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ABSTRACT

Despite achieving superior performance, large foundation models (LFMs) have sub-
stantial memory requirements, leading to a growing demand for model compression
methods. While low-rank approximation presents a promising hardware-friendly
solution, existing linear methods suffer significant information losses due to rank
truncation. Nonlinear kernels can enhance expressiveness by operating in higher-
dimensional spaces, yet most kernels introduce prohibitive overhead and struggle
to support adaptive rank allocation across heterogeneous matrices. In this paper,
we propose a compression method called Nonlinear Low-Rank Approximation
with Adaptive Budget Allocation (NLA). Instead of relying on linear products,
we employ piecewise-linear kernels with a forward-pass optimization operator to
approximate weight matrices, enhancing the recovery of high-rank weight matrices
from low-rank matrices. Moreover, considering the heterogeneous representation
abilities and dynamic sensitivities of different weight matrices, we adaptively al-
locate the compression ratio of each weight matrix during the re-training process
by cubic sparsity scheduling. Through evaluations on large language models and
vision models across various datasets, NLA demonstrates superior performance
while achieving a higher compression ratio compared to existing methods. Our
codes will be released inhttps://github.com/Liang08/NLAL
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based strategies. The distillation-based information loss. In contrast, NLA approximates the
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smaller model to emulate the behavior of formation loss with the same number of parameters.
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from scratch entails substantial data requirements and high computational costs. In contrast, the
compression-based strategy directly reduces the scale of the original model in terms of parameter size
or memory by pruning weights (Xia et al., |2023) or quantizing (Park et al., [2022)) them to a lower
precision. Despite reducing the resource requirements with minimal retraining costs, these methods
impose higher demands on specialized hardware for model deployment, such as GPUs that support
unstructured sparse inference (Han et al.,|2016)) and low-bit precision computations (Jouppi et al.,
2017).

Recently, researchers have proposed low-rank approximation methods (Wang et al., 2024} Yuan
et al.| 2023} Saha et al.,[2023) that compress the model by representing the large pre-trained weight
matrix using small low-rank matrices. As these low-rank matrices remain compact while preserving
the precision of the original matrix, this line of methods avoids the dependence on specialized
hardware. Existing methods typically rely on singular value decomposition (SVD) to perform low-
rank approximation. First, they decompose the pre-trained weight matrix into a linear combination
of singular vectors weighted by their corresponding singular values. Second, model size is reduced
by truncating these singular vectors associated with smaller singular values. Finally, the model
performance is restored through lightweight re-training of these resulting truncated matrices.

However, the truncation of singular vectors inevitably discards many singular directions. As the
rank decreases, more informative components are removed from the approximated matrix, leading to
severe information loss and performance degradation under high compression ratios. An effective
way to mitigate this issue is to replace the linear inner product with nonlinear kernel functions. By
implicitly mapping the low-rank matrices into a higher-dimensional Hilbert space, kernel functions
allow the approximation to operate in a richer feature space and thus enhance the expressiveness
of low-rank matrices. However, directly applying nonlinear functions poses critical challenges:
most common kernels require reconstructing the full weight matrix during forward propagation,
which significantly increases the computational cost and memory consumption. Moreover, dynamic
rank allocation significantly improves performance after compression, as different matrices exhibit
heterogeneous sensitivity. Yet, kernel-based formulations make it difficult to directly adopt such
adaptive rank adjustment strategies during the re-training process.

In this paper, we propose Nonlinear Low-rank approximation with Adaptive budget allocation (NLA),
a low-rank approximation method that compresses LFMs non-linearly with an adaptive compression
ratio allocation mechanism. To make nonlinear low-rank approximation practical, we design a
piecewise-linear forward propagation operator that directly operates on the low-rank factors through
self-term and interaction-term decomposition, thus avoiding explicit reconstruction of the full weight
matrix. This design preserves the expressive power of nonlinear kernels while significantly reducing
their computational and memory overhead. Considering the heterogeneous representation abilities and
the dynamic sensitivities of different parameters during retraining, we propose an end-to-end method
to adaptively adjust the compression ratio of each weight matrix. By calculating the importance
scores of the parameters, we adjust the number of active pieces in the low-rank matrices, and the
overall compression ratio is determined by the number of pieces preserved. Across different layers,
the allocation is guided by their importance scores, with more sensitive matrices being assigned a
larger number of pieces. The budget allocation is controlled by a cubic sparsity scheduling (Sanh
et al.l [2020) strategy, which starts conservatively to preserve model capacity and becomes more
aggressive to achieve higher compression ratios.

In experiments, we validate the effectiveness of NLA on both pre-trained Large Language Mod-
els (LLMs) (Touvron et al., [2023a) and vision models (Liu et al., 2021). On LLMs, NLA consistently
outperforms state-of-the-art methods (Hsu et al., 2022} |Yuan et al.,|2023; |Wang et al., [2024). For
example, on LLaMA-7B (Touvron et al., 2023a), NLA achieves a perplexity of 15.21 on WikiText-2
under a 50% compression ratio, compared with 23.97 for SVD-LLM (Wang et al.,|2024). After fine-
tuning, NLA further reduces perplexity to 9.68 (13.26 for SVD-LLM). On common sense reasoning
benchmarks, NLA achieves a relative improvement of about 12% over the SOTA method (0.37 vs.
0.33). On Swin-Base (Liu et al.,|2021), NLA achieves higher accuracy (82.7% vs. 82.4%) while
compressing the model to a significantly greater extent (54.2% vs. 29.2%) compared to the current
SOTA method. These results demonstrate that NLA achieves higher compression ratios with nearly
lossless accuracy, offering a flexible and effective solution for large-scale model compression.
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2 RELATED WORK

