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Abstract001

Transformers achieve strong performance in002
language modeling by removing recurrence,003
enabling parallel training and stable optimiza-004
tion. However, this architectural choice limits005
their computational power, leaving them unable006
to reliably solve tasks such as counting, rever-007
sal, and arithmetic. At the same time, Chain-008
of-Thought (CoT) prompting dramatically im-009
proves reasoning performance in Transformer-010
based language models. In this work, we ana-011
lyze the computational roles of recurrence and012
autoregression in neural models and show that013
recurrence is essential for increasing reason-014
ing depth. We argue that CoT approximates015
recurrence by repeatedly encoding and decod-016
ing intermediate computational states through017
natural language, effectively bridging autore-018
gression and recurrent computation. We further019
revisit recurrent Transformer variants through020
the lens of recurrence-completeness, identify-021
ing fundamental limitations in popular architec-022
tures such as Linear Transformers and RWKV.023
Our results clarify why CoT enhances reason-024
ing and offer principled guidance for designing025
models with stronger computational capabili-026
ties. Experiments are detailed in Appendix.027

1 Introduction028

The emergence of large language models (LLMs)029

(Achiam et al., 2023; Touvron et al., 2023;030

Jiang et al., 2023), featuring billions to trillions031

of parameters, marks significant progress in di-032

verse language-related tasks (Chang et al., 2024;033

Thirunavukarasu et al., 2023; Zhang et al., 2023;034

Wu et al., 2023; Beltagy et al., 2019). How-035

ever, growing concerns have arisen over the limi-036

tations (Dziri et al., 2024; Valmeekam et al., 2022;037

Ullman, 2023) of current LLMs, particularly their038

difficulties with basic tasks such as multiplication039

or counting. While much of the debate centers040

on training techniques and data choice (Yu et al.,041

2024), it is crucial to also consider the theoreti-042

cal limitations of the computational capabilities of 043

these models, which fundamentally depend on their 044

core architecture, Transformers (Vaswani et al., 045

2017). 046

Figure 1: Computability hierarchy with each neural
network architecture according to experimental results.

In contrast to deterministic models like state ma- 047

chines or K Nearest Neighbor classifiers, whose 048

computational power is entirely reliant on their 049

architectural (algorithm) design, the power of Neu- 050

ral Networks hinges upon a combination of both 051

architecture (Zhou and Schoellig, 2019) and net- 052

work optimization (Delétang et al., 2023). A Neu- 053

ral Network starting with random weights without 054

any optimization, regardless of its architecture, has 055

limited computational ability. Conversely, a net- 056

work with a single linear layer without activation 057

functions, even if perfectly optimized, is limited to 058

capturing only basic linear relationships. 059

Prior research (Delétang et al., 2023; Dziri 060

et al., 2024; Svete et al., 2024; Chiang et al., 061

2023) has demonstrated that recurrent neural net- 062

works (Medsker et al., 2001) (RNNs and LSTMs) 063

possess strong computational capabilities when op- 064

timally tuned, as supported by both empirical (Delé- 065

tang et al., 2023; Dziri et al., 2024) and theoreti- 066

cal (Svete et al., 2024; Chiang et al., 2023) stud- 067

ies. However, recurrent networks face significant 068

optimization challenges (Alqushaibi et al., 2020), 069

such as the inability to parallelize during training 070
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and susceptibility to gradient vanishing (Hochre-071

iter, 1998) or exploding (Kanai et al., 2017) with072

longer sequences (Ribeiro et al., 2020), which lim-073

its their scalability with large models and datasets.074

Conversely, the Transformer model replaces recur-075

rence with an attention mechanism, enabling paral-076

lel training and mitigating the gradient vanishing077

issue through multiple gradient paths (Abnar and078

Zuidema, 2020). This innovation has made Trans-079

formers the leading choice for scalability (Kaplan080

et al., 2020) and optimization efficiency with large081

training data and model sizes. Nonetheless, the re-082

moval of recurrence imposes significant limitations083

on many reasoning tasks, as shown in multiple pre-084

vious works (Delétang et al., 2023; Dziri et al.,085

2024). Our work further examines in depth the086

different roles of recurrence and autoregression in087

neural networks, revealing the necessity of recur-088

rence for higher computational power.089

Figure 2: A comparison between using state machine
to recognize the language of question answering and
language of all the even numbers. Natural language
tends to have wide branches but shallow depth whereas
logical reasoning can be very deep as input sequence
can be arbitrarily long.

The introduction of Chain of Thought (CoT)090

prompting (Wei et al., 2022) represents a signif-091

icant advancement for transformer-based language092

models, greatly enhancing performance across a093

range of tasks (Chu et al., 2023), including those094

beyond the computational capacity of the Trans-095

former architecture. Despite substantial research096

analyzing the logic behind CoT, much of it inter-097

prets CoT from a psychological perspective (Miao098

et al., 2024; Li et al., 2024) as this way of reason-099

ing is more human-like. Additionally, previous100

studies have examined CoT’s role in knowledge101

extraction in LLMs (Zhu and Li, 2023), which can102

differ from its role in reasoning processes. In this103

work, we elucidate CoT from a computability per-104

spective, demonstrating that CoT approximates the105

omitted recurrence in the Transformer architecture.106

We show that CoT acts as a bridge between autore-107

gression and recurrence, backing our claim with108

extensive experimental results and case studies in- 109

volving tasks of varying computational levels. 110

Lastly, we revisit recent efforts to modify the 111

Transformer architecture to be recurrent, including 112

various architectural designs such as the univer- 113

sal Transformer (Dehghani et al., 2018) and the 114

linear Transformer (Katharopoulos et al., 2020). 115

However, we find that some of these so-called “re- 116

current” designs are primarily intended to reduce 117

inference costs and do not enhance the model’s 118

computational power. We analyze the computa- 119

tional capabilities of each design and their ability 120

to model recurrent functions through our proposed 121

concept of Recurrence-Completeness. Our anal- 122

ysis identifies key limitations of several recently 123

proposed architectural modifications. 124

The contributions of this work are: 1) We define 125

and contrast the concepts of recurrence and autore- 126

gression in neural networks, providing an in-depth 127

analysis of their impact on a model’s computational 128

power. 2) We examine CoT from a computational 129

standpoint, highlighting its role in bridging autore- 130

gression and recurrence in LLMs, supported by em- 131

pirical evidence. 3) We systematically revisit and 132

analyze recent recurrent modifications of Trans- 133

former architectures, uncovering the advantages 134

and disadvantages of each design from a computa- 135

tional perspective. 136

2 Definition and Concept 137

Our study places significant emphasis on the con- 138

cept of recurrence within neural networks. How- 139

ever, the concepts of recurrence and autoregression 140

have not been clearly defined and contrasted with 141

in previous literature. In this section, we provide 142

explicit definitions and distinctions between recur- 143

rence and autoregression in the context of neural 144

networks to establish a foundation for our analysis. 145

2.1 Recurrence and Autoregression 146

A neural network can generate two types of outputs 147

for a given input: (1) h, representing the neural 148

network’s hidden state encoded as a vector, and (2) 149

o, the token (label), a single value derived from 150

the hidden state vector h. The use of these out- 151

puts shapes the network’s modeling capabilities, 152

resulting in either autoregressive or recurrent archi- 153

tectures. 154

The notion of recurrence is derived from com- 155

putation theory, where a model maps input data 156

to corresponding output values, represented as 157
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f : X 7→ H. In line with computability theory158

