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Abstract

Federated learning (FL) facilitates collaboration between a group of clients who1

seek to train a common machine learning model without directly sharing their2

local data. Although there is an abundance of research on improving the speed,3

efficiency, and accuracy of federated training, most works implicitly assume that4

all clients are willing to participate in the FL framework. Due to data heterogeneity,5

however, the global model may not work well for some clients, and they may6

instead choose to use their own local model. Such disincentivization of clients can7

be problematic from the server’s perspective because having more participating8

clients yields a better global model, and offers better privacy guarantees to the9

participating clients. In this paper, we propose an algorithm called INCFL that10

explicitly maximizes the fraction of clients who are incentivized to use the global11

model by dynamically adjusting the aggregation weights assigned to their updates.12

Our experiments show that INCFL increases the number of incentivized clients by13

30-55% compared to standard federated training algorithms, and can also improve14

the generalization performance of the global model on unseen clients.15

1 Introduction16

Federated learning (FL) is a distributed learning framework that enables the training of a machine17

learning model using a network of clients (e.g., mobile phones, hospitals) [1], without having to18

transfer the clients’ data to a central server. In the standard FL framework [1–6], clients perform a19

few updates using their local data, and a central server aggregates these updates into a single global20

model. As the global model is based on the union of all the local datasets, it is expected to generalize21

well for the entire client population. However, due to heterogeneity of the data between clients [7],22

not all clients stand to benefit from federation. While FL can produce a model that performs well23

on average, for some clients, it may perform even worse than a model trained in isolation on their24

limited local data. Our experiments (Section 4) demonstrate that local models trained in isolation on25

FL benchmarks can indeed outperform global models obtained by commonly used FL algorithms.26

When a client participates in FL, it incurs the cost of contributing its local data and computational27

resources to the federation in return for receiving a global model. However, if a local model trained28

in isolation is better than the global model, the client may not be incentivized to participate in29

FL—causing it to opt out of contributing to and using the global model in the future. This lack of30

incentives for clients to participate in FL can be problematic from the server’s perspective. Having a31

large pool of clients willing to participate in training is beneficial, if not imperative, to ensure the32

performance of FL models [8, 9]. When a large number of clients participate, the global model is33

based on a larger pool of data, allowing better generalization to new clients that may join in the34

future. Having a larger number of participating clients can also improve privacy-utility trade-offs by35

mitigating the impact of each individual client on the global model [10–12].36
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In this work, we seek to answer the following pertinent question: How can we actively incentivize37

clients to use and contribute to a federated global model, rather than training local models in38

isolation? To address this question, we propose an algorithm called INCFL to train a global model39

that dramatically improves the fraction of incentivized clients in comparison to standard FL algorithms.40

Our key contributions are summarized as follows.41

• In Section 2 we formalize the notion of client incentives by defining a metric called the incentivized42

participation rate (IPR), which measures the fraction of clients willing to participate in the FL43

framework. We propose to maximize a sigmoid relaxation of the IPR, which makes the objective44

differentiable and enables the use of common gradient-based optimization algorithms.45

• In Section 3 we propose a federated algorithm called INCFL to maximize incentivized client46

participation. INCFL dynamically adjusts the weight assigned to each client’s local update when47

aggregating the updates at the central server. The method allows for partial client availability for48

training, it is applicable to general non-convex objectives (with convergence guarantees), and it is49

stateless (does not require clients to maintain local parameters during training).50

• In Section 4, we empirically validate the performance of INCFL by comparing it with standard FL51

algorithms for multiple data sets. INCFL is able to increase the number of incentivized clients by52

30-55%, and also ensures that the global model generalizes well to unseen clients.53

As surveyed in [13], previous works investigating client incentives in FL have typically done so from54

a game-theoretic perspective and for toy problems such as mean estimation. In contrast, our work55

is generally applicable to non-convex objectives, and considers a server that seeks to train a single56

global model that will be preferred by the maximum number of clients, thus incentivizing them to57

participate in FL. We provide a more detailed review of prior work in Appendix A below.58

