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Abstract

Federated learning (FL) facilitates collaboration between a group of clients who
seek to train a common machine learning model without directly sharing their
local data. Although there is an abundance of research on improving the speed,
efficiency, and accuracy of federated training, most works implicitly assume that
all clients are willing to participate in the FL framework. Due to data heterogeneity,
however, the global model may not work well for some clients, and they may
instead choose to use their own local model. Such disincentivization of clients can
be problematic from the server’s perspective because having more participating
clients yields a better global model, and offers better privacy guarantees to the
participating clients. In this paper, we propose an algorithm called INCFL that
explicitly maximizes the fraction of clients who are incentivized to use the global
model by dynamically adjusting the aggregation weights assigned to their updates.
Our experiments show that INCFL increases the number of incentivized clients by
30-55% compared to standard federated training algorithms, and can also improve
the generalization performance of the global model on unseen clients.

1 Introduction

Federated learning (FL) is a distributed learning framework that enables the training of a machine
learning model using a network of clients (e.g., mobile phones, hospitals) [[1], without having to
transfer the clients’ data to a central server. In the standard FL framework [1H6], clients perform a
few updates using their local data, and a central server aggregates these updates into a single global
model. As the global model is based on the union of all the local datasets, it is expected to generalize
well for the entire client population. However, due to heterogeneity of the data between clients [7],
not all clients stand to benefit from federation. While FL can produce a model that performs well
on average, for some clients, it may perform even worse than a model trained in isolation on their
limited local data. Our experiments (Section[d) demonstrate that local models trained in isolation on
FL benchmarks can indeed outperform global models obtained by commonly used FL algorithms.

When a client participates in FL, it incurs the cost of contributing its local data and computational
resources to the federation in return for receiving a global model. However, if a local model trained
in isolation is better than the global model, the client may not be incentivized to participate in
FL—causing it to opt out of contributing to and using the global model in the future. This lack of
incentives for clients to participate in FL can be problematic from the server’s perspective. Having a
large pool of clients willing to participate in training is beneficial, if not imperative, to ensure the
performance of FL models [8,[9]. When a large number of clients participate, the global model is
based on a larger pool of data, allowing better generalization to new clients that may join in the
future. Having a larger number of participating clients can also improve privacy-utility trade-offs by
mitigating the impact of each individual client on the global model [10H12].

Submitted to 36th Conference on Neural Information Processing Systems (NeurIPS 2022). Do not distribute.



37
38
39
40
41

42
43
44
45

46
47
48
49
50

51
52
53

54
55
56
57
58

59

60
61
62
63
64

65
66

67
68
69
70
71
72
73

74
75

76
77
78
79

80
81
82
83
84

In this work, we seek to answer the following pertinent question: How can we actively incentivize
clients to use and contribute to a federated global model, rather than training local models in
isolation? To address this question, we propose an algorithm called INCFL to train a global model
that dramatically improves the fraction of incentivized clients in comparison to standard FL algorithms.
Our key contributions are summarized as follows.

* In Section[2] we formalize the notion of client incentives by defining a metric called the incentivized
participation rate (IPR), which measures the fraction of clients willing to participate in the FL
framework. We propose to maximize a sigmoid relaxation of the IPR, which makes the objective
differentiable and enables the use of common gradient-based optimization algorithms.

* In Section [3| we propose a federated algorithm called INCFL to maximize incentivized client
participation. INCFL dynamically adjusts the weight assigned to each client’s local update when
aggregating the updates at the central server. The method allows for partial client availability for
training, it is applicable to general non-convex objectives (with convergence guarantees), and it is
stateless (does not require clients to maintain local parameters during training).

* In Section 4] we empirically validate the performance of INCFL by comparing it with standard FL
algorithms for multiple data sets. INCFL is able to increase the number of incentivized clients by
30-55%, and also ensures that the global model generalizes well to unseen clients.

As surveyed in [[13], previous works investigating client incentives in FL have typically done so from
a game-theoretic perspective and for toy problems such as mean estimation. In contrast, our work
is generally applicable to non-convex objectives, and considers a server that seeks to train a single
global model that will be preferred by the maximum number of clients, thus incentivizing them to
participate in FL. We provide a more detailed review of prior work in Appendix [A]below.

2 Problem Formulation

We consider a FL setup where M clients are connected to a central server. For each client k& €
{1,2,..., M}, its true local loss function is given by fi(w) = E¢p, [((W,£)] where Dy, is the true
data distribution of client k, and £(w, £) is the composite loss function for the model w € R? for data
sample &. In practice, each client only has access to its local training dataset 55, with |By| = N}, data
samples sampled from Dj.. Client k’s empirical local loss function is Fi(w) = @ > een, LW, &)

Our setup is applicable to both cross-device and cross-silo FL as we do not make any specific
assumptions about the nature of the clients or their constraints.

Defining Client Incentives in FL. The goal of each client is to find a model that minimizes its
true loss function, which we denote as w;, := argmin,, fx(w). To do so, we consider that each
client does some solo training on its local dataset By, to obtain an approximate local model wy. For
example, Wy, can be found by running a few steps of SGD on the empirical loss Fy(w). Since the
local dataset size is in general small, w; may not generalize well to the true distribution Dy, of a
client. Therefore we say that a client is incentivized to participate in FL (i.e., use the federated model)
if the federated model gives better generalization performance than its local model.

Definition 1 (Client Incentive). Given a global model w, client k € [M]| is said to be incentivized to
participate in FL if fi,(W) < fr(Wyg), that is, the global model is better than its own local model.

In practice, clients can have a separate validation dataset on which they compare the losses of the
global model and their local model to decide if they are incentivized to participate. In general, fx(Wy)
in Definition [T]acts as a performance benchmark for the global model and can also be replaced by a
different value depending on the specific need of a client.

Standard FL Objective does not account for Client Incentives. In standard FL, clients collab-
oratively minimize the objective F'(w) = 224:1 prFi(w), where the aggregation weights py, are
usually set as py o< |Bg|. Observe that this objective function does not consider client incentives as
defined in Definition[T]and implicitly assumes that all clients will participate in training and use the
global model. However, due to clients’ data heterogeneity, this assumption may not hold in general.
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Incentivized Participation Rate (IPR). Based on Deﬁnition we formulate the following metric to
explicitly measure the fraction of clients that are incentivized for a given federated global model w:

M
1
Incentivized Participation Rate (IPR) = i Z I{ fu(w) < fu(Wg)}, (1)
k=1

where [ is the indicator function. Note that IPR only looks at whether or not a client is incentivized
and not how much a client is incentivized (or disincentivized) since the decision to participate in
FL is binary. Another variation of (I)) could be to measure the incentive margin of clients, e.g.
> max{ fr(Wr) — fr(w), 0}, but this does not capture the motivation behind our work which is
to improve the number of the incentivized clients in FL. To the best of our knowledge, a similar
indicator based metric has not been explored previously in the FL literature.

2.1 Proposed INCFL Objective

A naive approach to increase the number of incentivized clients with our definition of client incentives
in (1) is directly maximizing the IPR as follows:

1 M 1 M
max Mkz:lﬂ{fk(w) < fk(VAVk)}] = min lM kz:lSign(fk-(W) = Je(Wi))| - 2

where sign(z) = 1if > 0 and 0 otherwise. There are two immediate difficulties in minimizing (2).
First, clients may not know their true data distribution Dy, to compute fi(w) — fx(Wy). Secondly,
the sign function makes the objective nondifferentiable and limits the use of common gradient-based
methods. We resolve these issues by proposing a "proxy" for ([2)) with the following relaxations.

1. Replacing the Sign function with the Sigmoid function o(-) [14]: Replacing the non-
differentiable 0-1 loss with a smooth differentiable loss is a standard tool used in optimiza-
tion [15,/16]. Given the many candidates (e.g. hinge loss, ReLU, sigmoid), we find that using the
sigmoid function is essential for our objective to faithfully approximate the true objective in (2).
We discuss theoretical implications of using the sigmoid loss in more detail in Appendix [B.T]

2. Replacing o(f;(w) — fr(Wy)) with o(Fj,(w) — Fi,(Wg)): As clients do not have access to
their true distribution Dy, to compute f(-) we propose to use an empirical estimate o (Fi(w) —
Fy.(Wy)). Since wy, is locally trained, it is likely that Fj, (W) < fr(Wy). On the other hand, the
global model w is trained on the data of all clients, making it unlikely to overfit to the local data
of any particular client, leading to fi(w) ~ Fi(w) (see Appendix . Hence, in most cases
we have fi,(w) — fi(Wg) < Fx(w) — F,(Wy) and since sigmoid is an increasing function, this
implies that o (fx,(W) — fr,(Wy)) < o(F(w) — Fj,(Wy)). Therefore, with this relaxation we are
effectively trying to minimize an upper bound on our true objective.

With these relaxations, we present our proposed INCFL objective:
~ 1M ~
INCFL Obj. @ min F(w) =min - > Fi(w), where Fy(w) := o(F;(w) — F;(W;)).  (3)
i=1

Our experimental results in Section [] support our intuition of these relaxations and convincingly
demonstrate that minimizing our proposed objective leads to a much higher IPR than the standard FL.
objective. Before discussing the details of how we minimize our objective, we take a closer look at
how our objective behaves for a mean estimation problem.

