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Abstract001

The quality of process data plays a key role002
in training a Process Reward Model (PRM),003
which can enhance the complex mathematical004
reasoning capability of large language mod-005
els. Existing methods rely on vanilla Monte006
Carlo Tree Search (MCTS) to obtain process007
labels, which limits their flexibility in node008
value estimation and path expansion. To ad-009
dress this issue, we propose Adaptive MCTS010
(AMCTS), a framework that transforms data011
generation from a fixed, static process to an012
adaptive, dynamic one at the level of node013
value estimation and path expansion. On one014
hand, AMCTS adaptively refines value estima-015
tion by dynamically allocating more samples016
to uncertain reasoning steps and fewer to con-017
fident ones. On the other hand, it enhances018
the path expansion with a temporally adap-019
tive policy that begins with broad exploration020
and gradually shifts toward exploiting the most021
promising directions. With AMCTS, we con-022
struct a large-scale dataset MathSearch-200K023
of about 200K process supervision examples.024
To evaluate the effectiveness and superiority025
of AMCTS, we conduct comprehensive exper-026
iments across two key dimensions: data gen-027
eration and mathematical reasoning. In data028
generation, AMCTS produces higher-quality029
training samples with fewer rollouts than two030
vanilla MCTS baselines. In mathematical rea-031
soning, a PRM trained on MathSearch-200K032
using four LLM-based actor models consis-033
tently outperforms existing baselines across034
four benchmarks, achieving up to a 6.9% abso-035
lute improvement on MATH500 when paired036
with Llama-3.2-3B-Instruct. Notably, these037
gains persist on out-of-distribution benchmarks,038
demonstrating strong generalization capability.039
Our code is available at https://anonymous.040
4open.science/r/AMCTS-7DB4.041

1 Introduction042

Large Language Models (LLMs) have demon-043

strated significant success across a wide range044

of natural language processing tasks (Ma et al., 045

2025a,b; Seo et al., 2025), including open-domain 046

dialogue, summarization, and code generation. 047

However, they often struggle with complex multi- 048

step mathematical reasoning (Wang et al., 2024c), 049

where precise logical consistency and error-free 050

deduction are essential. This has motivated diverse 051

efforts to improve reasoning capability, spanning 052

architectural innovations (Zhan et al., 2025), tar- 053

geted pre-training (Ren et al., 2025), post-hoc fine- 054

tuning (Zhang et al., 2024), strategy prompting (Wu 055

et al., 2024), and verification (Setlur et al., 2025a). 056

Among these, verification is particularly appealing 057

due to its model-agnostic nature and empirical ef- 058

fectiveness. By training a verifier to discriminate 059

between correct and flawed reasoning paths, one 060

can substantially enhance the LLM prediction, of- 061

fering a scalable and generalizable avenue toward 062

more trustworthy reasoning. 063

The verification in LLMs is broadly catego- 064

rized into two paradigms: Outcome Reward Mod- 065

els (ORMs) and Process Reward Models (PRMs). 066

ORMs (Cobbe et al., 2021b; Uesato et al., 2022) 067

assign a scalar confidence score to an entire gener- 068

ated output, typically based on the final correctness 069

or task success. In contrast, PRMs (Ma et al., 2023; 070

Setlur et al., 2025b) evaluate the reasoning trajec- 071

tory step by step, assigning intermediate rewards or 072

correctness scores to each reasoning step. Recent 073

studies (Yu et al., 2025; Ying et al., 2024; Wang 074

et al., 2025) found that PRMs may outperform 075

ORMs in the mathematical reasoning of LLMs 076

due to the fine-grained step-level supervision and 077

human-like cognitive evaluation. As we know, the 078

primary bottleneck in scaling PRMs lies in data 079

acquisition. High-quality process supervision re- 080

quires value annotations for every reasoning step, 081

which is an effort-intensive process that often de- 082

mands substantial domain expertise, especially in 083

complex, multi-step problems. 084

Although prior works leverage the vanilla Monte 085
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Figure 1: Key differences between AMCTS and prior MCTS-based methods in node value estimation (top) and path
expansion (bottom). AMCTS introduces uncertainty-driven dynamic sampling and adaptive exploration-exploitation
balancing.

Carlo Tree Search to obtain process labels automat-086

ically (Wang et al., 2024a; Luo et al., 2024; Peng087

et al., 2025; Sun et al., 2025), they remain inflex-088

ible in node value estimation and path expansion.089

For instance, as shown in Figure 1, they uniformly090

adopt a fixed budget of 16 samples per problem091

during node value estimation rather than dynamic092

sampling. In addition, they simply sum the ex-093

ploitation and exploration value to form the node094

selection score, but fail to balance exploration and095

exploitation during the path expansion, which is096

crucial for accurately localizing erroneous reason-097

ing steps.098

To address the mentioned issue, we propose099

Adaptive Monte Carlo Tree Search (AMCTS), a100

framework that transforms the data generation from101

a fixed, static process to an adaptive, dynamic one.102

Specifically, to tackle the estimation inflexibility,103

AMCTS avoids allocating fixed computational ef-104

fort to every reasoning node (step). Instead, it mon-105

itors estimation uncertainty in real time and dy-106

namically assigns more sampling resources to the107

nodes whose estimates remain uncertain, while re-108

ducing effort for those that have already converged109

to reliable values. To overcome the inflexibility110

of path expansion, AMCTS abandons the fixed111

exploration and exploitation strategy. It begins112

with broad exploration to uncover diverse reason-113

ing paths. As the expansion progresses, it shifts114

toward exploiting the most promising directions,115

guided by accumulated evidence of path success.116

This adaptive expansion enables efficient genera-117

tion of high-quality supervision data while reduc-118

ing computational overhead. To verify the effec-119

tiveness and superiority of AMCTS, we train a120

PRM model (Qwen2.5-Math-7B-PRM-AMCTS) 121

based on the generated large-scale process super- 122

vision data MathSearch-200K and conduct exten- 123

sive experiments on AIME 2024/2025, MATH 124

(Hendrycks et al., 2021), Olympiad-Bench (Li 125

et al., 2024a), and Omni-MATH (Gao et al., 2024). 126

Experimental results show that PRMs trained on 127

MathSearch consistently outperform all baselines 128

across four actor models and three search strategies, 129

achieving the highest average accuracy in 11 out of 130

12 configurations. 131

Our main contributions are as follows: 132

• We propose Adaptive Monte Carlo Tree 133

Search (AMCTS), a framework that ad- 134

dresses the inflexibility of process supervision 135

data generation through uncertainty-driven 136

adaptive sampling and dynamic exploration- 137

exploitation balancing. With AMCTS, we 138

construct MathSearch-200K, a large-scale 139

dataset comprising approximately 200K rea- 140

soning trajectories with high-precision step- 141

level annotations. 142

• We train a Process Reward Model (PRM) on 143

MathSearch-200K and systematically evalu- 144

ate it with LLMs ranging from 1.5B to 72B 145

parameters across multiple search strategies, 146

consistently outperforming existing baseline 147

PRMs. 148

• We conduct comprehensive experiments 149

across two key dimensions: data generation 150

and mathematical reasoning. AMCTS pro- 151

duces higher-quality supervision signals with 152

fewer rollouts than prior baselines, and PRMs 153
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trained on our data consistently outperform ex-154