2 Problem Formulation59

We consider a FL setup where M clients are connected to a central server. For each client k 260

f1; 2; : : : ;Mg, its true local loss function is given by fk(w) = E��Dk
[‘(w; �)] where Dk is the true61

data distribution of client k, and ‘(w; �) is the composite loss function for the model w 2 Rd for data62

sample �. In practice, each client only has access to its local training dataset Bk with jBkj = Nk data63

samples sampled from Dk. Client k’s empirical local loss function is Fk(w) = 1
jBkj

P
�2Bk

‘(w; �).64

Our setup is applicable to both cross-device and cross-silo FL as we do not make any specific65

assumptions about the nature of the clients or their constraints.66

Defining Client Incentives in FL. The goal of each client is to find a model that minimizes its67

true loss function, which we denote as w�k := argminw fk(w). To do so, we consider that each68

client does some solo training on its local dataset Bk to obtain an approximate local model bwk. For69

example, bwk can be found by running a few steps of SGD on the empirical loss Fk(w). Since the70

local dataset size is in general small, bwk may not generalize well to the true distribution Dk of a71

client. Therefore we say that a client is incentivized to participate in FL (i.e., use the federated model)72

if the federated model gives better generalization performance than its local model.73

Definition 1 (Client Incentive). Given a global model w, client k 2 [M ] is said to be incentivized to74

participate in FL if fk(w) < fk(bwk), that is, the global model is better than its own local model.75

In practice, clients can have a separate validation dataset on which they compare the losses of the76

global model and their local model to decide if they are incentivized to participate. In general, fk(bwk)77

in Definition 1 acts as a performance benchmark for the global model and can also be replaced by a78

different value depending on the specific need of a client.79

Standard FL Objective does not account for Client Incentives. In standard FL, clients collab-80

oratively minimize the objective F (w) =
PM
k=1 pkFk(w), where the aggregation weights pk are81

usually set as pk / jBkj. Observe that this objective function does not consider client incentives as82

defined in Definition 1 and implicitly assumes that all clients will participate in training and use the83

global model. However, due to clients’ data heterogeneity, this assumption may not hold in general.84
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Incentivized Participation Rate (IPR). Based on Definition 1, we formulate the following metric to85

explicitly measure the fraction of clients that are incentivized for a given federated global model w:86

Incentivized Participation Rate (IPR) =
1

M

MX

k=1

Iffk(w) < fk(bwk)g; (1)

where I is the indicator function. Note that IPR only looks at whether or not a client is incentivized87

and not how much a client is incentivized (or disincentivized) since the decision to participate in88

FL is binary. Another variation of (1) could be to measure the incentive margin of clients, e.g.89 P
kmaxffk(bwk)� fk(w); 0g, but this does not capture the motivation behind our work which is90

to improve the number of the incentivized clients in FL. To the best of our knowledge, a similar91

indicator based metric has not been explored previously in the FL literature.92

2.1 Proposed INCFL Objective93

A naïve approach to increase the number of incentivized clients with our definition of client incentives94

in (1) is directly maximizing the IPR as follows:95

max
w

"
1

M

MX

k=1

Iffk(w) < fk(bwk)g
#
= min

w

"
1

M

MX

k=1

sign(fk(w)� fk(bwk))

#
: (2)

where sign(x) = 1 if x � 0 and 0 otherwise. There are two immediate difficulties in minimizing (2).96

First, clients may not know their true data distribution Dk to compute fk(w)� fk(bwk). Secondly,97

the sign function makes the objective nondifferentiable and limits the use of common gradient-based98

methods. We resolve these issues by proposing a "proxy" for (2) with the following relaxations.99

1. Replacing the Sign function with the Sigmoid function �(�) [14]: Replacing the non-100

differentiable 0-1 loss with a smooth differentiable loss is a standard tool used in optimiza-101

tion [15, 16]. Given the many candidates (e.g. hinge loss, ReLU, sigmoid), we find that using the102

sigmoid function is essential for our objective to faithfully approximate the true objective in (2).103

We discuss theoretical implications of using the sigmoid loss in more detail in Appendix B.1.104

