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Abstract

The quality of process data plays a key role
in training a Process Reward Model (PRM),
which can enhance the complex mathematical
reasoning capability of large language mod-
els. Existing methods rely on vanilla Monte
Carlo Tree Search (MCTS) to obtain process
labels, which limits their flexibility in node
value estimation and path expansion. To ad-
dress this issue, we propose Adaptive MCTS
(AMCTYS), a framework that transforms data
generation from a fixed, static process to an
adaptive, dynamic one at the level of node
value estimation and path expansion. On one
hand, AMCTS adaptively refines value estima-
tion by dynamically allocating more samples
to uncertain reasoning steps and fewer to con-
fident ones. On the other hand, it enhances
the path expansion with a temporally adap-
tive policy that begins with broad exploration
and gradually shifts toward exploiting the most
promising directions. With AMCTS, we con-
struct a large-scale dataset MathSearch-200K
of about 200K process supervision examples.
To evaluate the effectiveness and superiority
of AMCTS, we conduct comprehensive exper-
iments across two key dimensions: data gen-
eration and mathematical reasoning. In data
generation, AMCTS produces higher-quality
training samples with fewer rollouts than two
vanilla MCTS baselines. In mathematical rea-
soning, a PRM trained on MathSearch-200K
using four LLM-based actor models consis-
tently outperforms existing baselines across
four benchmarks, achieving up to a 6.9% abso-
lute improvement on MATH500 when paired
with L1lama-3.2-3B-Instruct. Notably, these
gains persist on out-of-distribution benchmarks,
demonstrating strong generalization capability.
Our code is available at https://anonymous.
4open.science/r/AMCTS-7DB4.

1 Introduction

Large Language Models (LLMs) have demon-
strated significant success across a wide range

of natural language processing tasks (Ma et al.,
2025a,b; Seo et al., 2025), including open-domain
dialogue, summarization, and code generation.
However, they often struggle with complex multi-
step mathematical reasoning (Wang et al., 2024c),
where precise logical consistency and error-free
deduction are essential. This has motivated diverse
efforts to improve reasoning capability, spanning
architectural innovations (Zhan et al., 2025), tar-
geted pre-training (Ren et al., 2025), post-hoc fine-
tuning (Zhang et al., 2024), strategy prompting (Wu
et al., 2024), and verification (Setlur et al., 2025a).
Among these, verification is particularly appealing
due to its model-agnostic nature and empirical ef-
fectiveness. By training a verifier to discriminate
between correct and flawed reasoning paths, one
can substantially enhance the LLM prediction, of-
fering a scalable and generalizable avenue toward
more trustworthy reasoning.

The verification in LLMs is broadly catego-
rized into two paradigms: Outcome Reward Mod-
els (ORMs) and Process Reward Models (PRMs).
ORMs (Cobbe et al., 2021b; Uesato et al., 2022)
assign a scalar confidence score to an entire gener-
ated output, typically based on the final correctness
or task success. In contrast, PRMs (Ma et al., 2023;
Setlur et al., 2025b) evaluate the reasoning trajec-
tory step by step, assigning intermediate rewards or
correctness scores to each reasoning step. Recent
studies (Yu et al., 2025; Ying et al., 2024; Wang
et al., 2025) found that PRMs may outperform
ORMs in the mathematical reasoning of LLMs
due to the fine-grained step-level supervision and
human-like cognitive evaluation. As we know, the
primary bottleneck in scaling PRMs lies in data
acquisition. High-quality process supervision re-
quires value annotations for every reasoning step,
which is an effort-intensive process that often de-
mands substantial domain expertise, especially in
complex, multi-step problems.

Although prior works leverage the vanilla Monte


https://anonymous.4open.science/r/AMCTS-7DB4
https://anonymous.4open.science/r/AMCTS-7DB4
https://anonymous.4open.science/r/AMCTS-7DB4

Fixed-Budget Estimation

Let p(x) be a monic polynomial SZ
of degree 4.Three roots are 1, Sl expand
2,3.Find p(0) + p(4). polynomial

Problem

Static expansion
trade-off

0.5 rollout 2 X

Dynamic-Budget Estimation
3

—=1.0 MC===1.0

3

MC= LN 0.55
20

S, Find roots: S, Answer

"8“3 = OO Adaptive expansion
i

o trade-off

Figure 1: Key differences between AMCTS and prior MCTS-based methods in node value estimation (top) and path
expansion (bottom). AMCTS introduces uncertainty-driven dynamic sampling and adaptive exploration-exploitation

balancing.

Carlo Tree Search to obtain process labels automat-
ically (Wang et al., 2024a; Luo et al., 2024; Peng
et al., 2025; Sun et al., 2025), they remain inflex-
ible in node value estimation and path expansion.
For instance, as shown in Figure 1, they uniformly
adopt a fixed budget of 16 samples per problem
during node value estimation rather than dynamic
sampling. In addition, they simply sum the ex-
ploitation and exploration value to form the node
selection score, but fail to balance exploration and
exploitation during the path expansion, which is
crucial for accurately localizing erroneous reason-
ing steps.

To address the mentioned issue, we propose
Adaptive Monte Carlo Tree Search (AMCTS), a
framework that transforms the data generation from
a fixed, static process to an adaptive, dynamic one.
Specifically, fo tackle the estimation inflexibility,
AMCTS avoids allocating fixed computational ef-
fort to every reasoning node (step). Instead, it mon-
itors estimation uncertainty in real time and dy-
namically assigns more sampling resources to the
nodes whose estimates remain uncertain, while re-
ducing effort for those that have already converged
to reliable values. To overcome the inflexibility
of path expansion, AMCTS abandons the fixed
exploration and exploitation strategy. It begins
with broad exploration to uncover diverse reason-
ing paths. As the expansion progresses, it shifts
toward exploiting the most promising directions,
guided by accumulated evidence of path success.
This adaptive expansion enables efficient genera-
tion of high-quality supervision data while reduc-
ing computational overhead. To verify the effec-
tiveness and superiority of AMCTS, we train a

PRM model (Qwen2.5-Math-7B-PRM-AMCTS)
based on the generated large-scale process super-
vision data MathSearch-200K and conduct exten-
sive experiments on AIME 2024/2025, MATH
(Hendrycks et al., 2021), Olympiad-Bench (Li
et al., 2024a), and Omni-MATH (Gao et al., 2024).
Experimental results show that PRMs trained on
MathSearch consistently outperform all baselines
across four actor models and three search strategies,
achieving the highest average accuracy in 11 out of
12 configurations.
Our main contributions are as follows:

* We propose Adaptive Monte Carlo Tree
Search (AMCTS), a framework that ad-
dresses the inflexibility of process supervision
data generation through uncertainty-driven
adaptive sampling and dynamic exploration-
exploitation balancing. With AMCTS, we
construct MathSearch-200K, a large-scale
dataset comprising approximately 200K rea-
soning trajectories with high-precision step-
level annotations.

e We train a Process Reward Model (PRM) on
MathSearch-200K and systematically evalu-
ate it with LLMs ranging from 1.5B to 72B
parameters across multiple search strategies,
consistently outperforming existing baseline
PRM:s.

* We conduct comprehensive experiments
across two key dimensions: data generation
and mathematical reasoning. AMCTS pro-
duces higher-quality supervision signals with
fewer rollouts than prior baselines, and PRMs



trained on our data consistently outperform ex-
isting baselines across the majority of bench-
marks while maintaining advantages on out-
of-distribution problems.

2 Preliminaries: Generation of Process
Supervision Data

Fine-grained evaluation of intermediate reasoning
steps is critical to train a high-quality PRM. For-
mally, given a dataset D consisting of large-scale
tuples (p, p1:¢, fit), the PRM is obtained by training
on this dataset, where p is a mathematical prob-
lem, py.; is a partial reasoning trajectory up to step
t, and [i; is a quality score reflecting the likeli-
hood that the trajectory leads to a correct solution.
Since obtaining ji; through expert annotation is pro-
hibitively costly, prior works (Wang et al., 2024a;
Luo et al., 2024; Peng et al., 2025; Sun et al., 2025)
typically rely on automated MC-based pipelines to
construct these supervisory signals.

The key idea is to evaluate the quality of any
partial reasoning trajectory by measuring how often
it leads to correct solutions. Specifically, given a
partial reasoning sequence pi.; (representing the
first ¢ steps of a solution attempt), the automated
pipeline generates [V different expansions from this
step and checks whether each expansion results in
the correct final answer a. The quality score fi; is
then estimated as the empirical success probability:

1 N

[y = N z;l[[expand(p%) =al. (1)
1=

As a concrete illustration, Appendix G presents

a case study of rollouts on a math problem, show-

ing the diversity of reasoning trajectories that arise

from the same prompt.