3 Proposed INCFL Algorithm

With the sigmoid approximation of the sign loss and for differentiable F},(w), our objective F'(w) in
(3) is differentiable and can be minimized with gradient descent and variants. Its gradient is given by:

M
VE(w) = 123 (1= F(w)Filw) VE(w). )

=1 aggregating weight:=qy, (W)
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Observe that VF (w) is a weighted aggregate of the gradi- Global Better ~ Local Better

ents of the clients’ empirical losses, similar in spirit to the than Local ~  than Global
gradient VF(w) in standard FL. The key difference is that . < :
in INCFL, the weights g, (w) := (1 — Fj(w))F(w) are 2 5
incentive-dependent, and are dynamically updated based =
on the current model w, as we discuss below. %ﬂ B 0.1
<2 Y
Behavior of the Aggregation Weights ¢, (w). For a g %
given w, the behavior of the aggregation weights gz (w) j:'ﬂ 0.0 o 0 o

depend on the empirical incentive gap, Fy,(w) — Fr,(Wg,) . R
(see Fig.|1) since F(w) = o(F)(w) — F(Wg)). When Incentive Gap Fi(w) — Fi(Wi)
Fi(w) < Fi(wy), it implies that the global model w
performs much better than the local model wy, at client
k. Hence INCFL sets g (w) = 0 to focus on the updates
of other clients. Similarly if Fj,(w) > Fj(wy), INCFL
will set g, (w) = 0. This is because Fy,(w) > Fj(Wg)
implies that the current model w is incompatible with the
local model wy, at client k& and hence it is better to avoid
optimizing for this client at the risk of disincentivizing
other clients. INCFL gives the highest weight to those
clients for which the global model performs similar to
their local models, i.e. Fj(w) =~ F)(w), since this allows
it to increase IPR without hurting other clients’ performance.

Figure 1: Aggregating weight g, (w) for
any client k versus the emprical incen-
tive gap Fy(w) — Fj(Wy). The weight
gr(w) is small for clients that already
have a very large incentive (global much
better than local) or no incentive at all
(local much better than global), and is
highest for clients that are moderately
incentivized (global similar to local).

A Practical INCFL Solver. Directly minimizing the INCFL objective using gradient descent can
be slow to converge and impractical since it requires all clients to be available for training. Instead,
we propose a practical INCFL algorithm, which uses multiple local updates at each client to speed
up convergence as done in standard FL [1]] and allow for partial client availability. We replace the
gradient V Fy(w) with the local update Awy, at a client, and aggregate these updates only from
clients that are available in that round.

Let us use the superscript (¢, 7) to denote the communication round ¢ and local iteration index r. At
each round ¢, the server selects a new set of clients S (,0) uniformly at random and sends the most
recent global model w0 to clients in S(*9). The clients in S*-%) then perform 7 local iterations
with local learning rate 7; to calculate their updates as follows:

Perform Local SGD: w,(:’rﬂ) = Wét’r) — mg(wl(f’r), ](:’T)) forallr € {0,...,7— 1}, (5)

Compute Local Update: AW,(:’O) = w,gt’T) - W,(f’o), (6)
where g(wl(f’r), ff’r)) = %ZEGE(”) Vf(wl(f’r),f) is the stochastic gradient computed using a
k

mini-batch ¢

qx (W,(f’o)) can be computed at each client by calculating the loss over its training data with w

which is a simple inference step. Clients in S(“:0) then send back their local updates Aw,(f’o) and

of size b that is randomly sampled from client k’s local dataset By. The weight
(t,0)
k

weights gy, (w,(f’o)) to the server which updates the global model as follows:

Global Update Rule: wtt10) — (t0) _ Uét’o) Z qk (W(t’o))Aw,(f’O)7
keS(t.0)

)

(t,0) _ Mg
where Mg = ¥ res(t.0) 2 (W0

rate 7, and constant € > 0. We discuss the reasoning for such an adaptive learning rate along with
the pseudo code and convergence bounds of our INCFL in Appendix [C|

- is the adaptive server learning rate with a fixed global learning

4 Experimental Results

We evaluate INCFL in four different settings: (i) logistic regression on a synthetic federated dataset
(Synthetic(1,1) [2]), (i) MLP trained on non-iid partitioned FMNIST [17], (iii) CNN trained on
non-iid partitioned CIFAR10 [18]], and (iv) MLP for sentiment classification trained on Sent140 [19].
We compare INCFL with well-known stateless FL algorithms that train a single model such as
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Figure 2: Incentivized participation rate (IPR), i.e., the fraction of incentivized clients, and preferred-
model test accuracy evaluated on the test data for the synthetic data with the training clients. INCFL
improves on both IPR and preferred-model test accuracy for both smaller (40%) and larger (80%)
training data ratios where the IPR improvement of INCFL is larger for the smaller training data ratio.
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Figure 3: Incentivized participation rate (upper), i.e., the fraction of clients incentivized to participate
in FL, and preferred-model test accuracy (lower) for the training clients’ test data with different
datasets. For all datasets, INCFL achieves at least 30% to up to 55% increase in the fraction of
incentivized clients, while also achieving the maximum preferred-model test accuracy.

standard FedAvg [1], FedProx [2]] which aims to tackle data heterogeneity, PerFedAvg [20] which
facilitates personalization, and MW-Fed [21]] which incentivizes client participation. We provide
results on personalization jointly used with INCFL in Appendix[F2]

Setup. For Sent140, we consider 308 clients and for the other datasets we have 100 clients that
are used for training in FL. These clients are active at some point in training the global model, and
we name them as ‘seen clients’. In all experiments, 10 clients are sampled every communication
round. For FMNIST, data is partitioned into 5 clusters where 2 labels are assigned for each cluster
with no labels overlapping across clusters. Clients are randomly assigned to each cluster, and within
each cluster, clients are homogeneously distributed with the assigned labels . We similarly partition
CIFAR10, where clients are partitioned into 10 clusters with 1 label assigned to each cluster. For the
Sent140 dataset, clients are naturally partitioned with their twitter IDs. We also generate ‘unseen
clients’ the same way we generate the seen clients, with 619 clients for Sent140 and 100 clients for
all other datasets. These unseen clients represent new incoming clients that have not been seen before
during the training rounds of FL. The data of each client is partitioned to 60% : 40% for training and
test data ratio unless mentioned otherwise. Further details are deferred to Appendix [FI}

Evaluation Metrics: IPR and Preferred-model Test Accuracy. We evaluate INCFL and other
methods with these two key metrics: 1) Incentivized Participation Rate (IPR), defined in (I)) and 2)
Preferred-Model Test Accuracy. Recall that IPR is the fraction of clients incentivized to participate in
FL and use the global server. The preferred-model test accuracy is the average of the clients’ test
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Table 1: Incentivized participation rate (IPR) and preferred-model test accuracy of the final global
models trained with different algorithms for the unseen clients’ test data.

Incentivized Participation Rate (IPR) Preferred-Model Test Acc.
FMNIST CIFARI10 Sent140 FMNIST CIFARI10 Sent140

FedAvg  0.08 (+0.01) 0.00 (£0.00) 0.37 (+£0.07) 98.53 (£0.13) 100.00 (£0.00) 57.05 (£1.44)

FedProx 0.07 (+0.01) 0.00 (£0.00) 0.37 (+0.07) 98.43 (+0.21) 100.00 (+0.00) 57.07 (£1.42)

MW-Fed 0.05 (+0.04) 0.02 (£0.02) 0.17 (£0.03) 98.32 (+0.13) 100.00 (+£0.00) 55.57 (£1.28)

INCFL  0.55 (+0.00) 0.40 (+0.00) 0.43 (+0.05) 98.83 (+0.06) 100.00 (+0.00) 57.16 (£1.35)

accuracies computed on their preferred model, either the global model or their solo-trained local
model. Higher IPR is beneficial to the server, and higher preferred-model test accuracy is beneficial
to the clients. Thus, it is desirable for an algorithm to improve both these metrics.

Incentivizing the Participation of the Seen Clients. We first discuss the performance for seen
clients used during the training of the global model. In Fig.[2] we show that for the synthetic data,
INCFL incentivizes at least 5% more clients compared to the other baselines. The preferred-model
test accuracy achieved by INCFL is also highest amongst other baselines. Hence INCFL provides
a win-win for both the server and clients since clients have the highest accuracy from choosing the
better model and the server has the highest fraction of incentivized clients. In Fig.[3] for all DNN
experiments, INCFL significantly improves the IPR to at least 30% to at most 55%. Fig.[3|also shows
that the baselines can fail in incentivizing the clients with even 0% clients incentivized. INCFL also
improves on the preferred-model test accuracy than the other baselines for FMNIST and Sent140,
corroborating the win-win for both the server and clients. For CIFAR10, the preferred-model test
accuracy is 100% for all baselines while the IPR is significantly higher for INCFL. This shows
that while clients can always achieve 100% by either choosing the local or global model for best
performance, server can only gain a large fraction of incentivized clients when using INCFL.