2. Replacing �(fk(w) � fk(bwk)) with �(Fk(w) � Fk(bwk)): As clients do not have access to105

their true distribution Dk to compute fk(�) we propose to use an empirical estimate �(Fk(w)�106

Fk(bwk)). Since bwk is locally trained, it is likely that Fk(bwk) < fk(bwk). On the other hand, the107

global model w is trained on the data of all clients, making it unlikely to overfit to the local data108

of any particular client, leading to fk(w) � Fk(w) (see Appendix F.2). Hence, in most cases109

we have fk(w)� fk(bwk) < Fk(w)� Fk(bwk) and since sigmoid is an increasing function, this110

implies that �(fk(w)� fk(bwk)) < �(Fk(w)� Fk(bwk)). Therefore, with this relaxation we are111

effectively trying to minimize an upper bound on our true objective.112

With these relaxations, we present our proposed INCFL objective:113

INCFL Obj. : min
w
eF (w) = min

w

1

M

MX

i=1

eFi(w);where eFi(w) := �(Fi(w)� Fi(bwi)): (3)

Our experimental results in Section 4 support our intuition of these relaxations and convincingly114

demonstrate that minimizing our proposed objective leads to a much higher IPR than the standard FL115

objective. Before discussing the details of how we minimize our objective, we take a closer look at116

how our objective behaves for a mean estimation problem.117

3 Proposed INCFL Algorithm118

With the sigmoid approximation of the sign loss and for differentiable Fk(w), our objective eF (w) in119

(3) is differentiable and can be minimized with gradient descent and variants. Its gradient is given by:120

r eF (w) =
1

M

MX

k=1

(1� eFk(w)) eFk(w)| {z }
aggregating weight:=qk(w)

rFk(w): (4)
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Figure 1: Aggregating weightqk (w) for
any clientk versus the emprical incen-
tive gapFk (w) � Fk ( bw k ). The weight
qk (w) is small for clients that already
have a very large incentive (global much
better than local) or no incentive at all
(local much better than global), and is
highest for clients that are moderately
incentivized (global similar to local).

Observe thatr eF (w) is aweighted aggregateof the gradi-121

ents of the clients' empirical losses, similar in spirit to the122

gradientr F (w) in standard FL. The key difference is that123

in INCFL, the weightsqk (w) := (1 � eFk (w)) eFk (w) are124

incentive-dependent, and are dynamically updated based125

on the current modelw, as we discuss below.126

Behavior of the Aggregation Weightsqk (w). For a127

givenw, the behavior of the aggregation weightsqk (w)128

depend on theempirical incentive gap, Fk (w) � Fk ( bw k )129

(see Fig. 1) sinceeFk (w) = � (Fk (w) � Fk ( bw k )) . When130

Fk (w) � Fk ( bw k ), it implies that the global modelw131

performs much better than the local modelbw k at client132

k. HenceINCFL setsqk (w) � 0 to focus on the updates133

of other clients. Similarly ifFk (w) � Fk ( bw k ), INCFL134

will set qk (w) � 0. This is becauseFk (w) � Fk ( bw k )135

implies that the current modelw is incompatible with the136

local modelw k at clientk and hence it is better to avoid137

optimizing for this client at the risk of disincentivizing138

other clients. INCFL gives the highest weight to those139

clients for which the global model performs similar to140

their local models, i.e.Fk (w) � Fk ( bw), since this allows141

it to increase IPR without hurting other clients' performance.142

A Practical I NCFL Solver. Directly minimizing theINCFL objective using gradient descent can143

be slow to converge and impractical since it requires all clients to be available for training. Instead,144

we propose a practicalINCFL algorithm, which uses multiple local updates at each client to speed145

up convergence as done in standard FL [1] and allow for partial client availability. We replace the146

gradientr Fk (w) with the local update� w k at a client, and aggregate these updates only from147

clients that are available in that round.148

Let us use the superscript(t; r ) to denote the communication roundt and local iteration indexr . At149

each roundt, the server selects a new set of clientsS( t; 0) uniformly at random and sends the most150

recent global modelw ( t; 0) to clients inS( t; 0) . The clients inS( t; 0) then perform� local iterations151

with local learning rate� l to calculate their updates as follows:152

Perform Local SGD:w ( t;r +1)
k = w ( t;r )

k � � l g(w ( t;r )
k ; � ( t;r )

k ) for all r 2 f 0; : : : ; � � 1g; (5)

