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Abstract

We present a unified constructive universal approximation theorem covering a wide
range of learning machines including both shallow and deep neural networks based
on the group representation theory. Constructive here means that the distribution
of parameters is given in a closed-form expression (called the ridgelet transform).
Contrary to the case of shallow models, expressive power analysis of deep models
has been conducted in a case-by-case manner. Recently, Sonoda et al. [33} [32]
developed a systematic method to show a constructive approximation theorem
from scalar-valued joint-group-invariant feature maps, covering a formal deep
network. However, each hidden layer was formalized as an abstract group action, so
it was not possible to cover real deep networks defined by composites of nonlinear
activation function. In this study, we extend the method for vector-valued joint-
group-equivariant feature maps, so to cover such real networks.

1 Introduction

An ultimate goal of the deep learning theory is to characterize the internal data processing procedure
inside deep neural networks obtained by deep learning. We may formulate this problem as a functional
equation problem: Let F denote a class of data generating functions, and let DNN[y] denote a certain
deep neural network with parameter . Given a function f € F, find an unknown parameter y so that
network DNN[| represents function f, i.e.

DNN[y] = f, @

which we call a DNN equation. An ordinary learning problem by empirical risk minimization, such
as minimizing >, [DNN[y](x;) — f(x;)|* with respect to -, is understood as a weak form (or a
variational form) of this equation. Therefore, characterizing the solution space of this equation leads
to understanding the parameters obtained by deep learning. Following previous studies [21} 3} 28—
31]], we call a solution operator R that satisfies DNN[R[f]] = f a ridgelet transform. Once such a
solution operator R is found, we can conclude a universality of the DNN in consideration because the
reconstruction formula DNN[R[f]] = f implies for any f € F there exists a DNN that represents f.
In particular, when R[f] is found in a closed-form manner, then it leads to a constructive proof of the
universality since R[f] could indicate how to assign parameters.

When the network has only one infinitely-wide hidden layer, though it is not deep but shallow, the
characterization problem has been well investigated. For example, the learning dynamics and the
global convergence property (of SGD) are well studied in the mean field theory [22} 125201 5] and the
Langevin dynamics theory [35]], and even closed-form solution operator to a “shallow” NN equation,
the original ridgelet transform, has already been presented [28H31]].

On the other hand, when the network has more than one hidden layer, the problem is far from
solved, and it is common to either consider infinitely-deep mathematical models such as Neural
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ODEs [27, 19, [17, [12} 4], or handcraft inner feature maps depending on the problem. For example,
construction methods such as the Telgarsky sawtooth function (or the Yarotsky scheme) and bit
extraction techniques [[7, 36139 8 16} 26} 24! [11]] have been developed to demonstrate the depth
separation, super-convergence, and minmax optimality of deep ReLU networks. Various feature maps
have also been handcrafted in the contexts of geometric deep learning [1]] and deep narrow networks
(19, 1318 114,123} [16L 2, [15]. Needless to say, there is no guarantee that these handcrafted feature
maps are acquired by deep learning, so these analyses are considered to be analyses of possible
worlds.

Recently, Sonoda et al. [33]132] discovered a rich class of ridgelet transforms for learning machines
defined by scalar-valued joint-group-invariant feature maps, covering both depth-2 fully-connected
networks and the formal deep network (FDN), yielding the first ridgelet transform for deep models.
Their theory is indeed a breakthrough because it could cover both deep and shallow models simulta-
neously. However, each hidden layer in the FDN has to be formalized as an abstract group action,
so it was not possible to cover real deep networks defined by composites of nonlinear activation
function. In this study, we extend their arguments for vector-valued joint-group-equivariant feature
maps (Theorem [3]and Corollary[I)), so to cover such real networks. As an important example, in
§ F.2] we obtained the ridgelet transform for a more realistic DNN, the depth-n fully-connected
network with an arbitrary activation function (not limited to ReLLU), without handcrafting network
architecture. In other words, it is a constructive proof of the L2 (R™; R™)-universality of the DNNs,
and an explicit characterization of the solution space of the DNN equation for more realistic setup.

Thanks to Schur’s lemma, a basic and useful result in the representation theory, the proof of the main
theorem is surprisingly simple, yet the scope of application is wide. The significance of this study
lies in revealing the close relationship between machine learning theory and modern algebra. With
this study as a catalyst, we expect a major upgrade to machine learning theory from the perspective
of modern algebra.

2 Preliminaries

We quickly introduce the original integral representation and the ridgelet transform, a mathematical
model of depth-2 fully-connected network and its right inverse. Then, we list a few facts in the group
representation theory. In particular, Schur’s lemma and the Haar measure play key roles in the proof
of the main results.