Model Compression. With the rapid growth in model parameter size, a variety of compression
methods have emerged to address the challenges of high memory demands for LFMs (Zhu et al.,
2024). These methods can be broadly categorized into four categories: quantization (Park et al.|
2022;|Yao et al., [2022; Dettmers et al., [2022), pruning (Frantar & Alistarh, [2023; Ma et al., 2023)),
knowledge distillation (Huang et al., 2022} Jiang et al.,|2023), and low-rank approximation (Yuan
et al.| 2023} Saha et al., [2023)). Despite demonstrating effective performance in model compression,
existing methods have several limitations. Distillation methods typically require a large amount of
data for training, while pruning and quantization methods often impose high hardware requirements.
Additionally, these methods face significant performance degradation when applied in extreme
compression settings. Among existing studies, low-rank approximation methods stand out for their
low dependence on specialized hardware and their ability to combine with other compression methods.
Our proposed method also belongs to this category.

Low-rank Approximation. Low-rank approximation, a method that employs small low-rank
matrices as trainable parameters in place of large weight matrices, is widely used to reduce memory
usage during fine-tuning (Hu et al 2021} |Valipour et al.| 2022} Shen et al. |[2024). Considering
its advantage in memory efficiency, the low-rank approximation has been employed for model
compression (Wen et al., 2017; Khodak et al., 2021} |L1 et al., 2023) to reduce memory usage during
inference. PELA (Guo et al.l [2024) combines low-rank compression and fine-tuning by applying
feature distillation and weight perturbation in compressed models. ASVD (Yuan et al., 2023)) scales
the weight matrix using a matrix that represents the influence of the input channels. In FWSVD (Hsu
et al.}|2022), Fisher information is introduced during weighted SVD to measure the importance of
parameters to model predictions, ensuring that the compressed model achieves accuracy closer to the
original model. These methods directly truncate the matrix based on the magnitude of the singular
values, which can lead to performance degradation. To address this, SVD-LLM (Wang et al., [2024),
which establishes a direct mapping between singular values and compression loss, exhibits less
performance degradation and is better at recovering performance through fine-tuning. However, these
methods remain limited to linear approaches for low-rank compression. These linear approaches
are accompanied by large and irreducible information loss between high-rank weight matrices and
the low-rank matrices during compression. Beyond standalone quantization or low-rank approaches,
several recent works explore hybrid compression strategies that jointly leverage both techniques. One
such method is CALDERA (Saha et al., [2024), a compression algorithm for LLMs that exploits the
inherent low-rank structure by approximating the weight matrix W via a low-rank, low-precision
decomposition. Different from these linear approaches, our proposed NLA leverages non-linear
methods to achieve less information loss with larger compression ratios.

Nonlinear Matrix Representation Methods. Nonlinear methods have been widely applied in the
field of machine learning. KPCA (Kernel Principal Component Analysis, |Scholkopf et al.| (1998)))
uses kernel functions to map the data into a high-dimensional feature space to capture the nonlinear
structures in the data. Dynamics-inspired Neuromorphic Learning (DyN) (Pei & Wang|, |2023) and
its subsequent work (Pei et al.,|2024) is a new paradigm that uses a neural-weight-free architecture
consisting of finite sub-models instead of the weight-based model structure inspired by the theory
of Hamilton dynamics. DyN interprets FC layers as integrals of the neuronal path, demonstrating
comparable or even better performance than weight-based neural models with fewer parameters.
Similar ideas have been applied in various domains, such as fine-tuning (Shen et al.,|2024) and graph
neural networks (Sun et al.,|2024). Inspired by these methods, we treat the piecewise-linear model
as a low-rank approximator for pre-trained weight matrices, achieving a high compression ratio
and low-performance degradation simultaneously. By designing an optimized forward propagation
algorithm and introducing adaptive strategies, we facilitate a more comprehensive application of the
nonlinear method on model compression.

3 METHOD

3.1 PRELIMINARIES

Low-Rank Approximation. The low-rank approximation methods (Yuan et al., [2023; |Wang et al.,
2024) have emerged as a promising technique for model compression, which approximates the
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Figure 2: Overview of our proposed NLA framework. (Left) Kernel-based Nonlinear Approximation:
approximate a pre-trained weight matrix W with two low-rank factors A, B and shared coefficients
1 through a piecewise-linear kernel function k. (Right) Adaptive Compression: compute the
important scores of the triplets, rank the scores under a cubic budget scheduling strategy, and mask
the least important triplets while updating the others.

pre-trained weight matrix W € R™*"™ with the product of smaller low-rank matrices. Specifically,
they first apply singular value decomposition (SVD) to decompose the weight matrix, then compress
W to W, by retaining only the top r singular values and their corresponding singular vectors.

W =UxvT W, =U,%. V" (1)

where ¥ = diag(o1, ..., Omin(m,n)) With singular values 01 > 02 > ... = Owmin(m,n). Despite
being easy to implement, SVD-based linear truncation inevitably leads to significant information loss,
as more informative components are discarded with increasing compression ratios.