conventions, we restrict X and H to countable sets,159

where all elements in X can be enumerated in a spe-160

cific order as (x1,x2,x3, · · · ). We denote the map-161

ping of an element xt at position t as ht = f(xt).162

Function f is said to be (k terms) recurrent under163

function g : Hk 7→ H, if the output of f on xt164

can be generated by applying g to the k preceding165

outputs of f as follows:166

ht = f(xt) = g(ht-1,ht-2,ht-3, · · · ,ht-k) (1)167

Note that function g is usually much simpler than168

f .169

Take the Fibonacci sequence, f(n) = φn−(1−φ)n√
5

,170

as an example. It is (2 terms) recurrent under a171

simpler function gadd(a, b) = a + b, where the nth172

result can be derived from its two predecessors:173

hn = gadd(hn-1,hn-2) = hn-1 + hn-2 (2)174

This captures the core principle of recurrent mod-175

eling: the current computational result, ht, can176

be derived solely using previous outcomes. This177

is possible because the preceding terms of h en-178

capsulate all essential computational information179

required for subsequent calculations and can thus180

be reused to resume the computation for obtaining181

the next h. By employing the simple function g,182

the model utilizes the knowledge in the previous h183

terms and avoids the need to directly apply the com-184

plex function f to the entire input xt and restart185

the entire computation anew.186

In contrast, autoregression (Fuller and Hasza,187

1981), established in statistical analysis, posits that188

the current observation (through statistical sam-189

pling from underlying distribution ht) at time t,190

denoted as ot, can be inferred using previous ob-191

servations:192

ot = g(ot-1,ot-2, . . . ,ot-k) (3)193

From a computational perspective, each result ot194

is fundamentally distinct from the computational195

state ht. Termed as an ‘observation,’ ot captures196

only a part of the information in the complete com-197

putational state ht. Consequently, ot may lack es-198

sential information required for continuing the com-199

putation to generate the next output. For example,200

consider a function f which determines if the nth201

Fibonacci number is greater than 1000. Then the202

partial information on for the nth Fibonacci number,203

on = ⟨whether hn is greater than 1000⟩, is204

insufficient to be used for computation of the 205

(n+ 1)th result, and therefore might need to start 206

the calculation anew from the beginning (i.e., from 207

x1). 208

At this point, we can contextualize autoregres- 209

sion and recurrence within the framework of neural 210

models. Recall that in these models, ht denotes 211

the model’s hidden state output at time step t, and 212

ot is the word (or label) generated from ht. The 213

vector ht embodies the entirety of the computation 214

of the model up to time t, as it is where the neural 215

model performs all its reasoning and stores its inter- 216

mediate information and memory. In contrast, the 217

generated word ot is a discrete, partial representa- 218

tion derived from ht, capturing only a part of the 219

total computational information. Recurrent models 220

utilize previous computational states to compute 221

the current computational state ht, as shown: 222

ht = gθ(ht-1:t-k) (4) 223

where gθ is function represented by the neural 224

model. By contrast, an autoregressive model solely 225

uses previously generated partial information (to- 226

kens) ot−1:t−k when calculating the current com- 227

putational state. 228

ht = gθ(ot−1:t−k) (5) 229

and further derives ot from this ht for future com- 230

putation. 231

To distinguish the roles of recurrence and autore- 232

gression in neural models, we analyze two com- 233

plexity measures: time complexity and depth com- 234

plexity. Time complexity counts the total number 235

of computational operations required to process 236

an input of length n, while depth complexity mea- 237

sures the number of sequential computation steps 238

after accounting for all possible parallelism. Depth 239

complexity thus captures the longest chain of de- 240

pendent operations, rather than the total amount of 241

computation. Both measures are expressed using 242

Big-O notation. Crucially, each task admits a mini- 243

mum complexity lower bound, and models whose 244

depth or time complexity falls below this bound 245

cannot solve the task. For example, multiplying 246

two n-bit numbers requires Ω(n log n) time (Af- 247

shani et al., 2019) and at least O(log n) depth due 248

to the sequential dependencies in digit aggregation, 249

while modeling a chess game with n moves re- 250

quires O(n) depth since each board state depends 251

on the previous one and cannot be parallelized. 252
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Figure 3: Architecture diagrams of all discussed Recurrent Transformer variants.

3 CoT + Autoregressive = Recurrent253

In this section, we show how recurrence enhances254

the computational capabilities of neural networks.255

A network with infinite precision (d → ∞) could256

theoretically handle computations of infinite depth257

complexity by serving as a comprehensive lookup258

table for all feasible mappings. However, this ideal259

scenario is impractical. Motivated by this, our260

focus shifts to the practical setting of networks261

with finite precision. Furthermore, we explore262

the concept of chain-of-thought (CoT) (Wei et al.,263

2022) prompting as an approximation of recurrence264

within the domain of LLMs. Our analysis is situ-265

ated within the realm of computability, delineating266

the upper bound of a model’s computational ca-267

pacity dictated by its architecture. We note that268

the impact of optimization techniques and training269

data on a model’s computational capabilities falls270

beyond the scope of this work.271

3.1 Role of Recurrence in Computability272

To show the role of recurrence in neural models, we273

examine the computational complexity exhibited274

by recurrent models (e.g., RNNs) as opposed to275

non-recurrent models (e.g., MLPs and Transform-276

ers).277

A Multi-Layer Perceptron (MLP) (Popescu et al.,278

2009) is not recurrent, as it processes input of a279

fixed size and traverses through layers sequentially280

in a single iteration. An MLP consists of m layers,281

with each layer parameterized by matrix W(i), and282

performs matrix multiplication on the output from283

the previous layer h(i−1):284

h(i) = σ(W(i)h(i−1)) (6)285

where σ denotes a non-linear function applied inde- 286

pendently to each value of the resultant vector. This 287

formulation diverges from the recursive definition 288

in Equation 1, as each layer represents a distinct 289

function parameterized by different W (i) utilized 290

only once in the forward pass rather than recurring 291

upon itself. 292

As previously demonstrated, each WX opera- 293

tion in an MLP entails a depth complexity of O(1), 294

so an MLP with m layers has a cumulative depth 295

complexity of O(1) × m = O(m) as layers are 296

computed sequentially one after another. However, 297

this complexity simplifies to O(1) because m re- 298

mains constant for a given MLP, irrespective of the 299

input length n. This inherent limitation hinders 300

MLPs from effectively addressing tasks like com- 301

plex computations (e.g., multiplying large num- 302

bers) or string manipulations, requiring growing 303

depth. 304

In contrast, an RNN (Medsker et al., 2001) (with 305

m layers) modifies an MLP by integrating recurrent 306

connections over the MLP itself. Specifically, the 307

output from the last MLP layer, h(m), loops back 308

as input for subsequent computations within the 309

same RNN. Given an input sequence of n elements, 310

denoted as xn = (x1, x2, · · · , xn), computations 311

occur sequentially on each xi, expressed at time t 312

as: 313

h
(m)
t = σ(W1h

(m)
t−1 +W2xt) (7) 314

This can be simplified to: 315

h
(m)
t = gθ(h

(m)
t−1, xt) (8) 316

Here, gθ signifies the function encapsulated by the 317

RNN’s MLP. This computation aligns with the def- 318

inition of recurrence in Equation 1 where the same 319
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Models Depth Time
Complexity Complexity

Models

DFA O(n) O(n)
MLP O(1) O(1)
RNN O(n) O(n)

Transformers O(1) O(n)
LLM + CoT O(T (n)) O(n+ T (n))

Table 1: Depth and time complexity of neural mod-
els with finite precision. T (n) denotes the Chain of
Thought (CoT) steps for an input of length n.

