1)

where the normalized weights (of the § particles) W7 are

HWtaél Qt t— 1>9m) (13)

m=1

"
Wf:ne =SM vt = po(2t | 20:0-1, 07" 1),
Zm:l Ut
and we have assumed multinomial resampling at every time
step. The first fraction in (12) is the trajectory update step:

M 1: 1: M
Ft+1(ZO:t+1700t ,ayiy’) polz | 2 m)
M M 1 M § : t+1 | 20:¢,0
1—‘t (ZO:D 90 t a1t

1
X exp {—nlog i Z f(@ega | $t7§t’91n)} - (14

m=1

The following proposition, akin to the law of large num-
bers and proven in Appendix B, ensures that Algorithm 3
asymptotically targets the correct distribution.

Proposition 2 (Consistency of the target distribution). Let
TM(204,0;) = E [TM (204,01, adiM)] be the joint ex-
pected empirical distribution' over (z0.t, 0+) taken by inte-
grating over a¥M and 05:M. Under technical conditions
listed in Appendix B, as M — oo, empirical expectations
under f‘iM converge to expectations under T't(20.4,0:) =
Ti(z0.) p(0: | z0:t). That is, for any bounded test function
¥(20:t, 0t), we have

Ef{” [w(ZO:tv ot)] — EF{, [w(ZO:h ot)]

almost surely.

5. Related Work

Foster et al. (2021) propose optimizing the following se-
quential Prior Contrastive Estimation (SPCE) lower bound
to the expected information gain

ESPCE (¢, )

where

Eop, (80, 20:0)p(00.) |92 (Bo:L, z0:7)], (15)

Yo (ZO:T | 00)

57 SicoPo(20m | 60)

A naive nested Monte Carlo estimator would exclude
0y from the denominator, but such an estimator would
have a large variance, particularly for long experiment se-
quences (1" > 1). By including 6 in the estimate for
pe(20:7), the authors show that gy, is upper bounded by
log(L + 1), where L is the number of regularizing or
contrastive samples, resulting in a low variance estimator
amenable to optimization (Poole et al., 2019). However, this

gr(0o:, z0.7) = log

'Note that T (z0.¢, 05, a}iM) is a random measure and
hence this expectation is a measure.
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bound also implies that one needs to take an exponentially
large value of L to avoid being restricted by the upper bound
which, depending on the true value of the EIG, may intro-
duce significant bias. Our Inside-Out SMC? algorithm does
not suffer from this particular drawback and only requires
a small number of 6 particles to provide an estimate of the
EIG. This is achieved by leveraging the sequential structure
of the experiments to maintain a running posterior over 6
instead of relying on samples from the prior.

Drovandi et al. (2013), Drovandi et al. (2014), and Moffat
et al. (2020) have previously proposed the use of IBIS for
experimental design, albeit in the context of exchangeable
data. In these approaches, IBIS is used solely to track the
parameter posterior given the past experiments. Most impor-
tantly, their experiment design is myopic, only optimizing
for the next experiment. In contrast, we embed IBIS into a
general particle smoothing algorithm, where IBIS is used to
approximate the marginalized dynamics. This formulation
enables our technique to optimize across the entire horizon
of experiments and lends itself to amortization.

Our work also shares similarities in formulation with that
of Blau et al. (2022) which formulates the sequential
BED problem as a hidden parameter Markov decision pro-
cess (Doshi-Velez & Konidaris, 2016). Unlike our work,
they adopt a reinforcement learning approach that applies
only to exchangeable models and optimize the sPCE bound.

In the context of SMC, a related approach to ours is given
by Wigren et al. (2019), who also propagate the filtering
posterior for the parameter at hand to perform parameter-
marginalized inference. However, they are not interested
in experimental design, and in contrast to our Inside-Out
SMC?, they only need to compute the marginal posterior
distribution, whereas we reuse the pathwise posterior dis-
tribution to compute our potential function g. Nonetheless,
we believe the two approaches are related and could be
combined in future work.

6. Empirical Evaluation

For the empirical evaluation of our method, we consider
the setting of designing 50 sequential experiments to iden-
tify the parameters of input (design) dependent dynami-
cal systems. The systems we examine are abstractions
of robotic systems with dynamics that are described by
stochastic differential equations and discretized using the
Euler—Maruyama method (see, e.g., Sirkkd & Svensson,
2023, Section 4.3). Hence, all scenarios involve likelihoods
that are non-exchangeable conditionally Markovian den-
sities. Moreover, these dynamical systems enforce input
constraints that restrict the design space, making the sequen-
tial experimental design problem challenging.

We construct the stochastic policy 7, using a mean func-

tion mg parameterized by a gated recurrent unit architec-
ture (GRU, Cho et al., 2014), with an additional learnable
parameter ¥4 for the variance. Then the stochastic pol-
icy mg is constructed as the law of the random variable
& = a - tanh(s;) + b, where s, ~ N (my(20:¢), Xg). Here
(a,b) are scale and shift parameters that reflect the design
constraints. Exhaustive details of the network architecture
and hyperparameters are given in Section D.

We compare our algorithm, Inside-Out SMC? (I0-SMC?),
to a few different types of design policies. We include two
simple baselines - a random policy, which samples designs
from a uniform distribution, and a pseudo-random binary
signal (PRBS) policy, which randomly chooses between
the upper and lower design limits. Additionally, we eval-
uate a myopic, non-amortized method, that corresponds
to I0-SMC? with a one-step look-ahead. This leads to a
greedy, sub-optimal design that optimizes only for the next
experiment. This approach is comparable to Drovandi et al.
(2013). Finally, we compare to iDAD (Ivanova et al., 2021)
trained on the sSPCE lower bound. iDAD, unlike DAD, can
accommodate non-exchangeable sequential data. Although
iDAD was originally developed for implicit models, we
provide access to the conditional transition densities in our
experiments to guarantee a fair comparison.

