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ABSTRACT

The combinatorial pure exploration of causal bandits is the following online learn-
ing task: given a causal graph with unknown causal inference distributions, in
each round we choose a subset of variables to intervene or do no intervention, and
observe the random outcomes of all random variables, with the goal that using as
few rounds as possible, we can output an intervention that gives the best (or almost
best) expected outcome on the reward variable Y with probability at least 1 — 6,
where ¢ is a given confidence level. We provide the first gap-dependent and fully
adaptive pure exploration algorithms on two types of causal models — the binary
generalized linear model (BGLM) and general graphs. For BGLM, our algorithm
is the first to be designed specifically for this setting and achieves polynomial
sample complexity, while all existing algorithms for general graphs have either
sample complexity exponential to the graph size or some unreasonable assumptions.
For general graphs, our algorithm provides a significant improvement on sample
complexity, and it nearly matches the lower bound we prove. Our algorithms
achieve such improvement by a novel integration of prior causal bandit algorithms
and prior adaptive pure exploration algorithms, the former of which utilize the rich
observational feedback in causal bandits but are not adaptive to reward gaps, while
the latter of which have the issue in reverse.

1 INTRODUCTION

Stochastic multi-armed bandits (MAB) is a classical framework in sequential decision making
(Robbins, 1952). In each round, a learner selects one arm based on the reward feedback from the
previous rounds, and receives a random reward of the selected arm sampled from an unknown
distribution, with the goal of accumulating as much rewards as possible. Pure exploration is an
important variant of the multi-armed bandit problem, where the goal is not to accumulate reward but
to identify the best arm through possibly adaptive explorations of arms.

Causal bandits, first introduced by Lattimore et al. (2016), integrates causal inference (Pearl, 2009)
with multi-armed bandits. In causal bandits, we have a causal graph structure G = (X U{Y }UU, E),
where X U {Y'} are observable causal variables with Y being a special reward variable, U are
unobserved hidden variables, and E is the set of causal edges between pairs of variables. For
simplicity, we consider binary variables in this paper. The arms are the interventions on variables
S C X together with the choice of null intervention (natural observation), i.e. the action set is
AC{a=do(S=3s)|8CX,sc{0,1}5} with do() € A, where do(S = s) is the standard
notation for intervening the causal graph by setting S to s (Pearl, 2009), and do() means null
intervention. The reward of an action a is the random outcome of Y, and thus the expected reward is
E[Y | a = do(S = s)]. In each round, one action in A is played, and the random outcomes of all
variables in X U {Y'} are observed. Given the causal graph G but without knowing the distributions
among nodes, the task of combinatorial pure exploration (CPE) of causal bandits is to select actions
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in each round, observe the feedback from all observable random variables, so that in the end the
learner can identify the best or nearly best actions. Causal bandits are useful in many real scenarios.
In drug testing, the physicians wants to adjust the dosage of some particular drugs to treat the patient.
In policy design, the policy-makers select different actions to reduce the spread of disease.

Existing studies on CPE of causal bandits either requires the knowledge of P(Pa(Y) | a) for all
action a or only consider causal graphs without hidden variables, and the algorithms proposed are not
fully adaptive to reward gaps (Lattimore et al., 2016; Yabe et al., 2018). In this paper, we study fully
adaptive pure exploration algorithms and analyze their gap-dependent sample complexity bounds
in the fixed-confidence setting. More specifically, given a confidence bound ¢ € (0, 1) and an error
bound ¢, we aim at designing adaptive algorithms that output an action such that with probability at
least 1 — 4, the expected reward difference between the output and the optimal action is at most €.
The algorithms should be fully adaptive in the follow two senses. First, it should adapt to the reward
gaps between suboptimal and optimal actions similar to existing adaptive pure exploration bandit
algorithms, such that actions with larger gaps should be explored less. Second, it should adapt to the
observational data from causal bandit feedback, such that actions with enough observations already
do not need further interventional rounds for exploration, similar to existing causal bandit algorithms.
We are able to integrate both types of adaptivity into one algorithmic framework, and with interaction
between the two aspects, we achieve better adaptivity than either of them alone.