model function gθ iteratively operates upon itself.320

Given that each application of a given MLP repre-321

sents a depth of O(m) = O(1), sequential applica-322

tion extends the depth complexity to O(n), with n323

indicating the input length.324

The Transformer (Vaswani et al., 2017), despite325

its prowess in language modeling, does not exhibit326

recurrent structure and has a limited depth. For327

an input sequence of length n, the Transformer328

employs an attention mechanism which computes329

key (k), query (q), and value (v) vectors for each330

input token xi before they attend to each other for331

information retrieval. Specifically, at input step332

t and attention layer i, the computations are as333

follows:334

k
(i)
t ,q

(i)
t ,v

(i)
t = Wk,q,v h

(i−1)
t

(9)

335

h
(i)
t = Attn(k(i)

1:t,q
(i)
t ,v

(i)
1:t) =

∑t
i=1 e

q
(i)
t k

(i)
i v

(i)
i∑t

i=1 e
q
(i)
t k

(i)
i

(10)

336

Since each k,q, and v is calculated from h(i−1) at337

corresponding time t, we can view the calculation338

of h(i)
t in Equation 10 as a function of all h(i−1)339

from step 1 to t:340

h
(i)
t = g

(i)
θ (h

(i−1)
1:t ) (11)341

Here, g(i)θ represents the function embodied by the342

ith attention layer. Unlike recurrent models, the343

output of each layer in the Transformer solely relies344

on the prior layer’s output, devoid of self-referential345

loops. With a fixed number of layers m, the com-346

putational steps remain limited to m sequentially347

executed stages, unaffected by input length expan-348

sion. The final layer output h(m)
t is only a function349

of the input instead of the previous hidden state350

(Figure 3a):351

h
(m)
t = gθ(x1:t) (12)352

Hence, the depth complexity is constrained to be 353

O(1) by the fixed layer count. 354

A comparison between recurrent and non- 355

recurrent models in Table 1 underscores the pivotal 356

role of recurrence in enhancing the depth of reason- 357

ing. This amplification is crucial for tackling tasks 358

that demand growing depth during reasoning. 359

3.2 Role of Autoregressive in Computability 360

As demonstrated previously, autoregression is not 361

a substitute for recurrence in the computational 362

process. Unlike a recurrent process, where the 363

computed state h is re-entered into the model as 364

input, an autoregressive model condenses the en- 365

tire computational state h into a single token o 366

and augments the input with o. For example, con- 367

sider simulating a chess game with a sequence of 368

n actions xn = (x1, x2, · · · , xn). The computa- 369

tional state h must encode the board information 370

at each step to avoid having to resort to memo- 371

rization. An autoregressive model does not pass 372

this calculated hidden state h into the next cal- 373

culation. Instead, the next chess move o is de- 374

rived from ht, and this token o is reintroduced 375

into the model, resulting in a new input augmented 376

sequence xn+1 = (x1, x2, · · · , xn,o1). That is, 377

the autoregressive process extends the input se- 378

quence by appending the newly derived token to 379

the original input. However, this does not enhance 380

depth complexity since it does not alter the model 381

structure but only the input. Because the tokens 382

o generally do not encode enough computational 383

information, reasoning for the next move o2 must 384

start from scratch, unlike leveraging ht from the 385

previous step in a recurrent process. 386

Therefore, autoregression preserves the original 387

model’s depth complexity while increasing the time 388

complexity as more computations are performed 389

on the extended input. 390

3.3 Role of CoT in Computability 391

Large language models (LLMs) are autoregressive 392

models that utilize condensed outputs, ot, derived 393

from hidden states ht for subsequent computa- 394

tions. Natural language is a powerful medium for 395

encoding various kinds of information. Specif- 396

ically, the Chain of Thought (CoT) approach 397

employs a sequence of natural language tokens, 398

(o1,o2,o3, . . . ,ok), to form sentences that encode 399

intermediate computational information from the 400

hidden state h. This behavior is represented as 401

h
(m)
t → o1:k, where “ → ” denotes discretizing 402

5



Transformer Depth PT Recurrence
Type Completeness

Standard Recurrent O(n) % Complete
FeedBack Recurrent O(n) % Complete

Block Recurrent
O(n/k) % Complete

(block size = k)
RWKV O(1) ! Incomplete

Linear Transformer O(1) ! Incomplete

Table 2: All types of Recurrent Transformers and their
properities. PT stands for parallel training.

and encoding the computation state information403

into string format.404

In subsequent computations, instead of solely405

using the task-related input xn = (x1, · · · , xn),406

the encoded CoT strings are appended to form a407

new input xn+k = (x1, · · · , xn,o1,o2, · · · ,ok).408

When this input is fed to the model, o1:k, which en-409

codes h(m)
t , is converted back to the hidden vector,410

denoted as o1:k → h
(1)
n+k. Since this string en-411

codes the computational state represented by h
(m)
t ,412

converting it back to the hidden state allows the413

model to directly utilize it to continue the computa-414

tion from the recovered h
(m)
t , rather than reasoning415

from the beginning. The entire CoT process can be416

represented as:417

h(m)
n → o1:k → h

(1)
n+k (13)418

Thus, the autoregressive process in CoT simu-419

lates the missing recurrent connection by iteratively420

encoding the computation state into strings and de-421

coding the strings back to the computation state.422

Assuming CoT performs T (n) steps of the above423

conversion for a given task instance xn, the time424

complexity is enhanced to O(n + T (n)) through425

the autoregressive process during CoT, with a depth426

complexity of O(T (n)) attained through simulated427

recurrence from such string-vector conversions.428

For example, in a chess-playing scenario, the429

computational state h, which encodes the board430

information, is converted to descriptive strings de-431

tailing the current chessboard configuration in the432

CoT process. Contrast that with directly outputting433

the next action as done by a non-CoT-based infer-434

ence. The board description o1:k can then be used435

by the CoT-based model to resume the computa-436

tion, bypassing the need to compute from scratch437

by using only previous actions as input. An illus-438

tration of this process and how CoT approximates439

recurrent connections like RNN is shown in Figure440

11.441

Level Task RNN Stack-RNN Tape-RNN Transformer LSTM LLM CoT
R Modular Arithmetic 100.0 100.0 100.0 24.2 100.0 18.0 100.0

Parity Check 100.0 100.0 100.0 52.0 100.0 48.0 92.0
Cycle Navigation 100.0 100.0 100.0 61.9 100.0 24.0 100.0

CF Stack Manipulation 56.0 100.0 100.0 57.5 59.1 0.0 100.0
Reverse List 62.0 100.0 100.0 62.3 60.9 0.0 88.0
Modular Arithmetic 41.3 96.1 95.4 32.5 59.2 0.0 94.0

CS Odds First 51.0 51.9 100.0 52.8 55.6 0.0 100.0
Addition 50.3 52.7 100.0 54.3 55.5 0.0 100.0
Multiplication 50.0 52.7 58.5 52.2 53.1 0.0 56.0
Sorting 27.9 78.1 70.7 91.9 99.3 0.0 100.0

Table 3: Empirical results of each architecture’s perfor-
mance for different levels of tasks.

