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Abstract

Off-dynamics reinforcement learning (RL), where
training and deployment transition dynamics are
different, can be formulated as learning in a robust
Markov decision process (RMDP) where uncer-
tainties in transition dynamics are imposed. Exist-
ing literature mostly assumes access to generative
models allowing arbitrary state-action queries or
pre-collected datasets with a good state coverage
of the deployment environment, bypassing the
challenge of exploration. In this work, we study
a more realistic and challenging setting where
the agent is limited to online interaction with the
training environment. To capture the intrinsic
difficulty of exploration in online RMDPs, we
introduce the supremal visitation ratio, a novel
quantity that measures the mismatch between the
training dynamics and the deployment dynamics.
We show that if this ratio is unbounded, online
learning becomes exponentially hard. We pro-
pose the first computationally efficient algorithm
that achieves sublinear regret in online RMDPs
with f-divergence based transition uncertainties.
We also establish matching regret lower bounds,
demonstrating that our algorithm achieves opti-
mal dependence on both the supremal visitation
ratio and the number of interaction episodes. Fi-
nally, we validate our theoretical results through
comprehensive numerical experiments.

1. Introduction

Off-dynamics reinforcement learning (RL) (Eysenbach
et al., 2021; Lyu et al., 2024) has recently gained signif-
icant attention in scenarios where the transition dynamics of
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the deployment environment differs from that of the training
environment. Such problems can be modeled as learning a
robust Markov decision process (RMDP) (Satia & Lave Jr,
1973; Iyengar, 2005; Nilim & EI Ghaoui, 2005), where the
objective is to learn a policy that performs well when un-
certainties are imposed into the transition dynamics. Two
major frameworks have been proposed in the literature to in-
corporate the uncertainty of transition dynamics in RMDPs.
The first, known as the Constrained Robust Markov Deci-
sion Process (CRMDP), formulates a max-min optimization
problem that seeks the best policy under the worst-case tran-
sition dynamics within a predefined uncertainty set. The
second, the Regularized Robust Markov Decision Process
(RRMDP), replaces the hard constraint on uncertainty sets
with a regularization term that quantifies the divergence
between the training and deployment dynamics.

CRMDP was initially introduced for optimal control prob-
lems (Nilim & El Ghaoui, 2005; Iyengar, 2005; Xu & Man-
nor, 2006; Wiesemann et al., 2013), where the transition
dynamics and reward functions of the nominal MDP are
assumed to be fully known. More recently, CRMDPs have
been studied from a learning perspective (Zhou et al., 2021;
Yang et al., 2022), where an agent must gather data to esti-
mate the environment rather than relying on perfect knowl-
edge. Existing research on learning CRMDPs can be cate-
gorized into three settings: (1) Learning with a generative
model (simulator). In this setting, the agent can query tran-
sitions at any state-action pair an arbitrary number of times
(Panaganti & Kalathil, 2022; Yang et al., 2022; Xu et al.,
2023b; Shi et al., 2024). (2) Learning with an offline dataset.
Here, the agent learns from a pre-collected dataset, typi-
cally assumed to be generated by a behavior policy from
the nominal MDP (Panaganti et al., 2022; Blanchet et al.,
2023; Shi & Chi, 2024; Liu & Xu, 2024b; Tang et al., 2024).
Effective robust policy learning relies on sufficient coverage
of the dataset on states in the deployment environment. (3)
Learning through online interaction. More recent works
have considered online learning of CRMDPs through direct
interaction with the training environment to collect data (Liu
& Xu, 2024a; Lu et al., 2024; Liu et al., 2024), focusing on
a specific case where the uncertainty set is defined via total
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variation (TV) distance'.

RRMDP was introduced to get rid of the constrained opti-
mization in the formulation of CRMDPs for the tractability
of robust policy learning (Yang et al., 2023; Zhang et al.,
2024). In particular, Yang et al. (2023) studied RRMDPs
with general f-divergence-based regularization under a gen-
erative model setting, while Zhang et al. (2024) analyzed
RRMDPs with Kullback-Leibler divergence-based regular-
ization in the offline setting, relying on similar data cov-
erage assumptions as in offline CRMDPs. More recently,
Panaganti et al. (2024) extended this work to general f-
divergence-based regularization in the offline setting and
explored RRMDPs with total variation regularization and
fail-states in a hybrid online-offline setting.

Despite these advances, in more realistic applications where
simulators or pre-collected datasets with strong state cov-
erage are not available, the problem of efficient online ex-
ploration in RMDPs remains understudied. Unlike standard
MDPs, where exploration aims to reduce uncertainty within
a fixed transition model, in RMDPs, the agent can only
gather experience from a nominal environment, yet it must
generalize to potentially shifted dynamics at deployment.
This presents a fundamental challenge of information deficit
in online RMDPs, requiring the development of exploration
strategies that proactively account for distributional shifts.
More specifically, the information deficit in online RMDPs
arises when states that are rarely visited in the nominal en-
vironment become critical in the deployment environment.
For instance, consider a state s in the nominal MDP that is
extremely difficult to visit, e.g., with exponentially small
visitation probability, resulting in limited data collection.
If, in the deployment environment, the dynamics shift in-
creases the visitation probability of s, the agent must make
informed decisions at this state despite having little prior ex-
perience. In standard MDPs, such rare states typically have
negligible effects on policy learning, but in RMDPs, they
can critically impact performance, making online learning
in RMDPs significantly more challenging than in standard
MDPs.