Kernel Function. A kernel function k(- -) implicitly maps data from an input space X to a high-
dimensional Hilbert feature space H via a mapping function ¢ : X — #H. The inner product in H
can be computed efficiently in the original space X by:

k(x,x") = (¢(x), (X)) 5 2)

This capability of kernel methods, operating in high- or even infinite-dimensional Reproducing Kernel
Hilbert Spaces (RKHS), allows them to represent highly nonlinear functions that go beyond simple
linear hypothesis classes (Hofmann et al., [2008), thereby providing a powerful tool of modeling
complex relationships in high-dimensional spaces by leveraging low-dimensional vectors.

3.2 KERNEL-BASED NONLINEAR APPROXIMATION

To capture richer interactions beyond linear low-rank structure, we choose a piecewise-linear kernel
inspired by Pe1 & Wang| (2023)), which introduces nonlinearity while remaining computational
lightweight. Given a weight matrix W € R™*", we approximate it with a matrix W' represented by
two smaller matrices A € R™*"*" and B € R™"*"*" with piecewise linear kernel kpw,

h
W/ =kpw(Ai,Bj.) = ullAir. — B |)? 3)
=1

where W/, denotes the (7, j)-th element of W’. To minimize the difference between the approximation

matrix W’ and the target weight matrix W, we use the gradient descent optimization method to adjust
the distribution of low-dimensional vectors. The optimization objective is

W* = argminEMSE(W/,W). (4)
A,B
Through the optimization, we can compress a pre-trained weight matrix containing m X n parameters

into low-rank matrices containing (m + n) - r - h + h parameters in a non-linear manner. The
introduction of nonlinearity largely reduces the information loss during compression.
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However, nonlinearity is not a free lunch. Algorithm 1 Forward with Nonlinear Kernels
During the forward propagation, introducing
nonlinearity necessitates merging the low-
rank matrices into a large-weight matrix be-
fore processing input features. Unlike the
linear approach, one cannot directly multi-

Require: Input features X € R®*™, input neurons
Qin € R™MX7 output neurons Quy € R™*h*7,
shared coefficients ;1 € R”.

Compute input & output self-term:

ply the features by the low-rank matrices, InS « 2271 Qul:, k> O p
which leads to significant memory consump- OutS = 371 Qoul: 1, k> © 1
tion during training and inference. To this Aggregate input & output contribution:
end, we propose a specifically designed for- Xin = X -InST

ward algorithm [T] This algorithm enables Kout < 1p - (Z?; X;ﬂ-) .outST

forward propagation for nonlinearly com- C . ) .
. ompute interaction term:

pressed low-rank models without the need to X, “ (Qou- (QIXT)) &

merge weight matrices, significantly reduc- indout put A in H

ing memory usage during training and infer- Kingeout = 21— 1 Xingeou|!]

ence. Algorithm[I]computes the nonlinear Final output:

kernel approximation in a factorized manner Y < Xin + Xou — 2 Xingout

by decomposing the kernel into three com-

ponents: the input self-term, the output self-term and the interaction term. Specifically, the piecewise

linear kernel is expanded into its additive parts, and each component is computed using only the

nonlinear factors and the shared coefficients u, without ever constructing the full weight matrix. The

detailed mathematical proofs and algorithmic resource consumption are provided in Appendix [A]

3.3 ADAPTIVE COMPRESSION

Through the above method, we can
compress the weight matrix into low- Q Matrix FC Matrix
rank matrices. However, compressing ‘
all weight matrices to the same rank
is not the optimal strategy. This is
because compressing different matri-
ces has varying impacts on model per- = oo
formance, and the difficulty of com- =
pression also differs between matrices. :
As shown in Fig. [3] the final mean o s o

loss and the rate of loss change dur- . . . .
ing approximation vary significantly Figure 3: The loss value during nonlinear approximation of

between different layers and matrices, different weight matrices. Experiments are conducted with
such as the Q and FC matrices. This the Q matrix and FC matrix of different layers in OPT-1.3B.

highlights that compression difficulty is not uniform across all matrices.
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To achieve a higher compression rate while preventing a significant performance degradation, we
design an adaptive compression method for the nonlinear low-rank approximation. Inspired by
(Zhang et al., [2023)), we adaptively adjust the compression ratio for each weight matrix based on its
importance score.

For a weight matrix W in MLP or Attention layers, our nonlinear formulation decomposes it into
three low-rank components due to Section A € Rm*hxr B ¢ R"X"XT and a shared coefficient
vector i € R". This naturally defines h segment-level triplets

T = {Al = {ai,l,'ai S [Lm]}nulaBl = {bj,l,-7j S [1771}}},1 € [Lh} (5)

This structure provides a convenient granularity for computing importance scores and adaptively
allocate budgets of each matrices.

To adaptively compress the matrix, we assign an importance score sy, to each triplet based on
its contribution to the model. This score is a weighted sum of the importance s(-) of the shared
coefficient y; and the average importance of its associated low-rank matrices A; and B;.

swu = s(t) + mlx " ZZS(Ai,l,j) + i . ZZS(Bi,l,j) (6)

i=1 j=1 i=1 j=1
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To make the importance scores more robust, we use a sensitivity-based approach. The importance of
an individual parameter w is defined as the absolute product of its value and the gradient: I(w) =
|w -V, L|. To account for the dynamic nature of the training process, we compute a smoothed
importance score I and a corresponding uncertainty measure U over time step:

I (w) =61V (w) + (1 = B)IY (w)

_ _ _ (N
0O (w) =0 (w) + (1 = 82) [10(w) ~ 1O (w)

Here, /31 and (35 control the exponential smoothing strength. The final importance score s(w) for any
parameter is then defined as the product of the smoothed importance and its uncertainty:

s(w) = I(w) - U(w) (8)

During training, we dynamically adjust the overall compression budget to preserve performance. This
is crucial because aggressively compressing the model too early can destabilize the training process.
We use a cubic sparsity scheduling method (Sanh et al., |2020) to gradually reduce the number of
active parameters. The budget b(t) at a given step ¢ is defined as:

bo t<t;
3
b(t) = Qb+ (b —by) (1 - 32222 )" ti<t<T—t; ©)
bf Tftf<t<T

Here, by is the initial budget and by is the final budget. The warm-up and cool-down steps, ¢; and ¢,
can ensure a smooth transition.