4 Recurrent Transformer 442

Recurrence is crucial in the reasoning process, 443

sparking extensive research into integrating recur- 444

rent features into Transformer architectures. This 445

section explores various designs for embedding re- 446

currence into Transformer models and proposes 447

two categories: Recurrence-Complete (RC) and 448

Recurrence-Incomplete (RI). Figure 3 provides an 449

overview of all discussed models. The summa- 450

rized depth complexity analysis and other model 451

properties are included in Table 2. 452

4.1 Recurrence-Complete (RC) Models 453

A model is said to be recurrence-complete if it 454

can represent any recurrent function as specified 455

in Equation 1. We first illustrate how recurrence- 456

completeness is achieved using the simplest recur- 457

rent network, RNN, and then extend this analysis 458

to Transformer-based RC models. 459

As demonstrated in Equation 8, RNNs model 460

the recurrent function1 ht = gθ(ht−1) by recur- 461

sively taking the previous output h as the model’s 462

input (Figure 3(b) and Figure 4, left). Given that 463

the function gθ, parameterized by the RNN net- 464

work, incorporates both linear and nonlinear ac- 465

tivation functions, by the Universal Approxima- 466

tion Theorem (Cybenko, 1989), for any given (one 467

term) recurrent function g′, we have ∀ϵ > 0, 468

∃θ : |g′(h) − gθ(h)| < ϵ. In other words, the 469

model-encoded function gθ can infinitesimally ap- 470

proximate or simulate any function g′ such that 471

ht = g′(ht−1), to an arbitrary degree of precision. 472

Therefore, RNNs possess the capability to simulate 473

any one-term recurrent function. 474

4.2 RC Transformers 475

Standard Recurrent Transformer. The Standard 476

Recurrent Transformer (Yang et al., 2022) inte- 477

grates recurrent connections of h with the original 478

attention mechanism, as depicted in Figure 3c. At 479

each time step t, the computation of the first layer’s 480

1One term recurrent function.
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key (k), query (q), and value (v) incorporates not481

only the current input xt but also the output hidden482

vector from the previous time step h
(m)
t−1:483

k
(1)
t ,q

(1)
t ,v

(1)
t = Wk,q,v(xt + h

(m)
t−1) (14)484

The subsequent layers retain the standard attention485

mechanism in the standard Transformer. Since486

each input xt is enhanced by the previous h(m), the487

output of the final h at the current time step t is a488

function of both x1:t due to the attention operations489

and the previous h(m)
t−1 from recurrent connection,490

and therefore is recurrent:491

h
(m)
t = gθ(x1:t,h

(m)
t−1) (15)492

where gθ represents the function embodied by the493

entire network. Given the transformer’s architec-494

ture consists of both linear and nonlinear layers,495

function gθ satisfies the conditions of the Uni-496

versal Approximation Theorem, and therefore is497

Recurrence-Complete using the same argument as498

before.499

Feedback Transformer. Instead of adding the500

previous output h(m)
t−1 to the current input xt as in501

Equation 15, the Feedback Transformer (Fan et al.,502

2020) uses the attention mechanism to combine503

the previous k terms of h(m)
t−k,t−1 with the current504

xt, as illustrated in Figure 3d. This modification505

improves gradient flow and optimizes the model’s506

performance as attention allows gradient to flow507

through multiple optimization paths.508

However, this alteration does not further improve509

the computational depth compared to the Standard510

Recurrent Transformer, as h(m)
t can be viewed with511

the same dependency as in Equation 15, having a512

depth complexity of O(n) owing to its recurrent513

connection. Since h is applied through an atten-514

tion layer consisting of both linear and nonlinear515

components, following the principles of the Univer-516

sal Approximation Theorem, the Feedback Trans-517

former is Recurrence-Complete.518

The analysis of Block Transformer and Uni-519

versal Transformer can be found in Appendix.520

Figure 4: A comparison between RC and RI.

4.3 Recurrent-Incomplete (RI) Models 521

Some Transformer variants, though described as 522

"recurrent," do not fully model the general recur- 523

rence function as delineated in Equation 1. These 524

models leverage the recurrence concept to stream- 525

line complex attention computations by iterating 526

over intermediate results. This modification avoids 527

the need for recalculating attention from time step 528

1 to t at each iteration, significantly reducing the 529

time complexity of the attention mechanism during 530

inference and improving efficiency. However, this 531

approach neither enhances depth complexity nor 532

achieves genuine recurrence modeling. 533

Specifically, such models recurrently update pre- 534

vious attention aggregations and store them for the 535

next attention computation. However, the recur- 536

rent variable is updated through a fixed "shifting 537

operation" rather than a learned function by the 538

model itself (Figure 4), thus only mimicking linear 539

recurrent relations. 540

4.4 RI Transformer 541

RWKV. As opposed to the standard attention mech- 542

anism, RWKV employs a modified linear attention 543

function, defined as follows for the ith layer: 544

k
(i)
t ,v

(i)
t = Wk,v h

(i−1)
t (16) 545

h
(i)
t = RWKVLinearAttn(k(i)

t ,v
(i)
1:t) (17) 546

=

∑t−1
j=1 e

−(t−1−j)w+k
(i)
j v

(i)
j + eu+k

(i)
t v

(i)
t∑t−1

j=1 e
−(t−1−j)w+k

(i)
j + eu+k

(i)
t

(18)

547

where w and u are constant vectors. 548

Similar to the standard attention function, di- 549

rectly applying RWKVLinearAttn using vector val- 550

ues k and v is complex due to its dependence 551

on v,k values from steps 1 to t. However, since 552

RWKVLinearAttn removes the non-linear relations 553

between pairs of k and q in the standard attention, 554

h
(i)
t can now be reformulated recursively using 555

only the intermediate results from the (t − 1)-th 556

step, significantly streamlining the function. At 557

each time step t, RWKV stores two intermedi- 558

ate values: a(i)t =
∑t−1

j=1 e
−(t−1−j)w+k

(i)
j v

(i)
j and 559

b
(i)
t =

∑t−1
j=1 e

−(t−1−j)w+k
(i)
j , enabling the calcu- 560

lation of h(i)
t using solely a

(i)
t−1 and b

(i)
t−1 from the 561
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previous time step as follows:562

