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Abstract

In many interactive decision-making problems,
there is contextual side information that remains
fixed within the course of an interaction. This
problem has been studied quite extensively under
the assumption the context is fully observed, as
well as in the opposing limit when the context
is unobserved, a special type of POMDP also re-
ferred to as a Latent MDP (LMDP). In this work,
we consider a class of decision problems that inter-
polates between the settings, namely, between the
case the context is fully observed, and the case the
context is unobserved. We refer to this class of de-
cision problems as LMDPs with prospective side
information. In such an environment an agent
receives additional, weakly revealing, informa-
tion on the latent context at the beginning of each
episode. We show that, surprisingly, this prob-
lem is not captured by contemporary POMDP
settings and is not solved by RL algorithms de-
signed for partially observed environments. We
then establish that any sample efficient algorithm
must suffer at least Q(K2/3)-regret, as opposed
to standard Q(v/K) lower bounds. We design
an algorithm with a matching upper bound that
depends only polynomially on the problem param-
eters. This establishes exponential improvement
in the sample complexity relatively to the existing
LMDP lower bound, when prospective informa-
tion is not given (Kwon et al., 2021).

1. Introduction

"If in the first act you have hung a pistol on the wall, then in
the following one it should be fired.” A. Chekhov famously
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stated. From a decision making perspective this idea serves
as a reminder that in many environments an observer is
being presented with side information at the beginning of
an interaction that will be of value only in later use. Math-
ematically, this can be modelled as a contextual decision
problem with initial side information. Such natural problem
has been studied for the fully observed, Markovian setting,
when an agent has access to the contextual side informa-
tion (Jiang et al., 2017; Modi et al., 2018; Sun et al., 2019).
Such a problem was additionally studied in the partially
observed setting, when the contextual information exists but
is not observable by the agent (Chades et al., 2012; Hallak
et al., 2015; Brunskill & Li, 2013; Chatterjee et al., 2020;
Steimle et al., 2018; Kwon et al., 2021), a setting that was
also referred as Latent MDPs (LMDPs) in prior literature.

An LMDP can model real world problems where there ex-
ists an unobserved latent context, e.g., in dialogue, recom-
mender or in healthcare systems, when complete informa-
tion on a user or patient is not given, yet, each user remains
fixed within each episodic interaction. Recently, Kwon et al.
(2021; 2023) derived exponential worst-case lower bounds
in the number of contexts for this subclass of POMDPs. This
implies that, in general, near optimal policy of an LMDP
cannot be learned efficiently when the number of latent
context is large.

In this work, we study a natural sub-class of LMDPs in
which weakly revealing information on the latent context is
given to an agent at the beginning of the interaction. That
can be thought of as an intermediate regime between the
case the contextual side information is given to the case
it is hidden and latent, as in general LMDPS. We refer to
this class of environments as LMDP with Prospective Side
Information, or as LMDP-W¥. We introduce this class of
problems, study lower bounds and matching upper bounds
for this class, and show this setting can be learned efficiently,
unlike general LMDPs.

Motivating Example. Consider a navigation task where
the goal location is randomly selected at the beginning of an
episode from a small set of goal locations. Without further
assumptions, also an optimal policy of such POMDP will
perform poorly, and may not reach the goal state with high
probability. A natural way to improve the performance of
an agent is to supply it with additional hints about the goal
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Table 1: Known regret upper and lower bounds in different classes of POMDPs, ordered by their degree of difficulty from
the simplest to hardest (left to right). Dependencies on other problem parameters are omitted (e.g., S and H). The results
and the setting introduced in this work are highlighted in green.

state, e.g., which area the goal is located. Such a hint is
given at the beginning of the interaction and remains fixed
throughout the episode, yet, this hint does not fully specify
the location of the goal state. Such an environment is an
instance of the LMDP-V class.

Our Contributions. The main contributions of this work
are the following (see also Table 1). We introduce the
LMDP-V setting and study its sample complexity. Specifi-
cally, we study the problem of learning a near-optimal pol-
icy of an LMDP-U when the prospective side information
weakly reveals information, quantified by a parameter «, on
the true latent state. We provide a poly(A, o) K?/3 regret
upper bound, by building upon the pure exploration scheme
developed in Huang et al. (2023). Our upper bound does
not suffer exponential dependence in the number of latent
contexts as in an LMDP, namely, in the absence of prospec-
tive information Kwon et al. (2021; 2023). We also derive
a lower bound of () (afé s K 2/3 ) to this problem, unlike the
K'/2 rate one may expect.

Technically speaking, our work builds upon recent algorith-
mic advancements for POMDPs (Liu et al., 2023; Uehara
et al., 2022; Huang et al., 2023). However, proper appli-
cation of these requires care. Perhaps our most surprising
finding is that the LMDP-V class is not contained within
POMDP classes previously known to be efficiently learn-
able; hence, new results should be established for this class.
This fact also puts forward natural questions on generaliza-
tions of the LMDP-V setting which we leave to the future.

2. Preliminaries
An episodic LMDP is defined as follows:

Definition 2.1 (Latent MDP). An LMDP instance con-
sists of  tuple 0 = ({pm FA_y, (T H_y, {O 2L, ),
where M is the number of latent contexts; {p,, }»_, are the
mixing weights, the probability latent context m is drawn
at the beginning of an episode; T,, € R5*5x4 Q,, €
RIOIXSXA are the transition probabilities and instant ob-
servation distribution of m!"* MDPs, i.e., T,,(s|s,a) :=
P(s'|m,s,a) and O,,(0,s,a) := P(o|m,s,a) for state
s € S, next state s’ € S, action a € A, instanteneous
observation o € O, and latent context m € [M].

We assume that for all o € O, there is a known reward-
decoding function r : O — R, and each reward is bounded
|r(0)] < 1. To simplify the discussion, we assume that
the set of LMDP instances O has finite (but exponentially
large) cardinality |©|. Similarly, we also assume that the
observation space is discrete and finite:

Assumption 1 (Observation Space). Each observation at-
tains a value in the set O which has finite but could be
arbitrarily large cardinality |O|.

All claims made in this paper hold similarly for the continu-
ous model class with a standard e-discretization of © with
the extra discretization error analysis similar to Liu et al.
(2022) and continuous observations Liu et al. (2023).

At the beginning of every episode, a latent and unobserved
context m € [M] is sampled from a mixing distribution
{pm}M_, and is fixed for H time steps. Without loss of
generality, we assume that the system starts from time-step
t = 0 at a fixed initial state Sqummy and transits to other states
following the initial state distribution of the chosen MDP
regardless of taken actions (and we always see a dummy
observation 0gummy)-

Prospective Side Information for LMDPs. In this work,
we assume the LMDP is augmented with prospective side
information. Prospective side information is an additional
observation given prior to the beginning of the episode
and remains fixed along an episode. Let Z be the set of
prospective side information values, and is assumed to be
finite but may be arbitrarily large. Let I € RZI*M pe a
context dependent emission matrix, i.e., I(¢,m) := P(¢|m).
Further, we assume it provides some hint on the identity
of the true latent MDP. Formally, we assume the following
weakly revealing condition:

Assumption 2 (a-Weakly Revealing Prospective Side Infor-
mation). For any two belief vectors @1, T2 € A([M]),

dey (B(fon), P([02)) 2 Fllon = ol ()

With these definitions at hand, we define the LMDP with
Prospective Side Information, or LMDP-W, An LMDP-V is
the tuple 6 = (I, {py, T, O }M_,) € ©.

Accordingly, our goal is now to learn an e-optimal policy
from a larger class of policies I : Z x (A x O x §)* —
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A(A) that exploits the prospective side information. An
additional subclass which is useful to define is the class of
side information blind policies I1,11nq : (A X O x 8)* —
A(A), that does not exploit the prospective side information.
Trivially 11,1504 C ITif Z is non-empty. As we will see, the
nature of the problem becomes different by the capacity of
the policy class.

The optimal policy 7* is the optimal history-dependent pol-
icy that maximizes the expected cumulative reward

H
V' =max V" :=E" [Etzl Tt(ot)} ;
where the expectation is taken over latent contexts and
rewards generated by an LMDP instance, following pol-
icy m. We let 7}, ; 4 be the counterpart in the smaller policy
class IT,1 5 ng.

Notation We use the symbol < to mean that the inequality
holds up to some absolute multiplicative constant. We use
< when it holds up to some problem dependent polynomial
factors. To simplify notation, we occasionally denote pair-
wise quantities as x; := (8¢, a¢), y¢ := (0, St+1). Ber(p)
denotes a Bernoulli random variable with parameter p €
[0, 1]. For arbitrary full column-rank matrix M, M is a
left-inverse of M such that MTM = 1.

3. Related Work

The study of learning algorithms for LMDPs was initiated
within the framework of long-horizon multitask RL (Taylor
& Stone, 2009; Brunskill & Li, 2013; Hallak et al., 2015; Liu
et al., 2016), where full information on the latent contexts is
revealed for a long-enough episode. However, problems in
which full information on the latent context is not revealed
cannot be solved through this framework. Kwon et al. (2021)
considered the sample complexity of learning a near-optimal
policy for LMDPs without any assumptions. Unfortunately,
their lower bound is exponential in the number of contexts,
even when the transition dynamics are shared (Kwon et al.,
2023; 2022). Hence, further investigation on the natural
assumption for which LMDPs are efficiently learnable is
required. To overcome the fundamental barriers in LMDPs,
a few works have considered the assumption of giving true
information in hindsight (Kwon et al., 2021; Zhou et al.,
2022; Lee et al., 2023), as discussed earlier.

Another related work to our setting is the multi-step weakly
revealing POMDP, where an agent must play sub-optimal
actions to obtain weakly-revealing information (Golowich
et al., 2022; Liu et al., 2023; Chen et al., 2023). In this set-
ting, a similar lower bound of K %/3 regret has been reported
in Chen et al. (2023). While our lower bound construction is
partially inspired by theirs, the LMDP-V setting is different
since we obtain the weakly-revealing information “for free”

at the beginning of each episode. Hence, a priori, one may
hope for an improved upper bound in the simpler LMDP-¥
setting.

Lastly, in Kwon et al. (2021); Zhou et al. (2022); Lee et al.
(2023) the authors studied a somewhat dual setting to the one
we consider here: they assume the agent receives complete
information on the latent context in hindsight. Unlike their
work, we assume the revealing information is being given
at the initial time step: this implies the agent can use the
prospective information during the interaction. Further, we
do not assume the prospective information is sufficient for
deterministically decoding the latent state as in these works.