3 Adaptive Monte Carlo Search

3.1 Overview

As illustrated in Figure 2, we propose an Adap-
tive Monte Carlo Tree Search (AMCTS) frame-
work, which reimagines the data generation pro-
cess—shifting from a fixed, static paradigm to an
adaptive, dynamic search strategy. The top panel
of the figure depicts the dynamic estimation of
node values based on the uncertainty, while the bot-
tom panel illustrates the adaptive path expansion
based on the trade-off between exploration and ex-
ploitation. After obtaining the process supervision
dataset MathSearch-200K, we train a PRM model

to be a verifier and employ it to guide LLMs to
solve math problems.

3.2 Uncertainty-Driven Adaptive Sampling

Initial Sampling with Rollout Clustering. For
any given reasoning prefix pi.;, the adaptive pro-
cess begins with a small set of initial rollouts gen-
erated using non-greedy decoding. Under such
stochastic generation, the initial rollouts often ex-
plore different solution strategies. For example,
they may apply factorization or substitution to the
same algebraic problem, or use forward or back-
ward reasoning in geometric proofs, leading to in-
trinsic heterogeneity. Since different strategies may
have vastly different success rates, naively averag-
ing across all rollouts obscures these differences
and yields unreliable node value estimates.

To this end, a natural idea is to group rollouts fol-
lowing similar reasoning patterns together for more
accurate success probability estimation within each
group. Specifically, AMCTS employs K-Means
clustering to partition the initial rollouts into K
homogeneous clusters C' = {C1,...,Ck} based
on a two-dimensional feature vector v; for each
rollout r;:

v; = [Confidence(r;), Complexity(r;)],  (2)

where the generation confidence is measured by
the average token-level negative log-likelihood
(—+ S log P(wl(r)]wgl))), and the solution
complexity is captured by log(L, + (). Here, L,
is the total number of tokens in the rollout, wl(r)
denotes the I-th token, and ¢ = 10~ prevents nu-
merical issues. Z-score standardization is applied
before clustering to ensure equal contribution from
both features (see Appendix B.1). Each cluster C);
contains rollouts with similar confidence and com-
plexity profiles, enabling more targeted estimation
within homogeneous groups.

Uncertainty-Driven Iterative Refinement.
Building on the initial clustering results, our
method iteratively refines the success probability
estimate (quality score introduced in Eq. (1))
through uncertainty-guided sampling. The core
principle is that clusters with higher uncertainty
require more samples to achieve reliable estimates,
while confident clusters need less additional
sampling. This ensures computational resources
focus on clusters where additional samples provide
the most information gain. The refinement
process maintains success probability estimates
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Figure 2: AMCTS architecture. The left panel illustrates the four-stage adaptive estimation loop: rollout clustering,
uncertainty quantification, supplemental sampling, and cluster update. The top-right shows the dynamic exploration-
exploitation trade-off during search. The bottom-right depicts the collection of process supervision data and PRM

training for downstream applications.

Dj = n;r /n; for each cluster Cj, where n;r and n;
denote the number of successful and total rollouts,
respectively, and quantifies estimation confidence
through uncertainty measure ¢;. Specifically,
we employ the Wilson score interval to measure
cluster-level uncertainty:

5 (1 — D 2

- 22 . 27
1+n—j n; 4n?

where z ~ 1.96 for 95% confidence (Wilson,
1927). This formulation provides reliable con-
fidence bounds even with small sample sizes or
extreme probabilities (Brown et al., 2001). The
node-level uncertainty d,0q. is derived from cluster
uncertainties weighted by sample sizes (see Ap-
pendix B).

At each iteration, we identify the target cluster
C* with maximum uncertainty among active can-
didates. A cluster is considered active if it has not
converged (uncertainty d; exceeds threshold €cjuster)
and has remaining sampling budget (current sam-
ples n; below limit n<¥r). Formally, the active

max
3 — . cluster
set is Caciive = {Cj 1 1j < 1 N8 > €cluster }»

max
and the target cluster is selected as:
C* = argmax ¢;. 4
Cj ecactive

We then allocate An new samples to C*, propor-
tional to its uncertainty, bounded by minimum and
maximum batch sizes M yin and Mpax:

An = min{mmax, max{Mmin, [ - dc~|}}, ()

where ~y converts uncertainty to sample counts. Af-
ter generating these rollouts and assigning them via
feature distance, we update cluster statistics and
proceed to the next iteration.

Node Value Estimation. The iterative refinement
process cannot continue indefinitely. To ensure
computational efficiency and prevent excessive
sampling on converged nodes, we establish prin-
cipled termination criteria: the process terminates
when the node’s confidence exceeds a predefined
threshold, the allocated budget is exhausted, or all
clusters have converged. Upon termination, the fi-
nal Monte Carlo estimate for node s is computed by
aggregating the cluster statistics collected during
the adaptive sampling of s:

pls) =3 ©)

n
J=1 total

This weighted average ensures that clusters with
more samples contribute proportionally more to the
final estimate. The value /i(s) subsequently serves
as the Q-value in the MCTS selection phase.

3.3 Adaptive Path Expansion

Building upon adaptive node value estimation, we
further introduce adaptive path expansion to guide
the traversal of the reasoning space. Specifically,
we adopt the same formulation for the exploitation
value (s, ) and exploration bonus U (s, ) as in
OmegaPRM (Luo et al., 2024) (see Appendix B.3



for details). Crucially, instead of using a fixed
weighting between exploration and exploitation
throughout the search process, we propose a tem-
poral modulation of this balance. This allows the
exploration-exploitation trade-off to dynamically
evolve as more information is gathered during the
search process. Specifically, let 7 (s, ) denote the
time-varying node selection score:

71-‘I'(Sa T) = (1 - wT)Q(S’ T) + wTU(S’T)a
wr = exp(—7/T), 2

where 7 is the current iteration and 7" > 0 controls
the transition rate. The exponentially decaying
weight w, ensures exploration dominates initially
when value estimates are uncertain, then progres-
sively shifts to exploitation as confidence increases.

3.4 Process Reward Model Training

Following the generation of process supervision
data via AMCTS, we train a process reward model
designed to evaluate intermediate reasoning steps.
The training dataset D comprises approximately
200,000 reasoning trajectories generated by ap-
plying AMCTS to problems from MATH500 and
GSMB8K. Each training instance (p, p1.t, fi(s¢))
consists of a problem p, a partial reasoning tra-
jectory pi.t, and its corresponding Monte Carlo
value estimate fi(s;) € [0,1]. We initialize the
PRM with Qwen2.5-Math-7B-Instruct to leverage
its strong mathematical reasoning capabilities. To
fully leverage the continuous, fine-grained nature
of the signals produced by AMCTS, we employ
a binary cross-entropy loss function with soft la-
bels. In this formulation, the continuous Monte
Carlo estimate [i(s;) € [0, 1] directly serves as the
target probability rather than being binarized. Let
9 = fo(p, p1.t) denote the score predicted by the
PRM. The training objective is:

L(0) == plogg+ (1—f)log(l—4) (8)
D

where fy(p, p1.t) represents the score predicted by
the PRM. This soft label mechanism preserves the
uncertainty information from our adaptive frame-
work: high-confidence estimates (where [ is near
0 or 1) provide strong supervision signals, while
uncertain estimates (near 0.5) naturally contribute
weaker gradients, effectively regularizing the train-
ing process. Based on this training procedure, we
obtain the final model Qwen2.5-Math-7B-PRM-
AMCTS.

4 Experiment

4.1 Experimental Setup

In the data generation stage, AMCTS employs
6 initial rollouts per node, a maximum sam-
pling budget of 32, an uncertainty threshold
of ¢ = 0.1, and K = 3 clusters, with full
details provided in Appendix C. We compare
MathSearch-200K with two established process
supervision datasets, Math-Shepherd (Wang et al.,
2024c) and PRM8OOK (Lightman et al., 2023),
to demonstrate its superior quality. The num-
ber of reasoning steps per problem, mean tokens
per step, and their joint distribution are lever-
aged to comprehensively evaluate the data gen-
eration performance of AMCTS. In the mathe-
matical reasoning stage, we evaluate Qwen2.5-
Math-7B-PRM-AMCTS against several open-
source PRMS, namely Math-Shepherd-Mistral-7B,
Qwen2.5-Math-7B-PRM800K, and Llama3.1-8B-
PRM-Deepseek, under three widely adopted PRM-
guided search strategies: Beam Search, Best-of-
N, and MCTS. Our evaluation based on accuracy
spans a diverse set of mathematical benchmarks:
GSMBSK (Cobbe et al., 2021a) for grade-school-
level problems, MATH (Hendrycks et al., 2021) for
competition-level problems, AIME for American
Invitational Mathematics Examination problems,
and both Olympiad-Bench (Li et al., 2024a) and
OmniMATH (Gao et al., 2024) for olympiad-level
challenges. These PRMs are paired with four actor
models (GLM-4-9B, Phi-4-mini-Instruct, Llama-
3.2-3B-Instruct, Qwen3-8B), which generate can-
didate reasoning trajectories for the PRM to score
and select.