Compute Local Update:� w ( t; 0)
k = w ( t;� )

k � w ( t; 0)
k ; (6)

whereg(w ( t;r )
k ; � ( t;r )

k ) = 1
b

P
� 2 � ( t;r )

k
r f (w ( t;r )

k ; � ) is the stochastic gradient computed using a153

mini-batch� ( t;r )
k of sizeb that is randomly sampled from clientk's local datasetBk . The weight154

qk (w ( t; 0)
k ) can be computed at each client by calculating the loss over its training data withw ( t; 0)

k155

which is a simple inference step. Clients inS( t; 0) then send back their local updates� w ( t; 0)
k and156

weightsqk (w ( t; 0)
k ) to the server which updates the global model as follows:157

Global Update Rule:w ( t +1 ;0) = w ( t; 0) � � ( t; 0)
g

X

k2S ( t; 0)

qk (w ( t; 0) )� w ( t; 0)
k ; (7)

where� ( t; 0)
g = � gP

k 2S ( t; 0) qk (w ( t; 0) )+ � is the adaptive server learning rate with a �xed global learning158

rate� g and constant� > 0. We discuss the reasoning for such an adaptive learning rate along with159

the pseudo code and convergence bounds of our INCFL in Appendix C.160

4 Experimental Results161

We evaluateINCFL in four different settings: (i) logistic regression on a synthetic federated dataset162

(Synthetic (1,1) [2]), (ii) MLP trained on non-iid partitioned FMNIST [17], (iii) CNN trained on163

non-iid partitioned CIFAR10 [18], and (iv) MLP for sentiment classi�cation trained on Sent140 [19].164

We compareINCFL with well-known stateless FL algorithms that train a single model such as165
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(a) Training Data Ratio40% (b) Training Data Ratio80%

Figure 2: Incentivized participation rate (IPR), i.e., the fraction of incentivized clients, and preferred-
model test accuracy evaluated on the test data for the synthetic data with the training clients.INCFL
improves on both IPR and preferred-model test accuracy for both smaller (40%) and larger (80%)
training data ratios where the IPR improvement ofINCFL is larger for the smaller training data ratio.

(a) FMNIST (b) CIFAR10 (c) Sent140
Figure 3: Incentivized participation rate (upper), i.e., the fraction of clients incentivized to participate
in FL, and preferred-model test accuracy (lower) for the training clients' test data with different
datasets. For all datasets,INCFL achieves at least30% to up to55% increase in the fraction of
incentivized clients, while also achieving the maximum preferred-model test accuracy.

standard FedAvg [1], FedProx [2] which aims to tackle data heterogeneity, PerFedAvg [20] which166

facilitates personalization, and MW-Fed [21] which incentivizes client participation. We provide167

results on personalization jointly used with INCFL in Appendix F.2.168

Setup. For Sent140, we consider 308 clients and for the other datasets we have 100 clients that169

are used for training in FL. These clients are active at some point in training the global model, and170

we name them as `seen clients'. In all experiments, 10 clients are sampled every communication171

round. For FMNIST, data is partitioned into 5 clusters where 2 labels are assigned for each cluster172

with no labels overlapping across clusters. Clients are randomly assigned to each cluster, and within173

each cluster, clients are homogeneously distributed with the assigned labels . We similarly partition174

CIFAR10, where clients are partitioned into 10 clusters with 1 label assigned to each cluster. For the175

Sent140 dataset, clients are naturally partitioned with their twitter IDs. We also generate `unseen176

clients' the same way we generate the seen clients, with 619 clients for Sent140 and 100 clients for177

all other datasets. These unseen clients represent new incoming clients that have not been seen before178

during the training rounds of FL. The data of each client is partitioned to60% : 40%for training and179

test data ratio unless mentioned otherwise. Further details are deferred to Appendix F.1.180

Evaluation Metrics: IPR and Preferred-model Test Accuracy. We evaluateINCFL and other181

methods with these two key metrics: 1) Incentivized Participation Rate (IPR), de�ned in(1) and 2)182

Preferred-Model Test Accuracy. Recall that IPR is the fraction of clients incentivized to participate in183

FL and use the global server. The preferred-model test accuracy is the average of the clients' test184
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Table 1: Incentivized participation rate (IPR) and preferred-model test accuracy of the �nal global
models trained with different algorithms for the unseen clients' test data.