Incentivizing the Participation of the Unseen Clients. We now show that INCFL is also bettter at
incentivizing the unseen clients that were not active during the training of the global model such as
new incoming clients. In Table (I} we show that INCFL consistently improves the IPR of such clients
by at least 40% for FMNIST and CIFAR 10, and 6% for Sent140. INCFL also achieves higher or at
least the same preferred-model test accuracy compared to that of all baselines for all datasets.

Effect of Training Data Ratio. In Fig.[2] we show the performance of INCFL with different ratios
of the training data to test data split for each client’s data. One can expect that if a client has a high
training data ratio, the solo-trained local model of a client sufficiently generalizes well to its test data,
and hence the client will be less incentivized to participate in FL.. We show in that even if a client has
a high training data ratio (80% in Fig.[2(b)), INCFL is able to increase the fraction of incentivized
clients compared to other baselines but the improvement is smaller compared to when clients have
smaller training data ratio (40% in Fig.[2[@a)). In general, clients are believed to have very few labeled
training data [22} 23], in which case INCFL can improve the fraction of incentivized clients greatly.

5 Concluding Remarks

In this work we carefully re-examine the fundamental assumption in FL that clients always stand to
benefit from federation. To do so, we formalize a intuitive notion of client incentives in FL based
on whether a global model has better generalization performance than a client’s local model. We
introduce a novel metric termed as Incentivized Participation Rate (IPR) to explicitly measure the
fraction of incentivized clients in FL and develop a corresponding framework INCFL to maximize
IPR. In contrast to existing work, INCFL allows the server to play an active role in incentivizing
clients by dynamically adjusting its aggregation procedure while training the global model. Moreover
INCFL is well-suited to both cross-device and cross-silo FL since it stateless and allows partial client
availability while training. We provide convergence guarantees for INCFL and show that in practice
it can dramatically improve IPR compared to standard FL. We believe our work will open up new
research directions in understanding the role played by the server in incentivizing clients for FL.
Future work includes jointly examining client incentives with privacy guarantees offered in FL.
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A Related Work

Game-Theoretic Study of Client Coalitions. Similar to our work, [24] 25] consider the problem
of client incentives where each client can either train a local model in isolation or join a coalition with
other similar clients to train a common model. The authors study the ratio between the stable solution
(where no client is incentivized to shift to a different coalition) and the optimal solution (where
the sum of losses of all clients is minimized). Although this line of work establishes a number of
useful game-theoretic insights, it focuses on simple mean estimation and linear regression problems.
The server plays the role of a passive matchmaker, facilitating the formation of coalitions of clients.
In contrast, in our work, the server actively seeks to train a single global model that maximizes
client participation. This perspective alleviates some of the analysis complexities occurring in
game-theoretic formulations and allows us to consider general non-convex objective functions.

Client Incentives for Contributing Data and Computation Resources. Other recent works
such as 21}, [26H28]] develop mechanisms to incentivize clients to contribute data samples and local
computational resources to federated training, and compensate for these contributions. In [21], which
is closest to our work, the authors consider linear problems and analyze the existence and optimality
of equilibria in the problem of equitably distributing the burden of data contribution between clients.
They propose a heuristic algorithm called Multiplicative Weight (MW)-Fed, where the server instructs
clients for whom the global model is performing poorly to conduct more local updates. Unlike our
work, this approach does not explicitly maximize client participation, and it is not supported by
theoretical guarantees. However, we include it as a baseline in our experiments (Section ).

Personalized and Fair Federated Learning. Finally, personalized or fair FL. methods may offer
an auxiliary benefit of increasing incentivized client participation even though they are not formally
studied in the client incentives context. Instead of having all clients use a common global model,
personalized FL. methods consider learning models unique to each client. In cross-device settings, a
common approach is to consider methods that fine-tune the global model to produce personalized
models [29} 30,7, 131,132]. This can naturally incentivize more clients to use the global model and
participate in FL. Our INCFL algorithm is orthogonal to and can be combined with such personalized
FL methods. In our experiments, we demonstrate the performance of INCFL combined with local
fine-tuning and compare it with [20], which uses meta-learning for personalization. Another related
area is fair FL, where a common goal is to train a global model whose accuracy has less variance
across the client population than standard FedAvg [33]134]. A side benefit of these methods is that
they can incentivize the worst performing clients to participate. However, a downside is that the
performance of the global model may be degraded for the best performing clients, thus incentivizing
them to leave the federation. We show in additional experimental results in Appendix [F.1] that
common fair FL methods are indeed not effective in improving the overall client participation rate.

B Mean Estimation as a Toy Example for INCFL

B.1 Maximizing IPR in Two Client Mean Estimation

We consider a setup with M = 2 clients where each client aims to find the mean of its data distribution
by minimizing the true loss function fi(w) = Ee, [(w — &)?], & ~ N (0, v?) Vk € [2]. In
practice, clients only have N}, samples drawn from their distribution denoted by By, = {ey ;} ;-V:’CI and
can only minimize their empirical loss function given by F(w) = ﬁ Zj\;’“l (w — ex,;)?. Then the
solo trained models at each client will be their local empirical mean, i.e. Wy = é\k = @ Zjvz’”l €k, j-
IPR for Standard FL. Model Decreases Exponentially with Heterogeneity. For simplicity let
us assume N; = Ny = N. Let 4% = 12 /N be the variance of the local empirical means and

& = ((f1 — 62)/2)? > 0 be a measure of heterogeneity between the true means. The standard
FL objective will always set the FL model to be the average of the local empirical means (i.e.

w = (51 + 52) /2) and does not take into account the heterogeneity among the clients. As a result,
the IPR of the global model decreases exponentially as 72 increases.

Lemma B.1. The expected IPR of the standard FL model is upper bounded by 2 exp (— %), where

the expectation is taken over the randomness in the local datasets 31, Bo.
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Figure 4: Results for the two client mean estimation in Appendix (a): IPR for FedAvg decays
exponentially while IPR for INCFL is lower bounded by a constant. Replacing the sigmoid approxi-
mation with ReLU approximation in INCFL leads to the same solution as FedAvg; (b): IncFL adapts
to the heterogeneity of the problem—for small heterogeneity it encourages collaboration by having
a single global minima, for large heterogeneity it encourages separation by having far away local
minimas.

Maximizing IPR with Relaxed Objective. We now explicitly maximize the IPR for this setting by
solving for a relaxed version of the objective in (2 as proposed earlier. We replace the true loss fx(-)
by the empirical loss Fy(-) and replace the 0-1 (sign) loss with a differentiable approximation h(-).

We first show that setting h(-) to be a standard convex surrogate for the 0-1 loss (e.g. log loss,
exponential loss, ReLU) leads to our new objective behaving the same as the standard FL objective.
Lemma B.2. Let h be any function that is convex, twice differentiable, and strictly increasing in

[0, 00). Then our relaxed objective is strictly convex and has a unique minimizer at w* = (%).

Maximizing the INCFL Objective Leads to Increased IPR. Based on Lemma|[B.2] we see that
we need nonconvexity in h(-) for the objective to behave differently than standard FL. We set

h(z) = o(z) = 1?21(;(?1:)’ as proposed in our INCFL objective in (3). We find that the INCFL

SN2
objective adapts to the empirical heterogeneity parameter 72 = (%) .If32 < 1 (small data

heterogeneity), the objective encourages collaboration by setting the global model to be the average
of the local models. On the other hand, if 32 > 2 (large data heterogeneity), the objective encourages
separation by setting the global model close to either the local model of the first client or the local
model of the second client (see Fig.[d). Based on this observation, we have the following theorem.

Theorem B.1. Let w be a local minima of the INCFL objective. The expected IPR using w is lower

bounded by 1—16 exp (—%) where the expectation is over the randomness in the local dataset By, Bs.

Note that our result above is independent of the heterogeneity parameter v%. Therefore even with
72 > 0, INCFL will keep incentivizing atleast one client by adapting its objective accordingly.
Additional discussion and proof details can be found in Appendix

We begin by recalling the setup discussed in Appendix We have a setup with M = 2 clients
where each client aims to find the mean of its data distribution by minimizing the true loss function
fe(w) = Ee, [(w—&)?], & ~ N(0,v?) Vk € [2]. Without loss of generality we assume
that 65 > 6. In practice, each client has N samples drawn from their distribution denoted by
B = {ex,; }5\/:1 and can only minimize their empirical loss function given by

L
Fr(w) = N Z(w - e;w-)Q (8)
=1
N 1M
= (w—0)* + N > (O — exj)’ ©)

where 6, = % Zjvzl ek,j is the empirical mean at client k. We assume that clients set their solo

trained models as their empirical mean, i.e. Wy = 6.

11
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Figure 5: Results for the three client mean estimation; (a): case 1 when the true mean across clients
are close to amongst each other where IncFL’s optimal soluation is identical to that of FedAvg; (b):
case 2 when the true mean across clients are all different from each other where IncFL’s optimal
solution ensures that at least one of the clients will be incentivized participate with IncFL’s global
model (unlike FedAvg); (c) case 3 when two clients’ true means are close to each other while the
other client has a different mean. IncFL in this case, is able to ensure that the two clients participate
while FedAvg is not able to make any client participate.

We define the following quantities
V2 0o —6:1\"
V= %(2 O; (10)

Note that the distribution of the empirical means itself follows a normal distribution following the
linear additivity of independent normal random variables.

