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Abstract

Modern machine learning algorithms, especially deep learning-based techniques,
typically involve careful hyperparameter tuning to achieve the best performance.
Despite the surge of intense interest in practical techniques like Bayesian opti-
mization and random search-based approaches to automating this laborious and
compute-intensive task, the fundamental learning-theoretic complexity of tuning
hyperparameters for deep neural networks is poorly understood. Inspired by this
glaring gap, we initiate the formal study of hyperparameter tuning complexity in
deep learning through a recently introduced data-driven setting. We assume that we
have a series of learning tasks, and we have to tune hyperparameters to do well on
average over the distribution of tasks. A major difficulty is that the utility function
as a function of the hyperparameter is very volatile and furthermore, it is given
implicitly by an optimization problem over the model parameters. To tackle this
challenge, we introduce a new technique to characterize the discontinuities and
oscillations of the utility function on any fixed problem instance as we vary the
hyperparameter; our analysis relies on subtle concepts including tools from alge-
braic geometry, differential geometry and constrained optimization. We use this to
show that the learning-theoretic complexity of the corresponding family of utility
functions is bounded. We instantiate our results and provide sample complexity
bounds for concrete applications—tuning a hyperparameter that interpolates neural
activation functions and setting the kernel parameter in graph neural networks.

1 Introduction

Developing deep neural networks that work best for a given application typically corresponds to a
tedious selection of hyperparameters and architectures over extremely large search spaces. This pro-
cess of adapting a deep learning algorithm or model to a new application domain takes up significant
engineering and research resources, and often involves unprincipled techniques with limited or no
theoretical guarantees on their effectiveness. While the success of pre-trained (foundation) models
have shown the usefulness of transferring effective parameters (weights) of learned deep models
across tasks [} 2], it is less clear how to leverage prior experience of “good” hyperparameters to new
tasks. In this work, we develop a principled framework for tuning continuous hyperparameters in
deep networks by leveraging similar problem instances and obtain sample complexity guarantees for
learning provably good hyperparameter values.
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The vast majority of practitioners still use a naive “grid search" based approach which involves
selecting a finite grid of (often continuous-valued) hyperparameters and selecting the one that
performs the best. A lot of recent literature has been devoted to automating and improving this
hyperparameter tuning process, prominent techniques include Bayesian optimization [3 4,15, 16] and
random search based methods [7}8]. While these approaches work well in practice, they either lack a
formal basis or enjoy limited theoretical guarantees only under strong assumptions. For example,
Bayesian optimization analysis assumes that the performance of the deep network as a function of
the hyperparameter can be approximated as a noisy evaluation of an expensive function, typically
making assumptions on the form of this noise, and requires setting several hyperparameters and
other design choices including the amount of noise, the acquisition function which determines the
hyperparameter search space, the type of kernel and its bandwidth parameter. Other techniques,
including random search methods and spectral approaches [9] make fewer assumptions but only
work for a discrete and finite grid of hyperparameters. This necessitates the need of analyzing the
landscape of hyperparameter loss (utility) landscape.

In this work, we consider the problem of tuning neural network hyperparameters in a multi-task setting.
We assume there is a fixed but unknown distribution over the learning tasks, and we have access to
tasks drawn from that distribution at the training time. We want to learn the hyperparameters to use
on future tasks from the same distribution, i.e. on any future task we use the learned hyperparameter,
and then we find the best network weights for that task. To address this question, we observe a
parallel to prior work on data-driven algorithm design [[10} [11]]. Despite a similar formulation, our
goal is to learn the network hyperparameters, and not configure the training algorithm that learns
the network weights. The best weights learned during training for a fixed task ultimately depend
on the hyperparameter selected in a complex way, making our setting more challenging than those
previously studied under this paradigm.

Mathematically, we aim to analyze the learning-theoretic complexity of a specific function class
U= {us: X - [0,H] | « € A}, where A = [, 3] C R is the hyperparameter space and
X is the set of problem instances. We note that each problem instance * € X corresponds to a
training dataset for a single task (e.g. a dataset of images, as opposed to a single image). We assume
there is an application-specific problem problem distribution D over the datasets (tasks) in X'. Each
function uq () in U is defined as: ua(T) = SUPy,:(a,w)caxw f(T; @, W), where u, (z) measures
the performance of the deep network on a problem instance  and hyperparameter « using the
best parameter w. Here W = [win, wmax]d c R¢ represents a d-dimensional parameter space.
Our goal is to establish an upper bound on the learning-theoretic complexity of I/, leveraging the
structural properties of f(x, a, w). We introduce two key notations in our analysis: the parameter-
dependent dual function f (o, w) := f(x, a, w), describing the performance corresponding to
hyperparameter o and parameter w for a fixed problem instance @, and the dual utility function
ul (@) := uq () = maxyew fo(o, w). Inspired by model hyperparameter tuning applications (see
Section , we assume that the parameter-dependent dual [ («, w) is a the piecewise polynomial
function in « and w (see Section [2| for details). Based on this structure of f (o, w), we aim to
understand the structure of v («) which by the earlier work of Balcan et al. [12ﬂ, would imply
learnability of U = {uqy : X — [0, H] | « € A}.

The major difficulty we have to overcome is that even if f,(c, w) is a nicely structured piecewise
polynomial function, the function uj, (@) = SUpy,.(4,w)e.axw fa(c, w) appears to be less structured;

in particular, the function u},(«) is not necessarily piecewise polynomia and might not even have
a closed fornrﬂ Our key technical innovation is to show that for the case of one hyperparameter o
we can still find enough structure in the dual functions u},; specifically by leveraging the structure of
parameter-dependent dual functions fg (o, w) we show how to bound the number of discontinuities
and local maxima of u},, which in turn implies that they have bounded oscillations (defined in
Section [2.1)), which then imply a bound on the pseudo-dimension of I/ (using results from [12]).

!"This work introduces the relation between the structure of the dual u, and the learnability of the primal
class U in a different context of algorithm configuration, but the approach is useful for our setting.
. 3 X
*Consider the case where fz (ar, w) = wa — % for o, w > 0, and define uj;, (r) = SUp,, > f=(a, w). One

can easily show that in this case, uy,(a) = 22, which is not a polynomial in c.

3As another example, consider fz (a, w) = wa® + (1/4)w?* — (3/2)aw? for a, w € [0, 1]>. In this case,
uz (@) = 8UP,,¢(0,1] fo (v, w) has pieces corresponding to w = 1 and 0 f= /0w = a® +w? — 3aw = 0. The
latter is the Folium of Descartes, and does not admit a closed-form expression in terms of elementary functions.



Our proposed framework implies generalization guarantees for data-driven model hyperparameter
tuning across various applications. We demonstrate this through two concrete examples including the
following. Our first application is to tuning an interpolation hyperparameter for the activation function
used at each node of the neural network. Different activation functions perform well on different
datasets [13}[14]. We analyze the sample complexity of tuning the best combination from a pair of acti-
vation functions by learning a real-valued hyperparameter that interpolates between them. We tune the
hyperparameter across multiple problem instances, an important setting for multi-task learning. Our
contribution is related to neural architecture search (NAS, [15,116,[17]). NAS automates the discovery
and optimization of neural network architectures, replacing human-led design with computational
methods. Several techniques have been proposed [18 19, 20]], but they lack principled theoretical
guarantees (see additional related work in Appendix [A)), and multi-task learning is a known open
research direction [21]]. We also instantiate our framework for tuning the graph kernel parameter in
Graph Neural Networks (GNNs) [22] designed for more effectively deep learning with structured data.
Hyperparameter tuning for graph kernels has been studied in the context of classical non-neural mod-
els [23}24], in this work we provide the first provable guarantees for tuning the graph hyperparameter
for the more effective modern approach of graph neural networks. While we focus on these specific
applications, our proposed framework’s generality makes it applicable to many other scenarios.

Our contributions. In this work, we provide an analysis for the learnability of parameterized
algorithms involving both parameters and hyperparameters, when the learner has access to problem in-
stances drawn from a fixed, unknown distribution. Our analysis captures model hyperparameter tuning
in deep networks with a piecewise polynomial parameter-dependent dual function. Concretely,

1. We introduce general tools which connect the number of discontinuities and local maxima of
a piecewise continuous function with its learning-theoretic complexity (Section [2.1).

2. We show that when the parameter-dependent dual function f (o, w) computed by a deep network
f on a fixed dataset x is piecewise constant, the function .}, is also piecewise constant. This
structure occurs in classification tasks with a 0-1 loss objective. We then establish an upper-bound
for the pseudo-dimension of ¢, which translates to learning guarantees for &/ (Theorem [3.2).

3. As our main contribution, we prove that when the parameter-dependent dual function f, (o, w)
exhibits a piecewise polynomial structure, under mild regularity assumptions, we can establish
an upper bound for the number of discontinuities and local extrema of the dual utility function u},.
We use tools from differential geometry to identify the smooth 1-manifolds in the space A x W
corresponding to the derivative curves which determine v}, and results from algebraic geometry
and constrained optimization to bound the number of local extrema of u}, along such manifolds.
We then translate the structure of u}, to learning guarantees for 2/ (Theorem [4.1).

4. Finally, we investigate data-driven algorithm configuration problems for deep networks, including
tuning interpolation parameters for neural activation functions (Theorem[5.T) and hyperparameter
tuning for semi-supervised learning with graph convolutional networks (Theorem [H.2). We
first uncover the underlying piecewise structure relevant for our framework, and then use this
structure to obtain learnability guarantees for tuning the hyperparameters for both classification
and regression problems.

Related work. Data-driven algorithm design has been successfully applied to tune fundamental
algorithms in machine learning and beyond (Appendix [A). Our work is the first work to focus on
tuning hyperparameters for deep networks using a data-driven lens. A key technical challenge that
we overcome is that varying the hyperparameter even slightly can lead to a significantly different
learned deep network (even for the same training set) with completely different parameters (weights)
which is hard to characterize directly. This is very different from a typical data-driven problem where
one is able to show closed forms or precise structural properties for the variation of the learning
algorithm’s behavior as a function of the hyperparameter [12]. We elaborate further on our technical
novelties below. Our theoretical advances are potentially useful beyond deep networks, to algorithms
with a tunable hyperparameter and several learned parameters. We discuss the challenges in our
setting and explain why developing novel techniques is required. We also provide a brief technical
overview of our approach. See Appendix [B]for further discussion.

Technical challenges and novelty. In typical prior work on data-driven hyperparameter tuning
[250 26} 1277, 28], the hyperparameter tuning process does not involve the parameter w. In such
cases, the approach is to show that the utility function u},(«) admits a specific piecewise structure
in «, typically piecewise polynomial or rational. Some works involve the parameter w [29, 30],
but the optimal parameter w},(a) € argmax,,cyy fz (o, w) either has a closed analytical form



or can be approximated by a function W, («) with bounded error. In contrast, in our setting,

uk (o) = maxqyew fz(o, w) is defined via an optimization problem involving the parameter w and
no closed form solution for wZ () is known. This difference highlights the challenges of our setting,

overcoming which requires the development of novel techniques.

Technical overview. We show in Sectionthat if ul () is piecewise continuous, we can bound
Pdim(l{) via bounding the number of discontinuities and local extrema of u}, (). We then show
in Section [3|that if f}(cv, w) is piecewise constant, u} () is also piecewise constant with finitely
many discontinuities. We then present our main technical contribution in Section[d} if f7 (o, w) is
piecewise polynomial, then we can bound the pseudo-dimension of /. Concretely, we propose the
notion of monotonic curves and study their relevant properties (Appendix [F.3). We show that the
domain A of u} («) can be partitioned into multiple intervals, over each of which v, («) is given by
the pointwise maximum of f(«, w) along some fixed set of monotonic curves. Leveraging tools
from algebraic and differential geometry, we show that by bounding the number of local maxima of
f«(a, w) along monotonic curves, we can bound the number of discontinuities and local extrema of
ul (a, w) in A, thereby establishing learning-theoretic guarantees for I{.

2 Problem setting and preliminaries

Models with hyperparameters. We introduce the data-driven model hyperparameter tuning
framework for models with hyperparameters o and trainable parameters w. Concretely, let
f:X x AxW — [0, H| be the parameter-dependent utility function that represents the model’s
performance, where f(x, o, w) measures the performance corresponding to problem instance « € X,
parameters w € W = [Win, Wimax]% and hyperparameter & € [amin, max|. Here each problem
instance x € X in our hyperparameter tuning framework represents the complete training dataset for
a single task, unlike single-task machine learning setting where x € X’ typically represents a single
example. For example, in the problem of tuning the interpolation parameter of neural activation
functions (Section , each problem instance = (X, Y") consists of a set X of T examples, and the
corresponding labels Y. We define the urility function u(x) quantifying the model’s performance
with hyperparameter @ on problem instance & as uq (Z) = SUPy; (o, w)caxw f (T, @, w). This for-
mulation can be interpreted as follows: for a given hyperparameter o and problem instance x, we
determine the optimal model parameters w that maximize performance.

The dual utility function. For a fixed problem instance x € X, we can define the dual utility function
uk : A — [0, H], representing the performance of the network corresponding to the hyperparameter o
and the best parameter w, as U}, () = SUDy.(q,w)eaxw fa (@, w), Where fz (o, w) == f(z, o, w)
is called the parameter-dependent dual function.

Data-driven model hyperparameter tuning problem. Let i/ = {u, : X — [0, H] | « € A}
be the utility function class. In the data-driven setting, we assume an application-specific problem
distribution D over the set of problem instances X'. Here, D represents a fixed but unknown
distribution of over datasets or tasks. Our goal here is find a good hyperparameter & given a small
sample of tasks drawn from D, that achieves nearly the same utility on average as the optimal
hyperparameter a* € arg max, ¢ 4 Ez~p|[uq(2)]. Our approach is to bound the pseudo-dimension
and the Rademacher complexity of the function class U, given the structure of the parameter-
dependent dual function f (o, w).

We consider two situations where f,(a, w) is either piecewise constant (Section or piecewise
polynomial (Sectiond). For the piecewise constant case, we assume that for any x, there is a finite
partition P of the domain A x W consisting of connected components such that f5 («, w) remains
constant over each connected component in P. For the second case, we assume that there are
algebraic sets Zj,,, , = {(o, w) € AX W | hg i(a,w) = 0} partitioning the domain A x W, where
he.i(a, w) is a polynomial in o and w. In each connected component of the partition, the piece
function f, ; which equals f (o, w) in the component is also a polynomial of « and w.

2.1 Discontinuities, local extrema and the pseudo-dimension

In this section, we establish a connection between the structure of the dual utility function w;, and
the pseudo-dimension of i = {u, : X — R | @ € R}. Concretely, we show that if u}, has bounded
number of discontinuities and local extrema, then I/ has bounded pseudo-dimension.



Lemma 2.1. Consider a real-valued function class U = {uy : X — R | o € R}, of which each
dual function u}, () is piecewise continuous, with at most By discontinuities and By local maxima.

Then Pdim(U) = O(log(B;1 + B2)).

The detailed proof of Lemma can be found in Appendix The idea is to show that u% («)
has bounded oscillations (Definition[d] Lemma[D.2)), which is defined as the maximum number of
discontinuities that the function I 4)>.} can have, for any real threshold z. We then use a result
by Balcan et al. [12] (Theorem connecting the oscillations and Pdim(Z/). Note that Lemma
[2.T]does not apply to piecewise constant functions, which have an infinite number of local extrema.
However, we can still give an analogous result for this case as follows (see Appendix for proof).

Lemma 2.2. Consider a real-valued function class U = {uq : X — R | a € R}, of which each dual
Sfunction ul, (o) is piecewise constant with at most B discontinuities. Then Pdim(U) = O(log B).

3 Piecewise constant parameter-dependent dual function

We first examine the case where fg(a, w) is piecewise constant. Concretely, we assume there
exists a partition P, = {Rgz1,...,Rg n} of the domain A x W of f,, where each R, ; is a
connected component (Definition @), and the function fq (o, w) restricted on R, ; is constant, i.e.,
fa,i(a,w) = g ; for any (o, w) € Ry ;. Consequently, we can rewrite u, () as follows:

*

U, () = su a,w) = max su i, W) = max Cp i
2(@) we%f“‘(’ ) ie{l,...,N}w:(mw)%Rwf“(’ ) ie{l,..N}:3wst (0,w)€Rai

We first show Lemrna which asserts that v}, («) is a piecewise constant function and provides an
upper bound for the number of discontinuities in u ().

Lemma 3.1. Assume that the piece functions fg (o, w) = ¢4 ; are constant for all i € [N] and
all problem instances x. Then u%(«) has O(N) discontinuity points, partitioning A into O(N)
intervals. In each interval, u, () is a constant function.

Proof. The proof idea of Lemma is demonstrated in For each connected set Ry ;
corresponding to a piece function [z ;(@, w) = cg, 1, let

QR inf = igf{a (Jdw, (o, w) € Rp i}, g, ,sup = sup{a: Jw, (o, w) € Ry ;}.
[0

There are IV connected components, and therefore 2/N such points. Reordering those points and
removing duplicate points as amin = o < @1 < @ < -+ < ¥ = Qmax, Where t = O(N) we
claim that for any interval I; = (o, ;1) where i = 0,...,¢ — 1, the function v, remains constant.

Consider any interval I;. By the above construction of «;, for any o € I, there exists a fixed set of
regions Ry 1, = {Re1,1,.- -, Ra,;n} € Po ={Rz1,..., Rz, N}, such that for any connected set
R € R, 1, there exists w such that (o, w) € R. Besides, for any R ¢ R, 1,, there does not exist w
such that (a, w) € R. This implies that for any « € I;, we can write v, («) as
uy () = sup fz(a,w)= sup sup  fz(a,w) = max c,
wew RERg, 1, w:(a,w)ER ceCa 1y

where Cy 1, = {cR,; | Rs; € Rg 1} contains the constant value that fz(a,w) takes over R.
Since the set C, 1, is fixed, v, () remains constant over I;.

Hence, we conclude that over any interval I; = (o, 1), fori = 1,...,¢ — 1, the function u} (c)
remains constant. Therefore, there are only the points «;, fori = 0,...,¢ — 1, at which the function
u may not be continuous. Since ¢ = O(N), we have the conclusion. O

By combining Lemma 3.]and Corollary 2.2 we have the following result, which establishes learning
guarantees for the utility function class & when f, (o, w) admits piecewise constant structure.

Theorem 3.2. Consider the utility function class U = {u,, : X — [0, H| | o € A}. Assume that for

any ¢ € X there is a partition Py, = {Rg 1, ..., Rz N} of A X W, over each of which fq, ; remains
constant. Then for any distribution D over X, and any 6 € (0, 1), with probability at least 1 — & over
the draw of S = {x1,..., @y} ~ D™, we have that

|Ex~p|tas (®)] — Egoplta-(x)]| = O ( 771110g(1\7/6)> .



(a) The piecewise structure of uy (a) and piecewise (b) Removing the surface fz (o, w) for better view
polynomial surface of fx(a, w) in sheer view. of uj, (), the boundaries, and the derivative curves.

Figure 1: A demonstration of the proof idea for Theoremin 2D (w € R). Here, the domain of
fa(a, w) is partitioned into four regions by two boundaries: a circle (blue line) and a parabola (green
line). In each region ¢, the function f5 (o, w) is a polynomial f,, ;(c, w), of which the derivative

curve % = 0 is demonstrated by the black dot in the plane of (o, w). The value of u}(«) is

demonstrated in the red line, and the red dots in the plane («, w) corresponds to the position where
fa(a,w) = uk(a). We can see that it occurs in either the derivative curves or in the boundary. Our
goal is to leverage this property to control the number of discontinuities and local maxima of v, (),
which can be converted to the generalization guarantee of the utility function class U.