By combining the importance scores with the dynamic budget, we can mask the less important shared
coefficients y; and thus effectively adjust the compression ratio for each matrix. The mask is applied
during the update step:

(10)

~ fm—nVuL s, is the top b of all scores in S
=0 else

where S is the set of all importance scores for all shared coefficients, and b is the current model
budget. This process allows us to allocate the parameter budget while minimizing the impact on
performance degradation for model compression.

4 EXPERIMENTS

Baselines. For LLM, we compare our method against four baselines, including SVD and state-of-the-
art linear low-rank approximation methods FWSVD (Hsu et al.| 2022)), ASVD (Yuan et al.,|2023),
and SVD-LLM (Wang et al.,|2024). For vision models, we compared our method with TinyBert (Jiao
et al.,[2020), MaskAlign (Xue et al., 2023)), and PELA (Guo et al., [2024)).

Datasets and base models. To demonstrate the effectiveness of our method, we evaluate the per-
formance of NLA and the baselines in several models and datasets. For LLM, we select the models
LLaMA (Touvron et al.,[2023a) and OPT (Zhang et al.,|2022)). The models are estimated in ten differ-
ent datasets, including language modeling datasets (Wikitext2 (Merity et al.,|[2017)), PTB (Marcus
et al., |[1993)), C4 (Raffel et al.| |2020)) and common sense reasoning datasets (OpenbookQA (Mi+
haylov et al.| |2018)), ARC-e and ARC-c (Clark et al.| [2018)), WinoGrande (Sakaguchi et al.| 2021},
HellaSwag (Zellers et al.,2019), PIQA (Bisk et al.,|2020), and MathQA (Amini et al.,|2019)). For
vision models, we test on Swin-Transformer (Liu et al., 2021) with the ImageNetlk (Deng et al.,
2009) dataset. All of our experiments are conducted on 2 NVIDIA A100 GPUs. The hyperparameter
details of the experiments are provided in Appendix [C]

4.1 MAIN EXPERIMENTAL RESULTS

Experiments on LLMs. To thoroughly compare the performance of NLA with the baselines, we
perform three sets of experiments with LLaMA-7b (Touvron et al.,[2023a)): (i) language modeling
tasks, (i) common sense reasoning tasks, and (iii) the performance of compressed models after
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Table 1: The perplexity of LLaMA-7b compressed by Table 2: Perplexity of LLaMA-7b com-

NLA and baselines under different compression ratios  pressed by NLA and SVD-LLM (Wang et al.|

on Wikitext2 (Merity et al.,2017), PTB (Marcus et al., |2024) under different compression ratios on

1993) and C4 (Ratfel et al., 2020). Wikitext2 (Merity et al., [2017) before and
after fine-tuning.

METHOD  RATIO WikiText-2 PTB c4
Original 0% 5.68 8.35 7.34 METHOD  RATIO  WikiText-2
40% 52489 59977 47774 Original 0% 5.68
SVD 50% 131715 87227 79815 - 5
60% 105474 79905 106974 Performance Before Fine-tuning
40% 18156 20990 12847 SVD-LLM  50% 23.97
FWSVD 50% 24391 28321 23104 NLA (ours)  50% 15.21
60% 32194 43931 29292 SVDLIM __ 70% 135
40% 1407 3290 1109 NLA (ours) 70% 39.91
ASVD 50% 15358 47690 27925 , ;
60% 57057 45218 43036 Performance After Fine-tuning
svpiM | 30% 2397 15058 11857 SVD-LLM  50% 13.26
60% 42.30 32127  246.89 NLA (ours)  50% 9.68
NLA Ours) 0% 15.21 84.65  70.32 SVD-LLM  70% 28.45
70% 39.91 32035  240.56 NLA (ours)  70% 17.77

Table 3: Performances of LLaMA-7b compressed by NLA and baselines under different compression
ratio on common sense reasoning datasets measured by accuracy. Compression ratio is calculated as
the ratio of the number of reduced parameters to the number of parameters in the original model.

METHOD RATIO Openb. ARCe WinoG. HellaS. ARC.c PIQA MathQA Average

Original 0% 028 067 067 056 038 078 027 0.52
0% 015 026 051 026 021 054 022 030

SVD 50% 016 026 050 026 023 052 0.9 030
60% 016 026 050 026 022 052 021 030

40% 016 026 051 026 022 053 021 030

FWSVD 50% 012 026 050 026 023 053 020 030
60% 015 026 049 026 022 053 018 030

40% 013 028 048 026 022 055 019 030

ASVD 50% 012 026 051 026 022 052 019 030
60% 012 026 049 026 021 051 018 0.29

50% 016 033 054 029 023 056 021 0.33

SVD-LIM 6o, 014 028 050 027 022 055 021 031
NLAus W% 009 043 038 033 026 060 02 0.37
u 70% 016 033 050 028 023 057 022 033

fine-tuning. The compression ratio is defined as the fraction of parameters removed relative to the
total number of original parameters.