As evaluation metrics, we report both the sSPCE bound and a
nested Monte Carlo estimate of the risk-neutral EIG in (4).
We choose to report this metric instead of the risk-sensitive
EIG from (11) in order to maintain a consistent empirical
comparison with the sPCE bound, which itself does not ac-
count for risk. We compute this Monte Carlo estimate of the
EIG under equally weighted sample trajectories {2 }2_;
from the marginal py (2o.7) as follows

T N T
I((b) :EP¢»(ZO:T) [Z Tt(z():t)‘| ~ % ZZ & (th) (16)
=1 n=1lt=1
Here, 7;(z{.,) is itself a particle approximation of the true
stage reward in (5) obtained using the filtering posterior pro-
vided by IBIS. The samples {2{',}2_, are drawn by run-
ning Algorithm 3, while setting b7 = n in line 5. This leads
to a routine that generates trajectories from the marginal
distribution py(zo.1).

For all experiments, the EIG estimate in (16) was computed
at evaluation time for 7" = 50, N = 16 and M = 1024,
while the sPCE bound in (15) was computed using 16 outer
samples and L = 10° regularizing samples. The statis-
tics of these estimates are computed for 25 seeds. Further
experimental details can be found in Appendix D.

6.1. Stochastic Pendulum

We consider two different representations of the stochastic
dynamics of a compound pendulum. The aim is to infer a
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Figure 1. Accumulation of the information gain computed in
closed form for different policies on the conditionally linear
stochastic pendulum with a Gaussian prior. We report the mean
and standard deviation over 512 realizations.

vector of parameters that combines the mass and length of
the pendulum by observing a sequence of states, comprised
of its angular position and velocity. The design is the torque
applied as input to the system.

6.1.1. CONDITIONALLY LINEAR FORMULATION

First, we consider a conditionally linear formulation of the
dynamics of the compound pendulum, see Appendix D.2.1.
In conjunction with a Gaussian prior over the parameters,
this setting allows us to compare I0-SMC? with exact pos-
terior computation against the approximate posteriors deliv-
ered by IBIS. Details on exact posterior inference can be
found in Appendix C.3.

In this conjugate setting, the information gain can be com-
puted in closed form, given observations from sequential
experiments. Figure 1 depicts the mean and standard de-
viation of the IG over experiments for different policies,
obtained by simulating 512 sets of sequential experiments
for different samples from the parameter prior. The amor-
tized policies are superior to the random and PRBS policies.
These results corroborate Table 1, which reports EIG esti-
mates and sSPCE bounds for all considered policies. The
two variants of our algorithm outperform all considered
baselines on both metrics.

To evaluate the stability of our algorithm during training,
we trained 25 different policy networks using I0-SMC? and
its exact variant. The means and standard deviations of EIG
estimates obtained after each training epoch are depicted in
Figure 2. Notice that the standard deviation shrinks over
training epochs, reaching a final value comparable to that
observed in EIG estimates for a single policy (Table 1),
implying consistency across training runs.

4 — T T T T T
3 [ -
e | |
g | i
‘5 2 | N
m . .
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o i
1 [ -
I —o—10-SMC? )
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0 5 10 15 20 25
Training Epochs

Figure 2. Training progression of the I0-SMC? policy and its exact
variant on the conditionally linear stochastic pendulum. At every
epoch, we evaluate the EIG estimate using the mean policy. We
report the mean and standard deviation over 25 seeds.

Table 1. EIG estimates and sPCE lower bounds on the condition-
ally linear pendulum experiment for the considered methods. We
report the mean + standard deviation over 25 seeds.

Policy EIG Estimate (16) sPCE

Random 1.37 £ 0.08 1.444+0.35
Myopic 1.45£0.12 1.41 £0.32
PRBS 2.244+0.19 2.33+0.32
iDAD 2.58 £ 0.17 2.53 +0.35
I0-SMC? 3.53+0.15 3.66 +0.44
I0-SMC? (Exact) 3.63£0.18 3.64 £0.41

Figure 1 and Figure 2 demonstrate that the two versions of
10-SMC? deliver comparable performance during learning
and inference, empirically validating the use of IBIS in
general non-conjugate settings.

6.1.2. NONLINEAR FORMULATION

We now consider the standard, nonlinear version of the
stochastic pendulum. We choose a log-normal prior for
the parameters, ensuring that the mass and length of the
pendulum can only take positive values, see Appendix D.2.2.
As aresult, the exact version of our algorithm is no longer
applicable, and we have to use I0-SMC? in its general form.

EIG estimates and sPCE lower bounds for different policies
in this environment are reported in Table 2. The policy
trained using I0-SMC? outperforms all baseline methods.
An example of a trajectory generated by the mean of the
trained policy is given in Figure 3. The policy has learned to
swing the pendulum to achieve greater and greater angular
velocities by alternating between maximum positive and
negative designs, thus exploring more of the phase space.
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Figure 3. A sample experiment trajectory generated by the amor-
tized policy during deployment on the nonlinear stochastic pendu-
lum environment. g is the angle of the pendulum from the vertical,
¢ is the angular velocity and £ is the design.

