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Abstract

In this paper, we utilize hyperspheres and reg-
ular n-simplexes and propose an approach to
learning deep features equivariant under the
transformations of nD reflections and rotations,
encompassed by the powerful group of O(n).
Namely, we propose O(n)-equivariant neurons
with spherical decision surfaces that general-
ize to any dimension n, which we call Deep
Equivariant Hyperspheres. We demon-
strate how to combine them in a network that
directly operates on the basis of the input points
and propose an invariant operator based on the
relation between two points and a sphere, which
as we show, turns out to be a Gram matrix. Using
synthetic and real-world data in nD, we experi-
mentally verify our theoretical contributions and
find that our approach is superior to the com-
peting methods for O(n)-equivariant benchmark
datasets (classification and regression), demon-
strating a favorable speed/performance trade-off.
The code is available on GitHub.

1. Introduction
Spheres1 serve as a foundational concept in Euclidean
space while simultaneously embodying the essence of non-
Euclidean geometry through their intrinsic curvature and
non-linear nature. This motivated their usage as decision
surfaces encompassed by spherical neurons (Perwass et al.,
2003; Melnyk et al., 2021).

Felix Klein’s Erlangen program of 1872 (Hilbert & Cohn-
Vossen, 1952) introduced a methodology to unify non-
Euclidean geometries, emphasizing the importance of study-
ing geometries through their invariance properties under
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1By sphere, we generally refer to an nD sphere or a hyper-
sphere; e.g., a circle is thus a 2D sphere.

transformation groups. Similarly, geometric deep learn-
ing (GDL) as introduced by Bronstein et al. (2017; 2021)
constitutes a unifying framework for various neural archi-
tectures. This framework is built from the first principles
of geometry—symmetry and scale separation—and enables
tractable learning in high dimensions.

Symmetries play a vital role in preserving structural infor-
mation of geometric data and allow models to adjust to
different geometric transformations. This flexibility ensures
that models remain robust and accurate, even when the in-
put data undergo various changes. In this context, spheres
exhibit a maximal set of symmetries compared to other
geometric entities in Euclidean space.

The orthogonal group O(n) fully encapsulates the symmetry
of an nD sphere, including both rotational and reflection
symmetries. Integrating these symmetries into a model as
an inductive bias is often a crucial requirement for prob-
lems in natural sciences and the respective applications, e.g.,
molecular analysis, protein design and assessment, or cata-
lyst design (Rupp et al., 2012; Ramakrishnan et al., 2014;
Townshend et al., 2021; Jing et al., 2021; Lan et al., 2022).

In this paper, we consider data that live in Euclidean space
(such as point clouds) and undergo rotations and reflec-
tions, i.e., transformations of the O(n)-group. Enriching
the theory of steerable 3D spherical neurons (Melnyk et al.,
2022), we present a method for learning O(n)-equivariant
deep features using regular n-simplexes2 and nD spheres,
which we call Deep Equivariant Hyperspheres
(see Figure 1). The name also captures the fact that the
vertices of a regular n-simplex lie on an nD sphere, and that
our results enable combining equivariant hyperspheres in
multiple layers, thereby enabling deep propagation.

Our main contributions are summarized as follows:

• We propose O(n)-equivariant spherical neurons, called
Deep Equivariant Hyperspheres, readily
generalizing to any dimension (see Section 4).

• We define and analyze generalized concepts for a net-
work composed of the proposed neurons, including the
invariant operator modeling the relation between two
points and a sphere (21).

2We use the fact that a regular n-simplex contains n+1 equidis-
tant vertices in nD.
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Figure 1. The central components of Deep Equivariant Hyperspheres (best viewed in color): regular n-simplexes with the nD
spherical decision surfaces located at their vertices and the simplex change-of-basis matrices Mn (displayed for n = 2 and n = 3).

• Conducting experimental validation on both synthetic
and real-world data in nD, we demonstrate the sound-
ness of the developed theoretical framework, outper-
forming the related equi- and invariant methods and
exhibiting a favorable speed/performance trade-off.

2. Related Work
The concept of spheres is also an essential part of spherical
convolutional neural networks (CNNs) and CNNs designed
to operate on 360 imagery (Coors et al., 2018; Su & Grau-
man, 2017; Esteves et al., 2018; Cohen et al., 2018; Per-
raudin et al., 2019). In contrast, our method does not map
input data on a sphere, S2, nor does it perform convolution
on a sphere. Instead, it embeds input in a higher-dimensional
Euclidean space by means of a quadratic function. Namely,
our work extrapolates the ideas from prior work by Perwass
et al. (2003); Melnyk et al. (2021), in which spherical de-
cision surfaces and their symmetries have been utilized for
constructing equivariant models for the 3D case (Melnyk
et al., 2022; 2024). We carefully review these works in
Section 3.

Similarly to the approach of (Ruhe et al., 2023), our Deep
Equivariant Hyperspheres directly operate on the
basis of the input points, not requiring constructing an al-
ternative one, such as a steerable spherical harmonics basis.
Constructing an alternative basis is a key limitation of many
related methods (Anderson et al., 2019; Thomas et al., 2018;
Fuchs et al., 2020). Our method also generalizes to the
orthogonal group of any dimensionality.

Another type of method is such as by Finzi et al. (2021), a
representation method building equivariant feature maps by
computing an integral over the respective group (which is
intractable for continuous Lie groups and hence, requires
coarse approximation). Another category includes methods
operating on scalars and vectors: they update the vector in-
formation by learning the parameters conditioned on scalar
information and multiplying the vectors with it (Satorras
et al., 2021; Jing et al., 2021), or by learning the latent
equivariant features (Deng et al., 2021).

While the methods operating on hand-crafted O(n)-invariant
features are generally not as relevant to our work, the meth-

ods proposed by Villar et al. (2021) and Xu et al. (2021) are:
The central component of the scalars method (Villar et al.,
2021) is the computation of the pair-wise scalar product be-
tween the input points, just as the O(3)-invariant descriptor
by Xu et al. (2021) is a sorted Gram matrix (SGM) of input
point coordinates, which encodes global context using rela-
tive distances and angles between the points. In Section 4.5,
we show how this type of computation naturally arises when
one considers the relation between two points and a sphere
for computing invariant features in our approach, inspired
by the work of Li et al. (2001).