LMDP-V is not a Weakly Revealing POMDP. The re-
cent line of work on weakly revealing POMDPs (Liu et al.,
2022; 2023; Uehara et al., 2022; Chen et al., 2022; 2023) is
the most closely related to ours. Next, we elaborate on the
differences between the settings. These highlight both the
novelty and challenges in tackling the LMDP-W¥ problem.

e Standard POMDP modeling assumptions are violated
in the presence of prospective information. For the
LMDP-V setting, the available observations between
different time steps are not independent, conditioned
on the latent state. Let the available observation at each
time step be o; := (o4, 1), i.e., a combination of the
observation and the available initial prospective side in-
formation. Trivially, the common conditional indepen-
dence on the latent state assumption for the observation
generation process does not hold. It does not necessar-
ily hold that P™ (6, | s¢, m) # P™(6¢ | s¢,m, 00—1):
0;—1 contains information on o, since the prospective
information, ¢, is fixed during an episode. That is,
there is a non-trivial correlation between observations.
Unlike LMDP-V, in the common POMDP and the
weakly revealing POMDP settings (Liu et al., 2022),
the observation is independent of historical information
conditioned on the latent state.

* Regret guarantees are fundamentally different. As de-
picted in Table 1, the regret lower bound for LMDP-V,
without the exponential on the number of latent con-
texts, is (K 2/3). Such a lower bound is fundamen-
tally different than the O(+/K ) upper bound for weakly
revealing POMDPs. This highlights a key difference
between the settings established by our results.

4. Learning in LMDP-¥

In this section, we present our algorithmic results as well as
lower bound analysis.
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Algorithm 1 Regret Minimization within ITy;; 14

1: Initialize P° = (), C° = ©

2: fork=1..K do

3:  # Optimistic Policy Search

Pick (%, 7%) = arg MAaXgeck ey, Var
Get 7F = (s¥,al, ...,7%), /¥ by executing 7"

# Confidence Set Construction

DF « D=1 U {(/F, 7%, 7%)} and update C* using
(6)

8: end for

k

AN

4.1. Warm Up: VK -Regret within 11y ; 04

Consider the problem of learning a near-optimal policy
only in the blind policy class II,1;,4. Such a setting is
equivalent to the one in which the prospective side in-
formation is provided in hindsight, and thus, the prob-
lem falls into the setting of well-conditioned PSR studied
in Liu et al. (2023). To see this, define problem opera-
tors B(0,s41|s,a) = I - diag([P(o, s41|m, s,a)]M_,) - T
and by = [w. We can easily verify that for any blind policy
7 € Ip1inq and trajectory 7 = (81, a1, 01, ..., SH, G, OH ),

P™(¢,7) = eLT 'H]{ilB(ot, St+1]8¢, at) - bo - 7(T),

where 7(7) = IIIL  7(ap|s1, ..., s5). We define spr11 := ()

in the above expression. Let

Wt = (’I“t, St+1, At41, ...,7“H)7
G(wes st ar) " = e TG, B(on, spsalsnan),  (2)

where w; is the future partial trajectory from time step t.
With this, the system reparameterized by B and by with
the blind policy class is a well-conditioned PSR, as defined
in Liu et al. (2023) (see their Condition 4.3), i.e., for any
t € [H] and any policy 7 € I, ;4 it holds that

M

.
a)Th <2 @3
b:mi}ilwt m(we )|t (we, tlse, ar) b < 5 3

With the above condition, since no extra tests are required
to obtain ¢, this allows us to apply the Optimistic-MLE (O-
MLE) algorithm introduced in Liu et al. (2022) for regret
minimization (see Algorithm 1).

We can follow the analysis of the optimistic-MLE approach
for well-conditioned PSRs (Liu et al., 2023), yielding the
following theorem:

Theorem 4.1. Let 7}, ., be the optimal policy in 11y, ;nqg
for the true environment 0*. With probability greater than
1 — 6, the regret of Algorithm 1 (with respect to the optimal
blind policy) satisfies

M3/2 2

- V/SAK log(|0]/68)(log K).

K

Thiind k
3 Vg vt S
k=1

Note that the size of model class |©] is typically exponential
in the number of free parameters that define the system,
and we would hope to bound the regret with a log |©| term
for general function classes. For the tabular case with finite
supported observation and prospective side information, this
term scales as log |©] = O(M(S?A + SA|O|) + M|T)).

4.2. What’s Wrong with 7., ,?

Even if we obtain a sublinear O(v/K)-regret compared to
Tp1:nq> DOte that the original goal is to learn the true op-
timal policy 7* € II which exploits the prospective side
information within each trajectory. Therefore, the notion of
true regret must be defined in a stronger sense:

Regret(K) = Y n Vi — Vi (4)

The overall measure of performance should be on obtaining
v/ K -regret with the above stricter definition.

Another issue is, by converting the argument of regret-
minimization to sample-complexity, we can obtain e-
optimal policy from Algorithm 1 with e = O(1/v/K ). How-
ever, a naive conversion of near-optimal policies in Iy114
would only guarantee (|Z|e)-optimality for the larger class
of policies II. To see this, suppose O-MLE returns a model
0 such that for all w € IT,1; 4,

dTV (]Pg(ba T)7 IPg* (L7 T)) S €,

For the individual ¢+, however, we can only infer in the worst
case that

Po«(¢) - dry (PG (7|t), PG (7|t)) < min(Py«(¢), €).

Thus, when considering a larger policy class 7 € II, a naive
analysis would lead to the following upper bound

S Py (1)dny (]P;:("") (7]), PL1Y (T|L)) < min(1, [Z]e),

since for every ¢ we use different policy 7 (+|¢), but a naive
analysis would result in a loose bound with multiplicative
amplification of the error. Since we consider a large or (al-
most) continuous observation, the result should not directly
depend on |Z|, and, instead depend on log(|©|).

4.3. Hardness of LMDP-V¥

The first question with prospective side information is
whether v/K -regret is achievable in the stronger sense of
Equation (4), i.e., with respect to the stronger comparison
policy 7*. Surprisingly (and rather disappointingly), when
learning with a larger policy class with the stronger notion
of regret, we show that it is impossible to obtain v/ -regret
unless K is larger than A?(M),
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Theorem 4.2. There exists a family of LMDP-Vs, © 44,
and a reference model 0y with a-prospective side informa-
tion, such that for any algorithm, the regret of the worst-case
instance satisfies with o < 1/(256vV M),
- ()
inf  sup |74 A
Y2195 9€6),,,U{00 } kz:l ? 0
A/3YMMY A K
z min ( / ) ’ 776
Me Ma2e2” M

By optimizing over €, we obtain the following lower bound:

Corollary 4.3. The regret of any algorithm for the worst-
case family of instances satisfy

K
inf sup g VT
¥:2195 9 @),,,U{60 } k=1

AN\ V3
>p min <AQ(M)\/?, <2> K2/3)> .
e!

*

_ ‘/‘gﬂk(w)

This lower bound implies the impossibility of designing
a learning algorithm with poly(M)v/K -regret. Instead,
next, we aim to derive an algorithm with an upper bound of
poly(M)K 2/3 on its regret, i.e., a regret guarantee with no
exponential dependence in the number of latent contexts.

4.4. Pure Exploration within Il ;.4 is Sufficient

In this section, we present an explore-then-exploit strat-
egy that achieves the optimal O(K?/3) regret. When Al-
gorithm 1 (or a reward-free version of it) terminates, the
guaranteed inequality is usually on the total variation dis-
tance between any model in the confidence set § € C¥ and
true model 6*:
ax dry(P7, 115 ) <.

As discussed earlier, this is not sufficient, and we need a
stronger notion of termination criterion, which ensures that
all reachable belief (and the PSR) states have been suffi-
ciently explored in all models in the remaining confidence.
Formally, define the reward bonus for any history at a state-
action pair x := (s, a) as

™ (76) = ook (7o) | Ak ()15

\|EZ;9((:))|\ - is a normalized PSR of history 7
in a model 6 when a blind policy is executed. Our key obser-
vation is the following upper bound that relates estimation
errors between II and Il ;.4:

max E7 [Zf’: ) f’c(n)} )

TE€Mp1ing

where by (1¢) =

ITPEal}[( dTV(IPga IPg* ) SP

Algorithm 2 Pure Exploration for LMDP-¥
Input: Termination condition €g :=

QLE
10HM2\/XoM2 /a2 43’

A 2172
Regularizer \y := %

1: Initialize P° =0,C% = O
2: fork=0..K —1do
3:  # Execute the Worst Blind Policy

4:  Pick any 6% € C* )
5. 7wk = arg MaXrell,, g V(;Lfk
6. If ‘797;’7:,6 < €pe, then break
7. Get/F and 7% = (s¥, ak, ..., %) by executing 7*
8:  # Confidence Set Construction
9:  DF « DFLU{(7F, /%, 7%)} and update C* using
(6)
10: end for

11: return § = 9%

A recent result of Huang et al. (2023) (see their Lemma 6)
gives an explicit bound on the quantity E7 [Zil P (Tt):| ,
instead of bounding the total-variation distance indirectly
from the elliptical potential lemma. Therefore, their pure
exploration algorithm, only with policies from a class of
blind policies 11,1 14, is sufficient to learn the optimal pol-
icy in a larger class of policy II. We mention that before the
result of Huang et al. (2023), direct bound on the cumulative
bonus of trajectories did not exist.

Formally, we consider Algorithm 2, where we let 7, :=
(s1,a1, ..., St,a¢) be a partial trajectory up to time-step ¢
without prospective side information. The expected cumu-
lative bonus at the k' episode in the empirical model is
defined as

Vi on = Ernpy, |1, 75 (7).

The confidence set is given based on the likelihood of each
model:

ok — {9 €O \Z@,m)em log P3 (1, 7)

> MAXD 2, - mepr 108 P (1, 7) — B bo©
B is pre-defined by the concentration of likelihood value,
and is given by log(K'|©|/d) as shown in Lemma A.1. Note
that from the construction of the confidence set C¥, for all
k € [K], we know that with probability at least 1 — ¢,

P7. (¢,
~Y g (W) <928,
(r,m)eD* o~ (L7T)
Thus, we may simply choose the maximum likelihood esti-

mator (MLE). We obtain the following guarantee:

Theorem 4.4. Let ep., Ao as defined in the input in Algo-
rithm 2. Then, with probability at least 1 — 0, Algorithm 2
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returns a model 0 after at most K episodes where

M8H*SA -log(K|©]/6) log(K
K_O< oB(101/3 og >>7 -

Furthermore, the optimal policy 77;5 € II for the returned
model 0 is an e-optimal policy for 0* with probability at

least1— 4, i.e., - Vgié <e

Finally, the sample complexity guarantee can naturally be
converted into a regret guarantee by a standard explore-then-
exploit approach. That is, by playing ¢=2 = O(K?/3) to
obtain an e-optimal policy and exploit the learned policy for
the remaining episode. For regret minimization, we get:

K 8 174 1/3
Zvei* 7‘/97£k < <M H SA~10g(|G)|/5)> K23,

ab

regret bound up to logarithmic factors for K episodes.