Here, g € arg min, ¢ 4 % S ua(®;), and o € maxaea Egop(ua ()]

Proof. From Lemma[3.1] we know that any dual utility function u}, is piecewise constant and has at
most O(N) discontinuities. Combining with Corollary 2.2 we conclude that Pdim(i/) = O(log(N)).
Finally, a standard result from learning theory (Theorem [C.1}) gives us the final guarantee. O

In many applications, the partition of f(c, w) into connected components is typically defined by
M boundary functions hy, 1 (o, w), . .., he ar(a, w). When the boundary functions are polynomials
with bounded degree, we have the following concrete result for such a case, which is a direct
consequence of Theorem 3.2}

Corollary 3.3. Consider the utility function classU = {uq : X — [0,H| | @ € A}. Assuming

that for any x, there are M boundary functions hg 1, . .., he v partitioning the domain A x WV into
P = {Rm,l, ey Rm7N}, over each of which f, ; remains constant. Assuming that the boundary
Sfunctions hy ;, where i = 1,..., M, are polynomials in o, w of degree at most A. Then for

any distribution D over X, and any § € (0,1), with probability at least 1 — 6 over the draw of
S ={x1,...,&m} ~ D™, we have that

|Eapltas ()] — Egopltia: ()] = O ( \/dlog(MA) n log(1/6)>

m

d+1
M polynomial boundary functions in @ and « of degree at most A. Combining with Theorem 3.2}
we have the final conclusion. O

d+1
Proof. From Theorem there are at most N < O (M—A) connected components created by

Remark 1. Theorem[3.2|can be applied beyond polynomial boundaries, for example, settings where
the boundary functions consist of Pfaffian functions (which is a generalization of polynomial functions
that includes exponential and logarithmic functions). See Appendix[J|for a detailed discussion.



4 Piecewise polynomial parameter-dependent dual function

We examine the case where f5(«, w) exhibits a piecewise polynomial structure. Concretely, the
domain A X W = [Qmin, Omax] X [Wmin, Wmax|® is partitioned into N connected components by
M algebraic sets Zp,, ; = {(o,w) € AXW | hg j(a,w) = 0}, for j = 1,..., M. Here, each
boundary function hg ;(c, w) is a polynomial in o and w of degree at most A;. The resulting parti-
tion Py = {Rg 1, - - - , Re, ~ } consists of connected components R, i, each formed by a connected
component of A x W — Uj]‘/ilZ h,,; and its adjacent boundaries (Definition ﬁi Within each connected
component R, ;, the function f (o, w) is a polynomial f5 ;(c, w) of degree at most A,,. We call
fa,i the piece function. The dual utility function u},(cr) can then be written as:

us () = sup fe(a,w) = max sup fei(la,w) = max u; (a),
* w: (o, w)EAXW * ie{l,..., N}w:(a,w)GRm7,; o ie{l,...,.N} o )

where U;H(Oé) = SUPw:(a,w)€ERq, fac,i(aa w)

For a better understanding of the proof techniques used for the main results (Theorem [.1), we
encourage the reader to consider the simpler case where d = 1 (see Appendix [F.4). Figure
demonstrates the piecewise structure of the dual function in this case. We can see that for any «
the value of the dual u}, () is given by the value of f(a, w) on some point (&, w) that lies either
on some derivative curve or on one of the boundaries. Our proof obtains a bound on the number
of all such points (&, w) that are “critical”, i.e. where a switch may occur between boundaries and
derivative curves (or between pairs of boundaries, or pairs of derivative curves). Between such critical
points, we use the Lagrange’s multiplier theorem (Theorem [F3)) to express the locations of the local
extrema of u}, as intersections of algebraic varieties. In summary, we use the above arguments to
bound the number of discontinuities and local maxima of u},(«), which can be converted to the
generalization guarantee of the utility function class /.

Our main result in this section applies to the general multidimensional case, w € R?. While the
overall proof strategy is similar, it needs significant extensions and refinements (Remark f). We
begin with the following regularity assumption on the piece and boundary functions f ; and hy ;.

Assumption 1. Given any dual utility functions u’, (o) with corresponding boundary functions hy, ;,
forj=1,..., M, and piece functions fy;, fori =1,..., N, satisfying the following property: for
any set of S boundary functions h, ..., hg chosen from the set of boundaries {hy 1,...,he m},
and any piece function f chosen from the set of piece functions { fz 1, ..., fz.N}, we assume

1. Extended linearly independent constraints qualification (ELICQ): The Jacobian Jp (v, w) has
full row rank when evaluated at (o, w) € h™'(0). Moreover, if S < d, we assume that Jp,(w)
has full row rank hen evaluated at (o, w) € h™*(0).

2. Non-degeneracy (ND): the polynomial function P(a,w,X) = det(Jip v, r)(w, X)) is not
identically zero on any (d + 1)-dimensional irreducible component of the real algebraic set
Zp = {(a,w,\) € RS | h(a,w, A) = 0}. Here, L(c, w, A) = f(c, w) + A" h(a, w).

Remark 2. 1. The ELICQ assumption consists of two parts. The LICQ part is a standard assumption
in parametric optimization literature (or in constraint optimization in general, see e.g., [31}132])
and corresponds to assuming that Jy,(w) has full row rank when evaluated at (o, w) € h™'(0),
for S < d. The second part, assuming that the Jacobian Jp(a, w) has full row rank when
evaluated at (o, w) € h=1(0), essentially says that O is a regular value of h. This assumption
is directly implied by LICQ when S < d. For S > d + 1 (where LICQ is inapplicable as
rank(Jp(w)) < d) this assumption implies that the solutions that satisfy h(a,w) = 0 are
isolated points for S = d + 1, or the solution set is empty for S > d + 1. We note that this
assumption is relatively mild since Sard’s theorem (Theorem[F15)) asserts that the set of a regular
value of a smooth map (h in this case) has Lebesgue measure 0 in the co-domain.

2. The ND assumption is also relatively mild. Roughly speaking, it requires that there is at least one
point (o, w, A) satisfying h(o, w) = 0, where P(a,w, ) is non-zero. Intuitively, we use this
assumption to show that the intersection of derivative curves with boundaries can be decomposed
into a bounded number of monotonic curves (Definition[I9), which we show to have favorable
structure (Lemma[F19), playing an important role in our analysis.

We now state our main structural result, and provide a brief proof sketch (full proof in Appendix [F3).

Theorem 4.1. Consider the utility function class U = {u, : X — [0,H] |
a € [Qmin, Omax]}-  Assume that fi(a,w) admits piecewise polynomial structure with



N piece functions fr; (for i = 1,...,N) and M boundaries functions hg ; (for j =
1,..., M) satisfying Assumption [I}  Then for any distribution D over X, for any § €

(0,1), wp. at least 1 — & over the draw of S = {x1,....,xpm} ~ D", we
have |]E;13ND[U&ERM(-'E)]_]EwND[U@* (m)H _ O(\/10gN+dlog(TAnM)+log(1/5)) . Here’ ds c

argminge 4 = S0 Ua (@), & € maxge s Egnplta ()], and A = max{A,, Ay} is the maxi-
mum degree of piece functions fg ; and boundaries hy, ;.

Proof Sketch. The proof consists of three main steps. Step 1: bound the number of possible
discontinuities and local maxima of v’ («) under Assumption [3| a stronger assumption compared to
Assumption Step 2: we show that, for any u},(«) that satisfies Assumption we can construct
vk () satisfies Assumption and is arbitrarily close to u}(«). Step 3: we can use this property to
recover the learning guarantee for /. The key ideas of each step are sketched below.

1. We show that if the piece functions f5; and boundaries hs ; satisfy a stronger assumption
(Assumption[3)), we can bound the pseudo-dimension of U (Theorem[F.23)). The steps are:

(a) From Lemma [2.T} we know that it suffices to bound the number of discontinuities and local
maxima of u},. From Lemma [F-T|and Proposition [F.2] we can bound the number of discontinuities
and local maxima of u}, by bounding those of u}, ;, for any piece i. Hence, in the next few steps,
our main object of study is uy, ;. 7

(b) We first demonstrate that the hyperparameter domain A can be partitioned into intervals using

d+1
the set of points A; C A that has at most O ((2A)d+1 (%) ) elements. For each interval

1, there exists a set of subsets of boundaries S;t C 2H=.i guch that for any set of boundaries
S = {hs,,...,hss} € S, ;. the intersection of boundaries {(c, w) | (e, w) = 0,h € S}
in S contains a feasible point (a, w) for any « in that interval. The key idea of this step is to
upper bound the number of a-extreme points (Definition [/)) of connected components of such
intersections, using Warren’s theorem (Lemma[F-8). In words, the goal of this step is to partition
the hyperparameter space .4 into intervals, that over any interval I; in the partition, there is some
set of set of boundaries S}B,t such that for any o’ € Iy, there is at least one point that lies in the
intersection of set of boundaries S € S;’yt that has a-coordinate equal to .

(c) Now note that, for any w,, that maximizes fg ;(c, w) for any fixed «, due to the Lagrangian
multipliers theorem (Theorem , there is a set of boundaries S = {hs 1, ..., hs s} such that
hs(a,wo) =0, VyLs(o,wae,Ay) = 0, for some A,. Here, hs = (hs1,...,hs,s) is the
polynomial mapping constructed by the boundary functions corresponding to some set S of
boundaries, Ls(c, w, A) = fu.i(a,w) + A" hs(a,w) is the corresponding Lagrangian function.
Next, our goal is to decompose the solution set of the above Lagrangian into a union of monotonic
curves (Definition[I9), which we show to have the following property: for any a € Iy, there is
at most one point (o, w, A) in the monotonic curve C' (Lemma .

Towards this goal, we refine the partition of A into intervals, using the set of points
As that contains points in A; and some additional points in set 3, for a total of

) ((2A)2d+1 (%)d + A% (%)d) elements. Here, B is the set of a-coordinates of
the set of points in 3, which contains the points («, w, A) that satisfy
hs(a,w) =0, VyLs(a,w,A) =0, det(Jg (w,A))=0.

where Jg_(w,A) is the Jacobian of ks = (hs,VLs) with respect to (w, ). Under
Assumption [3]2, the number of such points is bounded, leading to the number of elements in
B being bounded. In any interval I; in the partition of A created by the set of points A2, we claim
that the set Zz . = {(a, w, A) | ks (o, w,\) = 0} defines a smooth one-dimensional manifold
in the space of (o, w, A).

(d) Next, we want to partition the hyperparameter space « into intervals, such that in any interval, the
function u, ; can be written as the point-wise maximum of the piece function f ;(cv, w) along
some fixed set of monotonic curves. Concretely, we further refine the partition of .4 into intervals,
using the set of points A3 C A that contains the points in 45 and some extra points in the set D.
Here, D contains the a-extreme points of connected components of the algebraic set Zz _ (where

ks = (hs, VwLs) as defined in (c)) and the a-coordinate of the intersections between ZES with



another boundary b’ ¢ S, for some fixed set of the boundaries S. In any interval Iy, there is a fixed
set C; of monotonic curves such that for any o € Z, the function uj, ; can be written as u}, ; (o) =
maxcec, go ('), where go (o) = fz.i(o/,wy ), and (o/, wyr, Ay ) is the unique point in mono-
tonic curve C that has a-coordinate equal to o/ (a property of monotonic curve, see Lemma |[F.19).
Therefore, over this interval, u, ;(«) is continuous, since each g () is continuous (Lemma F.1).

(e) Moreover, we show that in each interval I;, any local maximum of u;,i(a) is a local maximum
of fz.i(a, w) along a monotonic curve (Lemma[F.21). Again, we can control the number of such
points using Bezout’s theorem (Corollary and Assumption [3]3. Finally, we put together
all the potential discontinuities and local extrema of g, ;. Combining with Lemma we have
the upper-bound for Pdim(t{) (Theorem [F.26).

2. We show that for any function class &/ whose dual functions ., have piece functions and boundaries
satisfying Assumption[I] we can construct a new function class V. The dual functions v}, of V have
piece functions and boundaries that satisfy Assumption[3] Moreover, we show that ||u}, — v}||o
can be made arbitrarily small. See Lemma [F.30| for a proof overview as well as the detailed proof.

3. Finally, using the results from Step (1), we establish an upper bound on the pseudo-dimension
for the function class V described in Step (2). The result can then be used to determine the
learning-theoretic complexity of ¢/ by applying Lemma|C.3]and Lemma|C.4} Standard learning
theory literature then allows us to translate the learning-theoretic complexity of ¢/ into its learning
guarantee. This final step is detailed in Appendix [F.3] O

4.1 Relaxation to approximate-ERM oracle

The preceding analysis implicitly assumes access to an exact-ERM (e-ERM) oracle in defining the
dual utility function. In practice, however, such an exact oracle is unavailable; instead, we typically
have access to an approximate-ERM (a-ERM) oracle (for example, the weights learned using gradient

descent based optimization) which we formalize below.

Assumption 2 (£-a-ERM oracle and its induced function class). Consider a utility function class

U={uq : X - [0,H] | o € A}. Assume that we access to a §-a-ERM oracle such that given

a problem instance x and a hyperparameter «, return W, such that |uk (o) — vk ()| < &, where
*

Uy (@) = SUDP . ( w)eaxw [z (@, W), and vy (o) = fo(a, Wy ). We further define V = {v : X —
[0, H] | « € A} the induced function class by the £-a-ERM oracle, where v, (x) := v ().

The below gives learning guarantees for the induced function class V' (proof in Appendix [G).

Theorem 4.2. AssumingU = {uq : X — [0, H] | & € [Qmin, Omax]} Satisfying Assumption[l] Let
V={vy: X = [0,H] | a € A} be the induced function class by -a-ERM oracle. Then for any
distribution D over X, for any ¢ € (0,1), w.p. at least 1 — § over the draw of S = {x1,..., &} ~

D™, we have |Eqp[Vay, ()] — Egp|va- (x)]] = O (\/log N +dlog(AM) tlog(1/6) | 5) .

m

S Applications

We demonstrate the application of our results to two specific hyperparameter tuning problems in
deep learning. We note that the problem might be presented as analyzing a loss function class
L={l,: X —[0,H] |« € A} instead of utility function class i = {uy : X — [0, H] | a € A},
but our results still hold, just by defining u, (x) = H — £, (x). We establish bounds on the complexity
of tuning the linear interpolation hyperparameter for activation functions, which is motivated by
DARTS [14], and exploring the tuning of graph kernel parameters in Graph Neural Networks (GNNs),
in both regression and classification problems. We present below the guarantee for tuning interpolation
hyperparameter of neural activation functions here (details and other applications in Appendix [H).

We consider a feed-forward neural network f with L layers, W; parameters in the i layer, and W =
ZiL=1 W, is the total number of parameters. We denote by k; the number of computational nodes in

layer ¢, and let k = Ele k;. At each node, we choose between two piecewise polynomial activation
functions, 0; : R — R and o2 : R — R. The domain of the activation functions is partitioned by
finitely many breakpoints, such that the activation function is polynomial in each partition. For exam-
ple, 0 is a breakpoint of the ReLU activation function. Liu et al. [14] propose a simple method for se-
lecting activation functions: during training, they define a general activation function o as a weighted



combination of 0; and o,. While their framework is more general, allowing for multiple activation
functions and layer-specific activation, we analyze a simplified version. The combined activation func-
tion is given by o(x) = ao1(z) + (1 — a)oa(x), where a« € [0, 1] is the interpolation hyperparameter.
This framework can express functions like the parametric ReLU, o(z) = max{0, z} + o min{0, z},
which empirically outperforms the regular ReLU which corresponds to o = 0 [33].

In parametric regression, the final layer output is g(c, w, ) = § € R”, where w € W C RW is the
parameter vector and « is the architecture hyperparameter. The loss for a single example (z,y) is
llg(c, w, x) — y||?, and for T examples, we define

1 .
(X Y)=min = 3 flglovw.2) —y|* = min f(X.Y).a,w).
(z,y)€(X,Y)

With X as the space of T-example sets, we define the loss function class £AF = {/, : X —
R | @ € [Qmin, ¥max]}. We aim to provide a learning-theoretic guarantee for £AF. Given a
problem instance (X,Y’), the key idea is to establish a piecewise polynomial structure for the
parameter-dependent dual function f( x y)(c, w), and then apply our main result Theorem We
establish this structure by extending the inductive argument due to Bartlett et al. [34] who establish
the piecewise polynomial structure of the neural network output as a function of just the parameters
w (i.e. when there are no hyperparameters) on any fixed collection of input examples.

Theorem 5.1. Let LAT denote loss function class defined above, with activation functions oy, 02
having maximum degree A and maximum breakpoints p. Given a problem instance x = (X,Y),
the dual loss function is defined as (%,(«) := mingew (2, o, w) = mingew fo(o, w). Then,
fa (o, w) admits piecewise polynomial structure with bounded pieces and boundaries. Further, if the
piecewise structure of fz(a, w) satisfies Assumption then for any § € (0,1), w.p. at least 1 — ¢
over the draw of problem instances S = {x1, ..., Ty} ~ D™, where D is some distribution over X,
we have

Eopllas(@)] — Egoplla- ()] = O ( \/ L2W log A + LW log(Tpk) + log(1 /5)) |

m

6 Conclusion and future work

In this work, we combined tools from multiple fields, including algebraic geometry, differential
geometry, constrained optimization, and statistical learning theory to provide bounds on the sample
complexity of hyperparameter tuning when the parameter-dependent dual function admits polynomial
structures. We further show that this piecewise polynomial structure is observed in data-driven
model hyperparameter tuning of neural networks, specifically for tuning graph kernels for graph
convolutional networks and interpolation parameters for neural activation functions. We note that our
proposed framework is applicable beyond neural networks for data-driven algorithm design.

A major open question is to extend our work to multiple hyperparameters (i.e., « € R"). For
the case of one-dimensional hyperparameter, we showed that when the parameter-dependent dual
function fg (o, w) is piecewise polynomial, then the dual utility function () has bounded
oscillations, even if it is not as structured as the parameter-dependent dual; this bounded oscillations
structure is sufficient to imply learnability. An interesting open technical question is determining
the analogous structure to bounded oscillations in the case of multiple hyperparameters. In the
case of one-dimensional hyperparameters, we leveraged and extended tools from differential
geometry, combined with constrained optimization techniques to prove that the dual utility function
has bounded oscillations. We believe that our idea can serve as a first step in generalizing to the
high-dimensional regimes. Another open question is to give a simpler analysis for one-dimensional
hyperparameter, potentially under weaker assumptions.
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A Additional related work

Learning-theoretic complexity of deep nets. A related line of work studies the learning-theoretic
complexity of deep networks, corresponding to selection of network parameters (weights) over a
single problem instance. Bounds on the VC dimension of neural networks have been shown for
piecewise linear and polynomial activation functions [35} 34] as well as the broader class of Pfaffian
activation functions [36]. Recent work includes near-tight bounds for the piecewise linear activation
functions [37] and data-dependent margin bounds for neural networks [38]].