Table 2. EIG estimates and sPCE lower bounds on the nonlinear
pendulum experiment for the considered methods. We report the
mean =+ standard deviation over 25 seeds.
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Figure 4. A sample experiment trajectory generated by the policy
during deployment on the stochastic cart-pole environment. Here,
s and § are the position and velocity of the cart respectively, q is
the angle of the pole, ¢ is its angular velocity and € is the design.

Table 3. EIG estimates and sPCE lower bounds on the stochastic
cart-pole experiment for the considered methods. We report the
mean =+ standard deviation over 25 seeds. sPCE bounds for all
policies hit the upper bound of log(10°) ~ 13.82, and precise
estimates would need at least exp(21) & 1.3 billion regularizing

Policy EIG Estimate (16) sPCE

Random 2.124+0.21 2.28 +0.25
Myopic 2.154+0.18 2.27 +£0.32
PRBS 3.00 £ 0.20 2.94 +0.33
iDAD 3.01 £0.29 3.18 £0.41
10-SMC? 3.72+0.17 3.77 +0.38

6.2. Stochastic Cart-Pole

samples, far beyond our hardware limits.

Policy EIG Estimate (16) sPCE

Random 16.81 +0.77 13.72 4+ 0.08
Myopic 16.53 + 0.71 13.74 + 0.10
PRBS 18.28 + 0.50 13.80 + 0.03
iDAD 18.99 + 0.68 13.81 + 0.01
I0-SMC? 21.23 £0.62 13.82 + 0.00

We now consider a cart-pole system with additive noise in
the acceleration of the cart. The unknown parameters are
the masses of the cart and pole and the length of the pole.
The outcome of every experiment is an observation of the
cart-pole state consisting of the position and velocity of the
cart and the angular position and angular velocity of the
pole. The design is the force applied to the cart at discrete
intervals. The prior on the parameters is again a log-normal
distribution. Further details on the experimental setup are
given in Appendix D.3.

Table 3 reports the performance of each policy under con-
sideration. The policy trained using I0-SMC? achieves
the highest mean EIG estimate at 21.23. This experiment
demonstrates the primary drawback of the sPCE bound;
one needs approximately 1.3 billion regularizing samples to
yield an sPCE bound of 21. To accommodate this number
of samples, the implementation of Ivanova et al. (2021),
which relies on parallel computation, would require about
660 GB of memory with double-precision floats. In con-
trast, [0O-SMC? requires just 1024 inner samples to obtain
our estimate in Table 3. Thus, for sequential experimental
design problems with high EIG values, the advantage of 10-
SMC? is clear. The sample efficiency of our EIG estimator

compared to sPCE is further demonstrated in Table 10 in
Appendix D.3. Nevertheless, we note that the sPCE lower
bound is still valuable for training despite its bias. Indeed,
although iDAD underperforms compared to I0-SMC?, it
achieves a higher EIG at evaluation time than the expected
upper bound of approximately 10, corresponding to the 24
regularizing samples used at training time.

A sample trajectory generated by the trained policy mean
is depicted in Figure 4. As in the case of the pendulum, the
policy has learned to alternate between the design limits to
explore the phase space efficiently.

6.3. Stochastic Double-Link

Our final experiment uses a stochastic double-link (double
pendulum) system with the four unknowns being the masses
and lengths of both links. The design is two-dimensional,
corresponding to the torque applied at each of the two ac-
tuated joints. The dynamical equations and policy hyperpa-
rameters are given in Appendix D.4. Figure 5 plots a sample
trajectory generated by a policy trained using our algorithm.
The optimal policy implements two coordinated switches in
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Figure 5. A sample experiment trajectory generated by the policy
during deployment on the stochastic double-link environment. g1
and g2 are the angles from the vertical for the two links, ¢; and ¢
their respective angular velocities, and &1 and &2 are the designs.

Table 4. EIG estimates and sPCE lower bounds on the stochastic
double-link experiment for the considered methods. We report the
mean =+ standard deviation over 25 seeds.

Policy EIG Estimate (16) sPCE

Random 7.81 £0.40 7.79 +£0.43
Myopic 8.00 +£0.44 8.13£0.50
PRBS 5.25 + 0.26 5.12+0.42
iDAD 11.73 + 0.45 11.52 + 0.36
I0-SMC? 11.53 +0.49 11.45 4+ 0.42

the design dimensions to bring the system into informative
states. In this experiment, iDAD also learns a similar policy,
as reflected in the EIG estimates in Table 4.

7. Discussion and Limitations

We have introduced a novel method of amortized sequential
Bayesian experimental design, taking inspiration from the
control-as-inference framework. We cast the optimization
of sequential designs as a smoothing problem in a non-
Markovian state-space model. To perform inference in this
model, we developed a novel nested particle filtering al-
gorithm, which we call Inside-Out SMC?. Our approach
naturally lends itself to amortization via likelihood optimiza-
tion in the form of Markovian score climbing. While we
have used Inside-Out SMC? in the context of sequential
BED, we believe it may find uses in other settings, where
one wishes to obtain pathwise smoothing trajectories under
parameter-marginalized models.

Our experimental evaluation shows that our approach holds
promise as a generic and efficient way to learn experimental
design policies: it is amortized, non-myopic, widely appli-
cable, and easy to train. Our learned policies outperform
the main alternative (iDAD, Ivanova et al., 2021) while

only requiring a fraction of the number of samples at both
training and evaluation time. In particular, the SPCE bound,
used therein, requires the number of samples to grow ex-
ponentially with the maximal EIG value. This can make
it unsuitable as a learning objective in certain dynamical
systems. On the contrary, [O-SMC? can compute approx-
imations to the EIG, no matter its value, with a relatively
small number of particles, making it a better-behaved and
more viable alternative.