isting baselines across the majority of bench-155

marks while maintaining advantages on out-156

of-distribution problems.157

2 Preliminaries: Generation of Process158

Supervision Data159

Fine-grained evaluation of intermediate reasoning160

steps is critical to train a high-quality PRM. For-161

mally, given a dataset D consisting of large-scale162

tuples (p, ρ1:t, µ̂t), the PRM is obtained by training163

on this dataset, where p is a mathematical prob-164

lem, ρ1:t is a partial reasoning trajectory up to step165

t, and µ̂t is a quality score reflecting the likeli-166

hood that the trajectory leads to a correct solution.167

Since obtaining µ̂t through expert annotation is pro-168

hibitively costly, prior works (Wang et al., 2024a;169

Luo et al., 2024; Peng et al., 2025; Sun et al., 2025)170

typically rely on automated MC-based pipelines to171

construct these supervisory signals.172

The key idea is to evaluate the quality of any173

partial reasoning trajectory by measuring how often174

it leads to correct solutions. Specifically, given a175

partial reasoning sequence ρ1:t (representing the176

first t steps of a solution attempt), the automated177

pipeline generates N different expansions from this178

step and checks whether each expansion results in179

the correct final answer a. The quality score µ̂t is180

then estimated as the empirical success probability:181

µ̂t =
1

N

N∑
i=1

I
[
expand(ρ(i)1:t) = a

]
. (1)182

As a concrete illustration, Appendix G presents183

a case study of rollouts on a math problem, show-184

ing the diversity of reasoning trajectories that arise185

from the same prompt.186

3 Adaptive Monte Carlo Search187

3.1 Overview188

As illustrated in Figure 2, we propose an Adap-189

tive Monte Carlo Tree Search (AMCTS) frame-190

work, which reimagines the data generation pro-191

cess—shifting from a fixed, static paradigm to an192

adaptive, dynamic search strategy. The top panel193

of the figure depicts the dynamic estimation of194

node values based on the uncertainty, while the bot-195

tom panel illustrates the adaptive path expansion196

based on the trade-off between exploration and ex-197

ploitation. After obtaining the process supervision198

dataset MathSearch-200K, we train a PRM model199

to be a verifier and employ it to guide LLMs to 200

solve math problems. 201

3.2 Uncertainty-Driven Adaptive Sampling 202

Initial Sampling with Rollout Clustering. For 203

any given reasoning prefix ρ1:t, the adaptive pro- 204

cess begins with a small set of initial rollouts gen- 205

erated using non-greedy decoding. Under such 206

stochastic generation, the initial rollouts often ex- 207

plore different solution strategies. For example, 208

they may apply factorization or substitution to the 209

same algebraic problem, or use forward or back- 210

ward reasoning in geometric proofs, leading to in- 211

trinsic heterogeneity. Since different strategies may 212

have vastly different success rates, naively averag- 213

ing across all rollouts obscures these differences 214

and yields unreliable node value estimates. 215

To this end, a natural idea is to group rollouts fol- 216

lowing similar reasoning patterns together for more 217

accurate success probability estimation within each 218

group. Specifically, AMCTS employs K-Means 219

clustering to partition the initial rollouts into K 220

homogeneous clusters C = {C1, . . . , CK} based 221

on a two-dimensional feature vector vi for each 222

rollout ri: 223

vi = [Confidence(ri),Complexity(ri)], (2) 224

where the generation confidence is measured by 225

the average token-level negative log-likelihood 226

(− 1
Lr

∑Lr
l=1 logP (w

(r)
l |w(r)

<l )), and the solution 227

complexity is captured by log(Lr + ζ). Here, Lr 228

is the total number of tokens in the rollout, w(r)
l 229

denotes the l-th token, and ζ = 10−6 prevents nu- 230

merical issues. Z-score standardization is applied 231

before clustering to ensure equal contribution from 232

both features (see Appendix B.1). Each cluster Cj 233

contains rollouts with similar confidence and com- 234

plexity profiles, enabling more targeted estimation 235

within homogeneous groups. 236

Uncertainty-Driven Iterative Refinement. 237

Building on the initial clustering results, our 238

method iteratively refines the success probability 239

estimate (quality score introduced in Eq. (1)) 240

through uncertainty-guided sampling. The core 241

principle is that clusters with higher uncertainty 242

require more samples to achieve reliable estimates, 243

while confident clusters need less additional 244

sampling. This ensures computational resources 245

focus on clusters where additional samples provide 246

the most information gain. The refinement 247

process maintains success probability estimates 248
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Figure 2: AMCTS architecture. The left panel illustrates the four-stage adaptive estimation loop: rollout clustering,
uncertainty quantification, supplemental sampling, and cluster update. The top-right shows the dynamic exploration-
exploitation trade-off during search. The bottom-right depicts the collection of process supervision data and PRM
training for downstream applications.

p̂j = n+
j /nj for each cluster Cj , where n+

j and nj249

denote the number of successful and total rollouts,250

respectively, and quantifies estimation confidence251

through uncertainty measure δj . Specifically,252

we employ the Wilson score interval to measure253

cluster-level uncertainty:254

δj =
z

1 + z2

nj

√
p̂j(1− p̂j)