h
(i)
t =

a
(i)
t−1 + eu+k

(i)
t vt

b
(i)
t−1 + eu+k

(i)
t

(19)563

This way, ht is no longer dependent on values from564

all time steps 1 to t as in Equation 18, but only on565

values from steps t− 1 and t. Values at and bt are566

stored and updated at each time step for each layer567

i as follows:568

a
(i)
t = za

(i)
t−1 + g′θ(xt) (20)569

b
(i)
t = zb

(i)
t−1 + g′′θ (xt) (21)570

where z is a constant value e−w, referred to as the571

positional shift. The functions g′θ and g′′θ are repre-572

sented by the ith network layer, using the network’s573

weights W for their computations: g′θ(xt) = ektvt574

and g′′θ (xt) = ekt . Here, the calculations for a and575

b in Equations 20 and 21 are indeed recurrent, as576

defined in Equation 1. Both values are recurrently577

derived from the previous a and b values output by578

the same layer i.579

The recurrent formula in Equation 20 for at can580

be further simplified to:581

at = zat−1 + ct (22)582

where ct can be viewed as constant at each timestep583

since it does not depend on the recurrent variable a584

but only on the input x.585

Such recurrence does not represent a general586

recurrent function as described in Equation 1 in587

Main Paper for two reasons:588

1. The model-encoded function g′θ applies only589

to the input tokens xt and not to the recurrent590

variable at−1, as shown in Figure 4 (right).591

Hence, the Universal Approximation Theo-592

rem does not apply to a for modeling any593

arbitrary recurrent function. Specifically, the594

recurrence function at uses a fixed shifting op-595

eration (Equation 22), with the shifted value596

ct derived from xt.597

2. The model can be trained in parallel, indicat-598

ing no strict dependency between values at599

steps t and t− 1, unlike in recurrent-complete600

models like RNN. This parallelism is evident601

when expanding at (where we fix z to 1 for602

simplicity): 603

at = at−1 + ct (23) 604

= (at−2 + ct−1) + ct (24) 605

· · · 606

= a0 + c1 + · · ·+ ct (25) 607

where a0 is base case setting t to 0. Since 608

each ci = g′θ(xi) depends solely on xi and not 609

on the previous values of a, all at values can 610

be calculated in parallel. This parallel process 611

is illustrated in the Figure 12. 612

4.5 Parallel Training of RC and RI Models 613

As we can see, Recurrence-Complete models do 614

not support either parallel training nor inference 615

due to the recurrent formula ht = g(ht−1), which 616

enforces a hard dependency; the result at time t can- 617

not be computed until ht−1 is obtained, as shown 618

in the top part of Figure 12. However, Linear- 619

Attention based Recurrence-Incomplete models al- 620

low for parallel training because the recurrence in 621

their design at = g(at−1) = at−1 + c is only a 622

shifting operation (Equation 22), and such an oper- 623

ation is associative and commutative. Specifically, 624

to obtain at, we shift a0 with values c1, c2, · · · , ct 625

(Equation 25). The associative and commutative 626

properties allow us to shift the value of c in any or- 627

der without strict dependency. During training, all 628

the shifted values c1, c2, · · · , ct can be calculated 629

in parallel since each ci is computed independently 630

by applying the model to the corresponding input: 631

ci = Wxi. Therefore, shifting can be done in par- 632

allel with all values of c obtained, as demonstrated 633

in the bottom part of Figure 12. 634

5 Conclusion 635

In this work, we analyzed the distinct roles of au- 636

toregression and recurrence in a model’s reasoning 637

process, demonstrating that recurrence is crucial 638

for boosting computational depth. We explained 639

that CoT approximates recurrence in Transformer- 640

based autoregressive LLMs from a computational 641

standpoint. Lastly, our analysis of recurrence com- 642

pleteness highlights the importance of choosing 643

the right structure for different tasks, as some "re- 644

current" structures aim to increase inference speed 645

rather than depth complexity. Our findings offer 646

insights for designing new Transformer-based mod- 647

els with enhanced computational and reasoning 648

capabilities. 649
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Limitations650

This work is primarily intended to provide concep-651

tual insights and empirical observations under a652

fixed experimental setup, rather than an exhaustive653

exploration of all possible modeling choices or con-654

figurations. Certain design decisions, such as task655

formulations, prompt structures, or evaluation pro-656

tocols, are adopted for clarity and consistency, and657

alternative choices may lead to slightly different nu-658

merical results. In addition, the analysis focuses on659

representative benchmarks and controlled settings,660

which may not fully reflect all real-world scenarios.661

These factors do not affect the main conclusions of662

the paper but point to potential directions for future663

refinement and extension.664
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A Experiment Settings843

A.1 Controlled Experiment Designs844

Our goal is to demonstrate that recurrence can en-845

hance the depth of reasoning in neural models. To846

achieve this, we carefully control our experiments847

to minimize the influence of other factors that could848

affect the model’s performance. Please note that849

the version of GPT-4 used in this experiment was850

released before November 2023. Results may vary851

slightly due to potential changes in the version and852

updates to the model.853

In previous discussions, we’ve highlighted how854

tokenization can significantly impact a model’s855

failure on certain tasks. To mitigate this, we’ve856

designed alternative task formats that rule out the857

effects of tokenization. Additionally, since opti-858

mization is often imperfect, large language models859

(LLMs) can struggle with long-context information860

retrieval and may produce hallucinations as con-861

text length increases. This, in turn, can negatively862

affect testing accuracy, as models often fail to refer-863

ence the original task instances and values during864

extended reasoning steps. While these factors are865

critical in real-world LLM applications, they are866

distracting for our experimental purposes, which fo-867

cus on the model’s architecture and computational868

ability rather than optimization effects.869

Therefore, we limit our experimental task870

lengths to under 20 elements and we sample lengths871

when generating task instances (except for list re-872

versing where we sample length from 30 to 40).873

This threshold was determined through prelimi-874

nary analysis, which showed that CoT processes875

become unmanageably long and prone to non-876

computability-related errors when task instances877

exceed 20 steps. When conversation length in-878

creases significantly, models tend to split outputs879

across multiple sessions, complicating accurate in-880

formation retrieval due to imperfect optimization.881

By limiting length, we stay within a manageable882

context length, minimizing the aforementioned is-883

sues while still being able to demonstrate the dif-884

ference between CoT and non-CoT in reasoning885

process.886

Modern LLMs are fine-tuned to perform Chain887

of Thought reasoning by default. When prompted,888

they typically engage in step-by-step intermediate889

reasoning before providing an answer. For LLMs890

without CoT, we therefore explicitly forbid the use891

of CoT in our prompts, instructing the model to892

"Give a direct answer without steps." This ensures893

that reasoning occurs solely within the hidden rep- 894

resentations of the Transformer network, avoid- 895

ing the vector-to-string conversion discussed in the 896

CoT process. 897

Finally, to address the inherent variability in 898

LLM generation process, which involves statistical 899

sampling, we conduct multiple trials for each task 900

instance. We generate 50 task instances per task 901

and perform reasoning three times independently 902

for each instance. An answer is considered correct 903

if at least one of the three prompts yields the correct 904

result. This approach aligns with the experimental 905

settings used in baseline expert models (Delétang 906

et al., 2023), where models are trained 10 times for 907

each task, and the best-performing model is used 908

for testing. This allow us to focus on the upper 909

bound of performance rather than average perfor- 910

mance, ensuring that errors due to randomness are 911

minimized. 912

A.2 Tasks 913

The tasks are designed to assess the model’s com- 914

putability rather than its "intelligence", following 915

the previous work’s (Delétang et al., 2023) task de- 916

sign with modifications for LLMs. This means that 917

all tasks involve simple rule iterations and memory 918

access rather than complex algorithm design. How- 919

ever, successfully solving these tasks requires the 920

model’s architecture and memory system to meet 921

or exceed the complexity level needed for each task. 922

Below, we provide a detailed description of each 923

task design, along with sample inputs and outputs. 924

Lengths of all instances n are sampled from 10 to 925

20. 926

We use three tasks in the Regular (R) class: 927

1. Modular Arithmetic: Given a sequence of 928

n numbers and operations (+, -), compute the 929

result modulo 5. For example, the input 1 + 930

3− 2 should yield 2. 931

2. Parity Check: Given a list containing the 932

words "apple" and "banana," determine if the 933

word "apple" appears an even number of times. 934

For example, the input ("apple", "apple", 935

"banana") yields True. 936

3. Cycle Navigation: Given a list of actions 937

("forward," "backward," "stay"), determine 938

the final position in a 5-state cycle, start- 939

ing from state 1. For example, the input 940

("forward", "forward", "backward") 941
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will result in state 1. This task is equivalent to942