To overcome this information deficit issue, existing research
on online RMDPs adopt a fail-state type of assumption—
there exist states with zero reward that only transit among
themselves (Liu & Xu, 2024a; Lu et al., 2024; Liu et al.,
2024). As we show in Proposition 5.4 and the discus-
sion following it, these assumptions essentially ensure that
worst-case distribution shifts occur in a deterministic direc-
tion, which eliminating the information deficit issue and
makes provably efficient online learning possible. However,

'We note that Dong et al. (2024) also studied online CRMDPs,
but we found essential flaws in proofs of their Lemmas A.2 and
C.5, which invalidates their results.

such nice properties do not hold in RMDPs with general f-
divergence based uncertainty sets or regularization, limiting
all existing research on online RMDPs to CRMDPs with
TV-distance based uncertainty sets.

In this work, we answer the following fundamental question:

Under what conditions can provably efficient online
learning of RMDPs be achieved?

We investigate tabular RMDPs with finite states and actions.
We show that if the nominal environment is sufficiently ex-
ploratory—i.e., the agent can collect enough information
through interaction—then sample-efficient online learning
should be achievable for broader classes of RMDPs, includ-
ing those with general f-divergence based dynamics uncer-
tainties and without restrictive structural assumptions like
fail-states. We rigorously prove that the sample complexity
of any online learning algorithm should be proportional to
the difficulty of exploration.

Our contributions are summarized as follows.

* We introduce the supremal visitation ratio C,,. (see As-
sumption 5.5) as a measure of exploration difficulty in
RMDPs. We develop the first computationally efficient
algorithm, Online Robust Bellman Iteration (ORBIT), for
CRMDPs and RRMDPs based on the total variation (TV),
Kullback-Leibler (KL), and x? divergences, and prove
sample complexity bounds that explicitly depend on C,.

* We establish regret lower bounds, demonstrating that the
supremal visitation ratio C',. is an unavoidable term in the
sample complexity of online RMDP learning. This result
confirms that C,,,. serves as a fundamental measure of
exploration difficulty and a sufficient condition for prov-
ably efficient online learning in RMDPs. As a corollary,
we construct hard instances to demonstrate that if C,,,
is unbounded, general online learning in CRMDPs can
become exponentially difficult.

* We conduct comprehensive numerical experiments to val-
idate our theoretical findings. In a simulated MDP, we
show that the performance of learned policies degrades as
C, increases. We evaluate our algorithms in a simulated
RMDP and the Frozen Lake environment, highlighting
their effectiveness when distribution shifts are significant.

Notations For any positive integer H € Z,, we denote
[H] ={1,2,---, H}. For any set S, define A(S) as the set
of probability distributions over S. Let P,Q € A(S) and
P < Q. For a convex function f : [0, +00) — (—00, +00]
such that f(x) is finite for all x > 0, f(1) = 0 and
f(0) = lim;_,o+ f(¢). The f-divergence of P from Q,
which measures their difference, is defined as D¢ (P||Q) =



Sample Complexity of Distributionally Robust Off-Dynamics Reinforcement Learning with Online Interaction

fQ f (%) dQ@. In our paper, we consider three common
f-divergences including total variation (TV) distance with
f(t) = 3|t — 1], Kullback-Leibler (KL) divergence with
f(t) = tInt, and x2-divergence with f(t) = (t — 1)%. We
use O(+) to hide absolute constant factors and O(-) to fur-
ther hide logarithmic factors. For any two integers a and b,

we denote a V b := max{a, b}.

2. Related Work

CRMDPs and RRMDPs The framework of CRMDPs was
first introduced in the context of optimal control (Iyengar,
2005; Nilim & El Ghaoui, 2005; Xu & Mannor, 2006;
Wiesemann et al., 2013; Mannor et al., 2016), where the
nominal MDP is assumed to be exactly known, and robust
policies are obtained by solving a constrained max-min opti-
mization problem. Subsequent works extended CRMDPs to
the learning setting with access to a generative model (Zhou
et al., 2021; Yang et al., 2022; Panaganti & Kalathil, 2022;
Shi et al., 2024). More recently, CRMDPs have been studied
in the offline learning setting, where only a pre-collected
dataset from the nominal MDP is available through a behav-
ior policy (Shi & Chi, 2024; Panaganti et al., 2022; Blanchet
etal., 2023; Wang et al., 2024a; Liu & Xu, 2024b; 2025). To
ensure that a robust policy can be learned from a reasonably
sized offline dataset, these works make assumptions about
the behavior policy (and implicitly, the nominal MDP) to
guarantee sufficient coverage. Such assumptions include
the robust single-policy clipped concentrability (Shi & Chi,
2024), robust partial coverage (Blanchet et al., 2023), and
uniformly well coverage assumptions (Liu & Xu, 2024b;
Wang et al., 2024a). The framework of RRMDPs was more
recently proposed by Yang et al. (2023) and Zhang et al.
(2024), who studied it under the generative model setting
and the offline setting, respectively. This line of work was
extended to function approximation settings by Panaganti
et al. (2024) and Tang et al. (2024), considering both hybrid
offline-online and purely offline scenarios.