nj
+

z2

4n2
j

, (3)255

where z ≈ 1.96 for 95% confidence (Wilson,256

1927). This formulation provides reliable con-257

fidence bounds even with small sample sizes or258

extreme probabilities (Brown et al., 2001). The259

node-level uncertainty δnode is derived from cluster260

uncertainties weighted by sample sizes (see Ap-261

pendix B).262

At each iteration, we identify the target cluster263

C∗ with maximum uncertainty among active can-264

didates. A cluster is considered active if it has not265

converged (uncertainty δj exceeds threshold ϵcluster)266

and has remaining sampling budget (current sam-267

ples nj below limit ncluster
max ). Formally, the active268

set is Cactive = {Cj : nj < ncluster
max ∧ δj > ϵcluster},269

and the target cluster is selected as:270

C∗ = argmax
Cj∈Cactive

δj . (4)271

We then allocate ∆n new samples to C∗, propor-272

tional to its uncertainty, bounded by minimum and273

maximum batch sizes mmin and mmax:274

∆n = min{mmax,max{mmin, ⌈γ · δC∗⌉}}, (5)275

where γ converts uncertainty to sample counts. Af- 276

ter generating these rollouts and assigning them via 277

feature distance, we update cluster statistics and 278

proceed to the next iteration. 279

Node Value Estimation. The iterative refinement 280

process cannot continue indefinitely. To ensure 281

computational efficiency and prevent excessive 282

sampling on converged nodes, we establish prin- 283

cipled termination criteria: the process terminates 284

when the node’s confidence exceeds a predefined 285

threshold, the allocated budget is exhausted, or all 286

clusters have converged. Upon termination, the fi- 287

nal Monte Carlo estimate for node s is computed by 288

aggregating the cluster statistics collected during 289

the adaptive sampling of s: 290

µ̂(s) =

K∑
j=1

nj

ntotal
· p̂j . (6) 291

This weighted average ensures that clusters with 292

more samples contribute proportionally more to the 293

final estimate. The value µ̂(s) subsequently serves 294

as the Q-value in the MCTS selection phase. 295

3.3 Adaptive Path Expansion 296

Building upon adaptive node value estimation, we 297

further introduce adaptive path expansion to guide 298

the traversal of the reasoning space. Specifically, 299

we adopt the same formulation for the exploitation 300

value Q(s, r) and exploration bonus U(s, r) as in 301

OmegaPRM (Luo et al., 2024) (see Appendix B.3 302
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for details). Crucially, instead of using a fixed303

weighting between exploration and exploitation304

throughout the search process, we propose a tem-305

poral modulation of this balance. This allows the306

exploration-exploitation trade-off to dynamically307

evolve as more information is gathered during the308

search process. Specifically, let πτ (s, r) denote the309

time-varying node selection score:310

πτ (s, r) = (1− wτ )Q(s, r) + wτU(s, r),

wτ = exp(−τ/T ),
(7)311

where τ is the current iteration and T > 0 controls312

the transition rate. The exponentially decaying313

weight wτ ensures exploration dominates initially314

when value estimates are uncertain, then progres-315

sively shifts to exploitation as confidence increases.316

3.4 Process Reward Model Training317

Following the generation of process supervision318

data via AMCTS, we train a process reward model319

designed to evaluate intermediate reasoning steps.320

The training dataset D comprises approximately321

200,000 reasoning trajectories generated by ap-322

plying AMCTS to problems from MATH500 and323

GSM8K. Each training instance (p, ρ1:t, µ̂(st))324

consists of a problem p, a partial reasoning tra-325

jectory ρ1:t, and its corresponding Monte Carlo326

value estimate µ̂(st) ∈ [0, 1]. We initialize the327

PRM with Qwen2.5-Math-7B-Instruct to leverage328

its strong mathematical reasoning capabilities. To329

fully leverage the continuous, fine-grained nature330

of the signals produced by AMCTS, we employ331

a binary cross-entropy loss function with soft la-332

bels. In this formulation, the continuous Monte333

Carlo estimate µ̂(st) ∈ [0, 1] directly serves as the334

target probability rather than being binarized. Let335

ŷ = fθ(p, ρ1:t) denote the score predicted by the336

PRM. The training objective is:337

L(θ) = −
∑
D

µ̂ log ŷ + (1− µ̂) log(1− ŷ) (8)338

where fθ(p, ρ1:t) represents the score predicted by339

the PRM. This soft label mechanism preserves the340

uncertainty information from our adaptive frame-341

work: high-confidence estimates (where µ̂ is near342

0 or 1) provide strong supervision signals, while343

uncertain estimates (near 0.5) naturally contribute344

weaker gradients, effectively regularizing the train-345

ing process. Based on this training procedure, we346

obtain the final model Qwen2.5-Math-7B-PRM-347

AMCTS.348

4 Experiment 349

4.1 Experimental Setup 350

In the data generation stage, AMCTS employs 351

6 initial rollouts per node, a maximum sam- 352

pling budget of 32, an uncertainty threshold 353

of ϵ = 0.1, and K = 3 clusters, with full 354

details provided in Appendix C. We compare 355

MathSearch-200K with two established process 356

supervision datasets, Math-Shepherd (Wang et al., 357

2024c) and PRM800K (Lightman et al., 2023), 358

to demonstrate its superior quality. The num- 359

ber of reasoning steps per problem, mean tokens 360

per step, and their joint distribution are lever- 361

aged to comprehensively evaluate the data gen- 362

eration performance of AMCTS. In the mathe- 363

matical reasoning stage, we evaluate Qwen2.5- 364

Math-7B-PRM-AMCTS against several open- 365

source PRMS, namely Math-Shepherd-Mistral-7B, 366

Qwen2.5-Math-7B-PRM800K, and Llama3.1-8B- 367

PRM-Deepseek, under three widely adopted PRM- 368

guided search strategies: Beam Search, Best-of- 369

N, and MCTS. Our evaluation based on accuracy 370

spans a diverse set of mathematical benchmarks: 371

GSM8K (Cobbe et al., 2021a) for grade-school- 372

level problems, MATH (Hendrycks et al., 2021) for 373

competition-level problems, AIME for American 374

Invitational Mathematics Examination problems, 375

and both Olympiad-Bench (Li et al., 2024a) and 376

OmniMATH (Gao et al., 2024) for olympiad-level 377

challenges. These PRMs are paired with four actor 378

models (GLM-4-9B, Phi-4-mini-Instruct, Llama- 379

3.2-3B-Instruct, Qwen3-8B), which generate can- 380

didate reasoning trajectories for the PRM to score 381

and select. 382

4.2 Supervision Data Analysis 383

Figure 3 compares three process supervision 384

datasets in terms of steps per problem and to- 385

kens per step. The scatter plots reveal the joint 386

distribution of these two dimensions, while the 387

marginal histograms show their individual distri- 388

butions. MathSearch exhibits a notably broader 389

distribution profile. In terms of step counts, it ex- 390

tends to longer reasoning sequences (mean: 11 391

steps) compared to the concentrated distributions 392

of Math-Shepherd and PRM800K (6-7 steps). The 393

token density likewise shows greater variance, with 394

MathSearch averaging 65 tokens per step versus 395

32-46 for baselines. More importantly, the scatter 396

plots reveal that MathSearch covers a wider range 397

of step-token combinations, capturing both concise 398
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Figure 3: Distribution comparison of reasoning steps and token density across process supervision datasets. AMCTS
exhibits a fundamentally different distribution profile with a broader step distribution extending to longer reasoning
sequences (mean: 11 steps) compared to the concentrated distributions of Math-Shepherd and PRM800K (6-7 steps).
The token density analysis reveals that AMCTS averages 65 tokens per step with wider variance, indicating more
detailed intermediate reasoning than baseline datasets (32-46 tokens per step). The Fre. represents frequency.