3. Background
In this section, we present a comprehensive background on
the theory of spherical neurons and their rotation-equivariant
version, as well as on the general geometric concepts used
in our work.

3.1. Spherical Neurons via Non-Linear Embedding

Spherical neurons (Perwass et al., 2003; Melnyk et al., 2021)
are neurons with, as the name suggests, spherical decision
surfaces. By virtue of conformal geometric algebra (Li
et al., 2001), Perwass et al. (2003) proposed to embed the
data vector x ∈ Rn and represent the sphere with center
c = (c1, . . . , cn) ∈ Rn and radius r ∈ R respectively as

X =
(
x1, . . . , xn,−1,−

1

2
∥x∥2

)
∈ Rn+2,

S =
(
c1, . . . , cn,

1

2
(∥c∥2 − r2), 1

)
∈ Rn+2,

(1)

and used their scalar product X⊤S = − 1
2∥x− c∥2 + 1

2r
2 as

a classifier, i.e., the spherical neuron:

fS(X;S) = X⊤S, (2)

with learnable parameters S ∈ Rn+2.

The sign of this scalar product depends on the position of
the point x relative to the sphere (c, r): inside the sphere if
positive, outside of the sphere if negative, and on the sphere
if zero (Perwass et al., 2003). Geometrically, the activation
of the spherical neuron (2) determines the cathetus length
of the right triangle formed by x, c, and the corresponding
point on the sphere (see Figure 2 in Melnyk et al. (2021)).
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We note that with respect to the data vector x ∈ Rn, a
spherical neuron represents a non-linear function fS( · ;S) :
Rn+2 → R, due to the inherent non-linearity of the embed-
ding (1), and therefore, does not necessarily require an acti-
vation function, as observed by Melnyk et al. (2021). The
components of S in (1) can be treated as independent learn-
able parameters. In this case, a spherical neuron learns a non-
normalized sphere of the form S̃ = (s1, . . . , sn+2) ∈ Rn+2,
which represents the same decision surface as its normalized
counterpart defined in (1), thanks to the homogeneity of the
embedding (Perwass et al., 2003; Li et al., 2001).

3.2. Equi- and Invariance under O(n)-Transformations

The elements of the orthogonal group O(n) can be rep-
resented as n × n matrices R with the properties R⊤R =
RR⊤ = In, where In is the identity matrix, and detR = ±1,
geometrically characterizing nD rotations and reflections.
The special orthogonal group SO(n) is a subgroup of O(n)
and includes only orthogonal matrices with the positive
determinant, representing rotations.

We say that a function f : X → Y is O(n)-equivariant if
for every R ∈ O(n) there exists the transformation repre-
sentation, ρ(R), in the function output space, Y , such that

ρ(R) f(x) = f(Rx) for all R ∈ O(n), x ∈ X ⊆ Rn.
(3)

We call a function f : X → Y O(n)-invariant if for every
R ∈ O(n), ρ(R) = In. That is, if

f(x) = f(Rx) for all R ∈ O(n), x ∈ X ⊆ Rn. (4)

Following the prior work convention (Melnyk et al., 2022;
2024) hereinafter, we write R to denote the same nD rota-
tion/reflection as an n×n matrix in the Euclidean space Rn,
as an (n+ 1)× (n+ 1) matrix in the projective (homoge-
neous) space P(Rn) ⊂ Rn+1, and as an (n+ 2)× (n+ 2)
matrix in Rn+2. For the latter two cases, we achieve this by
appending ones to the diagonal of the original n× n matrix
without changing the transformation itself (Melnyk et al.,
2021).

3.3. Steerable 3D Spherical Neurons and TetraSphere

Considering the 3D case, Melnyk et al. (2022) showed that a
spherical neuron (Perwass et al., 2003; Melnyk et al., 2021)
can be steered. In this context, steerability is defined as the
ability of a function to be written as a linear combination of
the rotated versions of itself, called basis functions (Freeman
et al., 1991; Knutsson et al., 1992). For details, see the
Appendix (Section A).

According to Melnyk et al. (2022), a 3D steerable filter con-
sisting of spherical neurons needs to comprise a minimum
of four 3D spheres: one learnable spherical decision surface
S ∈ R5 (1) and its three copies rotated into the other three

vertices of the regular tetrahedron, using one of the results
of Freeman et al. (1991) that the basis functions must be
distributed in the space uniformly.

To construct such a filter, i.e., a steerable 3D spherical neu-
ron, the main (learned) sphere center c0 needs to be rotated
into ∥c0∥√

3
(1, 1, 1) by the corresponding (geodesic) rotation

RO. The resulting sphere center is then rotated into the other
three vertices of the regular tetrahedron. This is followed by
rotating all four spheres back to the original coordinate sys-
tem. A steerable 3D spherical neuron can thus be defined by
means of the 4× 5 matrix B(S) containing the four spheres:

F(X;S) = B(S)X , B(S) =
[
(R⊤

O RTi
RO S)⊤

]4
i=1

,

(5)
where X ∈ R5 is the input 3D point embedded using (1),
{RTi

}4i=1 is the R5 rotation isomorphism corresponding to
the rotation from the first vertex, i.e., (1, 1, 1) to the i-th
vertex of the regular tetrahedron3.

Melnyk et al. (2022) showed that steerable 3D spherical
neurons are SO(3)-equivariant (or more precisely, O(3)-
equivariant, as remarked in Melnyk et al. (2024)):

VR B(S)X = B(S)RX, VR = M⊤RO R R⊤
OM , (6)

where R is a representation of the 3D rotation in R5, and
VR ∈ G < SO(4) is the 3D rotation representation in the
filter bank output space, with M ∈ SO(4) being a change-
of-basis matrix that holds the homogeneous coordinates of
the tetrahedron vertices in its columns as

M =
[
m1 m2 m3 m4

]
=

1

2


1 1 −1 −1
1 −1 1 −1
1 −1 −1 1
1 1 1 1

 .

(7)
We note that with respect to the input vector x ∈ R3, a steer-
able 3D spherical neuron represents a non-linear rotational-
equivariant function F( · ;S) : R5 → R4 with the learnable
parameters S ∈ R5.