Modular Arithmetic.943

We use three tasks in the Context-Free (CF)944

class:945

1. Stack Manipulation: Given a list of val-946

ues (fruit names) representing a stack, and947

a sequence of n actions, compute the result-948

ing stack. For example, applying the actions949

(pop "apple", push "peach") to the stack950

("grape", "banana", "apple") results in951

("grape", "banana", "peach").952

2. Reverse List: Given a list of fruit names, re-953

verse the list.954

3. Modular Arithmetic (Complex): Given an955

arithmetic expression with n operations, cal-956

culate the result modulo 5. For example,957

((3 + 4)− 1)× (2 + (1− 2)) yields 1.958

We use four tasks in the Context-Sensitive (CS)959

class:960

1. Odd First: Given a list of fruits, ex-961

tract all fruits at odd positions, followed962

by fruits at even positions. For example,963

("apple", "grape", "banana", "peach")964

yields ("apple", "banana", "grape",965

"peach").966

2. Addition: Given two large numbers with n967

digits, calculate the sum.968

3. Multiplication: Given two large numbers969

with n digits, calculate the product.970

4. Sorting: Given a list of numbers, sort them971

using the insertion sort algorithm.972

Case Studies973

In this section, we provide a detailed analysis of974

how Chain of Thought (CoT) models recurrence by975

converting h into text and then back into h for re-976

current reasoning, using the model’s output on var-977

ious task instances. We also demonstrate through978

case studies how non-CoT-based large language979

models (LLMs) fail to achieve the same.980

We present the output when GPT-4 is used to981

solve tasks such as counting, sorting, list reversing,982

and number addition. As shown in Figure 6 at the983

end of the document, CoT sorts a list by repeatedly984

converting the partially sorted list encoded in h985

into natural language, then converting it back to986

h for further computation. This approach allows 987

sorting to be performed without relying solely on 988

the model’s layer depth, which is fixed at O(1). 989

Instead, the computation can be extended through 990

vector-string conversions, enabling the reasoning 991

process to continue arbitrarily long using autore- 992

gressive generation, thus enhancing the depth of 993

reasoning. 994

Similarly, case studies on counting (Figure 8), 995

list reversing (Figure 5), and addition (Figure 7) 996

demonstrate the same process of resuming reason- 997

ing and boosting computational depth. In contrast, 998

without intermediate results and relying only on 999

the Transformer’s inherent layer-wise depth, tasks 1000

like counting and addition cannot be completed (as 1001

shown in Figures 9 and 10). 1002

12



Figure 5: Case study of list reversing. CoT effectively models recurrent computation by iteratively converting the
computed result from h to text o. This text o is then read back into a vector form h for the next computation. The
process of h → o is represented in yellow, where the newly calculated list in h is converted into natural language
list tokens. The process of o → h is represented in blue, where the description of the current computation, or partial
list, is converted back into the vector h for subsequent computation.
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B Time and Depth Complexity1003

To illustrate the distinct roles of recurrence and au-1004

toregression within a given neural model, we apply1005

two complexity metrics in the reasoning process:1006

time complexity and depth complexity. Time com-1007

plexity measures the total computational operations1008

executed to process an input of length n utilizing1009

the said model. In contrast, depth complexity mea-1010

sures the number of sequential steps, after consid-1011

ering all parallel processing that a model performs,1012

to process input x. Depth complexity highlights1013

the longest chain of dependent steps rather than1014

the cumulative count of computational steps. Both1015

complexities are quantified using the Big O nota-1016

tion.1017

Different models exhibit varying complexities1018

during the processing of inputs, based on their1019

design. Nevertheless, each task has an inherent1020

minimum complexity (lower bound) necessary for1021

solving it. Models falling below this threshold are1022

incapable of solving the task. For instance, mul-1023

tiplying two n-bit numbers requires a minimum1024

of Ω(n log n) (Afshani et al., 2019) time complex-1025

ity, representing the total number of floating point1026

operations needed for an input of length n and at1027

least O(log n) depth complexity due to the possibil-1028

ity of parallelizing the multiplication of individual1029

digits. The only sequential dependency arises in1030

the subsequent addition of digits, which requires1031

log n sequential steps if each pair of additions is1032

performed simultaneously. Another example per-1033

tains to modeling a chess game with n input moves,1034

which requires O(n) depth complexity, as each1035

board state calculation depends on both the current1036

move and the previous state, and such dependency1037

does not admit any parallelization. Models which1038

exhibit lesser depth complexities for given input of1039

length n, like Transformers, are thus ill-suited for,1040

i.e., incapable of tasks mentioned above, as we will1041

show.1042

The computational complexity of a state ma-1043

chine is dictated by the number of times the tran-1044

sition function is invoked on the input. As a state1045

machine is inherently recurrent, with each compu-1046

tation relying on sequential processing, contingent1047

on prior states, its time and depth complexity are1048

identical. In a deterministic finite state machine1049

(DFA), both the depth and total computation pre-1050

cisely align with the length of the input string, re-1051

sulting in a complexity of O(n).1052

For a neural network, computation corresponds1053

to each matrix multiplication WX, with W be- 1054

ing weight matrix and X the input. Even though 1055

each WX entails the summation of n terms w1x1+ 1056

w2x2 + · · · + wnxn, these summation operations 1057

are performed in parallel, with no sequential de- 1058

pendencies. Consequently, the depth complexity of 1059

each WX operation is O(1). 1060

C Memorization in Neural Network 1061

In practical applications, the effective depth c of 1062

matrix multiplication WX is not exactly 1. This 1063

is due to large matrix multiplications combined 1064

with nonlinear functions, which can approximate 1065

complex functions and “memorize" mapping re- 1066

sults of computations requiring multiple sequential 1067

steps. For instance, results from multiplying large 1068

numbers can be memorized during training and re- 1069

trieved via WX in a single parallel computation, 1070

circumventing the typical dependencies. Hence, 1071

the constant c is proportional to the matrix size d, 1072

denoted as: 1073

c ∝ d = O(1) (26) 1074

The size of matrix d in a neural network is in- 1075

fluenced by the dimensionality of W and the pre- 1076

cision of its floating-point numbers. Increased di- 1077

mensionality and precision allow for greater infor- 1078

mation storage. If precision were infinite, both the 1079

time and depth complexities of WX could theoret- 1080

ically become infinite, transforming the matrix into 1081

a vast lookup table through pure memorization. 1082

However, with finite precision, merely storing 1083

the mapping results for specific tasks – such as 1084

the outcomes of certain number multiplications – 1085

does not truly “solve" the task, as there exist larger 1086

input instances that exceed the matrix’s memoriza- 1087

tion capacity. While memorization eliminates the 1088

necessity for recurrent computation and depth it- 1089

eration for the memorized task instances, it often 1090

falls short in effectively solving tasks and demands 1091

exponentially more space. 1092

D Experiments Details 1093

While we have highlighted the critical role of re- 1094

currence and the mechanisms of Chain of Thought 1095

(CoT), quantifying the Chomsky hierarchy-aligned 1096

computability of CoT-enhanced LLMs remains 1097

challenging. This involves analyzing memory struc- 1098

tures beyond the depth complexity previously dis- 1099

cussed. To empirically demonstrate the computa- 1100

tional power of recurrence (both True and Approxi- 1101

mate), we conduct experiments following previous 1102

14



Figure 6: Case study of sorting. The process h → o is represented in yellow, where the sorted list in h is converted
into natural language list tokens. The process o → h is represented in blue, where the description of the current
computation, or partially sorted list, is converted back into the vector h for the next computation.
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Figure 7: Case study of addition. The process h → o is represented in yellow, where the current addition result in
h is converted into natural language. The process o → h is represented in blue, where the current added value is
converted back into the vector h for the next computation.
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Figure 8: Case study of counting using CoT.

Figure 9: Case study of addition without using CoT. Answer is incorrect.
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Figure 10: Case study of couting without using CoT. Answer is incorrect.

Figure 11: Visualization of how computational information is passed along sequentially. Information between red
colors is sequential (Between layers for transformers and across steps for RNN). Transformer without CoT can
only pass the information through layers sequentially and therefore its depth is limited to layer numbers. RNN
is recurrent over time therefore can pass the hidden information as many times as input length. CoT converts the
hidden information from vectors into strings and then converts it back to vectors, therefore achieving approximate
recurrence.

