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Abstract

This paper considers stochastic weakly convex
optimization without the standard Lipschitz con-
tinuity assumption. Based on new robust reg-
ularization (stepsize) strategies, we show that a
wide class of stochastic algorithms, including
the stochastic subgradient method, preserve the
O(1/vK) convergence rate with constant fail-
ure rate. Our analyses rest on rather weak as-
sumptions: the Lipschitz parameter can be either
bounded by a general growth function of ||z||
or locally estimated through independent ran-
dom samples. Numerical experiments demon-
strate the efficiency and robustness of our pro-
posed stepsize policies.

1. Introduction

This paper studies the stochastic optimization problem

P(z) = f(z) +w(z), Q)

min

r€R"

where f(x) = Eeuz[f(x,€)]. Here, f(x,&) is a contin-
uous function in z, with £ being a random sample drawn
from a particular distribution =. The function w(z) is
lower-semicontinuous, and its proximal mapping is easy to
evaluate. We assume both f(x,¢) and w(z) are weakly
convex functions. A function g is defined as A-weakly con-
vex if g + %H - ||? is convex, for some A > 0. When )
is unspecified, g is called weakly convex. Weak convex-
ity has found many important applications, including phase
retrieval, robust PCA, reinforcement learning, and many
others ( , ; s ;
, ). And recent years witnessed a surge in

interest regarding weakly convex optimization, leading to
a substantial body of work on efficient algorithms with fi-
nite time complexity guarantees ( ,
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; s ). In particular, under the
global Lipschitz continuity assumption,
( ) develop a model-based approach and analyze
the convergence of several stochastic algorithms under a
unified framework.

While this global Lipschitz assumption is valid for many
problems, such as piece-wise linear functions, it can be
overly restrictive. To illustrate, consider the weakly convex
function ¢ (z) = |e® + e~* — 3| whose subgradient ¢’ (z)
explodes exponentially as ||z|| grows (Figure 1). Hence,
treating the Lipschitz constant as any fixed constant in al-
gorithm design can lead to highly unstable iterations and,
potentially, to the algorithm divergence.

Figure 1: Exponential growth of ¢)(z) = [e® + ™% — 3|

To address this issue, a straightforward strategy is to im-
pose an explicit convex compact set constraint, such as
{z : ||z|| £ B} to address this issue. However, this in-
troduces extra parameter tuning and may lead to a signif-
icantly overestimated Lipschitz constant. The latter phe-
nomenon is evident in the toy example, where the Lipschitz
constant grows exponentially with the domain set’s diame-
ter. One research direction to deal with non-globally Lips-
chitz settings is shifting from standard Euclidean geometry
to Bregman divergence. [u ( ) shows that when convex
non-Lipschitz functions exhibit “relative” Lipschitz conti-
nuity under a carefully chosen divergence kernel, mirror
descent still obtains the desired sublinear rate of conver-
gence to optimality defined in the sense of Bregman diver-
gence. However, there are trade-offs to consider. Com-
pared to SGD, a mirror descent update is more expensive,
often involving a nontrivial root-finding procedure. Addi-
tionally, choosing the right kernel is a nuanced and critical
task, heavily reliant on an in-depth understanding of the
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subgradient’s growth dynamics ( , ;

, )-

Alternatively, recent works aim to develop new algo-
rithms/analyses under relaxed Lipschitz assumptions. For
example, ( ) show that for the stochas-
tic proximal point method, algorithmic dependency on the
global Lipschitz constant can be relaxed to E[|| ' (x*, €)||?].
which only relies on the optimal solution z*.

( ) show that, for stochastic convex optimiza-
tion with quadratic growth, subgradient methods incorpo-
rating a clipping stepsize still ensure convergence, even if
the Lipschitz constant exhibits arbitrary growth. In weakly
convex optimization, ( ) shows that when the
Moreau envelope of objective has a bounded level-set, lo-
cal Lipschitz continuity alone is sufficient to ensure conver-
gence of the subgradient method. Nevertheless, extending
their analysis to stochastic optimization remains challeng-
ing. ( ) establish the convergence of normal-
ized subgradient in convex optimization without Lipschitz
continuity by considering an upper bound of the form

f(x) = f@) < G(llz — =) 2

where G is a growth function that allows fast growth of f.
In ( , ), the authors propose a relaxed subgra-
dient bound for weakly convex optimization:

E[|lf"(z,&)I] < co+ calzl, co,er 20, (3)

which naturally induces a bound on the local Lipschitz-
ness as a function of ||z||. Whether SGD still converges
in case of arbitrary non-Lipschitzness, especially those not
conforming to the bounded assumption in (3), remains an
open area of investigation. The primary difficulty in an-
alyzing stochastic optimization without the standard Lip-
schitz assumption stems from stability issues. We con-
sider a stochastic algorithm stable if it produces iterations
in a bounded set with a probability greater than 0. Unlike
the deterministic case, establishing stability in the face of
randomness is not straightforward, especially when deal-
ing with non-convex functions. This challenge motivates
exploring an appropriate definition of non-Lipschitzness
and the development of efficient algorithms for stochastic
weakly convex optimization in this non-standard setting.

1.1. Contributions

This paper provides an affirmative answer to the question

Can we optimize stochastic weakly convex problems
without assuming global Lipschitz continuity?

We show that carefully chosen robust stepsizes can ef-
fectively adapt to arbitrary non-Lipchitzness in stochastic
model-based weakly convex optimization. Our contribu-
tions are as follows:

1) When the Lipschitz constant is not uniformly bounded
above but instead depends on a general growth func-
tion G(-), we design a novel robust adaptive stepsize
strategy such that stochastic weakly convex optimiza-
tion achieves the O(1/+v/K) convergence rate with a
constant failure probability. Our analysis does not
assume any specific form of G, such as those im-
plied by (3). To our knowledge, this is the first re-
sult of stochastic weakly convex optimization for ar-
bitrary non-Lipschitz objectives. Our analysis applies
to a broad class of model-based algorithms (

s ; , ), including

SGD as a special case. Compared to

( ), our analysis relaxes the global Lipschitz
assumption and makes the model-based framework ap-
plicable to a broader range of settings.

2) Even if the growth function G is unknown, we show that
achieving the same convergence guarantee is still pos-
sible. To this end, we introduce a new robust stepsize
based on the concept of “reference Lipschitz continu-
ity””, which allows us to estimate the Lipschitz parame-
ter of a stochastic model function using local samples.
Our algorithm is highly flexible and can be applied to
most weakly convex problems of interest. Moreover,
our analyses can be extended to solving convex stochas-
tic optimization without Lipschitz continuity. A more
detailed discussion is left to Section E.

Model-based Optimization Model-based optimization,
as proposed by ( , ), serves as
a general framework for analyzing stochastic weakly con-
vex optimization. This framework has been leveraged by
several papers ( , ; , ;

; , ) to obtain con-
vergence rates for a broad class of algorithms. Our analysis
also builds on this framework and extends it to several al-
gorithms.

Other Related Works Adaptive stepsize and gradient
clipping are two essential tools adopted in our algorithm
framework. On the one hand, stepsize selection has been
an important topic in stochastic optimization, and it has
been justified that adaptive stepsize benefits stochastic first-
order methods both in theory and in practice ( ,

k) i > i i

; s ). On the other hand,
gradient clipping ( , ) will be employed as a
technique in the paper. In theory, gradient clipping was ini-
tially identified as a tool to solve problems with generalized
Lipschitz smoothness condition ( , ; s
). Recent works ( R

; , ) show that gradient clipping
can effectively deal with problems with heavy-tail noise.

) [l
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It is also observed that gradient clipping improves the ro-
bustness and stability of SGD ( , )
in stochastic convex optimization. In our analysis, a gener-
alized version of gradient clipping is developed to alleviate
the instability arising from stochastic noise.

2. Preliminaries

Notations Throughout the paper || - || and (-, -) denote the
Euclidean inner product and norm. Subdifferential of f is
givenby df (z) = {v: f(y) = f(z)+ (v,y—z) +o(llx -
yl),y — x} and f'(z) € 9f(x) is called a subgradient. A
growth function G(+) is a continuous non-decreasing func-
tion mapping from R, to R,.

Model Function and Model-based Optimization Our
main algorithm will be presented in a “model-based”
fashion, which encompasses several first-order methods,
including the most widely used (proximal) subgradient
method. Model-based optimization (

, ) contains two components: a stochastic model
function and a stepsize (regularization) parameter. In each
iteration, we can construct a local approximation of f(z)
based on random sample £* and the current iterate 2-*. The
stochastic function, denoted by f,« (-, £¥) + w(x), is called
a model function. Then we take parameter y; and mini-
mize this local approximation under quadratic regulariza-
tion 2 ||z — 2*||? to obtain the next iterate 2" 1. Typical
models include

* (Sub)gradient. Given E[f'(z,£)] = f'(x) € 9f(x),

fm(yvg) = f(l‘,f) + <fl(xa€)’y - l‘>
* Prox-linear. Given f(x, &) = h(c(z,§)),

fa(y, &) = hlc(z, &) + (Ve(z,€), y — x)).

e Truncated. Given a known lower-bound of model /¢,

fz(yvf) = Inax{f(x,g) + (Vf(x,é),y - $>7€}

Algorithm 1 summarizes model-based optimization.

Algorithm 1 Stochastic model-based optimization

Input z!
fork=1,2,..do
Sample data £* and choose regularization vy, > 0

" = argmin {frk (x,{k) + w(z) + Lz - xk||2}

“4)

end

We see that 1) model function f,(+,&); 2) regularization
parameter -y are two core components for our algorithm

design. Throughout this paper, we show how properly cho-
sen -y, improves convergence beyond Lipschitz continuity.
We start by making assumptions.