Incentivized Participation Rate (IPR) Preferred-Model Test Acc.

FMNIST CIFAR10 Sent140 FMNIST CIFAR10 Sent140
FedAvg 0:08 ( � 0:01) 0:00 ( � 0:00) 0:37 ( � 0:07) 98:53 ( � 0:13) 100:00 ( � 0:00) 57:05 ( � 1:44)

FedProx 0:07 ( � 0:01) 0:00 ( � 0:00) 0:37 ( � 0:07) 98:43 ( � 0:21) 100:00 ( � 0:00) 57:07 ( � 1:42)

MW-Fed 0:05 ( � 0:04) 0:02 ( � 0:02) 0:17 ( � 0:03) 98:32 ( � 0:13) 100:00 ( � 0:00) 55:57 ( � 1:28)

INCFL 0:55 ( � 0:00) 0:40 ( � 0:00) 0:43 ( � 0:05) 98:83 ( � 0:06) 100:00 ( � 0:00) 57:16 ( � 1:35)

accuracies computed on their preferred model, either the global model or their solo-trained local185

model. Higher IPR is bene�cial to the server, and higher preferred-model test accuracy is bene�cial186

to the clients. Thus, it is desirable for an algorithm to improve both these metrics.187

Incentivizing the Participation of the Seen Clients. We �rst discuss the performance for seen188

clients used during the training of the global model. In Fig. 2, we show that for the synthetic data,189

INCFL incentivizes at least5%more clients compared to the other baselines. The preferred-model190

test accuracy achieved byINCFL is also highest amongst other baselines. HenceINCFL provides191

a win-win for both the server and clients since clients have the highest accuracy from choosing the192

better model and the server has the highest fraction of incentivized clients. In Fig. 3, for all DNN193

experiments,INCFL signi�cantly improves the IPR to at least30%to at most55%. Fig. 3 also shows194

that the baselines can fail in incentivizing the clients with even0% clients incentivized.INCFL also195

improves on the preferred-model test accuracy than the other baselines for FMNIST and Sent140,196

corroborating the win-win for both the server and clients. For CIFAR10, the preferred-model test197

accuracy is100%for all baselines while the IPR is signi�cantly higher forINCFL. This shows198

that while clients can always achieve100%by either choosing the local or global model for best199

performance, server can only gain a large fraction of incentivized clients when using INCFL.200

Incentivizing the Participation of the Unseen Clients. We now show thatINCFL is also bettter at201

incentivizing the unseen clients that were not active during the training of the global model such as202

new incoming clients. In Table 1, we show thatINCFL consistently improves the IPR of such clients203

by at least40%for FMNIST and CIFAR 10, and6%for Sent140.INCFL also achieves higher or at204

least the same preferred-model test accuracy compared to that of all baselines for all datasets.205

Effect of Training Data Ratio. In Fig. 2, we show the performance ofINCFL with different ratios206

of the training data to test data split for each client's data. One can expect that if a client has a high207

training data ratio, the solo-trained local model of a client suf�ciently generalizes well to its test data,208

and hence the client will be less incentivized to participate in FL. We show in that even if a client has209

a high training data ratio (80%in Fig. 2(b)),INCFL is able to increase the fraction of incentivized210

clients compared to other baselines but the improvement is smaller compared to when clients have211

smaller training data ratio (40%in Fig. 2(a)). In general, clients are believed to have very few labeled212

training data [22, 23], in which caseINCFL can improve the fraction of incentivized clients greatly.213