0y ~ N(01,72); Oy ~ N(02,7%) (11)

B.2 Maximizing IPR in Three Client Mean Estimation.

We further examine the property of IncFL to incentivize clients with a 3 clients toy example which is
an extension from what we have shown in Appendix [B.T]for 2 clients. Reusing the notation from
Appendix where 0; is the true mean at client 7 and ; ~ A/(6;,1) is the empirical mean of a
client, our analysis can be divided into the following cases for the 3 client example (see Fig. [5):

e Case 1: 01 =~ 65 = 03: This case captures the setting where the data at the clients is almost i.i.d. In
this case, it makes sense for clients to collaborate together and therefore IncFL’s optimal solution
will be the average of local empirical means (same as FedAvg).

e Case 2: 01 # 05 # 03: This case captures the setting where the data at clients is completely
disparate. In this case, none of the clients benefit from collaborating and therefore IncFL’s optimal
solution will be the local model of one of the clients. This ensures atleast one of the clients will
still be incentivized to use the IncFl global model unlike FedAvg.

e Case 3: 01 =~ 03 # 63: The most interesting case happens when data at two of the clients is
similar but the data at the third client is different. Without loss of generality we assume that data
at clients 1 and 2 is similar and client 3 is different. In this case, although client 1 and 2 benefit
from federating, FedAvg is unable to leverage that due to the heterogeneity at client 3. IncFL, on
the other hand, will set the optimal solution to be the average of the local models of just client 1
and client 2. This ensures that clients 1 and 2 will both continue to participate in the FL training
process, thus maximizing the number of incentivized clients.

The behavior of IncFL in the three client setup clearly highlights the non-trivialness of our proposed
IncFL’s formulation.

B.3 Proof of Lemma B.1

Lemma B.1 The expected IPR of the standard FL model is upper bounded by 2 exp (— %), where

the expectation is taken over the randomness in the local datasets 31, Bo.
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Proof.
The standard FL model is given by,

w=-—" (12)

Therefore the expected IPR is,

g | Hw—01)? < (02 — 61)%} -2F I{(w — 02)> < (62 — 92)2}] (13)

1 _ _
=5 [P((w =002 < @ = 00%) +P (w—62)* < B2~ 62)°) (14)

Ty T>
Next we bound 7} and T5. Bounding 77 :
T :P((w—él)z < (6, 791)2) (15)
~ ~ 2

_p| (2 ;92 —91> < (6, —01)2> (16)

—~ ~\ 2 ~ ~

2;91) +2<92;91>(§1_91)<0) (17)

9, - 0.\’ 65 — 6,

(2; 1) +2<2; 1)(51—91)<0}0{A2<§1}) (18)
—~ ~\ 2 ~ ~

({552 +2<92g"1>@al><0}ﬂ{1§?}) "

2
A2 - Al o o -
gP(( > >+2(91—91)<o>+w>(92—01g0) (20)
5
= P(Z1 < 0) +]P)(Z2 < O) where Z1 NN (’}/0, 2’}/2> ,Z2 NN(Q’}/G,Qﬁ/z) (21)
2 2
el e
< _Je e 22
_eXp( 572>+6Xp< 72) 22
%

WhereusesIP’(A) =P(ANB) +IP’(AQBC>, uses]P’(AﬂB) <P(A4), uses

and linear additivity of independent normal random variables, uses a Chernoff bound.
We can similarly bound 75 to get 75 < 2exp (757—%2) Thus the expected IPR of the standard FL.

model is upper bounded by 2 exp (7 %) .
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B.4 Proof of Lemma B.2

Lemma B.2 Let h be any function that is convex, twice differentiable, and strictly increasing in

[0, 00). Then our relaxed objective is strictly convex and has a unique minimizer at w* = (@).

Proof.

Let us denote our relaxed objective by v(w). Then v(w) can be written as,

v(w) :%[h(Fl(w) — F(wy)) + h (F2(w) — F(@2))] (24)
-l )+ 1o )

v (w) va (w)
(26)

We first prove that vq (w) is strictly convex. Let A € (0, 1) and (w1, w2) be any pair of points in R?
such that wy # ws. We have,

o1 (w4 (1 — Nws) = %h ((A(w1 )+ (1= \)(ws — 51))2) 27)
< %h (A(w1 )2+ (1= N)(ws — 51)2) (28)
< 2n (o = 8)2) + 2520 (w2 - 81)?) 29)
= )\’Ul (wl) + (]. — )\)’Ul (”LUQ) (30)

where follows from the strict convexity of f(w) = w? and the fact that h(w) is strictly increasing
in the range [0, 00), follows from the convexity of h(w).

This completes the proof that vy (w) is strictly convex. We can similarly prove that v, (w) is stricly
convex and hence v(w) is strictly convex since summation of strictly convex functions is strictly
convex.

Also note that,
Vo(w) = Vh ((w - (31)2) (w—01) + Vh ((w - 52)2) (w — B) G1)

It is easy to see that Vo(w) = 0 at w = (%). Since v(w) is strictly convex this implies that

w* = (%) will be a unique global minimizer. This completes the proof.

B.5 Proof of Theorem B.1

Before stating the proof of Theorem 3.1 we first state some intermediate results that will be used in
the proof.

The INCFL objective can be written as,
1 ~ 1 ~
v(w) = 5o (w=0)?) + 50 ((w - 02)%) (32)
where o(w) = 1/(1 4 exp(—w)).
We additionally define the following quantities,

1 1= argmin {51752} ; J i= argmax {(9\1,52} D Yo = i 5 (33)
Let g(w) = o(w)(1 — o(w)). The gradient of v(w) is given as,
Vo(w) =q ((w — 51)2) (w— 51) +q ((w — 52)2) (w— 52) 34)

14



455 LemmaB.3 Forqg > 2, w= (@) will be a local maxima of the INCFL objective.

486 It is easy to see that w = (%) will always be a stationary point of Vu(w). Our goal is to

487 determine whether it will be a local minima or a local maxima. To do so, we calculate the hessian of
sss  v(w) as follows. Let f(w) = 20(w)(1 — o(w))(1 — 20(w)). Then,

Vu(w) = f ((w — 51)2) (w— §1)2 +q ((w — 51)2) +f ((w — 52)2) (w— 52)2 +q ((w - 52)2)

h1 (w) ho (w)

(35)

ss9  Note that hy(w) = hg(w) forw = (%). Hence it suffices to focus on the condition for which

490 hi(w) <O0atw = (@). We have,

m (01 +82)/2) = FGEAE + a(52) (36)
= 4(33)(2(1 - 20(7))7% + 1) 37
<0 fordg > 1.022 (38)

a91 where the last inequality follows from the fact that g(w) > 0 forallw € R and 2(1—20(w?))w?+1 <
492 0 for w > 1.022. Thus for yg > 2, w = (@) will be a local maxima of the INCFL objective.

w03 Lemma B.4 Fordg > 0, any local minima of v(w) lies in the range (8;,0; + 2] U [éj -2, gj)

ae4  Firstly note that since 7 > 0 we have §J > 0. Secondly note that since ¢(w) > 0 for all w € R,
495 Vu(w) < 0forall w < 6; and Vu(w) > 0 for all w > 6. Therefore any root of the function Vu(w)
496 must lie in the range (6;,0;).

497 Casel: 0 <qg < 2.

405 In this case, the lemma is trivially satisified since (6;, gj) C {(@, 0; + 2] U [@ -2, @)}
499 Case2: 7g > 2.

s0 Letz =w — 0; and g(x) = q(x2)z. We can write Vo(w) as,

Vo(d; + ) = g(z) — 9(276 — ) (39)

so1 It can be seen that for x > 2, g(z) is a decreasing function. For z € (2,795) we have z >
52 29g — x which implies g(z) > g(27¢ — x). Therefore Vv(@- +2x) > 0forz € (2,7¢). Also
55 Vu(0; + 29¢ — 2) = —Vu(0; + z) and therefore Vo(f; + z) < 0 for € (Jg,29¢ — 2).
s Vo(; +7¢) = 0 but this will be a local maxima for ¢ > 2 as shown in Lemma B.3. Thus there
505 exists no local minima of v(w) for w € (; + 2, §J —2)

so6 Combining both cases we see that any local minima of wv(w) lies in the range
{00 +2)010; - 2.0)}.

5
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Theorem B.1 Let w be a local minima of the INCFL objective. The expected IPR using w is lower

bounded by % exp (f%) where the expectation is over the randomness in the local dataset By, Bo.