It is worth noting that CRMDPs are sometimes referred to
in the literature as Robust MDPs (RMDPs) or Distribution-
ally Robust MDPs (DRMDPs). To distinguish them from
the regularized robust framework, we adopt the term CR-
MDPs. Similarly, RRMDPs appear under various names,
including penalized robust MDPs (Yang et al., 2023), soft
robust MDPs (Zhang et al., 2024), and robust ¢-regularized
MDPs (Panaganti et al., 2024). We use the term RRMDPs to
clearly differentiate them from CRMDPs while remaining
consistent with the literature.

Online RMDPs Wang & Zou (2021); Badrinath & Kalathil
(2021) studied the online learning for infinite-horizon
RMDPs with R-contamination and more general uncertainty

sets, respectively. Their algorithmic design and theoretical
analysis rely on assuming access to exploratory policies,
which implicitly assumes that the nominal MDP is suffi-
ciently exploratory. In contrast, we revisit this challenge
from a different angle, focusing on the information deficit
issue induced by distributional shift. Our work differs from
theirs in two key aspects. First, we introduce a novel quan-
tity to characterize the hardness of exploration in the nom-
inal MDP and analyze it thoroughly via both upper and
lower bounds on the sample complexity. Second, instead
of assuming access to exploratory policies, we design al-
gorithms that explicitly incorporate exploration strategies
tailored for finite-horizon tabular CRMDPs and RRMDPs
with (s, a)-rectangular uncertainty sets defined by general
f-divergences.

Liu & Xu (2024a); Lu et al. (2024); Liu et al. (2024) fo-
cused on online robust RL under the specific setting of
CRMDPs with uncertainty sets defined by the TV-distance,
coupled with assumptions such as the existence of fail-states
or vanishing minimal values. From an information-theoretic
perspective, we show that these assumptions effectively
circumvent the information deficit by constraining the di-
rection of the distribution shift. In contrast, our work seeks
to identify a more general sufficient condition for provably
efficient online learning in CRMDPs—one that applies to
arbitrary divergence-based uncertainty sets and does not rely
on the fail-state or vanishing minimal value assumption.

Off-dynamics RL A substantial body of empirical work
addresses off-dynamics RL through the lens of domain adap-
tation and transfer learning (Eysenbach et al., 2021; Desai
et al., 2020; Zhang et al., 2021; Xu et al., 2023a; Wen et al.,
2024; Guo et al., 2024; Wang et al., 2024b; Lyu et al., 2024;
Da et al., 2025), among others. In this paper, we focus
on the robust MDP (RMDP) formulation of off-dynamics
RL. We refer readers to the above works for complementary
approaches along this orthogonal line of research.

3. Preliminaries

Constrained Robust MDP (CRMDP) We denote a fi-
nite horizon CRMDP as CRMDP (S, A, P°,r,U*(P°), H),
where S is the state space, A is the action space, P° =
{PP}H_| is the nominal transition kernel, 7 : S x
A — [0,1] is the reward function, U”(P°) is the un-
certainty set centered around the nominal kernel, p is
the uncertainty level, H is the horizon length. In this
work, we specifically focus on general f-divergence de-
fined (s, a)-rectangular uncertainty sets (Iyengar, 2005),
UP(P°) = @(s,a,n)csxAx[HU}, (5, a), where Uf (s,a) =
{P € A(S)|D#(P||Pg(-|s,a)) < p}. The robust value
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function and Q-function are defined as

Sh:Sj|,

shzs,ah:a}.

H
T o .
ViP(s) = Pe&r}}fpo) Erp {; Te(st, at)

H

™p —
Q' (s,a) = Pe;{l}fpn)Ew,p {;Tt(St;at)

The optimal robust value function and optimal robust
Q-function are defined as: V;"*(s) = sup,c Vi " (s),
Q" (s,a) = sup,c @ (s,a), where 11 is the set of
all policies. Correspondingly, the optimal robust policy
is the policy that achieves the optimal robust value function
7y = argsup,.c;V, *(s). For CRMDPs, Iyengar (2005)
proved the robust Bellman optimality equations

2P (s,a) = (s, a) + inf Ep, [Vh*fl] (s,a),

Pyeuy (Po)

Vit (s) = max Q3 (s,a),

3.1)

where Ep, [V, ](s,a) == Eyop,(1s,0) [Vii1 (8]

Regularized Robust MDP (RRMDP) A finite horizon
RRMDP can be denoted as RRMDP(S, A, P°,r,3,D, H),
where [ is the regularizer parameter, D is the probability
divergence. RRMDPs replace the uncertainty set constraint
in CRMDPs with a regularization term. Specifically, the
robust value function and ()-function are defined as

H
V}ZT*B(S) = 1rlgf ]Emp [Z T't(St, at)
t=h

+ BP0, P Clst ) | = o]

H

Z,B(s, a) = ir}gf Erp [Zrt(st, at)

t=h

+ BD(P:(-|s¢,ar), P (+|se, ar)) ) Sp=S,an = a}.