5 Concluding Remarks214

In this work we carefully re-examine the fundamental assumption in FL that clients always stand to215

bene�t from federation. To do so, we formalize a intuitive notion of client incentives in FL based216

on whether a global model has better generalization performance than a client's local model. We217

introduce a novel metric termed as Incentivized Participation Rate (IPR) to explicitly measure the218

fraction of incentivized clients in FL and develop a corresponding frameworkINCFL to maximize219

IPR. In contrast to existing work,INCFL allows the server to play anactiverole in incentivizing220

clients by dynamically adjusting its aggregation procedure while training the global model. Moreover221

INCFL is well-suited to both cross-device and cross-silo FL since it stateless and allows partial client222

availability while training. We provide convergence guarantees forINCFL and show that in practice223

it can dramatically improve IPR compared to standard FL. We believe our work will open up new224

research directions in understanding the role played by the server in incentivizing clients for FL.225

Future work includes jointly examining client incentives with privacy guarantees offered in FL.226
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A Related Work351

Game-Theoretic Study of Client Coalitions. Similar to our work, [24, 25] consider the problem352

of client incentives where each client can either train a local model in isolation or join a coalition with353

other similar clients to train a common model. The authors study the ratio between the stable solution354

(where no client is incentivized to shift to a different coalition) and the optimal solution (where355

the sum of losses of all clients is minimized). Although this line of work establishes a number of356

useful game-theoretic insights, it focuses on simple mean estimation and linear regression problems.357

The server plays the role of a passive matchmaker, facilitating the formation of coalitions of clients.358

In contrast, in our work, the server actively seeks to train a single global model that maximizes359

client participation. This perspective alleviates some of the analysis complexities occurring in360

game-theoretic formulations and allows us to consider general non-convex objective functions.361

Client Incentives for Contributing Data and Computation Resources. Other recent works362

such as [21, 26–28] develop mechanisms to incentivize clients to contribute data samples and local363

computational resources to federated training, and compensate for these contributions. In [21], which364

is closest to our work, the authors consider linear problems and analyze the existence and optimality365

of equilibria in the problem of equitably distributing the burden of data contribution between clients.366

They propose a heuristic algorithm called Multiplicative Weight (MW)-Fed, where the server instructs367

clients for whom the global model is performing poorly to conduct more local updates. Unlike our368

work, this approach does not explicitly maximize client participation, and it is not supported by369

theoretical guarantees. However, we include it as a baseline in our experiments (Section 4).370

Personalized and Fair Federated Learning. Finally, personalized or fair FL methods may offer371

an auxiliary bene�t of increasing incentivized client participation even though they are not formally372

studied in the client incentives context. Instead of having all clients use a common global model,373

personalized FL methods consider learning models unique to each client. In cross-device settings, a374

common approach is to consider methods that �ne-tune the global model to produce personalized375

models [29, 30, 7, 31, 32]. This can naturally incentivize more clients to use the global model and376

participate in FL. OurINCFL algorithm is orthogonal to and can be combined with such personalized377

FL methods. In our experiments, we demonstrate the performance ofINCFL combined with local378

�ne-tuning and compare it with [20], which uses meta-learning for personalization. Another related379

area is fair FL, where a common goal is to train a global model whose accuracy has less variance380

across the client population than standard FedAvg [33, 34]. A side bene�t of these methods is that381

they can incentivize the worst performing clients to participate. However, a downside is that the382

performance of the global model may be degraded for the best performing clients, thus incentivizing383

them to leave the federation. We show in additional experimental results in Appendix F.1 that384

common fair FL methods are indeed not effective in improving the overall client participation rate.385

B Mean Estimation as a Toy Example for INCFL386

B.1 Maximizing IPR in Two Client Mean Estimation387

We consider a setup withM = 2 clients where each client aims to �nd the mean of its data distribution388

by minimizing the true loss functionf k (w) = E� k

�
(w � � k )2

�
, � k � N (� k ; � 2) 8k 2 [2]. In389

practice, clients only haveNk samples drawn from their distribution denoted byBk = f ek;j gN k
j =1 and390

can only minimize their empirical loss function given byFk (w) = 1
jB k j

P N k
j =1 (w � ek;j )2. Then the391

solo trained models at each client will be their local empirical mean, i.e.bwk = b� k = 1
jB k j