First we introduce a particular term named gap-dependent observation threshold, which is a non-
trivial gap-dependent extension for a similar term in Lattimore et al. (2016). Then we provide two
algorithms, one for the binary generalized linear model (BGLM) and one for the general model with
hidden variables. The sample complexity of both algorithms contains the gap-dependent observation
threshold that we introduced, which shows significant improvement comparing to the prior work.
In particular, our algorithm for BGLM achieves a sample complexity polynomial to the graph size,
while all prior algorithms for general graphs have exponential sample complexity; and our algorithm
for general graphs match a lower bound we prove in the paper. To our best knowledge, our paper
is the first work considering a CPE algorithm specifically designed for BGLM, and the first work
considering CPE on graphs with hidden variables, while all prior studies either assume no hidden
variables or assume knowing distribution P(Pa(Y') | a) for the parents of reward variable Pa(Y)
and all action a, which is not a reasonable assumption.

To summarize, our contribution is to propose the first set of CPE algorithms on causal graphs with
hidden variables and fully adaptive to both the reward gaps and the observational causal data. The
algorithm on BGLM is the first to achieve a gap-dependent sample complexity polynomial to the
graph size, while the algorithm for general graphs improves significantly on sample complexity and
matches a lower bound. Due to the space constraint, further materials including experimental results,
an algorithm for the fixed-budget setting, and all proofs are moved to the appendix.

Related Work. Causal bandit is proposed by Lattimore et al. (2016), who discuss the simple regret
for parallel graphs and general graphs with known probability distributions P(Pa(Y") | a). Nair et al.
(2021) extend algorithms on parallel graphs to graphs without back-door paths, and Maiti et al. (2021)
extend the results to the general graphs. All of them either regard P(Pa(Y) | a) as prior knowledge,
or consider only atomic intervention. The study by Yabe et al. (2018) is the only one considering
the general graphs with combinatorial action set, but their algorithm cannot work on causal graphs
with hidden variables. All the above pure exploration studies consider simple regret criteria that
is not gap-dependent. Cumulative regret is considered in (Lu et al., 2020; Nair et al., 2021; Maiti
et al., 2021). To our best knowledge, Sen et al. (2017) is the only one discussing gap-dependent
bound for pure exploration of causal bandits for the fixed-budget setting, but it only considers the
soft interventions (changing conditional distribution P(X|Pa(X))) on one single node, which is
different from causal bandits defined in Lattimore et al. (2016).

Pure exploration of multi-armed bandit has been extensively studied in the fixed-confidence or fixed-
budget setting (Audibert et al., 2010; Kalyanakrishnan et al., 2012; Jamieson et al., 2013; Jamieson
& Nowak, 2014). PAC pure exploration is a generalized setting aiming to find the e-optimal arm
instead of exactly optimal arm (Even-Dar et al., 2002; Mannor & Tsitsiklis, 2004). In this paper, we
utilize the adaptive LUCB algorithm in (Kalyanakrishnan et al., 2012). CPE has also been studied
for multi-armed bandits and linear bandits, etc.(Karnin et al. (2013b); Chen et al. (2014); Du et al.
(2021)), but the feedback model in these studies either have feedback at the base arm level or have
full or partial bandit feedback, which are all different from the causal bandit feedback.



Published as a conference paper at ICLR 2023

The binary generalized linear model (BGLM) is studied in (Li et al., 2017; Feng & Chen, 2022) for
cumulative regret MAB problems. We borrow the maximum likelihood estimation method and its
result in (Li et al., 2017; Feng & Chen, 2022) for our BGLM part, but its integration with our adaptive
sampling algorithm for the pure exploration setting is new.

2 MODEL AND PRELIMINARIES

Causal Models. From Pearl (2009), a causal graph G = (X U{Y'} UU, E) is a directed acyclic
graph (DAG) with a set of observed random variables X U {Y '} and a set of hidden random variables
U, where X = {X1, -+, X,}, U = {Uy,--- ,Uy} are two set of variables and Y is the special
reward variable without outgoing edges. In this paper, for simplicity, we only consider that X;’s and
Y are binary random variables with support {0, 1}. For any node V' in G, we denote the set of its
parents in G as Pa (V). The set of values for Pa(X) is denoted by pa(X). The causal influence
is represented by P(V | Pa(V')), modeling the fact that the probability distribution of a node Vs
value is determined by the value of its parents. Henceforth, when we refer to a causal graph, we mean
both its graph structure (X U {Y'} UU, E) and its causal inference distributions P(V | Pa(V))
forall V € X U{Y} UU. A parallel graph G = (X U {Y'}, E) is a special class of causal graphs
with X = {X;,--- , X,},U=0and E ={X; - Y, Xy =Y, -, X,, = Y}. An intervention
do(S = s) in the causal graph G means that we set the values of a set of nodes S C X to s, while
other nodes still follow the P(V' | Pa(V)) distributions. An atomic intervention means that |.S| = 1.
When S = 0, do(S = s) is the null intervention denoted as do(), which means we do not set any
node to any value and just observe all nodes’ values.

