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Abstract

Classification is a fundamental task in science and engineering on which machine
learning methods have shown outstanding performances. However, it is challenging
to determine whether such methods have achieved the Bayes error rate, that is,
the lowest error rate attained by any classifier. This is mainly due to the fact that
the Bayes error rate is not known in general and hence, effectively estimating it is
paramount. Inspired by the work by Ishida et al. (2023), we propose an estimator
for the Bayes error rate of supervised multi-class classification problems. We
analyze several theoretical aspects of such estimator, including its consistency,
unbiasedness, convergence rate, variance, and robustness. We also propose a
denoising method that reduces the noise that potentially corrupts the data labels, and
we improve the robustness of the proposed estimator to outliers by incorporating the
median-of-means estimator. Our analysis demonstrates the consistency, asymptotic
unbiasedness, convergence rate, and robustness of the proposed estimators. Finally,
we validate the effectiveness of our theoretical results via experiments both on
synthetic data under various noise settings and on real data.

1 Introduction

Supervised classification problems are typical tasks in various fields of science and engineering,
such as machine learning, statistical signal processing, estimation, and detection. In supervised
classification, a dataset consisting of several input feature-label pairs is given. The goal of a supervised
classification task is to design effective classifiers, by leveraging the given dataset, to suitably label
future input features, or equivalently, to classify future input features into one of the classes.

As the dataset is the only available resource on the data distribution, the performance of a classifier
is typically measured by its empirical misclassification rate on the test dataset (which is a subset of
the given dataset). The best performance of an existing classifier, that is, the so-called state-of-the-
art (SOTA) performance, tends to be the point of reference to measure the improvement of a new
classifier. However, there are no guarantees that the SOTA performance is close to the theoretical
minimum misclassification rate, namely the Bayes error rate (BER). Thus, comparing the empirical
misclassification rate with the SOTA error rate provides only a relative improvement.

Having the knowledge of the BER is essential in theory and practice. The BER indeed provides
a fundamental limit on the misclassification rate, which is critical for designing high-performing
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classifiers. Moreover, one can leverage the BER to assess how good the SOTA performance is with
respect to the theoretically optimal error rate. If the SOTA performance is nearly close to the BER,
we can avoid wasting time and effort in designing a new classifier. Furthermore, the BER indicates
the inherent hardness of a task and hence, it can be seen as a benchmark for comparing the hardness
of different tasks [[13} 146, 183]]. Knowing the BER also brings the opportunity to detect whether test
dataset overfitting occurs (which has sporadically happened [3} 51} 159} 91]]); this overfitting can be
detected since the BER provides the minimum misclassification rate and hence, no classifier will
perform strictly better than it. We refer an interested reader to Appendix [A]for a thorough literature
overview on methods to estimate and bound the BER.

In this paper, we investigate the problem of estimating the BER of an M-class classification task
directly from a dataset, where M > 2 is arbitrary. Our technique to estimate the BER is different from
a plug-in approach that first estimates the distribution from which the data is drawn, and then evaluates
the BER. Indeed, our BER estimators, which are proved to be unbiased, consistent and robust to label
noise and outliers, do not require the estimation of the data probability density to perform an effective
BER estimation. We start by assuming that the data labels are soft and real-valued, approximating
the posterior probability of the class. We then relax this assumption on the data labels, and show the
applicability of our estimators on one-hot labels and other noisy datasets.

Contributions. Our contribution is summarized as follows. Inspired by [46]], in Section [3| we first
propose a BER estimator for the case of soft data labels, and we show that it benefits from several
appealing properties, e.g., it is consistent, unbiased and asymptotically normal. In Section |3} we also
propose a methodology, inspired by the median-of-means estimator [65]], to make any BER estimator
robust. Then, in Section[d] we study the performance of the proposed estimators in scenarios where the
soft labels are corrupted by two typical types of noise, i.e., the case of a noise that permutes/shuffles
the labels, and the case of additive noise. For the first type of noise, our estimators have similar
properties as in the noiseless case. However, for the additive noise case, our proposed estimators
are not consistent. Because of this, we propose a denoising method that averages noisy labels
associated with the same feature. The corresponding constructed estimator is shown to be consistent.
In Section[d] we also showcase that the noisy soft label framework can be used to study the case of
one-hot labels, and we provide a denoising method that encompasses the one proposed for the case of
additive noise. In Section [5| we validate the effectiveness of the proposed estimators via experiments
both on synthetic data under various noise settings (e.g., one-hot labels) and on real data using three
different datasets, i.e., CIFAR-10H [4], Fashion-MNIST-H [46] and MovieLens [38]. Finally, in
Section[6] we conclude the paper with some discussion on future research directions, which are worth
further investigation.

Notation. Deterministic scalar quantities are denoted by lowercase letters, scalar random variables
are denoted by uppercase letters, vectors are denoted by bold lowercase letters, and random vectors
by bold uppercase letters (e.g., x, X, x, X). We let z; (resp., (1 );) indicate the i-th value of x
(resp., xy). Calligraphic letters X denote sets, and |X'| is the cardinality of X’. 1{S} is the indicator
function that yields 1 if S is true and 0 otherwise. [M] := {1,..., M }. For X € RM we let X;.)s
be the i-th order statistics [18]] of X, i.e., the i-th smallest value of X with ¢ € [M]. Finally, I,, is the

S . . . d d R
identity matrix of dimension n, and — (resp., =) denotes convergence (resp., equality) in distribution.

2 Problem formulation

We consider an M -class classification task in which an input feature x is classified into a class
¢ € C := [M]. Our goal is to estimate the minimum misclassification probability, that is the BER.
In particular, we seek to estimate the BER based on a dataset D = {(x;,y;)}?_, that follows an

unknown data distribution, i.e., (z;,y,) i Pxy,whereX € Yand Y € Y C [0, l]M

We assume that the label data y contains the information about the class ¢ of the input feature «,
implying that one can retrieve (x, ¢) from (x,y). When a classifier ¢ : X — C is employed for a
classification task, the corresponding misclassification probability is defined as £(¢) := Pr(¢(X) #
(), where C' is the true class for X. The minimum value of this misclassification probability is the
so-called BER, denoted by P,, which is formally defined next.

'We assume that X’ is a finite set, but several of our results easily extend to the case when X’ is an infinite set.



Definition 1 (Bayes error rate [50]). Consider an M -class classification problem, where an input
feature = € X has to be classified into a class ¢ € C := [M]. The BER is defined as

P, = inf & = inf E[1{o(X C}l, 1
inf (¢) Inf [L{a(X) # C}] (1)
where @ is the set of all measurable functions ¢ : X — C, and the expectation is taken over Px c.

The misclassification probability £(¢) depends on the quality of the classifier ¢ and the BER is
obtained by choosing an optimal classifier. In fact, an optimal classifier is theoretically equivalent to
the Maximum a Posteriori (MAP) classifier [50], that is, ppap () = arg maxgee Pr(C = k|X =
x). Plugging the MAP classifier into (T), the BER can be written as

P.=E|1- r]?gé(Pr(C’ =kX)|, )

where the expectation is taken with respect to Px. Note that P, € [0,1 — 2-].

Our main objective is to effectively estimate the BER from the dataset D. In the remaining of the
paper, we let ¢ : D — [0, 1] denote the estimator of the BER.

3 BER estimation with soft labels

Soft labels have several favorable properties (e.g., they help to prevent an overfitting problem, they
lead to a well-structured model, and they improve the prediction performance) that make them
widely used in machine learning. For example, they are essential in label smoothing and knowledge
distillation, which are widely applied methods to improve model performance [81,97H101].