Data-driven algorithm design. Data-driven algorithm design [11} 39} 40] is an emerging field that
adapts algorithms’ internal configuration to specific problem instances, particularly in parameterized
algorithms with multiple performance-dictating hyperparameters. Unlike traditional worst-case or
average-case analysis, this approach assumes problem instances come from an application-specific
distribution. By leveraging available input problem instances, this approach seeks to maximize
empirical utilities that measure algorithmic performance for those specific instances. This method
has demonstrated effectiveness across various domains, including low-rank approximation and
dimensionality reduction [41} 42| 43|, accelerating linear system solvers [44] |45]], mechanism design
[46,147]], sketching algorithms [48]], branch-and-cut algorithms for (mixed) integer linear programming
[49], learning decision trees [50]],among others. Prior work has also studied online learning of
algorithms [S1}152,153L 154, 155]]. In this work, we focus mainly on the statistical learning setting and
extending our techniques to online learning is an interesting future direction.

Neural architecture search. Neural architecture search (NAS) captures a significant part of the
engineering challenge in deploying deep networks for a given application. While neural networks
successfully automate the tedious task of “feature engineering” associated with classical machine
learning techniques by automatically learning features from data, it requires a tedious search over
a large search space to come up with the best neural architecture for any new application domain.
Multiple different a pproaches with different search spaces have been proposed for effective NAS,
including searching over the discrete topology of connections between the neural network nodes, and
interpolation of activation functions. Due to intense recent interest in moving from hand-crafted to
automatically searched architectures, several practically successful approaches have been developed
including framing NAS as Bayesian optimization [[18 |56} 20], reinforcement learning [15 [19]],
tree search [57, 58], gradient-based optimization [14]], among others, with progress measured over
standard benchmarks [59} 160]]. [61] introduce a geometry-aware mirror descent based approach to
learn the network architecture and weights simultaneously, within a single problem instance, yielding
a practical algorithm but without provable guarantees. Our formulation is closely related to tuning the
interpolation parameter for activation parameter in the NAS approach of [14], which can be viewed
as a multi-hyperparameter generalization of our setup. We establish the first learning guarantees for
the simpler case of single hyperparameter tuning.

Graph-based learning. While several classical [62] 163} (64! [65] as well as neural models [22} (66,
67.,168]] have been proposed for graph-based learning, the underlying graph used to represent the data
typically involves heuristically set graph parameters. The latter approach is usually more effective
in practice, but comes without formal learning guarantees. Our work provides the first provable
guarantees for tuning the graph kernel hyperparameter in graph neural networks.

Comparison to Hyperband [8]. Hyperband is one of the most notable works for hyperparameter
tuning of deep neural networks with principled theoretical guarantees, albeit under strong assumptions.
Here, we provide a detailed comparison between the guarantees presented in Hyperband and our
results.

1. Hyperparameter configuration setting: Theoretical results (Theorem 1, Proposition 4) in
Hyperband assume finitely many distinct arms and the guarantees are with respect to the best
arm in that set. Even their infinite arm setting considers a distribution over the hyperparameter
space from which n arms are sampled. It is assumed that n is large enough to sample a good arm
with high probability without actually showing that this holds for any concrete hyperparameter
loss landscape. It is not clear why this assumption will hold in our cases. In sharp contrast, we
seek optimality over the entire continuous hyperparameter hyperparameter range for concrete loss
functions which satisfy a piecewise polynomial dual structure.
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2. Guarantees: The notion of “sample complexity” in Hyperband is very different from ours.
Intuitively, their goal is to find the best hyperparameter from learning curves over fewest training
epochs, assuming the test loss converges to a fixed value for each hyperparameter after some epochs.
By ruling out (successively halving) hyperparameters that are unlikely to be optimal early, they
speed up the search process (by avoiding full training epochs for suboptimal hyperparameters). In
contrast, we focus on model hyperparameters and assume the network can be trained to optimality
for any value of the hyperparameter. We ignore the computational efficiency aspect and focus on
the data (sample) efficiency aspect which is not captured in Hyperband analysis.

3. Learning setting: Hyperband assumes the problem instance is fixed, and aims to accelerate
the random search of hyperparameter configuration for that problem instance with constrained
budgets (formulated as a pure-exploration non-stochastic infinite-armed bandit). In contrast, our
results assume a problem distribution D (data-driven setting), and bounds the sample complexity
of learning a good hyperparameter for the problem distribution D.

B Technical challenges and novelty

Our main contributions (Lemma [3.2] Theorem [4.T)) in this paper is introducing new technique for
analyzing the model hyperparameter tuning in data-driven setting, where the parameter-dependent
dual function f (o, w) admits a specific piecewise polynomial structure. In this section, we will
make an in-depth comparison between our setting and the settings in prior work in data-driven
algorithm hyperparameter tuning, and discuss why our setting is challenging and requires novel
techniques to analyze.

Challenges. Our setting requires significant technical novelty beyond prior work in data-driven
algorithm design. Generally, most prior work on statistical data-driven algorithm design falls into
two categories:

1. The hyperparameter tuning process does not involve the parameters w, that is, the learning
algorithm is completely determined by the hyperparameter o and has no parameters that need
to be tuned using a training set. Some concrete examples include tuning hyperparameters of
hierarchical clustering algorithms [25} 26], branch and bound (B&B) algorithms for (mixed)
integer linear programming [69, 28]|, and graph-based semi-supervised learning [23]]. The typical
approach is to show that the utility function v («) admits specific piecewise structure of a,
typically piecewise polynomial and rational.

2. The hyperparameter tuning process involves the parameters w, for example in tuning regularization
hyperparameters in linear regression. However, here the optimal parameters w*(«/) can either
have a closed analytical form in terms of the hyperparameter « [29], or can be easily approximated
in terms of v with bounded error [[70].

However, in our setting, the utility function u}(«) is defined via an optimization problem
uk (@) = maxy, fo(o, w), where the parameter-dependent dual function f, (o, w) admits a piece-
wise polynomial structure. This involves the parameter w so it does not belong to the first case, and
it is not clear how to use the second approach either. This is why our problem is quite challenging

and requires the development of novel techniques.

New techniques. Two general approaches are known from prior work to establish a generalization
guarantee for .

1. The first approach is to establish a pseudo-dimension bound for I/ via alternatively analyzing
the learning-theoretic dimensions of the piece and boundary function classes, derived when
establishing the piecewise structure of u}; («) (following Theorem 3.3 of [12]]). We build on this
idea. However, in order to apply it we need significant innovation to analyze the structure of the
Sfunction u}, in our case.

2. The second approach is specialized to the case where the computation of % («) can be described
via the GJ algorithm [48]], where we can do four basic operations (4, —, X, +) and conditional
statements. However, it is not applicable to our case due to the use of a max operation in the
definition.

As mentioned above, we follow the first approach though we have to develop new techniques to
analyze our setting. Here, we choose to analyze u’ () via indirectly analyzing f5 (o, w), which is
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shown in some cases to admit piecewise polynomial structure. To do that, we have to develop the
following:

1. A connection between number of discontinuities and local maxima of the dual utility function
u (), and the learning-theoretic complexity of .

2. An approach to upper-bound the number of discontinuities and local extrema of u,(«). This is
done using ideas from differential/algebraic geometry, and constrained optimization. We note that
even the tools needed from differential geometry are not readily available, but we have to identify
and develop those tools (e.g. monotonic curves and its properties, see Definition 12 and Lemma

18).

That corresponds to the main contribution of our papers (Theorem 3.2} 4.T). We then demonstrate the
applicability of our results to two concrete problems in hyperparameter tuning in machine learning
(Section[3).

C Learning theory background

C.1 Uniform convergence

Definition 1 (Uniform convergence, [71]). Let F be a real-valued function class which takes input
from domain X, and D is a distribution over X. If for any € > 0, and any § € (0, 1), there exists
a number N (¢, 0) depending on € and 6 such that with probability at least 1 — & over the draw of
m > N(e,0) iid. samples 1, ..., &, ~ D, we have

A = sup ;;ﬂwi) — Epunlf(@)]| <

then we say that (the empirical process of) F uniformly converges with sample complexity N (e, ).

C.2 Shattering and pseudo-dimension

We now formally recall the definition of shattering and pseudo-dimension, the main learning-theoretic
complexity used throughout this work, as well as the corresponding generalization results.

Definition 2 (Shattering and pseudo-dimension, [72]). Let U be a real-valued function class, of
which each function takes input in X. Given a set of inputs S = (21, ..., &) C X, we say that S is
pseudo-shattered by H if there exists a set of real-valued thresholds r1, . .., 7., € R such that

{(sign(u(x1) —r1),...,sign(u(xy,) —rm)) | u e U} =2™.
The pseudo-dimension of H, denoted as Pdim(U), is the maximum size m of an input set that H can
shatter.
The following classical result shows that if a real-valued bounded function class has finite pseudo-
dimension, then it has uniform convergence property.

Theorem C.1 ([72]). Given a real-valued function class U whose range is [0, H|, and assume that
Pdim(U) is finite. Then, given any § € (0,1), and any distribution D over the input space X, with
probability at least 1 — 6 over the drawn of S = {x1,..., Ty} ~ D™, we have

<0 (I{\/nl1 (Pdim(u) +1In ;)) .

Besides, we also use the notion of Rademacher complexity, as well as its connection to the pseudo-
dimension. This learning-theoretic complexity notion is very useful in our analysis, especially for
simplifying Assumption [3|to Assumption|[I] a critical step when establishing Theorem [F.25]

w(x;) — Egoplu(x)]

m
=1

1
m

7

C.3 Rademacher complexity

Definition 3 (Rademacher complexity, [71]). Let F be a real-valued function class mapping from
X to [0,1]. For a set of inputs S = {x1, ..., xy}, we define the empirical Rademacher complexity
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Hs(F) as

R 1 n
Hs(F) = EEQ ..... €m~iiid unif +1 [sup ZEJ(%)} .

€F“
i=1
We then define the Rademacher complexity % pm, where D is a distribution over X, as

R (F) = Bspm[Zs(F)].

Furthermore, we define
Anl(F) = sup Hs(F)
Sexm
Theorem C.2 (Empirical Rademacher complexity givrs uniform convergence). Let F be a class of
functions mapping X to |0, 1]. Then for any § € (0, 1), with probability at least 1 — § over the draw
of S ~ D™, the following holds simultaneously for all f € F:

In(2/9)

m

Eooplf <—Zf )+ 2R (F)+3

z€eS

The following lemma provides a useful result that allows us to relate the empirical Rademacher
complexity of two function classes when the infinity norm between their corresponding dual utility
functions is upper-bounded.

Lemma C.3 ([73]). Let F = {fo: X = [0,1] |a € A} and G = {go : X = [0,1] | @ € A}
where A C RY. For any S C X, we have

45(F) < A5(0) + 757 X I = el

xes
where [ : A —[0,1] and g}, : A — [0, 1] are defined as

fala) = fa(z), gi(a) = ga(z).

The following theorem establishes a connection between pseudo-dimension and Rademacher com-
plexity.

Lemma C.4 ([74]). Let F be a function class with a bounded pseudo-dimension consisting of
functions f : F — [0, 1). Then B (F) = O ( Pdm(f))

m

D Additional results and omitted proofs for Section 2.1]

In this Appendix, we will recall the definition of oscillations of a real-valued function proposed by
Balcan et al. [12]], and extend their results to obtain useful lemmas for bounding the pseudo-dimension
of our function classes.

D.1 Oscillations and connection to pseudo-dimension

When the function class i = {uq : X — R | @ € R} is parameterized by a real-valued index c, [12]
propose a convenient way for bounding the pseudo-dimension of H, via bounding the oscillations of
the dual function u}, () := u, () corresponding to any problem instance . In this section, we will
recall the notions of oscillations and the connection of the pseudo-dimension of a function class with
the oscillations of its dual functions. This tool is very helpful in our later analyses.

Definition 4 (Oscillations, [12]). A function h : R — R has at most B oscillations if for every z € R,
the function o = Iy (q)>2) IS piecewise constant with at most B discontinuities.

An illustration of the notion of oscillations can be found in Figure 2] Using the idea of oscillations,
one can analyze the pseudo-dimension of parameterized function classes by alternatively analyzing
the oscillations of their dual functions, formalized as follows.

Theorem D.1 ([12]). LetU = {uy : X = R | a € R}, of which each dual function u%,(«) has at
most B-oscillations. Then Pdim(U) = O(log B).
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Figure 2: This figure demonstrates the oscillation property for a function h : R — R. The oscillation
of a function A is defined as the maximum number of discontinuities in the function I{n(a)>zy- as the
threshold 2 varies. The figure shows several graphs of I, (4)>.} corresponding to different choices
of the threshold z. We can observe that when z = z1, the function I (,)>.} exhibits the highest
number of discontinuities, which is 4. This number of discontinuities is also the maximum for any
choice of z. Therefore, we conclude that i has 4 oscillations.

D.2 Omitted proofs for Section 2.1]

The following result allows us to draw a connection between the number of discontinuities and local
maxima of piecewise continuous function and its number of oscillations.

Lemma D.2. Let h : R — R be a piecewise continuous function which has at most By discontinuity
points, and has at most By local maxima. Then h has at most O(By + Bs) oscillations.

Proof. We show that in each interval where h is continuous, we can bound for any z, the number of
solutions of h(a) = z using the number of local maxima of h. Aggregating the number of solutions
across all continuous intervals of h yields the desired result.

For any z € R, consider the function g(«) = I (4)>}. By definition, on any interval over which
h is continuous, any discontinuity point of g(«) is a root of the equation h(a) = z. Therefore, it
suffices to give an upper-bound on the number of roots that the equation h(a)) = z can have across
all the intervals where h is continuous.

Let a1 < as < .-+ < ay be the discontinuity points of i, where N < B; from assumption.
For convenience, let oy = —oo and ay41 = oo. Forany ¢ = 1,..., N, consider an interval
I; = (a;, a; + 1) over which the function h is continuous. Assume that there are E; local maxima of
the function h in the interval I;, meaning that there are at most 2F; 4 1 local extrema. We now claim
that there are at most 2F; + 2 roots of h(«) = z in I;. We proceed by contradiction: assume that
af <az <--- < asp 5 are 2F; + 3 roots of the equation h(a) = z, and there is no other root in
between. We have the following claims:

*

* Claim 1: there is at least one local extremum of / in (oz;, a; +1)- Since h has a finite number of
local extrema, meaning that & cannot be constant over [aj, a;f +1]. Therefore, there exists some
o' € (af,aj, ) such that h(a') # z, and note that z = h(ajj) = h(aj, ). Since h is continuous
over [a},aj ], from extreme value theorem (Theorem F.6), i (when restricted to [}, o, 4])
reaches minima and maxima over [}, o, ;]. However, since there exists o such that h(a’) # z,
then h has to achieve minima or maxima in the interior (a;-‘, aj +1)- That is also a local extremum
of h.

* Claim 2: there are at least 2F; + 2 local extrema in (a7, a7, , 5). This claim follows directly from
Claim 1.

Claim 2 leads to a contradiction. Therefore, there are at most 2F; + 2 roots in the interval ;. which
implies there are Zf\io 2E;+2N roots in the intervals I; fori = 1,..., N. Note that Zi\;o FE; < Bs,
N < Bj by assumption, and each discontinuity point of & could also be discontinuity point of g, we
conclude that there are at most O(B; + Bs) discontinuity points for g, for any z. O

We are now ready to give a formal proof for Lemma [2.1]

Theorem(restated). Consider a real-valued function classU = {uq, : X — R | a € R}, of
which each dual function ul(«) is piecewise continuous, with at most By discontinuities and Ba
local maxima. Then Pdim(U) = O(log(B; + Bz)).
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Proof. From assumption, for each problem instance x, the dual utility function u} () is piecewise
continuous with at most B discontinuities and By local maxima. Combining with Lemma @l,
u () has O(log(By + B>)) oscillations. From Theorem[D.1} we have the conclusion. O

Compared to Lemma[2.T] the proof of Lemma[2.2]is more straightforward as it can be directly derived
from the definition of oscillation (Definition ).

Lemma 2.2] (restated). Consider a real-valued function class U = {uq : X — R | o € R},
of which each dual function u’(«) is piecewise constant with at most B discontinuities. Then
Pdim(U/) = O(log B).

Proof. Consider a dual function v, («) which is a piecewise constant function with at most B
discontinuities. I« (o).} i piecewise continuous with at most B discontinuities for any threshold
z € R. Assume, for the sake of contradiction, that there exists z € R such that I,x (a)>.} has N
discontinuities, for some N > B + 1. Since u,(«) is piecewise constant, any discontinuities of
[{yx (a)>=} is also a discontinuity of uj, («), meaning that u}, () has at least N discontinuities, which
leads to a contradiction. Therefore, we conclude that v}, («) has at most B oscillations, and thus
Pdim(#) = O(log B) by Theorem D.1] O

Remark 3. In many applications, the partition of fz(a, w) into connected components is typically
defined by M boundary functions hg 1 (o, w), . .., he pm (o, w). These boundary functions are often
polynomials in d + 1 variables with a bounded degree /. For such cases, we can establish an upper
bound on the number of connected components created by these boundary functions, represented
as R4 — UM {(a,w) | hy i(a, w) = 0}, using only A and d. This bound (see Theoremin
Appendix[F1.2) serves as a crucial step in applying Theorem[3.2}

Notice that Lemma [D.2]does not apply in the case where the function h may have constant pieces, as
they correspond to infinitely many local maxima. To handle this more generally, we introduce the
following definition.

Definition 5 (B-monotonicity). A function h : R — R is said to be B-monotonic if its domain can
be partitioned into at most B intervals such that on each interval: either (a) h is strictly monotonic
and continuous, or (b) h is a constant function.

While a bounded number of discontinuity points and local maxima implies B-monotonicity, the
converse may not be true. We now show how to bound the number of oscillations of B-monotonic
functions.

Lemma D.3. Any B-monotonic function h : R — R has O(B) oscillations.

Proof. Suppose I be an interval over which h is piecewise constant. Then the function g, : p —
I¢n(p)>=y 1s also constant over I for any z € R (either constant zero or constant one throughout 1
depending on z). On the other hand, if A is strictly monotonic and continuous over I, then g, is
piecewise constant over I with at most two pieces. Thus, g, has at most 2B discontinuities for any z,
or h has O(B) oscillations by Definition [4] O

We conclude with the following corollary (immediate from Lemma|D.3]and Theorem for the
special case of piecewise constant functions. Compared to Lemmal[2.1] the proof of Lemma[2.7]is
more straightforward as it can be directly derived from the definition of oscillation (Definition [4).

Lemma [2.2| (restated). Consider a real-valued function class U = {u, : X — R | a € R},
of which each dual function ul,(«) is piecewise constant with at most B discontinuities. Then
Pdim(U) = O(log B).

Proof. Consider a dual function v, («) which is a piecewise constant function with at most B
discontinuities. [, ()>} is piecewise continuous with at most B discontinuities for any threshold
z € R. Assume, for the sake of contradiction, that there exists z € R such that I,x (q)>.} has V
discontinuities, for some N > B + 1. Since v, () is piecewise constant, any discontinuities of
[{ux (o)} s also a discontinuity of uy, (), meaning that uj, () has at least N discontinuities, which
leads to a contradiction. Therefore, we conclude that %, («) has at most B oscillations, and thus
Pdim(#) = O(log B) by TheoremD.1] O
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E Anillustration for the proof in Section 3]

max

a

min

min

Figure 3: A demonstration of the proof idea for We begin by partitioning the domain
A of the dual utility function v’ («) into intervals. This partitioning is formed using two key
points for each connected component R in the partition P, of the domain A x W of fg(«a, w):
arnf = info{o @ Jw, (o, w) € R} and apgp = sup,{a : Jw, (o, w) € R}. Given that P
contains N elements, the number of such points is O(N). We demonstrate that the dual utility
functions u}, remain constant over each interval defined by these points.