For RRMDPs, Yang et al. (2023) showed the robust Bellman
optimality equations:
*,3 . *,3
sa) =m0+ inf [Er, (V] (s.0)

+ 6 . D(Ph('lS,CL),P;Z("S,G))},
VP (s) = I;laXQZ”B(S,a)‘

(3.2)

Learning Goal We have an agent actively interacting with
the nominal environment for K episodes to learn the opti-
mal robust policy. At the start of episode £ with initial state
s¥, the agent chooses a policy ¥ based on the history infor-
mation. Then it interacts with the nominal environment by
executing 7" until the end of episode k, and collects a new
trajectory. The agent’s goal is to minimize the cumulative
regret after K episodes, defined as

K
Regret(K) =

k=1

[Vi(st) = V™ (s%)] for CRMDPs,

K
Regret(K) = > [V (s%) — Vi % (s%)] for RRMDPs.
k=1

4. Online Robust Bellman Iteration (ORBIT)

In this section, we first present a meta-algorithm for online
tabular RMDPs with general f-divergence defined uncer-
tainty sets or regularization terms. We then instantiate the
algorithm for CRMDPs with TV, KL and x2-divergences
defined uncertainty sets and RRMDPs with TV, KL and
x2-divergences defined regularization terms, respectively.

Algorithm 1 Online Robust Bellman Iteration (ORBIT)
Require: uncertainty level p > 0 (for CRMDPs), or regu-
larizer 5 > 0 (for RRMDPs).

I: fork=1,---,K do

2 VEL () <0

3: forh=H,---,1do

4

5

forV(s,a) € S x Ado
Update Q-function estimation @ﬁ(s, a)
CRMDP: refer to Section 4.2;
RRMDP: refer to Section 4.3.

6: end for

7: for Vs € Sdo R

8: Th(s) + argmax,c 4 QF (s, a),
‘A/hk(s)  maXge A Q\ﬁ(s, a).

9: end for

10:  end for

11:  Collect trajectory 7:\’“ by executing 7*.
12: Update nf, 77, PF*! according to (4.1).

13: end for

4.1. Algorithm Interpretation

We present our meta-algorithm, Online Robust Bellman It-
eration (ORBIT), in Algorithm 1. The algorithm follows a
value iteration framework and integrates optimistic estima-
tion and the robust Bellman optimality equation in (3.1) and
(3.2) for estimating the robust )-functions. In each episode
k € [K], ORBIT consists of two stages. In the first stage
(Lines 3 to 10), Algorithm 1 iteratively updates the value
function and @Q-function estimations in a backward manner.
In the second stage (Lines 11 to 12), we collect trajectory
Tk = (s ak, vk, sk, ak v by executing F. After
a new trajectory is collected, ORBIT updates the empirical
reward function and transition kernel as follows

k
nﬁ(s,a) = Z]l {szh =s,ah = a},

k . .
Z rﬁ(s,a) -1 {S’;L = 57a2 = a}
k41 i—1
= 4.1
(Sva) nﬁ(s,a) V1 5 4.1
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> 1 {si, =s,a}, = a,s},, =5}
Pf+1(s'|s,a) ==

nk(s,a) V1

Algorithm 1 updates Q-functions at each (s, a) according to
different RMDP settings and choices of f-divergences. We
differentiate these cases using specific labels: CRMDP-TV,
CRMDP-KL, CRMDP-2, RRMDP-TV, RRMDP-KL, and
RRMDP-2. Finally, Algorithm 1 adopts the greedy policy
of the estimated Q-function as the estimated optimal policy
at episode k.

For the robust Q-function estimation, we leverage the robust
optimality Bellman equation (3.1) and (3.2). Incorporating
the optimism principle in the face of uncertainty (Abbasi-
Yadkori et al., 2011) in the Q-function update, we have

@Z(Sa a) = RBZ(Sa a) + bﬁ(& a)‘ 4.2)

There are two components in (4.2): a robust Bellman esti-
mator RBJ (s, a) and a bonus term b} (s, a). Next, we will
instantiate this meta-algorithm for CRMDPs and RRMDPs
with various f-divergences, and provide explicit formulation
for robust Bellman estimation and bonus design.

4.2. ORBIT under Constrained Robust MDPs

We first focus on CRMDPs and detail the update of robust -
functions (4.2) in various settings. To solve the optimization
problem in the robust Bellman equation (3.1) and (3.2), we
resort to strong duality results in the following.

CRMDP-TV In CRMDPs with TV-distance defined un-
certainty sets, estimators in (4.2) are defined as follows

RBQ(S,@) = ?ﬁ(& a) — nei[%,fH] (IEA};LC [(77 — ‘7hkjrp1)+] (s,a)
+ p(n — min V;ﬁ‘i(S)L - n), (43)

blfl(s a)—ZH\/ZS21n(12‘SAH2K2/5) 1

_'_7

, 4.4
ny (s, a) V1 K @)

where (4.3) represents the empirical version of the robust
Bellman operator and (4.4) is the bonus. The dual formu-
lation for TV-distance and the optimism of the estimated
@-function are established in Appendix C.1.