Envelope Smoothing Our analysis adopts the Moreau
envelope as the potential function for weakly convex op-
timization. Let f be a A-weakly convex function. Given
p > ), the Moreau envelope and the associated proximal
mapping of f are given by

fijp(@) = min {f() + &llz —yl*}

prox;,,(z) = arg min {f(y) + 5llz —yl?}.

Moreau envelope can be interpreted as a smooth approx-
imation of the original function. f;,,(x) is differentiable
with gradient

Visp(x) = p(z — prox;,(x))

If [V f1,(x)|| < e, then x is in the proximity of a near sta-
tionary point prox;,,(z). An important observation is that
the existence of f;/,(x) relies on weak convexity instead
of Lipschitz continuity of f.

Assumptions. We make the following assumptions.

Al: Itis possible to generate i.i.d. samples {£¥}.

A2: w(x) is k-weakly convex and L,-Lipschitz continu-
ous for all x € domw.

A3: E¢[fz(x,€)] = f(x) forall 2z € domw and
Eelfa(y,) = ()] < Fllo —yll?

forall z,y € domw. Moreover, f,.(y,£) is convex for
allz,y € domw and £ ~ =.

A4: oy ,(x) is lower bounded by —A < 0.
AS: The v-level-set of 1y /,(x):

Ly ={x:91,(x) < v}
has a bounded diameter diam(£,) < B, < oc.

Remark 1. Given A1to A3, it follows that f(z) is 7-weakly
convex and ¢ (z) is (7 + k) weakly convex.

Remark 2. In A3, we adopt a convex model function since
all the models considered in this paper are convex. But the
result directly generalizes to weakly convex model func-
tions: for example, if f,(z, &) is A-weakly convex, then

fa(2,8) + w(x)
= [fo(,6) + 3ll2]?] + [w(@) = 3l2]?]

and we can redefine w and f, (z, §) to push weak convexity
to the proximal term.
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Remark 3. AS is a key assumption in dealing with non-
Lipschitzness. It implies that by bounding the Moreau en-
velope as the potential function, we can control the Lip-
schitzness as a function of x. Typically, AS is satisfied
when 1) is coercive ( , ), which is natural in
our non-Lipschitz (e.g., a high-order polynomial) context,
as the function growth is faster than linear. It’s important
to note that non-Lipschitzness can also arise in other cases,
such as in the interpolation setting, which may require dif-
ferent analyses ( s ).

Structure of the Paper The paper is organized as fol-
lows. Section 3 discusses the convergence of weakly con-
vex optimization with the standard Lipschitz condition,
which serves as a benchmark to provide sufficient intu-
ition for the algorithm design in more challenging scenar-
ios. Section 4 and 5 discuss two cases where the standard
Lipschitz condition fails to hold. Section 6 conducts nu-
merical experiments to verify our results.

3. Optimization of Standard Lipschitzness

The results in this section are already available in the lit-
erature ( s ), and the goal is to
provide a benchmark result and establish some basic intu-
itions. We assume that

—_
=

B1: Forany z,y and £ ~ E,

and E[L(£)%] < L3

B1 is common in nonsmooth optimization, and the follow-
ing descent property is available.

Lemma 3.1. Let 3% = proxw/p(sck). Suppose that Al to
A3 as well as B1 holds, then given p > k + 7,7, > p,

Ep[th1/,(z* )] ®)
k (p—7—kK) || ok k2 2pL7
< 1/p(a®) = HGESFNE — 1P+ o=

where B[] = E[-|¢, ..., &¥] denotes the conditional ex-
pectation taken over €', ... £F.

v is generally much larger than the other constants in the
algorithm, and Lemma 3.1 reveals the following relation

Ex[¢1/,(2" )]
< P1yp(aF) = Oy IV (@) 12 + O(LF7 ), (6)

where O(L?W; %) characterizes the error from both

stochastic noise and nonsmoothness. Taking v, = O(V K)
and telescoping Lemma 3.1, we get the convergence result.

Theorem 3.1. Under the same conditions as Lemma 3.1,
if we take v, = p + Kk + aV K, then we have

. NE:
o vaCl

2 D 1
< =k [p? + 7= (

oD+ 213)],
where D = 9(z') — inf, 9 (x).

Theorem 3.1 is standard in the literature (

, ). One important intuition we want to
establish is that the choice of 7, = O(VK) is a conse-
quence of the following trade-off: suppose we telescope
over (6) directly, then

S Oy DEN Vb (2*)]J?]
<O(E)+ £ S5, O3y D).

First, we need large i, in other words, a conservative
stepsize (large ), such that the error of potential reduc-
tion O3, L}v,; %) is properly bounded. Meanwhile,
large 7 also leads to the amount of potential reduction
O(v; IV ,(z*)||? being small. Finally, the optimal
trade-off is 7, = O(VK) and an O(1/v/K) rate of con-
vergence. As we will show in the following sections, with
non-Lipschitzness, the error (’)(L?fyk_ %) cannot be bounded
by choosing some constant ;. What we do is adaptively
find suitable and robust g, to reduce the error. Using A5
and a probabilistic analysis, we achieve this goal without
compromising the convergence rate.

4. Optimization of Generalized Lipschitzness

Before achieving our goal of solving non-Lipschitz weakly
convex optimization problems, we start from a less chal-
lenging case characterized as follows.

Cl1: Forallz,y,zand £ ~ =,

fo(y,8) = fa(2,6) < Le(O)G(lIzDlly — =]l

and E[L;(£)?] < L7; Recall that growth function g is
monotonically increasing.

This assumption implies that our model function is glob-
ally Lipschitz, but the Lipschitz constant has some known
dependency on the norm of the model’s expansion point x.
Our analysis also applies if we can estimate a non-trivial
upper bound of G. But for the brevity of analysis, we take
this upper bound to be G itself. Many real-life applica-
tions have this structure, especially if the source of non-
Lipschitzness is a high-order polynomial.

Example 4.1 (Phase retrieval). Consider

f(l‘,f) = ‘<CL,.’17>2 _b‘vaf € Rn,be R+'
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The subgradient model

fm(yag) = f(ﬂ?,f) + <fl(x7€)’y - l‘>
= f(z,&) + (2 sign((a, z) — b)(a, x)a,y — x)

satisfies fo(y,€) — fa(z,€) < 2]lal?||z]| - ly — 2|

Example 4.2 (Subgradient with known growth). SGD cor-
responds to the model function

Then, C1 is satisfied if || f'(x,§)|| < Lp(&)G(||z||). It fol-
lows that E[|| f'(z,€)|?] < L%QQ(HzH) Particularly, (3)
corresponds to the case of G*(+) being a linear function.

One direct consequence of C1 is that the Lipschitz con-
stant of f,(-,&) can go to oo when ||z|| — oo. Moreover,
we cannot directly rely on Lipschitzness of f(x). Taking
subgradient update as an example, this implies f’(x, ) can
have a large norm, leading to a higher chance of diver-
gence. From the perspective of convergence analysis, the
error term O(L?v; %) in (6) becomes hard to bound, and
Lemma 4.1 quantifies this hardness.

Lemma 4.1. Suppose A1 to A3 as well as C1 holds, then
given p > K+ 7,7 > p,
Eifto1/p(a* )] < p(a*) — BT — ot

+ (GUla* Ly + Le)?

Y
279k (Ve —K)

where 7y, is independent of £*.

According to Lemma 4.1, the error of potential reduction
involves the norm of x*. Since G(||x*||) is not necessarily
bounded above, the previous constant stepsize analysis is
not applicable. As a natural fix, we can take

= O(G(|z*)VK)

to reduce the error. However, according to the trade-off we
previously mentioned, unless G(||*||) is bounded by some
constant independent of K, the reduction in the potential
function can be arbitrarily small, and we still cannot obtain
a convergence rate. To resolve this issue, we essentially
need to show the boundedness of {||z*||}, and our solu-
tion is to associate the boundedness of {||*||} with another
bounded quantity during the algorithm: E[¢/1 /,(z*)]. Intu-
itively, since E[1)1 /,(2*)] is reduced by the algorithm, it re-
mains bounded on expectation, and from AS we know that
boundedness of 11 ,,(z*) implies boundedness of ||z,
giving bounded G(||2*||) and the O(1/v/K) rate we want.
The following asymptotic result confirms our intuition.

Theorem 4.1. Under the same conditions as Lemma 4.1
and A4, AS, if . = p-+ i+ (G(|2*]) + DS, C € (5,1),
then as k — oo, {||z*||} is bounded with probability 1;
Moreover, the sequence {inf <y, [|[Vib1,,(27)||} converges
to 0 almost surely.

While it is relatively easy to show asymptotic convergence,
we need a more careful analysis of the algorithm behav-
ior to obtain a finite-time convergence rate. One significant
difficulty is that the boundedness of E[¢/,(z")] is may
not directly provide information of ||z*||, since this rela-
tion holds only on expectation. To deal with this issue, we
resort to probabilistic tools and establish a new probabilis-
tic argument in the following subsection.

4.1. Stability of the Iterations

In this subsection, we aim to analyze the stability of the
iterates of a stochastic algorithm on a non-Lipschitz func-
tion. The intuition is straightforward: if a stochastic algo-
rithm reduces some potential function that has a bounded
level-set, then the iterates will stay in a bounded region
with high probability. We provide the basic proof sketch
and leave a more rigorous argument in the appendix.

Our analysis relies on two simple facts that we gain from
the robust stepsize.