F Additional results and omitted proofs for Section {4
In this section, we will present the required background and supporting results for Lemma 4}

F.1 General auxiliary results

We first present some useful auxiliary lemmas.

F.1.1 Results for analyzing local maxima of pointwise maximum function

In this section, we recall some elementary results which are crucial in our analysis. The following
lemma says that the pointwise maximum of continuous functions is also a continuous function.

Lemma F.1. Let f; : X — R, wherei =1, ..., N, be continuous functions over a subset X C R",
and let f(x) = max;cq1,... Ny fi(x). Then we have f(x) is a continuous function over X.

Proof. In the case N = 2, we can rewrite f(x) as

(o) = MEELE | 25 @) gy,

which is the sum of continuous functions. Hence, f(x) is continuous. Assume the claim holds for
N =k, we then claim that it also holds for N = k + 1 by rewriting f(x) as

fa) = max{_max, (@) fun(a) |

ie{l,....k}

Therefore, the claim is established by induction. O

The following results are helpful when we want to bound the number of local maxima of pointwise
maximum of differentiable functions. In particular, we show that the local maxima of g(x) =
max;eq1,....n} 9i(x) is the local extrema of one of the functions g;(x). This property helps us
controlling the number of local maxima of g(x) by controlling the number of local maxima of each
function g; ().

Proposition F.2. Let X be a finite-dimensional Euclidean space and g; : X — R, where i =
1,..., N, be continuous functions on X with the local maxima on X is given by the set C;. Then the
function g(x) = max;eq1,... n1{9i(x)} has its local maxima contained in the union Uicy1 .. Ny Ci.
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Proof. Let @’ be alocal maxima of g(x). It means there exists a neighborhood A, of &’ such that
for any © € N/, we have g(x’) > g(x). Let g; be a function s.t. g;(x’) = g(«’). Then

(p!) = > — : > .
gi(xz') = g(z') > g(x) je{IR?“?fN}gj(w)fgz(w)v

for any & € N/ This means that &’ is the local maxima of g;, i.e, ' € C; C Ujeqq,. . NCj. O

.....

We recall the Lagrangian multipliers theorem, which allows us to give a necessary condition for the
extrema of a function over a constraint.

Theorem F.3 (Lagrangian multipliers, [75]). Let h : R? — R, f : R? — R" be C? functions, and
let Zp = {x € R?| f(x) = 0} C R Assume that for all xy € Zg, rank(Js »(xo)) = n. If ' is
a local extrema of h on Z¢, then there exists X = (A1, ..., A\n) € R™ such that:

Vha') = SONVI(@), and f(a) =0,
=1

where X is called Lagrangian multipliers.

We next recall the following well-known results that characterize the local extrema of continuously
differentiable functions over a compact set.

Lemma F.4 (Fermat’s interior extremum theorem). Let f : D — R be a continuously differentiable
function, where D C R™ is an open set, and suppose that x' is a local extrema of f in D. Then

Vi) =0o.

Corollary E.5. Let f : D — R be a differentiable function, where D C R™ is a compact set. If
@' € D is alocal extrema of [ in D, then x is either: (1) an interior point of D and V f (x') = 0,
or (2) a point in the boundary bd(D) of D.

Lemma F.6 (Extreme value theorem). Let f : D — R be a continuous function, where D C R™ is a
compact set, then f is bounded in D and there exists x1, 2 € D such that f(x1) = sup,cp f(x)
and f(x2) = infzep f(x).

We also recall the well-known Sauer-Shelah Lemma.

Lemma FE.7 ([76]). Let 1 < k < n, where k and n are positive integers. Then

> (1)< (3)"

=0

F.1.2 Results for bounding the number of connected components defined by algebraic sets

In this section, we formally define connected components and extreme points.

Definition 6 (Connected components). A connected component of a set S C R? is a maximal
nonempty subset A C S such that any two points of A are connected by a continuous curve lying in

Definition 7 (Extreme points of a connected component). Let S C R x R™ and let A be a connected
component of S. We call x 4 i = inf{z € R | Jy € R™, (x,y) € A}, and x4 sup = sup{z € R |
Jy € R™, (x,y) € A} the x-extreme points of A.

The following theorems allow us to upper-bound the number of connected components defined by
algebraic sets and the complement of algebraic sets.

Lemma E.8 ([77]). Let p be a polynomial in n variables. If the degree of polynomial p is A, the
number of connected components of {z € R™ | p(z) = 0} is at most 2A™.

Theorem F.9 ([77]). Suppose N > n. Consider N polynomials p1, . ..,pn in n variables, each of
degree at most A. Then the number of connected components of R™ — UN_ {z € R" | p;(2) = 0} is
O (53)"

For a connected component C' of R — Uﬁvz 1Zp,, we can define its adjacent boundaries, which is the
algebraic set Z,, that is adjacent to C.
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Definition 8 (Adjacent boundaries). Consider N polynomials p1,...,pyN in n variables, and let
Zy,, = {z € R"™ | p;(2) = 0} be the algebraic set defined by p;. Let C be any connected component
of R —UN., Z,,,. We say that Z,,, is an adjacent boundary to C if C N Z,, # (. Here C is the
closure of C.

The following result is a direct consequence of Bezout’s theorem [[78]].

Corollary F.10. Let f1,..., f,, : R® — R be n polynomials in n variables of degree dy, . .. ,d,,
respectively. Assuming that N;_, Zy, has only isolated points, then the number of isolated solutions
of NP Zy, is at most [ [}, d;.

We also have the Bezout’s theorem specialized for the two-dimensional case.
Corollary F.11 (Bezout’s theorem on a plane, [79])). Let f1, fo : R? — R are two polynomials with

no common factor (of degree more than 1). Let Zy, NZys, = {(z,y) € R? | fi(z,y) = fa(z,y) = 0}.
Then the number of points in Zg, N Zy, is at most deg(f1) - deg(f2).

F.2 Background on differential geometry

In this section, we will introduce some basic terminology of differential geometry, as well as key
results that we use in our proofs. First, we recall the definition of a topological manifold.

Definition 9 (Topological manifold, [80]). A subset M C R™ is a topological manifold of dimension
k< nif:

s For any p € M, there exists an open neighborhood U C RY of p and a homeomorphism
¢:UNM =V, where V C RF is open.

* M is equipped with the subspace topology inherited from R (i.e., a subset S C M is open in M if
there is an open set S" in R™ such that S = S’ N M), is Hausdor{f (any two points in M have two
corresponding disjoint neighborhoods), and second-countable (M has a countable basis).

Using the subspace topology, we can define the open set and neighborhood in a topological manifold
as follows.

Definition 10 (Open set). Let M C R"™ be a topological manifold. A subset S C M is called open
in M if there exists an open set S’ in R™ such that S = M N S’.

Definition 11 (Neighborhood). Let M C R"™ be a topological manifold, and let p is a point in M.
Then a neighborhood of p in M is an open subset S of M that contains p.

We will now define charts, atlases, and smooth (differentiable) manifolds. Roughly speaking, given
a manifold M, one can think of a chart (U, ¢), where U is a neighborhood of some point in M, as
a way to assign (Euclidean) coordinates to a local region in M. An atlas then describes the local
coordinate systems that cover all M, and the transition map describes how we convert coordinates
between overlapping charts.

Definition 12 (Charts, atlas, and transition map, [80]). A chart on M C R" is a pair (U, ),
where U C M is open, and ¢ : U — RF is a homeomorphism. An atlas is a collection of charts
{(Uq; ¢a)} covering M, i.e., M C UyUy. For overlapping charts (Uy, ¢o) and (Ug, ¢3), the map
g0 byt ¢a(Ua NUg) — ¢5(Us NUg) is called the transition mapping between open subsets of
RF.

Definition 13 (Smooth manifold, [80]). A subset M C R™ is a smooth manifold of dimension k < n
if it has an atlas where all transitions maps are smooth (C').

We now define the smooth map between smooth manifolds.

Definition 14 (Smooth map between smooth manifolds, [80]). Let M C R™ and N C R™ be
smooth manifolds in R™ and R™, respectively. A map f : M — N is called smooth if: for every
p € M, there exists charts (U, ¢) containing p and (V1)) containing f(p) such that the coordinate
representation o fotp=1 : (UN FH(V)) — (V) is smooth in the standard sense (i.e., infinitely
differentiable).

In case that M and N are Euclidean spaces, the definition of a smooth map just has the standard
sense.
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Definition 15 (Smooth map between Euclidean spaces). f : R™ — R™ is a smooth map if it is
infinitely differentiable, i.e., if every partial derivative of f exists and is continuous.

We now define the tangent space and the regular value of a smooth map. Intuitively, the tangent space
T, (M) of a smooth manifold M at point p represents all the directions that we can move along from
p and still stay in the manifold M.

Definition 16 (Tangent space, [80]). Let v : (—¢,€) — M be a smooth curve in M with v(0) = p.
The tangent vector v = +'(0) represents a direction "along M " at p. The tangent space Tp,(M) is
the set of all such vectors v obtained from smooth curves though p, i.e.,

Tp(M) = {7'(0) | v : (—¢,€) = M smooth,y(0) = p}.

Definition 17 (Regular value, [80]). Let M C R™ be a smooth k-dimensional submanifold, and
let f : M — R™ be a smooth map. A point € € R™ is called a regular value of f if for every

pE fﬁl(e), the Jacobian evaluated at p of an ambient map j" : R — R™ of f extended to the
ambient space R™, when restricted to Tp(M ), has rank m:

rank <J}(p)

> = dim <{J}(p)z |z € Tp(M)}) =m.

Tp(M)

In case M is an open subset in R™ (including R” itself), we can simplify the definition of regular
value as follow.

Corollary F.12. Let M is an open set in R", and let f : M — R™ be a smooth map. Then € is a
regular value of f if for any p € f~*(€), the Jacobian matrix J¢(p) has rank m.

The following result shows the smooth manifold structure of the preimage of regular values.

Lemma F.13 (Preimage theorem, [80]). Let f : M — R™ is a smooth map, where M C R" is a
k-dimensional smooth manifold of R™ and k > m. Let € € R™ be a regular value of f. Then f~* (€)
defines a (k — m)-dimensional smooth sub-manifold in M.

In the case M = R", we can further simplify the lemma above as follows.

Corollary F.14. Let f : R™ — R™ is a smooth map, and let € € R™ be a regular value of f. Then
F ' (e) defines a (k — m)-dimensional smooth manifold in R™.

The following theorem says that for any smooth map f, the set of non-regular values of f has
Lebesgue measure zero.

Theorem F.15 (Sard’s theorem, [80]]). Let M C R"™ be a smooth manifold in R™, and let f : M —
R™ be a smooth map. Then the set of non-regular value of f has Lebesgue measure zero in R™.
Moreover, if dim(M) > m, then f~*(€) has dimension diim(M) — m, and if dim(M) < m, then
f (M) has measure zero.

F.3 Monotonic curve and its properties

In this section, we propose the definition of monotonic curve and establish some important properties,
which will play a key role in our main results.

Definition 18 (Polynomial map and zero set). Let
fFRxR* — R™
(x,y) = (fl(x?y)v“-afd(xay))

be a smooth map. If forany i = 1,...,m, f;(x,y) is a polynomial of x and y, then we call f the
polynomial map, and Zy = {(z,y) € R x R™ | f(x,y) = 0} the zero set of the polynomial map f.

Specifically, if n = m and 0 € R" is a regular value of the polynomial map, then the zero-
set Z¢ inherits favorable structure. We note that f being a polynomial map allows us to use
Warren’s theorems (Theorem [F.9] Lemma [F:8)) to derive the upper-bound for the number of connected
components for Z¢ and R x R — Z¢, regardless of whether O is a regular value of f.

Corollary F.16. Let f : R x R™ — R™ be a polynomial map. Assume that 0 € R™ is a regular
value of f, then Z¢ defines a smooth I-dimensional manifold in R x R™.
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Proof. This result follows directly from Corollary [F.14] O

We are now ready to define monotonic curves.

Definition 19 (z-Monotonic curve). Let f : R x R™ — R™ be a polynomial map, and assume that
0 € R™ is a regular value of f. Let C C Z¢ be an connected open set in Zg. The curve C'is said
to be x-monotonic if for any point (a,b) € C, we have det(J¢ (a,b)) # 0, where J¢ y(a,b) is a
Jacobian of [ with respect to y evaluated at (a, b), defined as

Iraast) = | 5 )]

y] mxXm

A key property of an z-monotonic curve C' is that for any g, there exists at most one y such that
(z0,y) € C. We will formalize this claim in Lemma |F.19] but first, we will review some fundamental
results necessary for the proof.

Theorem F.17 (Implicit function theorem, [81]]). Let f
f:R*"xR™ -5 R™
(x7y) = (fl(m7y)a ) f’!n(x7y))7

be a continuously differentiable function. Consider a point (a,b) € R™ x R™ such that f(a,b) =0
and the Jacobian
ofi

1= (5 00)

is invertible, then there exists a neighborhood U of a in R™ and a neighborhood V' of b in R™, such
that there exists a unique function g : U — V such that g(a) = b and f(x,g(x)) = 0 for all
x € U. We can also say that for (x,y) € U x V, we have y = g(x). Moreover, g is continuously
differentiable and, if we denote

Jiz(ab) = [gi (a, b)]

mxn

then

{gj ("”)] = = (@, 9(@)], 0 1o (@ 9(@)lmscn-

mXn

Theorem F.18 (Vector-valued mean value theorem). Let S C R™ be an open subset on R™ and
let f : S — R™ be a continuously differentiable function. Consider x,y € S such that the
line segment connecting these two points is contained in S, i.e. L(x,y) C S, where L(x,y) =
{tx + (1 —t)y | t € [0,1]}. Then for every a € R™, there exists a point z € L(x,y) such that

(a, f(y) = f(z)) = (@, Jp2(2)(y — 2)).

We are now ready to present a formal statement and proof for the key property of z-monotonic
curves, which essentially says that for a monotonic curve C' any x, there is at most one y such that
(mOa y) eC.

Lemma F.19. Ler f : R x R™ — R™ be a polynomial map, and assume that 0 € R™ is a regular
value of f. Let f be a monotonic curve in Zg. Then for any xy € R, there is at most one point
y € R™ such that (zo,y) € C.

Proof. (of Lemma Since 0 € R™ is a regular value of f, then Z; defines a smooth 1-
dimensional manifold in R x R™. Therefore, C' is a connected open subset of an 1-dimensional
smooth manifold V¢ means that C is diffeomorphic to (0, 1). This means there exists a continuously
differentiable function h, where

h:(0,1)—>C
t= (z,y) = (ho(t), ha(t), ..., hm(t)) € C,
with corresponding inverse function h':C— (0, 1) which is also continuously differentiable.

We will prove the statement by contradiction. Assume that there exists (xo, ¥4 ), (o, ¥y5) € C where
Y1 # Y. Then we have two corresponding values t; = h™ (9, y,) # to = h™'(x0,¥y,). Using
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Mean-value Theorem (Theorem |F.18)) for the function h, for any a € R™*1, there exists z, € (0, 1)

such that

<a7 (07 Ay)) = <a7 At]h,t(za)> ’
where Ay = y2 —y; # 0, At =t —t1 # 0, and Jp, 1 (2,) = (%(za), ‘95;1 (za), -, 3&;’* (2a))-
Choose @ = a1 = (1,0,...,0) € R x R™, then from above, there exists z4, € (0,1) such

that % = 0. Now, consider the point (z4,,Y,,) = h(za,). From the assumption,
t:zal

det(Jfy(Za,,Yq,)) # 0. Therefore, from Implicit Function Theorem (Theorem [F.17)), there exists

neighborhoods U of 24, in R, V of y, ,in R™, such that there exists a continuously differentiable

function g : U — R™, such that for any (x,y) € U x V, we have y = g(x). Again, at the point

(Ta,,Yq,) corresponding to ¢ = z4,, we have

y; _0g; Ox _0
ot — Jx Ot t=2a,
This means that at the point ¢ = z4,, we have % = %ﬁi =0.
t:2a1 t:zal

Note that since h is a diffeomorphism, we have t = (h~' o h)(t). From chain rule, we have
1 = Jy-1 p-Jn,. However, if welett = zq,, then Jp ¢(a1) = 0, meaning that Jy, -1 - Jh ¢(2a,) = 0,
leading to a contradiction.

From Definition [20] and Proposition |F. 19} for each x-monotonic curve C, we can define their z-end
points, which are the maximum and minimum of x-coordinate that a point in C' can have.

Definition 20 (z-end points of a monotonic curve). Let C' be a monotonic curve as defined in
Definition[I9} Then we call sup{x | Jy, (z,y) € V} and inf{z | Iy, (z,y) € V'} the x-end points
of C.

We now show that the pointwise maximum of continuous functions along monotonic curves is also
continuous. We then relate the local maxima of the pointwise maximum with the local maxima of
continuous functions along the monotonic curves in Proposition [F.21]

Proposition F.20. Let M C R™ be a topological manifold, and let S be an open subset in M. Let p
be a point in S, and assume that V' is a neighborhood of x in S. Then V is also a neighborhood of p
in M.

Proof. First, note that since V' is a neighborhood of p in .S, V' is an open set in the subspace topology
S, meaning that there exists an open set 7" in M such that V' = S N T. However, note that both S
and T are open sets in M, which implies V is also an open set in M. And since V' contains p, we
have that V' is a neighborhood of p in M. O

Proposition F.21. LerC = {C,...,Cy} be a set of k x-monotonic curves as defined in Definition
that have x1,xo as x-end points. Consider a smooth function g : R x R™ — R, and let
h:(x1,29) = R defined as

h(z) = max g(lc,(2)),

where Ic, : (z1,22) — R X R™ maps x to the point Ic,(x) = (z,y,) € C;. Then h(x) is
continuous over (21, x2), and for any local maximum ' of h(x), there exist a point (2',y,,) that is
a local maximum of the function g(x,y) restricted to some monotonic curve C € C. Moreover, if h is
strictly monotonically decreasing (resp. strictly monotonically increasing, constant) at x' € (x1, 22),
then h(z') = g(I¢,(a")) for some i such that g o I¢, is strictly monotonically decreasing (resp.
strictly monotonically increasing, constant).

Proof. From the property of monotonic curves, it is easy to show that I, is a diffeomorphism
between (z1,x2) and C;. Therefore, g o I, : (1, x2) — R is a continuous function. This implies
that h is the pointwise maximum of continuous functions, and hence is also continuous.

Now consider any monotonic curve C' € C. Assume 2’ is a local maximum of g o I in (z1, 22).
By definition, there exists an open neighborhood V' of &’ in (x1,x2) such that for any = € V,

29



g(Ic(2")) > g(Ic(z)). Since I¢ is a diffeomorphism between (1, 22) and C, this implies I (V)
is also an open set in V' that contains I («'). Now for any (z,y,) € Ic(V) where y,, is the unique
value corresponding to 2 in C, we have g(,y,) = g(Ic(x)) < g(Ic(2')) = g(2’, y,). This means
(', y,) is a local maximum of g in C.