In this paper, we also study a parameterized model with no hidden variables: the binary generalized
linear model (BGLM). Specifically, in BGLM, we have U = ), and P(X = 1 | Pa(X) =
pa(X)) = fx(0x - pa(X)) + ex, where fx is a strictly increasing function, 8 x € RP*(X) is the
unknown parameter vector for X, ex is a zero-mean bounded noise variable that guarantees the
resulting probability to be within [0, 1]. To represent the intrinsic randomness of node X not caused
by its parents, we denote X; = 1 as a global variable, which is a parent of all nodes.

Combinatorial Pure Exploration of Causal Bandits. Combinatorial pure exploration (CPE)
of causal bandits describes the following setting and the online learning task. The causal graph
structure is known but the distributions P(V|Pa(V'))’s are unknown. The action (arm) space A is a
subset of possible interventions on combinatorial sets of variables, plus the null intervention, that
is, AC {do(S=s)|SC X,s e {0,1}/5) and {do()} € A. For action a = do(S = s), define
e = E[Y | do(S = s)] to be the expected reward of action do(S = s). Let u* = max,c A fa-

In each round ¢, the learning agent plays one action a € A, observes the sample values X; =
(Xu, Xy ,Xtm) and Y; of all observed variables. The goal of the agent is to interact with
the causal model with as small number of rounds as possible to find an action with the maximum
expected reward p*. More precisely, we mainly focus on the following PAC pure exploration with
the gap-dependent bound in the fixed-confidence setting. In this setting, we are given a confidence
parameter 6 € (0, 1) and an error parameter ¢ € [0, 1), and we want to adaptively play actions over
rounds based on past observations, terminate at a certain round and output an action a° to guarantee
that p* — p1g0 < € with probability at least 1 — §. The metric for this setting is sample complexity,
which is the number of rounds needed to output a proper action a°. Note that when ¢ = 0, the PAC
setting is reduced to the classical pure exploration setting. We also consider the fixed budget setting
in the appendix, where given an exploration round budget 7" and an error parameter ¢ € [0, 1), the
agent is trying to adaptively play actions and output an action a° at the end of round 7', so that the
error probability Pr{q. < p* — e} is as small as possible.

We study the gap-dependent bounds, meaning that the performance measure is related to the reward
gap between the optimal and suboptimal actions, as defined below. Let a* be one of the optimal arms.
For each arm a, we define the gap of a as

- *

_ ) Hax— maXaeA\{a*}{Ma}a a=a’;
Be { Hax = Ha, a#a*. M

We further sort the gaps A,’s for all arms and assume A < A®) ... < AUAD where AM) is also
denoted as Ay,
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3 GAP-DEPENDENT OBSERVATION THRESHOLD

In this section, we introduce the key concept of gap-dependent observation threshold, which is
instrumental to the fix-confidence algorithms in the next two sections. Intuitively, it describes for any
action a whether we can derive its reward from pure observations of the causal model.

We assume that X;’s are binary random variables. First, we describe terms ¢, € [0, 1] for each
action a € A, which can have different definitions in different settings. Intuitively, ¢, represents
how easily the action a is to be estimated by observation. For example, in Lattimore et al. (2016),
for parallel graph with action set A = {do(X; = z) | 1 < i < n,xz € {0,1}} U {do()}, for
action a = do(X; = z), q, = P(X; = x) represents the probability for action do(X; = x) to be
observed, since in parallel graph we have P(Y | X; = ) = P(Y | do(X; = x)). Thus, when
go = P(X; = x) is larger, it is easier to estimate P(Y | do(X; = x)) by observation. We will
instantiate ¢,’s for BGLM and general graphs in later sections. For a = do(), we always set g, = 1.
Then, for set q,,a € A we define the observation thershold as follows:

Definition 1 (Observation threshold Lattimore et al. (2016)). For a given causal graph G and its
associated {q, | a € A}, the observation threshold m is defined as:

m=min{r € [|[A]] : {a € A|q. <1/7}| <7} (2)