TetraSphere As the first reported attempt to learn steer-
able 3D spherical neurons in an end-to-end approach, Mel-
nyk et al. (2024) has presently introduced an approach for
O(3)-invariant point cloud classification based on said neu-
rons and the VN-DGCNN architecture (Deng et al., 2021),
called TetraSphere.

Given the point cloud input X ∈ RN×3, the TetraSphere ap-
proach suggests to learn 4D features of each point by means
of the TetraTransform layer lTT( · ;S) : RN×3 → RN×4×K

that consists of K steerable spherical neurons B(Sk) (see
(5)) that are shared among the points. After the applica-
tion of TetraTransform, pooling over the K dimensions

3Therefore, RT1 = I5, i.e., the original S remains at c0.
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takes place, and the obtained feature map is then propagated
through the VN-DGCNN network as-is. However, the ques-
tions of how to combine the steerable neurons in multiple
layers and how to make them process data in dimensions
other than 3 have remained open.

3.4. Regular Simplexes

Geometrically, a regular n-simplex represents n+1 equidis-
tant points in nD (Elte, 2006), lying on an nD sphere with
unit radius. In the 2D case, the regular simplex is an equilat-
eral triangle; in 3D, a regular tetrahedron, and so on.

Following Cevikalp & Saribas (2023), we compute the
Cartesian coordinates of a regular n-simplex as n+1 vectors
pi ∈ Rn:

pi =

{
n−1/2 1, i = 1

κ 1 + µ ei−1, 2 ≤ i ≤ n+ 1 ,

κ = −1 +
√
n+ 1

n3/2
, µ =

√
1 +

1

n
,

(8)

where 1 ∈ Rn is a vector with all elements equal to 1 and ei
is the natural basis vector with the i-th element equal to 1.

For the case n = 3, we identify the following connection
between (7) and (8): the columns of M, mi ∈ R4, are
the coordinates of the regular 3-simplex appended with a
constant and normalized to unit length; that is,

mi =
1

p

[
pi

1/
√
3

]
with p =

∥∥∥∥∥∥
[

pi

1/
√
3

]∥∥∥∥∥∥ , 1 ≤ i ≤ 4. (9)

4. Deep Equivariant Hyperspheres
In this section, we provide a complete derivation of the pro-
posed O(n)-equivariant neuron based on a learnable spher-
ical decision surface and multiple transformed copies of
it, as well as define and analyze generalized concepts of
equivariant bias, non-linearities, and multi-layer setup.

While it is intuitive that in higher dimensions one should
use more copies (i.e., vertices) than in the 3D case (Melnyk
et al., 2022), it is uncertain exactly how many are needed.
We hypothesize that the vertices should constitute a regular
n-simplex (n + 1 vertices) and rigorously prove it in this
section.

4.1. The Simplex Change of Basis

We generalize the change-of-basis matrix (7) to nD by in-
troducing Mn, an (n+ 1)× (n+ 1) matrix holding in its
columns the coordinates of the regular n-simplex appended

with a constant and normalized to unit length:

Mn =
[
mi

]n+1

i=1
, mi =

1

p

[
pi

n−1/2

]
, p =

∥∥∥∥∥∥
[

pi

n−1/2

]∥∥∥∥∥∥ ,
(10)

where the norms p are constant, since ∥pi∥ = ∥pj∥ for all i
and j by definition of a regular simplex.

Proposition 1. Let Mn be the-change-of-basis matrix de-
fined in (10). Then Mn is an (n+1)D rotation or reflection,
i.e., Mn ∈ O(n + 1) (see Section B in the Appendix for
numeric examples).

Proof. We want to show that M⊤
n Mn = In+1, which will

prove that Mn is orthogonal. The diagonal elements of
M⊤

n Mn are m⊤
i mi = ∥mi∥2 = 1 since ∥mi∥ = 1. The off-

diagonal elements are found as m⊤
i mj = (p⊤

i pj +n−1)/p2

for i ̸= j, where p is defined in (10). Note that p⊤
i pj is

the same for all i and j with i ̸= j since, by definition
of a regular simplex, the vertices pi are spaced uniformly.
Note that p⊤

i pj = −n−1 for all i ̸= j by definition (8).
Hence, the off-diagonal elements of M⊤

n Mn are zeros and
M⊤

n Mn = In+1.

Since Mn ∈ O(n + 1), the sign of detMn is determined
by the number of reflections required to form the transfor-
mation. In the case of a regular n-simplex, the sign of the
determinant depends on the parity of n and the configura-
tion of the simplex vertices. In our case, Mn is a rotation for
odd n, i.e., detMn = 1, and a reflection for even n. Con-
sider, for example, the case n = 3. The matrix M3 shown
in (7) has detM3 = 1, thus, is a 4D rotation, as stated in
Section 3.3.

Lemma 2. Let Mn be the change-of-basis matrix defined
in (10), and Pn an n× (n+ 1) matrix holding the regular

n-simplex vertices, pi, in its columns, and p =

∥∥∥∥∥∥
[

pi

n−1/2

]∥∥∥∥∥∥,

as defined in (10). Then

MnP⊤
n = p

[
In
0⊤

]
. (11)

Proof. We begin by elaborating on (10):

Mn =
1

p

[
Pn

n−1/2 1⊤

]
. (12)

We note that the norms of the rows of Pn are also equal to p
since Mn ∈ O(n+1) (as per Proposition 1). Recall that Pn

is centered at the origin, and, therefore, for a constant a ∈ R
and a vector of ones 1 ∈ Rn+1, we obtain a 1⊤P⊤

n = 0⊤.
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Remembering that the product MnP⊤
n is between Rn+1

vectors, we plug (12) into the LHS of (11) and obtain

MnP⊤
n =

1

p

[
Pn

n−1/2 1⊤

]
P⊤
n =

p2

p

[
In
0⊤

]
= p

[
In
0⊤

]
.