5. Analysis

In this section, we provide the upper and lower bounds
proofs and intuition.

5.1. Upper Bound

Here, we provide the overview of analyzing Algorithm 2.
The main step is to establish the inequality of equation (5).
We adopt the idea from Huang et al. (2023) of separating
the concentration argument (for bounding the sum of TV
distances) and the elliptical potential argument. In addition
to the notation defined in equation (2), we let

b(re) == Hff:llB(Oha Sh41|5h,an)bo,
(L, 7¢) = H';Lzlﬂ(ahh, S1y -5 Sh),

H
m(wele, 1) = T_ yw(anle, 815 .00 88)-

Our crucial observation on exploiting the prospective weakly
revealing side information is the following conditional, on
the value of ¢, well conditioning of the LMDP-V¥ system:

Lemma 5.1. Fix any prospective side information v € T.
For all vy = (st,a1) € S x A t € [H), and T that is
independent of the history before time-step t, we have

max max

M
p e 7(w) |t (wy, tx) T < — max P(um).

« me[M]

On the other hand, following the standard algebra to bound
the total variation distance, we can bound dry (Pj.,P}) as
for all 6 as follows:

H
dry(Pg.,Pg) < ZZ (T¢]e) Z\f(wt,L)bg(Tt)‘,

Wt

Hard-to-Learn chain

*
aexplore

Case I: ipyrq 1s hardly informative

m .
Qexploit r=1ifm=m()
. a5 »
Init >O— ™\ Ter

r=0 otherwise

Case II: ¢ # iparq nearly specifies the context

Figure 1: Optimal behaviors in the family of hard instances.
The numbers on the arrow mean the probability of transi-
tions under the optimal policy. Actions on the arrow mean
transition happens when the action satisfying the condition
is taken.

where f(wi,0) = m(wilmi,0) - Yo (Wipns i) T
(Bo+ (yt|zt) — Bg(yt|zt)) is the term involving the oper-
ator difference between two models. The inner summation
over the partial future trajectory w; can be split into the
multiplication of the concentration error conditioned on ¢:

|| Zwt f(CUt, L)”At(m)

and the cumulative sum of trajectory bonuses when the
prospective side information ¢ is ignored:

196 (7o) 14, ()2 -

For the concentration error in PSRs, we can apply the con-
ditional concentration of total-variation distances for likeli-
hood estimators (see Appendix A.3) and Lemma 5.1. For
the cumulative bonuses, we use the termination condition
of Algorithm 2. Combining the two, we can prove Theorem
4.4. See Appendix B for the complete proofs.

5.2. Lower Bound

Next, we describe the lower bound construction and supply
intuition for this result. Consider the following scenario
(see Figure 1 for the class of LMDP-Ws): suppose that
for a non-negligible portion of episodes, the prospective
side information does supply any information on the latent
context. That is, given the prospective side information
thard the posterior probability over the latent contexts is
uniform, i.e., P(m|ipya) = 1/M, and tpyq happens with
constant probability, e.g., 1/4. With tyaq alone, however,
learning the optimal action sequence aj.; (optimal policy)
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may suffer from an exponential lower bound A%(M) since
thara SUpplies no information on the latent context. At the
same time, playing any sub-optimal action sequence incurs
an §2(e) regret where € is the required target accuracy.

On the other hand, any other prospective side information
L # thad> provides a strong signal of one environment that
is the most likely, i.e., P(m*(¢)|¢) > 1/2. Further, suppose
that there is a unique exploiting action for each context that
always gives a high reward, and playing any other action
incurs O(1)-regret. For this environment, the regret of any
algorithm is proportional to how many times the sub-optimal
action is played when ¢ # thaq.

However, it is still essential to learn the optimal sequence
of actions aj.; in order to behave optimally under tpaq.
Therefore, to avoid the exponential lower bound, we should
be aided by good prospective side information ¢ # ipq
despite the strong signal of the underlying model. We can
construct internal dynamics such that we need to explore the
two chains for at least (A/a?€?) episodes to identify the
optimal action sequence aj.; when ¢ # tparq. Combining
these arguments, the regret lower bound should be at least

AT A Ke) , yielding Theorem 4.2.

€ ) 2e2)

min (

To obtain the multiplicative dependence on « and e, the
actual construction of the hard instance family is slightly
more complicated. We assume that M is sufficiently large
and a multiple of 4, and let d = M /4. We also assume that
a < 11is a sufficiently small constant. We let the time step
start from ¢ = 0 at the initial state s;,;;. Next, we describe
the construction of the hard LMDP-V class:

State Space. There are four categories of states. The ini-
tial state sinir, absorbing state sy, (Which means essentially
an episode is terminated), a chain of states constructing

a hard-to-learn system s?i‘&d, and another chain of states

constructing a reference system s't,.

Action Space. The set of actions at the initial time step
consists of a set of candidate exploring actions Acxpiore and
exploiting actions Aexpioit := {a;’;ploit}%[: M/241 that con-
trol the dynamics at the initial state. The action set at time
steps 1,- - - , d, denoted by Aconiol, controls the dynamics
in hard-to-learn and reference chains of the system. At the
initial time step, only one action of Aexplme is a true explor-

ing action ago- At time steps 1,- - -, d only one action
Rd

*
sequence a},; € AS o

| is the optimal sequence.

Latent Environments and Initial Dynamics. There are
three groups of MDPS: G1carn, Gres, and Gops. All MDPs
always start from the same starting state Sipit.

Glearn consists of (M/4) MDPs, My, ..., M4, which
essentially form the hard to learn example from Kwon et al.

(2021) when no prospective side information is provided. In
any of these environments, in the beginning, when the ‘true’

explore action agy . is played, it transitions to the starting
hard

of hard-instance chain s]

Similarly, G..r consists of another (M/4) MDPs,
Marjasts -y Mgz, and the purpose of G, ¢ is to confuse
the learning the optimal action sequence in the hard-to-learn
chain, as we make the prospective side information hard
to distinguish whether an MDP belongs to G carn OF Gret.
More precisely, under ¢p,q, it is hard to identify which one
is the hard-to-learn or reference chain, and thus it is hard
to identify a This is crucial to build a multiplicative

explore*
lower bound on « and e.

The rest of (/2) MDPs, indexed by M /241, ..., M,
belong to the almost observable group G.,s. In each en-
vironment of this group M,, € Gops where m = M /2 +
L, ..., M, executing agy,,; at the initial time step step results
with a reward 1, and gets O otherwise.

with some small probability.

Dynamics of Two Chains. In both hard and reference
chains, at any states in sl{f‘&d and s‘f‘fd all actions a ¢ Acontrol

invoke transitions to sy, with O rewards.

In the reference chain, in all environments in G1carn U Grer,
for all actions a € Acontrols sff‘ transitions to s‘ﬁ{l with

1 ter .
i otherwise
when t < d. When the chain transitions to s, we receive a

reward sampled from Ber(1/8).

probability (1 - ) and transitions to s

In the hard-to-learn chain, for all environments in G,.¢, the
system dynamic is identical to the reference chain. The en-
vironments in Gy.. .y are set to be the hard family instances
of MDPs from Kwon et al. (2021) (while setting d = M /4),
also depicted in Figure 1, Case I:

1. At each time, MDPs in G;..,,, transitions from one
state in the chain to the next state or to s, depending
on the played action. When an agent transitions to S,
it receives a reward drawn from Ber(1/8).

2. At all time steps besides at the last one, the agent re-
ceives a reward of 0, when taking an action that does
not take it to s, At the last time step, if the agent did
not move to si; and upon taking the action a}; it recives
a reward of 1. Hence, the essence of this construction
is to identify the optimal action sequence a7,; which
guarantees a reward 1 from M at the end of the chain
slc‘l”d. Playing any sub-optimal action sequence gener-
ates the distribution of observations indistinguishable
from the reference chain.

We complete the construction in Appendix C.
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Prospective Side Information. The prospective side in-
formation either is a strong prior of one of the MDPs in G,
or uninformative in which case ¢ = ¢p,q. Our construction
ensures that when observing tp,q, all MDPs in Gieary and
Gret have equal conditional probability, i.e., P(m|c) = 2/M
for all m € [M/2], whereas for other values of prospec-
tive information ¢ # ip,q, there is one MDP from Gy
whose prior probability is greater than 1/2, and priors over
Glearn U Grer are nearly equally distributed but perturbed
by a small parameter a, i.e., P(mops|t) > 1/2 for some
Mobs € [M/2+1, M], and P(m|t) = O(1/M) + O(«) for
allm € [M/2].

Hard Instances. The family of hard instances Oy,q that
consists the set of hard-to-learn LMDP-Us is described as
follows. All instances in the hard instance family share
the same state space, action space and prospective side-
information. The family of hard-to-learn LMDP-Vs dif-
fer in their transition dynamics. Each LMDP-V¥ in Oy,q
differs by its transition dynamics. The transition dynam-
ics of each element of Oy, is determined by one of the
possible sequences aj.; € Agim that represents the op-
timal action sequence, and by the ‘true’ exploring actions

*
aexplore € Aexplor e-

Reference Model. We denote 6 as the reference model
whose hard-to-learn chain is no different from the refer-
ence chain in all individual MDPs. In the reference model,
at Sii, all MDPs in G,.¢ transitions to s}f“d and those in
G1earn transitions to srff deterministically when any action
in Aexplore is played. All other parts are constructed with the

same dynamics as in Opyq.

Proof Overview. With the above construction, the follow-
ing lemmas play key roles in proving the lower bound:

Lemma 5.2. Let 1) be any exploration strategy for LMDP-
W. Consider any hard instance 0 € Oy, and the refer-
ence model 0y. Let N ;x’zlf;fd(K ) be the number of times
that explored the chain systems with the test t,(a1.q4) :=
{4y @ piores @1:a}, €., with the true exploration action and
any sequence a.q € A® ? given prospective side informa-
tion . Then,

Z Eg, [Nixlzlffd (K)} - KL (Py, (-[t.(a1:a), Po(-[t.(a1:a))
L,a1:d

= KL (P, (755, Py (1)) @®)

where P¥ (1K) is a distribution of K trajectories obtained
with the exploration strategy 1.