There exist several types of soft labels and here we assume that a label is soft if it represents the
posterior probability. Specifically, we say that D = {(x;, y;)}7_, is a dataset with soft labels if
x; € X and y; € Y are such that

y, = T 3
Pr(C = M|X = z;)

This is a standard and widely adopted assumption; it has indeed been argued [[17} 135142161169, [101]]
that using soft labels to approximate posterior probabilities enhances model performance.

Definition 2 (Base BER estimator). The BER estimator 9. (D) is defined as

1
Ysott(D) = > (1 ~ max yj> : (4)

(z,y)€D

We will use the base estimator 1o in (@) as a building block for a robust BER estimation. We note
that ¥sog in @) with M = 2 retrieves the estimator proposed in [46]. The next theorem (proof in
Appendix [B.1)) provides three important properties of 1sof; in ().

Theorem 1. Assume that D contains soft labels as defined in @B). Then, vsot;(D) satisfies the
following properties:

1. (Unbiasedness): E[tsott(D)] = P, that is, Vsos; (D) is an unbiased estimator of the BER;

_1)2
2. (Consistency): For any § € (0,1), it holds that |thsor, — Pe| < g 2;‘5) In 2 with

probability at least 1 — 0, that is, Vo5 (D) is a consistent estimator of the BER;
3. (Asymptotic Normality): /n(¢sott — Pe) AN (0, Var(Yas.ar)) as n — oo.

Theorem|[I] shows that the BER can be effectively estimated directly from a dataset that contains soft

labels as in (3). Moreover, it highlights that the convergence rate of 1o (D) is n™ %, which is indeed
the optimal (parametric) convergence rate.



Another important aspect to assess the performance of 150 (D) is to measure how far it is from the
BER P.. Since ¢ (D) is unbiased (from Theorem this distance can be measured by computing
the variance of 55 (D), which is denoted as Var(1)s0¢) and provided by the next proposition (proof

in Appendix[B.2).
1 (=dr)Pe=P2 _ (1-%)°
Proposition 1. It holds that Var(vsoft) = - Var(Yar.ar) and Var(sos) < -— e LA M

n 4n

The exact computation of Var(tso;) in Propositionrequires the knowledge of the order statistics of
Y and hence, of the label distribution Py. The upper bounds on Var(ts.f; ) are instead distribution-
independent. In particular, both upper bounds show that the rate of convergence of Var(usoft )
is 1/n, which is in line with Theorem [I| Moreover, the first upper bound on Var(t)s.¢) implies
that Var(tsoer) — O when either P. — 0 (i.e., also known as realizability assumption [76]) or
P,.—1- J\—Z (i.e., labels and features are independent). The first upper bound on Var(ts.f ) also
allows to find an upper bound on P, which becomes tight when P, — 1 — 1/M.

3.1 Robustness of 15

We consider robustness to outliers, where an outlier is a data sample that is corrupted by high noise.
We use the concept of breakdown point [44} 60] to measure the robustness of 1)s.s,. The breakdown
point captures how robust an estimator is with respect to outliersE] In the classical definition of
breakdown point, the worst estimator (in terms of robustness) for a dataset D with outliers is defined
as (D) = oo. However, in our setting ¢ (D) < 1 — ﬁ since Yot (D) is an estimate of Pe.
Because of this, we next adopt an alternative definition for the breakdown point which is commonly

used for a bounded parameter space O [45].
Definition 3 (Breakdown point). Consider an estimator ¢ : Q* — © of § € © C RL. Let
D" = {Dy,...,D.}, where D; € Q, Vi € [s], be a clean dataset without outliers, and let

D) = {51, ..., D;} be a noisy dataset that is composed of 7 noisy data samples that can be
arbitrarily replaced by outliers. Then, the breakdown point of 1) is defined as
7’ ~
— i . (k+7)y _ (%) ™Y >
B = _pin, { T s p(00) - 6@ LB 2 @) |

where the sup is taken over all D(*+7) D) and D7) such that D) € D+7)_and rad(©) is the
vector consisting of the L radii of the largest L-dimensional ellipsoid in G)EI

B(%) in (3) quantifies the value of the breakdown point for an estimator ¢ : Q7% — ©. In particular,
an estimator 1) “breaks down” if 1)(D*+7)) changes of at least |rad(©)]|| when 7 clean data samples
are replaced with 7 outliers. The breakdown point is defined as the minimum ratio between the
number of outliers (7) and the total number of data samples (x + 7), such that 7 outliers are sufficient
to break the estimator 1)(D**7)). From Definition [3| it is clear that the higher the value of the
breakdown point, the more robust the estimator is. To measure the breakdown point of ¥g.¢, We
start by noting that 95, is the sample mean of {1 — max;c[as(y;);}ie; (see (@). Thus, using the

notation as in Definition (3| we have that © = [0, 1 — 4], which leads to rad(©) = £ — 5+-. This

implies that B(tsost) = ~ (e.g., when D contains an outlier y such that max;e(p ¥ = 00) and
hence, ¥sof 1S not robust to outliers.

We next propose a methodology, inspired by the median-of-means estimator [65]], to make any BER
estimator (and hence, also ¥4t ) robust.

Definition 4 (Median-of-BERs (MoB) estimator). Consider any BER estimator v and a dataset D.
First, partition D into K sub-datasets Dy, k € [K| such that |D| = n = cK, where ¢ € N is the
number of data samples in Dy. Then, the Median-of-BERs (MoB) estimator is defined as

MoB (1, D) = med({/(Dx) : k € [K]}), (6)

where med(S) is the sample median of S.

The sample mean can fail to estimate the true mean by a single outlier (e.g., a sample « with a value very
different from the true mean). Thus, the sample mean has a breakdown point equal to 1/n, meaning that one
outlier can break the estimate. Differently, the median is more robust since it has a breakdown point of 1/2, i.e.,
half of the samples need to be outliers for breaking the estimate.

I~

2 2
*Any L-dimensional ellipsoid (after rotation) can be defined as 74 + 22 + ... + %
1 2

are ai,az,...,ar.

= 1. Then, the L radii

a
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The next theorem (proof in Appendix provides three important properties of MoB g (¥soft, D).

Theorem 2. Assume that D contains soft labels as defined in (B). Then, the MoB estimator
MoB k (¢sots, D) satisfies the following properties:

1. (Consistency): For all t < K, with probability at least 1 — 4e=2t it holds that

- (1-L)° K 1
IMoB k (¥soft, D) Pe|§(2\/§Var(YM:M)\/n—inL?)\/tvar(YM:M) K @)

and hence, MoB i (Vsoft, D) is a consistent estimator of the BER;

2. (Breakdown): Its breakdown point is given by B (MoB  (¥so, D)) = L@J ey

2 n’
3. (Asymptotic Normality): If K — oo and K = o(y/n) as n — oo, then
VL (MoByc (o, D) = Po) A (0, 5Var(Yaran)).

Theorem [2| shows that MoB g (10, D) has the same rate of convergence of n=% as Psoty (s€€
Theorem |1)). However, MoB k (tsoft, D) has a higher breakdown point (and hence, is more robust)
than 5., Nonetheless, this robustness is attained at two expenses: (i) MoBk (¢soft, D) is not an
unbiased estimator of P,; and (ii) the variance of MoB g (¢soft, D) is larger than the one of gt by
a factor of /2 in the asymptotic regime.