The observation threshold can be equivalently defined as follows: When we sort {q, | a € A} as
¢M < ¢® < ... < ¢Am = min{r : ¢t > 1}. Note that m < |A| always holds since
do() = 1. In some cases, m < |A|. For example, in parallel graph, when P(X; = 1) = P(X; =
0) = 3 forall i € [n], quo(x,=1) = ddo(Xi=0) = 3 ddo) = 1.Thenm = 2 < 2n + 1 = |A|.
Intuitively, when we collect passive observation data without intervention, arms corresponding to
¢"9) with j < m are under observed while arms corresponding to ¢¥/) with j > m are sufficiently
observed and can be estimated accurately. Thus, for convenience we name m as the observation
threshold (the term is not given a name in Lattimore et al. (2016)).

In this paper, we improve the definition of m to make it gap-dependent, which would lead to a better
adaptive pure exploration algorithm and sample complexity bound. Before introducing the definition,
we first define the term H,.. Sort the arm set as q,, - max{A,,,c/2}? < q,, - max{A,,,e/2}? <
- < Qa4 - max{Aq , ,€/2}?, then H, is defined by

H, _ 3
Z max{Aa ,e/2}2 ©)
Definition 2 (Gap-dependent observation threshold). For a given causal graph G and its associated
go’s and A,’s, the gap-dependent observation threshold m. a is defined as:
< T} . 4)

{aGA

The Gap-dependent observation threshold can be regarded as a generalization of the observation
threshold. Intuitively, when considering the gaps, q, - max{A,,&/2}? represents how easily the
action a would to be distinguished from the optimal arm. To show the relationship between m. a
and m, we provide the following lemma. The proof of Lemma is in the supplementary material.

Lemma 1. m. A < 2m.

Me A = Mmin {7’ e |A]]:

o -max {A,,e/2}° < hlf}

T

Lemma 1 shows that m. A = O(m). In many real scenarios, me A might be much smaller than m.
Consider some integer n with 4 < n < |A], € < 1/n,qq = L fora € A\ {do()} and q4o() = 1.
Then m = n. Now we consider A,, = A,, = -, while other arms a have A = 1. Then H, > n?
for all » > 1. Then for a # a1, as, we have ¢, - max{Aa,5/2}2 > i > -, which implies that
me A = 2. This lemma will be used to show that our result improves prev10us causal bandit algorithm

in Lattimore et al. (2016).
4 COMBINATORIAL PURE EXPLORATION FOR BGLM

In this section, we discuss the pure exploration for BGLM, a general class of causal graphs with
a linear number of parameters, as defined in Section 2. In this section, we assume U = (). Let
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0" = (0% )xecxu(y} be the vector of all weights. Since X is a global variable, we only need to
consider the action set A C {do(S = s) | S € X \ {X1},s € {0,1}I5!}. Following Li et al.
(2017); Feng & Chen (2022), we have three assumptions:

Assumption 1. For any X € X U{Y}, fx is twice differentiable. lIts first and second order
derivatives can be upper bounded by constant MY) and M?),

Assumption 2. x = infxc x (v} veo,1)Pa) |l0—67% ||<1 fx(v-8) > 0is a positive constant.

Assumption 3. There exists a constant ) > 0 such that forany X € X U{Y} and X' € Pa(X),
for any v € {0, 111P¢(X)=2 and o € {0, 1}, we have
PriX'=z| Pa(X)\{X', X1} =v] >n. (5)

Assumptions 1 and 2 are the classical assumptions in generalized linear model Li et al. (2017).
Assumption 3 makes sure that each parent node of X has some freedom to become 0 and 1 with a
non-zero probability, even when the values of all other parents of X are fixed, and it is originally
given in Feng & Chen (2022) with additional justifications. Henceforth, we use (0, a) to denote the
reward i, on parameter 6.

Our main algorithm, Causal Combinatorial Pure Exploration-BGLM (CCPE-BGLM)), is given in
Algorithm 1. The algorithm follows the LUCB framework Kalyanakrishnan et al. (2012), but has
several innovations. In each round ¢, we play three actions and thus it corresponds to three rounds
in the general CPE model. In each round ¢, we maintain No . and [ I,q s the estimates of /1, from
the observational data and the interventional data, respectively. For each estimate, we maintain its
confidence interval, [L{, ,,Uf, ] and [L ,, U} ] respectively.