We first evaluate the perplexity of LLaMA-7B compressed by NLA and baseline models on three
different datasets, Wikitext2, PTB, and C4. The results in Table |I| show that NLA consistently
achieves lower perplexity than the baselines at the same compression ratio. For instance, at a 50%
compression ratio, NLA reduces perplexity to 15.21 on Wikitext2, which is significantly better than
SVD-LLM (23.97) and far below all other baselines. More importantly, even under more aggressive
compression (e.g., 70%), NLA still maintains competitive performance: its perplexity (39.91) is
substantially lower than SVD-LLM at the same ratio (185) and even outperforms SVD-LLM at
60% compression (42.30). Similar trends are also observed on PTB and C4. These results indicate
that NLA not only achieves superior performance at comparable compression ratios but also retains
robustness when pushed to higher compression.

To further evaluate the effectiveness of NLA, we test the performance of LLaMA-7b compressed by
NLA and baseline methods on seven common sense reasoning datasets. The results are summarized
in Table 3] As shown, NLA achieves the best overall performance at a 50% compression ratio,
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with an average accuracy of 0.37, surpassing the best-performing baseline (SVD-LLM at 50%,
0.33) by 0.04. Even at a higher compression ratio of 70%, NLA maintains competitive accuracy
(0.33 average), comparable to SVD-LLM at 60% while reducing more parameters. These results
demonstrate that NLA not only achieves superior performance under moderate compression but
also sustains competitive accuracy under aggressive compression, highlighting its robustness and
effectiveness for commonsense reasoning tasks.

To estimate the performance of NLA with fine-tuning, we fine-tune LLaMA-7B compressed by NLA,
ASVD, and SVD-LLM on Wikitext-2. As shown in Table 2] NLA consistently surpasses SVD-LLM
before and after fine-tuning. Specifically, on the WikiText-2 dataset, the perplexity of NLA is more
than 70% lower than that of SVD-LLM with the same compression ratio before pre-training, and
37% lower after pre-training. Furthermore, fine-tuning the NLA-compressed model results in a 55%
reduction in perplexity, indicating that the nonlinear low-rank approximation not only compresses the
model effectively but also preserves its capacity to improve performance through fine-tuning.

In summary, both pre- and post-fine-tuning results consistently verify that NLA delivers a more
efficient and effective compression strategy than existing SVD-based methods. It achieves better
performance at the same compression ratio, and even under higher compression ratios, NLA remains
competitive with, or superior to, the best baselines. This shows the effectiveness and robustness of
NLA for compressing large-scale language models.

Table 4: Image classification performance of the compressed model on ImageNet-1K.

METHOD Params (M) Ratio GFLOPs Throughput Acc (%)

Swin-Base 87.8 0% 33.7 293.73 83.5
TinyBert 58.6 33.3% 20.6 - 78.8
MaskAlign 58.6 33.3% 20.6 - 79.1
PELA 62.2 29.2% 21.3 295.96 82.4
NLA (ours) 40.2 54.2% 21.9 231.68 82.7

Experiments on vision models. We apply our method to the Swin-Transformer. After compressing
the Swin-Base model with a compression ratio of approximately 54%, we fine-tune it on the ImageNet-
1k dataset and test it on the corresponding test set. The results are reported in Table d] As shown,
NLA achieves higher accuracy than other baselines after fine-tuning, while reducing the parameter
count more substantially. In particular, compared to PELA, NLA reduces the number of parameters
by 35.3% while delivering better top-1 accuracy. Moreover, NLA retains performance close to the
original model (82.7% vs. 83.5%) despite a reduction of more than half of the parameters.

T?eNi)g)enments_ ibovi Vahdatﬁ the advgnta;ges Table 5: Perplexity of NLA and SVD-based
0 OVer existing low-ranx approximation . ..,,4g on Wikitext-2, we only convert the lay-

techniques in compressing both vision and lan- ers of LLaMA-7B without further training
guage models. The results emphasize the flex-

ibility of NLA, which adapts effectively to var-

. .. . METHOD RATIO  WIKITEXT-2
ious types of models, making it a robust choice
for a wide range of real-world applications. SVD 60% 105474

s .. . FWSVD 60% 32194
Furthermore, NLA'’s ability to retain and even ASVD 60% 57057
enhance performance after compression and NLA (LOW-RANK ONLY)  70% 16774

fine-tuning positions it as a promising solution

for model compression tasks, particularly for ~ Table 6: Mean loss during the fitting of weight
large-scale models. matrices of OPT-1.3B using SVD and nonlinear

low-rank approximation.