Lemma 4.2 (Informal). Under the same conditions as
Lemma 4.3, if v = O((G(||z*||) + 1)VK), then we have,
forallk =2,... K, that

Efa**! — 2] < O(%), (7)
E[1/,(2*)] < O(1). (®)

Relation (7) says that with our robust stepsize strategy, we
cautiously explore the feasible region, and at each iteration,
we only take a small step of O(1/v/K). The second rela-
tion (8) comes directly from Lemma 4.1. Indeed, with

= O((G(le*]) + DVE)

we have % = O(1/K). And if we tele-

scope Lemma 4.1 and take expectation over all the random-
ness for k = 2, ... K, we have

Efy1/,(a%)] < Y5, O(1/K) = 0(1),k=2,..., K.

Each of the two relations alone may not offer us helpful
information, as they both hold on expectation. However,
when they are combined, a more useful result is available.
Our argument is as follows:

Consider the event “||2*|| is large” and we wish to upper-
bound its probability. We have the following facts:

1. If || 2% is large, ||z* || > ||z*| — O(1/VK) by trian-
gle inequality and ||z**1|| is also large.

2. If ||z* || is large, then vy, (2% +1) is large by AS.

3. E[tb1,,(z*T1)] is bounded by some constant.

In other words, conditioned on the event “|z¥|| is large”,
to ensure that E[¢)y /,(z"™1)] is still bounded, either Case
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1): the event happens with low probability, or Case 2):
2%+ has to immediately jump back to a bounded region
of smaller radius. However, since our robust stepsize re-
stricts the “jump” between two consecutive iterations, Case
2) cannot happen. Therefore, it is unlikely “||z*|| is large”.

This argument brings us the following tail-bound which
characterizes the behavior of ||z*| as a random variable.

Lemma 4.3. Under the same conditions as Lemma 4.1 as
well as Ad, A5, if we take v, = p+ k + 7 + a(G(||2*]]) +
1)\/? | then the tail bound

4(Ls+L,
P{”xk” Z BaA + f+ )} >~ aA-‘rA’
holds for all 2 < k < K, where

A =y p(ah) + A4 2R S
and recall that diam(L,A) < Bya.

Lemma 4.3 provides a useful characterization of the tail
probability on the norm of the iterations. Now that the
bound holds for all 2*, we can immediately condition on
the event that ©(K) iterations lie in the bounded set to re-
trieve an O(1/+/K) convergence rate.

Theorem 4.2. Under the same conditions as Lemma 4.3,
given 6 € (0,1/4), at least with probability 1 — p,p €
(26,1), (1 — 2p~10) K iterations will be bounded by

4(Lst+Lo)

R(6) = Bs—1a + =72,

and conditioned on these iterations,

pM_(ptT+r | a(Gs+1)
min E[[V9y,(a) ) < 2o 4 260y,

where M = p— [D + 525 (Ly +Lw)2] and Gs =

maszR((;) Q(z)

Theorem 4.2 shows that, with constant probability, we re-
trieve O(1/v/K) convergence rate after K iterations. This
probability argument can be further improved, for exam-
ple, by running the algorithm independently multiple times
( , ). The analysis in this section
serves as a step-stone for the next section, where we deal
with non-Lipschitz optimization without knowing G(-).

5. Optimization of unknown Lipschitzness

While the analysis in Section 4 extends the solvability
of weakly convex optimization to non-Lipschitz functions,
it relies on the knowledge of an explicit growth function
G(||z]]) to bound local Lipschitzness. However, it is possi-
ble that either access to G(||z||) is not viable, or the bound
lacks a predefined functional form. In these cases, we as-
sume that the growth function is unknown a priori.

D1: For all fixed z € dom w,

fz(zvf) -

forall y,z; & ~ E.

Although D1 and C1 look similar, they are fundamentally
different. The most direct consequence is that Lip(z, &)
is sample-dependent, which means any stepsize strategy
based on it will introduce bias in the stochastic algorithm.
To resolve this issue, our new stepsize policy relies on con-
structing an estimator of Lip(x, £). We introduce the prop-
erty of “admitting a reliable estimation of Lipschitz con-
stant”, which we call the reference Lipschitz continuity.

5.1. Reference Lipschitz Continuity

Definition 1 (Reference Lipschitz continuity). Stochastic
model f.(y, &) satisfies reference Lipschitz continuity if

o givenanx, [, (-, ) is globally Lipschitz with a Lipschitz
constant Lip(x, §);

e given&, ' ~ 2

E¢ ¢ [|Lip(z,€) — Lip(z,&)[’] < 0 < o0.

The first property, entirely determined by the stochastic
model function, is typical, as most model functions are
compositions of Lipschitz functions and linear expansions.
The second property indicates that the expected difference
between models’ Lipschitzness is bounded by noise param-
eter 0. This property is also assumed in literature (

, ) when dealing with stochastic subgradient
of a function with arbitrary growth. As we will demonstrate
in the examples, for most functions it can be deduced from
bounded variance assumption.

One direct outcome of reference Lipschitz continuity is
that we can cheaply estimate Lip(z, £) based on Lip(z,&’),
where £ and £’ are two independent samples drawn from Z.

Example 5.1 ((Sub)gradient).

fl(yﬁg) = f(x,ﬁ) + <Vf(a:,£),y - 3?>

The model is Lipschitz with Lip(x,&) = ||V f(x,&)|. If
B[V f(z) = Vf(2,)I°] < o®, then

E[‘Llp(a)‘, 5) - Llp(aj, £I>|]

<E[IVf(z,8) = V(@) <20

Even if f is nonsmooth, the property may still hold. One
example is the composition problem f(z,£) = h(c(x,§)),
where h is Lj-Lipschitz continuous and c is differen-
tiable. Then Of(z,£) = Ve(x,&)0h(c(z,§)). If we
estimate the Lipschitz constant with Ly||Ve(z, €)||, then

E[|Llp(f$(,§)> - Lip(%f'm < 2Lo.
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Example 5.2 (Proximal linear).

fﬁ(yvf) = h(C(I7£)+ 7£)ay_x>)

When & is Lj, Lipschitz continuous, the model is globally
Lipschitz with Lip(z, &) = Ly ||Ve(z, &) ||. EE[|Ve(x) —
Ve(z, €)% < o2, then

< LLE[|Ve(z, €) - Ve(z, €[] < 2Lno

(Ve(x

Example 5.3 (Truncated model).

fw(yag) = max{f(:c,f) + <Vf($7€)’y - l‘>,€}

The model is ||V f(z, £)||-Lipschitz and the reasoning of
reference Lipschitz continuity is the same as in Example
5.1. Note that the truncated model encompasses stochastic
Polyak stepsize as a special case ( , ).

In this section, we would assume that our model satisfies
the reference Lipschitz continuity.

D2: The stochastic model f,.(-,&) satisfies the reference
Lipschitz continuity with noise parameter o.

5.2. Algorithm Design and Analysis

As we did in Section 4, before getting down to the algo-
rithm design, we first need to see what happens to our po-
tential reduction in this new setting. Firstly, Lemma 5.1
characterizes the descent property of our potential function
under the assumption that ~;, is independent of &*.

Lemma 5.1. Suppose Al to A3 as well as D1, D2 hold,
then given p > Kk + T,

Exfibsp (@] <y p(at) — HETEE6 — 2|

+ B[ g5y (Lin(2", €°) + Lu,)?]

where v, is chosen to be independent of £* and is consid-
ered deterministic here.

Compared to Lemma 4.1,

w becomes more challenging due to the
27k (e — )

lack of information about its growth. However, thanks to
the reference Lipschitz continuity, by sampling £/, an in-
dependent copy of ¢¥, we can utilize Lip(z*, ¢’) as a sur-
rogate for Lip(z*, £F). The preference of Lip(z*, ') over
Lip(2*, £€*) is driven by the fact that Lip(z*, £¥) is corre-
lated with 21, which significantly complicates the anal-
ysis ( , ). To mitigate the impact of large
noise o on the accuracy of our estimation, we clip the esti-
mator by a threshold o > 0: max{Lip(z¥, ¢’), a}. Conse-
quently, we set

bounding the error term

vr = O(max{Lip(z*, &), a} - VK).

Remark 4. Our stepsize policy can be seen as a generaliza-
tion of gradient clipping stepsize to the model-based opti-
mization setting. In particular, when f,(y,&) = f(x, &) +
(Vf(x,&),y—x)and £ = £, we retrieve the clipping sub-
gradient method.

The following theorem establishes an asymptotic result and
confirms our intuition.

Theorem 5.1. Under the same conditions as Lemma 5.1,
A4, AS, if v = p+ k& + 7 + max{Lip(z*, &), a}kS, ¢ €
(3,1), as k — oo, {||z"||} is bounded with probability 1;
{inf <k [[V41,(27)||} converges to O almost surely.

To obtain a non-asymptotic result, we again apply the prob-
abilistic analysis to derive the tail bound.

Lemma 5.2. Under the same conditions of Lemma 5.1
as well as A4, AS, if we take v, = p+ 7+ Kk +
max{Lip(z¥, &), a} VK, then the tail bound

OzaLw
P{||z¥|| > By + Hototla)y < 28

holds for all 2 < k < K, where

A= wl/p(

Theorem 5.2. Assuming the conditions of Lemma 5.2 hold,
then given 6 € (0,1/4), with probability at least 1 — p,p €
(26,1), (1 — 2p~Y8)K iterations will lie in the ball with
radius

D4+A+ L(a+o+ L) >0

R(6) = Bs-1a + 74(QZ;%L”),

and conditioned on these iterations,

min E[[[Viy,(z

i BT < 2 (5 4 22),

=p—25\ K VE
where M = ——F— [D+ L (a+0+ Ly)?| and G5 =
maxj|z||<R(§) SUPg~= Lip(z,§).

Remark 5. We need to assume G5 < oo in the analysis,

which can be satisfied for finite sum optimization or when
the support of data distribution = is bounded.