(13)

4.2. Equivariant nD Spheres

In this section, we generalize steerable 3D spherical neurons
reviewed in Section 3.3. We denote an equivariant nD-
sphere neuron (an equivariant hypersphere) by means of the
(n+ 1)× (n+ 2) matrix Bn(S) for the spherical decision
surface S ∈ Rn+2 with center c0 ∈ Rn and an nD input
x ∈ Rn embedded as X ∈ Rn+2 as

Fn(X;S) = Bn(S)X ,

Bn(S) =
[
(R⊤

O RTi RO S)⊤
]n+1

i=1
,

(14)

where {RTi
}n+1
i=1 is the Rn+2 rotation isomorphism corre-

sponding to the rotation from the first vertex to the i-th
vertex of the regular n-simplex, and RO ∈ SO(n) is the
geodesic (shortest) rotation4 from the sphere center c0 to
∥c0∥p1. Therefore, RT1 = In+2. (Technically, if the center
c0 happens to be −p1, RO is a reflection about the origin.
In principle, we could just as well write RO ∈ O(n), since
it makes no difference in our further derivations.)

We now need to prove that Fn( · ;S) is O(n)-equivariant.

Proposition 3. Let Fn( · ;S) : Rn+2 → Rn+1 be the neu-
ron defined in (14) and R ∈ O(n) be an n× n rotation or
reflection matrix. Then the transformation representation in
the filter output space Rn+1 is given by the (n+1)×(n+1)
matrix

Vn = ρ (R) = M⊤
n RO R R⊤

OMn , (15)

where Mn ∈ O(n+1) is the-change-of-basis matrix defined
in (10) and a 1 is appended to the diagonals of RO and R
to make them (n+ 1)× (n+ 1). Furthermore, Vn ∈ G <
O(n+ 1).

Proof. Since Mn ∈ O(n+1), RO ∈ SO(n), and R ∈ O(n)
are orthogonal matrices, Vn in (15) is an orthogonal change-
of-basis transformation that represents R ∈ O(n) in the
basis constructed by Mn and RO. Note that appending one
to the diagonal of R ∈ O(n) does not affect the sign of the
determinant, which makes Vn a reflection representation if
detR = −1, or a rotation representation if detR = +1.
Since R ∈ O(n) and RO ∈ O(n) embedded in the (n+1)D
(by extending the matrix diagonal with 1), not all elements
of O(n + 1) can be generated by the operation in (15).

4In practice, we compute it utilizing the Householder (double-)
reflection method, e.g., as described by Golub & Van Loan (2013).

Thus, we conclude that Vn belongs to a proper subgroup of
O(n + 1) = O(n) × Sn, i.e., G < O(n + 1), where G is
formed as O(n)×Mn

(
c0

∥c0∥ , 0
)

with Mn

(
c0

∥c0∥ , 0
)
∈ Sn.

The original transformation is found directly as

R = R⊤
OMn Vn M⊤

n RO , (16)

followed by the retrieval of the upper-left n× n sub-matrix.

Noteworthy, the basis determined by RO ∈ SO(n), which
depends on the center c0 of the sphere S ∈ Rn+2 (see (14)),
will be different for different c0. Therefore, the representa-
tion Vn will differ as well.

Theorem 4. The neuron Fn( · ;S) : Rn+2 → Rn+1 defined
in (14) is O(n)-equivariant.

Proof. To prove the theorem, we need to show that (3) holds
for Fn( · ;S).

We substitute (15) to the LHS and (14) to the RHS, and
obtain

Vn Bn(S)X = Bn(S)RX . (17)

For the complete proof, please see the Appendix (refer to
Section C).

We note that with respect to the input vector x ∈ Rn, the
equivariant hypersphere Fn( · ;S) : Rn+2 → Rn+1 rep-
resents a non-linear O(n)-equivariant function. It is also
worth mentioning that the sum of the output Y = Bn(S)X
is an O(n)-invariant scalar, i.e., the DC-component, due to
the regular n-simplex construction.

This invariant part can be adjusted by adding a scalar bias
parameter to the output Y. The concept of bias is imperative
for linear classifiers, but for spherical decision surfaces (Per-
wass et al., 2003), it is implicitly modeled by the embedding
(1). We note, however, that adding a scalar bias parame-
ter, b ∈ R to the output of an equivariant hypersphere (14)
respects O(n)-equivariance:

Proposition 5. Let Y ∈ Rn+1 be the output of the O(n)-
equivariant hypersphere Fn( · ;S) : Rn+2 → Rn+1 (14)
given the input X ∈ Rn+2, and b ∈ R be a bias parameter.
Then Y′ = Y + b 1, where 1 is the vector of ones in Rn+1,
is also O(n)-equivariant.

Proof. We need to show that (17) also holds when the bias b
is added. First, we use Vn—the representation of R ∈ O(n)
from (15)—and the fact that R and RO are both appended 1
to their main diagonal to make them (n+1)×(n+1). Then

Vn 1 = M⊤
n RO R R⊤

OMn1 = M⊤
n RO R R⊤

O

[
0

p
√
n

]
=

5
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M⊤
n

[
0

p
√
n

]
= 1, where p is a scalar defined in (8). Since

the bias b is a scalar, we use that Vn b1 = bVn 1 = b1.
We now consider the left-hand side of (17): Vn Y′ =
Vn (Y + b1) = Vn Bn(S)X + Vn b1 = Vn Bn(S)X + b1.
Plugging the equality (17) into the last equation, we com-
plete the proof: Vn Bn(S)X + b1 = Bn(S)RX + b1.

This result allows us to increase the capacity of the equivari-
ant hypersphere by adding the learnable parameter b ∈ R.
In addition, note that all Vn ∈ G < O(n+ 1) can be char-
acterized by the fact that they all have an eigenvector equal
to 1√

n+1
1, where 1 is the vector of ones in Rn+1.

4.3. Normalization and Additional Non-Linearity

An important practical consideration in deep learning is fea-
ture normalization (Ioffe & Szegedy, 2015; Ba et al., 2016).
We show how the activations of the equivariant hypersphere
(14) can be normalized maintaining the equivariance:
Proposition 6. Let Y ∈ Rn+1 be the O(n)-equivariant
output of the hypersphere filter (14). Then Y/∥Y∥, where
∥Y∥ ∈ R, is also O(n)-equivariant.

Proof. Since Y is O(n)-equivariant, ∥Y∥ is O(n)-invariant
(the length remains unchanged under O(n)-transformations).
Hence, Y/∥Y∥ is also O(n)-equivariant.

To increase the descriptive power of the proposed approach,
we can add non-linearity to the normalization step, follow-
ing Ruhe et al. (2023):

Y 7→ Y
σ(a) (∥Y∥ − 1) + 1

, (18)

where a ∈ R is a learnable scalar and σ(·) is the sigmoid
function.