Finally, it suffices to give a proof for the case of k = 2. Let h(x) = max{g(Ic, (z)), 9(Ic,(x))}.
We claim that any local maximum of A would be a local maximum of either g o I, or go I¢, in
(21, 22) . Assume that 2’ is a local maximum of 4 in (x1, x2), then there exists an open neighbor V'
of ' in (a1, a2) such that for any « € V, h(z) < h(z’). WLOG, assume that h(z') = g(I¢, (z')).
Then we have:

9(c, (2) = h(z') = h(z) = max{g(Ic, (x)), 9(Ic, (2))} = 9(Ic, (x)),

for any = € V. This means that 2’ is a local maximum of g o I, in (e, a2). Combining with the
above, we also have (2, y,,)) is the local maximum of ¢ in C.

Similarly, suppose that A is strictly monotonically decreasing at z’. Then for a sufficiently small
left-neighborhood L = (2’ — £, 2'), we must have that A is strictly monotonically decreasing over L
and h(z) = g(I¢,(x)) forall 2 € L for some fixed i. Moreover, go I, must be strictly monotonically
decreasing over sufficiently small R = (2/, 2’ + €), as g(I¢;(x)) < h(x) over R and h is strictly
monotonically decreasing for sufficiently small 1. O

Proposition F.22. Let C = {C1,...,Cy} be a set of k x-monotonic curves (Definition that
have x1, x5 as x-end points. Consider a smooth function g : R x R™ — R. Define g; : R — R as
gi(x) = g(Ig,(x)), where Ic, : (x1,22) = R X R™ maps x to the point I, (z) = (x,y,) € C;.
Let h: (x1,x2) — R be given as

1=1,...,

h(z) = Enaxkgl-(a:).
Then if each g; is B;-monotonic (Definition , then h is O(Zle B;)-monotonic.

Proof. Let A; denote the finite set (of smallest size) of critical points for g;, such that between
any two consecutive points in A;, g; is either strictly monotonic or a constant. By Definition [3]
and the assumption that g; is B;-monotonic, we have that |A;| = O(B;). Let A = U; A;. Clearly,
|A] <> Al = O(Zf:1 B;). Consider any two consecutive points aj, as in A. We claim that A is
3-monotonic over (a1, ag).

To establish this claim, we consider two cases for any point a € (aq, as).

(i) Case: h(a) = g;(a) and g; is strictly monotonically decreasing at a. We claim that for any
a’ € (a1,a), h(a’) is strictly monotonically decreasing. If not, then h(a’) = g;(a’) for some
function g; that is either constant or monotonically increasing at @’ (since there are no critical points
for g; in (a1, a2)). But this contradicts h(a) = g;(a) as g;(a) < gi(a’) < gj(a’) < g;(a) < h(a).

(ii) Case: h(a) = g;(a) and g; is strictly monotonically increasing at a. By inverting the argument for
Case (i) above, for any a’ € (a,az), h(a’) is strictly monotonically increasing.

Let af = sup{a € (ai,a2) | his strictly monotonically decreasing at a} and a), = inf{a €
(a1, az) | his strictly monotonically increasing at a}. By cases (i) and (ii) above, and using Proposi-
tion we have a1 < o < a}, < as. Thus, h is 3-monotonic over (a1, as) as it must be strictly
decreasing over (a1, a} ), constant over (a}, a}) and strictly increasing over (a, as). Therefore, h is

3| A|-monotonic or equivalently O( Zle B;)-monotonic over the entire domain. O

F.4 Simpler illustrative case: hyperparameter tuning with a single parameter

We provide some intuition for our novel proof techniques by first considering a simpler setting. We
first consider the case where there is a single parameter and only one piece function. That is, we
assume that d = 1, N = 1, and M = 0. Since there is only one piece in this case, we abuse the
notations and use interchangeably uj, and fz for uy ; and fz 1, respectively. This means f,, is now
a polynomial function of o, w of degree at most A, instead of admitting a piecewise polynomial
structure.

We first present a structural result for the dual function class U/, which establishes that any function
uy, in the dual utility function class U™ is piecewise continuous with O(AIZ)) pieces. Furthermore,
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we show that there are O(A3) oscillations in %, which implies a bound on the pseudo-dimension of
U™ using results in Section @

Our proof approach is summarized as follows. We note that the supremum over w € W in the
definition of u}, can only be achieved at a domain boundary or at a point (o, w) that satisfies

kz(a,w) = w = 0, which defines an algebraic curve. We partition this algebraic curve into
monotonic arcs [82, [83]], which intersect & = g at most once for any «. Intuitively, a point of
discontinuity of u}, can only occur when the set of monotonic arcs corresponding to a fixed value
of a changes as « is varied, which corresponds to a-extreme points of the monotonic arcs. We
use a direct consequence of Bezout’s theorem (Corollary to upper bound these extreme points
of kg (c,w) = 0 to obtain an upper bound on the number of pieces of u%. Next, we seek to upper
bound the number of local extrema of u}, to bound its oscillating behavior within the continuous
pieces. To this end, we need to examine the behavior of % along the algebraic curve hy, (o, w) =0
and use the Lagrange’s multiplier theorem (Theorem [F:3)) to express the locations of the extrema as
intersections of algebraic varieties (in o, w and the Lagrange multiplier \). Another application of
Bezout’s theorem (Corollary [F.10) gives us the desired upper bound on the number of local extrema
of uy,.

Lemma F.23. Letd =1, N = 1, M = 0. That is, there is a single parameter, a single piece function,
and no boundary functions. Assume that A = [Oimin, Omax] ad W = [Wimin, Wmax). Then

(a) The hyperparameter domain A can be partitioned into (’)(Ai) intervals such that u}, is a
continuous function over any interval in the partition.

(b) g, is O(A2)-monotonic (Definition @)

Proof. (a) Denote kg (a,w) = W. From assumption, f;(a,w) is a polynomial of « and
w, therefore it is differentiable everywhere in the compact domain [vmin, Gmax] X [Wmin, Winax)-
Consider any g € [min, @max)> We have {(a, w) | & = ag} N ([@min, @max) X [Wmins Wmax]) 18
an intersection of a hyperplane and a compact set, hence it is also compact. Thus Fermat’s interior
extremum theorem (Lemma applies and, for any «v, f (v, w) attains the local maxima w either
in Winin, Wmax, Or for w € (Wmin, Wmax) such that kg (ag,w) = 0. Note that from assumption,
fo(a, w) is a polynomial of degree at most A, in @ and w. This implies k(o w) is a polynomial
of degree at most A, — 1.

Denote Cy = V (k) the zero set of k in R := A x W. If C has any components consisting
of axis-parallel straight lines &« = a1, we include the corresponding discontinuities (later) via the
intersections of C, with the boundary lines w = wyin, Wmax- Therefore, assume that C';, does not
have such components. For any oy, C, intersects the line @ = o in at most A, — 1 points by
Bezout’s theorem (Corollary @) This implies that, for any «, there are at most A, + 1 candidate
values of w which can possibly maximize f5(«, w), which can be either win, Wmax, Or On some
point in C'z,. We can decompose C, into monotonic arcs using well-known techniques from algebraic
geometry [82, 83]. We then define the candidate arc set C : A — M (Cy) as the function that
maps ag € A to the set of all maximal a-monotonic arcs of Cy, (Deﬁmtlon@], informally arcs that
intersect any line & = g at most once) that intersect with @ = . By the argument above, we have
|C(a)| < Ap + 1 for any .

We now have the following claims: (1) C is a piecewise constant function, and (2) any point of
discontinuity of v, must be a point of discontinuity of C. For (1), we will show that C is piecewise
constant, with the piece boundaries contained in the set of a-extreme pointﬂof C and the intersection
points of C,, with boundary lines w = wWin, Wmax- Indeed, for any interval I = (g, a2) C A, if
there is no a-extreme point of Cy, in the interval, then the set of arcs C(«) is fixed over I by Definition
Next, we will prove (2) via an equivalent statement: assume that C is continuous over an interval
I C A, we want to prove that u} is also continuous over /. Note that if C is continuous over I,
then v} («v) involves a maximum over a fixed set of a-monotonic arcs of Cy, and the straight lines
W = Wpin, W = Wax. SiNce f is continuous along these arcs, so is the maximum u;, (Lemma|F.).

The above claim implies that the number of discontinuity points of C upper-bounds the number of
discontinuity points of u% («). Using a well-known result for algebraic curves (e.g. [84]), the number

*An a-extreme point of an algebraic curve C'is a point p = (o, W) such that there is an open neighborhood
N around p for which p has the smallest or largest a-coordinate among all points p’ € N on the curve.
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of a-extreme points is O(A2). Moreover, there are O(A,,) intersection points between Cy, and the

boundary lines w = wyiy and w = wpyax. Thus, the total discontinuities of C are O(AIQ,), giving an
upper bound on the number of discontinuity points of u,.

(b) Consider any interval I C A over which the function C is continuous. In particular, this means
that there is no a-extreme point corresponding to any « € I. By Proposition [F.2]and Proposition
F.22] it suffices to bound the B-monotonicity of f, along the algebraic curve C,, (i.e. along a fixed
set of monotonic arcs of C) and the straight lines w = Wi, and W = Wiax.

To bound the number of elements of the set of local maxima of f,, along the algebraic curve Cp,
consider the Lagrangian
L{a,w, ) = fz(a,w) + Mg (o, w).

From the Lagrange’s multiplier theorem, any local maxima of f; along the algebraic curve Cy is
also a critical point of £, which satisfies the following equations

L  Ofn | \Oka Ofa 0?fy

da Oa )\% = a * Aaaaw =0,
0L _ Ofs  \Oka _ Ofs  \ Ofo _
P00 0w = 0w oz =0
oL . Ofs

o ke= g, =0

Plugging 7 f = — () into the second equation above, we get that either A = 0 or % J; 2 = (. In the

former case, the first equat1on 1mphes 9= — (). Thus, we consider two cases for critical points of L.
Let’s suppose (&, @) is a local maximum of f, along C. There must exist a A such that (&, @, \)
satisfies the Lagrangian equations above.

Case \ = 0. of ”(a ®) — =0, of m{;& D) = 0. For this to be true, &, w must be at the intersection of the

algebraic curves 5 “”(a w =, & “”(a ®) — (. By Bezout’s theorem on the plane (Corollary -,

these algebraic curves intersect in at most A2 points, unless the polynomials 8f, ma(g,w)7 CICKD)

O fe(a,w) Bfm(oz,wo)t o
ow O -

have a common factor. In this case, we can write

g(a, w)g2 (o, w) where ¢ = ged (%{;‘ , %) and g1, go have no common factors. Now for any

= g(o, w)g1 (o, w) and

point (&, w) on the curve g(a, w) = 0, we have both Mg}w) 0, 2=(&%) _ () Therefore, for
any two points (a1, w;) and (az,ws) on the curve g(a, w) = 0, fm(al,wl) = fo(ag,ws). Thus,
f= 1s constant along g(c,w) = 0. Recall that we are computing the local maxima on an interval
I, corresponding to a fixed set of monotonic arcs of ko (and therefore also g, which is a factor
of kz). By Bezout’s theorem (Corollary [F.11), g1 (o, w) = 0, g2(a,w) = 0 intersect in at most
deg(g1)deg(gz2) < A2 points (since they do not have any common factors), which are the only other
candidate points for Wthh (&, w,0) satisfies the Lagrangian. Thus, the number of local maxima of
u, that correspond to this case (i.e. across all monotonic arcs not corresponding to g) is O(Ai).

Case \ # 0. 2f ma(a ) — 0, i fgéla ®) — (). This essentially corresponds to the a-extreme points
computed above (see e.g. [85]), and do not occur over any interval I considered here.

Similarly, the equations fq (o, Wyin) = 0 and fz (@, Wmax) = 0 also have at most A, solutions each.

Putting together, by [Theorem F.22] we conclude that u, is O(Ai)—monotonic. O

Theorem F.24. Pdim(U/*) = O(log A).

Proof. FromlTheorem F.23| and lTheorem D.3|, we conclude that u}, has at most O(Ag) oscillations
for any uj, € U*. Therefore, using|[Theorem D.1} we conclude that Pdim(/*) = O(log A,). O

Remark 4. Challenges of generalizing the one-dimensional parameter and single region setting
above to high-dimensional parameters and multiple regions. Recall that in the simple setting above,
we assume that fq (o, w) is a polynomial in the whole domain R := [Gmin, @max] X [Wmin, Wmax)-
In this case, our approach is to characterize the manifold on which the optimal solution of
MAXep:(a,w)eR fe(a,w) lies, as a varies. We then use algebraic geometry tools to upper bound
the number of discontinuity points and local extrema of u}, () = MaXyy:(q,w)er f (o, w), leading
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to a bound on the pseudo-dimension of the utility function class U by using our proposed tools in
Section[2.1] However, to generalize this idea to high-dimensional parameters and multiple regions is
much more challenging due to the following issues: (1) handling the analysis of multiple pieces while
accounting for polynomial boundary functions is tricky as the w* maximizing fz (o, w) can switch
between pieces as o is varied, (2) characterizing the optimal solution maXy.(q w)er fa (o, w) is
not trivial and typically requires additional assumptions to ensure that a general position property
is achieved, and care needs to be taken to make sure that the assumptions are not too strong, (3)
generalizing the monotonic curve notion to high-dimensions is not trivial and requires a much more
complicated analysis invoking tools from differential geometry, and (4) controlling the number of
discontinuities and local maxima of u}, over the high-dimensional monotonic curves requires more
sophisticated techniques.

F.5 Omitted proofs for Theorem [4.1]

In this section, we will present a detailed proof for Theorem (.1}

hei1=0 hy,i2=0

Ofx,i \
P iy
qw

Figure 4: A simplified illustration for the proof idea of Theorem where w € R. Here, our goal
is to analyze the number of discontinuities and local maxima of uy, ; (). The idea is to partition
the hyperparameter space A into intervals such that over each interval, the function u}, ;(c) is the
pointwise maximum of f5 ;(, w) along some fixed set of “monotonic curves” C (curves that intersect
a = g at most once for any ). u;i(a) is continuous over such interval; this implies that the
interval endpoints contain all discontinuities of u, ;(«). In this example, over the interval (cv;, a;t1),
we have uy, ;(a) = maxc, { fa,i(@, w) : (o, w) € C;}. Then, we can show that over such an interval,
any local maximum of u®*(«) is a local extremum of f ;(c, w) along a monotonic curve C' € C.
Finally, we bound the number of points used for partitioning and local extrema using tools from
algebraic and differential geometry.

Theorem [4.1| (restated). Consider the utility function class U = {uq, : X — [0,H] | a € A}
Assume that the parameter-dependent dual function f (o, w) admits piecewise polynomial structure
with the piece functions fz ; and boundaries hy ; satisfying Assumption Then for any distribution
D over X, for any 6 € (0, 1), with probability at least 1 — 6 over the draw of S ~ D™, we have

Bt [ty ()] — Eaprp[ties (2)]| = O ( \/logN ¥ dlog(AM) + log(1 /5)) |

m

Here, M and N are the number of boundaries and connected sets, A = max{0y, 04} is the maximum
degree of piece functions f, ; and boundaries hy, ;.

Proof. In this section, we will first go through the general idea of the proof for Theorem[4.1] and its
main steps. The proof consists of three main steps. Step 1: we first bound the number of possible
discontinuities and local extrema of v («) under Assumption (3} which is a stronger assumption
compared to Assumption 1. Step 2: we show that, for any u},(«) that satisfies Assumption |1}, we
can construct v, (cv) satisfies Assumption[3|and is arbitrarily close to u (c). Step 3: we can use this
property to recover the learning guarantee for /. The key ideas of each step are sketched below.
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First step: the proof requiring a stronger assumption

To begin with, we first start by stating the following stronger assumption compared to Assumption [I}

Assumption 3 (Regularity assumption). Assume that for any dual utility function u}(c), its piece
functions fz i(a,w) (fori = 1,...,N) and boundary functions hy j(a,w) (for j = 1,...,M)
satisfy the following property. For any piece function f chosen from{fz 1, ..., fz,N} and S boundary
Sfunctions hy, ..., hg chosen from {hg 1, ..., he ), the following conditions are met:

1. Consider the polynomial map h, where
h R — R?
h(a,w) — (h(a,w),..., hs(a,w)).
Then 0 € R® is a regular value of h. Furthermore, if S < d, we have Jp,(w) has full row rank

for (a,w) € h~1(0).
2. Consider the polynomial map k, where

L. RIS+, Ra+S
(,w,A) +—  (ki(a,w,A), ..., kgrs(a,w,A)).
Here, S < d and k(c, w,\) = (ki(a,w, \), ..., kqrs(a,w,N)) is defined as
kj(a,w, X) = h;(a, w), ji=1,...,8,
ksyi(a,w,A) = Oy, L(a,w, N), i=1,...,d,

where L(c,w,\) = f(co, w) + X" h(a,w). Then there exists a set of real values = consisting of
at most A*5+24 elements such that the Jacobian J&(w, X) has full row rank for all (o, w,X) €

Eil(O) such that o ¢ =.
3. Consider the polynomial map p

1 :R2d+25+1 N R2d+23+1
ll’(av w, 7, )‘7 0) = (Ml(av w, 7, )‘7 0)7 L) ,u2d+25+1(0‘7 w, ", )‘7 0))
Here, S < d, A € R®, 0 € R, Y€ R?, and each w; is defined as follows:

wila, w, vy, A, 0) =hj(e,w),j=1,...,5

M5+j(a7wv77>‘70) :PYTV’whj(O@w)aj = 1a'~'7S

tos+i(a, w, v, X, 0) = Oy, L(a,w,N),i=1...,d

MZS-‘,—d-ﬁ-i(a?wv’Ya )‘79) = 8’wi [L(Oé, w70) + 7Tv’wL(a7w7 A)]7’L =1,... 7d

/~L25+2d+1(a7 w, ", >‘7 0) = Oa [L(O[, w, 0) + PYTVWL(OQ w, )‘)]

Then the Jacobian J,,(c,w,~, A, ) has full row rank for all (o, w,~, X, 0) € p='(0) such that
o & =, where E is defined in (2).

Under Assumption [3| we have the following result, which gives the pseudo-dimension upper-bound
for the utility function class Uf.

Theorem F.25. Assume that Assumption 3| holds, then for any problem instance x € X, the dual
utility function v} () satisfies the following:

(a) The  hyperparameter  domain A can be partitioned into at  most
d d

) (NA4d (48" + MN(2A)24+1 (A1) ) intervals such that ul(«) is a continu-

ous function over any interval in the partition, where N and M are the upper-bound for

the number of pieces and boundary functions respectively, and A = max{A,, Ay} is the
maximum degree of piece and boundary function polynomials.