6. Experiments

In this section, we perform experiments to demonstrate the
effectiveness of our proposed methods. We consider the
following robust nonlinear regression problem:

mm Z|7“J:a, — b

where, given observations {a;} from A € R™*" regres-
sion model r(x,a) and target label b;, we aim to fit the
model coefficient = given problem data. Table 1 summa-
rizes the regression models and their Lipschitz properties.

m

i=1
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Table 1: Nonlinear regression models. 7(a, x) = (a, z)? represents the standard robust phase retrieval problem; r(a, z) =
(a,z)® + (a,z)® + 1 is a high-order polynomial of (a, z); while e{**) 4 10 exhibits exponential growth.

Loss r(z,a) of(x,) G(l=[]) Lip(z,§)
r (a,2)? sign({a,z)* —b) - 2(a, v)a ] 2{a, z)| - [|a|
r2 {a,2)° +{a,2)° + 1 sign(rz —b) - (5(a,2)" +3(a,2)*)a 5(|z|* + [|l=[|*)  5([lall*llz]|* + llal*[l=]?)
s 6(@@‘) +10 Sign(e(a,:c> _ b) . 6(<L,:L'> -a eA”.LH (A — 3) e(agx:) . HaH
6.1. Experiment Setup 6.3. Comparison with Mirror Descent

Dataset. We let m = 300,n = 100. Data generation is
consistent with ( s ), where, given condi-
tion number parameter x > 1, we compute A = QD, Q) €
R™>™_ Here each element of Q) is drawn from N(0,1);
D = diag(d),d € R",d; € [1/k,1] for all i. Then a true
signal & ~ N (0, ) is generated, giving the measurements
b by formula b; = r(z,a;). We randomly perturb ppy;-
fraction of the measurements with A/ (0, 25) noise added to
them to simulate data corruption.

1) Dataset. We follow ( ,
k € {1,10} and pgy € {0.2,0.3}.

) and set set

2) Initial point. We generate z’ ~ N(0,I,,) and start

’ ’
from z! = 19 for ry, ! = &
[E L [E

for ro, 3.

3) Stopping criterion. We run algorithms for 400 epochs
(K = 400m). Algorithms stop if f < 1.2f(Z) .

4) Stepsize. We let 7, = 6 - v/K for vanilla algorithms;
Y = 0 - G(||z*||)V/K for robust stepsize with known
growth condition; v, = 6 - max{Lip(z*, '), a} VK for
robust stepsize with unknown growth condition. 6 €
[1072,10] serves as a hyper-parameter.

5) Clipping. Clipping parameter « is set to 1.0.

6) Mirror descent. For experiments on mirror descent,
we use kernels for r1, 7o from ( , ). We
leave the detailed kernel choices to Appendix A.

6.2. Comparing Different Stepsizes

Figure 2, 3 and 4 investigate the number of iterations for
each stepsize to converge under different choices of 6. As
the experiments suggest, our robust choices tend to be
conservative when the function exhibits low-order growth.
However, when the function exhibits high-order growth,
our robust stepsize tends to converge within a reasonable
range of stepsizes. It is worth noticing that for problem 75,
SGD diverges for # ~ 108, while our proposed approaches
work robustly. Moreover, we notice that our robust step-
size based on reference Lipschitz property never diverges
in practice, although it is sometimes conservative on prob-
lems where function growth is mild (such as 7).

Last, we compare our proposed method with the commonly
adopted mirror descent approach for non-Lipschitz prob-
lems. We test both mirror descent and our proposed SGD-
based approaches. As Figure 5 shows, mirror descent in-
deed often exhibits more stable performance compared to
vanilla SGD. However, we see that our approaches still ex-
hibit superior convergence performance. It is important to
note that the comparison in terms of iteration counts does
not fully capture the efficiency of our approach. Specif-
ically, our method tackles a much simpler proximal sub-
problem compared to the more complex root-finding sub-
problem in mirror descent, which further demonstrates the
advantage of our robust stepsize strategy.

7. Conclusions

We develop novel robust stepsize (regularization) strate-
gies and show that for weakly convex objectives without
Lipschitz continuity, stochastic model-based methods can
still converge at the desirable O(1/v/K) rate with con-
stant failure probability. To our knowledge, this is achieved
under the least restrictive assumptions known to date. A
promising direction for future research is the adaptation
of our analyses to more sophisticated methods, such as
momentum-based or adaptive gradient methods.
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A. Choice of Mirror Descent Kernel
For r(z,a) = {(a,x)?, we have
1 (z,a)|| < [12(a, z)a] < 2[la]?|l]|

and the Bregman divergence kernel is taken to be d(z) = 3 ||z||* + X[z

For r(z,a) = {a,x)® + (a,z)> + 1, we have
|f'(z,0)| < [|(5{a, 2)* + 3{a,z)*)all < 5(all’|l=]|* + [la]*[l«]*)

and the divergence kernel is taken to be d(z) = §||z||* + & [|z[|° + &||=||® + 75|=[/**. Note that to ensure strong convexity

2
we always keep 3||||? in the kernel.
B. Proof of Results in Section 3

B.1. Proof of Lemma 3.1

By the optimality conditions of the proximal subproblems (4), we have, for any £¥ ~ =, that

For (@1 €5)  w(@b ) 4+ TR — | < fn (@, €8) 4+ (@) + T2 - ab)P - R - ok

F@) +w(@) + Elle* —ab | < flah*) 4w+ + ettt —ab|?
Summing over the above two relations, we deduce that
%szﬂ - %Hik e ’WQ;’{HIkH — &2
< f(mk+1) - f:z:k (‘rk+17£k) + fzk (i‘kaék) - f(jk)

Conditioned on ¢!, . .., ¥~ and taking expectation with respect to £*, we have
LR —ab?) = Bl — oF|? + LRt - )
< Eplf (@) = for (2%, €9)] + B [L(€F) 2" — 2] + gllik —z|? (10)
= Byl f (2] = f(2") + Ex[LE") 2™ — 2] + gllik —at|? (11)
< LyEg[lla*t — a¥|[] + Ex[L(€F) 2" — 2] + glli“k — " (12)

where (10) uses L (§)-Lipschitzness of fx(x,&); (11) uses quadratic bound from A3 and (12) applies L ;-Lipschitzness
of f(x) ( , ). Re-arranging the terms, we have

T ZER et — 3%

2
— +7— R —
< HPET ke D P [t 7] 4 By((LEY) + Ll — 2]
2
< W ZPET sk _ k2 4 2y (13)
2 Yo — P
— - 212
= BTk — ok - B et - b P+ —L
2 Ve =P

where (13) uses the relation —%x* + bz < % and E¢[(L(€) + Ly)?] < 4L7. Dividing both sides by 25",

2
AL%

Ak Nz . P—T =K.k k|2
Ee[lz*tt — &%|°] < [|8% — 2F|? - Y——— 3" = 2% P + ———
—K (v — p) (VK — K)

13
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and the potential function is reduced by
Ex[t1/, ()] = min{f(2) + w(@) + lle — 1))
< @) +w(@h) + L)lah — ot
2poC

BHAk_ka?_M st
(v& = P) (7 — K)

x
2 2(yk — k)

— (e - 2T - o

< f(@M) +w(@®) + 1% — 2*|| +
2
2pL%
vk = P) (Ve — k)’
which completes the proof.

B.2. Proof of Theorem 3.1

Given fixed stepsize v = v = p + k + aV K, where we have, after telescoping, that

K 2
plp— 71— k) ko k2 1 K41 2pL3K
_ E El|z" — <P1/,(x") —Elpy,(x 4+

2(7_5) s H| H ] 1/p( ) [ l/p( )} (’Y—p)(’}/—:‘ﬁ)
Re-arranging the terms and summing over k = 1,..., K, we have
. 2p (v—k)D QpL?
kyy2
<
i, B9, @) < 2 | 008 2
2 2pL2
< p [pD n aD L p f:|7
p—7—k| K VK aVK

where D = 9y, (z') — inf, ¢p(x) > b1 /,(x') — E[tp1/,(2")] and this completes the proof.

C. Proof of Results in Section 4

For brevity of notation, in the proof we define
Gy, = G([l=*]) (14)

and use them interchangeably in this section. We also note that G, is a random variable whose randomness comes from
samples from previous iterations &1, ..., £F71,

C.1. Proof of Lemma 4.1

Firstly, we still use optimality condition to get, for a given ¥, that

For @, €5) + (@) 4+ o lab T — 22 < fon (0¥, €5) + (@) + o fah — o2 - L2kt — 3k

F@*) +w(@®) + £)13" - ¥|? < flab) + wiab)
Summing over the above two relations, we deduce that
ettt — a2 -

pHAk _kaQ + Ve — K||l'k+1 —Lf‘kHQ

2 g I* 2
< f(@F) = for (@ ER) + for(8%,€8) — F(&F) + Lo |ja™ T — 2F|| (15)
< fla®) = f(2*,€F) + for (@5, %) — f(&F) + (GRLy(€F) + Lo) ||z — 2*|, (16)

where (15) applies L.,-Lipschitz continuity of w(x); (16) applies C1. Dividing both sides by 25" and re-arranging the
terms, we have
[+ — gk |12 < M”ik — k)2 - Luxkﬂ — k|2
—K —K
2
Tk — K

[F(2F) = F(@®, &%) + for (2%, 6%) — F(&%) 4+ (GrLyp(€") + L) [T — 2]

14
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Next conditioned on &1, ..., £#~1, taking expectation with respect to £¥, and recalling that G(||2*
fixed given ¢!, ..., £*~1, we have

), and therefore ~y is

Ex[l|l2**! — &%)