4.4. Extracting Deep Equivariant Features

We might want to propagate the equivariant output of Fn

(14), Y = Bn(S)X, through spherical decision surfaces
while maintaining the equivariance properties. One way to
achieve it is by using (n + 1)D spheres, i.e., Fn+1, since
the output Y ∈ Rn+1. Thus, the results established in the
previous section not only allow us to use the equivariant
hyperspheres (14) for nD inputs but also to cascade them in
multiple layers, thus propagating equivariant representations
by successively incrementing the feature space dimension-
ality with a unit step, i.e., nD→ (n+ 1)D.

Consider, for example, the point cloud patch X = {xi}Ni=1

consisting of the coordinates of N points x ∈ Rn as the
input signal, which we can also consider as the N × n
matrix X. Given the equivariant neuron Fn( · ;S), a cas-
caded nD→ (n+ 1)D feature extraction procedure using

equivariant hyperspheres Fn( · ;S) for the given output di-
mensionality d (with d > n) can be defined as follows (at
the first step, X ← x):

X ∈ Rn → embed(normalize(X))→ Fn(X;S)→
embed(normalize(X + b))→ Fn+1(X;S)→
. . .→ Fd(X;S)→ normalize(X + b)→ X ∈ Rd ,

(19)
where embed is the embedding according to (1),
normalize is the optional activation normalization (see
Proposition 6), and b is an optional scalar bias.

Proposition 7. Given that all operations involved in the
procedure 19 are O(n)-equivariant, its output will also be
O(n)-equivariant.

The proof is given in the Appendix (Section C).

Thus, given X as input, the point-wise cascaded application
with depth d (19) produces the equivariant features Y =
{Yi}Ni=1, Y ∈ Rn+d, which we can consider as the N ×
(n+ d) matrix Y.

In this case, we considered the width of each layer in (19)
to be 1, i.e., one equivariant hypersphere. In practice and
depending on the task, we often use Kl equivariant hy-
perspheres per layer l, with suitable connectivity between
subsequent layers.

4.5. Modelling Higher-Order Interactions

The theoretical framework established above considers the
interaction of one point and one spherical decision surface,
copied to construct the regular n-simplex constellation for
the equivariant neuron in (14). To increase the expressive-
ness of a model comprised of equivariant hyperspheres, we
propose to consider the relation of two points and a sphere.

Namely, following the work of Li et al. (2001)5, the relation
between two points, x1, x2, and a sphere in Rn, all embed-
ded in Rn+2 according to (1) as X1, X2, and S, respectively,
is formulated as

δ = e12 X⊤
1 S X⊤

2 S, (20)

where e12 := − 1
2 (∥x1 − x2∥2) ∈ R models the edge as

the squared Euclidean distance between the points.

To classify the relative position of the points to the sphere,
we use the sign of δ ∈ R, and note that it is only deter-
mined by the respective sphere (scalar) activations, i.e., the
scalar products X⊤

i S, since the edges eij are always nega-
tive. Thus, we may omit them, as we further demonstrate by
the ablations in the Appendix (see Section E). Also, we note
that in order to make δ an invariant quantity, we need to have
equivariant activations. Since the single sphere activations

5See p. 22 in Li et al. (2001).
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Figure 2. Left: real data experiment (the higher the accuracy the better); all the presented models are also permutation-invariant. Center
and right: synthetic data experiments (the lower the mean squared error (MSE) the better); dotted lines mean that the results of the
methods are copied from Finzi et al. (2021) (O(5) regression) or Ruhe et al. (2023) (O(5) convex hulls). Best viewed in color.

are not equivariant (see Section 3.1), we propose to substi-
tute the single sphere S with our equivariant hyperspheres
Bn(S) (14).

Given the input X ∈ RN×n and the corresponding extracted
equivariant features Y ∈ RN×(n+d), we compute

∆ = X⊤Bn(S) (X⊤Bn(S))⊤ = Y Y⊤. (21)

The O(n)-invariance of ∆ ∈ RN×N follows from the fact
that it is comprised of the Gram matrix Y Y⊤ that consists of
the pair-wise inner products of equivariant features, which
are invariant (Deng et al., 2021; Melnyk et al., 2024), just
as in the case of directly computing the auto-product of the
points (Xu et al., 2021). When permutation-invariance is
desired, we achieve it by aggregation over the points, first
following the procedure by Xu et al. (2021) and sorting the
rows/columns of ∆, and then applying max and/or mean
pooling over N . If multiple (Kl) equivariant hyperspheres
per layer are used, (21) is computed independently for all
Kl, by computing Kl Gram matrices, resulting in ∆ ∈
RN×N×Kl .

We show the effectiveness of the proposed invariant oper-
ator (21) by the corresponding ablation in the Appendix
(Section E).

5. Experimental Validation
In this section, we experimentally verify our the-
oretical results derived in Section 4 by evaluating
our Deep Equivariant Hyperspheres, constitut-
ing feed-forward point-wise architectures, on real and syn-
thetic O(n)-equivariant benchmarks. In each experiment,
we train the models using the same hyperparameters and
present the test-set performance of the models chosen based
on their validation-set performance.

For the sake of a fair comparison, all the models have ap-
proximately the same number of learnable parameters, and
their final fully-connected layer part is the same. A more de-
tailed description of the used architectures is presented in the
Appendix (see Section D). In addition to the performance
comparison in Figure 2, we compare the time complexity
(i.e., the inference speed) of the considered methods6 in
Figure 3. Furthermore, we present various ablations in the
Appendix (see Section E). All the models are implemented
in PyTorch (Paszke et al., 2019).

5.1. O(3) Action Recognition

First, we test the ability of our method to utilize O(3)-
equivariance as the inductive bias. For this experiment, we
select the task of classifying the 3D skeleton data, presented
and extracted by Melnyk et al. (2022) from the UTKinect-
Action3D dataset by Xia et al. (2012). Each skeleton is
a 20 × 3 point cloud, belonging to one of the 10 action
categories; refer to the work of Melnyk et al. (2022) for
details. We formulate the task to be both permutation- and
O(3)-invariant.