Notation. For any topological space X, C.(X) denotes the Banach space of all compactly supported
continuous functions on X. For any measure space X, LP(X) denotes the Banach space of all p-
integrable functions on X. S(R?) and S’(R?) denote the classes of rapidly decreasing functions (or
Schwartz test functions) and tempered distributions on R?, respectively.

2.1 Integral Representation and Ridgelet Transform for Depth-2 Fully-Connected Network

Definition 1. For any measurable functions o : R — C and v : R™ x R — C, put
So[y](x) := / v(a,b)o(a-x —b)daddb, xecR™. )
R™ xR
We call S, [7] an (integral representation of) neural network, and 7 a parameter distribution.

The integration over all the hidden parameters (a,b) € R™ x R means all the neurons {x —
o(a-x —0b) | (a,b) € R™ x R} are summed (or integrated, to be precise) with weight -y, hence
formally S, [y] is understood as a continuous neural network with a single hidden layer. We note,
however, when 7 is a finite sum of point measures such as v, = Zle ¢i0(a, b;) (by appropriately
extending the class of y to Borel measures), then it can also reproduce a finite width network
P
Solwl(®) =Y cio(ai - —b;). 3)
i=1

In other words, the integral representation is a mathmatical model of depth-2 network with any width
(ranging from finite to continuous).

Next, we introduce the ridgelet transform, which is known to be a right-inverse operator to .S,,.
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Definition 2. For any measurable functions p : R — C and f : R™ — C, put
l(a,b) / f(x)p(a-x —b)dz, (a,b) € R™ xR. 4)
We call R, aridgelet transform.

To be precise, it satisfies the following reconstruction formula.

Theorem 1 (Reconstruction Formula). Suppose o and p are a tempered distribution (S’) and a rapid
decreasing function (S) respectively. There exists a bilinear form ((o, p)) such that

So o Rplf] = (0, p) f, )
for any square integrable function f € L?(R™). Further, the bilinear form is given by (o, p)) =
fR o¥(w)pt (w)|w|~™dw, where § denotes the 1-dimensional Fourier transform.

See Sonoda et al. [29, Theorem 6] for the proof. In particular, according to Sonoda et al. [29,
Lemma 9], for any activation function o, there always exists p satisfying (o, p)) = 1. Here, o
being a tempered distribution means that typical activation functions are covered such as ReLU, step
function, tanh, gaussian, etc... We can interpret the reconstruction formula as a universality theorem
of continuous neural networks, since for any given data generating function f, a network with output
weight v5 = R,[f] reproduces f (up to factor (g, p))), i.e. S[ys] = f. In other words, the ridgelet
transform indicates how the network parameters should be organized so that the network represents
an individual function f.

The original ridgelet transform was discovered by Murata [21]] and Candes [3]]. It is recently extended
to a few modern networks by the Fourier slice method [34, see e.g.]. In this study, we present a
systematic scheme to find the ridgelet transform for a variety of given network architecture based on
the group theoretic arguments.

2.2 Irreducible Unitary Representation and Schur’s Lemma

Let G be a locally compact group, H be a nonzero Hilbert space, and /() be the group of unitary
operators on . For example, any finite group, discrete group, compact group, and finite-dimensional
Lie group are locally compact, while an infinite-dimensional Lie group is not locally compact. A
unitary representation w of G on H is a group homomorphism that is continuous with respect to
the strong operator topology—that is, a map = : G — U(H) satisfying w(gh) = 7(g)m(h) and
7(g71) = m(g)~L, and for any ) € H, the map G > g — 7(g)[)] € H is continuous.

Suppose M is a closed subspace of H. M is called an invariant subspace when 7(g) M C M for all
g € G. Particularly, 7 is called irreducible when it does not admit any nontrivial invariant subspace
M # {0} nor H. The following theorem is a fundamental result of group representation theory that
characterizes the irreducibility.

Theorem 2 (Schur’s lemma). A unitary representation (w, M) is irreducible iff any bounded operator
T on H that commutes with 7 is always a constant multiple of the identity. In other words, if
7(g)T = Tn(g) forall g € G, then T = cIdy for some c € C.

See Folland [10, Theorem 3.5(a)] for the proof. We use this as a key step in the proof of our main
theorem.

2.3 Calculus on Locally Compact Group

By Haar’s theorem, if G is a locally compact group, then there uniquely exist left and right invariant
measures d;g and d,.g, satisfying for any s € G and f € C.(G),

/fsgdzg—/f )dig, and /fgs rg—/f dg.

Let X be a G-space with transitive left (resp. right) G-action g - x (resp. x - g) for any (g, x) € G x X.
Then, we can further induce the left (resp. right) invariant measure d;x (resp. d,.z) so that for any

fec.(G
/f dl:c—/fgodlg, resp. /f dx—/fogrm

where o € X is a fixed point called the origin.
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Figure 1: An ordinary GG-equivariant feature map ¢ : X x = — Y is a subclass of joint-G-equivariant
map where the G-action on parameter domain = is trivial, i.e. g - & =&

3 Main Results

We introduce the joint-group-equivariant feature map, and present the ridgelet transforms for learning
machines defined by joint-group-equivariant feature maps, yielding the universality of deep models.