Theorem [2] also points out to an interesting trade-off, with respect to K, between accuracy and
robustness. For example, setting K = /n leads to a higher breakdown point (and hence, is more
robust) than setting X' = In n. However, the concentration bound in (7)) (which measures the accuracy
of the estimation) has a much larger value with K = y/n than with K = Inn.

4 BER estimation with noisy labels

The soft label data discussed in Section [3] might be challenging to obtain as data labels are often
corrupted by noise or other perturbations. In such scenarios, data labels are unreliable [27, 164, 68]
and several studies have been conducted on them [37,157, 180, 88,190, 92, 194, [96].

With the goal to broaden the applicability of 1ot (or its robust version MoB g (¢soft, D)), we here
study thelr performance in scenarios where the soft labels are corrupted by various typical types of

n01se | We denote by Y ~ Y‘Y the noisy soft label, i.e., a noisy soft label Y = y, 1s distributed

according to the conditional probability distribution PYIY v, , where y; is the true soft label.

4.1 Additive noise on the data labels

We here consider the case where the labels are corrupted by additive noise, i.e., we have (x, ¢) € D A
where y = y + z, where z is an M -dimensional random noise vector. We assume that z has i.i.d.
components each with zero mean.

We start our analysis by showing that 1z in @) applied on D, is neither a consistent nor an unbiased
estimator of P.. We, in fact, have that

sot(Da) =1 — fz maax {(y:); + (i)} ®)

1 J€lM]

which, by the law of large numbers, converges to
Jim oofe(Da) =1 - E [Jrg[&}\}(] {Y; + Zj}:| . ©)
Then, the inequalities max; x; + min; y; < max;{x; + y;} < max; z; + max; y,; imply that

E[Z1:0] < Pe = lim tore(Da) < E[Zarnd], (10)

“We refer an interested reader to Appendixwhere a noise that randomly shuffles the labels is also studied.



which follow from (2) and (3). The bounds in (I0) demonstrate that with labels corrupted by additive
noise, ¥sof; is (in general) an inconsistent estimator of P,. By following similar steps, it can be easily
proved that 1) 1S also a biased estimator of P,. In particular, the bounds in (T0) show that 1)s.¢; has
a bias which is bounded by the expected value of the smallest (lower bound) and of the largest (upper
bound) order statistics of the noise. In what follows, we provide two examples of distributions for
which bounds on these expected values have been computed.

Example 1. Let Z %" Uniform(—a, a). Then, E[Z;.p/] =
|Pe - wsoft(DA)‘ < a%~

Example 2. Let Z b vz-sub-Gaussian Then, we have that E[Zy;.n] = —E[Z71.p] and
E[Znrar] < /292 1In M [9] which as n — oo implies that | P, — ¥sort(Da)| < /272 1n M.

Our analysis above shows that ¥y (Da) is (in general) an inconsistent and biased estimator of
P.. Because of this, we next propose a new BER estimator, which (different from s.¢;) leverages
the features {x;}?_; to denoise g,. We refer to this estimator as ¢)pn. Our main intuition behind
proposing ¢pn stems from the fact that data samples having the same feature = should be labeled
with the same (or at least similar) label. This can be attained by noting that, even if labels are noisy, it
is possible to minimize the effect of a zero-mean noise by averaging the noisy labels associated with
the same feature. We next formally define our denoising BER estimator ¢py : RM — [0, 1].

2ai : : :
eI @ which as n — oo implies that

Definition 5 (Denoise estimator). For a noisy dataset Dy = {(x;, ;) }"_,. let the denoised label
s(x;) for all i € [n], be defined as

Z?:1 Ya; = zi}y;
Z?:]_ ]].{.’BJ = CEi} ’

and let idx(x;) = arg max;c(ar{(s(;));}. Then, the denoise BER estimator is defined as

(11)

s(x;) =

~ 1< _
Ypn(Pa) = > (1= B)idxan) - (12)
i=1
The next theorem (proof in Appendix provides some important properties of {)pn (ZSA).

Theorem 3. Let Dy = {(x;, Y;)}1, be a dataset that consists of noisy soft labels §, = y,; + z;
i.i.d. . . ~ .. . .
where z; “X" Py is the zero mean noise. Then, YpN(Da) is a consistent estimator of P..

Moreover, if the noise has bounded support, that is Pr(Z € [a,b]™) = 1, then
1. (Asymptotical unbiasedness): Y (Da) is an asymptotically unbiased estimator of P.;

1, 2
2. (Denoising Consistency): Forany ¢ € (0, 1), it holds that |s(x) —y| < (-gr-att)” In 2

2N )
with probability at least 1 — 0, where ng, = 2?21 1{x; = x} and s(x) is the denoised
label defined in .

The results in Theorem [3|broadens the applicability of an effective BER estimator to a larger class of
datasets, e.g., to scenarios where the dataset includes multiple data samples representing the same
feature. For example, {)pn works well on a noisy dataset where each data sample has multiple labels.
Moreover, as we will see in Section 1pn is also useful for one-hot labels. We also expect that
1pn will work well with privatized datasets where noise was added to enhance privacy [26].

Remark 1. Our estimator ¥py only requires the dataset D. This is a more practical approach than
the one in [46] which instead also requires the true one-hot label. The estimator in [46]], which is
referred to as a genie estimator ¢genie, can be obtained by replacing s() in (TI)) with the true one-hot

label. In Appendix - we provide properties of Ygenic (D ) that generalize the results in [46]] for
any M > 2. As expected, 1genie is a consistent and unbiased estimator of P,.

MZ-EZD] < o2

>We say that a random variable Z is y2-sub-Gaussian if E[e



4.2 One-hot labels

A dataset consisting of one-hot labels, denoted as D = {(=;,¥;)}",, contains little information
about the class posterior probability. We assume that the one-hot label is constructed from the
corresponding soft label as follows,

Y = e; with probability Y;, (13)

where: (i) Y is the one-hot random vector; (i) Y is the soft label random vector in (@); and (iii)
e; € RM is the standard basis vector with a one in the i-th position and zero in all the other entries.

We can think of the one-hot label construction in (I3) as a noisy label. Specifically, the noise
Z € {e; — y}}, with the probability mass function pzy (z|y) = Zj\il y;j1{z = e; — y} satisfies
Y =Y + Z. Itis not difficult to see that E[Z] = E[E[Z|Y]] = 0 and hence, our denoise estimator

Ypn(Da) in (12), or its robust version MoB g (¢¥px, Da ), can estimate the BER also for the case of
one-hot labels. However, we also note that with the above construction, the labels might be too noisy
to estimate the BER in practice. This suggests that a more refined denoising method than the one in
Definition 5 for one-hot labels might be needed for a more effective BER estimation.

Motivated by the above discussion, we next propose a denoising method for one-hot labels, which
leverages neighbor samples to mitigate the noiseE] Our choice of such a denoising method mainly
stems from the fact that one would expect that neighboring samples should have similar posterior
probabilities. In particular, for each x;, i € [n], we consider all of its neighbors (features that are at
most at a distance r from x;) and we average the corresponding noisy labels in a spirit similar to (TT).
We next formally define our denoising BER estimator, which we refer to as ¢c.