Figure 4: AMCTS allocation patterns during data gen-
eration. (a) Distribution of MC rollouts per node across
value ranges. (b) Search depth and total nodes explored
for different node values.

multi-step solutions and detailed single-step elab-399

orations. These distributional differences reflect400

the adaptive nature of our data generation. Rather401

than ignoring rollout heterogeneity, AMCTS allo-402

cates resources based on problem complexity, natu-403

rally producing longer trajectories for challenging404

problems while maintaining efficiency on simpler405

ones. The resulting diversity in supervision signals406

enables PRMs to learn from a broader spectrum407

of reasoning patterns, improving generalization to408

problems of varying difficulty.409

4.3 Adaptive Allocation Analysis410

To understand the resource allocation behavior of411

AMCTS, we analyze the sampling patterns across412

different node value ranges. Figure 4(a) shows413

that AMCTS allocates significantly more rollouts414

to uncertain nodes (µ ∈ [0.4, 0.6]: 20.0 rollouts)415

compared to confident ones (µ < 0.2: 6.9 roll-416

outs; µ > 0.8: 7.1 rollouts), demonstrating ap-417

proximately 3× difference in sampling intensity.418

This adaptive allocation contrasts with fixed-budget419

baselines (Luo et al., 2024; Wang et al., 2024a),420

which uniformly sample all nodes regardless of es-421

timation difficulty. Figure 4(b) reveals consistent 422

patterns in search behavior. The search depth varies 423

from 3.1 for low-valued nodes to 5.0-5.1 for inter- 424

mediate values, and the total explored nodes peak at 425

intermediate values (14-16) versus extremes (8-10). 426

These results confirm that AMCTS automatically 427

concentrates computational resources on uncertain 428

nodes where additional samples provide the most 429

information gain. A qualitative analysis of reason- 430

ing step content across these value categories is 431

provided in Appendix F.

Figure 5: Computational efficiency comparison of
AMCTS against fixed-budget strategies following
OmegaPRM (Luo et al., 2024). Top: Aggregate metrics
showing AMCTS’s stable performance (dashed lines).
Bottom: Comparison between k = 16 and AMCTS
across difficulty levels, demonstrating adaptive resource
allocation.

432

4.4 Efficiency and Quality Analysis 433

To validate the efficiency and quality advan- 434

tages of AMCTS, we sample 100 problems from 435

MATH (Hendrycks et al., 2021), each with a 436

200-rollout budget, stratified by the dataset’s of- 437

ficial difficulty levels (Level 1=easiest, Level 438
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5=hardest). Following OmegaPRM (Luo et al.,439

2024), we implement fixed-budget baselines with440

k ∈ {4, 10, 16, 22, 28} using the OpenR frame-441

work (Wang et al., 2024b).442

Figure 5 (top row) shows that AMCTS main-443

tains stable computational costs across problems444

(dashed lines), while fixed-budget strategies ex-445

hibit varying patterns. Notably, k = 4 incurs the446

longest time despite minimal per-node budget, as447

poor value estimates require exploring more nodes448

to find solutions. Larger k reduces explored nodes449

but increases per-node sampling, creating a breadth-450

precision trade-off. AMCTS avoids this dilemma451

through uncertainty-driven allocation.452

The difficulty-stratified analysis (bottom row)453

compares k = 16 versus AMCTS across levels.454

AMCTS uses substantially less time and explores455

fewer nodes on simple problems (Levels 1-2),456

while maintaining comparable or greater depth on457

hard problems (Levels 4-5). This difficulty-aware458

behavior cannot be achieved with fixed budgets,459

which waste resources on easy problems while un-460

dersampling harder ones.

Figure 6: Node value distributions via KDE. AMCTS
closely aligns with the k = 28 setting, showing concen-
trated peaks, contrasting with the k = 10 setting.

461

To assess estimation quality, we analyze the dis-462

tribution of node values using Kernel Density Es-463

timation (KDE). As shown in Figure 6, the low-464

budget setting (k = 10) exhibits a diffuse distri-465

bution with many nodes assigned ambiguous in-466

termediate scores, providing unclear supervision467

signals. In contrast, both k = 28 and AMCTS468

show concentrated distributions near extreme val-469

ues, providing clearer node value estimates. No-470

tably, AMCTS achieves comparable estimation471

clarity to k = 28 with fewer samples per node,472

demonstrating that adaptive allocation efficiently473

produces high-quality supervision signals.474

Figure 7: Performance comparison across Qwen actor
models of different sizes (1.5B-72B) paired with various
PRMs on MATH500 and GSM8K benchmarks.

4.5 Mathematical Reasoning Evaluation 475

We evaluate whether Qwen2.5-Math-7B-PRM- 476

AMCTS can consistently improve mathematical 477

reasoning across diverse actor models and search 478

strategies. As shown in Table 1, our PRM demon- 479

strates consistent improvements across all exper- 480

imental settings, achieving peak performance of 481

76.2% on MATH, 15.0% on AIME, 22.1% on 482

Olympiad-Bench, and 19.0% on OmniMATH us- 483

ing GLM-4-9B with MCTS. The improvements ex- 484

hibit several notable patterns that provide insights 485

into the effectiveness of adaptive data generation. 486

The benefits scale positively with model capac- 487

ity, where larger models (GLM-4-9B, Qwen3-8B) 488

consistently show more substantial improvements 489

compared to smaller models (Phi-4-mini, Llama- 490

3.2-3B). This suggests that AMCTS-generated su- 491

pervision data provides richer learning signals that 492

larger models can better exploit. Additionally, the 493

improvements are more pronounced on challenging 494

benchmarks such as AIME and Olympiad-Bench, 495

indicating that adaptive resource allocation dur- 496

ing data generation particularly benefits complex 497

multi-step reasoning scenarios where traditional 498

fixed-budget approaches may under-sample critical 499

reasoning paths. 500

Across different search strategies, AMCTS main- 501

tains consistent advantages while revealing inter- 502

esting interaction patterns. MCTS generally yields 503

the highest absolute performance, but the relative 504

improvements from AMCTS remain substantial 505

across Beam Search and Best-of-N as well, demon- 506

strating that the quality gains are inherent to the 507

supervision data rather than dependent on specific 508

inference mechanisms. We also evaluate our PRM 509

for PPO fine-tuning, with results in Appendix D 510

confirming consistent improvements. 511
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Table 1: Mathematical reasoning performance of different PRMs across various search strategies. Models marked
with † serve as the actor models, which are responsible for generating the reasoning trajectories. All results are
reported in accuracy (%). Dataset names are abbreviated: MATH is MATH500, Oly. is Olympiad-Bench, Omni.
denotes OmniMATH, and Avg. represents the average score.

Llama-3.2-3B-Instruct† Phi-4-mini-Instruct†
Strategy Verifier

AIME MATH Oly. Omni. Avg. AIME MATH Oly. Omni. Avg.