4.2 ABLATION STUDY LAYER NAME SVDLoss NLA Loss
Ability of linear vs. nonlinear low-rank ap- 0 Q 0.0118 0.0053
proximation. We conduct an experiment to 0 K 0.0119 0.0052
verify the differences in the ability of linear low- 0 FCl 0.0177 0.0106
rank approximation and nonlinear low-rank ap- > Q {0250 0078
proximation to fit the weight matrices in mod-

els. We first compare SVD-based methods and NLA on LLaMA-7B without further training. As
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Table 7: Memory usage during training and inference of Table 8: Ablation of adaptive budget
different models with or without the adoption of Algorithm[I] allocation with Swin-Transformer on

in NLA. The batch size used for testing is 1. ImageNet-1K and OPT on WikiText2
MODEL Params (M)  With Alg. Inference (MB)  Training (MB) MODEL Adaptive  Acc (%) Perplexity
st e33O wma o, x 7o

e w2 1 D W e F b3
e N R 0
S, Dovn s OFmE 7 77

Table 9: Ablation on kernel functions. We report aver- Table 10: Perplexity of LLaMA-7B com-
age inference runtime (s) and peak GPU memory (GB) pressed by GPTQ combined with SVD-

measured on OPT-1.3B and LLaMA-7B LLM and NLA.
Kemel OPT-1.3B LLaMA-7B Method Memory (GB)  Perplexity
Time (s) Mem (GB) Time(s) Mem (GB) 4-bit 3.9 6.21
Gaussian 0.45 2.7 1.45 6.5 3-bit 2.8 16.28
Sigmoid 0.37 24 1.32 6.3 - i
Cosine 0.31 23 1.26 6.2 SVD LLM.+ 4-bit %‘1 i;%g
Piece-wise Linear (ours) 0.25 2.8 0.82 6.7 NLA + 4-bit 9 -18

shown in Table 5] NLA achieves a perplexity of 16,774 at a 70% compression ratio, which is over
70% lower than the best SVD-based result (32,194 with FWSVD at 60%). To further evaluate the
performance of SVD and NLA in fitting weight matrices, we conduct experiments on the OPT-1.3B
model that compares the mean loss for each layer using both SVD and NLA. As shown in Table[6]
for different weight matrices in various layers, approximating with NLA gains much less mean loss
than with SVD. These results demonstrate that nonlinear approximation (NLA) consistently achieves
lower mean losses compared to SVD, highlighting its superior ability to better fit the model’s weight
matrices.

Memory-saving algorithm. As discussed in Section[3.2] we adopt the forward algorithm in Algo-
rithm [T to reduce memory usage during model execution. To verify its effectiveness, we measure the
memory footprint of the compressed models on both vision and language tasks, considering inference
(without gradients) and training (with backpropagation) under a batch size of 1. The test results are
shown in Table[7} For OPT-1.3B, the proposed algorithm reduces memory consumption to 12.2% of
the baseline during training and 15.4% during inference. Similar reductions are observed for other
models. Overall, these results demonstrate that the proposed memory-saving algorithm substantially
decreases memory usage in both training and inference across different architectures.

Ablation on Kernel Functions. To assess the effect of different kernel choices in our nonlinear
low-rank approximation, we compare the proposed piecewise-linear kernel with alternative options,
including Gaussian, Sigmoid, and Cosine kernels. Table E] summarizes the inference costs in terms
of runtime (s) and peak GPU memory (GB). We observe that all kernels consume a similar amount
of GPU memory during inference (2.3-2.8 GB & 6.2-6.7 GB), while the Piece-wise Linear kernel
achieves the fastest inference speed on both models. These results suggest that although different ker-
nels provide comparable memory footprints, their computational efficiency varies significantly. The
piecewise-linear kernel consistently yields the most favorable balance between accuracy, efficiency,
and memory usage, which justifies our choice to adopt it as the default kernel in NLA.

Ablation of adaptive budget allocation. We compare NLA with and without the adaptive budget
allocation module on both vision and language models in Table [§] For vision tasks, we evaluate
Swin-Tiny and Swin-Base; incorporating adaptive budget allocation yields higher top-1 accuracy.
For language tasks, we test OPT-125M and OPT-1.3B on WikiText2, where adaptive allocation
consistently lowers perplexity. Across both model families, the addition of adaptive budget allocation
brings measurable performance improvements, confirming its effectiveness.

Computational Complexity and Throughput. We compare the computational complexity and
throughput of nonlinear approximation methods and linear methods on the vision model and language
model. As shown in Table ] with comparable computations and throughput, our NLA achieves
superior performance with fewer parameters on Swin-Base, demonstrating that the integration of
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non-linear techniques can achieve a more favorable trade-off between performance and resource
requirements. For language models, NLA introduces a slightly longer inference time but reduces
GPU memory usage by 35%, while achieving superior performance (17.77 vs 17.93) compared
to linear SVD baselines, as shown in Table[I3] This significant reduction in memory makes NLA
particularly suitable for deploying large models on memory-constrained devices.

Quantization and Low-Rank Combination. To demonstrate the compatibility of NLA with other
compression methods, we tested the perplexity of LLaMA-7B on Wikitext-2 when compressed by
GPTQ (Frantar et al.| 2022}, combining with two low-rank approximation methods. As shown in
Table[I0] NLA combined with 4-bit quantization attains the lowest memory footprint (1.9 GB) while
delivering the best perplexity (12.18), outperforming both GPTQ-3bit and SVD-LLM combined with
GPTQ-4bit. This result shows the strong compatibility between NLA and quantization methods.