4.2 Supervision Data Analysis

Figure 3 compares three process supervision
datasets in terms of steps per problem and to-
kens per step. The scatter plots reveal the joint
distribution of these two dimensions, while the
marginal histograms show their individual distri-
butions. MathSearch exhibits a notably broader
distribution profile. In terms of step counts, it ex-
tends to longer reasoning sequences (mean: 11
steps) compared to the concentrated distributions
of Math-Shepherd and PRM80OK (6-7 steps). The
token density likewise shows greater variance, with
MathSearch averaging 65 tokens per step versus
32-46 for baselines. More importantly, the scatter
plots reveal that MathSearch covers a wider range
of step-token combinations, capturing both concise
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Figure 3: Distribution comparison of reasoning steps and token density across process supervision datasets. AMCTS
exhibits a fundamentally different distribution profile with a broader step distribution extending to longer reasoning
sequences (mean: 11 steps) compared to the concentrated distributions of Math-Shepherd and PRM8O0OK (6-7 steps).
The token density analysis reveals that AMCTS averages 65 tokens per step with wider variance, indicating more
detailed intermediate reasoning than baseline datasets (32-46 tokens per step). The Fre. represents frequency.
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Figure 4: AMCTS allocation patterns during data gen-
eration. (a) Distribution of MC rollouts per node across
value ranges. (b) Search depth and total nodes explored
for different node values.

multi-step solutions and detailed single-step elab-
orations. These distributional differences reflect
the adaptive nature of our data generation. Rather
than ignoring rollout heterogeneity, AMCTS allo-
cates resources based on problem complexity, natu-
rally producing longer trajectories for challenging
problems while maintaining efficiency on simpler
ones. The resulting diversity in supervision signals
enables PRMs to learn from a broader spectrum
of reasoning patterns, improving generalization to
problems of varying difficulty.

4.3 Adaptive Allocation Analysis

To understand the resource allocation behavior of
AMCTS, we analyze the sampling patterns across
different node value ranges. Figure 4(a) shows
that AMCTS allocates significantly more rollouts
to uncertain nodes (1 € [0.4,0.6]: 20.0 rollouts)
compared to confident ones (¢ < 0.2: 6.9 roll-
outs; ;1 > 0.8: 7.1 rollouts), demonstrating ap-
proximately 3x difference in sampling intensity.
This adaptive allocation contrasts with fixed-budget
baselines (Luo et al., 2024; Wang et al., 2024a),
which uniformly sample all nodes regardless of es-

timation difficulty. Figure 4(b) reveals consistent
patterns in search behavior. The search depth varies
from 3.1 for low-valued nodes to 5.0-5.1 for inter-
mediate values, and the total explored nodes peak at
intermediate values (14-16) versus extremes (8-10).
These results confirm that AMCTS automatically
concentrates computational resources on uncertain
nodes where additional samples provide the most
information gain. A qualitative analysis of reason-
ing step content across these value categories is
provided in Appendix F.

240 AMCTS: 104.00 3.9 AMCTS: 4.30
8
£180 £ 3.8 2
€120 s 3¢
S 36 z
60 35 4
%% 10 16 22 28 4 10 16 22 28 24 10 16 22 28
Budget (k) Budget (k) Budget (k)
240 k=16 AMCTS | 6.0 (i k=16 AMCTS | 6 k=16 AMCTS |
—_ 4.5
© 180 s ®
) 230 c4
£ 120 2 <]
IS Q z
60 1.5 2
723 45 Y3 as Y433 4 o5

Level Level Level

Figure 5: Computational efficiency comparison of
AMCTS against fixed-budget strategies following
OmegaPRM (Luo et al., 2024). Top: Aggregate metrics
showing AMCTS’s stable performance (dashed lines).
Bottom: Comparison between k£ = 16 and AMCTS
across difficulty levels, demonstrating adaptive resource
allocation.

4.4 Efficiency and Quality Analysis

To validate the efficiency and quality advan-
tages of AMCTS, we sample 100 problems from
MATH (Hendrycks et al., 2021), each with a
200-rollout budget, stratified by the dataset’s of-
ficial difficulty levels (Level 1=easiest, Level



S5=hardest). Following OmegaPRM (Luo et al.,
2024), we implement fixed-budget baselines with
k € {4,10,16,22,28} using the OpenR frame-
work (Wang et al., 2024b).

Figure 5 (top row) shows that AMCTS main-
tains stable computational costs across problems
(dashed lines), while fixed-budget strategies ex-
hibit varying patterns. Notably, k£ = 4 incurs the
longest time despite minimal per-node budget, as
poor value estimates require exploring more nodes
to find solutions. Larger k reduces explored nodes
but increases per-node sampling, creating a breadth-
precision trade-off. AMCTS avoids this dilemma
through uncertainty-driven allocation.

The difficulty-stratified analysis (bottom row)
compares k = 16 versus AMCTS across levels.
AMCTS uses substantially less time and explores
fewer nodes on simple problems (Levels 1-2),
while maintaining comparable or greater depth on
hard problems (Levels 4-5). This difficulty-aware
behavior cannot be achieved with fixed budgets,
which waste resources on easy problems while un-
dersampling harder ones.
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Figure 6: Node value distributions via KDE. AMCTS
closely aligns with the k = 28 setting, showing concen-
trated peaks, contrasting with the k£ = 10 setting.

To assess estimation quality, we analyze the dis-
tribution of node values using Kernel Density Es-
timation (KDE). As shown in Figure 6, the low-
budget setting (kK = 10) exhibits a diffuse distri-
bution with many nodes assigned ambiguous in-
termediate scores, providing unclear supervision
signals. In contrast, both & = 28 and AMCTS
show concentrated distributions near extreme val-
ues, providing clearer node value estimates. No-
tably, AMCTS achieves comparable estimation
clarity to k£ = 28 with fewer samples per node,
demonstrating that adaptive allocation efficiently
produces high-quality supervision signals.
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4.5 Mathematical Reasoning Evaluation

We evaluate whether Qwen2.5-Math-7B-PRM-
AMCTS can consistently improve mathematical
reasoning across diverse actor models and search
strategies. As shown in Table 1, our PRM demon-
strates consistent improvements across all exper-
imental settings, achieving peak performance of
76.2% on MATH, 15.0% on AIME, 22.1% on
Olympiad-Bench, and 19.0% on OmniMATH us-
ing GLM-4-9B with MCTS. The improvements ex-
hibit several notable patterns that provide insights
into the effectiveness of adaptive data generation.

The benefits scale positively with model capac-
ity, where larger models (GLM-4-9B, Qwen3-8B)
consistently show more substantial improvements
compared to smaller models (Phi-4-mini, Llama-
3.2-3B). This suggests that AMCTS-generated su-
pervision data provides richer learning signals that
larger models can better exploit. Additionally, the
improvements are more pronounced on challenging
benchmarks such as AIME and Olympiad-Bench,
indicating that adaptive resource allocation dur-
ing data generation particularly benefits complex
multi-step reasoning scenarios where traditional
fixed-budget approaches may under-sample critical
reasoning paths.

Across different search strategies, AMCTS main-
tains consistent advantages while revealing inter-
esting interaction patterns. MCTS generally yields
the highest absolute performance, but the relative
improvements from AMCTS remain substantial
across Beam Search and Best-of-N as well, demon-
strating that the quality gains are inherent to the
supervision data rather than dependent on specific
inference mechanisms. We also evaluate our PRM
for PPO fine-tuning, with results in Appendix D
confirming consistent improvements.



Table 1: Mathematical reasoning performance of different PRMs across various search strategies. Models marked
with T serve as the actor models, which are responsible for generating the reasoning trajectories. All results are
reported in accuracy (%). Dataset names are abbreviated: MATH is MATHS500, Oly. is Olympiad-Bench, Omni.

denotes OmniMATH, and Avg. represents the average score.

Llama-3.2-3B-Instruct!