At the beginning of round t, similar to LUCB, we find two candidate actions, one with the highest

empirical mean so far, az and one with the highest UCB among the rest, afl If the LCB of a}i !

is higher than the UCB of a ! with an ¢ error, then the algorithm could stop and return a’ h 1 as

the best action. However, the second stopping condition in line 5 is new, and it is used to guarantee
that the observational estimates :“o ’s are from enough samples. If the stopping condition is not
met, we will do three steps. The ﬁrst step is the novel observation step comparing to LUCB. In this
step, we do the null intervention do(), collect observational data, use maximum-likelihood estimate

adapted from Li et al. (2017); Feng & Chen (2022) to obtain parameter estimate ét, and then use ét
to compute observational estimate /i, , = o(6;, a) for all action a, where o (0;, a) means the reward

for action a on parameter 6,. This can be efficiently done by following the topological order of nodes
in G and parameter ;. From jig, ,, we obtain the confidence interval [L{, ,, Uf ,] using the bonus

term defined later in Eq.(8). In the second step, we play the two candidate actions ah ! and a
and update their interventional estimates and confidence intervals as in LUCB. In the third step, we
merge the two estimates together and set the final estimate /!, to be the mid point of the intersection
of two confidence intervals. While the second step follows the LUCB, the first and the third step
are new, and they are crucial for utilizing the observational data to obtain quick estimates for many
actions at once.

Utilizing observational data has been explored in past causal bandit studies, but they separate the
exploration from observations and the interventions into two stages (Lattimore et al., 2016; Nair
et al., 2021), and thus their algorithms are not adaptive and cannot provide gap-dependent sample
complexity bounds. Our algorithm innovation is in that we interleave the observation step and the
intervention step naturally into the adaptive LUCB framework, so that we can achieve an adaptive
balance between observation and intervention, achieving the best of both worlds.

To get the confidence bound for BGLM, we use the following lemma from Feng & Chen (2022):
Lemma 2. For an action a = do(S = s) and any two weight vectors 6 and ', we have

0(0,a) — (0, a)| <Be | D> [Vi(0x—6%)| MV, (6)
XENsy
where Ng vy is the set of all nodes that lie on all possible paths from X, to'Y excluding S, V x

is the value vector of a sample of the parents of X according to parameter 6, M) is defined in
Assumption I, and the expectation is taken on the randomness of the noise term e = (ex ) xexu{y}
of causal model under parameter 6.
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Algorithm 1 CCPE-BGLM(G, A, ¢,5, MM M®) k.9, c)

1: Input:causal general graph G, action set A, parameter €, 5, M), M) k.7, ¢ in Assumptions
1,2, 3 and in Lemma 4 in supplementary material.

2: Initialize My x = I forallnode X. N, = 0,10 =0, L) = —o00,U? = oo forarms a € A.

3: fort=1,2,---,do

o1 t—1 t=1 _ t-1
4 @y, =argmax,ca fig ' e = argmax, ;g\ o1y U7
o rrt— - 2 1024(M®)2(4D*—3)D 3nt?
if U < LY +eand t > max{ %R log b, 102N UD=9D (D2 4 jog 3122 )} then
l h
return a), '

5
6
7:  endif
8:  /* Step 1. Conduct a passive observation and estimate from the observational data */
9:  Perform action do() and observe X; and Y;. For a = do(), N, = N, + 1.
10: 6, = BGLM-estimate((X1,Y7),- -, (X, Y2)).
11:  Fora = do(S = s) € A, caleulate fi0,, = 0(6,8), and [Lg, ,,Ub ] = [flo.a —
B (1), f100.q + B5()]. 1* B3 (1) is defined in Eq.(8) */
12: /¥ Step 2. Do two interventions and estimate from the interventional data */
13:  Perform actions /™" and a’ ', get the reward Yt(l) and Y;(h).
14: Nafl = Nat—l + 1, Naf;l = Na;,;l + 1.
L
15:  Fora € {al™',a’"" do()}, update the empirical mean
16 ira =Y (0o =a Y 41{a = af )Y 41{a = do()}Y)) and [Lf U ) =
1.6 — Br(NG), fir,a + Br(Ng)]. /* B1(t) is defined in Eq.(8) */
17:  /* Step 3. Merge the observational estimate and the interventional estimate */
N Ll +U!
18:  Fora € A, caleulate [L},Ul] = [Lp ,,Ub | N [LT 4, Ut ] and fil, = Bte
19: end for