We construct an O(3)-equivariant point-wise feedforward
model using layers with our equivariant hyperspheres (ac-
cording to the blueprint of (19)) with the two-point inter-
action described in Section 4.5, which we call DEH (see
the illustration in Figure 4). We also build a variant of the
invariant SGM descriptor (Xu et al., 2021) computing the
Gram matrix of the input points, point-wise equivariant VN
(Deng et al., 2021), GVP (Jing et al., 2021), and CGENN

6Some of the results in Figure 2 are copied from Ruhe et al.
(2023) since the implementation of the specific versions of some
models is currently unavailable. Therefore, we could not measure
their inference speed.
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Figure 3. Speed/performance trade-off (the models are trained on all the available training data). Note that the desired trade-off is toward
the top-left corner (higher accuracy and faster inference) in the left figure, and toward the bottom-left corner (lower error and faster
inference) in the center and right figures. To measure inference time, we used an NVIDIA A100. Best viewed in color.

(Ruhe et al., 2023) models and, as non-equivariant baselines,
point-wise MLPs, in which the equivariant layers are sub-
stituted with regular non-linear ones. We train one version
of the baseline MLP with O(3)-augmentation, whereas our
method is only trained on non-transformed skeletons.

We evaluate the performance of the methods on the ran-
domly O(3)-transformed test data. The results are presented
in Figure 2 (left): our DEH model, trained on the data in a
single orientation, captures equivariant features that enable
outperforming the non-equivariant baseline trained on the
augmented data (MLP Aug). Moreover, DEH consistently
outperforms the competing equivariant methods (VN, GVP,
CGENN) and the invariant SGM model, demonstrating a
favorable speed/performance trade-off, as seen in Figure 3
(left).

5.2. O(5) Regression

Originally introduced by Finzi et al. (2021), the task is to
model the O(5)-invariant function f(x1, x2) := sin(∥x1∥)−
∥x2∥3/2 +

x⊤1 x2
∥x1∥∥x2∥ , where the two vectors x1 ∈ R5 and

x2 ∈ R5 are sampled from a standard Gaussian distribution
to construct train, validation, and test sets. We use the same
training hyperparameters and evaluation setup as Ruhe et al.
(2023).

Here, we employ a DEH architecture similar to that in Sec-
tion 5.1, and compare it to the equivariant EMLPs (Finzi
et al., 2021), CGENN, VN, and GVP, and non-equivariant
MLPs. Refer to the Appendix (Section D) for the architec-
ture details. Our results together with those of the related
methods are presented in Figure 2 (center). As we can see,
our DEH is more stable than CGENN, as shown by the
dependency over the training set size, and outperforms it in
most cases. Our method also outperforms the vanilla MLP

and the MLP trained with augmentation (MLP Aug), as well
as the O(5)- and SO(5)-equivariant EMLP and VN, and the
invariant SGM and Scalars Villar et al. (2021)7 methods.

5.3. O(5) Convex Hull Volume Prediction

Our third experiment addresses the task of estimating the
volume of the convex hull generated by 16 5D points, de-
scribed by Ruhe et al. (2023). The problem is O(5)-invariant
in nature, i.e., rotations and reflections of a convex hull do
not change its volume. We exploit the same network archi-
tecture as in Section 5.1 (see the Appendix for details).

We present our results alongside those of the related meth-
ods in Figure 2: our DEH model outperforms all of the equi-
and invariant competing methods (including an MLP ver-
sion of the E(n)-equivariant approach Satorras et al. (2021))
and in all the scenarios, additionally exhibiting a superior
speed/performance trade-off, as seen in Figure 3 (right).
We outperform Ruhe et al. (2023) as well as their MLP re-
sult. However, our point-wise MLP implementation slightly
outperforms our method on low-data regimes.

6. Conclusion
In this manuscript, we presented Deep Equivariant
Hyperspheres — nD neurons based on spheres and reg-
ular n-simplexes — equivariant under orthogonal transfor-
mations of dimension n. We defined and analyzed general-
ized components for a network composed of the proposed
neurons, such as equivariant bias, non-linearity, and multi-

7For this task, permutation-invariance is not required, and Villar
et al. (2021) only used 3 unique elements of the Gram matrix
constructed from the input. For the other two tasks, we refer to the
results we obtained with SGM (where the entire Gram matrix with
sorted rows is used).
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layer configuration (see Section 4 and the ablations in the
Appendix).

In addition, we proposed the invariant operator (21) model-
ing the relation between two points and a sphere, inspired by
the work of Li et al. (2001), and demonstrated its effective-
ness (see the Appendix). We evaluated our method on both
synthetic and real-world data and demonstrated the utility
of the developed theoretical framework in nD by outper-
forming the competing methods and achieving a favorable
speed/performance trade-off (see Figure 3). Investigating
the design of more advanced equivariant architectures of the
proposed equivariant hyperspheres forms a clear direction
for future work.

Limitations
The focus of this paper is on the O(n)-equivariance, with
n > 3, and our model architecture employed in the experi-
ments was designed to compare with recent related methods,
e.g., Finzi et al. (2021); Ruhe et al. (2023), using the small-
scale O(5) tasks presented in them. To address scalability,
one could wrap our equivariant hyperspheres in some kind
of graph neural network (GNN) framework, e.g., DGCNN
(Wang et al., 2019), thus utilizing the spheres in local neigh-
borhoods.

Additionally, all the tasks considered in the experiments
require invariant model output. Therefore in the current
version, we perform modeling of the interaction between
the points using their O(n)-equivariant features (outputs
of the proposed equivariant hyperspheres) only to produce
invariant features (21). For tasks that require equivariant
output, not considered in this work, this interaction needs to
happen such that the equivariance is preserved (e.g., using
Lemma 3 by Villar et al. (2021)).

Finally, if translation equivariance is additionally desired,
i.e., the full E(n) group, a common way to address this is by
centering the input point set by subtracting the mean vector,
and then adding this vector to the model output.
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A. Additional Background
A.1. Steerability

According to Freeman et al. (1991), a function is called steerable if it can be written as a linear combination of rotated
versions of itself, as also alternatively presented by Knutsson et al. (1992). In 3D, fR(x, y, z) is thus said to steer if

fR(x, y, z) =

M∑
j=1

vj(R)fRj (x, y, z) , (22)

where fR(x, y, z) is f(x, y, z) rotated by R ∈ SO(3), and each Rj ∈ SO(3) orients the corresponding jth basis function.