CRMDP-KL In CRMDPs with KL-divergence defined
uncertainty sets, estimators in (4.2) are defined as follows

RBj (s, a) = 74 (s, a)

_ Vei[glfﬁ](len Epp [exp (— zfl‘A/hkfl)} (s,a) +vp), (45)
T p
2HVS\ [2In(2SAHK/$)
be =(1 , 4.6
n(s,a) ( + pCMP> T (s.a) v 1 (4.6)

where C)p is defined in Assumption 5.7. The dual formu-
lation for KL-divergence and the optimism of the estimated
Q@-function are proved in Appendix C.2.

CRMDP-x? For ORBIT in CRMDPs with y2-divergence
defined uncertainty sets, we have

RBJ(s,a) =75 (s,a) + sup (Ef’;’{" [thfl - Al(s,a)

Ae[0,H]
— \JoVargy (Vi — A)), @7
. 252 In(192SAH3K3/8) = 2
bE s,a) =3H + —. 4.8
n(s:) \/ nfjl(s,a)V1 K (4.8)

The dual formulation for x2-divergence and the optimism
of the estimated @Q-function are proved in Appendix C.3.

4.3. ORBIT under Regularized Robust MDPs

We then focus on RRMDPs and detail the update of robust
@-functions (4.2) in various settings.

RRMDP-TV In RRMDPs with TV-distance regulariza-
tion terms, estimators in (4.2) are defined as follows

RBZ(s,a) = ?ﬁ(s,a) — Eﬁ,’f [(Iilgvfﬁ(s) +A

- V) Js) + (min Vi) +8).
(4.9)

by (s, a) = 2H\/QSIH(QSAHK/5). (4.10)

ny (s, a) V1
The dual formulation for TV-distance and the optimism of

the estimated ()-function are proved in Appendix D.1.

RRMDP-KL For ORBIT in RRMDPs with KL-
divergence regularization terms, we have

RB} (s, a) = 7i(s,a) = BIEpy [exp (= 87 V;111)] (5, 0),

@.11)
(s.a) = (14 g H/g), [2mCSAHK/S)
bi(s,a) = (148’ 7VS) TP KVER (4.12)

The dual formulation for KL-divergence and the optimism
of the estimated )-function are provided in Appendix D.2.

RRMDP-x? For ORBIT in RRMDPs with y2-divergence
regularization terms, we have

RBj(s,a) = F(s,a) + sup
A€[0,H]

1 ~
— EVarﬁ;f [Vf_ﬁ = Al(s, a)),

(Ef,’;: [thﬁ - Al(s,a)

(4.13)
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. 252 In(48SAH3K?2/5) 2
bh(s,a) = 5H* +2, @414
n(s,a) \/ nf;l(s, a)V1 K “.19
The dual formulation for y2-divergence and the optimism

of the estimated Q-function are provided in Appendix D.3.

5. Theoretical Results

In this section, we provide theoretical understandings on the
online learning of RMDPs. We start with a new perspective—
the information deficit issue—to understand existing condi-
tions for provably efficient online learning. Motivated by
existing solutions to address the information deficit issue,
we propose a new metric, the supremal visitation ratio, to
quantify the hardness in exploration under online RMDPs.
Further, we provide upper and lower bounds, involving the
supremal visitation ratio, on the regret of Algorithm 1 in all
settings.

5.1. Learnability of Online RMDPs

Focusing on CRMDPs with TV-distance defined uncertainty
sets, Liu & Xu (2024a) and Lu et al. (2024) identified that
the following assumptions can admit provably efficient on-
line learning. In particular, Liu & Xu (2024a) made the
following fail-states assumption.

Condition 5.1 (Fail-states). (Liu & Xu, 2024a, Condition
4.3) There exists a subset Sy C S of fail-states such that
rn(s,a) =0, PP(Sy|s,a) =1,V (s,a,h) € Sy x Ax [H].

Lu et al. (2024) extended Condition 5.1 to Condition 5.2,
but both assumptions essentially serve the same purpose,
eliminating minsecs V'(s) in the dual formulation of the
optimization problem in the CRMDP-TV setting.

Condition 5.2 (Vanishing minimal value). (Lu et al., 2024,
Assumption 4.1) The RMDP satisfies that miél VP (s) = 0.
se

To explain the rationale behind Condition 5.1, we first define
the visitation measure as follows.

Definition 5.3 (Visitation measure). Under both CR-
MDPs and RRMDPs, for any policy 7, we define the
worst-case transition corresponding to 7 as P,”" (+|s, a) =
argminp, cyr(pe) Ep, [V14](s,a) for CRMDPs, and
By ([s,a) = argming,eas) Er,[Vi3l(s.0) +
BD(Py(-|s,a), PP(-|s,a)) for RRMDPs. At timestep
h € [H], we denote g7 (-) as the visitation measure on
S induced by the policy 7 under P*™, and dJ(-) as the
visitation measure on S induced by the policy 7 under P°.

We show that Condition 5.1 implies the following property
on the CRMDP.