Definition 6 (Cluster denoise estimator). Givend : X2 — R, and r € R, define Cluster; :=
{(x,y) € Da : d(x;, ) < r}. Then, the denoised label for g, for all i € [n], is defined as

» 14
’ |Cluster;] ’ (14

and the cluster-based BER estimator is defined as

e(Da,d,r) = %Z <1 - max{(@i)j}) : (15)

Py je[M]

Remark 2. Preprocessing the dataset that aggregates data samples of similar features can also be
helpful in improving the BER estimate for noisy labels, and it can be paired with the cluster denoise
estimator in Definition[6} A naive approach would consist of reducing the feature dimensionality and
increasing the number of data samples inside clusters (I4), which helps mitigate the effect of the
noise. Some notable examples of data preprocessing are the classical principal component analysis
(PCA) [[7'7]] and the representation learning [S]] (e.g., variational auto encoder [52]).

Remark 3. Another viewpoint to the denoising method in (I4) is the connection to the non-parametric
estimation of the conditional expectation E[Y|X = x], where Y is the true soft label corresponding
to X = x. In particular, estimating E[Y|X = «] is equivalent to denoising the noisy label associated
with « as in @ Under such a viewpoint, the BER estimator in Definition @ resembles the
Nadaraya—Watson estimator with Parzen window kernel [63} |89].

5 Experiments

We empirically validate our results using various datasets, namely: 1) a synthetic dataset with different
noises, including one-hot labels; 2) two benchmark datasets CIFAR-10H [4] and Fashion-MNIST-
H [46]; and 3) MovieLens [38]], a real-world dataset for movie recommendations. We compare our
estimators with two SOTA BER bounds [72], namely the generalized Henze-Penrose (GHP) BER
bounds [75] and the k-Nearest Neighbor (NN) BER bounds [16]. Details on the k-NN bounds and
GHP bounds, and additional results can be found in Appendix [C]

8Several works have taken advantage of neighbor samples to estimate the BER or the probability divergence.
We refer an interested reader to [67] and references therein.



Figure 1: 4-classes Gaussian data samples. The left figure shows the samples of each class, and the
right figure displays the corresponding soft label information as the maximum value of the soft label.
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Figure 2: Comparison of MoB (¢c) where ¢¢ is defined in (I5) with the GHP bounds and the
k-NN bounds with k = 1. We consider n = 2,000 samples generated as in Figure [T] with noise
Z ~ N (0,11;). MoBk (vc) uses K = |/n] (with this choice, Theoremensures the asymptotic
normality of MoB ), the Euclidean distance for d, and r = 1/5.

Synthetic dataset with soft labels and noisy labels. We consider a 4-class classification problem
with equiprobable classes C' € C,, := {(u, 1), (—pt, 1), (—pt, —p1), (1, —p1) }, where o > 0 is a
parameter that controls the classification hardness. We generate the feature X € R? according to
a 2-dimensional Gaussian distribution with mean c (i.e., a realization of C' € C,) and covariance
matrix 5. The corresponding soft labels y,’s are then obtained by the Bayes’ theorem. In particular,
since fx|c ~ N (C,I2) and Pc(c) = 1/4if ¢ € C,, (and zero otherwise), according to (3) we have
Ix|c(®i]e)Po(c
that (y;)r = Zaecu‘ f,(qcl(a):i\agP)c(a)IZI
corresponding soft labels (right figure) for the synthetic dataset generated as explained above; in
particular, for each feature x;, we only reported the label (y,);~ where j* = argmax;c4(y;);
which is required for evaluating s, in {@). As expected, a point near the decision boundary (lines
for 1 = 0 or x5 = 0) has a smaller maximum value in its soft label.

Figure|l|illustrates n = 1, 000 features (left figure), and the

The results in Figure2Jempirically demonstrate the effectiveness of our estimators, which consistently
outperform the others)’| Moreover, our estimators estimate the exact value of the BER, while the
others derive upper and lower bounds on the BER, which might not be tight.

"Without loss of generality, we consider the following mapping: k = 1if ¢ = (u, p); k = 2if ¢ = (—p, p);
k=3ife=(—p,—p);and k =4if e = (u, —p).

8 Among the proposed estimators, in Figure [2| we only evaluated MoB (¢c) since we observed that it
performs well with respect to SOTA methods and hence, we omitted the other estimators.
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Figure 3: Comparison of MoBx (1¢) (evaluated with ¢¢ in (]E])) with Y50 On noisy soft labels.
We consider Z ~ N (0,1/514). To model outliers, we added Z = 0.2 - Ber (1/2) with probability
1/10 to each entry of the soft labels. For different n, the parameters of MoB k(1)) are chosen as
K = |y/n], d is the Euclidean distance, and = 1/5. We iterate the experiment 50 times for each n.

We further conducted experiments to verify the effectiveness of our denoising and robustifying
methods on data samples with label noise and outliers. Figure [3] shows the comparison of the
denoising estimator MoB  (1)¢) with the base estimator ¢s.r;. We observe that Y., suffers from the
label noise, which leads to a bias in the estimation. However, our denoising estimator MoBx (¢¢)
suitably denoises the noisy labels and effectively estimates the BER. As shown in Figure [3b} in fact,
the absolute error between the estimate and the BER as well as the variance decrease as n grows.

Synthetic dataset with one-hot labels. We an-

alyze the performance of MoBk (3/c) in the same
Gaussian setting described above, but with one-hot _'_'_'_'_'_'_'_'_'_'_'_,'_%_5%7%'%'?”’}"%’
labels. Each soft label of the samples is mapped  ** ]
to a one-hot label according to the categorical dis-  o2{
tribution with probabilities equal to the soft la-
bels (see (I3)). Figured]shows that our denoising
method is capable of suitably reducing the noise " [ I
in one-hot labels; in fact, it correctly estimates the 0.05 ‘ l
BER after around 10* samples when MoB x (Yc) 0.00 J_. _____________________________________
converges to the BER. From Figure ] we also ob- SRR o bl o oo
serve that Yo performs poorly; this suggests that

denoising methods are essential for the BER esti- Figure 4: Comparison of MoBg (1¢) with
mation task, hence worth further investigation. Psofr for Gaussian samples with one-hot labels.

1
) % 11 —-- BER

=== Yoot

CIFAR-10H [4] and Fashion-MNIST-H [46].

The CIFAR-10H dataset is a variation of CIFAR-10 [53], constructed by labeling 10* images in the
test dataset of CIFAR-10 by multiple labelers. The Fashion-MNIST-H dataset is populated by 10*
images in the test dataset of Fashion-MNIST [93]] in a similar manner. These two datasets have 10
classes, but we further categorized these into M € {2, 3} classes. In particular, for CIFAR-10H,
we assigned Cy = {airplane, automobile, ship, truck}, Co = {bird, cat, deer, dog, frog, horse}
when M = 2, and C; = {airplane, automobile, ship, truck}, Co = {cat,dog, frog}, C5 =
{bird, deer,horse} when M = 3. Similarly, for Fashion-MNIST-H, we assigned C; =
{t-shirt/top, pullover, dress, coat, shirt}, Cy = {trouser,sandal, sneaker, bag, ankleboot}
when M = 2, and C; = {t-shirt/top, pullover, coat, shirt}, C = {trouser, dress, bag}, and
C3 = {sandal, sneaker, ankleboot} when M = 3.

From Table we observe that the estimates using MoBk (¢pn) with K = |/n] are slightly lower
than ¢pn, which is due to the robustness of MoBx (¢pn) to outliersﬂ We also highlight that the
BER estimates can be leveraged to determine which task is more difficult. Intuitively, performing

°In general, there might be outliers that lead to low values of the estimated BER. However, since the labels
belong to [0, 1] and the estimated BER values in our examples are very small, it is reasonable to assume that
outliers with large values would be more impactful than outliers with small values.