5
Proof.
The IPR can be written as,

1 VRY Ry HVRY Y RY

- [P((w 0,)% < (6; — 0;) >+]P’((w 0,)2 < (6; —0,) )} (40)

We focus on the case where 52 #* 51 implying 5] > é\l (52 = 51 is a zero-probability event and does
not affect our proof). Let w be any local minima of the INCFL objective. From Lemma B.4 we know

that w will lie in the range (0:, b; + 2] U [53 -2, 5])
Case1: w € (6;,0; + 2]

P (w002 < (B = 0)) =P ((w = 0)* + 2(w — ;)(B; — 0:) < 0) @)
—P ((w —0,) +2(0; — 0;) < o) 42)
2P<2+2(@» —0;) <0) 43)
=P ((2 —9;) < 4) (44)
zp({i <§2}m{(51—91) <—1}) 45)
=P (51 < AQ) P (51 — 0 < —1]6; < 52) (46)
> P (Al < AQ) P (6 -6 < 71) (47)
—P (Al < Ag) P(Z>1/y) where Z~N(0,1)  (48)
> Loxp (;2) (49)

~

uses the fact that (w — 6;) > 0, (43) uses (w — ;) < 2, uses P(A) > P(AN B) and
definition of <. uses the following argument. If §; — 1 > 52 then P (51 -0 < 71|§1 < 52) =

1. If6 — 1 < 52 then P(§1—01<—1|51<§2 = P(§1—91<—1>/P(§1<§2) >
]P’(@\l —0; < —1). 1| uses 0; — 6, ~ N(0,7?), 1@! uses]P’(@l < 52) >tandP(Z >2) >

ex 712
% > Lexp(—a?) where Z ~ N (0, 1) [33].

In the case where w € (éj - 2,9}] a similar technique can be used to lower bound
P ((w —0;)% < (@ - Qj)Q). Thus the IPR of any local minima of the INCFL objective is lower

bounded by - exp (—%2) .
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C Additional Discussion on Our Proposed INCFL Algorithm

We first present our pseudo-code for INCFL below in Algorithm [T}

Algorithm 1 Proposed Client Incentivizing FL. Framework: INCFL

1: Input: mini-batch size b, local iteration steps 7, training loss F;(w;) for each client i € [M]
2: Output: Global model w(”0), Initialize: Global model w(®:%)

3: Fort =0,...,7 — 1 communication rounds do:

4:  Global server do:

5: Select m clients for S(“9) uniformly at random and send w(*%) to clients in S(*:*)
6:  Clients k € S(“9) in parallel do:
7: Set w,(f’o) = w(*9 and calculate g, (w,(:"o)) = o(Fy (wg’o)) — Fr(Wg))
8: For r = 0, ..., 7 — 1 local iterations do:
9: Update w,(f’rﬂ) - w,(f’r) — mg(w,(f’r)7 ,(Ct’r))
. (t70) — (t,O) (th) 1 1 (t,O)
10: Send Aw, "’ =w,> —w,  ’ and aggregation weight ¢ (w, ") to the server
11:  Global server do:
12: Update global model with w(t+1:0) = w(t:0) _ (-0 Y keso Qi (w(t0)Aw(H?)

Adaptive Server Learning Rate for INCFL. With L. continuous and L, smooth Fy(w), Vk € [M]
(see Assumption , the objective F'(w) is L, smooth where L, = %= 224:1 qr(w) + %‘N(see

Appendix . Hence, the optimal learning rate 7 for the INCFL is given by, 77 = 1/L, =
ML,
4L,

> () is a constant. The denominator of the optimal 7 is proportional to the sum of the aggregation
weights ¢x(w) and acts as a dynamic normalizing factor. Therefore, we propose using adaptive global

learning rate nét’o) =g/ (X peso @(WH?) + ) with hyperparameters 7, and €.

Mn/ (Zﬁil qr(w) + e), where ) = - is the optimal learning rate for standard FL and € =

INCFL’s Theoretical Learning Rate Behavior for Fig. 4 (b). 5

Here, we provide a plot of INCFL’s theoretical learning rate for

the mean estimation example in Fig. 4(b) in Fig. [6]to show how

the learning rate changes for different regions of the model. We 10

show this plot as a proof of concept on the adaptive learning rate

we discuss above. For the sigmoid function which is used for our — Ng

INCFL objective, using a global notion of smoothness can cause 0 5 0 5 10
gradient descent to be too slow since global smoothness is deter- w

mined by behavior at w = 0 where w is the model. In this case, itis _, .
better to use a local estimate of smoothness in the flat regions where Flgure 6: Be.hav1or of Theo-
|w| >> 0. Recall that V2o (w) = o(w)(1 — o(w))(1 — 20(w)) < retical Learning Rate of IN-
o(z)(1 — o(w)) and therefore setting the learning rate proportional CFL for the mean estimation

to + can increase the learning rate in flat regions where example in Fig. 4(b). .AS
o(w)(1-o(w)) . o expected from the theoretical
o(w) is close to 1 or 0. Following a similar argument, we can learning rate formula, we see a

show that AEIhe learning rate in our objective should be proportional higher learning rate in regions
01/ (Zizl o (Fy(w) — Fy(@*)(1 — o(Fy(w) — Fi(w*))). where the function is flat.

Ease of Implementing INCFL. INCFL enjoys the following prop-

erties: i) it does not modify the local SGD procedure clients perform

in standard FL, ii) it allows for partial client participation, and iii) it is stateless. By stateless, we
mean that clients do not carry varying local parameters throughout training rounds preventing any
problems from stale parameters which can be exacerbated with partical client participation. Note that
Fy. (W) needed for calculating g, (w), k € [M] can be considered as an input parameter for INCFL,
that is computed once and saved as a constant beforehand at each client by training Wy, on its local
dataset for a few SGD steps.
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C.1 Convergence Properties of INCFL

In this section we show the convergence properties of the global model trained with INCFL. Our
convergence analysis shows that the gradient norm of our global model goes to zero and therefore we

converge to a stationary point of our objective F'(w).

First we introduce the assumptions and definitions utilized for our convergence analysis below.
Assumption C.1 (Continuity & Smoothness of Fy(w), ¥ k). The local objective functions for all
clients, F1(w), ..., Fap(w), are all L.-continuous and Lg-smooth for all w.

Assumption C.2 (Unbiased Stochastic Gradient with Bounded Variance for Fy,(w), V k). For the
mini-batch &, uniformly sampled at random from By, from user k, the resulting stochastic gradient is
unbiased, i.e., E|gi(wy, &) = VFy(wy). Also, the variance of stochastic gradients is bounded:

Elllgr(We, &) — VFr(wWi)[]?] < of for k € [M].

Assumption C.3 (Bounded Dissimilarity of F((w)). There exists constants 3% > 1, k* > 0 such
that 3 S M |[VE(w)|1? < 824 M, VE,(w)|2 + &2 for any w.

Assumption|[C.T}{C.3]are standard assumptions frequently used in the optimization literature [36,[3| 37
41, including the L.-continunity assumption [38}39]. Note that we do not have any assumptions over
our proposed objective function F'(w) and only use the conventional assumptions used in FL for the
standard objective function F'(w) to prove the convergence of INCFL over F'(w) in Theorem
Theorem C.1 (Convergence to the INCFL Objective F (w)). Under Assumption suppose the

server unlformly selects m out of M clients without replacement in each global round of Algorithm([l]
With n; = f , Mg = \/Tm, for a sufficiently large T' our optimization error is bounded as follows:

2 2 2 2
(t.0)) _% g VT K"+ P
E?E?E[HVF t M<O<\/ﬁ>+o<T>+o(\/T7m)+o( T )(50)

where O subsumes all constants (including Ly and L.).

Theorem shows that with a sufficiently large number of communication rounds 7" we reach a

stationary point of our objective function ﬁ(w) The proof is deferred to Appendix where we
also show a version of this theorem that contains the learning rates 7, and r; with the constants.

D Convergence Proof

D.1 Preliminaries

First, we introduce the key lemmas used for the convergence analysis.

Lemma D.1 (Bounded Dissimilarity for F'(w)). With Assumption|C.1|and Assumption|C.3|we have
the bounded dissimilarity with respect to F(w) as

*ZIIVF II? < B2IVE(W)|? + & (51)

where 3% = 232, k'? = 462L2 + K2

Proof. One can easily show that

M M

1 ~ 1

S IVEWIE = 5 S a(wRIVEW)|P < ZHVF R €5
i=1 i=1

due to g;(w) < 1. Hence we have from Assumption and Cauchy-Schwarz inequality that
M
Z IV Fy (w)||* < Z IVE(w)|I* < 2| VF(w) = VF(w) + VE(w)||* + £ (53)

< 2B%|VF(w) = VE(W)|* + 28%|VE(W)[* + 5> (54)
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We bound the first term in (54) as

M 2

om0 = aw) o, < PN
IVE(w) = VEW)|? = |} —— " VE(w)| < Z (1= (W) VE(wW)[? (55
i=1 =1
2 - 2 2
g—M EIHVF( )|| §2LC (56)

where in we use ¢;(w) < 1,Vi € [M] and Assumption [C.1} Then from we have
5 S IVEW)I? < 28 [VE(w)| + 52 + 45T 57)
M ! - ¢
=1

completing the proof. O

Lemma D.2 (Smoothness of F (w)). If Assumptton is satisfied we have that the incentive local
objectives, Fy (W), ..., Far(w), are also L-smooth for any w where Ly = L2 /4 + q;(w)Ls.