The main reason for the equality (8) is that whenever
a 7# Aipore 18 played regardless of the prospective side
information, the two models # and 6, generate observations

from the same distribution. Then the key lemma is on the
bounds for the conditional KL-divergence:

Lemma 5.3. For all non optimal action sequences ay.q 7
ai.q the following holds:

KL (IPHO ( |Lharda G‘prlore? al:d)a Pe('|bhtlrdv a’:xplnre? al:d)) =0,
and forall L € T,

KL (IPQO ('|L7 a’:xplore? a’T:d)? ]PG( |L7 a:xplorw G‘T:d)) 5 62‘
Furthermore, for all t # tparq and a1.q # a3.4:

KL (IPGO('|L7 a’:xplore? alid)’ IP@("L? a’:xplore? alid)) 5 (a6)2'

Therefore, we can bound the KL-divergence between the
total trajectory distributions of the two models as

KL (Py, (r5), Py (1))

BN ¢ Y BN (o)

Y,L,a1:4
L7 thard s Q1 :d

which translates to the impossibility of distinguishing the
two with a probability more than 2/3 unless either

1
explore
E90 [Nwﬁharmaid (K)] Z ?7
X T 1
or Z Eg, [N;P:]Zled(K)} R 53 ®)

e

1F thard,Q1:d
Finally, note that playing sub-optimal actions with ¢ # tpaq
incurs at least 1/8-regret, playing sub-optimal action se-
quence aj.q # a}., incurs at least O(e/M)-regret, and play-
ing the optimal sequence a}_, at least O(1/€?) times would
take (A%/€?) episodes in the worst case. The remaining
steps are to formally state the ideas (see Appendix C).

6. Conclusion

In this work, we introduced the LMDP-V setting, when a
prospective and weakly revealing information on the latent
context is given to an agent. We showed that LMDP-U does
not belong to the weakly revealing POMDP class, as our
results highlight its fundamental different characteristic: for
an LMDP-V, differently than a weakly revealing POMDP,
an O(v/K) worst-case upper bound is not achievable with-
out suffering exponential dependence in the problem param-
eters. We complemented this negative result with a positive
one: an Q(K?/3) lower bound and a matching upper bound
that depends polynomially on problem parameters.

From a broader perspective, our results highlight a key defi-
ciency of a ubiquitous assumption made in POMDP model-
ing, namely, the independence of observation between con-
secutive time steps, when conditioning on the latent state.
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This assumption is violated in the presence of prospective in-
formation and, specifically, in the LMDP-W setting. We be-
lieve that studying the learnability of more general POMDP
settings with prospective side information, or non-trivial
correlation between observations serves as a fruitful ground
for future work. Further, scaling the methods for practical
settings, while building on a solid theoretical foundation, is
a valuable and open research direction.

Impact statement. This paper presents work whose goal is
to advance the field of Machine Learning. There are many
potential societal consequences of our work, none which we
feel must be specifically highlighted here.
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Supplementary Materials for ‘“Prospective Side Information for
Latent MDPs"

A. Auxiliary Lemmas
Lemma A.1 (General MLE, Liu et al. (2022)). With probability 1 — 6 for any § > 0, for all k € K], t € [H] and for any

0 €0,
Y log(P(i,m)) —3log(K|6|/6) < Y log(PF (1, 7)) (10)

(¢,7¢,m)EDk

(¢,7¢,m)EDk

This is by now a standard MLE technique for constructing confidence sets in RL (Agarwal et al., 2020).

f IOOf l he pr( )Of fOllOWS a Chel‘noff bound type Of technique.
]P(9 L, Tt

S log <IEW) > Ey- > log <1Pg*(L77't)

Py- ¢
(¢y1¢,m)EDE PG*<L7Tt) (¢,7¢,m)EDF

IPT((MTt)

< Py | exp log <f > exp (B)
PRI\
P75 (¢ Tt)>

< Eg+ |ex log [ =222 exp(—0).

<Epfon| ¥ e (i) | el

(¢,7¢,m)EDE

The last inequality is by Markov’s inequality. Note that random variables are (, 7, ) in the trajectory dataset D*, and

]PTF
B | 3 log (20UTLY | KL(P,. (D4)1By(D) < 0.
X Pg*(bﬂTt)
(7,m)€Dk
Then,
]PW(L Tt) P (L Tt)
Eg- log | =2~ =FEy. |II 02— N TPy (DF) = 1.
g« | exp Z og (Pg*(L,Tt)) 0 { (L,Tt,ﬂ)EDk]Pg*(L’Tt) ; o(D")

(¢,7¢,m)EDF

Combining the above, taking a union bound over k € [K] and 6 € ©, letting 8 = log(K|©|/§), with probability 1 — 4, the
O

inequality in equality (10) holds.
Lemma A.2. With probability 1 — 6, forall k € [K], t € [H] and 0 € ©, we have
. ” P7.(¢,7)
Z &3y (P5(e,7), PG (1, 7)) S Z log (]Peg(m> + 5,

(¢,7,m)EDF

(¢,7,m)EDE
P (4,
Y PR s Y log(SElT) g
Pg(e,7)
(¢,7,m)EDE (¢,7,m)EDE

Proof. By the TV-distance and Hellinger distance relation, for any ¢, 7, 7 and t € [H],
dzy (Pf (e, 7), PG (1, 7)) < 2d (PF (e, 7), PG (1, 7))

P37 (¢, 7)
P7. (¢, 7)

=2 (1 - EL,TN]P;'*

11
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< _210g <]EL,7‘~]P§*

Pg (e, 7)
Py (e,7)| )"

Z d%\/ (Pg([’? 7—)’ ]Pg* (La T)) < -2 Z log <EL,T~]P;’*

(¢,7,m)EDk (¢,7,m)EDF

On the other hand, by the Chernoff bound,

To bound the summation over samples, we start from

P7(e,7) Py, 7)
Po. 1 ARV BN logE, rp~ "
IS Og< JPg*u,r)) Z 2 lEBew |\
(e,7,7) €Dk (¢,7,m)EDE
PT(¢,7)
b (S mment 08 (/7))
< Ey. ( )E 9*(“]1)1( ) eXp(—ﬁ)
_exp (Z(L,T,W)ED’“ IOg ]E"vTN]Pg* [ ]Pf* (1”17—):|)
B P7(¢,7)
II k a
(¢,7,m)ED P, (v,
— Ey- il ]P)W(L = | exp(=F)
-H(L,T,‘IT)EDkELaTNIPg* |: le* (¢,7)
i P7(e,7) P () | g k1
H(L,T,ﬂ)EDk—l\/%.]EL,T"N]ng [ W ™D ]
= Ee* IP’T(L T) eXp(_B)
H(L,T,W)EDkE”vTN]Pg* |: ]Pf* (e,7)
i P7(e,7)
H(L,T,W)ED’V*1 W
= E@* ™ eXp(_B) == eXp(_B)’
il By, [\ P
i (L,T,‘IT)ED - LvTN]Pg* ]Pg* (LwT)

where in the last line, we used the tower property of expectation. Thus, again by setting 8 = O (log(K H|©|/6)), with
probability at least 1 — §, we have

. . 1 P75 (e, )

> AP E g Y g (pheD )+
(¢,7,m)EDE (¢,7,m)EDk

1 P75 (¢, 7) 1 P75 (¢,7)
- _Z 1 —0\n ) - 1 —O0\» ) .
2 2 (P;z(m)) EpS Og(]?g*w o

(¢,7,m)EDE
We can apply Lemma A.1, and finally have
P75 (e, 7
IR R AT R DR - Y P

(¢,7,m)EDE (¢,7,m)EDkE U

O

Most of the following lemmas can also be found in (Huang et al., 2023) as we adopt their proof strategy. We state and
prove them for the completeness. The following is the concentration lemma for the empirical conditional probability, which
Importantly, this property still holds regardless of causal relationships inside each trajectory sample:

Lemma A.3. With probability 1 — 6, forall k € [K], t € [H], 6 € O, we have

Z d?"/ (IPg(vat‘Tt)7Pg* (L,(JJt|Tt)) S Z log (IW> + /37

(¢,7¢,we,m)EDE (t,7,m)EDF IPG (L7 T)
2 T T < IPg* (Lv T)
Z dH (IPH (vat|Tt)aIP9* (vat|7—t)) ~ Z lOg m +6
(¢, ,we,m)EDF (¢,7,m)EDE AN

12
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Proof. The proof is almost identical except that we now start from

Z d v (PG (1, we|7e), Pha (¢, we| 7)) < —2 Z log <]E(L,U.)t)NIPg*('|Tt)
(7,m)eDk (7,m)eDk

7 (¢, we|e)

P (v, welme) | )

and use the tower property of expectation conditioned on 7F. Thus, again by setting 5 = O (log(K H|©|/6)), with
probability at least 1 — §, we have

1 Py (¢, wel|T
(r,m)€Dk (7,m)EDk ox \by Wt |Tt

1 IPW(L 7') 1 ]PTr(Tt)
= — = 1 —0\" ) - 1 7] .

2 Z % (Pg* (L’T)> * 2 Z o8 (Pél (7¢) 8

(¢,7,m)EDE (¢,7,m)EDk

Finally, we apply Lemma A.1, and have

> A (P wilm) PR (wrlm) S— ) log (W> + 8.

PZ. (¢, 7
(¢,7,m)EDE (¢,7,m)EDE o (’ )

Lemma A.4. For arbitrary probability distribution P, Q) over joint distributions (1, w),
E;~pldi(P(w|r), Qw|n))] < 4d5(P(w,7),Q(w,7)).

Proof. We prove this statement by explicitly bounding the Hellinger distance.

([ (vPem - Vi)' aw ) peryar
<2// VP, 7) — /O Qwr) dwd7+2// \/P —/OMQwlr ) dwdr
= 2d2(P(w,7), Q(w,7) +2// F \ﬁ) (w|7)dwdr

<A4di(P(w,T),Q(w,7)).

O

Lemma A.5. Let v € RY be a random vector from a series of distributions {D"*}, and let Uy, = U; + > i<t Exnpi [z2T]
with Uy = M for some positive constant X > 0. Assume that ||x||2 < 1 almost surely. Then,

K
;;1 min (Eqpe [lo2 2], R) < (14 R)dlog(1 + K/N).

This is minor variation of the standard result from (Abbasi-Yadkori et al., 2011). Differently from their result, here, we need
to establish the bound for the expected U. Hence their result is not directly applied here.

Proof. We follow the same technique of (Abbasi-Yadkori et al., 2011).