Table 1: BER estimate on benchmark and real-world datasets.
CIFAR-10H Fashion-MNIST-H MovieLens

# classes 2 3 10 2 3 10 2 3

Ypn  0.0050 0.0177 0.0456 0.0348 0.0932 0.2825 0.3063 0.4031
MoBk (¢¥pn) 0.0044 0.0168 0.0440 0.0347 0.0931 0.2816 0.3065 0.4035

the classification task over CIFAR-10H is much easier than performing it over Fashion-MNIST-H,
and this is supported by the results in Table|l] i.e., the BERs associated with CIFAR-10H are smaller
than those over Fashion-MNIST-H. It is worth noting that test dataset overfitting can happen when
benchmark datasets are considered [3} 146,151,159, 91]. This can also be observed by the results
in Table [T where our BER estimates of the 10-class classifications are larger than the SOTA error
rates of 0.005 on CIFAR-10 by [24]] and of 0.0309 on Fashion-MNIST by [82]]. We also suspect
that, since the labels are assigned by humans, who might not be experts, the datasets might still have
a considerable amount of label noise, which would lead to incorrect BER estimates. However, no
estimators (including ours) can estimate the BER from a dataset that contains very noisy labels.

MovieLens [38]. This dataset consists of 25 million ratings to 62,000 movies by 162, 000 users.
Each rating ranges from 0.5 to 5 with step size 0.5. We first considered a movie classification
task: a user either likes a movie or not. This is a complex binary classification task with the input
feature being a movie (in general, a two-hour long video with audio) and the class being either
0 (dislike the movie) or 1 (like the movie). To ensure that a label belongs to [0, 1], we applied
min-max normalization to each rating. Moreover, in order to have enough ratings for each movie
when we applied the denoising method, we filtered out some data if the number of ratings was smaller
than 100. Then, ¥pn and MoB g (1pn) estimated the BER of such movie classification task, and
they yielded a BER of around 0.3. We then categorized the ratings into M = 3 classes, i.e., we
assigned C; = {0.5,1.0,1.5}, Cy = {2.0,...,3.5} and C5 = {4.0,4.5,5.0}. On this task, the BER
estimate is around 0.4. These BERs are quite large, implying that the movie classification is a hard
task to perform. This may be justified by the fact that ratings of movies are subjective, and movie
recommendations are indeed challenging without users’ information (e.g., content-based [47] or
item-based [[74] recommendation systems use users’ information).

6 Conclusion

In this paper, we investigated the challenge of estimating the BER for multi-class classifications. We
proposed a BER estimator, 1s.;, Which we proved to be unbiased, consistent, and asymptotically
normal when applied to soft-labeled datasets. By leveraging the median-of-mean method, we also
proposed a methodology to make any BER estimate robust. To ensure the applicability of the BER
estimator in practical scenarios, we analyzed the challenges posed by noisy soft labels, including
those with additive noise and one-hot labels. For such noisy labeled datasets, we developed denoising
techniques that effectively mitigate the label noise by using the corresponding features. We showed
that these denoising BER estimators are unbiased and consistent under mild noise assumptions. Our
experimental results, drawn from synthetic and real-world datasets, validated our theoretical results.

Although in this work we assumed that the set of features is finite, several of our results (e.g.,
Theorem|[I]and Theorem 2)) can be easily shown to hold also for the infinite feature space. A research
direction worth further investigation would consist of proving that the cluster denoise estimator in
Definition [ has similar appealing properties (see Theorem [3) as the denoise estimator in Definition 3]
(which assumes that the set of the features is discrete). Always along these lines, a second interesting
future work would be to analyze the rate of convergence of our BER estimator paired with the
denoising method as a function of the characteristics (e.g., cardinality, distribution) of the feature
space. Such an analysis would indeed provide insights into the difficulty of a classification task.
Another relevant avenue for future research lies in assessing the optimal performance of multi-
label learning, where a single data point can be associated with multiple classes. While adapting
our framework to predict the minimum Hamming loss for multi-label learning might be relatively
straightforward, estimating other metrics (e.g., the F1 score and the exact match ratio) might be a
difficult task, potentially necessitating new methodologies.
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Appendices

A Related work

It is well known that the BER of a binary classification problem can be achieved by a likelihood
ratio test [66] and the BER of a multiclass classification problem can be attained by a Maximum
a Posteriori (MAP) classifier [50]. The problem of estimating the BER using a dataset has been
extensively investigated from the middle of the 20th century [16] to the present [13]], leveraging
different approaches, such as the k-nearest neighbors (NN) method, probabilistic divergence, and
bounds on the BER. In the early stage, the main approach was to derive upper and lower bounds
on the BER, while recent work mainly focuses on directly estimating the BER rather than deriving
bounds on it.

BER bounds. Several bounds on the BER in binary classification tasks have been proposed
using probability divergence and distance metrics. Notable approaches use the Mahalanobis dis-
tance [20 86, the Bhattacharyya distance between two class conditional distributions [20, 49! 86|, the
Chernoff coefficient (a generalization of the Bhattacharyya distance) [14} 25| 29]], the Henze-Penrose
divergence [6], the Jensen-Shannon divergence [55]], bounds for the min{a, b} function [2,[39]] (a gen-
eralization of the equivocation bound [41] and of the Bayesian bound [12]]), the Mj-distance [85], the
Fano’s inequality [15]], and the Lo norm of posterior probabilities [[19]]. Some of these bounds are tight,
but they still require estimating the data distribution (e.g., class conditional distributions or posterior
probabilities), which may not be practical, particularly for modern data (e.g., images and videos)
Bounds on the BER were also derived using non-parametric approaches [16, 21130, 33]], such as
the k-NN classifier. A remarkable advantage of a k-NN classifier for this problem is its distribution-
free property to bound the BER (i.e., it works under no assumption on the data distribution). A
convergence rate analysis for universal BER estimators was developed in [1} 22].

Direct estimation of the BER. As an alternative approach to using bounds on the BER, some
recent research directly estimates the BER [[13}146}167,83]. In particular, the authors in [67] expressed
the BER as a function of the f-divergence and proposed a density ratio estimator to evaluate such
an f-divergence that yields the BER. Under various label assumptions, a direct BER estimator
was proposed in [46]; this estimator is unbiased and consistent for soft labels, and it has desirable
properties. Another direct estimator for the BER was proposed in [13]]. In particular, this estimator
uses the relationship between the BER and the miss-classified samples.

Extension to multi-class classification. The extension of the BER in binary classification to
multi-class classification has been extensively investigated both in terms of generalizing existing
bounds and deriving new approaches. For example, the Chernoff bound [34]], the Jensen-Shannon
divergence [55l], the Fano’s inequality [[15], the general mean distance [8]], the Lo norm of posterior
probabilities [[19]], and the generalized Henze-Penrose divergence [75]] can be used to derive bounds
on the BER in multi-class classification problems. Non-parametric methods [31} 58], such as the
k-NN classifier, can also bound the BER in multi-class classification settings. Bounds based on the
error probability of a k-NN classifier in the asymptotic regime were studied in [[16]], and some bounds
in the non-asymptotic regime can be found in [10} 32]].