One limitation of our approach is the requirement to evalu-
ate the conditional transition densities in closed form. Thus,
our method is unsuitable for sequential experimental design
problems in dynamical models with intractable densities;
for instance, choosing optimal measurement times in a com-
partmental epidemic model modeled as a Markov jump
process (Whitehouse et al., 2023).

Time complexity. 10-SMC? has a time complexity of
O(NMT?). CSMC requires N o T samples to be sta-
ble (Lindsten et al., 2015, Proposition 5) for an increasing
number of time steps, making our algorithm O(MT?) when
accounting for statistical stability. The outer SMC loop can
be trivially parallelized, reducing it to O(MT?).

Scalability. SMC samplers, which IBIS is an instance of, are
known to scale well with the dimension (Chenguang Dai &
Whiteley, 2022). Since the random walk Metropolis kernel,
which we use within IBIS, scales reasonably well with the
dimensionality of the problem (Gelman et al., 1997), we
expect our algorithm to scale well in the parameter dimen-
sion. However, scaling in the number of state dimensions
might be more problematic, as we are using a bootstrap
proposal, known to degenerate when the dimension of the
observations is large. This is related to the informativeness
of the potential function, which in our case can be regulated
by controlling the tempering parameter 7).

Tempering. The choice of the tempering parameter 7 re-
mains an open research question, that touches on the in-
teraction between the optimism in the policy amortization
step and the variance of the particle filtering weights within
I0-SMC?. Addressing this issue requires solving a bias-
variance trade-off that is inherent to risk-sensitive objectives.
In principle, the most favorable outcome would be to obtain
an inference problem that can scale to any value of 7.
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A. Proof of Proposition 1
Proof. We start with the definition of the expected information gain in the terminal reward framework,

p(0 | 20.7)
= Ep¢(ZO:T;0) |:10g W .

With repeated applications of Bayes’ rule, we can write this in an equivalent form as

Z(9) = Ep, (z0.0.0) log pg(z0.r | 0)] — Ep, (z0.7) [log pe(z0:7)]- (17)

Let us look at the first term in (17). From (2), we know that the conditional trajectory likelihood is

p¢(20T\9 p(xo) Hf (¢ | w4—1,&—1, )7T¢(ft 1] 20:0—-1)-

t=1

‘We can then evaluate

Ty =By, (2000 [108 96 (207 | 0)]

T T
= Epd)(zo:T,ﬁ) Ing(mO) + Z IOg f(xt ‘ Tt—1, ftfh 9) + Ep¢(z0:T) [Z IOg 7r¢>(§t71 | ZO:tl)]
t=1 t=1
T T
= —Hlp(zo)] + Ep, (20.1,0) [Z log f(@t [ @1-1,&-1,0) | + Ep, (z0.r) [Z log e (§e—1 | Z():tl)] N L))
t=1 t=1

For the second term in the above equation, we get

T
Ep, (2070 [Zlogf T | w1, &1, 122 o(20:0,0) 108 f (@t | we—1,&1-1,0)

t=1

|
M’ﬂ I

By (z0:0) p(8]20:0) 108 f (¢ | wp—1,&—1,0)

o~
Il
—

T
= qub(ZO:T) lz ]EP(Q\Z(H,) log f(xt ‘ Tt—1, 515717 9)‘|

t=1

T
Epy (z0.7) [Z Olt(Zo:t)} )
t=1

where we have made use of the fact that the conditional dynamics is Markovian in multiple places. We are then left with

T
+EP¢(ZO:T) [Z log 7T¢'(§t—1 ‘ ZO:t—l)‘| .

t=1

Ty = —Hip(zo)] + Epy(z0.r) [Z ai(z0:1)
t=1

Let’s now look at the second term in (17). For that, we first need the following factorization of the marginal trajectory

distribution

T
log py(20:7) = log [ ) [ [Pz | 2041 ]
=1

T
= log [ Hp¢> x, &—1 | 20— 1)]
t=1

T
= log p(o +Z[logp Tt | Zo:t—1,&—1) +log me(&e—1 | 20— 1)}
t=1
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where

p(l’t | Zo:f,—hft—l) = / p(;z:t,ﬂ | Zo:t—l,ff,—l)dg
e)
= / p(xt | ZO:t—lagt—lae)p(e ‘ ZO:t—lvé-t—l)do
e)
= [ i1, 0) 90 2000) 0
e)

In the last line, we have used the fact that 6 is conditionally independent of &1 given zg.;—1 (since the policy is independent
of #). We can now compute the second term of the EIG as

Ty =FEp,(z0.1) [log pe(zo0:1)]

T
= Ep, (z0.0) [logp To +Z[10gp Ty | 20:-1,&—1) +1log mp(§e—1 | 20— 1)}]
t=1

+EP¢(20 T) [ZIOgW¢ §e-1 | 20:— 1)] .

t=1

T
= —H[p(zo)] + Ep, (z0.r) lz logp(x+t | z0:t—1,6¢-1)
t=1

The full expression for Z(¢) is hence

I(¢p) =T — T>

- .

= By zor) Zat(z@it) — Epyzor) lz log p(a+ | Zo:t—l,&—l)]
Lt=1 —
r T

= Ep, (z0.7) Z{at(zo:t) + ﬂt(zo:t)}]
Lt=1
rT

= Ep, (z07) Zrt(ZO:t)‘| )
t=1

where we have defined 5;(20.+) = —log p(2¢ | 20:t—1,&t—1) and r¢(20.t) = a¢(20.¢) + Bi(z0.¢). This concludes the proof

for the first part of Proposition 1.