Phi-4-mini-Instruct’

Strategy Verifier | AIME MATH Oly. Omni. Avg. | AIME MATH Oly. Omni. Avg.
Qwen2.5-Math-7B-Instruct 00 453 104 105 166 | 50 480 114 75 180
Llama3.1-8B-PRM-Deepseek 67 390 71 80 152| 17 436 IL1 80 161

Beam Search  Qwen2.5-Math-7B-PRMS00K 67 525 139 121 213 | 50 685 178 157 268
Math-Shepherd-Mistral-7B 83 545 104 130 216| 83 691 119 130 256
Qwen2.5-Math-7B-PRM-AMCTS | 100 614 136 137 247 | 87 685 198 162 283
Qwen2.5-Math-7B-Instruct 17 528 122 121 197| 17 414 117 115 166
Llama3.1-8B-PRM-Deepseek 3.3 490 104 105 183 33 512 117 11,6 195

Best-ofN  Qwen2.5-Math-7B-PRMS00K 17 566 123 128 209 | 67 648 168 123 252
Math-Shepherd-Mistral-7B 17 538 120 126 200 | 67 642 145 149 251
Qwen2.5-Math-7B-PRM-AMCTS | 67 599 139 132 234 | 67 680 177 162 272
Qwen2.5-Math-7B-Instruct 17 447 88 100 163] 33 530 1001 7.0 184
Llama3.1-8B-PRM-Deepseck 50 400 76 90 154 | 33 432 105 82 163

MCTS Qwen2.5-Math-7B-PRMS00K 83 594 146 126 237 | 50 680 182 171 27.1
Math-Shepherd-Mistral-7B 67 576 119 117 220| 50 656 125 146 244
Qwen2.5-Math-7B-PRM-AMCTS | 83  60.0 147 123 238 | 83 690 194 172 285

Qwen3-8B! | GLM-4-9Bf

Strategy Verifier | AIME MATH Oly. Omni. Avg. | AIME MATH Oly. Omni. Avg.
Qwen2.5-Math-7B-Instruct 17 420 91 110 160| 83 711 180 170 286
Llama3.1-8B-PRM-Deepseek 33 437 123 104 174 | 50 690 147 142 257

Beam Search  Qwen2.5-Math-7B-PRMS00K 33 40 116 112 170 | 133 754 194 123 301
Math-Shepherd-Mistral-7B 00 472 135 139 187 | 67 730 196 148 285
Qwen2.5-Math-7B-PRM-AMCTS | 6.7 494 132 141 209 | 133 760 203 192 322
Qwen2.5-Math-7B-Instruct 00 424 120 137 170| 67 750 190 162 292
Llama3.1-8B-PRM-Deepseek 33 412 132 119 174 | 100 742 187 162 298

Best-ofN  Qwen2.5-Math-7B-PRMS00K 17 418 132 142 177 | 117 762 182 176 309
Math-Shepherd-Mistral-7B 33 450 140 80 176| 83 772 19.6 155 302
Qwen2.5-Math-7B-PRM-AMCTS | 50 478 172 139 210 | 117 778 193 178 317
Qwen2.5-Math-7B-Instruct 33 465 92 123 178 | 67 704 167 155 273
Llama3.1-8B-PRM-Deepseck 33 462 142 118 189 | 133 690 166 156 286

MCTS Qwen2.5-Math-7B-PRMS00K 17 426 119 144 177| 133 760 212 187 323
Math-Shepherd-Mistral-7B 50 506 146 136 210 | 33 742 195 160 283
Qwen2.5-Math-7B-PRM-AMCTS | 67 512 149 147 219 | 150 762 221 190 331

4.6 Process Supervision versus Model Scale

To assess the generalizability of AMCTS across
model scales, we pair our PRM with Qwen2.5
actor models ranging from 1.5B to 72B parame-
ters. As shown in Figure 7, Qwen2.5-Math-7B-
PRM-AMCTS consistently outperforms all base-
lines across the entire parameter range on both
MATHS500 and GSMB8K. Notably, the performance
gap between AMCTS and baselines is more pro-
nounced in smaller models. On MATHS500 with
the 1.5B actor, our method outperforms all compet-
ing PRMs by a substantial margin, suggesting that
smaller models are particularly sensitive to supervi-
sion quality. As model scale increases, the gap nar-
rows but AMCTS maintains consistent advantages
across both math-specialized variants (Qwen2.5-
Math series) and general instruction-tuned mod-
els, demonstrating robustness to different training
paradigms.

5 Conclusion

We propose an Adaptive Monte Carlo Tree Search
(AMCTYS) framework that reimagines the genera-
tion of process supervision data by shifting from
fixed, static procedures to adaptive, dynamic search.
On one hand, AMCTS employs an uncertainty-
driven adaptive sampling strategy to address the in-
efficiency inherent in node value estimation. On the
other hand, it introduces adaptive path expansion
to overcome the inflexibility of expansion. Lever-
aging AMCTS, we develop MathSearch-200K, a
dataset comprising 200K annotated reasoning tra-
jectories, and utilize it to train a process reward
model. Extensive experiments combining the re-
ward model with large language models, using
three distinct strategies across four benchmark
datasets, demonstrate the effectiveness, superiority,
and scalability of our approach.



Limitations

We evaluate AMCTS exclusively on mathematical
reasoning tasks, and its effectiveness on other do-
mains requiring process supervision, such as code
generation and logical reasoning, remains unex-
plored. Additionally, our experiments focus on
English benchmarks, and we have not validated the
approach in multilingual settings where reasoning
patterns may differ. Finally, although AMCTS is
more efficient than fixed-budget methods, the data
generation process still requires substantial rollout
sampling. Future work could explore extending
AMCTS to broader domains, multilingual scenar-
ios, and more efficient rollout generation strategies.

References

Janice Ahn, Rishu Verma, Renze Lou, Di Liu, Rui
Zhang, and Wenpeng Yin. 2024. Large language
models for mathematical reasoning: Progresses and
challenges. In EACL, pages 225-237.

Lawrence D Brown, Tony Cai, and Anirban DasGupta.
2001. Interval estimation for a binomial proportion.
Statistical Science, 16(2):101-133.

Paul F Christiano, Jan Leike, Tom Brown, Miljan Mar-
tic, Shane Legg, and Dario Amodei. 2017. Deep
reinforcement learning from human preferences. In
NeurlPS.

Karl Cobbe, Vineet Kosaraju, Mohammad Bavarian,
Mark Chen, Heewoo Jun, Lukasz Kaiser, Matthias
Plappert, Jerry Tworek, Jacob Hilton, Reiichiro
Nakano, Christopher Hesse, and John Schulman.
2021a. Training verifiers to solve math word prob-
lems. arXiv preprint arXiv:2110.14168.

Karl Cobbe, Vineet Kosaraju, Mohammad Bavarian,
Mark Chen, Heewoo Jun, Lukasz Kaiser, Matthias
Plappert, Jerry Tworek, Jacob Hilton, Reiichiro
Nakano, and 1 others. 2021b. Training verifiers
to solve math word problems. arXiv preprint
arXiv:2110.14168.

Ishita Dasgupta, Andrew K Lampinen, Stephanie CY
Chan, Antonia Creswell, Dharshan Kumaran,
James L McClelland, and Felix Hill. 2022. Lan-
guage models show human-like content effects on
reasoning. arXiv preprint arXiv:2207.07051.

Bofei Gao, Feifan Song, Zhe Yang, Zefan Cai, Yibo
Miao, Qingxiu Dong, Lei Li, Chenghao Ma, Liang
Chen, Runxin Xu, Zhengyang Tang, Benyou Wang,
Daoguang Zan, Shanghaoran Quan, Ge Zhang, Lei
Sha, Yichang Zhang, Xuancheng Ren, Tianyu Liu,
and Baobao Chang. 2024. Omni-math: A univer-
sal olympiad level mathematic benchmark for large
language models. arXiv preprint arXiv:2410.07985.

Team GLM, Aohan Zeng, Bin Xu, Bowen Wang, Chen-
hui Zhang, Da Yin, Diego Rojas, Guanyu Feng, Han-
lin Zhao, Hanyu Lai, Hao Yu, Hongning Wang, Jiadai
Sun, Jiajie Zhang, Jiale Cheng, Jiayi Gui, Jie Tang,
Jing Zhang, Juanzi Li, and 37 others. 2024. Chatglm:
A family of large language models from glm-130b to
glm-4 all tools. arXiv preprint arXiv:2406.12793.

Dan Hendrycks, Collin Burns, Saurav Kadavath, Akul
Arora, Steven Basart, Eric Tang, Dawn Song, and Ja-
cob Steinhardt. 2021. Measuring mathematical prob-
lem solving with the math dataset. arXiv preprint
arXiv:2103.03874.