M) >

ki_lmin (EzNDk |:||$||?j;1j| 7R) <(1+R)) log (1 +E,p |:H"L‘||?];1:|)

k

Il
_

M=

@1+ RS log (14 Tr(Byupr [z27] UY)

>
Il

1
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=(14+R) Zlog (1 + Tr(Upg1 — Uk)U;JI))
k=1

K
<(1+R)Y logdet (Id + (U7 (Upgn — Uk)U_1/2))

k=1
K
detUk+1 det(UK+1)
(1+R) =(1+4+R)log ———————
+ kz = (14 R)log =273
< (14 R)dlog(1+ K//\)
where (a) is due to the linearity of trace operators. O
Lemma A.6. Let . be any sequence of vectors in RY where rank({xy.}1) = v < d, and let Uy, = X\ + Dk T xJT Then,
S el <
j<k
Proof. Again, we can express a' A~'a = Tr(aa' A1), and thus
Z Tr(a:jijUk__l) =Tr ((Zj<k xjx;r)Uk_l)
J<k
-1
=Tr (I— (I+ Ak xjxj) ) <r,
where the inequality holds since the matrix inside Tr is at most rank r with eigenvalues less than or equal to one. O
Lemma A.7. For any vectors a, b and positive definite matrices A, B such that A, B = \oI, we have
lalla-r = [bllp-» < ﬁIIG —bll2 + [Bll -1 [|A™2(B — A) B2 2.
Proof. The proof follows by algebraic manipulations:
lall%— — 1615
lalla=r = llbllz-1 =
lalla=r + (16l 51
_a'A M a—b)+(a—b)"Btb+a" A (B—A)B!
lalla-r + (10l 51
_ llalla-rlla =blla-s + lla = bll -1 Bl 5-2 + a" A~ (B — A)B~"
- lall a1+ + (10l 51
< iﬁHa—bllmL bl 5+ | A72(B — A) B~V
O

B. Proof of Upper Bounds
We remind the reader some notations we frequently use in the appendix.
B(0,5:1s,a) = 1- diag([P(0, s11|m, s, a)|5_y) - ',
bo = ]Iw,
Tt = (81,01,01, ..., St, Qt),
Wt = (Ot, S¢41,@t41, -+, OH),

Q/J(Wta L‘8t>—r = e;r : H}I;I:tB(O}u Sh+1|sh7 CLh),

14
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b(r1) = T,y B(on, $ht1|sn, an)bo,
7T(Tt) = szlw(amsl, ceey Sh),

m(we|m) = HhH:t+17r(a,;L|51, ey Sh)-

We frequently use a shorthand for a pair of observations, z; := (s, a;) and y; := (04, St41)-

B.1. Proof of Theorem 4.1

There are several analysis techniques available in previous work (e.g., Liu et al. (2022); Uehara et al. (2022); Liu et al.
(2023); Chen et al. (2022); Huang et al. (2023)). Among all the above great works, we find the recent analysis of Huang
et al. (2023) as particularly well-suited for our setting, and thus we adopt their proof ideas.

By the choice of model selection in the confidence set, it is sufficient to bound the sum TV-distances since
K K K

* k K k K

ngtbh“d —V97i < Zvé;lzk —Veﬂ; < H'Zdw( gk, g* )
k=1 k=1 k=1

At each episode k € [K], we start by unfolding the upper bound of the total-variation distance:

H
dro(Pg. (7,0), P (1,0)) < Z ZW(T) |tor (wert, tlmera) Tbes (Teg1) — Yon (wr, tlae) "o (7))

7,0 t=1

H
=YD w () - [vor (@it dlwien) T (Bor (gelwe) — Boe (yel)) bo- ()] -

t=1 7,

We focus on bounding the inner summation fixing ¢. Every trajectory 7 can be decomposed into 7; and w;, and thus

dro(P3 (7,0), P (7,1))
< Zzﬂk(ﬁ) Z”k(wt\ﬁ) ’ ‘%k (Wt—&-lab‘xt-&-l)T (Bor (yt|zt) — Bo- (yt|xt))ﬂ9*ﬂg*b9*(”) ) (11)
t Tt

where we used Iy~ ]Ig* be« (+) = by~ (-) since by~ (-) is in the column span of Iy«. Define

Vo= (7¢)

(1) = I bg- (1), and , ge () = —2 U
vor (70) =g bor (1), a0 8- (1) = o S,

which are the internal unnormalized and normalized latent belief states, respectively. Then the RHS in equation (11) can be
expressed as

Zﬁk(ﬁ)ﬂﬁe*(ﬁ)”l Zﬂk(wtm) : Wek- (Wes1selzei1) " (Bor (yele) — Be*(yt|$t))]19*170*(7t)| :

Tt Wil
Define an elliptical potential matrix A¥ (s, a) as
A¥(s,a) = XT+ > Eg [1{(se,a0) = (5,a)} 0o+ (7e)00+(70) | ,
i<k

where we define \* later (here, the choice of A* does not matter much). Using Cauchy-Schwartz inequality, we can
separate the concentration argument and the pigeon-hole (a.k.a. elliptical potential lemma) argument. For simplicity, let
Flwis 1) = tgn (wesr, tlaeir) T (Bor (yele) — Bo- (yela¢)) To-. Then

Zﬁk(wt\ﬁ) Jbgr (wigr, tlaegn) T (Bor (yelze) — Bo- (ye]a1)) Lo vo- (74) |

= P (wilm) - [ fwr, )0e- (1) = > 7 (wilm) - flwis )san(f(we, 1)0e- (1)) - Tgs (12)

15
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< |37 il - fwr Dsan(f @i oo ()] 180 (70l ey - -
Wit Ak (zy)
Checking the squared norm of the first part, we observe that
2
Zﬂk(wth) * f(we, 1) sgn(f(we, 1) Ve~ (1¢))
Wiyt Ak (x4)
2
=X\ Zﬂ(wtln)f(wt, 1) - sgn(f(we, 1)vg=(7¢))
Wi, L 2
(4)
2
+2 B |1 {ed =} (Z (il ) (f (i 00+ (7)) - sGn(f (e, )0 <rt>>>
<k Wi,

(@)

Bounding (i). For any m € [M] we observe that

S w(wrlr) @i, Den - sgn(f(wr, v (1))

Wit

< Z | (we|Te) f(wis L) el

Wty l

<> m(wilm) [or (Wi, tlaen) T (Boe (yelze) — Bo« (yel 1)) Tow )|

Wt L

<Y m(wilm) [er (wi, tlae) T €m — o (wigr, tlaers) TTo- e - Po- (yem, 1)

2M 2M
< —|loemr = —-
(&% (0%

Therefore, (i) < \*M(2M/«a)? = 4M3)\* /a2,
Bounding (i7). Observe that

> mlwilm) (f(wes )vo- (7)) - san(f (we, 1)vo- (72)

< Z"T(wth—t) Yok (Wit tlwein) T (Box (yele) — Bo- (yiel)) To- - (7)
< ZW(Wt|Tt) Yo (Wi, i) (Bek(yt|$t)50k(7tj) - BO*(yt|$t)50*(th))’
+ Z m(we|re) [Won (wr, tlae) " (Bek' () — be- (th)) ‘

M - L . _ 4 _ .
< (Ibek(nj) = bo- ()l + D | Box (ye2e)gr (77) — Bo- (yi ) bo- (Ti)1> :

Yt

where we denoted by = Iy for any 6. The last inequality follows from the well-conditionedness of the system following
equation (3). Then the statistical meaning of each term is given by

e bo(r]) =P (i7)),

1 {af = w} el Bolylan)bo(rf) = Py (1, uil).

16
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The second equality can be verified by the following steps:

1{al =2} - el Bo(lae)bo(r?)
_ 1T diag(Py(u|m))Lj,_, diag(Py (yn|m, =j,))w
166 (77 )1
_ 1" diag(PPy(c|m))IT; _, diag(Py (yn|m, =} ) )w
=, 1T diag(Py(«/|m))IT, " diag, (P (yn|m, z7,))w
7 (7)1 7 diag (P (¢|m))IT: _, diag(Pg (yn|m, ) )w
S, (7)1 T diag(Py (v/|m)) T, diag, (P (yn|m, =),) Jw
_ Py )
Py (7))

=Py (i, el 7)),

In summary, we have (i4) < 484 (a2, (P (o, gl ), PE. (1, il)).

Combining bounds for (i) and (ii). Therefore, we can conclude that

2
Z 7 (wi|7e) - f (@i, 1) sgn(f (wr, 1) Te- (72))
Wi L Ak ()
AMBN* 4M? i i i ol j
<= 5 2P el P (el )]
i<k
4M3)\* 8M i :
< S B [P il P (i)
<k
4MBN* 32M
S O[2 IPGk ([‘ ytaTt) ]PG* (L Yt, Ty ))
i<k

where we used Lemma A.4. Finally, due to the concentration of the square sum of Helligner distances (Lemma A.2), we can
conclude that

2
2

M2,
S (N*M + B).
Ak (ze)

D wilm) - flwi )sgn(f(wes oo (1))

Wil

Plugging this bound back to equation (11), we have

dry (PG (7,0), PR (7, \/ XM+ B) - ZZw (7e) 1B (1) 11 11T+ () | A% ()
M
= E\/(A*M+5) : ;Eg* (|56~ (7¢)

*(ﬂft)fl] :

Finally, summing up over all episodes, we have

K K
M
S dry (PR (1,0), Phe (1,0)) S VM1 5) - ST TER [llve-( 3]
k=1 t=1 k=1
M H K
< VMK 3 [ S B 10 (7)1
t=1 k=1

17
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Applying the expectation version of the elliptical potential lemma (see Lemma A.5), by considering Uy (7¢) in the space of
RMS4 and setting \* = O(1), 8 = log(K|B|/§) > M, we have

K

k k MH
> dry(PG (7,0), P (7,0)) S = —/MSAKflog(K), (12)
k=1

with probability at least 1 — §. Consequently, the regret bound is given by

K :

- e _ M3/2H?
§ :V*b;lnd 7‘/97‘; < 7\/SAK10g(K|@\/5) 10g(K),
k=1

~ o}
completing the proof.

B.2. Proof of Lemma 5.1

Proof. Recall that

)T =7(w) e Blynlzn)...Bly|ze)
= 1(¢) " diag(P™ (wy|m, 2,))IT.

T (we )P (we, L]z

Thus,

Y mlwi)ld(we, elze) Tl =Y 1) " diag(P™ (wi|m, z))LTb)

Wt

< 303 ()P (il )] - le T

<Y Pldm)len It < JI()]lso 17D 1

Now applying Lemma G.4 in (Liu et al., 2023), there exists a left-inverse of I such that ||I7b||; < M||b||;/c, and we have
the result. O
B.3. Proof of Theorem 4.4

We divide the proof of this theorem into two parts. In the first part, we prove the required number of episodes until
Algorithm 2 terminates. In the second part, we show the optimality of the returned model in a larger class of prospective
side information exploiting policies IT.