Let G be a locally compact group equipped with a left invariant measure dg. Let X and = be
G-spaces equipped with G-invariant measures dz and d¢, called the data domain and the parameter
domain, respectively. Particularly, we call the product space X x = the data-parameter domain (like
time-frequency domain), and call any map ¢ on data-parameter domain X X = a feature map. Let H
be a separable Hilbert space, let U/ () be the space of unitary operators on H, and let v : G — U(H)
be a unitary representation of G on H. If there is no danger of confusion, we use the same symbol -
for the G-actions on X, H, and = (e.g., g - x, g - v,and g - £).

In the main theorem, the irreducibility of the following unitary representation 7 will be a sufficient
condition for the universality. Let L?(X; H) denote the space of #-valued square-integrable functions
on X equipped with the inner product (¢, V) £2(x.3) == [ (¢(x), 1 (x))3da. Put

mylfl(x) =g flg™" 2), weX, feL’(X;H), geC. ©6)
Then, it is a unitary representation of G on L?(X; H). In fact, 7, [m5[ f]] (x ) = g h f(h’l'g’l'x) =
(gh) - f((gh)™" - @) = mgn[f](x), and (mg[f1], g [f2]) L2 20) = [ (Vg bex),vglfol(g™

o)) nde = [ (fi(@), vi[vg[foll (@) nde = (f1, f2) L2(x:2)-

In addition, let L?(Z) denote the space of C-valued square-integrable functions on =, and let 7 be
the left-regular representation of G on L?(Z) given by

Tg(&) :=7(g7" &), £€E yeL*E),geq. %)
Similarly to 7, 7 is also a unitary representation.

Definition 3 (Joint G-Equivariant Feature Map). Let X, Y be data domains, and = be a parameter
domain (with G-actions). We say a feature map ¢ : X x = — Y is joint-G-equivariant when

¢(g-x,g~§)=g-¢(x,§), (x,f)EXXE, (8)

holds for all g € G. In other words, ¢ is a homomorphism (or G-map) of G-sets from X x = to
Y. So by homg (X x Z,Y), we denote the collection of all joint-G-equivariant maps. Additionally,
when G-action on Y is trivial, i.e. ¢(g - x, 9 - &) = ¢(x, §), we say it is joint-G-invariant.

Remark 1. The joint-G-equivariance extends an ordinary notion of G-equivariance, ie. ¢(g-x,&) =
g - &(z,€). In fact, G-equivariance is a special case of joint-G-equivariance where G acts trivially on
parameter domain, i.e. g - £ = & (see also Figure|[I).

In order to construct a (non-joint) group-equivariant network, we must carefully and precisely design
the network architecture [see, e.g., a textbook of geometric deep learning|1]. On the other hand, we
can easily and systematically construct joint-G-equivariant network from (not at all equivariant but)
any map f : X — Y according to the following Lemmas [T|and 2]

Lemma 1. Suppose group G acts on sets X and Y. Fix an arbitrary map f : X — Y, and put
d(x,9) =g f(g~' x)foreveryx € X and g € G. Then, ¢ : X x G — Y is joint-G-equivariant.

Proof. Straightforward. Forany g € G, ¢(g-x,g-h) = (gh)- f((gh)'-(g-2)) = g-¢d(x,h). O
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Lemma 2 (Depth-n Feature Map ¢1.,,). Given a sequence of G-equivariant feature maps ¢; :
X1 xZ; > X, (i:l,...,n),putd)lm:Xo X 2 X oo XEn%X"by

¢1:n(xa§13 s 7§7L) = ¢n(.7£n) -0 ¢1(537§1)- (9)

Then, ¢1.,, is G-equivariant. Following the custom of counting the number of parameter domains
(Z4)1y, we say ¢1., is depth-n.

Proof. In fact,

¢1:n(g'xag'€1»'~-ag’£n) :¢n(.»g'fn)o"'o¢2(.ag'£2)O¢1(g‘xvg'£l)
= ¢n(0,9-&n)o-0da(g-e,9-&2)001(x,&1)

= ¢n(g-9,9-&n) 00 pa(e,&2) 0 ¢1(x,&1)
=g Pn(® &) 0 -0 da(e,&2) 0 d1(z,&1)
:g'¢1:n($7£17---7£n)~ O

Definition 4 (¢-Network). For any vector-valued map ¢ : X x Z — H and scalar-valued map
~ : 2 — C, define a vector-valued map X — H by

W: () = / )b, O)de, w e X, (10)

where the integral is understood as the Bocher integral.