(b) Over those intervals, uk(a) has O (NA4d+2 (%)d) local maxima for any problem in-
stance x.
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Proof. (a) First, note that we can rewrite u, ,(«) as

uy (@) = max_ fzi(o,w).
’ w: (o, w)ERg,; /

Since Em’i is a connected component in A x W, let
Qg iint = Iinf{a | Jw : (o, w) € Ry i}, Oz isup = sup{a | Jw : (o, w) € Ry}
be the a-extreme points of ﬁmy,; (Definition . Then, for any o € (O[mvi,inf, Oém,q:,sup), there exists w
such that (o, w) € Ry ;.
Let H; ; be the set of adjacent boundaries of R ; (Definition @) From assumption of problem

setting, there are at most M boundary functions h_ j, meaning that [H, ;| < M. For any subset
S={hs1,...,hs s} C Hx;, where |S| = S, consider the algebraic set Zs, where

Zs = ﬂ]S:l{(a,w) €R x R?| hgs ;(a, w) = 0}. (1)

If S > d + 1, from Assumption[3]1, Zs is an empty set. Consider S < d + 1, from Assumption[3}1,
Jn(a,w) defines a smooth (d 4 1 — S)-dimensional manifold in R x R?. Note that, this is exactly
the set of (o, w) defined by the equation

s
Z hg,j(a,w)2 =0,
j=1

where the left hand side is a polynomial in o, w of degree at most 2A. Therefore, from Lemma
the number of connected components of Zs is at most 2(2A)4*!. Each connected component
corresponds to 2 a-extreme points, meaning that there are at most 4(2A )4+ a-extreme points for all
the connected components of Zs. Taking all possible subset S of H, ; with at most d 4 1 elements,
we have a total of at most N a-extreme points, where

oy eM \ !
d+1 d+1
N < (2A) S§:O (S> < (24) (d+1> .

Here, the final inequality is from Sauer-Shelah Lemma (Lemma [F.7).

Let A; be the set of such a-extreme points. Then for any interval I; = (o, ai11) formed by two
consecutive points in .41, the set S% exists. Here, the set St1 € 2H=.i contains all subsets S of H;

such that for any S = {hs1,...,hs s} € S} and any @ € (v, v 41), there exists w such that
hs j(a,w)=0forany j =1,...,5.

Now, for any fixed o € I;, assume that w,, is a local maxima of f, ; in Rmyi (which exists due to
the compactness of Em), meaning that (o, w,,) is also a local extrema in Em. This implies there
exists a set of boundaries S € S} and X such that (o, w,,) satisfies the following due to Lagrange
multipliers theorem (Theorem [F3))

h(a,wy) =0
VuwL(a,ws, A) = 0.

Here h = {hs,, ..., hs s} is the polynomial map formed by the boundary functions in S, and
L{a,w,A) = foi(a,w) + AT h(e, w)

is the corresponding Lagrangian. Let M s be the set of points (o, w, A) that satisfy the equations
above, which defines an algebraic set. From Lemmal[F.8] the number of connected components of
Ms is at most 2(2A)4T5+1 corresponding to at most 4(2A )45+ a-extreme points. Moreover, let

k = (h,V4L). Then from Assumption 2, there exists a set of real-valued =g of at most AZ5+24
elements such that the Jacobian J(w, A) has full row rank for all (o, w, X) € ! (0) and o € Es.
Taking all possible subsets S C S} of at most d elements and noting that |St1 | < M, we have at most
o ((2A)2d+1 (%)d + A%d (%)d) such points (that are either a-extreme points or in the set of
values =g).
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Let A5 be the (sorted) set that contains all points « in .A; and the points described above. Then for
any interval Iy = (o, ayy1) formed by two consecutive points in As, there exists a set Sf € oHa.i
that contains all subsets S = {hs1,..., hs s} of Hy ; such that for any o € (o, ay+1), there exist
w,, and A, such that («, wy, Ay ) satisfies

h’(aa wa) =0,

va(Oé, W, Aoz) =0,
and Jg(w, A)|(a,w,A)=(a,wa,Aa)» Where k = (h, VL), has full row rank. Therefore, over any
interval Iy, the set of points (c, w, A) that satisfy k(a, w, A) = 0 defines a one-dimensional manifold
in the space R x R? x R® of o, w, A, and furthermore, its connected components are monotonic
curves (Definition [I9).
Note that for the points (o, W, Ao ), (@, w,) might not be in the feasible region R, ;. For each set

of boundaries S € S?, for each point (o, w) at which M can enter or exit the feasible region Ry ;,
there exists A such that (a, w, A) satisfies the equations

h(a, w) =0,

VwL(a,w,A\) =0,

I (a,w) = 0,for some b’ € Hy ; — S,
of which the number of solutions is finite due to Assumption @2. In the above constraints, the
first two equations say that the point (c, w, A) lies in the smooth one-dimensional manifold Mg,
and the last equation ensures that («, w, A) is the intersection of M s with the boundaries Z;, =
{(a,w,A) | W (a,w) = 0}. For each set S € S? and possible boundary ' € H,,; — S, the
number of such points is at most 2(2A)9+5+1, This means that there are at most 2M (2A)4+5+1
such points for each S, since |S,; \ S| < M. Taking all possible sets S and noting that S has at

most d elements, we have at most O (]\J(QA)Q‘iJr1 (%)d) such points (o, w, A), corresponding to
at most O (M(2A)2d+1 (%)d) « values.

Let A3 be the set that contains all the points in A3 and the « points above. Then for any interval
I; = (o, a441), the set S3 is fixed. Here, the set S; € 2H=.i consists of the set of all subsets
S ={hs1,...,hs,s} of Hy; such that for any fixed o € (o, ay41), there exist w, and A such
that (o, wq, Ao ) satisfy

h(a,w,)=0,7=1,...,5,

VU)L(aa W, Aa) = 0,

(a, wa) € Em,h

J(w, N (a,w,2)=(a,wa A ) has full row rank.

Again, the condition Jz(w, A)|(a,w,A)=(a,we,A.) has full row rank implies that k(a,w, \) defines
a smooth one-dimensional manifold that consists of monotonic curves.

In summary, there are a set of « points A3 of at most O (A4d (%)d + M(2A)%4+1 (%)d)

elements such that for any interval I; = (ay, a41) of consecutive points (o, ayy1) in Ay, there
exists a set C; of monotonic curves such that for any o € (v, az1), we have

uy (o) = éneag({fmyi(a,w) | 3N, (o, w, A) € C}.

x,

In other words, the value of uj, ;(a) for o € I; is the pointwise maximum of value of functions
fa,i along the set of monotonic curves C. From Proposition [F21} we have u}, ;(a) is continu-
ous over I;. Therefore, we conclude that the number of discontinuities of uj, ;(«) is at most

O (At (B) 4 Mr(2a)24 (41)"),

Finally, recall that

u (o) = ma Ugp i (C
= () ie{l,..i(N} m,l( )s

and combining with Lemma[F1] we conclude that the number of discontinuity points of u () is at
most O (NAY (4)" 4 MN(24)20+1 (<41)").
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(b) We now proceed to bound the number of local maxima of % («). To do that, we proceed with the
following steps.

Recalling useful properties from (a). Recall that we can rewrite v (o) as follows

* *
u(a) = max ul . («
z(@) ie{1,...,N} zi(0),
where
Uy (o) = max_ fz.(a, w).
w:(a,w)ER,;
In part (a), we show that: there exist oy < .. < «r, where T =

(@) (NA4d (%)d + MN(2A)2d+1 (%)d) such that for any interval I; = (o, i¢41), there exists
a set of monotonic curves C; such that

uy () = max{ fz,i(e, w) : (o, w, ) € C}.
? ceCy
Note that, from the property of monotonic curves (Lemma[F19), for each monotonic curve C' and

each «, there exists at most one (w, ) such that (a, w,A) € C, hence the definition above is
well-defined.

Now, for each interval I;, and monotonic curve C' € C;, there is connected component ﬁmyi with
the piece function f; and a set of boundaries S = {hs1,. .., hs s} C Hy , such that C is on the
smooth one-manifold M in R¥*5+1 defined by

h(a,w) =0,
VwL(a,w,\) =0,

where L(a, w,A) = fgi(o,w) + /\Th(a, w). Note that for each o € (a4, ary1) and for each
monotonic curve C, there is unique w, A such that (o, w, A) € C, and therefore uy, ; is just pointwise
maximum of fz ; along the curves C' € C;. From Proposition [F.21] to bound the number of local
maxima of uj, ;, it suffices to bound the number of local extrema of f ;(c, w) along each monotonic
curves.

Analyze the number of local maxima of f,, ; along monotonic curves. First, note that the number
of local maxima of f ; along a monotonic curve C'is upper-bounded by the number of local extrema
along C. Moreover, any local extrema of f5; along C'is a local extrema of f ; on the smooth
1-manifold M, i.e., satisfying the following constraints:

h(a,w) =0,
va(a’ w’ A) = 07

To see this, WLOG, assume that (o, w’, X’) is a local maximum of f,, ; along C. By definition, there
exists a neighborhood V of (o/, w’, X") € C such that for any (o, w, A) € V, we have fy, ;(a/, w’) >
fe,i(a,w). Note that by definition (Definition 20), C'is an open set in Ms. Combining with
Proposition we know that V is also an open neighbor of (a/,w’, \") in M. Therefore,
(a’,w’, ) is also a local maxima of f ; along Ms.

Therefore, it suffices to give an upper-bound for the number of local extrema of f; ; restricted to
M s. Consider the Lagrangian function

s d s S
0 zq(Q,w ahm(a,w)
Lo, w,v,A,0) = foila,w)+ E 0jh§7i7j(a,w) + E Ve 7f il ) + E Aj——= 2d

ow
j=1 t=1 t j=1

= L(o,w,0) +~ VLo, w, \).
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From Theorem for any local extrema (o, w, A) of fg i(c,w) in Mg, there exists § € R¥,
~ € R? such that

h(a,w) =0,

VwL(a,w,\) =0,

~TVwh(a,w) =0,

VwlL(c,w,0) +~ VLo, w,\)] =0,

Oa[L(c, w,0) + 4"V Lo, w, A)] = 0.
From Assumption 3 and Bezout’s theorem, the number of points (o, w,~y, A, 8) that satisfy the
equations above is at most A25+24+1 Hence, we conclude that there is at most A25+2¢+1 Jocal
extrema of f; ; along any monotonic curve C' of M such that (o, w) € Ry ;.

Analyzing the number of local extrema of ). In the previous step, for any set of boundaries
S C Hy,; and [S| = S < d + 1, we show that between all I;, there are at most A29+24+1 Jocal
extrema for f7 ; along any monotonic curve of Ms. We now take the sum over any & C Hg ;,

|S| = S < d and any region R; fori = 1,..., N, we then conclude that the number local extrema of
uk () across all intervals I; is O(N), where

oM
N’ — N < )A25+2d+1
2 s

i+l
— NA4d+2 Z (S) (because S < d)
5=0

d
= NA*d+2 (624) (Lemma[E7]).

Combining Theorem [F25]and Lemma 2.1} we have the following result.

Theorem F.26. LetU = {uy : X — [0,1] | a € A}, where A = [Qmin; Omax] C R. Assume that
any dual utility function u}, admits piecewise polynomial structure that satisfies Assumption [3] Then
we have Pdim(U) = O(log N + dlog(AM)). Here, M and N are the number of boundaries and
functions, and A is the maximum degree of boundaries and piece functions.

Second step: Relaxing Assumption 3|to Assumption [I|

In this section, we show how we can relax Assumption [3|to our main Assumption [T} In particular, we
show that for any dual utility function «, that satisfies Assumption|I| we can construct a function
v} such that: (1) The piecewise structure of v} satisfies Assumption and (2) |luk — v |leo can be
arbitrarily small. This means that, for a utility function class ¢/, we can construct a new function class
V of which each dual function v}, satisfies Assumption [3] We then can establish a pseudo-dimension
upper-bound for V using Theorem[F.23] and then recover the learning guarantee for I/ using Lemma

C4

We will now proceed via a sequence of claims towards establishing the reduction. First, we claim
that under Assumption [T} we have the following regularity condition.

Proposition F.27. Under Assumption|l| the Jacobian J,(w,~) of the mapping pp = (p1, - . . , ft25)
for S < d, where

{ILLJ'(OL,'LU,")’) = hj(O@'LU),fOI‘j = 13"'aSa
MS+]'(O[7UJ,’Y) :’Yvahj(aaw)vforj = 17"’757

has full row rank when evaluated at (o, w, ) such that p(co, w, ) = 0.

Proof. Note that the Jacobian J,, (w,~y) has the form

Jiw
J/-L(’w,'Y) = l:J;w J;::| .
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Essentially, in order to show J,,(w, <) is full row rank, we will use that J,, and Jo are both full
row rank, which follows from Assumption[T}1.

In more detail, here h = (hq,...,hg) and
Jiw = Jn(w)sxd; Jiy = Osxd,
v " Hy, (w)
Jow = : s 2y = Jn(w)sxd,
Y Hpg(w)] g,y

where Hj,; (w) is the Hessian of h; w.r.t. w. Now, in order to prove that .J,, (w, 7) has full row rank,
suppose that there are real coefficients 1, . . ., dog such that

258
> 650 =0,
j=1

where J; is the j th row of J (w, ). Restricting on the columns corresponding to «y, we have

2S5
Z 5th(w)j =0.

j=5+1

From Assumption[I]1, we have Jp (w) has full row rank for any («, w) that satisfies h(a, w) = 0.
It means 6; = 0 for j = S +1,...,25. Combining with Z?il 0;J; = 0, we have

s
> 60 =0
j=1
Again, using the fact that Jp, (w) has full row rank, we also claim that §; = O forj = 1,...,S.
Therefore, §; = 0 for j = 1,...,25, meaning that J,, (w, ) has full row rank. O

We now present the notion of algebraic dimension from the literature.

Definition 21 (Stratification, real algebraic dimension, |86). Ler S be a semi-algebraic set in R™.
Then S can be decomposed to finite disjoint union of smooth, connected manifolds S;, called strata,
Le.,

S=ub_S;,
where S; is a smooth manifold. The algebraic dimension of S is the maximum dimension of the
smooth manifolds in the stratification of S, i.e., Adim(S) = max!_; dim(S;).

We establish the following straightforward connection between the regular values of a function
defined on a semi-algebraic set and the algebraic dimension of its domain.

Proposition F.28. Let f : S — R™ be a polynomial map, where S is a semi-algebraic set. Then
the set of non-regular values of f has Lebesgue measure 0 in R™. Assume that Adim(S) = n, then

given a regular value v of f, f* (v) only contains isolated points in S.

Proof. Consider a stratification S = U?_, S;. For any strata .S;, consider the restricted mapping
fls, : Si = R™. From Sard’s theorem, the set C; C R™ of non-regular values of f|g, has Lebesgue
measure 0 in R™. Therefore, the set of non-regular value C' = U?_, C; of f, which is a finite union of
sets with Lebesgue measure 0, also has Lebesgue measure 0 in R™.

Now, given a regular value v € R", and consider the restriction f|g, : S; — R", for any strata S;. If
S; is a smooth k-dimensional manifold for k& < n, then f~!(v) must be empty. To see that, consider
the differential map df, : T,S; — R"™ (since T,)R™ = R™), which can never be a surjective
(since dim(S;) < n). Therefore, ft (v) has to be an empty so that the surjective condition holds

vacuously. If S; is a smooth n-dimensional manifold, then £~ (w) is smooth 0-dimensional manifold
in S;, which means that it contains only isolated points. O

Finally, the following supporting result uses Bezout’s theorem to bound the number of non-singular
points corresponding to the set = in Assumption 3]
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Proposition F.29. Consider a piece function fy; and a set of S boundary functions S =
{h1,...,hs}. Let L{(a,w,\) = foi(la,w)+ \Th(a,w), where h = (hy,...,hs), and con-
sider the mapping p = (p1, ..., S+d)

uj(aawa)‘) = hj(Oé,’lU),f()l"j = 17"'757
pstz(a,w,A) = 0y, Lla,w, A), forz=1,...,d.

Under Assumption|l| we can choose T € R? such that the set = of parameters o for which the system

h(a,w) =0,
VwL(a,w,A\)—17=0

has a solution (w, X) where the Jacobian J,,(w, X) is singular, is finite. Moreover

1. Given such T, the set = has at most A>5724 elements. Here, A is the maximum degree of
the piece functions fy; and boundary functions h;.

2. The set of T; s of T, which does not satisfy the above, has Lebesgue measure 0 in R%,

Proof. Let Zp, = {(a,w,\) € RST4+1 | h(a,w,X) = 0}, which is an algebraic set. From
Assumption|[1]1, since J, (w, A) has full rank for any (o, w, A) € Zp,, Zp, has algebraic dimension

(d+ S +1)— S = d+ 1 (or more concretely, Zp, defines a smooth (d + 1)-dimensional manifold in
RA+S+1,

Next, consider Zet(J, (w,x)) = {(a, w, A) € RST4H! | det(J,(w, X)) = 0}. Since each entry of
Ju(w, A) is a polynomial, therefore det(.J,,(w, A)) is also a polynomial, and Zyeq(, (w,n)) 1S an
algebraic set. Let W' = Zp, N Zyey (7, (w,))> Which is also an algebraic set. From Assumption 2,
the set W has (algebraic) dimension at most d.

Now, consider the mapping P : W — R%, where P(a, w, A) = V., L(a, w, X), which maps a point
(a,w, A) in the algebraic set W to a point in R%. From Proposition the set of non-regular
values of P has Lebesgue measure 0 in R?. Let 7 € RY be a regular value of P. From Proposition
F.28, P~1(7) only contains isolated points in W. Now, note that W = Z N Zdet(J,, (w,N))> and
det(.J,(w, X)) is a polynomial of degree at most A%+<. From Bezout’s theorem (Corollary ,
we have |P~1(7)| < A29F24,

Therefore, any other solution («, w, A) that satisfies h(a, w) = 0 and Vo, L(a, w, A) — 7 = 0 has
to have det(Jy, (o, w, X)) # 0, or J, (e, w, ) is non-singular, which concludes the proof. O

We now present the main claim in this section, which says that for any function v, (/) that satisfies
Assumption [I] we can construct a function v} () that satisfies Assumption [3]and that ||uj, — v} | s
can be arbitrarily small.

Lemma F.30. Let v}, be a dual utility function of a utility function class U. Assume that the piecewise
polynomial structure of u}, satisfies Assumption E] then we can construct the function v}, such that v},
has piecewise polynomial structures that satisfies Assumption and ||uk, — v} || can be arbitrarily
small.

Proof. Proof overview.  First, notice that Assumption [T immediately implies Assumption [3]1.
Therefore, given a dual utility function u}, of which the piecewise polynomial structure satisfies
Assumption |1} the task now is to construct v}, such that v}, has a piecewise polynomial structure that
satisfies Assumptions [3]2 and [3]3.

Given a set of boundary functions S = {hq,...,hg} and a piece functions f, ; that satisfies
Assumption |1} we will show that there is a set T's; C R? that has Lebesgue measure 0 in R?
such that for any 7 € R? — Ts,;, if we subtract 7w from the piece function fy ;(a, w), ie.,

7.i(a,w) = fazi(o,w) — 7 Tw, then the collection of boundaries functions S = {hy, ..., hg} as
well as the new piece function f;, ; (v, w) satisfy Assumption 2.

Then, given a set of boundary S = {h,...,hg}, a new piece function f;/c,is and the set Ts ;, we
further show that there exists a set A7, C R that has Lebesgue measure 0 in R such that for
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any a € R — Ag, , if we consider another new piece function f; (o, w) = f,, ;(, w) — ac
(perturbing the original piece function f5 ; by —7Tw — aa), then the set of boundaries functions
S = {h1,...,hs} and the new piece function f; (o, w) satisfies Assumpti0n2 and 3.

Finally, for any piece 7 and any set of boundary functions S, if we choose (a,7) € (R — Arg ;) x
R% — Ts,;, we will have the new piecewise structure that satisfies Assumption Furthermore, since
(R —Arg,) x RY — T ; has full measure in R x RY, we can choose (a, T) arbitrarily small.