Beam Search

Qwen2.5-Math-7B-Instruct 0.0 45.3 10.4 10.5 16.6 5.0 48.0 11.4 7.5 18.0
Llama3.1-8B-PRM-Deepseek 6.7 39.0 7.1 8.0 15.2 1.7 43.6 11.1 8.0 16.1
Qwen2.5-Math-7B-PRM800K 6.7 52.5 13.9 12.1 21.3 5.0 68.5 17.8 15.7 26.8
Math-Shepherd-Mistral-7B 8.3 54.5 10.4 13.0 21.6 8.3 69.1 11.9 13.0 25.6
Qwen2.5-Math-7B-PRM-AMCTS 10.0 61.4 13.6 13.7 24.7 8.7 68.5 19.8 16.2 28.3

Best-of-N

Qwen2.5-Math-7B-Instruct 1.7 52.8 12.2 12.1 19.7 1.7 41.4 11.7 11.5 16.6
Llama3.1-8B-PRM-Deepseek 3.3 49.0 10.4 10.5 18.3 3.3 51.2 11.7 11.6 19.5
Qwen2.5-Math-7B-PRM800K 1.7 56.6 12.3 12.8 20.9 6.7 64.8 16.8 12.3 25.2
Math-Shepherd-Mistral-7B 1.7 53.8 12.0 12.6 20.0 6.7 64.2 14.5 14.9 25.1
Qwen2.5-Math-7B-PRM-AMCTS 6.7 59.9 13.9 13.2 23.4 6.7 68.0 17.7 16.2 27.2

MCTS

Qwen2.5-Math-7B-Instruct 1.7 44.7 8.8 10.0 16.3 3.3 53.0 10.1 7.0 18.4
Llama3.1-8B-PRM-Deepseek 5.0 40.0 7.6 9.0 15.4 3.3 43.2 10.5 8.2 16.3
Qwen2.5-Math-7B-PRM800K 8.3 59.4 14.6 12.6 23.7 5.0 68.0 18.2 17.1 27.1
Math-Shepherd-Mistral-7B 6.7 57.6 11.9 11.7 22.0 5.0 65.6 12.5 14.6 24.4
Qwen2.5-Math-7B-PRM-AMCTS 8.3 60.0 14.7 12.3 23.8 8.3 69.0 19.4 17.2 28.5

Qwen3-8B† GLM-4-9B†

Strategy Verifier
AIME MATH Oly. Omni. Avg. AIME MATH Oly. Omni. Avg.

Beam Search

Qwen2.5-Math-7B-Instruct 1.7 42.0 9.1 11.0 16.0 8.3 71.1 18.0 17.0 28.6
Llama3.1-8B-PRM-Deepseek 3.3 43.7 12.3 10.4 17.4 5.0 69.0 14.7 14.2 25.7
Qwen2.5-Math-7B-PRM800K 3.3 42.0 11.6 11.2 17.0 13.3 75.4 19.4 12.3 30.1
Math-Shepherd-Mistral-7B 0.0 47.2 13.5 13.9 18.7 6.7 73.0 19.6 14.8 28.5
Qwen2.5-Math-7B-PRM-AMCTS 6.7 49.4 13.2 14.1 20.9 13.3 76.0 20.3 19.2 32.2

Best-of-N

Qwen2.5-Math-7B-Instruct 0.0 42.4 12.0 13.7 17.0 6.7 75.0 19.0 16.2 29.2
Llama3.1-8B-PRM-Deepseek 3.3 41.2 13.2 11.9 17.4 10.0 74.2 18.7 16.2 29.8
Qwen2.5-Math-7B-PRM800K 1.7 41.8 13.2 14.2 17.7 11.7 76.2 18.2 17.6 30.9
Math-Shepherd-Mistral-7B 3.3 45.0 14.0 8.0 17.6 8.3 77.2 19.6 15.5 30.2
Qwen2.5-Math-7B-PRM-AMCTS 5.0 47.8 17.2 13.9 21.0 11.7 77.8 19.3 17.8 31.7

MCTS

Qwen2.5-Math-7B-Instruct 3.3 46.5 9.2 12.3 17.8 6.7 70.4 16.7 15.5 27.3
Llama3.1-8B-PRM-Deepseek 3.3 46.2 14.2 11.8 18.9 13.3 69.0 16.6 15.6 28.6
Qwen2.5-Math-7B-PRM800K 1.7 42.6 11.9 14.4 17.7 13.3 76.0 21.2 18.7 32.3
Math-Shepherd-Mistral-7B 5.0 50.6 14.6 13.6 21.0 3.3 74.2 19.5 16.0 28.3
Qwen2.5-Math-7B-PRM-AMCTS 6.7 51.2 14.9 14.7 21.9 15.0 76.2 22.1 19.0 33.1

4.6 Process Supervision versus Model Scale512

To assess the generalizability of AMCTS across513

model scales, we pair our PRM with Qwen2.5514

actor models ranging from 1.5B to 72B parame-515

ters. As shown in Figure 7, Qwen2.5-Math-7B-516

PRM-AMCTS consistently outperforms all base-517

lines across the entire parameter range on both518

MATH500 and GSM8K. Notably, the performance519

gap between AMCTS and baselines is more pro-520

nounced in smaller models. On MATH500 with521

the 1.5B actor, our method outperforms all compet-522

ing PRMs by a substantial margin, suggesting that523

smaller models are particularly sensitive to supervi-524

sion quality. As model scale increases, the gap nar-525

rows but AMCTS maintains consistent advantages526

across both math-specialized variants (Qwen2.5-527

Math series) and general instruction-tuned mod-528

els, demonstrating robustness to different training529

paradigms.530

5 Conclusion 531

We propose an Adaptive Monte Carlo Tree Search 532

(AMCTS) framework that reimagines the genera- 533

tion of process supervision data by shifting from 534

fixed, static procedures to adaptive, dynamic search. 535

On one hand, AMCTS employs an uncertainty- 536

driven adaptive sampling strategy to address the in- 537

efficiency inherent in node value estimation. On the 538

other hand, it introduces adaptive path expansion 539

to overcome the inflexibility of expansion. Lever- 540

aging AMCTS, we develop MathSearch-200K, a 541

dataset comprising 200K annotated reasoning tra- 542

jectories, and utilize it to train a process reward 543

model. Extensive experiments combining the re- 544

ward model with large language models, using 545

three distinct strategies across four benchmark 546

datasets, demonstrate the effectiveness, superiority, 547

and scalability of our approach. 548
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Limitations549

We evaluate AMCTS exclusively on mathematical550

reasoning tasks, and its effectiveness on other do-551

mains requiring process supervision, such as code552

generation and logical reasoning, remains unex-553

plored. Additionally, our experiments focus on554

English benchmarks, and we have not validated the555

approach in multilingual settings where reasoning556

patterns may differ. Finally, although AMCTS is557

more efficient than fixed-budget methods, the data558

generation process still requires substantial rollout559

sampling. Future work could explore extending560

AMCTS to broader domains, multilingual scenar-561

ios, and more efficient rollout generation strategies.562
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A Related Work 837