We call the integral transform NN|e; ¢)] a ¢-transform, and each individual image NN[v; ¢] a ¢-network
for short. The ¢-network extends the original integral representation. In particular, it inherits the
concept of integrating all the possible parameters & and indirectly select which parameters to use
by weighting on them, which linearize parametrization by lifting nonlinear parameters & to linear
parameter 7.

Definition 5 (y)-Ridgelet Transform). For any #{-valued feature map % : X x = — H and #-valued
Borel measurable function f on X, put a scalar-valued integral transform

OGRS RUCRIER M an
We call the integral transform R[e; ¢/] a t-ridgelet transform for short.

As long as the integrals are convergent, ¢-ridgelet transform is the dual operator of ¢-transform, since

lf o) = [ O, F)mdede = W3] i (12
Xz

Theorem 3 (Reconstruction Formula). Assume (1) H-valued feature maps ¢, : X X Z — H are

Jjoint-G-equivariant, (2) composite operator NNg o Ry : L?(X;H) — L*(X;H) is bounded (i.e.,

Lipschitz continuous), and (3) the unitary representation 7 defined in (6) is irreducible. Then, there

exists a bilinear form (¢,v)) € C (independent of f) such that for any H-valued square-integrable
function f € L?(X;H),

NNg o Ry [f] = (¢, ¥)) f- (13)

In other words, the v)-ridgelet transform R is a right inverse operator of ¢-transform NNy as long as

(¢,9)) # 0, 0.

Proof. We write NN[e; ¢] as NN, and R[e; ¢] as Ry for short. By using the unitarity of representation
v : G — U(H), left-invariance of measure dz, and G-equivariance of feature map ), for all g € G,
we have

Rw[ﬂg[fﬂ(é):/xwf(g*l'l”)ﬂ/)(l%&)mdx:/ (f(2).97" (g 2,&))uda

X

- /X () (@, g™ ) pde = 7o R [F1)(O): (14)
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Figure 2: Deep H-valued joint-G-equivariant network on G-space X is L?(X; H)-universal when
unitary representation 7 of G on L?(X; H) is irreducible, and the distribution of parameters for the
network to represent a given map f : X — H is exactly given by the ridgelet transform R[f]

vector-space
output

Similarly,

W7 () = [ (gt €)(e, €)de = / ()l g - €)de

(1

= [ &) (9-d(g " x,8)) dE = mg[NNy[]](2). (15)

i}

Here, 7* denotes the dual representation of 7 with respect to L?(Z).
As a consequence, NNy, o Ry, : L?(X;H) — L?(X;H) commutes with 7 as below
NNg o Ry 0 g = NNy 0 T, 0 Ryy = 7, 0 NNy, 0 Ry (16)

for all ¢ € G. Hence by Schur’s lemma (Theorem [2)), there exist a constant C y, € C such that
NNy o Ry, = Cy 4 Idp2(x). Since NNy o Ry, is bilinear in ¢ and v, Cy 4, is bilinear in ¢ and ¢.  [J

In particular, because depth-n feature map ¢1.,, is G-equivariant (Lemma|2), the following depth-n
H-valued deep network DNN[v; ¢1.,] is L?(X; H)-universal.

Corollary 1 (Deep Ridgelet Transform). For any maps~ : X — C and f € L?(X;H), put

DNNh/v(bln](x) = / ’7(517"‘7§n)¢n(.7§’n)O"'O(bl(x?gl)déu HAS X7 (17)

X XE,

R[fvwln](é) = /<f(1.)7wn(.7fn) ©--0 ¢1($7§n)>’ﬂd$» £ €Ey X+ X Ep. (18)

Under the assumptions that DNNg, o Ry, is bounded, and that v is irreducible, there exists a
bilinear form (1., 1:0)) satisfying DNy, 0 Ry = (1:n, ¥1:0)) Id 2 (x:20)-

Again, it extends the original integral representation, and inherits the linearization trick of nonlinear
parameters £ by integrating all the possible parameters (beyond the difference of layers) and indirectly
select which parameters to use by weighting on them.

4 Example: Depth-n Fully-Connected Network with Arbitrary Activation

As a concrete example, we present the ridgelet transform for depth-n fully-connected network.
First, we show the depth-2 case based on a joint-affine-invariant argument, which was originally
demonstrated by Sonoda et al. [33]]. Then, we show the depth-n case based on a joint-equivariant
argument by extending the original arguments.

We use the following known facts.

Lemma 3. The regular representation © of the affine group Aff(m) on L?>(R™) (defined below) is
irreducible.

See Folland [10, Theorem 6.42] for the proof.

Lemma 4. Suppose o and p are a tempered distribution (S’) and a Schwartz test function, respectively.
Then, S, o R, : L*(R™) — L?*(R™) is bounded.