Let us now assume that our model has additive, constant noise in the dynamics (noise that is independent of the state, design
and 0 parameters). Under this assumption, the entropy H[f(x: | 2¢—1,&—1,0)] is a constant. Let us now go back to the
second term in (18),

T T
Ep, (207,0) Zlog [zt | l’t—hft—l,@)] = ZEp(e)pqs(zo;T\e) [log f(z¢ | x¢—1,&—1,0)]

t=1 t=1

T
= ZEP(‘Q) P (T0:¢,60:¢—116) [1Og f(l‘t | Tt—1, gt—h 0)]
t=1

T
= ZEp(e) o (Tore—1,E0:t-1160) [/X log f(xs | we—1,8-1,0) f(2s | 24-1,&-1,0) day
=1
T

= ZEP(H) Po (@0:t—1,80:6—1]0) [—H[f (@ | ©e—1,&—1,0)]]

t=1
= constant.

Using =’ to denote equality up to an additive constant, we now have

T
Ty = —Hlp(zo)] + Epg (z0.) [Z log g (€1 | ZO:tl)‘| ’

t=1

14
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and hence,
I(¢p) =T — T>
T
= EP¢>(Z0;T) [Z - Ing(xt | 20:t—15 gt—l)]
t=1
T
= Epcb(ZO;T) [Z 5t(z02t)‘|
t=1
as required. O

B. Proof of Proposition 2

We prove this result by induction over . We note that this result is not directly implied by the existing classical sequential
Monte Carlo theory due to the dependency of the likelihood term on the filtering distribution over 6.

We will make use of the following assumptions.
Assumption 1. For all zq.¢11,t > 1 there exists & > 0 such that, for all 0, 0 < f(zy1 | 21, &, 0) < a.

Assumption 2. For all zy.;,¢ > 1 there exists an integrable function /3;1(z¢+1) such that, for all 8, 0 < p(z¢41 | 20:4,6) <
5t+1(zt+1>-

Proof. For simplicity, we assume that resampling happens at each step of IBIS in Algorithm 2. The result is clear for

t = 0 under the law of large numbers. Now assume it is true for a given ¢, then, applying Proposition 2 to the test function
0 — f(xiq1 | x4, &, 0) we have, thanks to Assumption 1

M Z f@epr | 24,6, 00") - E p(0¢|20:t) [f(zegr | e, 8, 00)] = p(Te41 | 20:05Et)

so that, with probablhty 1,

M
1
exp {_7710g i Z f(@es | mmftae?)} — exp {—nlogp(z1+1 | z0:t,61) } -

Applying the induction hypothesis to 6 — p(z¢+1 | 20, 8), we have with probability 1,

M
Z p(2e41 | 201, 07") = p(2e41 | 20:1).
m=1
As a consequence,
L XM XM
i > oz | Zom@ln)] exp {—nlog N Z f(@esn | l’uﬁtﬂl”)} = p(2e41 | 20:t) exp {—nlog p(zet1 | 20:¢,&e)}
m=1 =

almost surely. Similarly, using the positivity of p(zH_l | zo:t, 07") and by Lebesgue’s dominated convergence theorem, the
normalizing constant of the right-hand side of (14)

M M
1 1
/ [M > bz | zoma;”)l exp {—nlog 17 O fe | xt,w;")} dzei
m=1 m=1
converges to
/P(Zt+1 | 20:¢) exp {—nlogp(xii1 | 20:6, &)} dzesn
and we have o Mo
Ft+1(30:t+1790't ,ayiy’) (241 | 20:) exp {—nlogp(xs41 | 20:t,&e)}
M (20.4, 052, afit!) S p(zeq1 | 20) exp{—nlog p(xis1 | 20:, &)} dzegr

The recursion is then obtained by noticing that the IBIS step (13) corresponds to a particle filter update targeting p(0 | zo.t+1)s
so that, under Assumption 2, we can follow Proposition 11.4 in Chopin & Papaspiliopoulos (2020) to obtain that, for any
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bounded test function ), writing

pMAIBIS (g1 ) I]:;M(ZO::&?%M,G%;%) ,
LY (20, 0pi42 15 a1i2 1)
we have
B [1(6:)] = Epo, |20.,) [¥(01)]
almost surely. Putting it all together, and noticing that T';(z0.:)p(6: | 20.¢) = T't(20.¢, 6+), we obtain the result. O

C. Algorithmic Details
C.1. Reweighting in Inside-Out SMC? for General Potentials

Algorithm 4 Reweight function corresponding to (5)
notation Any operation with superscript m is to be understood as performed forallm =1,..., M.
function REWEIGHT(%)
L: Utmn = f(x? | I?—hftn—lagln—ni)'
20 W oc Wi o™,
377 = 30 WG log o™ —log 32,0y W g o™,
4: return g = exp{nr;}.
end function

Let us reproduce the general expression for the stage reward at time ¢ + 1 from (5).