B.3.1. PROOF PART I

The first part largely follows the proofs in Huang et al. (2023) for the reward-free exploration until the sum of trajectory
bonuses becomes small. The key step is connecting the trajectory bonuses between two different models in the confidence
set. Define the bonus counterpart in the true environment:

Af@) = ol + D1 {al =2} b ()b (),
j<k
7 (1¢) = |bo- (Tl Ak (2e)-1-
Then we compare that
180 (7o)l 3 gy -1 = 11B0= (Te) | Ak ()1
Using Lemma A.7, we can show that

(12 (Tt)||]\§(zt)—1 - ||69*(Tt)||Af(wt)*1

18
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1 B
< ﬁ\\bek (7¢) — bo= (7¢) [|2

+ 11Bo» (7) | Ak ()1 Zn{ :xt}Af(ﬁt)—l/z(g%(ﬁ)z}e*(n) — bgr (77 Yo (7)) T AR () 71/

j<k 9

(a)
(a) can be further bounded by

(a) < flull 8L1X|\ I 121{x{:xt}Wif(xt)_lﬂ(i’@*(th)ge*(Tt) — b (71 bgi (1) T)AF () /%0
u,v:||ull2=1,||v|2= oy
S R 14 = xt} ‘u[\f(mt) Y2y (17)] |(bg= (77) T — bgre (7)) T A (24)~ 1/2@‘
w,vfJull2=1,|lv]l2= <
w,v:||ul| *alX” Il 712 1 {.’Ei = xt} ’U/A\f(fﬂt) 1/2(b0*( ) - bG’C (Tt ‘ ‘bg )TAk( ) 1/27)‘
ICH o=1,||v]|2= oy

S u{al = o ()2, 0 [ D01 {2 = 21 f B0 () = Bon ()20
i<k i<k

S {ad =@ 150 (7)) \/Z 2l = wi ) [bo- (77) = B (712,
i<k

®) (M : P ™ M
§&¢Z”b9* )b ()3 < f\/ b)) 55

where for (b), we used Lemma A.6.

Now taking expectation on both sides, we have

ok 7 wk 7 0(1) Tk Tk
(100 (0llg 2| < (1+00) - VMBR0) BE: [llo: (0)llag -] + 7o (P52, P2,

where we used
5 [IBor (1) — o= (re)ll2] < B [[Ibgx (1) — bo- (72)]11]
< B [dxe (B (). BF- (170 )
< 25y (P52 (1,7), PR (170))

To proceed, note that ||byx (7¢) Hf\if(act)*l < ﬁ almost surely, and thus,

o (1o () 5g ey ] < BB B0k ()l sg gy | + J;Odw( 7Py

Therefore, summing over K episodes, we have

ing [||59k(n)|\mmt),l} < (1+O(1) ~ vMﬂ/Ao) iE“ff [IIBe*(n)HAg(Wl}

k=1

Zdw( 5P )

For the second term, we can apply equation (12). For the first term, we can first apply Azuma-Hoeffding inequality on

S (5" [1bo- (7Dl ey | = 80+ (7l ey ) -

k=1

19



LMDP with Side Information

and apply the empirical version of elliptical potential lemma (Lemma A.5). This gives

ZE 1By (7, ||Ak(m>1}s¢MSAKlog< ) (1+001) - VMB/ X + (MH/a) /BN )

With the choice of \g = 2 ” , the Algorithm 2 must terminate after at most K episodes where
MSAlog(K
i o (MSAlI)).
€5e

B.3.2. PROOF PART II

Now suppose Algorithm 2 terminated with the model 6 that has the desired property:

max Vi 1= Bf [, 1500l 35y | < e

TE€Mp1ina

Assuming this event holds true we continue the proof.

Proof. We can express the total-variation distance between 0* and 0 as

H
dry (PG (7,0), PG (7,0) <D w(7) - [vor (wigr, tlwrgn) T (Boe (yelwe) — Bo(yelze)) bo(72)]
t=1 7

< ZZZ (Tele) Z (wel e, 0) - [+ (e, tlwesn) T (Bo- (yelze) — Bo(yelae)) bo(me)| .

Lot=1 T¢

Notice that this time, we use 6™ to express the future prediction, and 6 to express the history part in the above equation. Now
we fix ¢, t and 7, and focus on bounding the inside summation. The first step is to normalize the belief state and rewrite the
inner sum as:

D ow(mle) Y wF wile ) - [0 (wirs tlwesn) T (Bo- (yelwe) — Bo(yela)) bo(ro)| (13)

wt

=Y w( @) Iba(r)lln Y 7 (wele, 72) - [0s (wegr, lwesa) T (Bo= (yelae) — Bo(yelae)) bo (7)),

be ()
llbo (¢) 111

IP”( |L)( +), i.€., a marginalized probability of 7, when running a prospective side information blind policy 7 (-|¢):
i) = B )

as if we do not use the true prospective side information but instead use an arbitrary dummy variable ¢ to instantiate a blind
policy. Thus, we can express (13) as

where by (1) = are the normalized predictive representation of belief states. Then note that 7(7¢|¢)||bg(7¢)||1 =

E, prciocy | Do m@ele, ) [t (wesrs laeen) T (Bo- (welee) — Bo(yelae)) bo (7o)

Wi
Recall the empirical pseudo-count matrix:

A(s,a) =Xl + > [L{(sf,af) = (s,a)} - bo(7)bo(}) ] .
ke[K]

For simplicity, let f(w;) := Vg (wir1, t|Tes1) T (Bo-(ye|zs) — Bo(ye|w¢)) (f is only a function of w; as other variables are
fixed at this point). Using Cauchy-Schwartz inequality, we have

(13) < EnNJP;“("” Zﬁ(wtﬂﬁt)f(wt) -sgn(f(wi) "bo(7r))

Wt

180(7)ll3 o,
A(ze)
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To bound the concentration bound, we can check that

2

ZW(MV»T:&)J[(M) ) sgn(f(wt)Tbg(Tt))

Wt

INED!
2

ZW(%V,Tt)f(Wt) ) sgn(f(wt)Tbg(Tt))

Wt

<o

2

+ Z 1 {ft = xt} <Z (wele, ) (f(wt)Tl_?e(Ttk)) ’ Sgn(f(%ﬂ%(ﬁ))) . (14)

ke[K] wy

For the term with A\, note that any vector v that lies on the orthogonal complement of the span of I, ]Igv = 0. Consider a

vector v = lgu such that || Tgu|[ < 1. Note that to satisfy this condition, u cannot be too large: [u(|1 < max,|,—1 ||H(T,v||1 <
M

mavaHl:l HHZUHl S o Thus,

Zﬂ(wt\b, 7¢) f (we)v

<Y m(wiles o) [bor (@i tlzisa) T (Bo- (yelwe) — Bo(yilwe)) Tow)|
Wt

< Z m(wile, ) [ (wi, tlze) "Tou — - (wWigr, tlwryr) " Todiag(Py (ye|m, z))ul
2M 2M?

< — M- (o llulls = =5~ Lo+ (1) lloo,

where we applied Lemma A.1, and therefore

4M4

> w(wile, ) f (wr) 7 1T ()11

wi 9

<

To bound the second term in (14), first we observe the term inside the summation (over k) is only nonzero when xf = x4,
ie., (sF,aF) = (s¢,a:). We have that

Zﬁ(wt“aﬁ) (f(wt)TEG(Ttk)) ) sgn(f(wt)Tbg(Tt))

Wt

< Zﬂ(wt|by7't) |f(wt)T59(Ttk)|

wt

= ZW(%N,H) o= (wer1, tlzer) T (Bo- (yelwe) — Bo(yelze)) bo(7f)]

wt

< w(wele, 1) [or (e, tlwen) T (Ba- (yele)be- (1) — Bo(yelae)bo (7)) |

Wt

+ ) w(wile. ) [ (wis tlae) T (B () — bo(7F)))|

M - - -
< Mo ()l - (Z 1B (ye|z2)bo (717) — Bo- (yelare)bo- () |l1 + [1bo () — be*(Tf)h),

Yt
where we denote by = Iybg. We can check the meaning of each term: for any ¢/ € T and any blind policy 7 € II,,1 ; g,
1{af =z} - e) Bo(yslz:)bo (7))
1T diag(Py(/|m))IL},_, diag(Pg (ys|m, 2f))w

l[vo ()11
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_ 1 "diag(Py(¢/|m))ILL _, diag(Pg (yn|m, 25 ))w

S, 1T diag(Pp (2 |m))ITL " diag, (P (ys|m, 2F))w
n(rh) 1 diag(P( )T, ding(P(ys|m, k)
= S () 7 diag(P (0 ) T diag (P (g1, 7))

Pg(”ﬂtﬂ'ﬁ)
= L E = PR welr).
Pg(Ttk> o

To proceed, let the prospective side information blind policy executed on the k" episode be 7*. We have that

Z 1{af = a} mw(wele, 7e) (f(we) Too(7F)) - san(f(we) "o (7))
2M . ok X ok
< S Mo ot {rf =} - doy (B2 nlE). 25 (il
Combining the result, we conclude that

A <E__prcio Zﬂ(wtﬂﬁt)f(wt) - sgn(f(wi) "bo (7))

wt

2 .
SE ertiogy [|H0*( Moo - C(xt)||b9(7t)A($t)1:| ’

1B0(r)l13 oy
Aze)

where

c(ay) = )\o—i- Z (1 {zf =2} d2, (IPQ* (W, ys|TF), Ing(L’,yHTtk))]
ke[K]

IN

)\0+ Z d3y lP’éf (il TF), ]Pﬁk(b yilrl ))
ke[K]

M2
5 \l ) )\O+B:: Cmax»
(6]

where in the second inequality, we used Lemma A.3. Now proceeding,

STIPE (1, 7a) — PE (e, 7a)]

LTH
2M -
< e Y o (Dlloe DB, _prcio [IBo(70) 35,1
L t

Z b (7 M A ]
> ||b9(7't)||A(g;t)—1]
t

2M ﬁ .
=~ Cmax D [T (1) -5

2M
< Tcmax XL: HH@* (L)HOO ' Trréll%)}]i\d B

(@) 2M2 | M2\
S 20 +B'€pev
« (6

where (a) comes from >, [[Ip+(t)]joc < >, >, Ig=(m,c) = M. With the choice of \g = SM?H?/a?, by setting

€pe 1= Qe ensures that
10HM2\/M*H?23/a*

Ve = Vi

<HdT\/< 7T ‘g*)§€/27

for all 7 € II. Therefore, optimizing over € gives e-optimal policy for 8*, completing the proof. O
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C. Lower Bound Proofs