Proof. Recall the definitions of F(w) below:

i(w), Fi(w) := o(Fi(w) — Fi(w;)) (58)

NIE
m

F(w) = %

—

Let || ||op denote the spectral norm of a matrix. Accordingly, with the model parameter vector w € R,
we have the spectral norm of the Hessian of F;(w), Vi € [M] as

IV E(w)llop = lla: (w)[(VE(W)VE; (w)")(L = qi(w)) + V2, (w)]0p (59)

where ¢;(w) = Sigmoid(F;(w) — F;(W})) and VF;(w) € R?*! is the gradient vector for the local
objective F;(w) and V2 F;(w) € R4*? is the Hessian of F;(w). We can bound the RHS of (59) as
follows

IV Ei(w)llop = llg:(w)(1 = q:(w))(VE(W)VE(W)") + 4;(w)V2Ei(W)][lop  (60)
< lgs(w) (1 = gi(w))

]
(VE(W)VE(W))llop + lla: (W) V2 Ei(W)llop — (61)
= a;(W)(1 = (W) I(VE(W)VE(W) ") [lop + a:(W) [V Fi(W)[lop  (62)
= ai(W)(1 = (W) IVE(W)|* + ¢:(w) [V Fi(W)llop ~ (63)

L2

< ZC + Qi(W)Ls (64)
where we use triangle inequality in l.b and use ||xy T ||o, = |Ix||[ly]l in (63), and use ¢;(w) <
1 along with Assumption n in 4 Since the norm of the Hessian of F;(w) is bounded by
== + ¢;(w)Ls we complete the proof. O

D.2  Proof of Theorem[C.1]- Full Client Participation

For ease of writing, we define the following auxiliary variables for any client i € [M]:

T—1

Weighted Stochastic Gradient: hgt’o) = qi(w(t’o)) Z g(wgt’r), ff’r)), (65)
r=0

Weighted Gradient: h( w(t0) Z VF;(w (t T) (66)

Normalized Global Learning Rate: ng(f’o) =14/ <Z qi(w(t’o)) + e) (67)
i=1
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605
606

607 rule for the global model at the server:

M
w(tH10) — (10) _ ngt,o)m Z h’(fﬁ)

where € is a constant added to the denominator to prevent the denominator from being 0. From
Algorithm[T] with full client participation, our proposed algorithm has the following effective update

(68)
k=1
e With the update rule in , defining 77(t0) := nf]t’o)anM and using Lemmawe have
E {ﬁ(w(tﬁ-l,o))} ~ F(wt0) < _FtOR <VF (£0)), Zh(t o)>]
69
L (T](t 0))2 h! (¢,0) )
2L Z
1 M (£,0) (¢,0) 1 M (t,0)
_HtOR F(wt0) (h_t,O _p®* ) _HtoR Flw®0) — Nt
77 <V ’ ,7_ ; (2 (] T] v (W )7 MT — 3
(77(tO (t,0)
_ h;
+ 2 MT Z
(70)
n(t ,0) 7(8:0) M —(t,0) ? 7(6:0) (t.0)
- HVF tO))H ~ LB || R |+ R || VE(w ) Zh
i=1
L. (7032 M 2]
(7 ) Zh(t,o)
2M?3272 — !
(71) )
e0s  For the last term in (7I), we can bound it as
L (79)? Ly (70?2 (t0) _ R(t0 Ly (70))? Bt
Loy < P $t o o] el
(72)
(t0)) S witr) gt - r) Ly(7*9)> (t,0)
M27'2 ZIE q;(w Z( &) — VEi(w, M2 2 Zh
r=0
(73)
(t o) (t 0)
(M t,0) (tr) (t,r) (tr (M (t0
M27'2 Zqz w! ZE [Hg &) = V(W H } =
(74)
(t 0) (t 0)
s(7 t,0 s(1] (t 0)
Msz Zqz wlt0y2rg2 4 LT SV (75)
~ 2
L,(t9)202 1 U —(t,0)
< 2+ LG E |[|—=D b (76)
Mrt Mt pt
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611

612

6
6

=

3
4

=

6
6

pee

5
6

=

where (72)) is due to the Cauchy-Schwartz inequality and (73)) is due to Assumption[C.2]and (76) is
due to ¢;(w) < 1,Vi € [M]. Merging into we have

77(t:0)

~ ~ 77(8:0)
E |:F(W(t+1,0)):| _F(W(t,O)) < — HVF tO) H

M
1 _
—JE HVF(w(t 0y~ — 3" m"
.ZMT

=1
+Ls(ﬁ(tﬁo))20§ + ((ﬁ(t,O))ZES . ﬁ(t’o)) E ‘

M 2
77
Now we aim at bounding the second term in the RHS of (77) as follows:
(t,0) d
T g || VEw®) Z I (78)
B ﬁ(t,O) i i ( (to))VF( (,0 B Z t 0) Z VF t r) 27 .
2:
~(t, 0) M T—1
=T Z (VEw0) - VE(w")) (80)
i=1 7'=0 ]
t 0) (t,0)\2 (t,0) (]|
< Zqz (w ZE[HVE—(W 0y — v (wt )]_ (81)
_L2pt0) 1 2]
— i (t,0)\2 E H (t,O) (t’r) ‘ 82
oM ;ql(w ) ; [ w i I

where (8T) is due to Jensen’s inequality and (82) is due to Lemma[D.2] We can bound the difference
of the global model and local model for any client ¢ € [M] as follows:

.
2
E [Hw(“” —wi) } = R w0 | ®3)
r—1 2 2:
<2PE | |13 g(w™ ") — VEw)| | + 2P withy (84)
=0
2:
< 2n202r + 207K ZVF {0y (85)

where (84) is due to Cauchy-Schwarz inequality and (83) is due to Assumption@ We bound the
last term in (83) as follows:

2

r—1 - r—1 .
ngIE{HVFi(wEt’”)H <7 ]E“vm(wgt’”) (86)

ZVF {0y

<2y [vawﬁ”)—VFi<w<“°)>!1 e Uvmw“’o’) e
=0

-1 2 27
<20 ) E ngtvw B w<t’0>’ } + 272K U VF,(wt0) (88)
=0
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st7  where (86) is due to Jensen’s inequality, and (87) is due to Cauchy-Schwarz inequality, and (88) is
s18  due to Lemma|[D.2] Combining (88) with (85) we have that

2 2 2
E {HW“’O) —w"" ] < 2njo rHLQnﬂzE [HW“ O —with| } + dn?r’E |:HVF1‘(W(t’O))H ]

(89)

619 Reorganizing (89) and taking the summation 7 € [7] on both sides we have,

2 T—1 ) 2
(1— 402 Z]E {Hw (10 _ gy tr) } < 2P0’ Z r+4nPT°E {HVFZ«(WW’O)H } (90)

< o7 + AR WVF (t O)H } 1)
e20 Withn < 1/(2\fTL ), we have that 1/(1 — 4L27?72) < 2 and hence can further bound (91)) as

3w - wie

21 Finally, pluggmg in (92) to (82) we have

2
} < 220272 + 8727 [HVF (t 0>)‘ ] 92)

7(¢,0)
T g || VEw®D) - Zh(”
93)
L2~(t0 t,0 -3 NI
M Zq ( ) (7707' +877[ ]E{HVE—(W(’))H })
L2 it 0)7720 T+47’]2T2L2 p(t 0) ZE {HVF , 0) H } %94)
< L% ~(t, 0)7720 T+47’]2T2L2~(t 0)(g2 ‘VF (¢, 0) H +R2) (95)

e22  where (94) uses ¢;(w) < 1,Vi € [M] and uses Lemma [D.1] Merging to we have
E [ﬁ(w(t+1,0))} _ ﬁ(w(t,O))

1 M (¢,0) ’
I S n
MT; §

7(t.0) ~ 2 ~ 1
n ~ ~
< 7T HVF(W(t’O))H + TI(t’O) <77(t’0)L3 — 2) E | (96)

L (70 252
+ ( MT) + ~(t, 0)L27720' T+ 4,'7(t 0) 2 2L§ﬁl2
623 With m;n, < 1/(47L,) we have that 7(-0) I, — 1 < —1/4 and thus can further simplify to

tO)

‘Vﬁ(w(t’o) H2 + 470 22 22

B [ﬁv(w(t+1,0)):| _ Fwt) < - HVF (10)) ” 4022 25

jvieweon]f

(£,0))2 ;2
—1—7[/5 ") + 7O L2nolr + 4O n? r2 L2k

M~
o7
ES (ﬁ(t,o))202

(t O)L21720 7,_»_47)(t (])172T2L2 2
Mt

(98)

o) (g2 2720 L = won||?
=1 A LB — 5 VE(wS)| +

24 With local learning rate n; < min{1/(47Ls),1/(45'7L )} we have that
L (n(t O))202

(t O)LQ
Mt s

E | F(wtTb| - F(w®0) < — ﬁ(to VE(wt0)
(W) = Fw™) < - (w0

+4ﬁ(t,0) 77[27_2 Lz K:/2
99)
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and we use the property of 77(*9) that % < [t0) < MTM0a 14 gey

2 2
E [ﬁ(w(tJrl,O))} — Fw®0) < — Mrmng ‘VF(W(t’O))HQ LM#
4(M +¢€) € (100)
+MT2L§€7713779‘73 i 4M7713779€7'3L§"@/2
Taking the average across all rounds on both sides of (I00) we get
1 T (£,0))(]2 AM +e) ( (w0 - F‘“f) 16m?72L2K"%(M + €)
= Y E[IVEw)|?] < T +
=0 T’y € (101)
4L27h To (M +€) 47797711) o2(M +e)
€ 62
and prove
T— 4(M +e) (F(W(O M) — me>
min E MVF (wt0) H } ?Z [||VF ©0)12| < ——
te(T] =0 TMMNg (102)
n 1677[2T2L§/<;/2(M—|—5) n L (M+ 6) 4779771L o (M+ 6)
€ € 62