Technical details.

We first calculate the Jacobian matrix J,,. For convenience, let L(a,w,0) = fz (o, w) +
Zle Oihs j(a,w) = fz; +6" h. Here, h(a,w) = (hs1 (o, w),..., hs,s(a, w)) is the mapping
of considered boundaries.

We first calculate the Jacobian matrix J,(o,w,7,A,0). For convenience, we decompose
Ju(a, w,~, A, 8) into block matrices

Jla Jl'w Jl’y Jl)\ J10
Joa  Jow Joy  Joxn  Joe
Jﬂ(aaanaAa 0) = J3a J3'w J3'7 J3)\ J30 B
Jaa Jaw Jay Jux Jus
Jsa  Jsw Jsy  JIsa Jse

where the rows J1, Ja, J3, Jy, J5 corresponds to (fi1, .« ., fs), (1hS41s - -+ 425)s (25415 - - - 5 H25+d),
(H2s4d+1, - - - H25+2d), (H2d+25+1) Tespectively.
For the first column (corresponding to o), we have
aahl Zf:l A/tagwt hy ai,wl L(a’ w, )‘)
Jla: 7‘]2(1: 7J3a:
d 2
Oalis Sx1 Zt:l ’Yta?)zw,, hs Sx1 aavde(Oé’ w, A) dx1

Jia = : s Jsa = [aia(L(Oz,’w,9)+’7vaL(Oz,’w,)\))hX1
Dy (L, w,0) + 4 Vo L(r,w, X))

awg

Oz, (L(0v, w, 0) + 4T Vi L(a, w, X))

dx1

For the second column (corresponding to w), we have
v " Hp, (w)
Jiw = Jh(w)sxd7 Jow = 7J3'w = HL(a,w,A)(w)dxdv
7THhs (w) Sxd

Jaw = HL(a,w,9)+'yTVwL(a,w,)\) (w)dxd’ J5w = Va [8a(L(a, w, 0) + 7TVwL(a, w, }‘))}1><d'
Here, Jp (w) is the Jacobian of h w.r.t. w, and Hj (w) is the Hessian of h w.r.t. w.

For the third column (corresponding to <), we have
Jiy = 0sxd, Joy = Jn(W)axs, J3y = Odxd,
Jiy = Hi w2 (W) axd, Jsy = V(0o L{a, w, X)) 1xa-
For the fourth column (corresponding to A), we have
Jix = 0sxs, Jox = Osxs, Jax = Jn(w) s,
Jax = [Hp, (w)y, ..., Hys(w)7] . o, Jsa = [0a¥ Vwhi, ..., 007 Vihs]ixs.
For the fifth column (corresponding to @), we have

Jio = 0sxs, J20 = O5x5, J3o = Oaxs, Jao = Jn(w)jy s, Js6 = [Oah1,- -, 0ahs]ixs-
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First, consider the mapping 1 (o, w, A) = (h(a, w), Vo L(a, w, X)), where h = (hq,...,hg) is
a polynomial mapping formed by the set of considered boundaries, and L(co, w, A) = fxi(a, w) +
)\Th(a, w) is the corresponding Lagrangian. From Proposition there exists the set T's ; C R?
of Lebesgue measure 0 such that for any 7 € RY — T’ ;, there is a set of values =; s , of size at most
A29+2d guch that any solution (a, w, ) that satisfies the system

h(o,w) =0,
wlfzil,w) + ATh(a,w)] =T =0
will have J,, (w, ) non-singular, except for solutions that have & € ZE;s,. Therefore,
choosing f}, (o, w) = fgzi(o,w) — 77w, and note that J,, (w,A) = J,/ (w, A) for py =

(h, Vo L(a,w, X) — T), we have constructed a new piece function f;, ; such that fw and hy, ..., hs
that satisfy Assumpt10n Bl

Now, we will show that for any 7 chosen as above, we will have the Jacobian .J,; (w,v, A\, 0)

(15) (e, w, v, A, 0) =hj(a,w),j=1,...,5

(13)s+5(a, w, v, X, 0) =5 Vwhj,j=1,...,8

(1h)25+i(a, w, v, A, 0) = Oy, L' (a,w,A),i=1...,d

()25 +ari(a,w, v, X, 0) = 0y, [L' (o, w, 0) +7TV L’(a w,A)],i=1,...,d

where L'(a,w,A) = fi, (a,w) + AT h(a, w) is non-singular when evaluated at any solution
(o, w,v,A,0) of p'(a,w,v,A,0) = 0 such that o ¢ Z; s ,. First, recall that the form of
Juy (w, v, A, 0) is

(w) () (A) (6)
Jn(w) gy g Osxd Osxs Osxs
Ju(w, v, X, 0) = Jow Jh(w)sxd Osxs Osxs
nh ) ; T
HL(a,w,/\)(w)dXd Ogxd Jh(w)de Ogxs
J4w HL((x,w,/\)(w)dXd J4A Jh( )dXS

The important point is that: (c, w, -y, A, @) that satisfies p/ (o, w, v, X,0) = 0 and @ € Es ; -~ also
satisfies pf (o, w, A) = 0 and

Jh(w)s Osxs
Ju (w, ) = xd
Hl( ) l:HL(a,w,A)(w)dxd Jh( )de
has full row rank. We will leverage this observation to show that .J,; ( w, 7, A, 0) also has full row
rank. Now, let 41, . .., d251.24 be real coefficients such that
25+2d

Z 8 - Jp =0,
t=1

where J; is the ¢ row of the Jacobian J,,; (w,~, A, ). First, consider the column corresponding to
~ and 6 of J L, We have

tth

25 25+2d
Z 0t - ((Jn(w)), 0) + Z St - (Hr(amw,n) (W), (Ja(w) ")) = 0.
t=S+1 t=25td+1

Notice that the above is exactly the rows of J,/ ('w ), which has full row rank. Therefore d; = 0
fort=5+1,...,25,285+d+1,...,25 + 2d Consider this fact and the column corresponding
to w, A of Ju’z’ We have

S 25+d
> + 5 b (Higamwn @))is (n(w)T)e) = 0.
t=1 t=25+1
Again, due to J,,; (w, A) having full rank, we have 6; =0 fort =1,...,5,25+1,...,2S +d. In
summary, we have 6 =0fort=1,...,2S + 2d, which implies J,,;, having full row rank.
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Now, we will show that there exists a set A7, C R with Lebesgue measure 0 such that for any
a € R — Arg ,, we have that the Jacobian J,,~ (o, w,~, A, @) with ”” given by

Wi (a, w, v, A, 0) = hj(,w),j=1,...,8

1oy (a,w, v, A, 0) =~TVyhj,j=1,...,8

fyg (o, w, v, A, 0) = 0w, L (0, w,N),i=1...,d

:u/2/S+d+i(O‘a w, 7, >‘a 0) = 811)7, [LN(OL, w, 0) + ,),vaL//(O[7 w, )\)],Z = 17 s 7d

/‘/2/S+2d+1(a7 w,v, )‘7 0) = 6(1 [L”(O‘v w, 0) + 'YvaLH(av w, )‘)]7

has full row rank when evaluated at the solution (o, w,~, X, 0) of p”(a, w,v,X,0) = 0 and
o ¢ Zs4. Here, L" (o, w,A) = fi (0, w) + A" h(a,w), and foila,w) = [ (a,w) — ax
(e.g., perturbing fz ;(o, w) — 77w — aa to have x.i(@, w)). The important point in this step is
that: any solution (o, w,~y, A, 0) of p” (e, w,~, A, 0) = 0 also satisfies p (o, w,y, A, 0) = 0, and

J#i’;zs+zd (w,7, A, 0) is exactly Jy,; (w,7, A, 0). Therefore, consider any interval I; = (v, cv41)
where oy, a1 are two consecutive points in Zs ;, we have J#i’~2s+zd (o, w, 7, A, 6) has full row
rank, since Jyi (w,~, A, ) has full row rank. Now, pt.5 5; = 0 defines a smooth manifold

M. Consider the mapping P : M — R, where P = pyg, 5, . From Sard’s theorem [F.15] there
exists the set Arg ;¢ C R with Lebesgue measure 0 such that any o € R — Aryg , ; is a regular value
of P. Let Arg , = Nt Arg , +» which has Lebesgue measure 0 in R, we have forany a € R — Apg ,,
we have J,,» (o, w, 7y, A, @) has full row rank when evaluated at the solution (o, w, 7, A, 8) of
p’(a,w,v,A,0) =0and a € Es ;. This is exactly Assumption3.

Now, to choose (a, 7) that works for any f5 ; and any set of boundary functions S = {hy,...,hs},
we simply choose (a,7) € B = N; s[(R — Ts;) x (R? — Arg )], which is a full measure set in
R x R? since it is a finite intersection of full measure sets.

Finally, we will construct the v, that: (1) has the piecewise structure that satisfies Assumption and
(2) ||uk, — v% || can be arbitrarily small. The construction is as follows:

* The set of boundary functions is the same as u}, : {hg1,..., ha s}

* In any connected components R, ;, the piece functions fy, ;(c, w) is perturbed by an amount

—aa— 7w, ie.,

feil,w) < frila,w) —aca — 7w,

where, (a, T) is chosen random from B, N B. Here, B, = {(a, 7) | max{a, m1,...,74} < €} is
the e-£, ball in T" x A. We note that B, N B is non-empty, since B has full measure in 7" x A,
meaning that we can always choose («, w), no matter how small € is.

By constructing v}, as above, we have:

* The structure of v}, satisfies Assumption [T} and
* In any region R ;, we have

fa,i(a, w) — ;’Z(aw)‘ = |aa + TTw| < eC,

where C' = max{|amin‘ 5 ‘amax| 5 |wmin| 3 |wmax‘}~
This implies

max_ fei(a,w)—2eC < max_ fU(,w) < max_ fai(o,w)+ 2€C,
w:(a,w)ERg ; w:(a,w)ERg ; ’ w:(a,w)ERL,;
or
Uy (@) = 2eC <wy (a) <uy(a) +2eC = [Jug, ; — vy illoo < 2¢C.

x,1

Thus ||u} — vi]|e < 2€C, and since € can be arbitrarily small, we have the desired conclusion.
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Final step: recovering the guarantee under Assumption

We now complete the formal proof for Theorem .1} Let i = {uq : X — [0,H] | o € A} be a
function class of which each dual utility u}, satisfies Assumption[I] From Lemma[F:30] there exists
a function class V = {vy : X — [0, H] | a € A} such that for any problem instance x, we have
[uz, — v} can be arbitrarily small, and any v}, satisfies Assumption [3} From Theorem [F.25] we

have Pdim(V) = O(log N + dlog(AM)). From Lemma we have %Z,,(V) = O (%(V)).

From Lemma , we have @S uU)=0 <\/ h)gl\”rd;?g(AJVI)), where S € X'™. Finally, a standard

result from learning theory gives us the final claim.

G Additional details for Section 4.1]

In this section, we provide the formal proof for Theorem §.2]

Theorem (restated). Consider the utility function class Y = {u, : X — [0,H] | a €
[@min, Omax|}. Assume that the parameter-dependent dual function fu(o, w) admits piecewise
polynomial structure with N piece functions fz; (fori=1,...,N) and M boundaries functions
hei (for j = 1,..., M) satisfying Assumption |l| LetV = {v, : X — [0,H] | o € A} be
the induced function class by £-a-ERM oracle of U. Then for any distribution D over X, for any
6 € (0,1), with probability at least 1 — 6 over the draw of S = {x1, ..., &} ~ D™, we have

B[ty (%)) — Eoeplta- ()] = O ( \/ log N + dlog(AM) + log(1/3) g) |

m

Here, 65 € argminge 4 — 37" va(x;), @* € maxaeca Ezop[va(®)], and A = max{A,, Ag} is
the maximum degree of piece functions f ; and boundaries hy ;.

Proof. Given the assumption, from the final step of the proof of Theorem [4.1] (Paragraph [F.5), we
have Zs(U) = O ( log Ntdlog(AM) ) "yhere § € X'™. Moreover, from the £-a-ERM oracle

m

assumption, given u}; («) corresponding to a problem instance  and a hyperparameter «, we have
access to v} () such that [v} (o) — uf ()| < & Therefore, from Lemma C.3] we have

Grs(V) < GrsU) + €= O (\/ng +dloglAM) | 5) .

Finally, a standard result from learning theory (Theorem|[C.2)) gives us the final claim. O

H Additional details for Section 3

H.1 Tuning the interpolation parameter for activation functions
H.1.1 Onmitted proofs for parametric regression setting

Theorem (restated). Let LA denote loss function class defined above, with activation functions
01, 02 having maximum degree A and maximum breakpoints p. Given a problem instance x = (X,Y),
the dual loss function is defined as (% (o) 1= mingew f(@, o, w) = mingew fz(a, w). Then,
fa (o, w) admits piecewise polynomial structure with bounded pieces and boundaries. Further, if the
piecewise structure of fz(a, w) satisfies Assumption then for any § € (0,1), w.p. at least 1 — ¢
over the draw of problem instances x ~ D™, where D is some distribution over X, we have

m

Egn[lase (@)] — Egupla- (@)]]| = O ( \/ L2W log A + LW log(Tpk) + log(1 /5)) |

Proof. Let x1, ...,z denote the fixed examples from the fixed dataset (X,Y"). We will show a
bound NV on a partition of the combined parameter-hyperparameter space ¥V x R, such that within
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each piece the function f(x y(c, w) is given by a fixed bounded-degree polynomial function in
a, w on the given fixed dataset (X, Y'), where the boundaries of the partition are induced by at most
M distinct polynomial threshold functions. This structure allows us to use our result Theorem &.1]to
establish a learning guarantee for the function class £AF.

The proof proceeds by an induction on the number of network layers L. For a single layer L = 1, the
neural network prediction at node j € [k;] is given by

9ij = aor(w;z;) + (1 — a)oz(w;x;),

for i € [T]. W x R can be partitioned by 2T 'k, p affine boundary functions of the form w;x; — ¢,
where t;, is a breakpoint of 01 or oz, such that §;; is a fixed polynomial of degree at most A + 1 in
a, w in any piece of the partition P; induced by the boundary functions. By Warren’s theorem, we

w
have |P;| < 2 (%&AH))

Now suppose that the neural network function computed at any node in layer r» < L for some r > 11is
W,
given by a piecewise polynomial function of a, w with at most |P,.| < HZ:1 2 (‘qué’vﬂ) a
q
pieces, and at most 27'p 22:1 k4 polynomial boundary functions with degree at most (A + 1)".
Let j/ € [k,41] be a node in layer r 4+ 1. The node prediction is given by §;;; = o1 (w;;) +
(1 — &)oa(wj y;), where §; denotes the incoming prediction to node j’ for input x;. By inductive
hypothesis, there are at most 2Tk, 1p polynomials of degree at most (A + 1)" 4 1 such that in each
piece of the refinement of P, induced by these polynomial boundaries, §;;- is a fixed polynomial
with degree at most (A + 1)+, By Warren’s theorem, the number of pieces in this refinement is at

w.
4eT A+1)1 4
most |P’r‘+1| < HT+1 (%(q“) .

Thus f(x,y)(c, w) is piecewise polynomial with at most 27'p 25:1 kq, = 2mpk polynomial

2L

boundary functions with degree at most (A + 1)2%, and number of pieces at most |Pr| <

Ik 2 (2elhap( At N hat th 1 ] f
2 (/T ssume that the piecewise polynomial structure of f(x y(a, w) satis-

ﬁes Assumption m then applying Theorem{.T]and a standard learning theory result gives us the final
claim. O

H.1.2 Binary classification setting

In this section, we consider an alternative setting of tuning the interpolation parameter for activation
functions in the classification setting. In the binary classification setting, the output of the final
layer corresponds to the prediction g(a,w,x) = § € R, where w € W C RW is the vector of
parameters (network weights), and « is the architecture hyperparameter. The 0-1 loss on a single
example © = (X,Y) is given by I{(q,w,2)-y}- and on a set of 7" examples as

. 1 .

Z(x(x) = 1{;%119\/ T Z I[{g(a,w,z)grﬁy} = 5}%1)1/1\} f(xv w, Oé).
(z,y)e(X,Y)

For a fixed dataset z = (X,Y’), the dual class loss function is given by LA = {¢¢ : X — [0,1] |

a € A}

Theorem H.1. Let LT denote loss function class defined above, with activation functions o1, 0z
having maximum degree A and maximum breakpoints p. Given a problem instance x = (X,Y),
the dual loss function is defined as (% (o) := mingew f(@, o, w) = mingew fz(a, w). Then,
fe (e, w) admits piecewise constant structure. For any 6 € (0,1), w.p. at least 1 — 6 over the draw
of problem instances S ~ D™, where D is some distribution over X, we have

L2W log A + LW log T'pk + 1og(1/5)>

E(x,v)~[la((X,Y))] = Ex,v)mplla- (X, Y))]| = O (\/ -
Proof. As in the proof of Theorem[5.1] the loss function £, can be shown to be piecewise constant as

W,
W) " pieces. We can apply Theorem

to obtain the desired learning guarantee for LA O

a function of a, w, with at most [P | < Tk 2 (
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H.2 Data-driven hyperparameter tuning for graph polynomial kernels
H.2.1 Classification setting

In this section, we demonstrate the applicability of our proposed results in a simple scenario: tuning
the hyperparameter of a graph kernel. Here, we consider the classification case and defer the
regression case to the Appendix.

Partially labeled graph instance. Consider a graph G = (V, £), where V and £ are sets of vertices
and edges, respectively. Let n = |V| be the number of vertices. Each vertex in the graph is associated
with a d-dimensional feature vector, and let X € R™*¢ denote the matrix that contains all the vertices
(as feature vectors) in the graph. We also have a set of indices V;, C [n] of labeled vertices, where
each vertex belongs to one of C' categories and L = |V | is the number of labeled vertices. Let
y € [F]F be the vector representing the true labels of labeled vertices, where the coordinate y; of y
corresponds to the label of vertex [ € Vr..

We want to build a model for classifying the remaining (unlabeled) vertices, which correspond to
Yu = [n] \ Yr, where [n] = {1,...,n}. A popular and effective approach for this is to train a
graph convolutional network (GCN) [22]. Along with the vertex matrix X, we are also given the
distance matrix = [d; j](; j)e[n)> encoding the correlation between vertices in the graph. The
adjacency matrix A is given by a polynomial kernel of degree A and hyperparameter « > 0, i.e.,
Aij = (8(i,5) + @)®. Let A = A+ I,,, where I, is the identity matrix. Also, let D = [l~)i7j][n]2
where D; ; = 0ifi # j, and D;; = 37| A; j fori € [n]. We then denote a problem instance
x = (X,y,0,Yr) and call X the set of all problem instances.

Network architecture. We consider a simple two-layer GCN f [22], which takes the adjacency
matrix A and vertex matrix X as inputs and outputs Z = f(X, A) of the form

Z = AReLU(AXW Oy @),

where A = D! A is the row-normalized adjacency matrix, W) € R4*?o is the weight matrix of
the first layer, and W) € R% ¥ is the hidden-to-output weight matrix. Here, z; is the i*"-row of Z
representing the score prediction of the model. The prediction ¢; for vertex ¢ € )y is then computed
from Z as {; = max z; which is the maximum coordinate of vector z;.