5 CONCLUSION

In this paper, we present NLA, a nonlinear low-rank approximation method with adaptive budget
allocation. By replacing linear products with a piecewise-linear kernel and dynamically allocating
compression budgets across layers, NLA achieves higher compression ratios while preserving most
of the original ability within the pre-trained model. For memory-efficient inference with nonlinear
methods, we design a special forward algorithm that enables inference and training without re-
computing full weight matrices. Across multiple baselines on vision and language models, NLA
demonstrates more favorable compression—performance trade-offs than linear low-rank methods,
especially under high compression ratios, and ablations confirm the benefits of adaptive allocation
and the choice of kernel. In future work, we aim to extend NLA to multi-modal tasks and investigate
strategies to further reduce its computational and temporal costs.
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A FORWARD PROPAGATION WITH NONLINEAR LOW-RANK APPROXIMATION

Al

FORWARD CODE

def forward(self, x):

Figure 4: The Python code for the forward propagation corresponding to Algorithm

in_shape = x.shape
assert in_shape[-1] == self.in_features
x = x.reshape(-1, self.in_features)

In_Qs_Square, Out_Qs_Square = self.In_Qs**2, self.Out_Qs**2

In_Qs_Square = In_Qs_Square.sum(-1)*self.shared_coeff.unsqueeze (1)
S_In_Qs_Square = x @ In_Qs_Square.permute(l, 0)
S_In_Qs_Square = S_In_Qs_Square.sum(-1).unsqueeze (-1)

Out_Qs_Square = Out_Qs_Square.sum(-1)*self.shared_coeff.unsqueeze (1)
x_sum = x.sum(-1).unsqueeze (-1).repeat (1, self.num_Hs)

S_Out_Qs_Square = x_sum @ Out_Qs_Square

S_Inner_Product = self.In_Qs.permute(0, 2, 1) @ x.T

S_Inner_Product = self.Out_Qs @ S_Inner_Product

S_Inner_Product = S_Inner_Product*self.shared_coeff
.unsqueeze (-1) .unsqueeze (-1)

S_Inner_Product = S_Inner_Product.sum(0).permute(l, 0)

out_shape = list(in_shape)

out_shape[-1] = self.out_features
x_out = S_In_Qs_Square + S_Out_Qs_Square - 2 * S_Inner_Product
x_out = x_out.reshape (*tuple(out_shape))

return x_out

A.2 FORMULA DERIVATION

For A €¢ R™*Hxr B ¢ R"*HXT representing the in and out neurons in Section and u € RH
representing the shared coefficients, we have

where a;;,,bj;, € R”. For an input z = [z4, ...
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,Zm] € R™, we can calculate the output y =

(12)

Thus, the multiplication of activations and matrices can be swapped with the piecewise linear

operation, allowing for the separate calculation of A%, B? and A - B, thereby saving memory.

A.3 COMPLEXITY ANALYSIS

The FLOP count of Algorithm [T|can be calculated as follows:

* The FLOP count for SumX;, = O(H -r-in) + O(H -r-in) + O(2-b- H -in)
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* The FLOP count for SumX,y: = 20(H - r - out) + O(2-b- H - out).
* For SumX;,gout, the FLOP countis O(2 - H - r - b - (in + out)).

So the total FLOP count of Algorithm [I]is

FLOPs =20(H -r-in) +20(b- H -in) +20(H - r - out)

+20(b- H -out) +20(H -7 -b- (in + out)) (13)

”in” and “out” represent the input and output dimensions, respectively, and ’b” denotes the batch
size. And the total memory of Algorithm|[I]is:

2-H-r-(in4+out)-44+b-H-44b-out-44+b-H -out -4 (14)

The computational results show that the computation and memory usage increase linearly with the
number of parameters, so the increase in model parameters does not lead to an explosive growth in
computation and memory usage.

B KERNEL INTERPRETATION OF THE PIECEWISE-LINEAR FUNCTION
The piecewise-linear function can be expressed as:
h
Fpw(A, B) =Y || A1 — By, || (15)
=1
For any coefficients «; with Z@ a; = 0, we have
S=> sz —ai* = Y ajllzi — )
ij i J
=i > ay (all® + [l=)l* — 2 - ;)

i J

> a (Zai||xi|2>+<2ai> DoajllalP ) =2 aiwi -y aga
j i i j i j

2

(16)

-2 <0

E ;4
i

So that each individual term ||a — b||? is a conditionally negative definite function, and thus its
negation —||a — b||? is a valid conditionally positive definite(CPD) kernel. The weighted sum of such
kernels

2 (17)

h
K(A,B) = —kpuw(A,B) == A - By
=1

is also a CPD kernel. So the piecewise-linear function can be used as a kernel function.

Convergence guarantee. NLA is effectively performing a low-rank approximation in a Hilbert space
where standard convergence guarantees of kernel methods apply, and where higher-order interactions
can be represented linearly (Scholkopf et al.| |1998)). Moreover, the expressiveness of piecewise-linear
structures is supported by the Dynamical Universal Approximation Theorem (Pei & Wang| |2023),
which states that piecewise-linear systems can approximate arbitrary sequential functions.

C EXPERIMENTAL DETAILS

We applied compression operations to the weight matrices of all linear layers, including those in
the attention modules (Q, K, V, and Out). For LLaMA-7B, the hyperparameter r is set to 20, by is
the final budget determined by the target compression ratio, and the initial budget by = 1.2bs. The
hyperparameter H is obtained by dividing the initial budget by by the number of weight matrices.
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It can be observed from Appendix [A.3]that under the same compression ratio (i.e., fixed H x r), a
larger H leads to higher computational complexity and memory usage. However, if H is too small,
the number of segments in the piecewise linear function becomes insufficient, which may degrade
model performance. Therefore, we chose a moderate setting for H and r to balance efficiency and
performance.

In the retraining step, we use the Adam optimizer. We select 512 texts from the Wikitext-2 dataset as
training data, with a batch size of 8, a learning rate of 5e-6, and train for 4 epochs.