7(20:041) = Ep(0)20.0:1) [108 f (@e41 | @4, &, 0)] — log p(@es1 | z0:e, &)
= Ep0)20.51) [108 f (w41 | 4,&,0)] =108 Epo)20,) [f (meg1 | 24, &, 0)] - (19)
We see that we have expectations with respect to the ﬁlteri]\rzg posteriors of 6 at times ¢ and ¢t + 1. At line 8 of Algorithm 3,

we have a trajectory 2., ; and a particle representation » W[ domn (60) ~ p(0 | 23.). The second term of the reward
function can be estimated as

m=1

M
108 Ep(o)zp ) [F(@phy | 27, &, 0)] mlog > W/ f(apyy | 2}, & 0,™).

m=1

Now, to compute the first term, we need to approximate p(6 | 2{,,, ;). For this we perform the reweighting step of IBIS (line
2 from Algorithm 2) to get updated weights

WtT—Yil-Tll,H X Wt%np¢(zgl+l | 200, 07"")
= W' flafa [ 2, &0 07") mo (&8 | 20.0)
o< W™ flagiq [ 2y, &0 0™).

The distribution Z%Zl W o g (0) now approximates the posterior p(€ | 2., 1) as required. We choose not to perform
the resample-move step here so as not to introduce additional variance. The first term of (19) can now be approximated as

M
Ep(o1=p,.,) [log f@fyy [ 27, &,0)] & Y Wit o log f(afyy | o, &, 6.
m=1
The entire reweighting procedure is outlined in Algorithm 4.

C.2. Choice of the Markov Kernel for IBIS

For the Markov kernel (), in IBIS (Algorithm 2), we follow the choice in Chopin et al. (2013) and use a Metropolis-Hastings
kernel (Metropolis et al., 1953; Hastings, 1970). If the prior is Gaussian, we use a Gaussian random walk proposal

ém | o™ ~ /\/'(9’”,05]), (20)
where
S= e S WO - )" - )T, = e 3w
Z%ﬂ w0 Z%Iﬂ (Ci—
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and ¢ € Ry is a constant that can be tuned to achieve a desired acceptance ratio. For log-normal priors, we use a similar
random walk proposal

6™ | 6™ ~ LogNormal(§™, ¢ ).
We found that the proposal in (20) worked better empirically compared to the proposal o™ | 0™ ~ N(fi, f]) suggested in

Chopin (2002), or a proposal which does not use the sample covariance, §™ | 6™ ~ N (6™, cI). In our evaluation, we
perform multiple move steps per IBIS step to get a richer representation of samples.

C.3. Inside-Out SMC? with Conjugate Prior-Likelihood Pairs

Algorithm 5 Inside-Out SMC? (Exact)
notation Any operation with superscript n is to be understood as performed foralln =1,..., N.

1: Sample z{ ~ p(-).
Sample 2" ~ p(- | z{) and initialize the state history 2., < (28, 27").
Compute and normalize the weights W o< g1 (2{.).
fort+ 1,...., T —1do

Sample b ~ M(WEN).
Compute the 6 posterior p(0 | zg:;)

n

Sample 27", ; ~ p(- | zgtt) and append to state history 2, | < (zgft, 2 1)-
Compute and normalize the weights W o< g:(2{.;).

end for

return {z7 ., WIHY_ .

R A A i

,_
=4

Let € R%, z, € R% and & € R%. Let us consider conditionally linear, Gaussian transition dynamics for x,
f@es1 | 26,8,0) = N(@e1 | H(we, &) 0,5 (24, &)),

where H is a map R% % R xdo and 3 : R% e 5 R *d= maps to positive definite matrices. Let us also assume
that at time ¢, the filtered posterior of # is Gaussian with mean m; and covariance matrix P,

p(0 | 20.t) = N(0 | my, Py).

Then, using basic identities of the multivariate normal distribution, the marginal density is

P(It+1 \ Zo:t,ft) = /f(If,-H | It,ftﬁ)p(a | Zo:t) do
= N(x¢y1 | Hmy, HRLHT +50),

where the functional dependence of H and X on (2, &) has been hidden for conciseness. Furthermore, upon observing the
next augmented state z;11 = (2441, &), the filtered posterior of § can be updated using Bayes’ rule:
p(0 ] 20:011) = Po (@41, &t | 20:4,0) p(O | 20:1)
p¢>($t+1aft \ 20:t)

~ f@er1 [ 24,6,0) mo (St | 20:0) P(O | 20:4)

a (@41 | 20, E) T (St | 20:t)

[ [ 24,&,0) p(0 ] 20:4)

a p(ze41 | 20:4, 1)

=N(0 | meg1, Prs1),

where
mip1 =mg + G(xey1 — Hmy), Piyy=P,—GHP,, G=PH'(HP,H' +%)7 L.

Thus, we see that for a conditionally linear model with Gaussian priors and likelihoods, we can compute the marginal
density and the 6 posterior in closed form. The same holds for any conjugate prior-likelihood pair. Consequently, we can
compute the stage reward in (5) and hence the potential function in closed form, and the resulting version of the I0-SMC?
algorithm that does not use the inner particle filter is given in Algorithm 5.
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Algorithm 6 Conditional Inside-Out SMC? kernel

input Reference trajectory {zo.r, {W 2y, 083y

output New reference trajectory { 2., {W5, 00* } '}
1: Set 24 + 20, 08" < 03 and WL « WS,.

2: forn=2,...,Ndo

3: Sample z§ ~ p(20), 05" ~ p(¢) and set W5 < 1/M.

4: end for

5: Set Zé:l — 20:1-

6: forn=2,..., N do

7: Sample 27" ~ Py (- | 28) and set 23, < (27, 27).

8: end for

9: Compute and normalize the weights W' oc g7 foralln =1,..., N.
10: fort < 1,..., 7T —1do

11: Set Zt1+1 < Zt+1, 9;1 — 9;, W;é < Wt.,e’ and Z(%:t-l—l < 20:t+1-
122 forn=2,...,Ndo

13: Sample b} ~ M(WEN).