work (Delétang et al., 2023) on examining differ-1103

ent models’ capability to solve tasks at each level.1104

Table 3 shows the results of our experiments, de-1105

scribed next.1106

D.1 Experiment Design1107

Model Choice. The goal of our work and exper-1108

iments is not to evaluate and compare the perfor-1109

mance of different LLMs. Instead, our aim is to1110

demonstrate the role of CoT in approximating re-1111

currence and show the improved computational1112

power of incorporating recurrence. Specifically, 1113

our work focuses on the upper limit of the model’s 1114

computational power based on architectural de- 1115

signs. Other factors such as optimization, train- 1116

ing efficacy, and tokenizer choices are beyond the 1117

scope of this investigation. Therefore, we choose 1118

the best-performing model available to us, GPT- 1119

4 (Achiam et al., 2023), to cater to this purpose. 1120

Detailed model usage and prompt examples are 1121

shown in the Appendix. 1122

Tasks Choice. We follow previous work on the 1123

18



empirical analysis of the expressiveness of neural1124

expert models (Delétang et al., 2023) and adopt1125

their task settings. Tasks are divided into three1126

computational levels: Regular (R), which requires1127

machines equivalent to or more powerful than a1128

DFA; Context-Free (CF), solvable by Pushdown1129

Automaton (PDA); and Context-Sensitive (CS), re-1130

quiring linear-bounded Automaton (LBA).1131

Task input format can significantly influence1132

LLM performance. For example, LLMs often mis-1133

takenly infer "9.9 < 9.11" or count characters in-1134

correctly due to suboptimal splitting during text to-1135

kenizing. To minimize these effects, we redesigned1136

the tasks. Task instances like "aababababa" for1137

string reversing are replaced with list reversing,1138

e.g., of ["apple", "monkey", "apple", · · · ], as word1139

like "apple" remains a single token in modern tok-1140

enizers. We also limit task length to avoid issues1141

with long context access and cross-session prob-1142

lems in prompting. Detailed task designs, length1143

sampling, and example inputs/outputs are given in1144

the Appendix.1145

D.2 Results1146

The experiment results for LLM without and with1147

CoT with are appended to the expert model’s per-1148

formance from previous work (Delétang et al.,1149

2023) in Table 3. As we can see, all recurrence-1150

augmented models can solve tasks in the regular1151

(R) category. This includes true recurrence models1152

such as RNN, Stack-RNN (Joulin and Mikolov,1153

2015), Tape-RNN (Delétang et al., 2023), and1154

LSTM, as well as approximated-recurrence using1155

CoT-based LLMs. Specifically, the accuracy for1156

R tasks is nearly 100% for all such models. In1157

comparison, non-recurrent models, whether ex-1158

pert (trained for a specific task) or general-purpose1159

LLM, struggle with R tasks. The accuracies on1160

R tasks for Transformer expert models are far1161

from ideal (20-60% accuracy) compared to RNN1162

(100%), with Transformer-based LLMs (without1163

CoT) performing even worse.1164

This further solidifies the complexity analysis1165

shown in Table 1. Specifically, all recurrent-based1166

models, including CoT, possess a depth complexity1167

greater than DFA, which is the minimum capabil-1168

ity required for solving R tasks. However, since1169

Transformer’s depth complexity is constrained to1170

be O(1), solving these tasks is infeasible.1171

Furthermore, CF and CS tasks require memory1172

structures corresponding to a stack in PDA and1173

a linear tape in a LBA, respectively. Not surpris-1174

ingly, augmenting RNNs with the corresponding 1175

memory achieves high accuracy in each task level. 1176

However, since Transformer-based models have a 1177

depth complexity of O(1), even though their atten- 1178

tion module allows for complex memory access, 1179

their limited reasoning depth prevents them from 1180

successfully solving tasks at each level. Specifi- 1181

cally, we see Transformer expert models achieve 1182

low accuracy (30%-60%) in both CF and CS tasks. 1183

For non-expert LLMs without CoT, large failures 1184

are witnessed in solving any of these tasks, with 1185

an accuracy of 0% for every single task in those 1186

categories. 1187

However, this inability to model higher-level 1188

complexity is mitigated when CoT is introduced. 1189

As seen in Table 3, augmenting LLMs with CoT 1190

significantly improves testing accuracy on CF and 1191

CS tasks. Except for list reversing and multiplica- 1192

tion, where accuracy falls below 90%, performance 1193

on other tasks is close to 100%. Even though LLMs 1194

are not augmented with specific memory structures, 1195

the CoT process can intuitively act as a storage 1196

medium using the output text. Transformer-based 1197

LLMs can achieve tape-like memory random ac- 1198

cess through their attention mechanism on the CoT- 1199

generated text. In summary, CoT augments LLMs 1200

with the depth complexity required for solving all 1201

levels of tasks. In the Appendix, we further illus- 1202

trate this recurrence approximation with extensive 1203

case studies on the output from LLMs. 1204

E Autoregressive + CoT = Recurrent 1205

Holds Only in Language Models 1206

An implicit prerequisite for mimicking recurrence 1207

using Chain of Thought is that the tokens o1:k must 1208

be expressive and universal enough to encode all 1209

types of information, including reasoning states, 1210

state memories, and intermediate computational 1211

results. Natural language is posited to be power- 1212

ful enough to encode all sorts of information us- 1213

ing natural language tokens. From chess boards 1214

and programs to data structures and computational 1215

graphs, strings can effectively encode them all in 1216

meaningful values. 1217

However, this does not hold true for certain non- 1218

natural language-based large models. For instance, 1219

protein language models that use 20 amino acids as 1220

tokens (Lv et al., 2024) cannot effectively convert 1221

hidden representations h into meaningful represen- 1222

tations with amino acid tokens, as these tokens can 1223

only encode limited, rather than universal, infor- 1224
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mation. Similarly, a pretrained chess model can-1225

not perform autoregressive-based recurrent reason-1226

ing because it only has tokens representing chess1227

moves, lacking the ability to convert h into descrip-1228

tions of the chessboard.1229

An illustrative demonstration of how CoT1230

achieves RNN-like recurrence is shown in Fig-1231

ure 11.1232

F RC models1233

Block (Recurrent) Transformer. The Block1234

Transformer segments the input sequence into1235

blocks of every k tokens, adding a standard recur-1236

rent connection only between each adjacent block.1237

Within each block, it functions as a standard Trans-1238

former, applying attention solely among its k to-1239

kens in that segmented block. The output hidden1240

state h(m) at the last token of each block is then1241

recurrently passed to the next block along with the1242

next k tokens as input, as illustrated in Figure 3e.1243

Specifically, at time t, h(m)
t is a function of both the1244

input xt−k:t within that block and the final hidden1245

state of the previous block h
(m)
t−k−1, denoted as:1246

h
(m)
t = gθ(xt−k:t,h

(m)
t−k−1) (27)1247

As the recurrence does not happen at each time1248

step but every k steps, the depth complexity is only1249

O(n/k) for a given input of length n. Similar to the1250

standard RNN and standard Recurrent Transformer,1251

the Block Transformer is Recurrence-Complete.1252

Universal Transformer. Unlike the models dis-1253

cussed above, which are recurrent over time t (tem-1254

poral recurrent), the Universal Transformer is re-1255

current over layers (depth recurrent). Specifically,1256

unlike MLP or Transformer layers where each layer1257

represents a different function g
(i)
θ parameterized1258

by a different weight matrix W(i), the Universal1259

Transformer has a single layer. The output of this1260

layer h is recurrently recycled back as input for the1261

same layer (Figure 3f):1262

h
(i)
1:t = gθ(h

(i−1)
1:t ) (28)1263

Unlike the standard Transformer, which has a fixed1264

number of layers m, the Universal Transformer can1265

dynamically iterate the layer depth for T (n) times,1266

with T being a function predicted by another neu-1267

ral network. Ideally, for tasks that are difficult and1268

require greater depth, T (n) will be large. For tasks1269

that are easier and can be solved with fewer layers,1270

T (n) will be small, thus adjusting its depth com- 1271

plexity O(T (n)) dynamically according to need. 1272

Similarly, Equation 28 conforms to the recurrent 1273

definition and is Recurrence-Complete, as function 1274

gθ is represented by an attention layer consisting 1275

of both linear and nonlinear components. 1276

G RI model 1277

Linear Transformer. Unlike RWKV, which elimi- 1278

nates the use of q values from the standard Trans- 1279

former, the Linear Transformer (Katharopoulos 1280

et al., 2020) preserves the usage of all k, q, and 1281

v values. However, it shares the idea of using a 1282

linear function rather than the non-linear function 1283

in the standard Transformer for calculating each 1284

combination of kq and v, as shown below: 1285

k
(i)
t ,q

(i)
t ,v

(i)
t = Wk,q,v h

(i−1)
t (29) 1286

h
(i)
t = LinAttn(k(i)