Objective function and the loss function class. We consider the 0-1 loss function corresponding
to hyperparameter o and network parameters w = (w(®, w™)) for given problem instance x,
fe(a,w) = ﬁ > icv, Lgi#y,)- The dual loss function corresponding to hyperparameter « for

instance z is given as £, (z) = min,, fz (o, w), and the corresponding loss function class is LN =
(o X 5 [0.1]|acA}

To analyze the learning guarantee of LN, we first show that any dual loss function /% (a) =
lo(x) = ming, fz(a,w), fz(a,w) has a piecewise constant structure, where: The pieces are
bounded by rational functions of o and w with bounded degree and positive denominators. We bound
the number of connected components created by these functions and apply Theorem [3.2]to derive our
result.

Theorem H.2. Let LN denote the loss function class defined above. Given a problem instance
x, the dual loss function is defined as (%, (o) = mingew f(x, o, w) = mingew fo(o, w). Then
fa (o, w) admits piecewise constant structure. Furthermore, for any § € (0,1), w.p. at least 1 — ¢
over the draw of problem instances S = (x1, ..., &) ~ D™, where D is some problem distribution
over X, we have

m

Eu it @)] — Enopltur ()] = © < \/do(d + F)lognFA + 1og(1/5)> .

To prove Theorem we first show that given any problem instance x, the function f(x, w;a) =
f=(a, w) is a piecewise constant function, where the boundaries are rational threshold functions of
« and w. We then proceed to bound the number of rational functions and their maximum degrees,
which can be used to give an upper-bound for the number of connected components, using Lemma
After giving an upper-bound for the number of connected components, we then use Theorem [3.2]
to recover the learning guarantee for /.
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Lemma H.3. Given a problem instance x = (X,y, 8, Yy,) that contains the vertices representation
X, the label of labeled vertices, the indices of labeled vertices )1, and the distance matrix 8, consider
the function

1
falonw) = fl@,0ow) = 5 > Ligzy
NZA
i€YVrL
which measures the 0-1 loss corresponding to the GCN parameter w, polynomial kernel parameter
«, and labeled vertices on problem instance x. Then we can partition the space of w and « into

O (((nFQ)(M+6)> Lt ddo+do F

A lndg
1+ ddo + doF (A+1) )

connected components, in each of which the function f,(c«, w) is a constant function.

Proof. First, recall that Z = GCN(X, A) = AReLU(AXW )W), where A = D~'A is the
row-normalized adjacency matrix, and the matrices A = [A4; ;] = A+ I, and D = [D, ;] are

calculated as

§

Here, recall that § = [§; ;] is the distance matrix. We first proceed to analyze the output Z step by
step as follow:

« Consider the matrix 7" = XW© of size n x do. It is clear that each element of ") is a
polynomial of W (©) of degree at most 1.

« Consider the matrix 7® = AT® of size n x do. We can see that each element of matrix Ais
a rational function of « of degree at most A. Moreover, by definition, the denominator of each
rational function is strictly positive. Therefore, each element of matrix 7'(?) is a rational function
of W and « of degree at most A + 1.

« Consider the matrix 73) = ReLU(T?) of size n x dy. By definition, we have

@ _ T, T >0
b 0, otherwise.
(2)

where T

i.j 1s arational

This implies that there are n X dy boundary functions of the form I[T@ -0
0g 2

function of W (%) and « of degree at most A + 1 with strictly positive denominators. From Theorem
the number of connected components given by those n x do boundaries are O ((A + 1)),
In each connected component, the form of TG is fixed, in the sense that each element of T®) is a
rational function in W(®) and « of degree at most A + 1.

« Consider the matrix 7 = TG)W ()| In connected components defined above, it is clear that
each element of T¥) is either 0 or a rational function in W W) and o of degree at most
A+ 2.

* Finally, consider Z = AT®  In each connected component defined above, we can see that each
element of 7 is either O or a rational function in W(O), W(l), and « of degree at most A + 3.

In summary, we proved above that the space of w, a can be partitioned into O((A + 1)) connected
components, over each of which the output Z = GCN(X, A) is a matrix with each element is rational

function in W, W and « of degree at most A + 3. Now in each connected component C, each
corresponding to a fixed form of Z, we will analyze the behavior of [ (a, w), where

1
z(,w) = — E Ly, 2, -
Jae( ) D;L‘z'ey DiFY
L

Here y; = argmax;c, g Z;;, assuming that we break tie arbitrarily but consistently. For any
F > j >k > 1, consider the boundary function Iz, ;>z, ,, where Z; ; and Z; ;. are rational functions
in o and w of degree at most A + 3, and have strictly positive denominators. This means that the
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boundary function I, ;>z, , can also equivalently rewritten as I ;. >0 where Z,», 4 is a polynomial
in o and w of degree at most 2A + 6. There are O(nF?) such boundary functions, partitioning

2

the connected component C' into at most O (( % )1+dd°+d0F ) connected components. In
each connected components, ¢; is fixed for all ¢ € {1,...,n}, meaning that f (o, w) is a constant
function.
In  conclusion, we can  partition the space of w and « into

2
O (( % )iFddotdoF 5 (A 4 1)) connected components, in each of which the
function fy (o, w) is a constant function. O

Theorem(restated). Let LN denote the loss function class defined above. Given a problem in-
stance x, the dual loss function is defined as (% («) := mingew (2, o, w)) = mingew fo(a, w).
Then fz(a, w) admits piecewise constant structure. Furthermore, for any § € (0,1), w.p. at least
1 — 0 over the draw of problem instances * = (x1,...,Ty) ~ D™, where D is some problem
distribution over X, we have

m

o olfan ()] — Bl (@)]] = © ( \/do(d + FylognFA + log(1/5)) _

Proof. Given a problem instance @, from Lemma [H.3] we can partition the space of w and «

2
into O (( % ) tddotdo " (A 4 1)ndo) connected components, each of which the function

fa(a, w) remains constant. Combining with Theorem 3.2] we have the final claim.
O

H.2.2 The regression setting

The case is a bit more tricky, since our piece function now is not a polynomial, but instead a rational
function of o and w. Therefore, we need a stronger assumption (Assumption 2) to have Theorem

Graph instance and associated representations. Consider a graph G = (V, ), where V and £
are sets of vertices and edges, respectively. Let n = |V| be the number of vertices. Each vertex in
the graph is associated with a feature vector of d-dimension, and let X € R™*? be the matrix that
contains the feature vectors for all the vertices in the graph. We also have a set of indices )V, C [n]
of labeled vertices, where each vertex belongs to one of C categories and L = |).| is the number
of labeled vertices. Let y € [~ R, R} be the vector representing the true labels of labeled vertices,
where the coordinate y; of Y corresponds to the label vector of vertex [ € )y.

Label prediction. We want to build a model for classifying the other unlabeled vertices, which
belongs to the index set Yy = [n] \ Vr. To do that, we train a graph convolutional network (GCN)
[22] using semi-supervised learning. Along with the vertices representation matrix X, we are also
given the distance matrix § = [d; ;](; j)e[n)2 encoding the correlation between vertices in the graph.

Using the distance matrix D, we then calculate the following matrices A, A, D which serve as the
inputs for the GCN. The matrix A = [A; j](; j)en2 is the adjacency matrix which is calculated using
distance matrix ¢ and the polynomial kernel of degree A and hyperparameter o > 0

Aij = (3(i,5) + )™

We thenlet A = A + I, n» Where I,, is the identity matrix, and D= [f)i, j} [n)2 Of which each element
is calculated as

Di;=0ifi# j,and D; ; = ZAM fori € [n).

Jj=1

Network architecture. We consider a simple two-layer graph convolutional network (GCN) f
[22]], which takes the adjacency matrix A and vertices representation matrix X as inputs and output
Z = f(X, A) of the form

Z = GCN(X, A) = AReLU(AXWO)yw ™),
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where A = D1 A, W(©) ¢ R¥*d s the weight matrix of the first layer, and W) € R%*1 s the
hidden-to-output weight matrix. Here, z; is the i'” element of Z representing the prediction of the
model for vertice i.

Objective function and the loss function class. We consider mean squared loss function corre-
sponding to hyperparameter o and networks parameter w = ('w(o), w(l)) when operating on the
problem instance « as follows

fw&%lv)Z‘Alf > (2 — i)

D)L‘ i€Vr

We then define the loss function corresponding to hyperparameter «« when operating on the problem
instance x as
lo(2) = min fr(a,w).
w

We then define the loss function class for this problem as follow

LN ={l,: X = [0,R?]| a € A},
and our goal is to analyze the pseudo-dimension of the function class LN,

Lemma H.4. Given a problem instance x = (X,y, 8, Y1) that contains the graph G, its vertices
representation X, the indices of labeled vertices )1, and the distance matrix 9, consider the function

1
fm(aaw) = f(.’l:,oz,'w) = Ty 1 Z (Zl - yl)z
RZA
1€YL
which measures the mean squared loss corresponding to the GCN parameter w, polynomial kernel
parameter o, and labeled vertices on problem instance x. Then we can partition the space of w and

ainto O((A + 1)) connected components, in each of which the function fy(c,w) is a rational
Sunction in o and w of degree at most 2(A + 3).

Proof. First, recall that Z = GCN(X, A) = AReLU(AXW )W () where A = D~1/2AD~1/2
is the row-normalized adjacency matrix, and the matrices A = [fli, jl=A+1,and D= [ﬁi, ;] are
calculated as

Aij = (0 +a)®,

D;;=0ifi# j,and D; ; = Z/L,j fori € [n].
=1

Here, recall that § = [0; ;] is the distance matrix. We first proceed to analyze the output Z step by
step as follows:

* Consider the matrix T = XW O of size n x dy. It is clear that each element of () is a
polynomial of W(®) of degree at most 1.

« Consider the matrix 7® = AT®) of size n x do. We can see that each element of matrix A
is a rational function of « of degree at most A. Moreover, by definition, the denominator of
each rational function is strictly positive. Therefore, each element of the matrix 7(?) is a rational
function of W (9 and « of degree at most A + 1.

» Consider the matrix 7®) = ReLU(T?)) of size n x dy. By definition, we have

b 0, otherwise.

This implies that there are n x dy boundary functions of the form I where Tz(?) is a rational

7930
function of W (%) and o of degree at most A + 1 with strictly positive denominators. From Theorem
the number of connected components given by those n x do boundaries are O ((A + 1)),
In each connected component, the form of T3 is fixed, in the sense that each element of T®) is a
rational function in W(®) and o of degree at most A + 1.
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e Consider the matrix 7™ = TG W™ In connected components defined above, it is clear that
each element of T® is either 0 or a rational function in W(O)7 WM and « of degree at most
A+ 2.

* Finally, consider Z = AT®  In each connected component defined above, we can see that each
element of Z is either O or a rational function in W(O)7 W™ and o of degree at most A + 3.

In summary, we proved that the space of w, « can be partitioned into O((A + 1)"9°) connected
components, over each of which the output Z = GCN(X, A) is a matrix with each element is a
rational function in W(O), W@ and « of degree at most A + 3. It means that in each piece, the loss
function would be a rational function of degree at most 2(A + 3), as claimed. O

Theorem H.5. Consider the loss function class LIV defined above. For a problem instance x,
the dual loss function (% () := mingew fo (o, w), where fr(a, w) admits piecewise polynomial
structure (Lemma[H.4). If we assume the piecewise polynomial structure satisfies Assumption[3) then
forany 6 € (0,1), w.p. at least 1 — § over the draw of m problem instances S ~ D™, where D is
some problem distribution over X, we have

m

Egnllape(S)] — Esaplla- (S)]| = O ( \/ ndo log A + dlog(AF) + log(1 /5)) |

I A discussion on how to capture flatness of optima in our framework

Our definition of dual utility function v} (o) = maxew fo(a, w) implicitly assumes an ERM
oracle. As discussed in Section [B] this ERM oracle assumption makes the function u («) well-
defined and simplifies the analysis. However, one may argue that assuming the ERM oracle will
make the behavior of tuned hyperparameters significantly different compared to when using common
optimization algorithms in deep learning. The difference potentially stems from the fact that the
global optimum found by an ERM oracle might have a sharp curvature, compared to the local optima
found by other optimization algorithms, which tend to have flatter local curvature due to their implicit
bias.

In this section, we consider the following simplified scenario where the ERM oracle also finds the
near-optimum that is locally flat, and explain how our framework could potentially be useful in this
case. Instead of defining v} () = maxyew fz(@, w), we define vk () = maxyew fo(a, w),
where the surrogate function f},(«, w) is defined as follows.

Definition 22 (Surrogate function construction). Assume that fz (o, w) admits piecewise polynomial
structure, meaning that:

1. The domain A x W of fq is divided into N connected components by M polynomi-
als hg1,...,he v in o, w, each of degree at most Ay. The resulting partition Pp =
{Rm,17 oo Ry, N} consists of connected sets Ry 4, each formed by a connected component
Cg,; and its adjacent boundaries.

2. Within each Ry ;, [ takes the form of a polynomial fy ; in o and w of degree at most A,

Defining the function surrogate fL, (o, w) as follows:

1. The domain A x W of f. (o, w) is partitioned into N connected components by M polynomials
ha ... he p ina,w similar to fq. This results in a similar partition Py = {Rg 1,..., Rz N}
2. In each region Ry ;, fr, is defined as

f;(a,w) = f;’i(ogw) = fm,i(avw) - nllvi,wfw(aﬂw)“%‘v

for some fixed ) > 0. Here, ||-|| p denotes the Frobenius norm. We can see that ||V, ., fo (o, w)||%
is a polynomial of o, w of degree at most 2A,,. Therefore, f.. (o, w) is also a polynomial of degree
at most 2, in the region R, ;.

From the above construction, we can see that f7 («, w) also admits piecewise polynomial structure,
where the input domain partition P, is the same as fz(a, w). In each region R, ;, the function
fr(a, w) is also a polynomial in ¢, w of degree at most 2A,,. Therefore, our framework is still
applicable in this case. Moreover, the construction above naturally introduces an extra hyperparameter
7, which is the magnitude of curvature regularization. This makes the analysis more challenging, but
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for simplicity, we here assume that 7 is fixed and good enough for balancing the effect of the flatness
regularization.

We can see that by defining u}, () = maxyew fi, (o, w), we can capture the generalization behavior
of tuned hyperparameter «, when the solution w* of max,ew fi (a, w) is: (1) near optimal w.r.t.
maxyey fz(a, w), and (2) locally flat.

Remark 5. We note that the example above is an oversimplified scenario. To truly understand the
behavior of data-driven hyperparameter tuning without an ERM oracle, we need a better analysis to
capture the behavior of ul;, () in such a scenario. This analysis should consider the joint interaction
between the model, data, and the optimization algorithm, and remains an interesting direction for
future work.

J An application to Pfaffian functions

In this section, we demonstrate how to apply our results beyond polynomial settings. In particular,
we will apply our results to the case where the boundary functions involve Pfaffian functions, which
includes commonly appearing functions like the exponential function and the logarithm function. We
refer the reader to [70] for a formal background on Pfaffian functions.

We first consider the case where the boundary functions are Pfaffian functions instead of polynomials
as discussed in Section [3] Concretely, given a problem instance € X, there are M boundary
functions hg 1, . . ., he, N that partition the space A x W of hyperparameter « and parameters w into
connected components, in each of which the dual utility function u% («) remains constant. In this
case, following Theorem 3.2] the main idea is again to bound the number of connected components
in the space A x W partitioned by M Pfaffian boundary functions. We now recall a standard result
that allows us to handle this case.

Lemma J.1 ([70,87]). Let hy,...,hy be M Pfaffian functions of degree at most /A that come from
a Pfaffian chain C(x1, ..., x4, f1, ..., fq) of d variables, length g, and Pfaffian degree D. Then the

number of connected components of the complement of solution sets R —UM {x € R? | h;(x) = 0}

is upper-bounded by 29439=1/2 Ad[d? (A + D)]% (%)d.

Combining Lemma[J.T|and Theorem[3.2] we have the following result, which provides a generalization
guarantee for function classes for which each dual utility function admits a piecewise constant
structure partitioned by Pfaffian boundary functions.

Corollary J.2. Consider the utility function class U = {u, : X — [0, H| | a € A}. Assuming
that for any x, there are M boundary functions hy 1, . .., hg ar partitioning the domain A x WV into
Pe ={Rz1,..., Rz n}, over each of which fo ; remains constant. Assuming that the boundary
functions hg ;, where i = 1,..., M, are Pfaffian functions of degree at most A from a Pfaffian chain
of length q and Pfaffian degree D. Then for any distribution D over X, and any ¢ € (0, 1), with
probability at least 1 — 0 over the draw of S = {x1,..., @y} ~ D™, we have that

m

IEa s ()] — Eaop|tia: (@)]| = O (\/q2d2 + qdlog(A + D) + dlog M + log(1/6)> .

Proof. From Lemma we have N < O (2qd(qd’1)/2Ad[d2(A + D)) (%)ﬁ Substituting
into Theorem 3.2} we have the conclusion. O

We leave the more general scenario of piecewise-Pfaffian setting (where the piece functions are
Pfaffian in addition to the boundaries) as an open question for future work and have the following
conjectured bound.

Conjecture 1. Consider the utility function classU = {u, : X — [0, H] | @ € [@min; ¥max) }-
Assume that the parameter-dependent dual function f(a, w) admits piecewise Pfaffian structure
with N piece functions fo ; (fori =1,..., N)and M boundaries functions hy, ; (forj =1,..., M)
satisfying Assumption Furthermore, assuming that the boundary functions hy ; and piece functions
fa,i are Pfaffian functions of degree at most A from a Pfaffian chain of length q and Pfaffian degree

51



D. Then for any distribution D over X, for any ¢ € (0, 1), with probability at least 1 —  over the
draw of S = {x1,..., &y} ~ D™, we have

‘EEND[udERM(w)] - EwND[ua* (w>]| =

o (\/q2d2 +qdlog(A+ D) +1log N +dlog M + T + 10g(1/(5)>

m

Here, éug € argminge 4 — 3" uo(x;) and o* € maxae 4 Egoplua(@)].
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: All of the theoretical results provided in this paper are justified by mathematical
proofs.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We did discuss the limitations of this work in the Conclusion and Future works
section.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,

model well-specification, asymptotic approximations only holding locally). The authors

should reflect on how these assumptions might be violated in practice and what the

implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: All the assumptions and proofs are included in the main body and Appendix.
Guidelines:

» The answer NA means that the paper does not include theoretical results.

¢ All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: This is a purely theoretical work.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: This is a purely theoretical work. We do not have any experiments.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: This is a purely theoretical work. We do not have any experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
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Justification: This is a purely theoretical work. We do not have any experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for

example, train/test split, initialization, random drawing of some parameter, or overall

run with given experimental conditions).

The method for calculating the error bars should be explained (closed form formula,

call to a library function, bootstrap, etc.)

The assumptions made should be given (e.g., Normally distributed errors).

It should be clear whether the error bar is the standard deviation or the standard error

of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: This is a purely theoretical work. We do not have any experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: We did review the NeurIPS code of Ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
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10.

11.

12.

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper is theoretical (enhances mathematical understanding of topic under
study) and has no direct societal impact.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper has no such risk as there is no data or implemented models.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
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13.

14.

Answer: [NA]
Justification: This paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

 For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

58


paperswithcode.com/datasets

15.

16.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: We only use LLMs for grammatical error checking and formatting purposes.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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