—p+T,. 2
< HZPET 3k b2 4 2 B [(GeLy(€¥) + L) b — ¥ — 22 Jat 1 — 2|2 a7
Y& — K Ve — K 2
— Gi L L,)?
Ve — K Y (VE — K)
-7 — GrL L,)?
:||jk7xk||2fu“ink7xk”2+( kLs + L)
Vi — K VeV — k)

where (17) applies f(z*) — Ex[f(z", )] = 0, Ex[fon (2%,€7)] — f(2%) < Fllab — ¥

—22% +bx < % and E[L(§)]* <E[Ls(£)?] < L7. Now we can deduce reduction of the potential function by

2; (18) applies the relation

Ex[1/,(@* )] = min{f(2) + w(@) + lle — 2417}

< J(@) +w(@) + Sllah -

. . Pk kyz P—T—=kK) & g2, P(GLs+ Ly)?
< F(ER) + w(@) + 2|2k — 2P - BE—— ||k — 2 B T e
FER) @)+ Gt — P~ PFT i a2+ P e
W Po—=T=K) 4 g p(GrLy + Ly)?
= ") — ———2 |2 — 2| ———
Y170e) 2(v — k) | | 27k (% — k)
and this completes the proof.
C.2. Proof of Theorem 4.1
First we introduce the following lemma.
Lemma C.1 (Robbins-Siegmund ( , ). Let Ay, By,Cy and Vi, be nonnegative random

variables adapted to the filtration Fy, and satisfying E[Vi41|Fr] < (1 4+ Ax)Vi + Br — Cx. Then on the event
{220:1 A < 0, Ziozl By < o0}, there is a random variable V., such that Vi, “>% V., and Z;o:o Cr < oo almost
surely.

Now we get down to the proof. Recall that in Lemma 4.1 we have shown that

_ _ 2
Exlth1, ()] < () — LLZT =8 yah _ iy g PGkLs ¥ Lu)”

2(k — k) 296 (7 — K)
and we can bound
GrpLy + Ly, GrpLs + L, GrpLy + Ly, Ly + L,
_ < < (19)
Vi — K p+T7+E(GL+1) = kS(Gp+1) k¢
to get
k+1 k _P(P—H—T) Ak k)2 P 2
Ei[th1/p(a™7) + A} < [th1/p(27) + A] =) 127 = 2" + 557 (Ly + L)
Then we invoke Lemma C.1, plugging in the relation
p(Ls + L) PlP—KE=T) .k k2 k
A, =0, By=—-—F"— Cpr=—1——|2"- Vi = A>0 20
k ) k 92C ) k 207 — K) 127 =27, Vi =thyyp(a”) + A = (20)
Then with ¢ € (5,1) 5o B = % < oo we know that {¢y/,(z") + A} — ¢1,,(z>) + A < oo and
that >_po %Hik — z¥||?2 < o0o. By AS5, ||z¥|| is bounded with probability 1 and G, is bounded almost surely.

Finally 3.7, 1 = oo = infj<y [|#/ — 27| — 0 almost surely and this completes the proof since [|#* — 2*|| =

p IV p (@)l
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C.3. Proof of Lemma 4.2 and 4.3

p(GrLy+Lo)? < p(Ly+Lo)?
a?K .

Following (19), we first we bound the error of potential reduction by )~ =

Then a telescopic sum gives, for all 2 < k < K that

Li+ L)
EWl/p(mk) +A] < 1/)1/p(x1) + A+ P(fa%) =: A.

Here A is a constant that only depends on the initialization of the algorithm. Next we consider one step of the algorithm
Tk
For (@50 €8)  w(@ ) 4 2t = M < far (@8, €F) + w(ah)
and a re-arrangement gives
Tllah = a2 < fou (0", €5) = fur (@8, €5) + wlah) —w(@t )
< (Ly(€")Gr + Lo)l|l2™ — 2],
where we use C1 and Lipschitz continuity of w(z). Dividing both sides by ||z**! — z*||, we have

2(Ls(£%)Gk + L) < 2(Ls(£%)Gk + L)
Vi T a(Gy+ 1)WWK

a1 — o) <

Conditioned on ¢!, . .., €¥~1 and taking expectation with respect to £¥, we get

2E¢x [Lf(£7)]Gr + 2L, < 2LsGr+2Ly _ 2(Ly + Ly,)
G+ 1VEKE T oG+ 1)VK T VK

This completes the proof of Lemma 4.2. By Markov’s inequality, we know that, for any 2 < k£ < K, the following bound

Ex[llz"*" — 2] <

holds
Pgma{”xkﬂ — M| < W\gl,...,gk—l} > %
and without loss of generality we let Z = MJijFL”), and clearly Z = O(1/VK) = O(1).
k+1

This relation says “it’s likely that ¥ and 2%+ are close”, and we leverage this intuition to derive a tail-bound on |z*||. So

far, we have the following properties in hand:

1. E[t)1/,(2")] is bounded by a constant A — A for all k
2. If ||2¥|| > By, then ¢y /,(z*) > v

3. If ||2*|| > B, it’s likely that || z**+'|| > B, — O(1/VK).

Our reasoning is as follows: given large a > 1, conditioned on ||z*|| > B,a, then it is likely that ||z**1|| ~ B, since
[|£%+1 —2F | is likely to be small. And it implies E[y;/,(z**!)] > aA > A. However, we know that E[y); /,(zF+1)] < A,

and this will therefore reversely bound the probability that ||z*| > B,a + O(1/VK). We formalize the proof as follows.

First recall that by A5, [|2*|| > B, implies ¢;,,(2*) > v. Taking v = aA,a > 1, we have [|2*|| > Boa = th1/,(z%) >
av. Now we consider the event ||z¥|| > B,a + Z and apply law of total expectation to get
A > Egy, (") + Al
= E[1/,(«" 1) + Al[la*]| = Boa +Z) - P{|l2"]| > Boa +Z}
+E[ry, (@) + All|la*|| < Baa +2] - P{||2"|| < Baa +2Z}
> B[/ (a"*) + Allla™|| = Baa + 2] P{l2*|| > Baa +Z}, 1)

16
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where (21) uses 9 / p(x) + A > 0 for all x. Next we consider the expectation
E[¢1),(a") + All|2"]| > Baa + Z], (22)
and successively deduce that

El1/,(2""1) + Alllz"|| > Baa +Z]
= E[1, (@) + Allla®]| > Baa + Z, 2! = 2*| < Z] - P{[la**! - 2*] < Z}
+E[,(a") + Alll2"]| > Baa + Z, [l2" — 2®)| > Z] - P{la™ — ¥ > Z}

1

> “Elth1),(a" 1) + Alll2*]| > Baa + Z, [|2"T — 2| < Z] (23)
1

> 5 (aA+A), (24)

where (23) is by Markov’s inequality P{||z**1 — 2*|| < Z} > 0.5 and (24) uses the triangle inequality
lz* ) = [l = 2® + 2P| > a¥]] = [ = 2] > (2% - Z > Baa
and we recall that [|z**1|| > B, implies 11 ,,(z"™!) > aA. Chaining the above inequalities, we arrive at
A > (S52) ("] > Baa + 2}
Dividing both sides by ‘IA+A gives the desired tail bound

2A
alA+ A’

P{llz"| > Baa + 2} <
Since A > 0, the bound is nontrivial when a > 2, and this completes the proof.

C.4. Proof of Theorem 4.2
Given 6 € (0,1/4), we know, from Lemma 4.3 that for 2 < k < K,
2A
k
P{Hx | > Bs-1a +Z} < SIA T A < 26.

Then denote J;, = I{||z*|| < Bs-1o+Z}, and we have Zszl E[1-1I;] < 26K. By Markov’s inequality, given p € (24, 1),

K
20K 20K
P 1-1;) > < =

and a re-arrangement gives IP’{ Z w1 e > K(1 - 2p~16) } > 1 — p. Now we telescope Lemma 4.1 and get
Z]E [ —7) [|2F — ’f||2} <y ,(at) — Efpy ), (e + TZ(Lf + L,)? (25)
< (@) — infle) + 505 (Ly + L), 6)

—D+7(Lf+L )

where (25) uses the previously established bound [y [p (QG W’“kL(é ;L:))z] < olE L +L ) . (26) uses the fact that 1 /, (= K+l >

inf, ¥(z). Next we notice, conditioned on the event 22{21 I, > K(1- 2p‘16) and these iterations (the set {j : [; = 1}),

17



Stochastic Weakly Convex Optimization beyond Lipschitz Continuity

defining G5 := max, G(2),2z < Bs-1a + Z, that
ZE[ e L

P(P—H_T) ~k k 2] [P(P—ﬁ—T) ~k k2
E|—||2°" -z + E|l—||2" — x
3 [ e L AEDY e L

ke{j:I;=0} ke{j:1;=1}
Z PPp—K—=T),
> E|: ( 5 )||I’k:17k||2:|
ke{jI;=1} Tk
J
plp—kK—1) ~k k2
> El||z" — x 27
Z (p+f£+T+oz(G +1)VK) L I

ke{k:I;=1}
plp— K —7)(1—2p~ ') K .
sl min
2(p 4k + 7+ a(Gs + 1)VK) ke{il;=1}

where (27) applies the fact that if I; = 1, ||z7]| < Gg; (28) utilizes the fact that [{k : I; = 1}| > K(1 — 2p~'). Putting
the inequalities together, we have

E[l|l&* — 2*|1?], (28)

2 Gs +1)VK L+ L,)?
min E[Hik—ﬂkaQ]S (p+H+T—|—Oz( 5+7) ) D+p( Ft w)
ke{j:I;=1} plp—rk—=7)(1=2p7 1O K 202
2
2(D + Llrtle) [p—i— RAT o(Gs + 1)}
K vK |’

~plp— K —T)(1—2p710)

Recalling that [|2% — 2% = p=!|| V4, ()|, at least with probability 1 — p,

kN2 3 ky\ |12
Zin, B[V, (@)IF] < | _min | E[[Vi,(a")]7]

p_ 2 Der(LerLw)2 p+7+n+a(G5+1)
p—20 p—T—kK 202 K VK

and this completes the proof.