Interested readers are referred to [2} [IT} 56, [72]. In particular, comparisons of a variety of upper bounds on
the BER were studied in [56} (72]], and an arbitrary tight upper bound was proposed in [2].
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B Proofs and auxiliary results

B.1 Proof of Theorem[Il

Proof. By taking the expectation of ¢, in () with respect to Px y, we obtain

Eltn (D) = 1 3 (1 maxy;)

(@.9)€D JjelM]
1
== Z E {1 — max Pr(C :j|X):|
(e w)eD setl

—1-E [max Pr(C = j|X)]

JE[M]

= P, (16)

where the second equality follows from (3)), and the last equality is due to (2)). This shows that 1o
in (@) is an unbiased estimator of P..

Next, let Uy " Yagar for all k € [n], and note that Uy, € [4;,1] := U. Define a function

f:ur —[0,1—L)as f(Uy,...,U,) := 137 . (1 —Uy), which is equivalent to 9oz in (@).
7 k=1

T on

Then, for any uj, € U and for all k& € [n], we have that

SUpP | f(U1, ooy Uity Uiy Wit 1y e v ey Un) — F ULy ooy Ui 1, Uy Ui 1y ey Uy
veld
1
=sup |~ ((1 —w;) — (1 —v))
veld | T
1 1
-n ( M) ¢ an

By using McDiarmid’s inequality [23]], together with (I6) and (T7), we arrive at
Pr (|thsott — Pe| > €) =Pr(|f(Un,...,U,) = E[f(U1,...,U,)]| > ¢€)

2 2
< 2exp (_71512> . (18)
(1-47)
By taking n — oo, we obtain
. . 2ne?
lim Pr(|¢soss — Pe| > €) < lim 2exp [ ———— | =0, (19)

which shows that sf; in (E[) is a consistent estimator of P..

—1)?
By setting € = C 2;;’) In 2 in (T8) where 6 € (0, 1), we obtain

1- 1) o
Pr | [sore — Pe| < %lng >1-4. (20)

This shows the convergence rate.

The estimator Y in @) can be viewed as the sample mean of 1 — max;c[psy; in D. Since
max;e(a] Yj ~ Y s, from the central limit theorem, as n — oo, we obtain that

\/ﬁ(wsoft - Pe) — N(O,Var(l — YJ\/[:M))
= N(0, Var(Yas:a1))- 1)

This concludes the proof of Theorem [T} O
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B.2  Proof of Proposition ]|

Proof. We have that Yas.as ~ max;e[as) Y. Then, by letting Uy i Y forall k € [n], we
obtain

Var(tsoft) = Var ( Z (1-Uy )
k=1

1
= EVar (1—Uy)
1
= EVar(Uk)
1
= ﬁVar(YM:M). (22)

Moreover, by using the Bhatia-Davis inequality [[7]], we obtain Var (Yas.ps) = Var (1 — Ya) <
(1 - ﬁ - PE) P since E[¢soft] = P,, which gives

(1—ap) P — P2

Var(wsoft) S n (23)
Finally, we can maximize the term (1 — ﬁ - P, ) P, over0 < P, <1 — <. The maximum is
indeed u attained by P, = % ( H) Hence,
1-1)P. —P?
Var("/}soft) S ( M) =
n
1— 1)
< M’ (24)
4n
which concludes the proof of Proposition I} O

B.3 Proof of Theorem 2]

Proof. We start by noting that, by viewing ¥ in as a sample mean of (1 —Yj;.5/), the estimator
MoB g (¥sofs, D) is a median-of-means estimator. It has been shown in [62] that, provided that
E[|1 — Ya.a — P.J?] < 0o, a median-of-means estimator satisfies

E[|l - Yyuym—-P.?] K
( [ MM~ °] N s >7 25)
Var(Yas.ar) 2 n—K n—K

with probability at least 1 — 4e=2%, for all s < K. From [54, eq. (3.8)], since (1 — Yas.as) €
[0,1 — 57| we have that

1 1
El-Yyum-PlPl<P(1-=-P|([1-=—-2P,
= Yo - PP < P (1= g7 -2 ) (1 g7 2

(-4’

< M7 26

6v3 (26)

where the last inequality follows by maximizing P, (1 - ﬁ — Pe) (1 — ﬁ - 2Pe) with respect to
0 < P. <1— 4. Substituting (26) into (23) leads to

D=

IMoB i (sott, D) — Pe| < 3(Var(Yas.ar))

N (1—-4)° K s
IMoBk (tsote, D) — Pe| < 3(Var(Yar:ar))? N LR Y

S a-5 K 1
B (2\/§Var(¥M:M> vk VeV [y @7

Under an appropriate choice of n and K (e.g., K = o(n)), the upper bound in converges to 0,
which proves the consistency of MoB g (soft, D).
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For the breakdown point of MoB g (¥soft, D), we start by observing that, if we have L outliers,
then at most [%J base estimators o5 (Dy)’s in () can be affected by these outliers, i.e., they can
be bad. In this case, MoB k (¢soft, D) gives a bad estimate since more than half of the base estimators
Ysoft (D )’s are bad. However, if the number of outliers is smaller than LK “J e.g., L%J -1,
then the median of Vs (Dy), k € [K] is not a bad estimate since the number of outliers is smaller
than half of the base estimators. Thus, from Deﬁnitionwith T = L%J and Kk + 7 = n, we obtain

B (MoB (Ysote, D)) = | K51 L.

The proof of the asymptotic normality of MoB g (1sft, D) follows directly from [62, Theorem 4]. In
particular, if K — oo and K = o(y/n) as n — oo, it holds that

K+1J

Vi (MOBxk (tsott, D) = P.) 5 N (0, ZVar(Yarar)) (28)

This concludes the proof of Theorem 2] O

B.4 Random permutation noise

One of the most common type of label noises is a noise that randomly permutes/shuffles the data
labels [27]], i.e., we have (x,y) € Dp where Dp denotes the dataset with randomly permuted labels.
This noise model can be categorized into two types [27], namely instance-independent and instance-
dependent. The former perturbs the label y with a random permutation according to some probability
distribution (the extreme noise case, namely unlabeled data or data without correspondence, where
the label is permuted with probability one using a random permutation matrix, has also been studied
extensively [36, (71} 73] [79, 187, 95]), which is independent of the input features. For example, a
corruption by an instance-independent noise to y = [0.1,0.7,0.2] T may resultin § = [0.1,0.2,0.7] "
The other type of noise, the instance-dependent noise, flips/permutes the labels depending on the
instance. For example, the label “car” is more likely to be flipped to “truck’ rather than “cat”.

We note that 1o in (@) only depends on the maximum value of y, which does not change after that
a random permutation is applied on y. This property ensures that 1.y is still an effective estimator
of P, even when the labels are randomly permuted, as stated in the next theorem.