Ehud Karpas, Omri Abend, Yonatan Belinkov, Barak
Lenz, Opher Lieber, Nir Ratner, Yoav Shoham, Hofit
Bata, Yoav Levine, Kevin Leyton-Brown, and 1 oth-
ers. 2022. Mrkl systems: A modular, neuro-symbolic
architecture that combines large language models,
external knowledge sources and discrete reasoning.
arXiv preprint arXiv:2205.00445.

Muhammad Khalifa, Rishabh Agarwal, Lajanugen Lo-
geswaran, Jaekyeom Kim, Hao Peng, Moontae Lee,
Honglak Lee, and Lu Wang. 2025. Process reward
models that think. arXiv preprint arXiv:2504.16828.

Levente Kocsis and Csaba Szepesv “ari. 2006. Bandit
based monte-carlo planning. In ECML, pages 282—
293.

Chengpeng Li, Zheng Yuan, Hongyi Yuan, Guanting
Dong, Keming Lu, Jiancan Wu, Chuangi Tan, Xi-
ang Wang, and Chang Zhou. 2024a. Mugglemath:
Assessing the impact of query and response augmen-
tation on math reasoning. arXiv preprint.

Qingyao Li, Xinyi Dai, Xiangyang Li, Weinan Zhang,
Yasheng Wang, Ruiming Tang, and Yong Yu. 2025.
Codeprm: Execution feedback-enhanced process re-
ward model for code generation. In ACL, pages 8169—
8182.

Zenan Li, Zhi Zhou, Yuan Yao, Xian Zhang, Yu-Feng
Li, Chun Cao, Fan Yang, and Xiaoxing Ma. 2024b.
Neuro-symbolic data generation for math reasoning.
In NeurlPS, pages 23488-23515.

Hunter Lightman, Vineet Kosaraju, Yuri Burda, Harri-
son Edwards, Bowen Baker, Teddy Lee, Jan Leike,
John Schulman, Ilya Sutskever, and Karl Cobbe.
2023. Let’s verify step by step. In ICLR.

Chengwu Liu, Ye Yuan, Yichun Yin, Yan Xu, Xin Xu,
Zaoyu Chen, Yasheng Wang, Lifeng Shang, Qun Liu,
and Ming Zhang. 2025. Safe: Enhancing mathemati-
cal reasoning in large language models via retrospec-

tive step-aware formal verification. arXiv preprint
arXiv:2506.04592.

Yixin Liu, Avi Singh, C Daniel Freeman, John D Co-
Reyes, and Peter J Liu. 2023. Improving large lan-
guage model fine-tuning for solving math problems.
arXiv preprint arXiv:2310.10047.


https://arxiv.org/abs/2310.05506
https://arxiv.org/abs/2310.05506
https://arxiv.org/abs/2310.05506
https://arxiv.org/abs/2310.05506
https://arxiv.org/abs/2310.05506

Zimu Lu, Aojun Zhou, Ke Wang, Houxing Ren,
Weikang Shi, Junting Pan, Mingjie Zhan, and Hong-
sheng Li. 2025. Mathcoder2: Better math reasoning
from continued pretraining on model-translated math-
ematical code. In /ICLR.

Haipeng Luo, Qingfeng Sun, Can Xu, Pu Zhao, Jian-
guang Lou, Chongyang Tao, Xiubo Geng, Qingwei
Lin, Shifeng Chen, Yansong Tang, and Dongmei
Zhang. 2025. Wizardmath: Empowering mathemat-
ical reasoning for large language models via rein-
forced evol-instruct. In ICLR.

Liangchen Luo, Yinxiao Liu, Rosanne Liu, Samrat
Phatale, Meiqi Guo, Harsh Lara, Yunxuan Li, Lei
Shu, Yun Zhu, Lei Meng, and 1 others. 2024. Im-
prove mathematical reasoning in language models
by automated process supervision. arXiv preprint
arXiv:2406.06592.

Jie Ma, Zhitao Gao, Qi Chai, Wangchun Sun, Pinghui
Wang, Hongbin Pei, Jing Tao, Lingyun Song, Jun Liu,
Chen Zhang, and 1 others. 2025a. Debate on graph:
a flexible and reliable reasoning framework for large
language models. In AAAI, pages 24768-24776.

Jie Ma, Ning Qu, Zhitao Gao, Rui Xing, Jun Liu,
Hongbin Pei, Jiang Xie, Linyun Song, Pinghui
Wang, Jing Tao, and 1 others. 2025b. Delibera-
tion on priors: Trustworthy reasoning of large lan-

guage models on knowledge graphs. arXiv preprint
arXiv:2505.15210.

Qianli Ma, Haotian Zhou, Tingkai Liu, Jianbo Yuan,
Pengfei Liu, Yang You, and Hongxia Yang. 2023.
Let’s reward step by step: Step-level reward model
as the navigators for reasoning. arXiv preprint
arXiv:2310.10080.

Vaskar Nath, Pranav Vishnu Raja, Jane Dwivedi-Yu,
Claire Yoon, and Sean M Hendryx. 2025. Toolcomp:
A multi-tool reasoning & process supervision bench-
mark. arXiv preprint arXiv:2501.01290.

Miao Peng, Nuo Chen, Zongrui Suo, and Jia Li. 2025.
Rewarding graph reasoning process makes llms more
generalized reasoners. In KDD, pages 2257-2268.

77 Ren, Zhihong Shao, Junxiao Song, Huajian Xin,
Haocheng Wang, Wanjia Zhao, Liyue Zhang, Zhe
Fu, Qihao Zhu, Dejian Yang, and 1 others. 2025.
Deepseek-prover-v2: Advancing formal mathemati-
cal reasoning via reinforcement learning for subgoal
decomposition. arXiv preprint.

Minju Seo, Jinheon Baek, Seongyun Lee, and Sung Ju
Hwang. 2025. Paper2code: Automating code gen-
eration from scientific papers in machine learning.
arXiv preprint arXiv:2504.17192.

Amrith Setlur, Chirag Nagpal, Adam Fisch, Xinyang
Geng, Jacob Eisenstein, Rishabh Agarwal, Alekh
Agarwal, Jonathan Berant, and Aviral Kumar. 2025a.
Rewarding progress: Scaling automated process veri-
fiers for 1lm reasoning. In ICLR.

10

Amrith Setlur, Chirag Nagpal, Adam Fisch, Xinyang
Geng, Jacob FEisenstein, Rishabh Agarwal, Alekh
Agarwal, Jonathan Berant, and Aviral Kumar. 2025b.
Rewarding progress: Scaling automated process veri-
fiers for llm reasoning. In /CLR.

Zhihong Shao, Peiyi Wang, Qihao Zhu, Runxin Xu,
Junxiao Song, Xiao Bi, Haowei Zhang, Mingchuan
Zhang, YK Li, and 1 others. 2024. Deepseekmath:
Pushing the limits of mathematical reasoning in open
language models. arXiv preprint arXiv:2402.03300.

David Silver, Aja Huang, Chris J Maddison, Arthur
Guez, Laurent Sifre, George Van Den Driessche, Ju-
lian Schrittwieser, loannis Antonoglou, Veda Pan-
neershelvam, Marc Lanctot, and 1 others. 2016. Mas-
tering the game of go with deep neural networks and
tree search. nature, pages 484-489.

David Silver, Julian Schrittwieser, Karen Simonyan,
Ioannis Antonoglou, Aja Huang, Arthur Guez,
Thomas Hubert, Lucas Baker, Matthew Lai, Adrian
Bolton, and 1 others. 2017. Mastering the game of go
without human knowledge. nature, 550(7676):354—
359.

Zhongxiang Sun, Qipeng Wang, Weijie Yu, Xiaoxue
Zang, Kai Zheng, Jun Xu, Xiao Zhang, Yang Song,
and Han Li. 2025. Rearter: Retrieval-augmented
reasoning with trustworthy process rewarding. In
SIGIR, pages 1251-1261.

Qwen Team. 2025. Qwen3 technical report. arXiv
preprint arXiv:2505.09388.

Vernon Toh, Ratish Puduppully, and Nancy F Chen.
2023. Veritymath: Advancing mathematical reason-
ing by self-verification through unit consistency. In
ICML, pages 1-15.

Jonathan Uesato, Nate Kushman, Ramana Kumar, Fran-
cis Song, Noah Siegel, Lisa Wang, Antonia Creswell,
Geoffrey Irving, and Irina Higgins. 2022. Solv-
ing math word problems with process-and outcome-
based feedback. arXiv preprint arXiv:2211.14275.