Proposition 5.4. For CRMDPs with TV-distance defined
uncertainty set satisfying Condition 5.1, forany s € S, a €
A, s € S§\S; and policy m, we have P,""(s'|s,a) <
Pp(s'|s, a).

Proposition 5.4 shows that, for any state-action pair, the
transition probability to a non-fail state is smaller in the
worst-case environment than in the nominal environment.
Consequently, non-fail states that are rarely visited in the
nominal environment remain rarely visited in the worst-case
environment, hence it would not incur large regret when
making decisions at these states. Meanwhile, by definition,
states in Sy lead to precisely zero value no matter what
action is taken and thus no regret could be incurred at these
states. This implies that Condition 5.1 or Condition 5.2
ensures the information obtained from exploration in the
nominal environment is sufficient for decision making in
the worst-case environment, thus bypassing the information
deficit issue.

Note that both Condition 5.1 and Condition 5.2 are specifi-
cally designed for CRMDPs with TV-distance defined un-
certainty sets. In more general f-divergence contexts, such
as RMDPs with KL-divergence or x2-divergence defined
uncertainty sets or regularization terms, the property de-
scribed in Proposition 5.4 does not hold. Consequently,
learning RMDPs through online interaction is in general a
challenging open problem (Lu et al., 2024) without addi-
tional assumptions. To characterize the inherent difficulty
in learning online RMDPs with general f-divergences, we
propose a more intrinsic metric that captures the essential of
the problem, based on visitation measures in both the nomi-
nal and worst-case environments. Specifically, we have the
following assumption.

Assumption 5.5 (Bounded visitation measure ratio). Under

the definition of Definition 5.3, we define C,, := sup 328
wh,s P

as the supremal ratio between the nominal visitation mea-

sure and the worst-case visitation measure. We assume that

Clyy is polynomial in H, S and A.

Remark 5.6 (Reduction to non-robust setting). In non-
robust settings, Assumption 5.5 is always satisfied with
Cyr = 1, since g} (s) = dJ (s). This indicates our results
also apply to the non-robust setting as a special case.

The use of visitation measures is common in the offline
literature such as Li et al. (2024, Definition 3) and Shi & Chi
(2024, Assumption 1). We impose Assumption 5.5 to ensure
that the information obtained in the nominal environment
can be effectively used for estimation in the worst-case
environment.
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5.2. Regret Bound for Constrained Robust MDP

We first focus on CRMDPs with TV, KL and X2 divergences
defined uncertainty sets. Before we present our results, we
introduce an extra assumption for the CRMDP-KL setting.

Assumption 5.7. We assume there exists a constant
Crrp > 0, such that for any (h, s,a,s’) € [H] xSXxAXS,
if P2(s|s,a) > 0, then P¢(s'|s,a) > Cup.

Remark 5.8. For CRMDPs with KL-divergence defined
uncertainty sets, Assumption 5.7 guarantees the regularity
of dual formulation for KL-divergence. We note that similar
assumptions also appear in Yang et al. (2022, Theorem 3.2)
and Shi & Chi (2024, Theorem 3), both study CRMDPs
with KL-divergence defined uncertainty sets.

Theorem 5.9 (CRMDP regret upper bounds). Assume As-

sumption 5.5 holds for CRMDPs with TV, KL and X2 di-
vergence defined uncertainty sets, we additionally assume
Assumption 5.7 holds for the CRMDP-KL setting. Then for
any 0 € (0, 1), with probability at least 1 — §, the regret of
Algorithm 1 satisfies

Regret(K) =
O(CorS?AH? + C2.8% AL HAVE) (TV)
~ 3ol 41
O((1+ 45 (Cor SAH + G 5543 HVE)) (KL).
O(CorS?AH? + C2.5% A2 H*VE) o)

Remark 5.10. Theorem 5.9 presents the first provably sub-
linear result in the online RMDP literature for KL and x?
defined uncertainty sets. The differences in dominant terms
stem from how value function errors are amplified in dual
formulations through Bellman equations and induction. Al-
though the radius p is not explicitly part of the results for TV-
distance and y2-divergence, it implicitly affects the bounds
through C',, in Assumption 5.5. A larger p loosens con-
straints, increases distribution shifts, and consequently, re-
quires a higher C,,- and leads to increased regret bound.

It is worth noting that under the policy selection scheme in
Algorithm 1, our regret upper bounds still hold if we relax
the definition of C',. in Assumption 5.5 to be defined as the
supremum visitation ratio over deterministic policies.

By the standard online-to-batch conversion (Cesa-Bianchi
et al., 2004), the regret bounds in Theorem 5.9 immediately
imply the following sample complexity results:

Corollary 5.11. Under the same setup in Theorem 5.9,
when

O(CorS*AH* /€?) (TV)
~ 2

K= (2((1 + SN (CorSAH? /) (KL)
O(CorS*AH* /€?) *

with probability at least 1 — J, the uniform mixture of the
policies produced by Algorithm 1 is e-optimal.

To see how tight the upper bounds in Theorem 5.9 are, we
provide the following results on lower bounds.

Theorem 5.12 (CRMDP regret lower bound). For CR-
MDPs with TV, KL and 2 divergence defined uncertainty
sets, for any learning algorithm &, there exists a CRMDP M
satisfying Assumption 5.5, such that E [Regret (¢, K)| =
Q(C4VE).