See Sonoda et al. [29, Lemmas 7 and 8] for the proof.
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4.1 Depth-2

Set X := R™ (data domain), = := R™ x R (parameter domain), and G := Aff(m) = GL(m) x R™
be the m-dimensional affine group, acting on data domain X by
g-x:=Lex+t, g¢g=(L,t)eGL(m)xR™, xzeX. (19)
Addition to this, let 7 be the regular representation of Aff(m) on L?(X ), namely
m(9)[f)(z) == |det L| V2 f(L™H(x — t)), f€L*X)andg=(L,t) € GL(m)x R™. (20)

Further, define a dual action of Aff(m) on the parameter domain = as
g-(a,b)=(L"Ta,b+t'L="a), g=(L,t) e GL(m)x R™, (a,b) €E. 1)
Then, we can see the feature map ¢(x, (a, b)) := o(a - © — b) is joint-G-invariant. In fact,
d(g-x,9-(a,b)=c (L*Ta (Lz+t)— (b+ tTL*Ta)) =o(a-x—b) = ¢(x,(a,b)).

By Lemma the regular representation 7 of G = Aff(m) is irreducible. Therefore, by Theorem
the depth-2 neural network and corresponding ridgelet transform:

NN[v](x) = /Rm Ry(a,b)a(a -x —b)dadb, and Ry[f](a,b) = f@)p(a-x—b)dx,

R’Vﬂ
satisfy the reconstruction formula NN o Ry = (0, p)) Id2(rm). In Appendix [A} we supplemented a
detailed proof. In Appendix B| we discussed a geometric interpretation of dual G-action (21)).

4.2 Depth-n

Following Corollary [I] we derive the ridgelet transform for depth-n fully-connected network by
constructing a joint-equivariant network.

Let O(m) be the m-dimensional orthogonal group acting on R™ by Qv for @ € O(m) and v € R™,
and (re)set G := O(m) x Aff(m) be the product group, acting on the data domain X by

g-x:=Lr+t, z€X,g=(Q,L,t)eG=0(m)x (GL(m)xR™). (22)
Namely, we set the O(m)-action on X is trivial. Define a unitary representation 7 of G on vector-
valued square-integrable functions L?(X; X) as

mlf](®) = QF (L (@ —t), weX,g=(QL,tH)eCG fel’(X;X). (23
Lemma 5. The above 7 : G — L*(R™;R™) is an irreducible unitary representation.

Proof. Recall that a tensor product of irreducible representations is irreducible. Since both O(m)-
action on R™ and Aff(m)-action on L?(R™) are irreducible, and L?(R™;R™) is a tensor product
R™ @ L2(R™), so the action 7 of product group O(m) x Aff(m) on tensor product R™ @ L?(R™) =
L?(R™;R™) is irreducible. O

Following the same arguments in Lemmal|I} we first construct a depth-2 joint-G-equivariant network.
Take an arbitrary square-integrable (not yet joint-G-equivariant) vector-field fo € L?(X; X). Then,
the following network is joint-G-equivariant:

NN(x, &) := NN[Ra[m¢ [ fo]]](x) = /Rm . QR2[fo](a,b)o (aTLfl(a; —t) — b) dadb, (24)

forevery x € X,£ = (Q, L,t) € O(m) x GL(m) x R™. Here R, is the ridgelet transform for
depth-2 case (applied for vector-valued function by element-wise manner). This is joint-G-equivariant
because NN(x, &) = m¢[fo](x). Henceforth, we (re)set = :=

Finally, we construct a depth-n joint-G-equivariant network by composing the above depth-2 networks

as below. Write &€ := (&1,...,&,) € E™ for short. For any measurable function v : Z* — C and
vector-field f : R™ — R™, put
DNN(z) r=/ Y(E)NN(e, &n) 0 - o NN(z, £1)dE, we X (25)
Rn [-f} (5) = f(:l})TNN<.’ gn) ©---0 NN(J?, fl)dxa £ ez=" (26)
X

Then, as a consequence of Corollary there exists a constant ¢ € C satisfying DNN o R,,[f] = ¢f for
any f € L*(X; X).
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S5 Example: Formal Deep Network

We explain the formal deep network (FDN) introduced by Sonoda et al. [32]. Compared to the
depth-n fully-connected network introduced in the previous section, the FDN (introduced in the
previous study) is more abstract because the network architecture is not specified. Yet, we consider
this is still useful for theoretical study of deep networks as it covers a wide range of groups and data
domains (i.e., not limited to the affine group and the Euclidean space).