The key idea in the design and analysis of the ~ Algorithm 2 BGLM-estimate

algorithm is to divide the actions into two sets — 1: Input: data pairs

the easy actions and the hard actions. Intuitively, (X1,Y7), (X2, Y2),--, (X4, Y1)

the easy actions are the ones that can be easily 2: Construct (V' x, X;) for each X, where
estimated by observational data, while the hard V' x is the value of parent of X at round ¢,
actions require direction playing these actions X, is the value of X at round t.

to get accurate estimatfzs. The quantity.qa men- 3: for X €e X U{Y}do

tioned in Section 3 indicates how easy is action 4 Myx = My x + Vix VI ¥, cal-

a, and it determines the gap-dependent obser-

R ' f
vational threshold m. o (Definition 2), which culate 6, x by solving >_; ;(Xi —

essentially gives the number of hard actions. In Ix (ngxét,X))Vi,X =0.
fact, the set of actions in Eq.(4) with 7 = m, A 5: end for
is the set of hard actions and the rest are easy 6: return 6;.

actions. We need to define g, representing the
hardness of estimation for each a.

For CCPE-BGLM, we define its ¢\~ as follows. Let D = maxyexu{y} |Pa(X)|. For node
S C X, letl{s = |Ng y|. Then for a = do(S = s), we define

1
(L) — _~
sz - :
(2D3

Intuitively, based on Lemma 2 and {g = |Ng y|, a large £{s means that the right-hand side of

Inequality (6) could be large, and thus it is difficult to estimate p,, accurately. Hence the term qéL)

represents how easy it is to estimate for action a. Note that q((lL) only depends on the graph structure

and set S. We can define m(*) and mg‘A) with respect to q((lL) ’s by Definitions 1 and 2. We use two
confidence radius terms as follows, one from the estimate of the observational data, and the other

from the estimate of the interventional data.

1 pls | 2

o aoM\P D 1 3nt 1 |Allog(2t)

Bo(t) = 1 Br(t) = ary/ - log ———————. 8
o() n\/ﬁ qéL)t 0og s’ I() I 7 0og S (&)

(7
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Parameters ap and «; are exploration parameters for our algorithm. For a theoretical guarantee,

we choose ap = 6v/2 and o = 2, but more aggressive ap and aj could be used in experiments.
(e.g. Mason et al. (2020), Kaufmann et al. (2016), Jamieson et al. (2013)) The sample complexity of
CCPE-BGLM is summarized in the following theorem.

Theorem 1. With probability 1 — 6, our CCPE-BGLM(G, A, e, /2) returns an e-optimal arm with

sample complexity
|A|Hm(L)
T=0 Hm(L) 10g fw 5 (9)
g,A

where ms A, H m®) are defined in Definition 2 and Eq.(3) in terms of qa )’sfor a € A\ {do()}
defined in Eq.(7).

If we treat the problem as a naive | A|-arms bandit, the sample complexity of LUCB1 is O(H) =
)

5(Za cA m) which may contain an exponential number of terms. Now note that q,(l >

(L)

5, it is easy to show that m_ A < 2n°. Hence H m) contains only a polynomial number of terms.

Other causal bandit algorlthms also suffer an exponent1al term, unless they rely on a strong and
unreasonable assumption as describe in the related work. We achieve an exponential speedup by
(a) a specifically designed algorithm for the BGLM model, and (b) interleaving observation and
intervention and making the algorithm fully adaptive.

The idea of the analysis is as follows. First, for the m. A hard actions, we rely on the adaptive LUCB
to identify the best, and its sample complexity according to LUCB is O(H ) log(|A|H () /d)).
e,A e,A

Next, for easy actions, we rely on the observational data to provide accurate estimates. According
to Eq.(4), every easy action a has the property that g, - max{A,,£/2}* > 1/H,,_ .. Using this
property together with Lemma 2, we would show that the sample complexity for estimating easy
action rewards is also O(H @) log(|A|H @) /9)). Finally, the interleaving of observations and

interventions keep the samply complex1ty in the same order.

5 COMBINATORIAL PURE EXPLORATION FOR GENERAL GRAPHS

5.1 CPE ALGORITHM FOR GENERAL GRAPHS

In this section, we apply a similar idea to the general graph setting, which further allows the
existence of hidden variables. The first issue is how to estimate the causal effect (or the do effect)
E[Y | do(S = s)] in general causal graphs from the observational data. The general concept of
identifiability (Pearl, 2009) is difficult for sample complexity analysis. Here we use the concept of
admissible sequence (Pearl, 2009) to achieve this estimation.