D. Proof of Results in Section 5

For brevity of expression, we define L% := Lip(2*, &%), L, := Lip(z*,£’) (k is hidden when clear from the context) and
use them interchangeably.

D.1. Auxiliary Lemmas
Lemma D.1. Given independent nonnegative random variables X andY. If Ex y[|X — Y |?] < o2, then
2 g1+« 2 g ag
Exy [W} < (75%)°, Exy [m} <&+5 Exy {W} <atl
where o > 0.

Proof. For the first relation, we successively deduce that

_ 2
EXvY |:max{)1(/22,a2}:| = EXvY |:I(n)§x{}§//—;};)2}:|

— By [y

— 2 —
= EX,Y |:ma(~:)c£:{Y12/,)a2}:| +Ey |:max{};'22,a2}:| +EX7Y |:m2a})/ci'i(’2,)(:2)}:|

2

IA
QN‘Q

2Y|X—Y]|
+1+ EX:Y [max{Y,a}-max{Y,a}:|

r2r1s (z)’

(29)

IA
2)5

18
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where (29) uses < 2 and the last inequality applies

_a
max{b,c} — ¢

2Y|X-Y]| _ 2y | |X-Y]| L xX=Y
max{Y,a} - max{Y,a} = max{Y,a} max{Y,a} <2 a (30)

Similarly we can deduce that

EX,Y [max{i’g,az}] < EX,Y [malc){(;;/,(!ﬂ}} +Ey [max{}}jz,az}} < % + é’

X X-Y Y a
Eva |:ma,x{Y,o¢}:| < ]EX,Y [m‘ax{Y,(lx}:I +EX7Y |:max{Y,o¢}:| < a +1,

which completes the proof. O

D.2. Proof of Lemma 5.1

By the optimality condition, we have

V& N . VE | o Yo — K .
For (@41, 6) 4 w(@ 1) + Lok = ab? < fou (3, 65) + (@) + Toljt — b — LT 2kt — k2

F@) +w(@) + Elle* kI < fab) + w(ab)

and summation over the two relations gives

%”karl _ij”Z L 7p||£k —$k||2—|- V& 7’%”1,16%»1 —i‘kHQ

< f(a®) = for (2" €5) 2+ Far (7,65 — f(:%’“)2+ L[l — |
< F(*) = F(a*,€8) + for (@5, €°) = F(@°) + (L] + Lo) |2+ — 2", (31)
where (31) applies D1. Fixing £’, we divide both sides by 2 and get
B - e e
o [F0) = ) Fur(8,68) = 1)+ (L + L)l =)
Conditioned on £', . .., €*~! and taking expectation with respect to £*, we have

Ex[llz* " — %))

—p+T. 2
< PP @b — oM 4 T BRl( + L)l - = et - 2t (32)
Te — K Ve — K
— + R
< B PRk - b2 4 By [ ———— (L + L) (33)
T =K (W = K)

where (32) again uses f(z%) — Eg[f (2%, &F)] = 0,Ex[f.x (2%, &%) — f(&%) < Z|la* — 2F||%; (33) uses the relation
—22% +bx < % Now we have

—T—K

X X P X
Exflla™*! = *)%) < 3% - 2|2 - e | (L% + Lu)?)

Ve (Y — k)

— K

In view of our potential function, we have
: P
Ex[th1/,(a"+1)] = min{f(z) + w(z) + S llz — A}

< F(@) +wl@h) + Lt — ot

< P+ w(@®) + Pt — k)2 = LT TR ik ke g [ P (k)2
F@) +w(@) + 2] -S| 17 + By [P S (2 4 L)

~k k2 p k 2
¥ — 2| + Ep | m—— (L% + L, }

plp—7—K)

- wl/p(xk> - 2(vk — K)

and this completes the proof.
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D.3. Proof of Theorem 5.1

(LE+Ly)?
Ve (Vi —K) ]

Our reasoning is the same as in Theorem 4.1, and we start by bounding E¢/[Ey, [
For brevity we omit E[-] and notice that, for v > 2k, that,
(L’} + L,)? - 2(L’;c + L,)? _ (L’}%)2 2L’J%Lw E
Vel — ) ~ ol Vi " Vi

so that we can bound the three terms respectively using

(Lk)2 (L )2 a+or2 1
EE/ {#} SEﬁ [mdx{(L e 2}k2f] < ( 5 ) k?{

where we invoked Lemma D.1 and take X = L’J&Y = L} and we recall that by reference Lipschitz property D2:
E[|L% — L;|?] < ¢®. Similarly, we can deduce that

2L5 L., 2L5 L., a+o\ 2L,
EE’[ " } < Eé/[max{aL},QZ}kzc] < ( o2 ) 12¢

2 2
and 5—2 < ﬁ since v > akS. Putting the things together, we have

E [(L’;+Lw)2}<(CV+U)2+2LW(OZ+U)+LZ (a+0+ Ly)?
¢/ = =

i a2k B a2k
and
2
k1Y) < W@ [P=T =8k ke, plato+ L)
R e
or
plp—17—kK)|,. pla+o+ L,)?
Eulio ) 0 < o) 0= B [ it - e 28t

Invoking Lemma C.1, plugging in the relation Ay = 0,V; = ¢1/,(z") + A > 0, B, = % and C, =
Ee [%] % — x*||%. Note that since E¢/ [”("77’%")] is determined by z*, we can view Cj, = g(||z*|)[|2* — 2*||?
for some function g and the rest of reasoning is the same as in Lemma 4.1.

D.4. Proof of Lemma 5.2

. . . LE+L,)?
Similar to Lemma 4.3 we first bound the error of potential reduction Ey, [w

S (=) ] , and according to the proof of Lemma
5.1,

pla+o+ Ly)?
o?K '

Lk + L,,)?
E¢ Ey p( f )
29k (YK — K)

Telescoping the relation E[y)y /,(z" )] < by, (z*) + p(a;‘;iiif“)z gives

2
E[1/,(2%) + A] < ,(zY) + A + ”(”Z—jL“) _ A

Next we show that E[||z*T! — 2¥||] is bounded. By the optimality condition we have

— K
For @, €5) + (@) + Lok = 2F 2 < fon(o¥,€5) + w(ah) - B2kt — ok

and

Lot — b < (b, 68) — fur (21, €4) + w(ah) — (@t

< (L + Lu)lah " — ot

20



Stochastic Weakly Convex Optimization beyond Lipschitz Continuity

k+1 2(L5 4L )

2Lk 2y
’Yk = f
we have E¢/Ej[L% F/vel < a;l where we invoke Lemma D.1 with X = L T Y L’; again. Now

Dividing both sides by ||z*+! — 2 ||, we get |21 — 2¥|| <

2(a+o+Ly)
oK

The rest of the reasoning is consistent with Lemma 4.3 up to difference in constants. And we still present them for
completeness. Applying Markov’s inequality, we know that

B[]l — 2¥|l) <

Per er. {||l,k+l k||< 4(a+o+L ’517.”,& >

m\»—t

By A5, (z¥) > v. Taking v = aA, we have [|2*|| > Boa = 1/,(z") > av. Without loss of
generality, let Z = 4(0‘%\/%&”) > 0, and we condition on the event ||z*|| > B,a + Z to deduce that

A > E[g/,(2") + A]
= Eth1/,(«" 1) + Allla*]| > Baa + 2] - P{[l2"]| > Baa +Z}
+E[r, (a1 + Alll2"|| < Baa +2Z] - P{|l2"|| < Baa +Z}
> Efto1/p(a"*1) + Allla*|| > Baa +Z] - P{[la"|| > Baa +Z}, (34)

where (34) uses ¢/,(z) + A > 0 for all z. Next we consider the expectation E[t),(z**1) + Al||z"|| > Baa + Z] and
we successively deduce that
Ef¢1/,(«"*1) + All|z"| > Baa + 7]
= El1/p (@) + Allla™|| > Baa + Z, & = 2®|| < Z) - P2 — 2" < Z}
+E[pr), (") + Alllz"|| 2 Baa +Z, 25 —a*|| 2 Z] - P{|2" T —2*| > Z}

where (35) is by P{||z**1 — 2*¥|| < Z} > 0.5 and that, conditioned on ||z**! — 2¥|| < Z,
2"+ ] = [l —a® 2t > () — e = 2P > [la?) - Z > Baa.

Chaining the above inequalities, we arrive at

al + A
2

Az(

) - P{lla"]| > Bas + 2}

Dividing both sides by % gives the desired tail bound.