5.1 Formal Deep Network

Let GG be an arbitrary locally compact group equipped with left-invariant measure dg, let X be a
G-space equipped with left-invariant measure dzx, and set = := G with right-invariant measure d¢&.
The key concept is to identify each feature map ¢ : X x = — X with a G-action g : X — X with
parameter domain = being identified with group G, and the composite of feature maps, say g o h,
with product gh. Since a group is closed under its operation by definition, the proposed network can
represent literally any depth such as a single hidden layer g, double hidden layers g o h, triple hidden
layers g o h o k, and infinite hidden layers g o h o - - - . Besides, to lift the group action on a linear
space, the network is formulated as a regular action of group G' on a hidden layer, say ¢ € L?(X).

Definition 6 (Formal Deep Network). For any functions 1/ € L?(X) and vy : £ — C, put

DNN[v; 9] () ?Z/ Yoo &n) Y olpoobi(z)dér - dE, zEX.  (27)

GiX-xGy

Here, G = G; X - -- x GG, denotes the semi-direct product of groups, suggesting that the network
gets much complex and expressive as it gets deeper.

To see the universality, define the dual action of G on the parameter domain = = G as
g-€:=¢&", gEGEEE (28)
Then, we can see ¢(x, &) := 1) o £(x) is joint-G-invariant. In fact,
$g-z,9-§)=vo(g-€(g-x)=vo(Eog )(9(x)) =Y o&(x) = ¢(z,£).

Therefore, by Theorem assuming that the regular representation 7 : G — U(L?(X)) is irreducible,
the ridgelet transform is given by

R[f](éu---,én)=/Xf($)1//<>§n0“'051(1?)d1?, (€11 b)) €CLn - %Gy (29)
satisfying NN o R = ((o, p)) Id 2(x).

5.2 Depth Separation

To enjoy the advantage of abstract formulation, we discuss the effect of depth. For the sake of
simplicity, we assume G to be a finite group, which may be acceptable given that the data domain
X in practice is often discretized (or coarse-grained) into finite sets of representative points, say
X ~ X = {z;}¥_,, and if so the G-action is also reduced to finite representative actions.

Following the concept of the formal deep network, we call group G acting on X a network. Let us
consider depth-1 network G and depth-n network G X - - - X G, satisfying G = G1 X - - - X G,,. The
equation indicates that two networks have the same expressive power, because they can implement
the same class of maps g : X — X.

Next, let us define the widzh of a single layer G as the cardinality |G|. This is reasonable because
the set G parametrizes each map ¢ : X — X. Then, under the assumption that each G; is simple,
the depth-n network G; x --- x GG, can express the same class of depth-1 network exponentially-
effectively, because the total widths are Y .- | |G;| = O(n) for depth-n and [}, |G;| = exp O(n)
for depth-1. This estimate can be interpreted as the classical thought that the hierarchical models
such as deep networks can represent complex functions combinatorially more efficient than shallow
models.
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6 Discussion

We have developed a systematic method for deriving a ridgelet transform for a wide range of learning
machines defined by joint-group-equivariant feature maps, yielding the universal approximation
theorems as corollaries. The previous results by Sonoda et al. [33]] was limited to scalar-valued
joint-invariant functions, which were insufficient to deal with practical learning machines defined by
composite mappings of vector-valued functions, such as deep neural networks. For example, they
could only deal with abstract composite structures like formal deep network [32]. By extending their
argument to vector-valued joint-equivariant functions, we were able to deal with deep structures.
Traditionally, the techniques used in the expressive power analysis of deep networks were different
from those used in the analysis of shallow networks, as overviewed in the introduction. Nonetheless,
our main theorem cover both deep and shallow networks from the unified perspective (joint-group-
action on the data-parameter domain). Technically, this unification is due to Schur’s lemma, a basic
and useful result in the representation theory. Thanks to this lemma, the proof of the main theorem is
simple, yet the scope of application is wide. The significance of this study lies in revealing the close
relationship between machine learning theory and modern algebra. With this study as a catalyst, we
expect a major upgrade to machine learning theory from the perspective of modern algebra.

6.1 Limitations

In the main theorem, we assume the following: (1) joint-equivariance of feature map ¢, (2) bound-
edness of composite operator NN o R, (3) irreducibility of unitary representation 7. In addition,
throughout this study, we assume (4) local compactness of group G, and (5) that the network is given
by the integral representation.

As discussed in the main text, satisfying (1) is much easier than (non-joint) equivariance. Also, (2) is
often a textbook excersise when the specific expression is given. (3) is required for Schur’s lemma, and
it is often sufficient to synthesize the known results such as the one for the example of depth-n fully-
connected network. (4) is quite a frequent assumption in the standard group representation theory, but
it excludes infinite-dimensional groups. When formulated natively, nonparametric learning models
including DNN can be infinite-dimensional groups. However, from the perspective of learnability,
it is nonsense to consider too large a model, and it is common to assume regularity conditions
such as sparsity and low rank in usual theoretical analysis. So, it is natural to impose additional
regularity conditions for satisfying local compactness. (5) may be rather an advantage because
there are established techniques to show the cc-universaity of finite models by discretizing integral
representations. Moreover, there is a fast discretization scheme called the Barron’s rate based on the
quasi-Monte Carlo method. On the other hand, problems like the minimum width in the field of deep
narrow networks are analyses of finite parameters, and they could be a different type of parameters.
Yet, the current mainstream solutions are the information theoretic method by Park et al. [23]] and the
neural ODE method by Cai [2], and both arguments contain the discretization of continuous models.
Therefore, we may expect a high affinity with the integral representation theory.