Further, using L, = Lﬁ 22/1:1 qr(w) + % and € = IZ[LL: > 0 from the optimal learning rate we
have the bound in (T02) to be

(4L + L) (F(w<0 ) — me) . 640272 L2K"2 (4L, + L)

min E [HVF , 0) H }

telT) LstmngT Le (103)
ALIniTo2(4Ls + Le) N 64Lsngmoz(Ls + Le/4)?
L. MLZ

By setting the global and local learning rate as ny, = +/7M and n; =
the bound as

ﬁ we can further optimize

(4Ls + L) ﬁ(w(0,0)) — Fint AL2 K2 (AL L
mmE[HVF to) H ] ( ) +6 sk%(4Ls + L.)
telT] LTMT L.T (104)
Lzag (4Ls + L.) 64L50£27 (Ls+ L./4)?
TrLe TMr

completing the full client participation proof of Theorem [C.1}

D.3  Proof of Theorem[C.1]- Partial Client Participation

We present the convergence guarantees of INCFL for partical client participation in this section. With
partical client participation, we have the update rule in (68)) changed to

W(t+1,0) — W(t,o) _ 77!(]t,o)nl Z h;f’o) (105)
keS(t.0)
where the m clients are sampled uniformly at random without replacement for S at each commu-
nication round ¢ by the server and 77( 0 = =mng /(3 eswo a(W) + €) for positive constant e.
Then with the update rule in and Lemma defining 740 = nét’o)nﬂm we have

E [ﬁ(w(tﬂ,o))] ~ F(wt0) <E |70 <VF(W(t 0y, = Z hgt,0)>

T
i€S(t,0) ]
27 (106)

L (¢, 0
+E (7] Z h (t,0)
i€S(t,0)
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646

For the first term in the RHS of (I06) we have that due to the uniform sampling of clients (see Lemma
4 in [40]), it becomes analogous to the derivation for full client participation. Hence, with the property
of =il < 70 <m0 and using the previous bounds in , we result in the final bound for
the first term in the RHS of as below:

3.3720/2
E (tO) <VF( to))7mi Z hgt,0)> < (_mﬂ]mg +4mT LZB/ ngm) HVﬁ(W(t’O))HQ

T 4560 m—+ €

+4L§T3nz°’mngf<’2 N L2 nimngo?

€ €
(107)
For the second term in the RHS of 1) with C' = L, (m7miny/€)* we have the following:
_ 2 27
Ly (~(t 0) (t,0) 1 (t,0)  =(t,0)
E| =) < — (1,0) _ pt*
— 3 n <CE || — > (b h, ")
ze$<i 0) 1€8(t,0)
= (108)
1 —(t,0)
+CE ||| — > b
i€S(t.0)
, _
C —(t,0) |2 1 7(£,0)
= sz2IE Z —h; H +CE — Z h; (109)
ieS(t:0) i€S(t,0)
M 2]
C 10y (.02 1 —(t,0)
= E ([0 -5"|| +cE ||| — B 110
mMr? Z { ' ‘ * mT Z E (110)
=1 1€S(t,0)
, 2
Co 1 —(t,0)
<9 — -
S Ta CE|lo D B (a1
i€S(t,0)

where (TT0) follows due to, again, the uniform sampling of clients and the rest follows identical steps
for full client participation in the derivation for (72). Note that

Ls M Lc 2 LC 2
= | 37 2 a(W) + 7 | (mrmng/€)* < (Ls+ —F)(mrmimg/e) (112)
k=1

For the second term in (TTI) we have that
2
1 7(t70) 1 7(t70) -~ (t O) - (t 0)
]E — . = _ . — . ’ A ’
— > h Ell— Y (hl VE(wt) + VF(w ))
i€8(1:0) i€S(t:0) (113)

2

1_~ 1_~

——VF(W(“O)) + —VF(W(‘”O))
T T

2 2
1 (t,0) ~ (£,0) 3 , 0) ~ (t,0)
< N A _ . 3 . 3
3E E (hl VFE;(w )) + —=E E VF — VE(w'™™)

T 72
i€S(£.0) zeS(t 0)

A1 A2

+3E

H1Vﬁ(w(t’0))‘
-

(114)
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647 First we bound A; in (TT4) as follows:

648
649
650

651

652

653
654

-
3E n; 3 (’“O — VEi(w W))
i€S(.0)
. o (115)
= 3FE L Z qz‘(W(t’O))Z(VF( tr)) VFi(W(t’O))>
mr €8 (t,0) r=0
T—1
S%E 3 ZHVFi(WEt’T))—VFi(W(t’O))H2 (116)
€S (t,0) r=0
M t-1
- 2350 forn -]
M 7—1
S0 (R

where (116) is due to Jensen’s inequality and ¢;(w) < 1 and (T17) is due to the uniform sampling of
clients, and (T18) is due to Assumption|C.T} Using (77) we have already derived, bound (TT8) further
to:

2
1 (t,0) T (o (£,0) 2,2 2 24L2771 (t, 0)
3E || Y- (B = VE(w )| | <6L2npodr + TZE HVF H
ieS(t.0)
(119)
< 6L377[20'§T + 24 L%} 72 (B'QHVI?'(W@’O) I + &2)
(120)
where (120) is due to Lemma|[D.T}
Next we bound A, as follows:
.
3 ~
—E Z VE(wt9) - VE(wt0)
M iesto (121)
3 -m) (£,0) (£,0) H
- T2mM (M — ZE [HVF wit?) = VE(w) |
M M 2
3(M —m) (£,0) (t.0)y (t,0)
_ (WD) F (w L : 122
2mM(M — 1) ; Vai(w ) E, M ; Fi(w™) (122)
" 2
(10)) (£,0) (o (,0)
< o mM z:: HVF w H z:: gi(wO)V B (w(t:0) (123)
12(M —m)L? (124)
~ ?m(M-1)

where %isbdue to the variance under uniform sampling without replacement (see Lemma 4 in

[40]) and is due to the Cauchy-Schwarz inequality and (124) is due to Assumption|[C.1]

25



655 Mering the bounds for A; and A, to (TT4) we have that
2
1 _
Ell— > hgtm < 6L2n7o2T + 242072 B2 |V F (w0 |2
T i€S(t,0) (125)
12(M — m)L? 21

2m(M — 1)
12(M — m)L?
2m(M - 1)

es6  Then we can plug in (T26)) back to (ITT) and plugging in (T07) to (T06), we can derive the bound in

657 (T06) as

+24 L2 TR +

Hlvﬁ(ww))
-

= (222087287 + 55 ) IVF )P + 6L} + ) + (126)

E [ﬁ(w(tﬁ-l,o))] — P(w(t0)

_mrmng | ding T LI m
m+ € €

<

12(M — L2 A4L2 7303 2 L272n2mn. o2
+(T771779)21/(6L§77127(U§+4m'2)+ ( m) C) sT Mg~ | 2sT T Ta

2m(M —1) € €
(127)
68 where v = Ly + L./4. With ry < 1/45'7Lg, € = m, and ngn < , we can further bound above
659  as
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es0 Taking the average across all rounds on both sides of (128) and rearranging the terms we get
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ss1  With the small enough learning rate 7; = 1/(v/7'7) and 1, = /7m one can prove that
4<}~7' w(0:0) Fm)+40 v 272 272
min E MVF (¢, 0) H } ( ) = Fs + A0, L + 30, s
te[T] Trm vT 3T (130)
+80L§/{’2 48v(M — m)L2\/T
T VT'm

02 02 K'2 \ﬁ
=0 I +0(-% +O<>+O< ) (131)
( VTTm T T VTm
e62 completing the proof for Theorem [C.I|for partial client participation.

s E Simulation Details for Fig. 4a|

664 For the mean estimation simulation for Fig. Eka), we set the true means for the two clients as
665 01 = 0, O = 2y where yg € [0,v/20]. The simulation was perfomed using NumPy [41] and
66 SciPy [42]]. The empirical means 6 and 5 are sampled from the distribution A/(6;, 1) and N (62, 1)
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respectively where the number of samples are assumed to be identical for simplicity. For local
training we assume clients set their local models as their local empirical means which is analogous to
clients performing a large number of local SGD steps to obtain the local minima of their empirical
loss. For the global objective (standard FL, INCFL (ReLU), INCFL) a local minima is found using
the scipy.optimize function in the SciPy package. For each 72 € [0, /20], the average IPR is
calculated over 10000 runs for each global objective.

F Experiment Details and Additional Results

All experiments are conducted on clusters equipped with one NVIDIA TitanX GPU. The algorithms
are implemented in PyTorch 1. 11. 0. All experiments are run with 3 different random seeds and
the average performance with the standard deviation is shown. The code used for all experiments is
included in the supplementary material.

F.1 Experiment Details

Obtaining w;, i € [M] for INCFL Results in Sectiond In INCFL, we use w;, i € [M] to
calculate the aggregating weights (see Algorithm|[T)). For all experiments with INCFL, we obtain
Ww;, i € [M] at each client by each client taking 100 local SGD steps on its local dataset with its own
separate local model before starting federated training. We use the same batch-size and learning rate
used for the local training at clients done after we start the federated training (line 8-9 in Algorithm [I]).
The specific values are mentioned in the next paragraph.