Theorem 4. Let Dp = {(x;,9;)}", be a dataset that consists of noisy soft labels §; = Pyy; where

P;,i € [M] is any random permutation matrix of size M x M. Then, 1o, (Dp) satisfies all of the
properties in Theorem[l|and Proposition

Proof. Since max ;e y; is permutation-invariant with respect to y, it follows that

wsoft({(wia Qz)}?:l) = ¢Soft({(wi7 -szz) ?:1)
= Ysote ({(zi, ¥;) 1), (29)

where the first equality follows since y, = P;y,, and the second equality is due to the permutation-
invariance property of the max function. The results in Theorem [T and Proposition [I] then prove
Theorem 4] O

B.5 Proof of Theorem 3

Proof. Without loss of generality, we let X = {uy,us, ..., uk }, where K = |X| is the cardinality of
X, and uy, is the unique feature vector (or tensor). We denote by vy, € ) the soft label corresponding
to ug, i.e., vy = [Pr(C = 1|X = ug),...,Pr(C = M|X = uy)]". With these definitions, we
observe that due to the law of large numbers, we have

lim s(ug) = E[?’\X = uy)

n—0o0

@)
E[E[Y]Y]|X = u]
(b)

= vy, (30)



where (a) follows from the law of total expectation and (b) is due to the fact that E[Y[Y] = Y since
the noise is zero mean. Now, since for any ¢ € [n] there exists a k € [K] such that z; = u;, we can
write that

nlgr;oldx(mi) = nh_{r;o idx(u)

@) |

= arg max {(ve);}

= arg max {Pr(C = j|X = uy)}
jelM]

= idx(uy), (31)

where the equality in (a) follows from (30). Then, we can write ¢px (D) in (T2) as

N K n

Uon(Da) =3 = > Hai = ur}(1 = (§:)idx(an))- (32)
k=

1 i=1

S|~

When n — oo, it follows that

K
Jim gon(Da) & DE [1(X = wi) (1~ Vig,)|

=
bl
)= 1
=
=
=
>
|
<
e
——
=
|
=
o
&)
E
—

E
=P, (33)

where the labeled equalities follow from: (a) the law of large numbers, the assumption that (x;, ;) ~
Py 3, and using (31); (b) using the law of total expectation; and (c) the fact that E[Y Y] =Y since
the noise is zero mean. This proves the consistency of Y px.

The asymptotic unbiasedness directly follows from the consistency together with the assumption of
bounded support for the noise. Specifically, since Z; € [a, b] for all j € [M], we have that

S [yon ()] =B | lim yox(Pa)
= E[Pe]
=P, (34)

where the first equality follows by the dominated convergence theorem that can be applied since

Yo (Da)| < max{|al, |1 — < +b|}, where a and b are the minimum and the maximum value in the
support of the noise, respectively, and they are both finite. This shows the asymptotic unbiasedness

of U)DN (DA)
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We are left to prove the denoising consistency. The denoised label s(z;) in (II)) is an unbiased
estimator of y, since

—
)
N

Els(X;)] = E

[ X = X,}Y;
| 2o X =X} ]

. [Z?_l HX; = X;}Y;

i HX =X}
1L -

©g NZE[Y,C’N,XZH
L k=1

S
E_N;E[Yuxi]]
= E[Y,[X, (35)

]

where the labeled equalities follow from: (a) letting X;, Y, and ?j for all j € [n] be independent
copies of X, Y, and Y, respectively; (b) introducing a random variable N € [n] that counts the
number of X; such that X ; = X, and using the law of total expectation; (c) re-indexing ?k, k € [N]
for the N pairs (X}, Y ) such that X; = X ;; and (d) the fact that the noise is zero mean.

Note that s(; ) is the average of n,, noisy labels §’s corresponding to x;. By Hoeffding’s inequality,
we then obtain

2Ny, €2
Pr(|s(xz;) —y;| > ¢€) <2exp| — — 5 |- (36)
(L-3r —a+b)
1, 2
Setting € = \/W In 2 leads to
(1-% —atb)? 2
Pr | |s(x;) —y;| < MZ% | >1- 5. (37)
This concludes the proof of Theorem 3] O

B.6 Properties of vﬁgcnic(ﬁA)

The following proposition defines genic and provides some properties of it.

Proposition 2. Let Dy = {(;, Y,;) 1, be a dataset that consists of noisy soft labels §;, = y, + z;
with z; """ Py such that E[Z] = 0. Let ¢; = arg maxe(ar)(y;);. Then, the following estimator

> (38)

i=1

S\H

wgeme DA

satisfies the following properties:

1. (Unbiasedness): It is an unbiased estimator of the BER;

2. (Consistency): It is a consistent estimator of the BER;

3. (Variance): Var (1/Jgenie(15A)> - Var(YM:I‘fL)‘*‘Var(Z) :

4. (Asymptotic Normality): v/7o(tgenic(Da) — Pe) A N0, Var(Yys. a1 )+Var(Z)) as n — oo.
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Proof. Define the random variable C' = arg max;c(ys Y; that indicates the index of Y having the
largest value, i.e., Yo = max;e(p] Y;. We have that

~ 1 & -
Ew)genie(IDA)] = E ZE[l — YC]
i=1
(a)

Y EE[ - YelY]]
YEL - Yol
=E {1 — max Y]}
JE[M]
=P, (39

where the labeled equalities follow from: (a) the law of total expectation; and (b) the fact that
E[Y|Y] = Y since E[Z] = 0. This shows the unbiasedness of genic(Da).

Now, we show the consistency of ¢genie(§A)- Due to the law of large numbers, as n — co, we
obtain that

nh_>ngo wgenie(ﬁA) = nh_{go - Z (1= (Fi)es)
i=1
= E[l — ?c]
= E[E[1 — Y¢|Y]]
= E[l — Yc]
_p. (40)

which demonstrates the consistency of ¥genie (15 A)-

We now compute the variance of d)genie(ﬁ ). We have that

'l/}gcnic(,[jA) = %Z (1 - (Q’L)Cz)

= Geont(D) ~ = D (#1)er @

This yields

Var (Ygenie(Da) ) = Var (wso& (D)~ Z Z)

®)

) Var (405t (D)) + %Var (2)

© Varllaran) | 1y, (2), (42)
n

where (a) follows from the independence between Y and Z, and the fact that Z;’s (with j € [M])
are i.i.d.; and (b) follows by Proposition|[I]

22



Finally, to show the asymptotic normality, we observe that from {#I]), we have that

Yuenie(Ba) = = 37 (1= W), — (20)e)

1 :1 (1 — max (y;); — (Zi)ci)

n = JE[M]
41 &
= Z (1 - ]!fg%(yi)j - (Zz‘)1> ; (43)

where the last equality follows since (z;) 4 (z;)¢ for all (k, £) € [M]?. Since (#3) is the sample
mean of n realizations from 1 — Y. — Z, the central limit theorem leads to

~ d
Vn(Ygenie(Da) — P.) = N (0, Var(1 — Yarpr — Z))
L N(0, Var(Yaz.ar) + Var(Z2)), (44)
where the last equality is due to the independence between Yj,.5s and Z. This concludes the proof of

Proposition 2] O

C Details on existing BER estimators / Additional experiments

C.1 Details on existing BER estimators
C.1.1 k-NN BER bounds [16]

Let PN be the error rate of the 1-nearest neighbor (NN) classifier with n samples. Then, for binary
classification, it follows that for n — oo [16],

% (1 /1= 2P€NN> < P, < PN, (45)

The above bounds were proved by showing the convergence of the conditional posterior probability
of the nearest neighbor to the true conditional posterior probability. For details, we refer an interested
reader to [16].

To generalize @) to M-classification problems, it was shown that for n — oo [16]],

M-1 M
i <1— 1—MlPeNN>§P€§P§N. (46)

In our experiments, we chose & = 1 as this value provides the tightest bounds among larger values
of k [16} [72]], and we plotted the upper and lower bounds defined in (@6)). In particular, in order to
evaluate PNN on given data samples, we generated true one-hot labels for all data samples from their
soft labels by taking the index having the maximum value in the soft labels.