D.5. Proof of Theorem 5.2

The proof again follows the clue of Theorem 4.2. Recall that Z = 4”%};“) and given ¢ € (0,1/4),

2A
k
Denoting I, = I{||z*|| < Bs-1a + Z}, we have 31, E[1 — I;] < 26K and by Markov’s inequality, given p € (26, 1),

we have
K

2K 20K
]P{ ];(1 — )z } S op 5K P

and P{Zszl I > K(1—2p~16)} > 1 — p. Now we telescope over Lemma 5.1 and get
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K
SE {Wn:&k — b2 < ) (at) — Bl (@) + QT I L)

2
k=1 Tk 2
< hr/p(at) —inf () + ﬁ(a + 0+ L)
_ p >
—D+ﬁ(a+U+Lw) )

Next define
Gs = max sup Lip(x,&) subjectto |z| < Bgs-1a +Z,

EnE

and we have, conditioned on the event Zszl I, > K(1—2p1§),

S )
I e
1 Yk

[plp—7—K), . plp—T—HK), .
= Y B[RRI e+ Y E[2||xk—xk|2
refin=0y L Tk kel =1} T
[p(p—T—K), .
> Y E 2||a:k—xk||2]
ke{j:I;=1} - Tk
[ plp—7 — k) -k k|2
> E 2% — 2"
ke{g_l} [2(p+ K+ 7+ (0 + G5)VK)
plp—T—K) N k2
= Ef|2" — 2"
2(p+n+7+(a+G5)\/F)ke{§_l}
_ _ _ —1
> ,D(P T H)(]- 2p 5)K ]E[Hi’kkaHQ]

min
2(p+ K+ 7+ (a + Gs)VK) ke{s:1;=1}
Re-arranging the terms, we have, at least with probability 1 — p, that

min_E[||Vey/,(«)[*) < min }E[vanp(a?k)HQ]

1<k<K ke{k:I,=1

P 2
T p—20 p—T—kK

P 9 P+ A a+ Gy
D+ L —=
+ Slato+ w)}( T T()

and this completes the proof after re-arrangement.

E. Stochastic Convex Optimization beyond Lipschitz Continuity

In this section, we consider applying the above mentioned ideas to convex optimization. When dealing with convex
optimization problems, instead of relying on Moreau envelope smoothing, we have a better potential function ||z — z*||
directly relevant to distance to optimal set X'*. This turns out greatly simplifies our assumptions.

El: f(z,&)isconvex forallé ~E. A=k =0and 7 = 0.

It is rather straight-forward to extend our results to convex optimization. And we remark that our analysis is different from
( , ), where the authors focus on subgradient method and assume quadratic growth condition.
E.1. Convex Optimization under Standard Lipschitzness
Lemma E.1. Suppose that Al to A3, E1 as well as B1 holds, then given v, > 0
2 (Ly + Lw)2

Ei|z*T — 2*|?] < [l2* — 2% — = [0 (") — y(a")] + ———, (36)
Vi Vi
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where x* € X* is any optimal solution.

Theorem E.1. Under the same assumptions as Lemma E.1, if we take v, = v = avV K, then

‘ -

2
min E[¢(z¥) — ¢ (2*)] < [”xl — o Pa+t W}

1<k<K )

b

=

where x* € X* is an optimal solution.

Remark 6. We observe the same trade-off as in weakly convex optimization, where we have, given telescopic sum of (36),

that
K

K
306 ERE) — v(et)] < O(5) + 5 3 O,
= k=1

Compared with weakly convex case

K

= 3 0GBV, 7] < O(5) + %

k: k:

Mx

L3472
f rYk a
this resemblance implies our previous analysis for weakly convex optimization is immediately applicable.

E.2. Convex Optimization under Generalized Lipschitzness

Lemma E.2. Suppose Al to A3, E1 as well as C1 holds, then given vy, > 0,

k 2
Ek[Hlel _ I*HZ] < ||Ik _ z*H2 _ z[w(zk) _ 1/)(3:*)] + (g(”z ||)L2f + Lw) ,
Yk Vi

where x* € X* is an optimal solution.
Theorem E.2. With the same conditions as Lemma E.2, if v, = (G(||z*|)) + 1)k¢, ¢ € (3,1), then as k — oo, {||*||} is
bounded with probability 1 and {inf <, f(27) — f(z*)} converges to 0 almost surely.

Lemma E.3. Under the same conditions as Lemma E.2, if we take v, = o(G(||z*||) + 1)V'K, then the tail bound

P{|mk—x*|| > 2(Lf+L“’)_|_a} < %
aVK a

)

holds for all 2 < k < K, where A = ||zt — z*|| + Lf+Lw

Theorem E.3. Under the same conditions as Lemma E.2, given § € (0,1/4),p € (24,1), (1 — 2p~16)K iterations will

lie in the ball centered around x* with radius R(§) = 6 1A + Q(Lafi;%“) and

. Gs+1 (Ly + Ly,)?
ky _ *\] < b %S 1 %2 f
i E6(e) - w(ot)] <~ S ot - g LT

; (37

where G5 :== max, G(z), ||z — 2*|| < A+ 2@;7\}%%)

Remark 7. We note that z* is actually arbitrary. Therefore we can take it to be a minimum norm optimal solution to get a
tighter bound.

E.3. Convex Optimization under Unknown Lipschitzness
Lemma E4. Suppose that Al to A3, E1 as well as D1, D2 hold, then given v > 0,
2 (Lip(a*, ")) + Lu)?

%[w(xk) — p(a*)] + Ex 2 : (38)

Ex[lla**! —a*)?] < [la* —2*|® —
where v, is chosen to be independent of £¥ and is considered deterministic here.
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Theorem E.4. With the same conditions as Lemma E.4, if vy, = max{Lip(2*, &¥)),a}k¢, ¢ € (%, 1), then as k — oo,
{llz*||} is bounded with probability 1 and {inf ;<. f(z7) — f(z*)} converges to 0 almost surely.

Lemma E.5. Under the same conditions as Lemma E.4, if we take ~y;, = max{Lip(f(z*, £*), a}V'K, then the tail bound

2(a+ o+ L) } 2A

S M. VA ) O
aVK

holds for all 2 < k < K, where A = ||z — o*|| + 2totle,

Remark 8. Now that in convex optimization our potential function || — z*||? itself already defines a bounded set. The

proof of E.5 can also be done based on a conditional probability argument.

Theorem E.5. Under the same conditions as Lemma E.4, given § € (0,1/4),p € (25,1), (1 — 2p~10)K iterations will

lie in the ball centered around x* with radius R(§) = § 1A + 2(0‘%\;%“) and

f— )

P{nzk oz
a

Gs + « (a+0+L,)?
. ky *\] < b s 1T _ %2 AL 7
iy, Blp(a) —o(a")] < ~oe S e =tk , (39)
R . e —1 2(a+o+Ly,)
where Gs := max, sup,z Lip(z,§), [z —z*|| <67 TA + —r
E.4. Proof of Results in Subsection E.1
E.4.1. PROOF OF LEMMA E.1
Let z* € X™* be an optimal solution to the problem. Then by three-point lemma, we have
P (@41, 6) 4 w(@+) + Lok — 2|
* * Yk * Vi *
< fur (@, €5) +w(@t) + ot — o2 - Lo a2,
Re-arranging the terms, we deduce that
ol — o
< Dllak =22 = Tl — o2 4 for (2,6 + wle?) = for (@, H) —wlab )
<5 > ok (T w(z P G AR w(x
< Tllat — | = Tolah ! — | + (L (€8 + L) — 2| (40)
+ for (@7, 65) Fw (@) — fa*) —w(ah),
where (40) applies B1 to get f,r (zF11, ) — fou (2%, &%) < Ly(€%)[|2* T — 2*||. Dividing both sides by &,
2(L¢(5) + L,
ka+1 _ .7;*”2 < ka _ .Z'*HQ _ ka—&-l _ kaQ + ( f(i/z + )ka+1 _ 'TkH
2 * ¢k * k k 2 * *
+ —f@7 60 +w(@™) = f(27) —w@®)] + —[for (27, 8) = f(27, O]
Tk Yk
Conditioned on z', . . ., #* and taking expectation with respect to £*, we successively deduce that
Ey[[la* ! —2*||?)
< la* = a|? = Egllla® = 2®|*] + B2y (L (€°) + Lo) |2 — 2]
2 * *
@) Fae) - fe") —w(@h)] (41)
. Ly+L,)? 2 . .
<t ot + B 2 r) + ufe) - 108 - e @)
k

ko *|2 (Lf+Lw)2 3 ) — (2F
e Bl 2 e — et
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where (41) applies E1 to get Egx [fx (2%,€) — f(2*,€)] < 0; (42) uses —%a? + bz < % and that E[L;(£)?] < L%
Re-arranging the terms, we arrive at

2
Exlle™ — o] < 1o — 2|2 — 2 foe*) — p(at)] + L Ee)
Yk Tk

and this completes the proof.

E.4.2. PROOF OF THEOREM E.1

Taking v, = v = av/K and telescoping from 1, ..., K, we have

B BIV(e) — 0] < 7 DB - (e)
1 L. (Lf+ L,)?
< gl o Pt = ]

and this completes the proof.

E.5. Proof of Results in Subsection E.2
E.5.1. PROOF OF LEMMA E.2

Define G, := G(||z¥]|). Let 2* € X™* be an optimal solution to the problem. Similarly, we have

: Yk
for (21, €8) + () + T — o2

< for (@, €5) +w(@) + T lla* — ot = Tl - o

Re-arranging the terms, for & k ~ =, we deduce that

Ve k1 %2
gt g

Vi Yk * *
< Dot — P = bt = a2 o (0, €5) + (@) — o (25 €) — (@)
V& Vi
< Dot = 7P = TR+ = ab )2+ (GuLys (€F) + L) |t — o 43)

+ fa*, &) +w(a) = f@*) — w(z®),

where (43) applies convexity. Dividing both sides by %, we have

2(GrLs(€F) + L
Hl,k+1 . 1,*”2 < ka o iL'*||2 o ||:Ck+1 o (Ek||2 + ( k f(g )+ w) ”karl o ka
Yk
2
+ %[f(:v*,é’“) +w(a®) = f@*) —w(z")]
Next, conditioned on !, . .., z* and taking expectation with respect to £*, we successively deduce that

Ex[llz"** — 2|]

< Jl2® = a*|f? = Bella®t — 2P + Bal29  (GR Ly (67) + Lu) a*F — 2*|]
2

+ 2 {f) et - F6H) - ()
2
<ot —ar 2 4 G LT 2 o ) — F() — w(eb)] (44)
Vi Yk

foap oy SRl B gty

Vi Yk
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where (44) again uses —%xQ + bz < % and the assumption E¢[L(£)?] < L?. Re-arranging the terms, we get

. . 2 . GpLy+ L,)?
Ex[lla** —2*|’] < 2* — 2*|* = —[(a*) — v(a*)] + % (45)
Yk Vi
and this completes the proof.
E.5.2. PROOF OF THEOREM E.2
Now that our recursive potential reduction is changed into
. . 2 . GpL:+ L, 2
Ep [l = 2*|") < fJ2* — ¥ ~ %[w(a:’w — ()] + (1‘72)
k

and we bound
Gka—i-Lw . Gka—‘er < Lf—l—Lw

Yk (Gg + kS — kS 7
giving
2 L;+L,)?
Exflet — 242 < la* — 2| — 2 [(at) — (a*)] + LT L)
Vi k2¢

Invoking Lemma C.1 with Ay, = 0,V}, = ||z — 2*[|2 > 0, By = (Lf]j%wf and Cj, = %[w(zk) — t(z*)], we complete
the proof with the same argument as in Theorem 4.1.