Mathematical Reasoning with LLMs. AI is ad- 838

vancing rapidly, with researchers pursuing human- 839

like reasoning abilities in LLMs (Dasgupta et al., 840

2022). Mathematical reasoning serves as a key 841

benchmark in this endeavor, requiring the integra- 842

tion of language understanding, symbolic manip- 843

ulation, and multi-step reasoning with correct in- 844

termediate steps (Ahn et al., 2024). To address 845

these challenges, prior work has explored several 846

directions. 1) Architectural innovations introduce 847

specialized components, such as subgoal decom- 848

position or neuro-symbolic modules (Karpas et al., 849

2022; Li et al., 2024b), to bridge natural language 850

understanding and formal mathematical computa- 851

tion. 2) Targeted pre-training on domain-specific 852

or synthetic mathematical corpus (Wang et al., 853

2024d; Zhou et al., 2024) allows the model to 854

learn structured reasoning patterns and symbolic 855

manipulations that improve generalization on com- 856

plex tasks (Lu et al., 2025; Shao et al., 2024). 857

3) Post-hoc fine-tuning further refines pretrained 858

models with annotated reasoning traces, reflective 859

feedback, or process-level supervision (Zelikman 860

et al., 2022; Liu et al., 2023; Yan et al., 2025). 861

4) Prompting strategies guide models to gener- 862

ate intermediate steps or iteratively refine outputs 863

without modifying model parameters, exemplified 864

by chain-of-thought prompting (Wei et al., 2022), 865
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self-consistency (Wang et al., 2023), and rectifica-866

tion prompting (Wu et al., 2024). 5) Verification867

methods validate outputs through self-correction868

(Toh et al., 2023), external verifiers (Weng et al.,869

2023), or process-level evaluation (Liu et al., 2025),870

increasing the reliability and trustworthiness of871

model-generated solutions. While all these ap-872

proaches improve reasoning, challenges such as er-873

ror accumulation and unverified intermediate steps874

remain. This has drawn increasing attention to875

verification methods.876

Verification for Reasoning. Verification is cru-877

cial for improving the reliability of reasoning in878

LLMs, with two main paradigms: outcome re-879

ward models (ORMs) and process reward models880

(PRMs). ORMs assign rewards based solely on881

the correctness of the final answer and have been882

widely used in reinforcement learning with human883

feedback (RLHF) (Christiano et al., 2017). While884

effective for simple tasks, ORMs provide sparse885

feedback, which can reinforce spurious reasoning886

paths and limit performance in multi-step reason-887

ing. By contrast, PRMs evaluate and reward inter-888

mediate reasoning steps, providing richer supervi-889

sion that guides models toward correct reasoning890

trajectories. Empirical studies demonstrate the ad-891

vantages of PRMs in various domains (Nath et al.,892

2025). In mathematics, WizardMath (Luo et al.,893

2025) and ThinkPRM (Khalifa et al., 2025) outper-894

form ORM-based approaches on benchmarks in-895

cluding GSM8K (Cobbe et al., 2021b) and MATH-896

500 (Lightman et al., 2023), both in accuracy and897

data efficiency. In code generation, PRLCoder898

(Ye et al., 2025) and CODEPRM (Li et al., 2025),899

which incorporate execution feedback, achieve900

higher pass rates and better handling of complex901

tasks compared to ORM-guided reinforcement902

learning.903

Process Supervision Data Generation. The ef-904

fectiveness of PRMs depends on high-quality pro-905

cess supervision data. Traditional pipelines such906

as manual annotation, rule-based heuristics, or of-907

fline extraction provide supervision signals (Ue-908

sato et al., 2022; Lightman et al., 2023). Recent909

efforts have sought more scalable alternatives, for910

example, using Monte Carlo Tree Search (MCTS)911

to evaluate intermediate steps or leveraging ver-912

balized verification chain-of-thought to reduce ex-913

plicit labeling requirements (Wang et al., 2024a;914

Luo et al., 2024). While these approaches mitigate915

annotation costs, the generated supervision remains916

static and does not evolve with model behavior. In 917

contrast, we propose a dynamic process supervi- 918

sion framework that continuously updates traces 919

based on the model’s evolving reasoning. This 920

adaptive approach improves efficiency by focusing 921

on uncertain or error-prone steps and enhances ro- 922

bustness under distribution shifts, overcoming the 923

limitations of static supervision data. 924

B Algorithmic Details 925

This appendix provides an in-depth exposition 926

of the key algorithmic components and imple- 927

mentation specifics of our Adaptive Monte Carlo 928

Tree Search (AMCTS) framework. We detail the 929

methodologies for quantifying uncertainty at both 930

cluster and node levels, the process of feature engi- 931

neering, and the robust assignment of new samples 932

within the adaptive sampling loop. 933

B.1 Feature Engineering and Cluster 934

Management 935

This section details the feature extraction, standard- 936

ization, and dynamic assignment procedures used 937

in our adaptive Monte Carlo clustering framework. 938

Feature Extraction and Standardization For 939

each rollout ri, we extract a two-dimensional fea- 940

ture vector vi = [NLLi, log(Lr + ζ)] where: 941

• Average Negative Log-Likelihood (NLL): 942

NLLi = − 1
Wr

∑Wr
j=1 logP (w

(r)
j |w(r)

<j ), 943

where Wr is the number of words in rollout 944

ri. This measures the model’s generation 945

confidence. 946

• Log Complexity: log(Lr + ζ) where Lr is 947

the token length and ζ = 10−6 prevents nu- 948

merical issues for very short rollouts. 949

Since these features operate on fundamentally 950

different scales (NLL values typically range from 951

0.1 to 50+ while log-length ranges from 0 to 10), 952

direct combination would result in NLL dominat- 953

ing the clustering distance calculations. To ensure 954

both features contribute equally to the K-means 955

clustering, we apply z-score standardization to the 956

initial k0 rollout features {vi}k0i=1. 957

v̂i =
vi − µv

σv + ζstd
, (9) 958

where µv = 1
k0

∑k0
i=1 vi and σv = 959√

1
k0

∑k0
i=1(vi − µv)