Freeman et al. (1991) further describe the conditions under which the 3D steerability constraint (22) holds and how to find
the minimum number of basis functions, that must be uniformly distributed in space.

In this context, Melnyk et al. (2022) showed that in order to steer a spherical neuron defined in (2) (Perwass et al., 2003;
Melnyk et al., 2021), one needs to have a minimum of fours basis functions, i.e., rotated versions of the original spherical
neuron. This, together with the condition of the uniform distribution of the basis functions, leads to the regular tetrahedron
construction of the steerable 3D spherical neuron in (5).

B. Numeric Instances for n = {2, 3, 4}
To facilitate the reader’s understanding of the algebraic manipulations in the next section, herein, we present numeric
instances of the central components of our theory defined in (8) and (10), for the cases n = 2, n = 3, and n = 4. For
convenience, we write the vertices of the regular simplex (8) as the n× (n+ 1) matrix Pn =

[
pi

]
i=1...n+1

.

n = 2 : P2 = 1√
2

[
1 (

√
3− 1)/2 −(

√
3 + 1)/2

1 −(
√
3 + 1)/2 (

√
3− 1)/2

]
, p =

√
3/2,

M2 = 1√
3
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√
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3 + 1)/2 (

√
3− 1)/2

1 1 1

.
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3
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√
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√
5 + 1)/4 −(

√
5 + 1)/4

1 −(
√
5 + 1)/4 (3

√
5− 1)/4 −(

√
5 + 1)/4 −(

√
5 + 1)/4

1 −(
√
5 + 1)/4 −(

√
5 + 1)/4 (3

√
5− 1)/4 −(

√
5 + 1)/4

1 −(
√
5 + 1)/4 −(

√
5 + 1)/4 −(

√
5 + 1)/4 (3

√
5− 1)/4

1 1 1 1 1

.
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C. Complete Proofs
In this section, we provide complete proof of the propositions and theorems stated in the main paper.

Theorem. (Restating Theorem 4:)The neuron Fn( · ;S) : Rn+2 → Rn+1 defined in (14) is O(n)-equivariant.

Proof. We need to show that (3) holds for Fn( · ;S).

We substitute (15) to the LHS and (14) to the RHS, and obtain

Vn Bn(S)X = Bn(S)RX . (23)

Keeping in mind that the (n+1)-th and (n+2)-th components, sn+1 and sn+2, of the sphere S ∈ Rn+2 with center c0 ∈ Rn

(1) are O(n)-invariant, as well as our convention on writing the rotation matrices (see the last paragraph of Section 3.2), we
rewrite the (n+ 1)× (n+ 2) matrix Bn(S) using its definition (14):

Bn(S) =
[
(R⊤

O RTi
RO S)⊤

]n+1

i=1
=

[
c⊤0 R⊤

O R⊤
Ti

RO sn+1 sn+2

]n+1

i=1
. (24)

By definition of the rotation RO (14), we have that RO c0 = ∥c0∥p1, where p1 ∈ Rn is the first vertex of the regular simplex
according to (8). Since RTi rotates p1 into pi, we obtain

RTiRO c0 = ∥c0∥pi , 1 ≤ i ≤ n+ 1 . (25)

Thus, we can write the RHS of (23) using the sphere definition (1) as

Bn(S)RX =
[
∥c0∥p⊤

i RO sn+1 sn+2

]n+1

i=1
RX =

[
∥c0∥P⊤

n ROR sn+1 1 sn+2 1
]

X. (26)

We now use the definition of Vn from (15) along with (11), (12), and (25) to rewrite the LHS of (23) as

Vn Bn(S)X = M⊤
n RO R R⊤

O Mn

[[
∥c0∥P⊤

n sn+1 1
]

RO sn+2 1
]

X

= M⊤
n RO R R⊤

O


p ∥c0∥[ In

0⊤

]
0

p
√
n sn+1

RO

0

p
√
n sn+2

 X

= M⊤
n RO R

[p ∥c0∥ In, 0
0⊤ p

√
n sn+1

]
R⊤
O RO

0

p
√
n sn+2

 X

=
1

p

[
P⊤
n RO R n−1/21

] [p ∥c0∥ In 0 0
0⊤ p

√
n sn+1 p

√
n sn+2

]
X

=
[
∥c0∥P⊤

n RO R
√
n√
n
sn+1 1

√
n√
n
sn+2 1

]
X = Bn(S)RX.

(27)

Proposition. (Restating Proposition 7:) Given that all operations involved in the procedure 19 are O(n)-equivariant, its
output will also be O(n)-equivariant.

Proof. Let R ∈ O(n) be an orthogonal transformation, ρi(R) the representation of R in the respective space,
e.g., (15) for the equivariant hypersphere output, and x ∈ Rn be the input to the procedure 19. We denote the
output of the procedure 19 as F(x), where F is the composition of all operations in the procedure 19. Since
each operation is equivariant, (3) holds for each operation Φ, i.e., we have Φi(ρi(R)X) = ρi+1(R)Φ(X). Con-
sider now the output F(x) and the transformed output F(Rx). Since each operation in F is equivariant, we have:
F(Rx) = Φd(Φd−1(. . .Φ2(Φ1(Rx)))) = ρd(R)Φd(Φd−1(. . .Φ2(Φ1(x)))) = ρd(R)F(x). Thus, the output of the proce-
dure in (19) is equivariant, as desired.
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Methods O(3) Action recognition O(5) Regression O(5) Convex hulls

CGENN 9.1K 467 * 58.8K

VN 8.3K 924 N/A**

GVP 8.8K 315 N/A**

Scalars - 641 -

SGM 8.5K 333 58.9K

MLP 8.3K 447K (Finzi et al., 2021) N/A** | 58.2K

DEH (Ours) 8.1K 275 49.8K

Table 1. Total number of parameters of the models in the experiments presented in Figure 2. *see Section D.1. **an unknown exact number
of parameters, somewhere in the range of the other numbers in the column, as indicated by Ruhe et al. (2023).