For Swin-Transformer in Table 4, we used the standard fine-tuning recipe: AdamW optimizer,
learning rate le-4, weight decay 0.05, batch size 64, 50 epochs. All low-rank baselines and NLA
were retrained using exactly these hyperparameters with only the compression methods changed.

D EXPERIMENTS

D.1 ABLATION STUDY OF THE BUDGET ALLOCATION STRATEGY
Table 11: Comparison of Cubic and Linear Budget Allocation Strategies

MODEL STRATEGY PERPLEXITY
CUBIC 19.77

OPT-1.3B LINEAR 43.24
CUBIC 31.34

OPT-125M LINEAR 63.04

We compare the cubic budget allocation strategy in Equation (9) with a linear strategy on OPT-1.3b
and OPT-125m. The experimental results are shown in Table |1 ] The experimental results indicate
that the cubic setting leads to less performance degradation compared to the linear setting.

D.2 APPLICABILITY OF NLA ACROSS DIFFERENT MODEL SCALES
Table 12: Comparison of NLA and Baseline Methods on Models of Different Scales

METHOD BASE MODEL PARAMS. PERPLEXITY (J)/AccC. (1)
PELA SWIN-90M 62.2M 82.4
NLA SWIN-90M 40.2M 82.7
MODEGPT OPT-125M 75M 38.37
NLA OPT-125M 63M 31.34
MODEGPT OPT-1.3B 0.78B 21.92
NLA OPT-1.3B 0.65B 19.77
SVD-LLM LLAMA-7B 2.9B 17.93
NLA LLAMA-7B 2.1B 17.76

To verify the scalability of NLA, we conduct experiments on models of different scales, including
vision models (Swin-Transformer on ImageNet-1K) and language models (OPT and LLaMA on
Wikitext2). As shown in Table [I2] NLA consistently achieves a lower parameter count while
maintaining or even improving performance. On WikiText2, NLA demonstrates clear advantages
over MoDeGPT (Lin et al.;[2024)) and SVD-LLM (Wang et al.,|2024)) across different model sizes: it
reduces parameters more aggressively and achieves lower perplexity on both OPT and LLaMA-7B.
These results confirm that NLA provides a scalable and robust compression framework applicable to
both vision and language models of various sizes.

D.3 LINEAR VS. NONLINEAR APPROXIMATION LOSS
Table [T3] serves as a supplementary result to Table [6] providing a more fine-grained comparison

between linear (SVD) and nonlinear (NLA) low-rank approximation. For different weight matrices
in various layers, approximating with NLA gains much less mean loss than with SVD.
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Table 13: Mean loss during the fitting of different weight matrices using SVD and nonlinear low-rank
approximation.

LAYER NAME SVDLoss NLALoss

0 Q 0.0118 0.0053
0 K 0.0119 0.0052
0 \Y 0.0056 0.0026
0 ouT 0.0047 0.0021
0 FCl 0.0177 0.0106
5 Q 0.0250 0.0074
8 Q 0.0290 0.0114

D.4 INFERENCE MEMORY UNDER DIFFERENT COMPRESSION RATIOS.

Table 14: Memory usage during inference under different compression ratios. The batch size is set to
1.

MODEL RATIO  INFERENCE MEMORY(MB)
0% 210.19
60% 100.89
SWIN-SMALL 70% 73.57
80% 4834
0% 366.69
60% 161.26
SWIN-BASE 70% 117.34
0% 77.03
0% 555.83
50% 350.33
OPT-125M 55% 301.03
60% 269.34
0% 517534
60% 245631
OPT-1.3B 70% 1870.06
80% 1296.57

We evaluate the GPU memory consumption during inference at various compression ratios, as
summarized in Table [T4] Across all tested models, memory usage decreases substantially as the
compression ratio increases. The effect is especially pronounced for larger models: for OPT-
1.3B, inference memory drops from 5175.34 MB at 0% compression to only 1296.57 MB at 80%
compression. Similar trends are observed for vision models such as Swin-Small and Swin-Base.
These results demonstrate that our compression technique can significantly reduce inference memory
footprint while preserving model functionality, which is particularly critical for deploying large-scale
models in resource-constrained environments.

D.5 TIME AND MEMORY COST FOR LANGUAGE MODEL

Table 15: Inference Time and Memory Usage of LLaMA-7B compressed by SVD and NLA

METHOD PARAMS PERPLEXITY RATIO AVE. INFERENCE TIME (S) GPU MEMORY (GB)

ORIGIN 7B 5.68 0% - 26.27
SVD 3.0B 42.30 60% 0.409 13.89
NLA 2.1B 39.91 70% 0.593 8.97
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E REPRODUCIBILITY STATEMENT

We are committed to ensuring the reproducibility of the results presented in this paper. All novel
algorithms, including our Kernel-based Nonlinear Approximation method and the Adaptive Com-
pression strategy, are described in detail in Section [3] Appendix[A] and Appendix [B] We will release
our implementation as part of the supplementary material. Details regarding the experimental setup,
hyperparameter configurations, and all utilized benchmark datasets are comprehensively documented
in Sectiond|and Appendix [C]

F LLM USAGE

Large Language Models (LLMs) were used solely as general-purpose assist tools to refine the
language and improve the overall clarity of the writing. Specifically, an LLM was utilized for minor
tasks such as grammar correction and enhancing sentence structure.
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