Definition 3 (Admissible sequence). An admissible sequence for general graph G with respect to' Y
and S = {X1,---, Xy} C X is a sequence of sets of variables Z1, - - - Z), C X such that

(1) Z; consists of nondescendants of {X;, X;11,- -, Xr},
2)Y I X | Xu,-, Xi1, 21, s Zi)a, e where G x means graph G without
i Xit1s =

X

out-edges of X, and G+ means graph G without in-edges of X.
Then, for S = {Xl, o, Xk}, 8 ={x1, -, 21}, we can calculate E[Y | do(S = s)] by
E[Y | do(S ZP =1|8S=82;=2;,i<k)

-P(Zl :z1)~-~P(Z;€:zk | Zi:Zi,Xi:J?i,iSkf—l), (10)

where z means the value of UZ' 1Z;, and z; means the projection of z on Z,. For a = do(S = s)
with |S| = k, we use {Z,;}*_, to denote the admissible sequence with respect to Y and S , and
Z, = Ullew. Zoy =1Z,| and Z = max, Z,. In this paper, we simplify Z, ; to Z; if there is no
ambiguity.

For any P C X, denote P; = X|p as the projection of X; on P. We define
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Algorithm 3 CCPE-General(G, A, ¢, §)

1: Input:causal graph G, action set A, parameter ¢, §, admissible sequence {(Z,);} for each action
a€A

2: Initialize t = 1, Ta =0,T,,=0,N, =0,04, =0forallarms a € A, z € {0,1}%, z € [|X]].

3: fort=1,2,---,do

4 al= argmaxaeA phtalt = argmaxaeA\athfl(Ué_l)

5: 1fUt1<Lf1+5then
6: return ay” i
7:  endif
8:  /*Step 1. Conduct a passive observation and estimate from the observational data */
9:  Perform do() operation and observe X; and Y;. For a = do(), N, = N, + 1.
10:  for a = do(S = 8) € A\ {do()} with an admissible sequence and S = {X1,--- , X}, 8 =
{-le' o a‘rk} do
11: Estimate fio o using (14) and [Lg, ,, U | = (10,0 — B (Tart), 10,0 + BE(Ta)]- /* B3 (t)

is defined in Eq.(16), T, . is defined in Eq.(11) and T,, = min, T, ,. */
12: end for
13:  /*Step 2. Do two interventions and estimate from the interventional data */
14:  Perform actions al_ and a ~1, get the reward Y;(l) and Yt(h).
15: Ntl—Nt1+1Nt1—Nt1+1

16: For a€{a ! alt do()} update the empirical mean /i , as Line 16 in Algorithm 1.
17:  Update [L?a, Ul,a} (1,0 — Br(Ng), fur.a + B1(Ng)). /% B1(t) is defined in Eq.(16) */
18:  /*Step 3. Merge the observational estimate and the interventional estimate */

N Lt+U!
19:  Fora € A, caleulate [L},, U!] = [L}, ,, US| N[L] ,,Uf ] and fif, = Zadla
20: end for

GZ_ZH{S =5,(Za)j =2}, Taz(t) = Z,); = 2}Y; (11)
N,z (t ZH{ )i =2, (Xi); =xi,i <1 —1} (12)
Pa,z,1(t) = ZH{ Zy); = z1,(Zs)j = zi, (Xa)j = 74,1 < 1= 1} (13)

nazl

where the r, . (t) and p, . ;(t) are the empirical mean of P(Y | S = s5,Z, = z) and P(Z;, = z; |
Z; =z;,X; = x;,1 <1—1). Also, we denote T,, = min, T, .. Using the above Eq.(10), we
estimate each term of the right-hand side for every z € {0, 1}« to obtain an estimate for E[Y | a] as

follows: .
,aO,a = Z Ta,z (t) Hpa,z,l(t)~ (14)
z =1

For general graphs, there is no efficient algorithm to determine the existence of the admissible
sequence and extract it when it exists. But we could rely on several methods to find admissible
sequences in some special cases. First, we can find the adjustment set, a special case of admissible
sequences. For a causal graph G, Z is an adjustment set for variable Y and set S if and only if
PY =1|do(S =s))=>_,PY =1|8 =s,Z = 2)P(Z = z). There is an efficient
algorithm for deciding the existence of a minimal adjustment set with respect to any set S and Y’
and finding it (van der Zander et al., 2019). Second, for general graphs without hidden variables,
the admissible sequence can be easily found by Z; = Pa(X;)\ (Z: U---Z,;1 UX;---UX;_1)
(Theorem 4 in the Appendix). Finally, when the causal graph satisfies certain properties, there exist
algorithms to decide and construct admissible sequences Dawid & Didelez (2010).