This study is the first step in extending the harmonic analysis method, which was previously applicable
only to shallow models, to deep models. The above limitations will be resolved in our future works.

7 Broader Impact

This work studies theoretical aspects of neural networks for expressing square integrable functions.
Since we do not propose a new method nor a new dataset, we expect that the impact of this work on
ethical aspects and future societal consequences will be small, if any. Our work can help understand
the theoretical benefit and limitations of neural networks in approximating functions. Our work and
the proof technique improve our understanding of the theoretical aspect of deep neural networks and
other learning machines used in machine learning, and may lead to better use of these techniques
with possible benefits to the society.
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A.1 Proof

In the following, we identify the group G acting on data domain R™ with the affine group Aff(R™),
and introduce the so-called twisted dual group action that leaves a function 6 invariant. Then, we see
the regular action 7 of G on functions space L?(R™) commutes with composite S, o R,. Hence, by
Schur’s lemma, S, o R, is a constant multiple of identity, which concludes the assertion.
Proof. Let G be the affine group Aff(R™) = GL(R™) x R™. Forany g = (L, t) € G, let
g-x:=Lx+t xecR™ (30)
be its action on R™, and let
(g)[f](x) := [det LI 2 f(g7" - @)

=|detL| V2 f(L7 (x —t)), feL*R™) 31)

be its left-regular action on L?(R™).

Besides, putting

0((a,b),z) :==a-x—0b, (a,b) e R™ xR,xzeR™ (32)
we define the twisted dual action of G on R™ x R as
g-(a,b):=(L "a,b+a-(L7't), (a,b)cR™ xR (33)
so that the following invariance hold:
0(g-(a,b),g-x)=0((a,b),x) =a-x —b. 34)
To see this, use matrix expressions with extended variables
0((a,b),x) = (aT b) (16" _01) (”f) —a'la, (35)
e ()= (5 (1)
and calculate
a' Iz = (a"IL ' T YI(La) = (IL- "Ia)"I(L), (37)

which suggests ¢ - (a,b) :== IL~ ' Ia, and we have

I
-7
= 1= (I, 0\ /(L t I, 0
nr=( 5@ 1) (52

0 -1

(L., © L=" o0\ (L, 0\ _ (LT 0
0 1)\ —tTL"T 1)\0 —1)  \¢"L"T 1)°

Further, we define its regular-action by

T(9)hl(a,b) := |det L|'*y(g7" - (a,b))
= |det L|Y?*y(L"a,b—a-t), (a,b) € R™ xR. (38)

Then we can see that, for all g = (L, t) € G,
R,om(g9) =7(g9)oR,, and S,o7(g)=m(g)oS,. (39)
In fact, at every g = (L,t) € G and (a,b) € R™ x R,

Ry[r(0)[fl)(@.b) = | det LI/2 | f(g™" - a)p(@((a,B). @)

by putting = g - y = Ly + t with de = | det L|dy,

= ldet 272 | f)p(@(ab).9-y)dy
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441

442

443

444
445
446

447

448
449

450

451

452

453

454

= |det L|'/? | F@)p0g™t-(a.),9))dy

=7(9)[R,[f]l(a,b). (40)

Similarly, at every g = (L,t) € G and x € R™,

So[®(9)))(@) = | det L|'/? /Rm Rv(g’1 -(a,b))a(0((a,b), z))dadb

by putting (a,b) :=g- (&,n) = (L™ "&n+ & (L™'t)) with dadb = | det L|d&dn,

=1t L2 [ (emolbl - (€).)dedy

~ |det L|~1/? /Rm Ao O((&m), 97" - @))Edy

= m(9)[Se [V]}(z)- 4D

Hence S, o R, commutes with 7(g) because
SeoR,o0m(g) =8Ss07(g) o R, =7(g) 0 Sy 0 R,.
Since S, o R, : L*(R™) — L?(R™) is bounded (Lemmald), and (r, L*(R™)) is an irreducible
unitary representation of G (Lemma[3), Schur’s lemma (Theorem [2) yields that there exist a constant
Cs,p € C such that
Se 0 Rp[f] = Ccf,pf (42)

forall f € L*(R™).