E.5.3. PROOF OF LEMMA E.3
Our proof is a duplicate of Lemma 4.3 using a different potential function. We start by bounding the error of potential

reduction by (G"L’; J{L“’)2 < (Lf;;f(“)z . Then telescoping of (45) gives us, for all 2 < k < K, that
k

=: A?

* * * (L +Lw)2 * L +Lw 2
Efle® - 2*|[? < Efla® — 2" | < [lo — 2|2 + =2 < (Jla! —at) + L) =

and E[||z* — 2*||] < A. Next consider, by optimality condition, that

P (@41, 68) w4 + Loflab T —ab? < for(ab, €8) +w(ah) - et — ok

A re-arrangement gives
llat = 2P < (Lp(€5)Gr + Lol — 2.

Dividing both sides by ||z**! — z¥||,

k+1 k
x -z < .
| I< Tk a(Gy + HVK

Taking expectation, we get E.[||zF+1 — z¥||] < % Then by Markov’s inequality,

N

2(L¢ + L, _
Pgma{x’““x’fn <MLyt L) e l}z
av K

2L tLe) - (. Then we successively deduce that

and without loss of generality, we let Z = VK

A > B[l — ||
— E[lo* ! —a*[[le* — || < Z+ 2] B{la* 2" <Z+ 2}
FE[e" — et — ot 2 Z+ 2] - B{lle* - 2] > Z+ 2}
> B[l — a2 — o*]| > Z+ 2]
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Next, consider the expectation E[||z**! — z*|||||z* — 2*|| > Z + 2] and we successively deduce that

Ef**! —a*[[llla" - a*| > Z + 2]
= E[|2" —a*||[la® — a*|| > Z+ 2, |2 2| < Z)- P 2| < Z)
+E[[laM = a*||lla” - a*| > Z+ 2, o™ — 2F|| > Z] - P{fla™ - 2¥|| > Z}

> 2 p{|aht — 2k > 2} (46)

O |

where (46) is by P{||z**! — 2*|| < Z} > 0.5 and that, conditioned on ||z*+1 — z¥|| < Z,
lz*+ = 2| = ]2"* = 2+ 2F = 2| > la” - 2| — ]2 -2 > 2
Chaining the above inequalities, we arrive at

A >

> = P{flat — ') > Z+2).

Dividing both sides by Z and taking z = a gives the desired tail bound.

E.5.4. PROOF OF THEOREM E.3
Given § € (0,1/4), we have
P{lla" — 2*|| > Z+67'A} <

< 20.
IA <26

Denote I, = I{||z* —2*|| < 6"'A+Z}. We have Zle E[1 - I] < 20K and by Markov’s inequality, given p € (24, 1),

K
P{Zlk > K(1 —2p—15)} >1—p.
k=1

Now we telescope over Lemma E.3 and deduce that

K 1o L+ L,)?
S| 2 (0ah) - (e < et - ot P - Bl - oy R
k=1
2
<t — a4 L Ll

Next we condition on the event Zszl I > K(1 —2p~1§), define G5 := max, G(2),]|z — 2*|]| < §7'A + Z, and
successively deduce that

SE B

k=1
(2 2
- E | = (%) — ()| + E | = (4(a*) — (a*))
ke{%—m L7k } ke{jZI;-—l} L’“
[ 2
> E | =((z*) — v(a*))
# Py — (x>
> T B[ et - u )
> = OVE L isat) — () )

- a(Gs+1)  ke{s=1}
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where (47) follows from the event Zszl I, > K(1 —2p~16). Putting the results together, we have

min E[y(z") —¢(z*)] < min  E[g(z*) — ¢(z)]

1<k<K ke{j:1;=0}
G 1 L L,)?
< p ) s+ ||331—33*||204+( ft W)
p—25 2/K «

and this completes the proof.

E.6. Proof of Results in Subsection E.3

In this section, we again define LS% := Lip(z¥, £F), Ly = Lip(z*, &) to simplify notation.

E.6.1. PROOF OF LEMMA E.3

By the optimality condition we have
For @1, €5) + (@) 4+ Lo ab T — 22 < fou 0¥, €5) + wl@*) + e — a2 = Tt

Re-arranging the terms, we get

%”kakl o x*HZ

2

Yk Yk
< Poflak — |2 = Lo ah T — o) 4 Lo (07, €5) (@) — for (@ €5) — (@)
< Lflab —2*2 = fla**! — a2 + (L5 + L) 2"+ = oF|

+ f(a*,€") +w(a) = f(a*) - w(a").

Dividing both sides by %k,

2Lk + L,
2"+t — a2 < 2 — 2*)? — [l — 2R + (’ci)llav’“+1 — 2"
Yk
2 * *
+ Tk[f(x L&) Fw(@t) — f(2*) — w(@)]

1

Conditioned on z', . .., ¥, taking expectation with respect to £*, we have

Ex[l|l2**! — ™%

< b — 22— Byl — P IP) B2yt (L6 + Lo)lleFH — ¥
+ %[f(x*) +w(@®) — f(a*) - w(a")

k 2
<t a2 BT 2 e ) — Fa) — w(a)]
Yk Yk
— ;Ekfx* 2 (L§+LM)2 3 *) — ;Ck
T R R o)

where (50) use the fact that 7, does not inherit randomness from £*. Re-arranging the terms, we get

2

B[l + — 2" |7) < ot — o | Zw(a®) ~ o) + B[ ]

Tk
and this completes the proof.
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E.6.2. PROOF OF THEOREM E.4

k 2
We start by bounding Ej [M} and notice that
k 2 k k
(Lf+Lw) _&+2LfLw @
2 ) 2 2
Vi Yk Yk Vi
so that we can bound . . fon2 1
Lyl = (Ly) aToN L
Be |54] = e [marimare) < (747) o0

where we invoked Lemma D.1 and take X = L’}, Y = L’f, and we recall that by D2, EHL’; — L’f|2] < 2. Similarly, we
can deduce that

2Lk L., 2Lk L., oLk a+o\ 2L,
Eo || < Be [matipay] < Be[id] < (F) 3

k

Putting the bounds together,

(L+Ly)? a+o+Ly)2
]Ef/|: f)y}Z i| S ( ) .

Then we have

2 (a+0+Ly)?
k+1 * 12 k *12 k * w
Ex[[l" = 2*|7] < [J2® — 27 *Tk[i/f(w ) = ¥(x )]JFW
and we complete the proof by invoking Lemma C.1.
E.6.3. PROOF OF LEMMA E.5
k 2
We start by bounding Ey, [(Lf :zL ) } < (°‘+§2+ 1? w)? Telescoping the relation
k
2 L,)?
Bl = ot |?) < o — 0" = 2 utat) - piat)) + EGED)
gives, for all 2 < k < K, that
L,)? L,\2
R A L Coae e e e T
a

and E[||z¥ — 2*||] < A. Next consider
For (@41, 6) 4 w(@ 1) + Lo lab T = ab? < fn(ah, 6) + wla®) = Toflat T — 2t

and re-arrangement gives i [z*t! — 2%||? < (L% + L,)[|z*t! — 2¥|. Dividing both sides by [[zF*! — 2*||, we

LY+ L, . . . .
get ||zF 1 — k|| < % Taking expectation, Eg[||zFt1 — 2F||]] < % Then by Markov’s inequality,
Per ¢z {||gc’chl — k|| < M%\;%L“)Kl, e ,§k_1} > 4. and without loss of generality, let Z = Z(O‘%/%L“’) > 0.

By the same reasoning, we arrive at A > £ - P{||z* — 2*|| > Z + 2} and dividing both sides by Z gives the desired tail
bound.

E.6.4. PROOF OF THEOREM E.5

Following the same argument as Theorem E.4, we have, for § € (0,1/4), that P{||z* — 2*|| > Z + 1A} < 26. Define
I, = I{||z* — 2*|| < 6~ 'A + Z}. We have, by Markov’s inequality, that P{3"1_, I;, > K(1 — 2p~16)} > 1 — p. Then
telescoping over Lemma E.5 gives
K

2 . . . a+o+L,)?
> E| 2 (0ah) - w(e)| < et - ot - Bl - o) EET )
k=1

«

Lo\2
<t — 2| + (M) _
(07
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Conditioned on Y r_, I, > K (1 — 2p~14), we get

2(1 —2p~ Y9 VK )
Z min
o+ Gy ke{j:I,=1}

K 19
> E {w(w(ﬂs’“) —P(a*)) Ef¢)(2") — ¢(z*)]

k=1

where Gs := max, sup;z Lip(z,€), | — 2*|| < 7' A + Z. Combining two inequalities completes the proof.
E~nE g q p p
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