Algorithm 3 provides the pseudocode of our algorithm CCPE-General, which has the same framework
as Algorithm 1. The main difference is in the first step of updating observational estimates, in which
we rely on the do-calculus formula Eq.(10).
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(@)

For an action a = do(S = s) without an admissible sequence, define ¢, = 0, meaning that it is
hard to be estimated through observation. Otherwise, define g, as:
¢'¥ = min{q, .}, where ¢, . = P(S = 5, Z, = z),Yz € {0,1} 7. (15)
z

Similar to CCPE-BGLM, for a = do(S = s) with |S| = k, we use observational and interventional
confidence radius as:

(16)

1. 20k|A|Z,1,1og(2t T AlToa(2t

where oo and « are exploration parameters, and I, = 2Za_ For a theoretical guarantee, we will
choose ap = 8 and oy = 2. Our sample complexity result is given below.

Theorem 2. With probability 1 — §, CCPE-General(G, A, €,6/5) returns an e-optimal arm with

sample complexity
A )
- < )

5 a7

T=0 (Hm(c;) 1og
e, A

where m(GA), H (c) are defined in Definitions 2 and 3 in terms ofq((LG) ’s defined in Eq.(15).
) mEYA

€

Comparing to LUCBI, since mfA) < | A|, our algorithm is always as good as LUCBI. It is easy to
construct cases where our algorithm would perform significantly better than LUCB1. Comparing
to other causal bandit algorithms, our algorithm also performs significantly better, especially when
m;GA) < m'% or the gap A, is large relative to . Some causal graphs with candidate action sets and
valid admissible sequence are provided in the Appendix A, and more discussion is in the Appendix.

5.2 LOWER BOUND FOR THE GENERAL GRAPH CASE

To show that our CCPE-General algorithm is nearly minimax optimal, we provide the following lower
bound, which is based on parallel graphs. We consider the following class of parallel bandit instance £
with causal graph G = ({ X1, -+, X,,, Y}, E): theactionsetis A = {do(X; = z) |z € {0,1},1 <
i <n}uU{do()}. The ¢'® in this case is reduced to (% = P(X; = x) and qg4,() = 1. Sort the

do(X;=x)
action set as ¢$5” -max{A,,,£/2}? < ¢! -max{A,,,e/2}2 < --- < ¢{9). | ‘max{A,,,,,,c/2}%

Let pyin = Mingego13» P(Y = 1 | X = &), pmax = Maxzeqo,13r P(Y = 1| X = x). Let
Pmax + 2A2n+1 + 26 S O-Qapmin + Amin Z 01

Theorem 3. For the parallel bandit instance class £ defined above, any (g, 0)-PAC algorithm has
expected sample complexity at least

1 1 1
Q| (H - — - log| =] |- 18
(( m{Q -1 min, ) max{A,,,c/2}? max{Ado()ﬁ/g}?) & (5)) (18)

Theorem 3 is the first gap-dependent lower bound for causal bandits, which needs brand-new

construction and technique. Comparing to the upper bound in Theorem 2, the main factor H_ (s,
e,A

is the same, except that the lower bound subtracts several additive terms. The first term Hy,_ , -1
is almost equal to H,,_ , appearing in Eq.(17), except the it omits the last and the smallest additive
term in H,,_ . The second term is to eliminate one term with minimal A, , which is common in
multi-armed bandit. (Lattimore (2018),Karnin et al. (2013a)) The last term is because do()’s reward
must be in-between figo(x,—0) and pgo(x,=1) and thus cannot be the optimal arm.

6 FUTURE WORK

There are many interesting directions worth exploring in the future. First, how to improve the
computational complexity for CPE of causal bandits is an important direction. Second, one can
consider developing efficient pure exploration algorithms for causal graphs with partially unknown
graph structures. Lastly, identifying the best intervention may be connected with the markov decision
process and studying their interactions is also an interesting direction.
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