P N k
j =1 ek;j .392

IPR for Standard FL Model Decreases Exponentially with Heterogeneity.For simplicity let393

us assumeN1 = N2 = N . Let 
 2 = � 2=N be the variance of the local empirical means and394


 2
G = (( � 1 � � 2)=2)2 > 0 be a measure of heterogeneity between the true means. The standard395

FL objective will always set the FL model to be the average of the local empirical means (i.e.396

w = ( b� 1 + b� 2)=2) and does not take into account the heterogeneity among the clients. As a result,397

the IPR of the global model decreasesexponentiallyas
 2
G increases.398

Lemma B.1. The expected IPR of the standard FL model is upper bounded by2 exp
�

� 
 2
G

5
 2

�
, where399

the expectation is taken over the randomness in the local datasetsB1; B2.400
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(a) (b)

Figure 4: Results for the two client mean estimation in Appendix B.1; (a): IPR for FedAvg decays
exponentially while IPR forINCFL is lower bounded by a constant. Replacing the sigmoid approxi-
mation with ReLU approximation inINCFL leads to the same solution as FedAvg; (b): IncFL adapts
to the heterogeneity of the problem—for small heterogeneity it encourages collaboration by having
a single global minima, for large heterogeneity it encourages separation by having far away local
minimas.

Maximizing IPR with Relaxed Objective. We now explicitly maximize the IPR for this setting by401

solving for a relaxed version of the objective in (2) as proposed earlier. We replace the true lossf k (�)402

by the empirical lossFk (�) and replace the 0-1 (sign) loss with a differentiable approximationh(�).403

We �rst show that settingh(�) to be a standard convex surrogate for the 0-1 loss (e.g. log loss,404

exponential loss, ReLU) leads to our new objective behaving the same as the standard FL objective.405

Lemma B.2. Let h be any function that is convex, twice differentiable, and strictly increasing in406

[0; 1 ). Then our relaxed objective is strictly convex and has a unique minimizer atw� =
�

b� 1 + b� 2
2

�
.407

Maximizing the I NCFL Objective Leads to Increased IPR.Based on Lemma B.2, we see that408

we need nonconvexity inh(�) for the objective to behave differently than standard FL. We set409

h(x) = � (x) = exp( x )
1+exp( x ) , as proposed in ourINCFL objective in(3). We �nd that theINCFL410

objectiveadaptsto the empirical heterogeneity parameterb
 2
G =

�
b� 2 � b� 1

2

� 2
. If b
 2

G < 1 (small data411

heterogeneity), the objective encourages collaboration by setting the global model to be the average412

of the local models. On the other hand, ifb
 2
G > 2 (large data heterogeneity), the objective encourages413

separationby setting the global model close to either the local model of the �rst client or the local414

model of the second client (see Fig. 4). Based on this observation, we have the following theorem.415

Theorem B.1. Let w be a local minima of theINCFL objective. The expected IPR usingw is lower416

bounded by1
16 exp

�
� 1


 2

�
where the expectation is over the randomness in the local datasetB1; B2.417

Note that our result above is independent of the heterogeneity parameter
 2
G . Therefore even with418


 2
G � 0, INCFL will keep incentivizing atleast one client by adapting its objective accordingly.419

Additional discussion and proof details can be found in Appendix B.420

We begin by recalling the setup discussed in Appendix B.1. We have a setup withM = 2 clients421

where each client aims to �nd the mean of its data distribution by minimizing the true loss function422

f k (w) = E� k

�
(w � � k )2

�
, � k � N (� k ; � 2) 8k 2 [2]. Without loss of generality we assume423

that � 2 � � 1. In practice, each client hasN samples drawn from their distribution denoted by424

Bk = f ek;j gN
j =1 and can only minimize their empirical loss function given by425

Fk (w) =
1
N

NX

j =1

(w � ek;j )2 (8)

= ( w � b� k )2 +
1
N

NX

j =1

(b� k � ek;j )2 (9)

whereb� k = 1
N

P N
j =1 ek;j is the empirical mean at clientk. We assume that clients set their solo426

trained models as their empirical mean, i.e.bwk = b� k .427
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