Remark 5.13. Comparing Theorem 5.9 and Theorem 5.12,
we observe the order of C),, in the dominant terms of the
upper bounds matches that in the lower bounds. The upper
bounds thus align with the lower bounds in the two most
critical parameters governing sample complexity: C,, and
K. This indicates the fundamental presence of the informa-
tion deficit issue in the online learning of robust policies,
which stems from the discrepancy between the nominal and
worst-case transitions and can be characterized by C,,,.

Based on the proof of Theorem 5.12, we construct hard
instances to illustrate the necessity of Assumption 5.5 in
guaranteeing sample efficient online learning in CRMDPs.

Lemma 5.14 (CRMDP hard instances). For CRMDPs with
TV, KL and X2 divergence defined uncertainty sets, for
any learning algorithm &, there exists a CRMDP M with
Cyr = 24, such that E [Regret (¢, K)| = Q(24VEK).
Remark 5.15. Lemma 5.14 shows that, in the absence of
additional assumptions, any online learning algorithm may
perform poorly in CRMDPs. The hard instances are con-
structed by selecting a critical state that has an exponentially
small visitation measure in the nominal environment, and
make it has a visitation measure of constant order in the
worst-case environment. As a result, an agent requires an
exponential number of episodes to explore sufficient infor-
mation about this state, while suffering a constant regret per
episode when taking a suboptimal action.

5.3. Regret Bound for Regularized Robust MDP

We then focus on RRMDPs with TV, KL and y? divergences
defined regularization.

Theorem 5.16 (RRMDP regret upper bound). Assume As-
sumption 5.5 holds for RRMDPs with TV, KL and x? diver-
gence defined regularization terms. Then for any ¢ € (0, 1)
with probability at least 1 — §, the regret of Algorithm 1
satisfies

Regret(K) =
O(CurS% AH? + 02543 H2VE) (TV)
~ _ 1
O((1 4 Be® H/S)(Cor SAH + C2.52 A2 HVE)) (KL) -
~ . i .
O(CorS?AH? + C2.5% A7 H*VE) o
Remark 5.17. Theorem 5.16 presents the first provably

sublinear results in the online RRMDP settings. The re-
sult in Theorem 5.16 corresponding to the TV-distance is
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Figure 1. Figure 1(a) shows the comparison of the learned policy and the optimal policy in Section 6.1 (Illustration of the Effect of C',,
on Robustness), where the optimal policy represents the ground truth optimal policy, the learned policy is obtained by Algorithm 1.
Figures 1(b) to 1(d) present the comparison between our algorithm ORBIT and the non-robust algorithm in Section 6.2 (Learning on

Simulated RMDPs).

smaller by a factor of O(v/S) compared to Theorem 5.9.
This efficiency gain arises because the dual formulation
for RRMDPs eliminates the need for constructing an e-
net, which also speeds up solving the inner optimization
problem and demonstrates computational advantages. No-
tably, Assumption 5.7 is not required in the RRMDP-KL
setting, as the dual formulation for KL has a closed-form
solution, which also reduces the computational cost. In the
x2-divergence setting, the upper bound is larger than that
in the constrained setting by a factor of O(H). This gap
derives from the differences in dual formulations in two
RMDPs, where Lemma D.9 in the RRMDP-x? setting does
not admit a square root compared to Lemma C.15 in the
CRMDP-? setting.

Theorem 5.18 (RRMDP regret lower bound). For
RRMDPs with TV, KL and x? divergence defined regu-
larization terms, for any learning algorithm &, there ex-
ists a RRMDP M satisfying Assumption 5.5, such that

E [Regret (¢, K)] = Q( v%r\/?)

Comparing Theorem 5.16 and Theorem 5.18, we observe
that the order of C',. in the dominant terms of upper bounds
matches that in the lower bound. Together with the obser-
vation in Remark 5.13, we can conclude that C,,. is a tight
measure for evaluating exploration difficulty in RMDPs.

6. Experiments

In this section, we conduct numerical experiments
in various environments to thoroughly verify the
theoretical findings in previous sections. All nu-
merical experiments were conducted on a server
equipped with Intel(R) Xeon(R) Gold 5118 CPU @
2.30GHz. The implementation of our ORBIT algorithm
is available at https://github.com/panxulab/
Online-Robust-Bellman-Iteration.

o
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—.— ORBIT (RRMDP-x?)

S
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1000

(a) CRMDP (b) RRMDP

Figure 2. The convergence of ORBIT in Section 6.3 (Learning the
Frozen Lake Problem). We use the policies obtained after each
training episode to evaluate the convergence.

6.1. Illustration of the Effect of C,,- on Robustness

The supremal visitation ratio C,,. measures the difficulty
in exploration. With a fixed number of episodes, our re-
sults Theorem 5.9 and Theorem 5.16 show that C,,,. would
increase the sub-optimality gap of the learned policies. In
this section, we construct a toy example (see Figure 4) with
H=3,8=1{sp,--+,s5},and A = {0, - - - , 9}, focusing
on the CRMDP-TV setting. More details about the environ-
ment can be found in Appendix A.1. The visitation measure
of each states are influenced by a hyper-parameter (3, and
we can calculate that C,,, = 3 + % in this case.