C.1.2 Generalized Henze-Penrose (GHP) divergence BER bounds [75]

Consider a parameter p € (0, 1) and two distributions fy and f;. Then, the Henze-Penrose (HP)
divergence between fy and f; is defined as,

. i@ - -ph@? o
D10 = i (] e T e )

An appealing feature of D, is that it can be estimated directly from the data using the generalized
Friedman-Rafsky (FR) statistic [28. [75]], which uses the Euclidean minimal spanning tree.

Then, for fy and f; with prior probabilities p and 1 — p, the BER is bounded as [6]],

1 1

1 1
5~ 3\ uplfo. 1) < Pe < 5 = up(fo, fo), (48)
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where

up(fo, f1) = 4p(1 = p) Dy(fo, f1) + (20 — 1)?, (49)
and Dy ( fo, f1) can be estimated based on the minimal spanning tree [6]].

To generalize the HP bounds in (@8)), consider an M -class classification problem with pq,. .., puy
as class prior probabilities and class conditional probability densities given by fi(x) := f(x|c =

k), k=1,...,M. Let fM(zx):= 22/1:1 prfr(x). Then, the generalized Henze-Penrose (GHP)-
integral is defined as,

My oy [ fil®)fi(@)

GHPY(fi, f5) = TN (@) de, (50)
where S is the support of f(M)(x). Let 51%.4) = %de. Then, it was shown in [[75] that
the BER upper bound is

M-1 M
P.<2y 3 60, (51
i=1 j=i+1
and the BER lower bound is
1
M-1 M 2
M—-1 2M (M)
P, > 1—11- 0, . 52
=M M—lizljz;l i (52)

In our experiments, we plotted the GHP BER upper and lower bounds defined in (31)) and (52).
Similar to the k-NN BER bounds, we generated true one-hot labels for all data samples before

evaluating the GHP divergence D,,. Computing the above bounds requires to evaluate 51(7]\4/1) and this
can be done by using the generalized FR statistics (for more details, see [[75, Section IV.]).

C.2 Additional experiments

10 4 . CIFAR-10
[ CIFAR-10H
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Figure 5: Misclassification error rates of several classifiers on CIFAR-10 and CIFAR-10H datasets.

In Figure 5] we compare the estimated BER with the misclassification error rate of a few popular
neural network models on the CIFAR-10 and CIFAR-10H datasets. We chose ResNet [40], VGG [78]],
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(a) Soft labels. (b) Noisy soft labels.
Figure 6: Comparison of MoBg(¢c) with the GHP bounds and the k-NN bounds with
k= 1. The Gaussian samples are generated according to N'(c,o%l;), where ¢ €

{(1,1),(=1,1),(=1,-1),(1,—1)} is equally likely. We consider Z ~ N (0, 11). MoBx (¢c)
uses K = |y/n], the Euclidean distance for d, and = 1/5. We iterate the experiments 10 times and
plot the average of them.

DenseNet [43], and Vision Transformer (ViT) [24] as classifiers to compare with and we trained
these models on the CIFAR-10 datasetE| For the error rate evaluated on the CIFAR-10H dataset, we
followed the same experiment setup as in [46], under which we generated the ground-truth labels
for testset images from the soft labels (i.e., the probabilities for each class being associated with the
input image) and evaluated the testset error rate. We iterated this procedure 20 times and plotted
the average of the error rates. Figure 5| shows that the error rates on CIFAR-10 from the models are
worse than the estimated BER, with the exception of ViT. As noted in [46], the reasons for having
a lower error rate for ViT than the estimated BER are mainly due to 1) testset over-fitting and 2)
various labeling difficulties on the dataset CIFAR-10H that is used for estimating the BER. After
compensating for such difficulties on CIFAR-10H, all models’ error rates (evaluated on CIFAR-10H)
are worse than the estimated BER; this suggests that the estimated BER may be a good estimation
since the error rate of any classifier is larger than the BER.

Fi gure|§| shows the comparison of MoB g (¢)c) with the GHP and k-NN bounds on the BER. For each
class ¢ € {(1,1),(-1,1),(-=1,—1),(1,—1)}, we generated 500 Gaussian samples N (c, o%15) to
have a total of 2,000 samples. The label noise was generated according to Z ~ A/(0, %14). The case
of no outliers is considered in this experiment. We observe that our BER estimator outperforms the
other estimators over o2 € [0.1, 2] in both cases of noiseless soft labels and noisy soft labels.

We also made performance comparisons varying different parameters (i.e., y1, 02, ) in Figures @
and [I0] Similar to the experiment setting for Figure [6] we generated a total of 2,000 Gaussian
samples with different parameters that are specified in the caption of each figure. The effect of i
and o2 on the BER estimation is shown in Figures[7] and [8|under different choices of the radius .
We also provide performance comparisons of our estimator with the other estimators for different
values of the noise power o3 in Figures |§| and Choosing an appropriate value for r is critical
in the estimation of the BER as shown in Figure|I0l An appropriate value for r can be empirically
determined by using the elbow method [84], which is commonly used for choosing the number of
clusters in k-means clustering algorithms. Using Figure[T0] we selected r = 0.2 (elbow point) for the
main experiment in Figure[2] Overall, from these figures, we observe that our estimator outperforms
the GHP and the 1-NN classifier BER bounds in various settings.

""'We fine-tuned the official ViT-16B model (pre-trained on imagenet21k) on CIFAR-10 dataset; for this we
used the implementation in [48]. Moreover, we trained the other models using the implementation in [70].
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(a)r=0.3. (b)r =0.4.
Figure 7: Comparison of MoBg(1¢c) with the GHP bounds and the k-NN bounds with
k= 1. The Gaussian samples are generated according to N(c,I2), where ¢ €

{(ps ), (=g, 1), (=g, —p1), (p, —p)} with equal probability. We consider Z ~ N (0, %14).

MoBxk (¢c) uses K = |/n], the Euclidean distance for d, and r € {0.3,0.4}. We iterate the
experiments 10 times and plot the average of them.
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Figure 8: Comparison of MoBg (i)c) with the GHP bounds and the k-NN bounds with
k= 1. The Gaussian samples are generated according to N'(c,0%l;), where ¢ €

{(1,1),(-1,1),(=1,-1),(1,—1)} with equal probability. We consider Z ~ N (0,1I,).
MoB g (1c) uses K = |/n], the Euclidean distance for d, and r € {0.3,0.4}. We iterate the

experiments 10 times and plot the average of them. As expected, a larger value of 7 in Figure[3b]
yields better performance than a smaller value of 7 in Figure@
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(a) 0% = 0.3. (b) 0% = 0.4.

Figure 9: Comparison of MoBg(1c) with the GHP bounds and the k-NN bounds with
k= 1. The Gaussian samples are generated according to N(c,I2), where ¢ €
{10, (=g 1), (=g, —p), (p, —p)} with equal probability. We consider Z ~ N (0,0%14).
MoBxk (¢c) uses K = |/n], the Euclidean distance for d, and » = 0.2. We iterate the experi-
ments 10 times and plot the average of them. In both figures, the performance of our BER estimator
at the extreme values of  is worse than the performance of the other estimators; this is due to an
inappropriate choice of r.
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Figure 10: Comparison of MoB ()c) with the GHP bounds and the k-NN bounds with & = 1
with respect to the cluster radius r. The Gaussian samples are generated according to N (c, I5),
where ¢ € {(1,1),(-1,1),(=1,-1),(1,—1)}. We consider Z ~ N (0,0%1,). MoBg (1c) uses
K = |+/n] and the Euclidean distance for d. We iterate the experiments 10 times and plot the
average of them.
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