We first complete the construction of the hard instance family deferred from the main text. Recall that we defined:

1. Action space:

* -Aexplon {aexplon} form = M/2 +1,.,M

* Acxplore: contains the true exploration action (at the initial step) a, and dummy actions

explore
* Acontrol: contains the optimal actions a} for ¢ € [d] and dummy actions

2. State space:

® Sinit, Ster: 1nitial and terminated state

hard

* 57127 chained states in the hard-to-learn chain

ref

 s¥;: chained states in the reference chain

3. MDP groups in an LMDP:

* Gieamn: a set of MDPs that needs to be acted optimally in the hard-to-learn chain
* G- a set of MDPs that confuses the identity of hard-to-learn and reference chains
* Gobs: a set of MDPs whose identity is strongly correlated to the prospective side information

Initial Transition Setup. G;..., consists of (M/4) MDPs , M, ..., My, /4> which form the hard-to-learn example from
Kwon et al. (2021) when no prospective side information is provided. In any of these MDPs in G ..y, at the beginning, if

an action a is executed, the environment transitions to the starting of the hard-instance chain s with probability

explore
€ > 0, or transitions to the starting of reference chain sret with probability 1 — €. If any other action in Aexpiore is executed,
the environment transitions to sref with probability 1. For all other actions executed, the MDPs transition to a terminate-state

Ster-

Gret consists of another (M /4) MDPs, M /441, ..., Mag/2, which suppose to confuse the learning process in Gic..n. In
these environments, dynamics in hard-to-learn chain and the reference chain are the same. Instead, at the beginning of

an episode, if ag .. is executed, an MDP transitions to the starting of hard-to-learn chain shard with probability 1 — €, or

transitions to the starting of reference chain s with probability e. If any other action in Acypiore is executed, the environment
transitions to sha‘d with probability 1. Like the group Gicarn, for all other actions executed, the MDPs in G, ¢ transition to

ref

Ster-

The of the MDPs, indexed by M /21, ..., Mz, belong to the almost observable group Gops. In any of these MDPs in
Gops, the environment always transitions to an absorbing state s after playing an initial action. In each environment of this
group M,,, € Gops where m = M /2 + 1,..., M, playing a7, .. results with a reward of 1, and with 0 when playing any
action different than a[}

exploit

exploit*

Prospective Side Information Setup. The prospective side information is a finite alphabet belongs and belongs to one of
the M + 1 disjoint sets Z1,Za, ..., Zas, Zas+1- We let a1 := {ihaa} contains a single element, and all other disjoint sets
have equal cardinality |7;| = |Z| = ... = |Zn| := |Z|. For My 941, ..., Mas in Gop, for each m € [M /2 + 1, M], the
emission probability is give by P(¢|m) = 1/(2|Z|) if ¢ € Z,;,_p1/2 U Iy, and O otherwise.

For all environments M, ..., Myr/4 € Giearn and Magjaq1, ..., Mo € Gres, forall m € [M/2], P(thaa|m) = 1/2,
and P(sm) = 0if ¢ € U —mj21 Li- Forall v € UM/2

P(¢m) 1;}7; 7+, where each €, , € {—1,1} is decided in the following lemma:

T;, we assign the probability of prospective side information

Lemma C.1. There exists a set of {€, m }..m such that for all x € RM i >ao =

a
128V M’

Construction of Hard-to-Learn Chain for Gicarn, where M, ..., M, with d = M /4. This set is also depicted in the
top part of Figure 1.

e Att =1, i.e., s"%9, there are three state-transition possibilities:
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— M;: For all actions a € Aconrol €XCEpt af, We g0 to Sier. For the action af, we go to sg*“d.
— M For all actions a € Aconrol €XCEpt a3, We g0 to sga‘d. For the action aj, we g0 tO Ste.

- Ma, ..., My_1: For all actions a € Acongol, We g0 to shard,

* At time step t = 2, we again have three cases but now M; and M  would look the same:
— M1, Myg: For all actions a € Acontrol EXCEPL a5, We 2O 10 Sy For the action aj, we go to shrd.

— Mg_1: For all actions a € Aconyrol €XCEpL a5, We g0 to sgard. For the action a3, we g0 tO Sie.

- Ma, ..., My_o: For all actions a € Acopirol, W g0 to sg*“d.
d. Attime step ¢t = d, we always transitionto S, and there are two possibilities of getting rewards:
— M For the action a; € Aconirol, We get reward 1. For all other actions, we get rewards from Ber(1/8).
- Mas, ..., My: For all actions a € Aconrol, We get rewards from Ber(1/8).
C.1. Proof of Lemma C.1

Proof. This can be shown by probabilistic arguments. Note that prospective side information that belongs to Uf\i/f Z;
uniquely identifies the environment from G, and thus

Izll1 = T2zl + 1Tar/241: 0170

Y

1 1
§||IM/2+1:M||1 + max (07 IMar/241:0041%1:00 72011 — 2||1'M/2+1:M1) ;

where with slight abuse in notation, we denote II;.; as the sub-matrix whose rows only correspond to one of prospective side
information groups Z;, Z; 1, ..., Z;. It is easy to check that if ||Ipz 24107412 1:01/2[11 > ﬁm l|21. 01 /2|1, then

1 « 1
Lz > §||xM/2+1:M||1 + max ( 0, ﬁ”xLMﬂ”l - §H$M/2+1:M||1

1 «
> §||$M/2+1:M||1 + max <0, N |IM/2+1;M||1)
a
>
128v M

Thus, it is sufficient to show that there exists {€, m, },.m such that

a
IMar/2+1: 1710072010 > [Marj241:0m 10021 > 64\/M||581:M/2||1o

Probabilistic Assignment. We set each ¢, ,,, by an independent uniform sampling over {—1,1}. We assume that |Z,,,| is
sufficiently large, so that ), _; €, ,,, concentrates around 0 within 1/+/|Z| and 1/+/|Z| is sufficiently small.

Probabilistic Existence. To simplify the notation, we let J = ||I57/241.0Z1:01/2| and v = 21.p7/2. Consider an

V= 355.7-cover, B, for the set {v € RM/2  ||v||; = 1}. Note that for each row of J and each v € B.,,

1
-
13 v| = M| ‘ZmE[M/Q] Um @ Y/ vmshm’ .

Without loss of generality, we assume Zme[ M/2) Vm = 0. Note that the statistics of W := | Zme[ M2 UmEr,m|, Y
Paley—Zygmund inequality (Paley & Zygmund, 1930),

1 3
PIW>- > —
(w2 glle) = 1
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and thus with probability at least 3/32, we have

Z U € >L%:> |JTU‘>L*.
me[M/2] 2vM 2vM
Since this holds for each row, and all €, ,, are independent across the rows, at least &; (M /2)|Z;| rows satisfies the above
with probability at least 1 —exp(—(M/8)|Z;|) from the concentration of the sum of independent Bernoulli random variables,
which translates to
3o
128V M’

with probability 1 — exp(—(M/8)|Z:|). Therefore, taking a union bound over B, we have

1370l >

3
Tl > ——=,
L T VATi
with probability 1 — |B. | exp(—(M/8)|Z1]) > 1 — exp(c1 M log(y) — c2|Z|) with proper absolute constants ci, ca > 0.
Then for arbitrary v : ||v|; = 1, we can always find v, in B, such that ||v — v, | < ~, and therefore

3o
Tl > 13T vyl — [T (v — v > ——— — M~.
1970l 2 1370l = 157 (0 =) > 52— M
Thus, setting v = o(a/v M) sufficiently small, for all v : ||v]|; = 1,
o
Il > ——.
el > O
Since this probabilistic argument implies the existence of {¢, ,, }, the proof is done. O

C.2. Proof of Lemma 5.2

This comes from the fundamental equality for sequential decision making information gain (see e.g., Cesa-Bianchi & Lugosi
(2006); Garivier et al. (2019); Kwon et al. (2023)). For completeness, we prove this. We can start from

P FLK-1 P K| 1K -1
) () oo o ()|

+ Eq
]Pg(leK—l) 0
tth

Note that in all models in our construction set Oharg U {0}, P(2) and 1 (af |all histories until k" episode,
same. Therefore, we have that

. IP'gJO (TKlTl:K—l)
IP;/’(TK|7-1:K71)

step) are the

K

0

IPZJ ('|Laa»a1:d) K—
= Fin | B [ Z o <IP1E(|L a,a1.4) Heau)" = (oo} ’TI'K 1
L,a,a1.4 [’ [ad] :
IPl/’ ('|Laa7a1:d)
= Z Elgbo ]EZ’O log <IP€ZJ(|LCLCL) L, @, A1:d ]l{(Lvaaal:d) :(L,avalcd)}
L,a,a1.4 o UL, &, A1:d

Z KL (Pg, (:|t, a,a1.4), Po(-|t, a, a1.4)) -E}fo (1 {(L,a,alzd)K = (t,a,a1.a) }]

L,a,a1:d

where the second equality is an application of the tower rule, and the last equality is due to the choice of action purely
depends on the history and exploration strategy v, and does not depend on underlying models. Applying this recursively in
K, and denoting N, zZ,L,al:d (K) as the number of times action a was executed at the initial step, a1.4 in the next d steps under
prospective side information ¢. Thus, we have

KL (IPZ}O (TI:K)a Pg(Tl:K)> = Z E90 [NS,L,al;d(K)] -KL (IP90('|L7 a, al:d)> IPG("L7 a, al:d)) )
L,a,01:.4

*
explore’

Note that when playing a # a the hard instance and the reference model behave the same, yielding the result.

25



LMDP with Side Information

C.3. Proof of Lemma 5.3

We first check the following inequality:

KL (IPQU ( |Lharda a:xplorea aT:d)v IPQHLhardv a:xplorev a;:d)) .