Local Training and Hyperparameters. For all experiments, we do a grid search over the required
hyperparameters to find the best performing ones. Specifically, we do a grid search over the learning
rate: mm, € {0.1,0.05,0.01,0.005,0.001}, batchsize: b € {32,64,128}, and local iterations:
7 € {10, 30,50} to find the hyper-parameters with the highest test accuracy for each benchmark.
For all benchmarks we use the best hyper-parameter for each benchmark after doing a grid search
over feasible parameters referring to their source codes that are open-sourced. For a fair comparison
across all benchmarks we do not use any learning rate decay or momentum.

Logistic Regression on the Synthetic Dataset. We conduct simulations on synthetic data which
allows precise manipulation of heterogeneity. Using the methodology constructed in [2], we use the
dataset with large data heterogeneity, Synthetic(l,1). We have in total 100 devices where the local
dataset sizes for each device follows the power law. The dimension used for logistic regression is
R61>10 where 10 is the output dimension.

DNN Experiments. For FMNIST, we train a deep multi-layer perceptron network with 2 hidden
layers of units [64, 30] with dropout after the first hidden layer where the input is the normalized
flattened image and the output is consisted of 10 units each of one of the 0-9 labels. For CIFAR10,
we train a deep convolutional neural network with 2 convolutional layers with max pooling and 4
hidden fully connected linear layers of units [120, 100, 84, 50]. The input is the normalized flattened
convolution output and the output is consisted of 10 units each of one of the 0-9 labels. For Sent140,
we train a deep multi-layer perceptron network with 3 hidden layers of units [128, 86, 30] with
pre-trained 200D average-pooled GloVe embedding [43]]. The input is the embedded 200D vector
and the output is a binary classifier determining whether the tweet sentiment is positive or negative
with labels 0 and 1 respectively. All clients have at least 50 data samples.

F.2 Additional Experimental Results

Local Tuning for Personalization. Personalized FL methods can be used to fine-tune the global
model at each client before comparing it with that client’s locally trained model. INCFL can be
combined with these methods by simply allowing clients to perform some fine-tuning iterations
before computing the aggregation weights in Step 7 of Algorithm[I} Both for clients that are active
during training and unseen test clients, we show in Table [2] that INCFL increases the fraction of
incentivized clients by at least 10% as compared to all baselines. For FMNIST, CIFAR10, and
Sent140, the improvement in IPR over other methods is up to 27%, 39%, and 28% respectively for
active clients and 17%, 35%, and 4% respectively for the unseen incoming clients.
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Table 2: Incentivized participation rate (IPR) of locally-tuned models with 5 local steps from the final
global models trained with different algorithms for seen clients and unseen clients (the corresponding
preferred-model test accuracy is in Appendix @)

Seen Clients

Unseen Clients

FMNIST CIFARI10 Sent140 FMNIST CIFARI10 Sent140
FedAvg 0.38 (+0.06) 0.19 (x0.07) 0.25 (£0.09) 0.39 (£0.06) 0.20 (x0.07) 0.42 (+0.06)
FedProx 0.40 (x0.07) 0.17 (x0.07) 0.26 (£0.09) 0.41 (x0.07) 0.19 (x0.07) 0.43 (+0.12)
PerFedAvg 0.45 (+0.05) 0.26 (£0.02) 0.24 (+0.10) 0.46 (£0.06) 0.28 (+0.04) 0.47 (+0.06)
MW-Fed 0.28 (+0.07) 0.01 (x0.01) 0.08 (£0.01) 0.39 (£0.04) 0.06 (£0.03) 0.20 (£0.01)
INCFL 0.55 (+0.01) 0.40 (+0.00) 0.36 (+0.05) 0.56 (+0.01) 0.41 (+0.01) 0.55 (+0.01)
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Figure 7: Comparison of the average of the true local losses across all clients (E,]y:l fx(w)/M) and

the empirical local losses across all clients (ZkM:1 Fy(w)/M) where the former is calculated on the
test dataset and the latter is calculated on the training dataset for the global model w. We show that
the average of the true local losses is nearly identical to the average empirical local loss across all
clients empirically validating our relaxation of replacing fy(w) with Fy(w).

Ablation Study on f;(w) &~ Fj(w). One of the two key relaxations we use for INCFL (see
Section 22.1)) is that we replace fi(w) — fi(Wy) with Fj,(w) — Fi(Wy). In other words, we replace
the true loss fi,(w) = E¢.p, [¢((w,€)] with the empirical loss Fi(W) = 57 Y¢ep, (W, &) for

all clients k € [M]. We have used the likely conjecture that the global model w is trained on the
data of all clients, making it unlikely to overfit to the local data of any particular client, leading to
fr(w) = Fy(w). We show in Fig. [7| that this is indeed the case. For all DNN experiments, we

show that the average true local loss across all clients, i.e., Zi”zl fx(w)/M is nearly identical to the

average empirical local loss across all clients, i.e., 21]6\4:1 Fy.(w)/M given the training of the global
model w throughout the communication rounds. This empirically validates our relaxation of the true
local losses to the empirical local losses.

Preferred-model Test Accuracy for the Local-Tuning Results in Table2 In Table[2] we have
shown how INCFL can largely increase the fraction of incentivized clients compared to the other base-
lines even when jointly used with local-tuning. In Table[3] we show the corresponding preferred-model
test accuracies. We show that for the seen clients that were active during training, INCFL achieves at
least the same or higher preferred-model test accuracy than the other methods for all the different
datasets. Hence, the clients are able to also gain from INCFL by achieveing the highest accuracy in
average with their preferred models (either global model or solo-trained local model). For the unseen
clients with FMNIST, FedProx achieves a slightly higher preferred-model test accuracy (4-0.05) than
INCFL but with a much lower IPR of 0.46 (see Table[2)) as INCFL’s IPR is 0.56. For the other datasets
with unseen clients, INCFL achieves at least the same or higher preferred-model test accuracy than
the other methods. This demonstrates that INCFL consistently largely improves the IPR compared to
the other methods while losing very little, if any, in terms of the preferred-model test accuracy.

Comparison with Algorithms for Fairness Fair FL methods [33]134]] aim in training a global
model that yields small variance across the clients’ test accuracies. These methods may incentivize
the worst performing clients to participate, but potentially at the cost of disincentivizing the best
performing clients. We show in Table 4] that the common fair FL methods are indeed not effective in
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Table 3: Preferred-model test accuracy with the locally-tuned models with 5 local steps from the final
global models trained with different algorithms for seen clients’ and unseen clients’ test data (the
corresponding IPR is in Table @)

Seen Clients Unseen Clients

FMNIST CIFARI10 Sent140 FMNIST CIFARI10 Sent140
FedAvg 99.37 (+0.24) 100.00 (+0.00) 55.71 (+0.46) 99.50 (+0.02) 100.00 (+0.00) 58.79 (+0.67)
FedProx  99.35 (+0.23) 100.00 (+0.00) 55.75 (+£0.80) 99.55 (+0.09) 100.00 (+0.00) 58.82 (+0.72)
PerFedAvg 99.20 (+0.25) 100.00 (£0.00) 55.74 (£0.80) 98.98 (+0.55) 100.00 (4+0.00) 58.82 (£0.72)
) )
) )

MW-Fed  99.27 (+0.39) 100.00 (+0.00) 55.06 (£0.38) 99.47 (+0.08) 100.00 (+0.00) 57.36 (+0.71)
INCFL 99.40 (+0.30) 100.00 (+0.00) 55.82 (+0.82) 99.50 (+0.02) 100.00 (+0.00) 58.88 (+0.77)

Table 4: Incentivized participation rate (IPR) and preferred-model test accuracy for the seen clients’
test data with the final global models trained via INCFL and q-FFL [33]] which aims in improving
fairness. The baseline q-FFL with large ¢, e.g. ¢ = 10, emulates the behavior of another well-known
algorithm for improving fairness named AFL [34].

Incentivized Participation Rate (IPR) Preferred-Model Test Acc.

FMNIST CIFARIO  Sentl140 FMNIST CIFAR10 Sent140
q-FFL (¢ = 1) 0.03 (£0.01) 0.00 (£0.00) 0.09 (+0.06) 99.24 (+0.05) 100.00 (£0.00) 53.10 (%2.63)
q-FFL (¢ = 10) 0.00 (£0.00) 0.00 (£0.00) 0.09 (£0.00) 98.90 (+0.01) 100.00 (£0.00) 52.71 (%1.40)
INCFL 0.55 (40.00) 0.40 (£0.00) 0.41 (+0.07) 99.29 (+0.03) 100.00 (+0.00) 53.93 (+1.87)

improving the overall clients’ incentivized participation rate. We see that the fair FL. methods achieve
an incentivized participation rate lower than 0.01 for all datasets while INCFL achieves at least 0.40
for all datasets. Moreover, the preferred-model test accuracy is also higher for INCFL compared to
the fair FL methods. This underwelming performance of fair FL. methods in incentivizing clients can
be due to the fact that fair FL. methods try to find the global model that performs well, in overall, over
all clients which results in failing to incentivize any client.
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