14: 02", Wy, IBIS_ STEP(zOt,Q;bl,W;Eie)

15: Sample 27", ~ Po (- | Zo{t)a and append to state history 2, | [zgi, zZ 1)
16:  end for

17:  Compute and normalize the weights W' o g;* foralln =1,..., N.

18: end for

19: Sample an index j ~ M (W),
20: return {z] ., {I/Vt'é7 0r7 Yy

C.4. Conditional SMC

In Section 4.3, we saw that IO-SMC? is a nested particle filter that targets the distribution T. In this section, we construct
a conditional version of our algorithm that keeps I'}? invariant. The basic idea behind CSMC is that given a reference
trajectory from the target distribution, at each time step in the forward pass, we sample N — 1 samples conditionally on the
reference particle surviving the resampling step (Andrieu et al., 2010). The CSMC kernel for I'}7 is outlined in Algorithm 6,
where the potential function estimates g;* are computed as detailed in Algorithm 4.

While Algorithm 6 may look more complicated than “classical” CSMC algorithms (Andrieu et al., 2010), its complexity may
be abstracted away by remembering that a ‘particle’ object is, in our case, an instance of the approximate inner distribution
I'M, which is associated with its weights, particles and ancestors, noting that the ancestors do not appear in the computation
of Algorithm 4 and are therefore omitted.

D. Experimental Details
D.1. Network Architectures and Hyperparameters

We use the same network architecture for all amortized policies in the evaluation. The architecture of our design policy
network is similar to that in iDAD (Ivanova et al., 2021), with an encoder network transforming the augmented state
sequences into a stacked representation { R(zs)}t_, before passing it to the recurrent layers. The encoder networks for the
augmented states are given in Table 5 and Table 6. For training, we used the Adam optimizer (Kingma & Ba, 2014). Our
policies were trained on a single 9" Gen Intel Core i9 processor, while iDAD policies were trained on an Nvidia A100 GPU
using the authors’ implementation (Ivanova et al., 2021). The hyperparameters used to train iDAD are listed in Table 7, and
are common to all experiments.

All TO-SMC? policies were trained with an additional slew rate penalty on the designs. We noticed that this detail promoted
smoother design trajectories, that facilitated the amortization of the recurrent policy.
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Table 5. The encoder architecture.

Layer Description Size  Activation
Input Augmented state z  dim(z) -
Hidden layer 1 Dense 256 ReLU
Hidden layer 2 Dense 256 ReLU
Output Dense 64 -

Table 6. The recurrent network architecture.

Layer Description Size Activation
Input {R(zs)}iy 64-(t+1) -
Hidden layer 1 LSTM /GRU 64 -
Hidden layer 2 LSTM /GRU 64 -
Hidden layer 3 Dense 256 ReLU
Hidden layer 4 Dense 256 ReLU
Output Designs & dim(¢) -

Table 7. Hyperparameters for iDAD.

Hyperparameter iDAD
Batch size 512
Number of contrastive samples 16383
Number of gradient steps 10000
Learning rate (LR) 5x 1074
LR annealing parameter 0.96
LR annealing frequency (if no improvement) 400

D.2. Stochastic Pendulum Experiment

We consider two different dynamics for the compound pendulum, one conditionally linear in the parameters and another that
is fully nonlinear. The following specifications are similar in both settings.

Let 7; = [g:,q:] " denote the state of the pendulum, with g; being the angle from the vertical and ¢; the angular velocity.
The parameters of interest are (m, l), the mass and length of the pendulum, while g = 9.81 and d = 0.1 are the gravitational
acceleration and damping constants. The design, & € [—1, 1], is the torque applied to the pendulum. We discretize the
respective SDESs that describe the dynamics using Euler-Maruyama with a step size d¢ = 0.05 and consider a horizon of
T = 50 experiments. The initial state is fixed to g = [0,0] .

D.2.1. CONDITIONALLY LINEAR FORMULATION

In this setting, we transform the non-linear pendulum equations to obtain a conditional linear dependency on the parameters,

39 3d 31"
similar to Belousov et al. (2019). The resulting parameter vector is § = [g — } . The dynamics is described by

217 mi2’ mi?
the following Ito SDE (Sérkkd & Solin, 2019, Chapter 3)
dzy = h(z, &) " 0dt + LdB,
with a drift term h(z, &) = [—sin(q), —¢, &] ", diffusion term L = [0,0.1] T and Brownian motion 3.
To maintain conjugacy, we assume a Gaussian prior

14.7] 0.1 0 0
p(0) = Normal 0,0 001 O
3.0 0 0 01
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The remaining hyperparameters are listed in Table 8.

Table 8. Hyperparameters for the conditionally linear pendulum experiment.

Hyperparameter ~ 10-SMC?  10-SMC? (Exact)

N 256 256
M 128 -
Tempering (1) 1.0 1.0
Slew rate penalty 0.1 0.1
IBIS moves 3 -
Learning rate 1073 1073
Training iterations 25 25

D.2.2. NONLINEAR FORMULATION

The unknown parameters are § = (m, [). The dynamics is described by the SDE
d'rt = h(:ch £t7 G)T dt + Ld/67

where h(z,&,0) = [d, ;] and

. 39 . (& — ddy)
qtz—gsmqﬂr 2

and L = [0,0.1] T The prior is a log-normal distribution

p(6) = LogNormal (H , {0'81 0.%1}) .