Hongyu Wang, Xianjun Yang, Yibing Zhan, Hanjie
Chen, Shulei Ji, Shiping Yang, and Yanghua Xiao.
2024a. Math-shepherd: Verify and reinforce 1lms
step-by-step without human annotations. In ACL.

Jun Wang, Meng Fang, Ziyu Wan, Muning Wen, Jiachen
Zhu, Anjie Liu, Ziqin Gong, Yan Song, Lei Chen,
Lionel M. Ni, Linyi Yang, Ying Wen, and Weinan
Zhang. 2024b. Openr: An open source framework
for advanced reasoning with large language models.
arXiv preprint arXiv:2410.09671.

Peiyi Wang, Lei Li, Zhihong Shao, Runxin Xu, Damai
Dai, Yifei Li, Deli Chen, Yu Wu, and Zhifang Sui.
2024c. Math-shepherd: Verify and reinforce 1lms
step-by-step without human annotations. In ACL,
pages 9426-9439.


https://arxiv.org/abs/2504.21801
https://arxiv.org/abs/2504.21801
https://arxiv.org/abs/2504.21801
https://arxiv.org/abs/2504.21801
https://arxiv.org/abs/2504.21801

Weiyun Wang, Zhangwei Gao, Lianjie Chen, Zhe Chen,
Jinguo Zhu, Xiangyu Zhao, Yangzhou Liu, Yue Cao,
Shenglong Ye, Xizhou Zhu, and 1 others. 2025. Visu-
alprm: An effective process reward model for multi-
modal reasoning. arXiv preprint arXiv:2503.10291.

Xuezhi Wang, Jason Wei, Dale Schuurmans, Quoc Le,
Ed Chi, Sharan Narang, Aakanksha Chowdhery, and
Denny Zhou. 2023. Self-consistency improves chain
of thought reasoning in language models. In ICLR.

Zengzhi Wang, Xuefeng Li, Rui Xia, and Pengfei Liu.
2024d. Mathpile: A billion-token-scale pretraining
corpus for math. In NeurlIPS, pages 25426-25468.

Jason Wei, Xuezhi Wang, Dale Schuurmans, Maarten
Bosma, Fei Xia, Ed Chi, Quoc V Le, Denny Zhou,
and 1 others. 2022. Chain-of-thought prompting elic-
its reasoning in large language models. NeurIPS,
pages 24824-24837.

Yixuan Weng, Minjun Zhu, Fei Xia, Bin Li, Shizhu He,
Shengping Liu, Bin Sun, Kang Liu, and Jun Zhao.
2023. Large language models are better reasoners
with self-verification. In EMNLP, pages 2550-2575.

Edwin B Wilson. 1927. Probable inference, the law of
succession, and statistical inference. Journal of the
American Statistical Association, 22(158):209-212.

Zhenyu Wu, Meng Jiang, and Chao Shen. 2024. Get
an a in math: Progressive rectification prompting. In
AAAI pages 19288-19296.

Yuxi Xie, Kenji Kawaguchi, Yiran Zhao, James Xu
Zhao, Min-Yen Kan, Junxian He, and Michael Xie.
2023. Self-evaluation guided beam search for rea-
soning. Advances in Neural Information Processing
Systems, 36:41618-41650.

Yuchen Yan, Jin Jiang, Yang Liu, Yixin Cao, Xin Xu,
Mengdi Zhang, Xunliang Cai, and Jian Shao. 2025.
S3Math:  Spontaneous step-level self-correction
makes large language models better mathematical
reasoners. In AAAI, pages 25588-25596.

An Yang, Beichen Zhang, Binyuan Hui, Bofei Gao,
Bowen Yu, Chengpeng Li, Dayiheng Liu, Jian-
hong Tu, Jingren Zhou, Junyang Lin, Keming Lu,
Mingfeng Xue, Runji Lin, Tianyu Liu, Xingzhang
Ren, and Zhenru Zhang. 2024. Qwen2.5-math tech-
nical report: Toward mathematical expert model via
self-improvement. arXiv preprint arXiv:2409.12122.

Yufan Ye, Ting Zhang, Wenbin Jiang, and Hua Huang.
2025. Process-supervised reinforcement learning for
code generation. arXiv preprint arXiv:2502.01715.

Huaiyuan Ying, Shuo Zhang, Linyang Li, Zhejian Zhou,
Yunfan Shao, Zhaoye Fei, Yichuan Ma, Jiawei Hong,
Kuikun Liu, Ziyi Wang, and 1 others. 2024. Internlm-
math: Open math large language models toward veri-
fiable reasoning. arXiv preprint arXiv:2402.06332.

11

Tong Yu, Yongcheng Jing, Xikun Zhang, Wentao Jiang,
Wenjie Wu, Yingjie Wang, Wenbin Hu, Bo Du, and
Dacheng Tao. 2025. Benchmarking reasoning ro-
bustness in large language models. arXiv preprint
arXiv:2503.04550.

Eric Zelikman, Yuhuai Wu, Jesse Mu, and Noah Good-
man. 2022. Star: Bootstrapping reasoning with rea-
soning. In NeurlIPS, pages 15476-15488.

Shaoxiong Zhan, Yanlin Lai, Ziyu Lu, Dahua Lin,
Ziqing Yang, and Fei Tang. 2025. Mathsmith: To-
wards extremely hard mathematical reasoning by
forging synthetic problems with a reinforced policy.
arXiv preprint arXiv:2508.05592.

Zhihan Zhang, Tao Ge, Zhenwen Liang, Wenhao Yu,
Dian Yu, Mengzhao Jia, Dong Yu, and Meng Jiang.
2024. Learn beyond the answer: Training language
models with reflection for mathematical reasoning.
In EMNLP, pages 14720-14738.

Kun Zhou, Beichen Zhang, Zhipeng Chen, Xin Zhao,
Jing Sha, Zhichao Sheng, Shijin Wang, Ji-Rong Wen,
and 1 others. 2024. Jiuzhang3. O: Efficiently improv-
ing mathematical reasoning by training small data
synthesis models. NeurlPS, pages 1854—1889.

A Related Work

Mathematical Reasoning with LLMs. Al is ad-
vancing rapidly, with researchers pursuing human-
like reasoning abilities in LLMs (Dasgupta et al.,
2022). Mathematical reasoning serves as a key
benchmark in this endeavor, requiring the integra-
tion of language understanding, symbolic manip-
ulation, and multi-step reasoning with correct in-
termediate steps (Ahn et al., 2024). To address
these challenges, prior work has explored several
directions. 1) Architectural innovations introduce
specialized components, such as subgoal decom-
position or neuro-symbolic modules (Karpas et al.,
2022; Li et al., 2024b), to bridge natural language
understanding and formal mathematical computa-
tion. 2) Targeted pre-training on domain-specific
or synthetic mathematical corpus (Wang et al.,
2024d; Zhou et al., 2024) allows the model to
learn structured reasoning patterns and symbolic
manipulations that improve generalization on com-
plex tasks (Lu et al., 2025; Shao et al., 2024).
3) Post-hoc fine-tuning further refines pretrained
models with annotated reasoning traces, reflective
feedback, or process-level supervision (Zelikman
et al., 2022; Liu et al., 2023; Yan et al., 2025).
4) Prompting strategies guide models to gener-
ate intermediate steps or iteratively refine outputs
without modifying model parameters, exemplified
by chain-of-thought prompting (Wei et al., 2022),



self-consistency (Wang et al., 2023), and rectifica-
tion prompting (Wu et al., 2024). 5) Verification
methods validate outputs through self-correction
(Toh et al., 2023), external verifiers (Weng et al.,
2023), or process-level evaluation (Liu et al., 2025),
increasing the reliability and trustworthiness of
model-generated solutions. While all these ap-
proaches improve reasoning, challenges such as er-
ror accumulation and unverified intermediate steps
remain. This has drawn increasing attention to
verification methods.

Verification for Reasoning. Verification is cru-
cial for improving the reliability of reasoning in
LLMs, with two main paradigms: outcome re-
ward models (ORMs) and process reward models
(PRMs). ORMs assign rewards based solely on
the correctness of the final answer and have been
widely used in reinforcement learning with human
feedback (RLHF) (Christiano et al., 2017). While
effective for simple tasks, ORMs provide sparse
feedback, which can reinforce spurious reasoning
paths and limit performance in multi-step reason-
ing. By contrast, PRMs evaluate and reward inter-
mediate reasoning steps, providing richer supervi-
sion that guides models toward correct reasoning
trajectories. Empirical studies demonstrate the ad-
vantages of PRMs in various domains (Nath et al.,
2025). In mathematics, WizardMath (Luo et al.,
2025) and ThinkPRM (Khalifa et al., 2025) outper-
form ORM-based approaches on benchmarks in-
cluding GSM8K (Cobbe et al., 2021b) and MATH-
500 (Lightman et al., 2023), both in accuracy and
data efficiency. In code generation, PRLCoder
(Ye et al., 2025) and CODEPRM (Li et al., 2025),
which incorporate execution feedback, achieve
higher pass rates and better handling of complex
tasks compared to ORM-guided reinforcement
learning.