Finally, by directly computing the left-hand-side, namely S, o R,[f], we can verify that the constant
Co.p is given by

czw::«mp»::<mwm*1AQ”@nEW5ﬂwrmdw. 3)

O

A.2  Proof for (33)

Use matrix expressions with extended variables

san. =@ (5 %) (7)=ara e
§w <9'1“¢) _ (ﬁ f) <”f> _y (45)

and calculate
a'lz=(a'IL ' I YI(La)= (IL” "Ia)"I(L&), (46)

—_~—

which suggests g - (a,b) := IL~ " Ia, and we have

(v )00 (5 2
() G D0 5)= (A )

13

FLTi

SEREEEN



455

456

457

458

461

462

464

465

467

468

A.3 Proof for (39)
In fact, atevery g = (L,t) € G and (a,b) € R™ x R,

Ry[r(9)[f])(a,b) = |det L|~'/2 - flg™ - 2)p(0((a,b), ))dx

by putting = g - y = Ly + t with de = | det L|dy,

=|det LIY? | J()0(6((a.0).9-9))dy

= |det LIY? | J(@)p(6lg™" - (a,),)))dy

=7(9)[R,[f])(a,b). (47)
Similarly, at every g = (L,t) € G and ¢ € R™,

So[®(9)l))(@) = | det L|'/? /}RMX]RW(LCJ_1 -(a,))o(0((a, b), z))dadb

by putting (a,b) :=g- (&,7) = (L~ "&,n+ & - (L™1t)) with dadb = | det L|d&dn,
—|det LI [ (&mol6ly- (6m).e))dedy
R™ xR

— det 1] V/2 / L EnTOl(E ). - @)dedy

= m(9)[S- ]l (@). (48)

B Geometric Interpretation of Dual Action for Original Ridgelet Transform

We explain a geometric interpretation of the dual action (33)) in the previous section. We note that
in general 6 does not require any geometric interpretation as long as it is joint group invariant on
data-parameter domain.

For each (a,b) € R™ x R, put{(a,b) := {x € R™ | a -« — b = 0}. Then it is a hyperplane in R™
through point ¢ = ba/|a|? with normal vector u := a/|al.

Figure 3: The invariant ¢((a,b), ) = o(a - © — b) is the euclidean distance between point « and
hyperplane £(a, b) followed by scaling and nonlinearity o

For any point y in the hyperplane £(a, b), by definition a - y = b, thus
a-x—b=a- (x—y). (49)
But this means a - © — b is a scaled distance between point & and hyperplane £(a, b),

= |a|dE(m’€(a’b>)7 (50
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and further a scaled distance between hyperplanes £(a, a - ) through x with normal a/|a| and

§(a,b),
= lalde({(a,a-x),{(a,b)). (51)

Now, we can interpret the invariant 8((a,b), ) := a -  — b in a geometric manner, that is, it is the
distance between point and hyperplane, or between hyperplanes. We note that we can regard entire
o(a - x — b)—the distance modulated by both scaling and nonlinearity—as the invariant, say ¢.

Furthermore, the dual action g - (a, b) is understood as a parallel translation of hyperplane £(a, b) to
&(g - (a,b)) so as to leave the scaled distance 6 invariant, namely

Indeed, for any g = (L, 1) € G,
g-&(a,b)={g-x|a x—b=0}

={yla-(g7'-y)—b=0} (by letting y = g - )
={y| (L") y—(b+a (L7't) =0}
= g(g : (a7b))7

meaning that the hyperplane with parameter (a, b) translated by g is identical to the hyperplane with
parameter g - (a, b).

To summarize, in the case of fully-connected neural network (and its corresponding ridgelet trans-
form), the invariant is a modulated distance o(a - & — b), and the dual action is the parallel translation
of hyperplane so as to keep the distance invariant. Further, from this geometric perspective, we can
rewrite the fully-connected neural network in a geometric manner as

Shl@) = [ _2(©olads(.€)dads 53)

where a € R denotes signed scale and = denotes the space of all hyperplanes (not always through
the origin). Since each hyperplane is parametrized by normal vectors w € ™~ and distance p > 0
from the origin, we can induce the product of spherical measure du and Lebesgue measure dp as a
measure d¢ on the space = of hyperplanes.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: Theorem [3|and Corollary
Guidelines:
* The answer NA means that the abstract and introduction do not include the claims

made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: §[6.1]

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We put the proof right after Theorem [3]
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: This study does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [NA] .
Justification: This study does not include experiments.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they

should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: This study does not include experiments
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: This study does not include experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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8.

10.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: This study does not include experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

 The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We have reviewed the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: §[7]
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
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13.

generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This study does not contain any code, data nor trained model
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: This study does not contain any code, data nor trained model
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
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Answer: [NA]
Justification: This study does not provide any code, data nor trained model
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

15.

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This study does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This study does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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