1:t,q
(i)
t ,v

(i)
1:t) (30) 1287

=

∑t
i=1 ϕ(q

(i)
t )ϕ(k

(i)
i )v

(i)
i∑t

i=1 ϕ(q
(i)
t )ϕ(k

(i)
i )

(31) 1288

where ϕ(x) is independently applied to each value 1289

in vectors q and k before linearly multiplying them 1290

together. Similar to RWKV, Equation 31 can now 1291

be computed using solely the intermediate values 1292

at−1 and bt−1 from time step t − 1, rather than 1293

using all q, k, and v values from step 1 to t: 1294

h
(i)
t =

ϕ(q
(i)
t )a

(i)
t−1

ϕ(q
(i)
t )b

(i)
t−1

(32) 1295

with a and b recurrently computed as follows: 1296

a
(i)
t = a

(i)
t−1 + g′θ(xt) (33) 1297

b
(i)
t = b

(i)
t−1 + g′′θ (xt) (34) 1298

where g′θ(xt) = ϕ(k
(i)
t )v

(i)
t and g′′θ (xt) = ϕ(k

(i)
t ), 1299

computed using the model weight W. Similar to 1300

RWKV, a and b are recurrently computed with a 1301

shifted value rather than computed using model 1302

weights, so the Universal Approximation Theorem 1303

does not apply to the recurrent variable of a and b 1304

(Figure 4 right). Therefore, the Linear Transformer 1305

represents another instance in the RI class. 1306

G.1 No Free Lunch for Parallelism 1307

We propose a "No Free Lunch" rule for parallel 1308

computing in neural models: parallel training is 1309

a must trade-off for Recurrent-Completeness, and 1310
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both cannot be achieved simultaneously. Specifi-1311

cally, a true recurrent (RC) model cannot be par-1312

allelized during either inference or training, as the1313

computation of ht+1 strictly depends on ht in a1314

sequential manner.1315

This can be proven by contradiction. Assume a1316

true recurrent model can be trained or inferred in1317

parallel. Then the acquisition of ht+1 can occur1318

at the same time as ht, meaning that ht is not a1319

necessary dependency for ht+1. This implies that1320

ht+1 could be computed using some other variable,1321

say v, which is independent of ht. Consequently,1322

this model would not be recurrent, as ht+1 can be1323

expressed as a function of solely v, g(v), contra-1324

dicting our initial assumption of the model being1325

recurrent.1326

Linear Transformers’ h can be understood in this1327

way, since h can be fully expressed using x rather1328

than the previous h, as in RC models. Therefore,1329

both recurrence and parallel training cannot be at-1330

tained simultaneously. Recurrent Neural Networks1331

(RNNs) sacrifice parallel training for recurrent con-1332

nections, while Transformers trade recurrence for1333

parallelism.1334

H Role of CoT Variants in Computability1335

As the naive CoT simply uses the prompt "Think1336

Step by Step" and guides the model to output the1337

reasoning state ht into a sequence of natural lan-1338

guage tokens (o1,o2, · · · ,ok), it might not effec-1339

tively convert all useful computational information1340

from h to o1:k. Therefore, different CoT variants1341

have been proposed, and we discuss how these dif-1342

ferent CoT methods affect the reasoning process1343

and the model’s computability.1344

Tree of Thought (ToT). Instead of outputting a1345

single reasoning sequence o1:k, ToT encourages the1346

model to output multiple possible reasoning paths1347

simultaneously. We denote the i-th reasoning path1348

as o(i)1:ki
. Each path describes a different possible1349

CoT reasoning logic to solve the problem. Then,1350

we evaluate each one of them before expanding1351

the reasoning on the most promising top L paths1352

independently. Similarly, all reasoning paths are1353

obtained through h
(m)
t and this can be represented1354

as:1355

h(m)
n → (o

(1)
1:k1

,o
(2)
1:k2

, · · · ,o(L)1:kL
) → (h

(1)
n+k1

, · · · ,h(L)
n+kL

)
(35)1356

As we can see, even though there might be L differ-1357

ent reasoning paths, each path performs reasoning1358

steps independently and conforms to our previous1359

analysis of CoT. Each path extracts different reason- 1360

ing (computational) information from h and then 1361

discretizes the hidden computation into strings be- 1362

fore converting these strings back to h. During this 1363

process, each path approximates recurrence on its 1364

own. Assuming the longest reasoning path in ToT 1365

performs T (n) steps of CoT, the depth complexity 1366

of ToT will be n+ T (n), the same as CoT. There- 1367

fore, ToT does not increase the depth complexity 1368

beyond that of CoT but improves the conversion 1369

of h → o by encoding multiple possible reasoning 1370

solutions. 1371

Since h cannot be directly passed to the next 1372

step as in a recurrent model, ToT explicitly ex- 1373

tracts all possible solutions encoded in h and fur- 1374

ther expands on them. For complex tasks, this can 1375

be helpful as some require searching rather than 1376

simple one-directional reasoning, and a single rea- 1377

soning path o1:k might not encode all necessary 1378

information from h for continued computation. In 1379

such cases, naive CoT does not extract all neces- 1380

sary information from h and therefore does not 1381

approximate the desired recurrence. 1382

Graph of Thought (GoT): GoT enhances the 1383

Tree of Thought by introducing an iterative self- 1384

refinement and aggregation process. In ToT, each 1385

thought in the tree independently performs reason- 1386

ing. In contrast, GoT merges the reasoning paths of 1387

these thoughts into a single unified path, allowing 1388

them to share reasoning information across paths 1389

rather than relying solely on their own. Addition- 1390

ally, GoT incorporates a self-refinement mecha- 1391

nism that evaluates its reasoning and makes correc- 1392

tions. These enhancements enable GoT to better 1393

extract correct and useful information from the un- 1394

derlying reasoning state, h. 1395

In summary, all variants of Chain of Thought 1396

(CoT) improve the process of transitioning from 1397

h → o1:k for approximated recurrence. Since h 1398

contains a vast amount of information and compu- 1399

tational intermediates, a simple CoT might struggle 1400

to extract the most useful elements (e.g., multiple 1401

solutions embedded in h). Different CoT variants 1402

provide more effective ways to convert the hid- 1403

den state into informative outputs. However, these 1404

variants do not enhance the process of o → h, as 1405

encoding text into a hidden state is optimized dur- 1406

ing training. Additionally, variants of CoT do not 1407

further increase the depth complexity beyond what 1408

CoT already achieves as the total depth is decided 1409

by vector-string conversion steps T (n). 1410
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I Usage of LLM1411

LLMs are used to assist with writing and language1412

polishing. Specifically, LLMs are employed to re-1413

fine draft paragraphs, after which the polished text1414

is further reviewed and modified by the authors.1415

Figure 12: How parallel training in linear-attention
based Transformer achieved (bottom). In comparison,
Recurrence-Complete models enforce a hard depen-
dency between t and t − 1 steps, and sequential cal-
culations can not be skipped.

Thus, while the model uses recurrent concepts to1416

redesign the calculation of attention for enhanced1417

inference efficiency — by avoiding recalculations1418

from step 1 to t and by utilizing only results from1419

step (t − 1) — it does not increase depth com-1420

plexity nor enable it to capture arbitrary recurrent1421

functions, rendering it an RI model.1422
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