Process Supervision Data Generation. The ef-
fectiveness of PRMs depends on high-quality pro-
cess supervision data. Traditional pipelines such
as manual annotation, rule-based heuristics, or of-
fline extraction provide supervision signals (Ue-
sato et al., 2022; Lightman et al., 2023). Recent
efforts have sought more scalable alternatives, for
example, using Monte Carlo Tree Search (MCTS)
to evaluate intermediate steps or leveraging ver-
balized verification chain-of-thought to reduce ex-
plicit labeling requirements (Wang et al., 2024a;
Luo et al., 2024). While these approaches mitigate
annotation costs, the generated supervision remains
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static and does not evolve with model behavior. In
contrast, we propose a dynamic process supervi-
sion framework that continuously updates traces
based on the model’s evolving reasoning. This
adaptive approach improves efficiency by focusing
on uncertain or error-prone steps and enhances ro-
bustness under distribution shifts, overcoming the
limitations of static supervision data.

B Algorithmic Details

This appendix provides an in-depth exposition
of the key algorithmic components and imple-
mentation specifics of our Adaptive Monte Carlo
Tree Search (AMCTS) framework. We detail the
methodologies for quantifying uncertainty at both
cluster and node levels, the process of feature engi-
neering, and the robust assignment of new samples
within the adaptive sampling loop.

B.1 Feature Engineering and Cluster
Management

This section details the feature extraction, standard-
ization, and dynamic assignment procedures used
in our adaptive Monte Carlo clustering framework.

Feature Extraction and Standardization For
each rollout r;, we extract a two-dimensional fea-
ture vector v; = [NLL,;, log(L, + )] where:

* Average Negative Log-Likelihood (NLL):
NLL; — i W log P(w!w),
where W, is the number of words in rollout
r;. This measures the model’s generation
confidence.

» Log Complexity: log(L, + ¢) where L, is
the token length and ¢ = 10~% prevents nu-
merical issues for very short rollouts.

Since these features operate on fundamentally
different scales (NLL values typically range from
0.1 to 50+ while log-length ranges from 0 to 10),
direct combination would result in NLL dominat-
ing the clustering distance calculations. To ensure
both features contribute equally to the K-means
clustering, we apply z-score standardization to the
initial ko rollout features {Vi}fil.
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wise. A small constant (qq = 1078 is added to
prevent division by zero for constant features.

The standardization parameters (g, o) com-
puted from the initial kg rollouts are stored and
reused for standardizing features of subsequently
generated rollouts during the adaptive refinement
phase, ensuring consistent feature space represen-
tation throughout the clustering process.

Dynamic Sample Assignment During the iter-
ative refinement phase, newly generated rollouts
must be assigned to existing clusters. Each new
rollout 7y is assigned to the cluster whose cen-
troid is closest in the standardized feature space:

cluster(rpew) = argmin |[Vnew — g, [l2, (10)
je{1,....K}

where Ve is the standardized feature vector of
the new rollout and p¢; denotes the centroid of
cluster Cj in the standardized feature space. The
Euclidean distance (L2 norm) serves as the similar-
ity metric.

After assignment, the target cluster’s statistics
and centroid are updated incrementally:

1. The rollout index is added to the cluster’s roll-
out list.

Success/failure statistics are recomputed
based on all assigned rollouts.

3. The Wilson confidence interval and uncer-
tainty measure are updated.

4. The centroid is recomputed as the mean of all
standardized feature vectors assigned to the
cluster.

This dynamic assignment mechanism ensures
that newly generated rollouts are grouped with ex-
isting clusters representing similar reasoning strate-
gies, maintaining the homogeneity principle es-
sential for accurate uncertainty-driven sampling
allocation.

B.2 Uncertainty Quantification

In Section 3.2, we introduce the Wilson score in-
terval for uncertainty quantification. Here we pro-
vide the complete mathematical derivation and ad-
ditional technical details.
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Cluster-Level Uncertainty. For each strategy
cluster C';, we compute a success probability es-
timate p; = s;/n;, where s; is the number of
successful rollouts and n; is the total number of
rollouts within cluster C';. The Wilson score inter-
val is derived from inverting the score test for a bi-
nomial proportion. For a binomial random variable
with true probability p and observed proportion p,
the score statistic is:

)

The Wilson confidence interval is obtained by
solving [Z| < 2,5 for p, which yields the inter-
val bounds. The uncertainty measure J; (Eq. 3
in the main text) represents half the width of this
confidence interval. This formulation handles edge
cases effectively: when n; is small, ¢; will be large,
correctly indicating high uncertainty. Conversely,
as n; increases, 0; shrinks, reflecting increasing
confidence in the estimate p;. The Wilson interval
maintains valid coverage properties even with small
sample sizes or probabilities near O or 1, which are
common scenarios in our adaptive sampling setting
where clusters may have few samples or exhibit
very high/low success rates.

Node-Level Uncertainty. Beyond individual
cluster uncertainties, we also require an overall un-
certainty measure for the parent node .S; that is cur-
rently being evaluated. This node-level uncertainty,
denoted as dyoqe, aggregates the uncertainties from
all active clusters within its scope, weighted by
their relative contributions to the overall estimate.
The overall node uncertainty d,04e is computed as:

(12)

This weighted combination reflects both the indi-
vidual uncertainty inherent in each cluster’s success
probability estimate and the proportional influence
of each cluster (based on its sample size n; rela-
tive to the total samples noa1) On the aggregated
node value. A larger dpoqe signifies higher overall
uncertainty for the node S;, indicating that its cur-
rent Q-value estimate is less reliable and warrants
further adaptive sampling to refine. This measure
is critical for the confidence-based termination con-
dition.
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Figure 8: Performance comparison of four Process Reward Models (PRMs) on the (a) MATHS500 and (b) AIME
datasets. A unified actor model, Llama-3.2-3-Instruct, generates /V candidate reasoning paths. The final accuracy is
determined by using each PRM for step-wise scoring to select the optimal path.

B.3 Selection Mechanism Details

Following OmegaPRM (Luo et al., 2024), we select
nodes to expand during tree search based on the
exploitation value:

len(r)

Q(s,r) =o' g,

13)

where s represents a reasoning state and r denotes
a rollout continuation, /i(s) is the node-level suc-
cess estimate, a, 3 € (0, 1) are scaling factors, and
L, is the normalized problem length. The explo-
ration bonus employs the UCT principle (Kocsis
and Szepesv “ari, 2006; Silver et al., 2016):

log N(s)

T+Nesn Y

U(s,7) = Cpuct

where N (s,r) and N(s) denote visit counts, and
Cpuct > 0 controls exploration strength.

C Experimental Details

Datasets We evaluate on five benchmarks: GSM8K
(Cobbe et al., 2021a) for grade school math, MATH
(Hendrycks et al., 2021) for competition-level
problems, AIME (60 problems from 2024-2025
American Invitational Mathematics Examination),
Olympiad-Bench (Li et al., 2024a) for Olympic-
difficulty problems, and OmniMATH (Gao et al.,
2024) using 1/10 stratified sampling by difficulty.
Model Configurations For inference eval-
uation, we test four actor models: GLM-4-
9B (GLM et al.,, 2024), Phi-4-mini-Instruct,
Llama-3.2-3B-Instruct, and Qwen3-8B (Team,
2025). PPO fine-tuning uses Qwen2.5-Math-
7B-Instruct (Yang et al., 2024) as the base
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Table 2: Performance comparison of the Qwen2.5-Math-
7B-Instruct actor model when fine-tuned with PPO us-
ing different PRMs as the reward signal. All results are
reported in accuracy (%). Here, pass@k denotes the
proportion of problems for which a correct solution ap-
pears within the top-k generated outputs. For instance,
pass@ 1 measures single-shot accuracy, while pass@5
allows up to five attempts.