D. Architecture Details

Feature dimensionality

FC

ou
tp

ut∆
…

Notation:
𝑛D EH  - 𝑛-dimensional Equivariant Hypersphere
⨁ - global pooling over N (mean & max)
∆ - the two-point (invariant) feature computation

5D
EH

5D
EH

5D
EH

5D
EH

(𝑛 + 1)D
EH

5D
EH

5D
EH

5D
EH

5D
EH

(𝑛 + 1)D
EH

…

5D
EH

5D
EH

5D
EH

5D
EH

(𝑛 + 𝑑)D
EH

5D
EH

5D
EH

5D
EH

5D
EH

(𝑛 + 𝑑)D
EH

…

	𝐾𝑙

5D
EH

5D
EH

5D
EH

5D
EH

𝑛D
EH

𝐾1

𝑁×	𝑛																																									𝑁× 𝑛 + 1 ×𝐾1																																													𝑁× 𝑛 + 2 ×𝐾2 𝐾1																																𝑁×(𝑛 + 𝑑) ×∏ 𝐾𝑖!
" 						

𝑁 ×	𝑁 ×∏ 𝐾𝑖!
" 				

𝑁	∏ 𝐾𝑖!
"

𝐾2

Y𝐾1 	 															∏ 𝐾𝑖#
"

2 𝑙 = 𝑑 + 1

1

Figure 4. Architecture of our DEH model. All the operations are point-wise, i.e., shared amongst N points. Each subsequent layer of
equivariant hyperspheres contains Kl neurons for each of the

∏d
i Ki preceding layer channels. The architectures of the non-permutation-

invariant variants differ only in that the global aggregation function over N is substituted with the flattening of the feature map.

In this section, we provide an illustration of the architectures of our DEH model used in the experiments in Section 5.
By default, we learned non-normalized hyperspheres and equipped the layers with the equivariant bias and the additional
non-linearity (non-linear normalization in (18)). The number of learnable parameters corresponds to the competing methods
in the experiments, as seen in Table 1. The DEH architectures are presented in Table 2.

D.1. O(5) Regression Architectures Clarification

Note that we used the CGENN model architecture, containing 467 parameters, from the first version of the manuscript
(Ruhe et al., 2023), and the corrected evaluation protocol from the latest version. Their model in the latest version has

14



On Learning Deep O(n)-Equivariant Hyperspheres

Methods Equiv. layer sizes [K1, K2, . . . ] Invariant operation FC-layer size Total #params Performance

O(3) Action recognition Acc., % (↑)

DEH [8, 6, 2] sum 32 7.8K 69.86
DEH [3, 2] ∆E 32 8.1K 82.92
DEH [3, 2] ∆ 32 8.1K 87.36

O(5) Regression MSE (↓)

DEH [2] l2-norm 32 343 0.0084
DEH [2] ∆E 32 275 0.0033
DEH [2] ∆ 32 275 0.0007

O(5) Convex hulls MSE (↓)

DEH [32, 24] l2-norm 32 57.2K 7.5398
DEH [8, 6] ∆E 32 49.8K 1.3843
DEH [8, 6] ∆ 32 49.8K 1.3166

Table 2. Our DEH model architectures employed in the experiments and ablation on the invariant feature computation. The models are
trained on all the available training data. The results of the models in bold are presented in Figure 2. DEH for the first and the third tasks
is also permutation-invariant.

three orders of magnitude more parameters, which is in the range of the EMLPs (Finzi et al., 2021) (see Figure 2, center)
containing 562K parameters. However, the error reduction thus achieved is only of one order of magnitude (Ruhe et al.,
2023) and only in the maximum training data size regime, which is why we compared the models within the original size
range (see Table 2 and Figure 2).

Besides, since the number of points in this task is only 2 and the permutation invariance is not required (no aggregation
over N ; see Figure 4 and the caption), we used only three out of four entries of ∆ (21) in our model, i.e., only one of the
identical off-diagonal elements. Also, we disabled the bias component in our model for this experiment and achieved a
lower error (0.0007 vs. 0.0011).

E. Ablations
E.1. Invariant Feature Computation

In Table 2, we show the effectiveness of the invariant operator ∆ (21), modeling the relation between two points and a
sphere (see Section 4.5), over other invariant operations such as sum or l2-norm, applied to the N × (n+ d) matrix Y (see
Section 4.4 and Figure 4) row-wise.

We also considered including the edge computation in ∆, as discussed in Section 4.5, in the following way:

∆E = E⊙ Y Y⊤, (28)

where E := 1
2 (∥xi − xj∥2 + IN ) ∈ RN×N models the edges as the squared distances between the points (with the identity

matrix included to also model interactions between a single point and a sphere). This formulation is slightly closer to the
original formulation from Li et al. (2001) than (21) that we used. In Table 2, we present the respective model results.

E.2. Architecture

In Table 3, we present a comparison between a single- vs. a two-layer DEH (which was employed in the experiments with
the results in Figure 1). We note that already with one layer, our model exhibits high performance for the presented tasks.
Increasing the number of layers in our DEH is therefore only marginally advantageous in these cases.

Bias and learnable normalization ablations are presented in Table 4. As we see, the performance of DEH is further improved
if the bias is removed, which was also noted in Section D.1. A minor improvement is obtained by removing the learnable
parameters from the non-linear normalization, α (one per neuron), (18), while keeping the bias. However, removing both
the bias and the learnable parameters from the normalization, results in lower performance.
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Methods Equiv. layer sizes [K1, K2, . . . ] Total #params Avg.∗ performance

O(3) Action recognition Acc., % (↑)

DEH [6] 8.1K 70.05
DEH [3, 2] 8.1K 70.84

O(5) Convex hulls MSE (↓)

DEH [48] 49.6K 2.1633
DEH [8, 6] 49.8K 2.1024

Table 3. Our DEH model: single- and two-layer (the results of which are presented in Figure 2). ∗The performance is averaged across the
models trained on the various training set sizes (see Figure 2).

Bias Normalization with learnable parameters, αk Total #params Avg.∗ MSE (↓)

✓ ✓ 49.8K 2.1024
✓ ✗ 49.7K 2.0936
✗ ✓ 49.7K 2.0623
✗ ✗ 49.7K 2.1468

Table 4. Hyperparameter ablation (using the O(5) convex hull volume prediction task from Section 5: our main DEH model with and
without equivariant bias, learnable parameters in the normalization (18). ∗The MSE is averaged across the models trained on the various
training set sizes (see Figure 1).
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