2 are computed element- 960
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wise. A small constant ζstd = 10−8 is added to961

prevent division by zero for constant features.962

The standardization parameters (µv,σv) com-963

puted from the initial k0 rollouts are stored and964

reused for standardizing features of subsequently965

generated rollouts during the adaptive refinement966

phase, ensuring consistent feature space represen-967

tation throughout the clustering process.968

Dynamic Sample Assignment During the iter-969

ative refinement phase, newly generated rollouts970

must be assigned to existing clusters. Each new971

rollout rnew is assigned to the cluster whose cen-972

troid is closest in the standardized feature space:973

cluster(rnew) = argmin
j∈{1,...,K}

∥v̂new − µCj
∥2, (10)974

where v̂new is the standardized feature vector of975

the new rollout and µCj
denotes the centroid of976

cluster Cj in the standardized feature space. The977

Euclidean distance (L2 norm) serves as the similar-978

ity metric.979

After assignment, the target cluster’s statistics980

and centroid are updated incrementally:981

1. The rollout index is added to the cluster’s roll-982

out list.983

2. Success/failure statistics are recomputed984

based on all assigned rollouts.985

3. The Wilson confidence interval and uncer-986

tainty measure are updated.987

4. The centroid is recomputed as the mean of all988

standardized feature vectors assigned to the989

cluster.990

This dynamic assignment mechanism ensures991

that newly generated rollouts are grouped with ex-992

isting clusters representing similar reasoning strate-993

gies, maintaining the homogeneity principle es-994

sential for accurate uncertainty-driven sampling995

allocation.996

B.2 Uncertainty Quantification997

In Section 3.2, we introduce the Wilson score in-998

terval for uncertainty quantification. Here we pro-999

vide the complete mathematical derivation and ad-1000

ditional technical details.1001

Cluster-Level Uncertainty. For each strategy 1002

cluster Cj , we compute a success probability es- 1003

timate p̂j = sj/nj , where sj is the number of 1004

successful rollouts and nj is the total number of 1005

rollouts within cluster Cj . The Wilson score inter- 1006

val is derived from inverting the score test for a bi- 1007

nomial proportion. For a binomial random variable 1008

with true probability p and observed proportion p̂, 1009

the score statistic is: 1010

Z =
p̂− p√

p(1− p)/n
. (11) 1011

The Wilson confidence interval is obtained by 1012

solving |Z| ≤ zα/2 for p, which yields the inter- 1013

val bounds. The uncertainty measure δj (Eq. 3 1014

in the main text) represents half the width of this 1015

confidence interval. This formulation handles edge 1016

cases effectively: when nj is small, δj will be large, 1017

correctly indicating high uncertainty. Conversely, 1018

as nj increases, δj shrinks, reflecting increasing 1019

confidence in the estimate p̂j . The Wilson interval 1020

maintains valid coverage properties even with small 1021

sample sizes or probabilities near 0 or 1, which are 1022

common scenarios in our adaptive sampling setting 1023

where clusters may have few samples or exhibit 1024

very high/low success rates. 1025

Node-Level Uncertainty. Beyond individual 1026

cluster uncertainties, we also require an overall un- 1027

certainty measure for the parent node Si that is cur- 1028

rently being evaluated. This node-level uncertainty, 1029

denoted as δnode, aggregates the uncertainties from 1030

all active clusters within its scope, weighted by 1031

their relative contributions to the overall estimate. 1032

The overall node uncertainty δnode is computed as: 1033

δnode =

√√√√ K∑
j=1

(
nj

ntotal

)2

· δ2j . (12) 1034

This weighted combination reflects both the indi- 1035

vidual uncertainty inherent in each cluster’s success 1036

probability estimate and the proportional influence 1037

of each cluster (based on its sample size nj rela- 1038

tive to the total samples ntotal) on the aggregated 1039

node value. A larger δnode signifies higher overall 1040

uncertainty for the node Si, indicating that its cur- 1041

rent Q-value estimate is less reliable and warrants 1042

further adaptive sampling to refine. This measure 1043

is critical for the confidence-based termination con- 1044

dition. 1045
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Figure 8: Performance comparison of four Process Reward Models (PRMs) on the (a) MATH500 and (b) AIME
datasets. A unified actor model, Llama-3.2-3-Instruct, generates N candidate reasoning paths. The final accuracy is
determined by using each PRM for step-wise scoring to select the optimal path.

B.3 Selection Mechanism Details1046

Following OmegaPRM (Luo et al., 2024), we select1047

nodes to expand during tree search based on the1048

exploitation value:1049

Q(s, r) = α1−µ̂(s) · β
len(r)
Lp , (13)1050

where s represents a reasoning state and r denotes1051

a rollout continuation, µ̂(s) is the node-level suc-1052

cess estimate, α, β ∈ (0, 1) are scaling factors, and1053

Lp is the normalized problem length. The explo-1054

ration bonus employs the UCT principle (Kocsis1055

and Szepesv´ari, 2006; Silver et al., 2016):1056

U(s, r) = cpuct

√
logN(s)

1 +N(s, r)
, (14)1057

where N(s, r) and N(s) denote visit counts, and1058

cpuct > 0 controls exploration strength.1059

C Experimental Details1060

Datasets We evaluate on five benchmarks: GSM8K1061

(Cobbe et al., 2021a) for grade school math, MATH1062

(Hendrycks et al., 2021) for competition-level1063

problems, AIME (60 problems from 2024-20251064

American Invitational Mathematics Examination),1065

Olympiad-Bench (Li et al., 2024a) for Olympic-1066

difficulty problems, and OmniMATH (Gao et al.,1067

2024) using 1/10 stratified sampling by difficulty.1068

Model Configurations For inference eval-1069

uation, we test four actor models: GLM-4-1070

9B (GLM et al., 2024), Phi-4-mini-Instruct,1071

Llama-3.2-3B-Instruct, and Qwen3-8B (Team,1072

2025). PPO fine-tuning uses Qwen2.5-Math-1073

7B-Instruct (Yang et al., 2024) as the base1074

Table 2: Performance comparison of the Qwen2.5-Math-
7B-Instruct actor model when fine-tuned with PPO us-
ing different PRMs as the reward signal. All results are
reported in accuracy (%). Here, pass@k denotes the
proportion of problems for which a correct solution ap-
pears within the top-k generated outputs. For instance,
pass@1 measures single-shot accuracy, while pass@5
allows up to five attempts.