Reward Model MATHS500 GSMSK Hun. Math

p@1l p@5 p@l p@5 p@l p@s
Qwen2.5-PRM 556 726 80.0 934 469 65.6
PRMS800K 534 72.8 822 974 438 625
Skywork-PRM 556 644 826 929 469 719
AMCTS-PRM(ours) 61.6 732 835 975 531 75.0

model. Scaling analysis covers the Qwen2.5 fam-
ily from 1.5B to 72B parameters. We compare
against multiple PRMs: for inference, we use
Qwen2.5-Math-7B-Instruct, Llama3.1-8B-PRM-
Deepseek-Data, Qwen2.5-Math-7B-PRMS800K,
and Math-Shepherd-Mistral-7B-PRM; for PPO
training, we focus on Qwen-family PRMs, includ-
ing Qwen2.5-Math-PRM-7B, Qwen2.5-Math-7B-
PRMS8O00K, and Skywork-o1-Open-PRM-Qwen-
2.5-7B.

Hyperparameters Inference uses three search
strategies: Beam Search (beam size 5), Best-of-N
(N=4), and MCTS (5 rollouts per node). PPO train-
ing employs a learning rate of le-6, batch size 4,
and 3 epochs per update. For AMCTS, we use 6
initial rollouts per node, a maximum sampling bud-
get of 32 per node, uncertainty threshold 0.1, and
3 clusters. All experiments use consistent random
seeds for reproducibility.

Training Details During the data generation
phase, four Tesla A800 GPU cards are used to train



our data about one week. We use four Tesla A800
GPU cards to train a process reward model about
three days.

PRM Inference Strategies To clarify the infer-
ence procedures used in our experiments, we note
that all inference methods operate at the step level
rather than the token level. Each node in the search
tree corresponds to a complete reasoning step gen-
erated by the LLM, and the PRM provides a scalar
reward for that step; search decisions are therefore
made over reasoning steps instead of individual
tokens.

* Beam Search. We adopt step-level beam
search following (Lightman et al., 2023) (Xie
et al., 2023): at each expansion layer, the
algorithm keeps the top-k partial reasoning
paths ranked by their PRM scores and dis-
cards the rest. This differs from vanilla token-
level beam search, as pruning is performed at
reasoning-step boundaries rather than at every
token.

Best-of-N. We sample N complete reason-
ing trajectories independently using the actor
model. The PRM assigns step-wise rewards
to each trajectory, and the trajectory with the
highest final PRM score is selected. No inter-
mediate pruning or tree search is performed.

MCTS. Our MCTS implements an AlphaZero-
style step-level tree search (Silver et al., 2017):
edges correspond to reasoning steps, PRM
outputs serve as Q-value estimates for child
nodes, and a UCB rule balances exploration
and exploitation. This design enables selective
exploration of promising reasoning branches
under PRM guidance.

D Reinforcement Learning with
AMCTS-trained PRMs

To demonstrate the practical utility of AMCTS
beyond inference-time verification, we evaluate
whether PRMs trained with our adaptive data gen-
eration framework can serve as more effective re-
ward models in reinforcement learning settings. We
conduct PPO fine-tuning experiments on Qwen2.5-
Math-7B-Instruct, comparing our Qwen2.5-Math-
7B-PRM-AMCTS against three baseline PRMs
from the same Qwen model family to ensure fair
comparison: Qwen2.5-Math-PRM-7B, Qwen?2.5-
Math-7B-PRMS800K, and Skywork-01-Open-PRM-
Qwen-2.5-7B. All experiments follow identical
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PPO training procedures with step-level reward
supervision, varying only the reward model across
conditions. Table 2 presents the performance com-
parison across different reward models on the
MATHS500, GSMS8K, and the Hungarian Math
out-of-distribution (OOD) benchmarks. Our ap-
proach achieves pass@1 (pass@5) scores of 61.6%
(73.2%) on MATHS00, 83.5% (97.5%) on GSMSK,
and 53.1% (75.0%) on the Hungarian Math OOD
dataset, consistently outperforming all baselines.
The modest gain on GSM8K can be attributed to
its less complex problems and the high baseline
performance. In contrast, the substantial improve-
ments on both the competition-level MATHS500
and the OOD Hungarian Math are more significant.
This demonstrates that the higher-quality process
supervision provided by Qwen2.5-Math-7B-PRM-
AMCTS is especially beneficial for learning sophis-
ticated and generalizable reasoning patterns, rather
than just solving problems from a familiar distribu-
tion. These results provide crucial end-to-end val-
idation, demonstrating that quality improvements
in process supervision data directly translate into
more capable and robust final models.

E Effect of the Number of Reasoning
Paths

To evaluate the efficacy of our proposed Process
Reward Model, Qwen2.5-Math-7B-PRM-AMCTS,
we benchmark its performance against three base-
line PRMs: Qwen2.5-Math-7B-PRM800K, math-
shepherd-mistral-7b-prm, and Llama3.1-8B-PRM-
Deepseek-Data. We employ a unified actor model,
Llama-3.2-3B-Instruct, to generate N candidate rea-
soning paths for each problem from two challeng-
ing mathematics competition datasets, MATH500
and AIME. The final accuracy is determined by
using each PRM to perform step-wise scoring and
select the best path from the candidate pool, with
N varying from 2 to 10. The results, depicted in
Figure 8, show a consistent trend where a larger
N leads to higher final accuracy across all mod-
els. This aligns with the fundamental principle of
Best-of-N sampling, where a larger candidate pool
provides a higher performance ceiling. Crucially,
our Qwen2.5-Math-7B-PRM-AMCTS model con-
sistently achieves the highest accuracy across all
values of N on both datasets. This performance
advantage is particularly pronounced on the more
difficult AIME dataset, underscoring the robustness
of our model. These findings demonstrate the supe-



Category  |MC Value (p) Reasoning Step Content Step Characteristics

0.12 Move all terms involving (27x) to one side of the equation and constant terms

to the other side. To do this, subtract (2"x) from both sides: This type of step describes the specific calculation or

operation to be performed next, followed by a
demonstration of the operation, with a greater emphasis
0.18 Each time the center square is divided, the shaded area in the new smaller on calculation and execution.
) squares is a fraction of the area of the previous center square.

MC| ROLLOUT| 0.12 Each of these values will eventually reach 2.

0.09 To solve the equation, we start by analyzing the expression (x"2 + 2x + 3). We
. can rewrite it as:

These steps aim to pave the way for subsequent

The given recurrence relation is (a{n+1} =a_n + \frac{a{n+2}}{2}). We can lati and r ing. This is a
0.18 . L=
WY ROLLRON rearrange this to express (a{n+2}) in terms of (a_n) and (a{n+1}): problem-solving plan that establishes the framework
0.18 To find the greatest common factor (GCF) of (1001) and (2431), we can use and direction for the entire problem-solving process.

the Euclidean algorithm.

0.90 The only positive integer solution is ((m, n) = (1, 3)). . . .

This type of step no longer involves any new reasoning

or calculation, but rather declares the results of the
entire solving process, which is a summary and

MC1 ROLLOUT 0.81 Thus, the sum of all possible sums of the series is

affirmation of all previous work.
0.85 Therefore, the number of different integer lengths for the third side is (9 ).
0.81 However, since (a < d), this case is not valid. This type of step is both a summary of the previous
part of the work (such as eliminating an invalid
MC1 ROLLOUT?T 0.81 Step 3: Determine the shape of the regions formed. situation) and a preview of the next step of the work.
Provide direction for a complex, multi-stage problem-

078 Therefore, the foci of the hyperbola are at ((\pm 3, 0)).Step 2: Find the foci

solving process.
of the ellipse. The given ellipse is (\frac{x"2} {16} + \frac{y"2} {b"2} =1).

Figure 9: Qualitative analysis of reasoning steps across different node value categories. Low-valued nodes

(¢ < 0.2) typically contain straightforward calculations, while high-valued nodes (1 > 0.8) often represent solution
conclusions.
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Figure 10: An illustrative rollout case showing multiple reasoning trajectories sampled from a single math problem.
The figure highlights the diversity across rollouts, motivating the need for clustering and adaptive evaluation.

rior discriminative capability of our proposed PRM, G Case Study of Rollout Diversity
indicating that it provides more accurate step-wise . .. o

: . e . . To complement the discussion in Preliminaries, we
reward signals for identifying high-quality reason-

. . provide a concise case study of reasoning rollouts
ing processes compared to the baselines. .

sampled from a single math problem. As shown
F Reasoning Step Characteristics in Figure 10, several representative trajectories are

depicted (with omissions for brevity), reflecting the
To better understand the relationship between node  inherent diversity of the rollout process.
values and reasoning complexity, we analyze the
content characteristics of reasoning steps across
different value categories. Figure 9 presents repre-
sentative examples from each category.
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