The point is that until seeing the last time-step event, the distribution of histories are the same in all environments. To

see this, at the initial time step given the prospective side information ¢pa4, the belief over latent contexts are all equal to

2/M for all MDPs in G)c.., and Gyc. Thus, the probability of transitioning to s} is 1/2 by executing aZ, . (if the
ref

environment transitions to si°, or any other action is executed, then the future distribution on of all events are exactly the
same in all hard and reference instances). In the middle of the hard-instance chain, at s, the probability of moving to the
next state conditioned on the pastis 1 — 1/(d — t + 1). However, the true posterior probability over MDPs from G, at this

point is given by:
P (m|thara, a1:t, 53) = €/(d — t + 1),

for all m = 1,2, ..., M /4 with non-zero posteriors (since we eliminated MDPs from the set after gathering information in a
certain way). On the other hand,

P (m|thard, a1:4, 55™) = 4(1 — €) /M,

forallm = M/4+1,...,M/2, i.e., MDPs from G,.:. Thus, at the last time step, the chance of observing the reward 1

conditioned on the history that we reached s" with the optimal action sequence a},;, is 1/8 + O(e) in hard instances, and

1/8 in the reference model. Thus, the KL divergence between the two models takes the following form:

KL (IPGO ( |Lhard, a:xplorm aT:d)a P9('|Lhard> a;kxplorev a;:d))

hard * *
IP90 (Td? 51.d |Lhard; aexplore’ al:d)
hard * *
P9<rd7 51:d |Lhard7 Qexplore al:d)

— hard * *
- E IP90 (rdv S1:d |Lh'clrd7 Qexplore s al:d) -log
ra€{0,1}

_ hard * * E hard * *
- IPeO (Slzd ‘Lhal’dv Qexplore s al:d) IP90 (rd|81:d » thardy Qexplore s al:d) 10g

hard * *
<IP90 (Td|51:d » thardy Qexplore> al:d))
rq€{0,1}

hard * *
Py (rd|sl:d » thardy Qexplore s a‘l:d)

< KL (Ber(1/8),Ber(1/8 + O(¢)) < €2/M.

1
2d
For other inequalities, note that for any trajectory with any a 7# agjore- forall ¢ and as.q € A® 4 the marginal distribution is
always the same in all hard-instances and the reference model. The marginal distribution is also the same when transitioning

to s¥t even if a is executed at the initial time. Thus, we can focus on the case when the action at the initial time step is

explore
Gexplore> @nd the environment transitions to shard If this is the case, for all so.4,
P((S}Iardv 82:4); Tdlt, a:xplore’ ar.d) = Z pm(LﬂP((S}llardv 82:); Td|a:;xplorea ai:d,m)
me[M/2]
= Z pm(l‘)P(S?mdm;kxplore’ m)IP(‘SQ:d? rd"g?ardv Qa1:d;, m)

me[M/2]

Note that

P(cjm)

P L )
and in all models, and since for all m € [M/2],
P(tim) o (14 aeym),

we can observe that

(14 agim) (14 O(a))

== M/2+Zm’€[M/2](1+aEL,m') o M )

pm(L)
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Therefore, in all instances,

P(s§™, 5.0, 7alt, Ofpiorer @1:a) = € Y P ()P (52:a, 7al ™, 1.0, m)
me[M/4]

+ (1 - 6) Z pm(L)]P(52tdaTd|sl]l_ard)a/l:dam)
me[M/4+1,M /2]

_ (14+0(a))e Z

4 7]P(52:dvrd|slllardaal:dam)

me[M/4]

+ (1 - 6) Z pm([’)]P(522daTd|3}]1_ard)a1:dam)'
me[M/4+1,M/2]

Now comparing this probability between any hard-instance § € Op,q and reference model, note that
hard hard
]PQO (SQ:da ff’d|$1ar , A1:d, m) = P9(52zd7 7ﬂd|51ar , A1:d,s m)7

forallm € [M/4+ 1, M/2], and

4 4
Z M]PQO (SQ:dard|5l{axdaal:dam) = Z MIPG(SQ:dard Skllard7a1:d7m)7
me[M/4] me[M/4]
for all s9.4 # st or ay.q # a}.; and
4 . 4 1 1
> 27 P00 (85 ma = st algm) = 7 2 = 575
me([M/4]
4 4-1 =1
S Lt s a gm) = L=
me[M/4]
Therefore,
‘PQ(Sl{ard752:da’rd|b7 a:x loreaa’ltd) IP@O( 82 d’Td|L aex lore) 31: d)'
p P!
4 r 1 §2:d = 5h~rd7a1:d == a*-
= O(«e) Z MIPeo (s2:d7a|s1, ar.a,m) + O(e) { 2'7\4 l'd}a
me[M/4]

and also we note that

4 ar
Z M]PQO (52;d,7‘d|5111 daal:da ) O(Pao( 82 dyTd|l, aexplore7a1 d))
me[M/4]

IP90 (Sklmzridv Td|L> a:xplorev af:d) = O(l/M)
Therefore, we can ensure that
|]P9( 52 dvrd|L’aexplore’a1 d) IP90( 52 d7Td|L7aexploreva’1 d)|
< O(OtE)IP@O( jord ) $2:d, Tfi|L7 a’explore? ai: d)

Z |P9(slar s S2:d; Tt a’:xplorea ata) — P, (31 dv 82:d; TdlLs a:xplorev a1.a)| < O(ae),

§2:d,Td
for all a1.q4 # a.;, and similarly for aj.,,
|IP9(5? ) 52:d> Td‘ba aexplore’ al d) IPGO( 52 :d>s Td|L7 aexplorev al d)‘
< O(G)P% (Sl ard ) 82:d> Td|L7 aexplore7 al d)

Z |IP9(S?ardv82:d7Td|Lva‘:xplore7a‘1:d) IPGO( 82 d7rd|L7aexplore?a‘1 d)‘ < O( )
$2:d5Td
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Finally, to bound the KL-divergence, using log(z) < z — 1,

KL (Pao ('|L7 CLickxplore’ al:d)v ]Pg( |L7 a:xplorm alid))

(IPGO (Td’ S1: d|L7 aexplore7 ar: d))

]PQ(Tda S1: d|l’ aexplore’ ai: d)

*
E : Py, (74, s1:alt, Qexplore ai.q) - log

S$1:d5Td

IN

Z Py, (ra, s1:alt, CL;:’prlorev aid) -

(Pgo (Td? S1: d|L aexplm’e’ az: d) i 1>

P@(Tdv S1: d‘b aexplore’ ar: d)

S$1:d,7d
2

> ‘Pe" Td; $1:d]t Cspores @1:4) = Po (T, 51:alt 0piores 01 d)‘

$1:d,Td Py (rd’ S1: d|L7 aexplore? ai: d)
hard 2
Z ‘]PGO (ra, 81 U2, alt, aexplme’ a1:a) = Po(ra, s1™, s2:.alt, aexplore’ ar: d)‘
= — ’

82:d,Td IPGO (Td’ 81 » 82: d|L aexplore’ ai: d)

which is O(ae)? if a.q # a}.g4, and O(€?) if a1.q = a}.4. This concludes the proof of the lemma.

C.4. Proof of Theorem 4.2

Proof. Suppose any learning strategy (algorithm). Note that an e /4-optimal policy for any given § € Oy, should be able to
play the correct action sequence aj.; of § whenever the prospective side information is ¢harg. On the other hand, by pigeon

hole principle, for any algorithm ¢ with any choice of K, there must exist at least one action-sequence aj. ; and ag,,.. such
that,
explore _ —(d+1) |
2 BalNGLE MO = min (Z BolNG o Kﬂ) < Mo 410 K
1 . -1
Z Eo [N;)?Z:lrid(K)} = aeﬁixnlm (Zb;ébmrmal:d Eo [N$7L7a1:d(K)]> < |-Aexplore‘
tF thard ,01:d "
Let Ko be the largest number such that with this choice of aj, ; and ag,., equation (9) does not hold, i.e.,
1
explore explore
Eg, [Nw,bham,aid(KO +1IZ 27 or Z Ee, [Nw,b,am(KO +DIZ a2e2
(F Lhard 015
We also note that
N vara(K) 2 N§ a0 (K, (15)

for any K’ > K with probability 1.

Note that if we play a ¢ Acxpioic Whenever ¢ # tpaa, We incur at least (1/8)-regret. On the other hand, if we do not
Play agpiore OF @1:4 7# @7.; When ¢ = ihyq, We incur at least €/(2MM)-regret. Thus, the total regret of the algorithm in the
hard-instance 6 € O,q is given by

| =

RegretG(K) 2 Z EO[NlZ;Lhard;alzd(K)] 2M + Z EG[N1Z>L7‘11=d (K)] i

a€A,ay.q#aj,, 1 thard, @ € Aexplore ,@1:d

On the other hand, the regret in the reference model satisfies

|~

Regret,(K) > Z Eo[Ny s 0., (K)] -

1 thard s A€ Acxplore,01:d
Now we consider three cases:

28



LMDP with Side Information

Case (1). If (A/3)"9K, < K < K, then the condition in equation (9) cannot be satisfied and therefore, (with proper
absolute constants) KL (IPg(Tl:K), Plﬁrd(TLK)) < 1/128, implying dry (]Pg}(rl:K), IPlﬁrd(Tl‘KD < 1/16 by Pinsker’s
inequality. Note that

K

)

W =

a K explore
Z EO[vabhardaalzd(K)] 9 Eo [N’l/)’bharma{;d (K)] =
a€A,ay1.q#a3

and thus, since the sum is always bounded by K, with probability at least 1/6,
Z Ngvbhi\rdaalzd(K) Z K/G’
a€A,ay.q#a,,
in the reference model. Here, we used the fact that for any non-negative random variable A that is almost surely bounded by
K, forall0 <z < K,
E[A] =E[A|A>z] - P(A>2)+E[A|A<z] - P(A<z) < KP(A>zx)+z.
Therefore in the hard instance M:
Z N"Z)Lhard;alzd(K) Z K/6’
a€A,a1.q#aj, ,

with probability at least 1/16, confirming » E[N,

a
Py lhard @ 1:d

a€Aar.atar., (K)] > K/256. Thus in this case,

Ke

Regret, (K) > —.
egret, )NM

Case (2). Suppose K > Ko and Eo[NSP° . (Ko +1)] 2 5 but Eg[NSP° . (K;)] < . Note that by the same

w7l/hard7aI:d w7Lhard7aI:d
argument, we know that

Z E[N"Zthardyal:d (KO)] > K()/2567
a€A,a1.q#a7,4
and since equation (15) holds with probability 1, we have
Z ]E[Ngabhardyal:d(K)] > K0/256~
a€A,ay.q7#af
On the other hand, to satisfy this condition, we need at least Ky > 7(‘46/ 3 )
that

. Thus, plugging this to the regret bound, we have

Ko e _ (A/3)
R K)> 20 € > .
egrety(K) = 50 037 & e

Case (3). Finally, suppose K > K and Eq[N<P"° (K, + 1)] >

. R " hyt,a1:d ~
construction (due to the choice of aexplore), we have

ate but Eo[NyT0" (Ko)] < 3z Then by

Y,L,a1:4

(4/3)

a2e?’

> B[Ny, ay.. (K)] >

17 Uhard , @ € Aexplore ;01 d

and thus the regret incurred in the reference model is

—_

(A/3)1_ A

Regret,(K) > 022 8~ a2

Combining the three cases, for any algorithm 1, we can conclude that

(A3 A
R t,(K) > - Ke ).
peolN, egrety )Nmm< e oz e