Reward Model MATH500 GSM8K Hun. Math

p@1 p@5 p@1 p@5 p@1 p@5

Qwen2.5-PRM 55.6 72.6 80.0 93.4 46.9 65.6
PRM800K 53.4 72.8 82.2 97.4 43.8 62.5
Skywork-PRM 55.6 64.4 82.6 92.9 46.9 71.9

AMCTS-PRM(ours) 61.6 73.2 83.5 97.5 53.1 75.0

model. Scaling analysis covers the Qwen2.5 fam- 1075

ily from 1.5B to 72B parameters. We compare 1076

against multiple PRMs: for inference, we use 1077

Qwen2.5-Math-7B-Instruct, Llama3.1-8B-PRM- 1078

Deepseek-Data, Qwen2.5-Math-7B-PRM800K, 1079

and Math-Shepherd-Mistral-7B-PRM; for PPO 1080

training, we focus on Qwen-family PRMs, includ- 1081

ing Qwen2.5-Math-PRM-7B, Qwen2.5-Math-7B- 1082

PRM800K, and Skywork-o1-Open-PRM-Qwen- 1083

2.5-7B. 1084

Hyperparameters Inference uses three search 1085

strategies: Beam Search (beam size 5), Best-of-N 1086

(N=4), and MCTS (5 rollouts per node). PPO train- 1087

ing employs a learning rate of 1e-6, batch size 4, 1088

and 3 epochs per update. For AMCTS, we use 6 1089

initial rollouts per node, a maximum sampling bud- 1090

get of 32 per node, uncertainty threshold 0.1, and 1091

3 clusters. All experiments use consistent random 1092

seeds for reproducibility. 1093

Training Details During the data generation 1094

phase, four Tesla A800 GPU cards are used to train 1095
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our data about one week. We use four Tesla A8001096

GPU cards to train a process reward model about1097

three days.1098

PRM Inference Strategies To clarify the infer-1099

ence procedures used in our experiments, we note1100

that all inference methods operate at the step level1101

rather than the token level. Each node in the search1102

tree corresponds to a complete reasoning step gen-1103

erated by the LLM, and the PRM provides a scalar1104

reward for that step; search decisions are therefore1105

made over reasoning steps instead of individual1106

tokens.1107

• Beam Search. We adopt step-level beam1108

search following (Lightman et al., 2023) (Xie1109

et al., 2023): at each expansion layer, the1110

algorithm keeps the top-k partial reasoning1111

paths ranked by their PRM scores and dis-1112

cards the rest. This differs from vanilla token-1113

level beam search, as pruning is performed at1114

reasoning-step boundaries rather than at every1115

token.1116

• Best-of-N . We sample N complete reason-1117

ing trajectories independently using the actor1118

model. The PRM assigns step-wise rewards1119

to each trajectory, and the trajectory with the1120

highest final PRM score is selected. No inter-1121

mediate pruning or tree search is performed.1122

• MCTS. Our MCTS implements an AlphaZero-1123

style step-level tree search (Silver et al., 2017):1124

edges correspond to reasoning steps, PRM1125

outputs serve as Q-value estimates for child1126

nodes, and a UCB rule balances exploration1127

and exploitation. This design enables selective1128

exploration of promising reasoning branches1129

under PRM guidance.1130

D Reinforcement Learning with1131

AMCTS-trained PRMs1132

To demonstrate the practical utility of AMCTS1133

beyond inference-time verification, we evaluate1134

whether PRMs trained with our adaptive data gen-1135

eration framework can serve as more effective re-1136

ward models in reinforcement learning settings. We1137

conduct PPO fine-tuning experiments on Qwen2.5-1138

Math-7B-Instruct, comparing our Qwen2.5-Math-1139

7B-PRM-AMCTS against three baseline PRMs1140

from the same Qwen model family to ensure fair1141

comparison: Qwen2.5-Math-PRM-7B, Qwen2.5-1142

Math-7B-PRM800K, and Skywork-o1-Open-PRM-1143

Qwen-2.5-7B. All experiments follow identical1144

PPO training procedures with step-level reward 1145

supervision, varying only the reward model across 1146

conditions. Table 2 presents the performance com- 1147

parison across different reward models on the 1148

MATH500, GSM8K, and the Hungarian Math 1149

out-of-distribution (OOD) benchmarks. Our ap- 1150

proach achieves pass@1 (pass@5) scores of 61.6% 1151

(73.2%) on MATH500, 83.5% (97.5%) on GSM8K, 1152

and 53.1% (75.0%) on the Hungarian Math OOD 1153

dataset, consistently outperforming all baselines. 1154

The modest gain on GSM8K can be attributed to 1155

its less complex problems and the high baseline 1156

performance. In contrast, the substantial improve- 1157

ments on both the competition-level MATH500 1158

and the OOD Hungarian Math are more significant. 1159

This demonstrates that the higher-quality process 1160

supervision provided by Qwen2.5-Math-7B-PRM- 1161

AMCTS is especially beneficial for learning sophis- 1162

ticated and generalizable reasoning patterns, rather 1163

than just solving problems from a familiar distribu- 1164

tion. These results provide crucial end-to-end val- 1165

idation, demonstrating that quality improvements 1166

in process supervision data directly translate into 1167

more capable and robust final models. 1168

E Effect of the Number of Reasoning 1169

Paths 1170

To evaluate the efficacy of our proposed Process 1171

Reward Model, Qwen2.5-Math-7B-PRM-AMCTS, 1172

we benchmark its performance against three base- 1173

line PRMs: Qwen2.5-Math-7B-PRM800K, math- 1174

shepherd-mistral-7b-prm, and Llama3.1-8B-PRM- 1175

Deepseek-Data. We employ a unified actor model, 1176

Llama-3.2-3B-Instruct, to generate N candidate rea- 1177

soning paths for each problem from two challeng- 1178

ing mathematics competition datasets, MATH500 1179

and AIME. The final accuracy is determined by 1180

using each PRM to perform step-wise scoring and 1181

select the best path from the candidate pool, with 1182

N varying from 2 to 10. The results, depicted in 1183

Figure 8, show a consistent trend where a larger 1184

N leads to higher final accuracy across all mod- 1185

els. This aligns with the fundamental principle of 1186

Best-of-N sampling, where a larger candidate pool 1187

provides a higher performance ceiling. Crucially, 1188

our Qwen2.5-Math-7B-PRM-AMCTS model con- 1189

sistently achieves the highest accuracy across all 1190

values of N on both datasets. This performance 1191

advantage is particularly pronounced on the more 1192

difficult AIME dataset, underscoring the robustness 1193

of our model. These findings demonstrate the supe- 1194
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Figure 9: Qualitative analysis of reasoning steps across different node value categories. Low-valued nodes
(µ < 0.2) typically contain straightforward calculations, while high-valued nodes (µ > 0.8) often represent solution
conclusions.

Figure 10: An illustrative rollout case showing multiple reasoning trajectories sampled from a single math problem.
The figure highlights the diversity across rollouts, motivating the need for clustering and adaptive evaluation.

rior discriminative capability of our proposed PRM,1195

indicating that it provides more accurate step-wise1196

reward signals for identifying high-quality reason-1197

ing processes compared to the baselines.1198

F Reasoning Step Characteristics1199

To better understand the relationship between node1200

values and reasoning complexity, we analyze the1201

content characteristics of reasoning steps across1202

different value categories. Figure 9 presents repre-1203

sentative examples from each category.1204

G Case Study of Rollout Diversity 1205

To complement the discussion in Preliminaries, we 1206

provide a concise case study of reasoning rollouts 1207

sampled from a single math problem. As shown 1208

in Figure 10, several representative trajectories are 1209

depicted (with omissions for brevity), reflecting the 1210

inherent diversity of the rollout process. 1211
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