The remaining hyperparameters for IO-SMC? are listed in Table 9, and the training progression is depicted in Figure 6.

Table 9. Hyperparameters for the non-linear pendulum, stochastic cart-pole, and stochastic dual-link experiments.

Hyperparameter =~ Nonlinear pendulum  Stochastic cart-pole  Stochastic dual-link

N 256 256 256
M 128 1024 128
Tempering (1) 1.0 0.25 0.25
Slew rate penalty 0.2 0.1 0.1
IBIS moves 3 3 3
Learning rate 5x 1074 5x 1074 5x 1074
Training iterations 25 15 25

D.3. Stochastic Cart-Pole Experiment

The cart-pole is described by a state x; = [s¢, gy, $¢, qt]T, where s; and $; are the position and velocity of the cart, and g;
and ¢, are the position and velocity of the pole. The unknowns are 6§ = (I, m,, m.), the length and mass of the pendulum
and the mass of the cart, respectively. The design, &; € [—5, 5], is the force applied to the cart. The corresponding SDE is
dxt = h’(gjh ftv 9) dt + Ldﬂ7
where h(ﬂft’fta 0) = [5t74t7 51&7('1}]—r and
1
me + My sin2qt
1

Gp = L(me + mysin’q)

St = (& + my, sin g (17 + gcos qr) — (k1se + disy) — (kags + dagy) cos a/l],

[—& cos qy — mplq'f cos g sinqy — (me + mp)gsing

— (k1se + diy) cos qp — (kaqi + dagy) cos®qe/1].
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(K1, ka,d1,ds) = 0.01 are the linear and torsional stiffness and damping constants and g = 9.81. The diffusion term is
L =1[0,0,0.1,0] . We discretize the SDE with a step size d¢ = 0.05 and consider a horizon of 7' = 50 experiments. The
initial state is fixed at 29 = [0, 0,0, 0] . The prior for @ is log-normal

of fo.0o1 o0 0
p(6) = LogNormal | |{0|,| O 0.01 0
0 0 0 0.01

The remaining hyperparameters used for this experiment are given in Table 9. In Table 10, we compare the sample
efficiency of our method against the sPCE bound as an estimator of the EIG. For a trained policy and a fixed number of
trajectory samples, we vary the number of parameter particles (contrastive samples). Our method reaches the asymptotic
value of approximately 21 at 1024 particles, while the SPCE does not and fully saturates its sample-size dependent upper
bound (Foster et al., 2021, Appendix A) for all the experiments we ran. Finally, the training progression of the algorithm is
depicted in Figure 7.

Table 10. EIG estimates and sPCE lower bounds for a trained policy on the stochastic cart-pole experiment for different numbers of 6
particles. We report the mean and standard deviation over 25 random seeds.

No. of 6 particles (M) EIG Estimate (16) sPCE sPCE theoretical limit (log (M + 1))

64 14.52 £0.71 4.17 £ 0.00 4.17
128 17.38 £0.93 4.86 +0.00 4.86
256 19.20 £ 0.68 5.55 £ 0.00 5.55
512 20.67 £0.82 6.24 £ 0.00 6.24
1024 21.29 £0.63 6.93 £ 0.00 6.93
2048 21.60 £0.37 7.62 £ 0.00 7.62
4096 21.87 £ 0.56 8.321+0.00 8.32
8192 21.77 £ 0.56 9.01 +£0.00 9.01

D.4. Stochastic Double-Link Experiment

The double-link system is described by a state vector = = [, 4] " = [q1,q2, 1, Ga] ", where g1 and g are the angles of the
two joints (Tedrake, 2023, Appendix B). The system is doubly actuated, with & = [£1,&] 7, &1 € [—4,4] and & € [-2,2].
The parameters of interest are § = (my,mo, 1, l2), the masses and lengths of the two joints, respectively. We define

M(g) = [(

mi +m2)lf +mgl§ ~+ 2molyls cos ¢o mglg + malyls cos g
mglg + malyls cos g mglg ’
. 0 —malila(241 + Go) sin gz
Clq,q) = L . )
(a4) [%mzhb(mh + G2) sin go —3malylagy sings
(@) = —g - (m1 + ma)ly sin(q1) + malz sin(q1 + ¢2)
9\ g mala sin(qy + ¢2) ’

where g = 9.81. The system dynamics are then given by the equations
dg = qdt,
dg = M~ (q)lry(q) + € — Clg,d)d] dt + LdB,

where L = [0(')1 001 and 3 = [B1,32] 7, with 8; and B, being two independent Brownian motions. We assume a

log-normal prior of the form

0 001 O 0 0
0 0 001 O 0
01’1 0 0 001 O
0 0 0 0 0.01

p(0) = LogNormal

The remaining hyperparameters for IO-SMC? are listed in Table 9, and the training progression is depicted in Figure 8.
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Figure 6. Training progression of the I0-SMC? policy on the non-linear stochastic pendulum experiment. At every epoch, we evaluate the
EIG estimate using the mean policy. We report the mean and standard deviation of the EIG estimate over 25 unique training seeds.
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Figure 7. Training progression of the I0-SMC? policy for the stochastic cart-pole experiment. At every epoch, we evaluate the EIG
estimate using the mean policy. We report the mean and standard deviation of the EIG estimate over 25 unique training seeds.
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Figure 8. Training progression of the IO-SMC? policy for the stochastic double-link experiment. At every epoch, we evaluate the EIG
estimate using the mean policy. We report the mean and standard deviation of the EIG estimate over 25 unique training seeds.
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