As we can see from Figure 1(a), when we increase C',,. by
decreasing $ in the nominal environment, it becomes harder
for the agent to explore the nominal environment sufficiently
to learn the optimal policy in the perturbed environment,
and thus deteriorate the performance of the learned policy
and enlarge the sub-optimality gap. This aligns well with
our theoretical results.

6.2. Learning on Simulated RMDPs

Next, we design a simple MDP with learning horizon H =
3, the state space is S = {sg, - - , 84}, and the action space
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Figure 3. Results in Section 6.3 (Learning the Frozen Lake Problem). Figure 3(a) presents the average time taken for training in various
settings. Figures 3(b) to 3(d) present the comparison between our algorithm ORBIT and the non-robust algorithm. We use the last episode

policy 7 for the comparison.

is A = {0,---,4}. The source environment and target
environment are illustrated in Figures 5(a) and 5(b). More
details about the environment can be found in Appendix A.2.

The experiment results are presented in Figures 1(b) to 1(d).
We can see that the policies under CRMDPs perform sim-
ilarly to their RRMDP counterpart. And compared to the
non-robust algorithm, all robust policies are less sensitive to
the environment perturbation. In particular, the performance
of the non-robust algorithm drops drastically with respect
to the perturbation. When the perturbation exceeds 0.6, all
robust policies outperform the non-robust algorithm. This
confirms the robustness of our proposed algorithm.

6.3. Learning the Frozen Lake Problem

Now we test our algorithm in a hard-to-explore setting, the
Frozen Lake problem. In this scenario, the agent’s objective
is to traverse a frozen lake from the Start (S) to the Goal
(G) without falling into any Holes (H), navigating over
the Frozen (F) surface. A hyper-parameter Py 18 used
to measure the perturbation in the test environment. More
details about the environment can be found in Appendix A.3.

First, we evaluate the convergence of our algorithm by track-
ing the average reward throughout the training process in a
single target environment with a fixed perturbation model,
Poerurs.  Specifically, we compute the average reward of
the policy 7 obtained after each episode k. As shown in
Figures 2(a) and 2(b), our algorithm consistently converges
by the end of training. The corresponding average training
time is reported in Figure 3(a).

For RRMDPs with TV and KL divergence defined regular-
ization terms, the dual formulations of the (Q-functions ad-
mit closed-form solutions, simplifying the training process
and resulting in lower computation complexity compared to
CRMDPs. Lemma D.9 in the RRMDP-X2 setting, on the
other hand, requires solving optimization problems to get

the dual formulations, leading to higher computational com-
plexity than Lemmas C.1 and D.1 in both two RMDPs with
TV-distance and Lemmas C.11 and D.5 in both two RMDPs
with KL-divergence, though still lower than Lemma C.15 in
the CRMDP-y? setting. Notably, the training time for the
CRMDP-TV setting is not significantly higher than that of
RRMDP-TV, as we incorporate an additional optimization
algorithm (detailed in Algorithm 2) to accelerate computa-
tion. Also, due to our additional optimizations, increased
exploration may result in longer training times.

We also evaluate the robustness of the policy 7 after K
iterations of updates in various target environments with
different Pperurb, by calculating the average reward obtained
in each target environment. As shown in Figures 3(b) to 3(d),
our robust algorithm outperforms the corresponding non-
robust version in most cases.

7. Conclusion

We investigated online robust reinforcement learning within
the context of tabular CRMDPs and RRMDPs, demonstrat-
ing that when the nominal MDP is sufficiently exploratory,
sample-efficient online learning becomes feasible. We quan-
tified the exploration efficiency of RMDPs through a novel
quantity called the supremal visitation ratio. We constructed
hard instances to show that a moderate supremal visitation
ratio is necessary for ensuring sample-efficient online learn-
ing. We developed computationally efficient algorithms and
provided regret analyses with both upper and lower bounds,
which indicates our algorithm has an optimal dependency
on the supremal visitation ratio and the number of episodes.
We also conducted numerical experiments on diverse envi-
ronments to validate our theory and show the robustness of
our proposed algorithm.
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A. Additional Details on Experiments.

In this section, we provide more details about the experiments conducted in Section 6.

A.1. More Details on Section 6.1 (Illustration of the Effect of C,,, on Robustness)

Construction We consider a simulated RMDP Figure 4(a) with horizon length H = 3, state space S = {sg, - , S5},
and action space A = {0, --- ,9}. At each episode, the initial state is always so. The nominal transition at the first stage is
independent of actions taken, P°(s1|sg) = 1 — P°(s2|so) = [, where 3 is a hyperparameter. At the second stage, if the
current state is so, it will transit to s5 with probability 1; if the current state is s1, then we have P°(s3|s;,a = 0) = 5/6,
P°(s3|s1,a) = 1/2,Va € {1,---,9} and P°(s4|s1,a) = 1 — P°(s3|s1,a). Only s3 and s5 can generate reward, with
r(ss,a) = 1,7(ss,a) = 1/2,Va € A. By construction, the action taken at s; determines the final reward, and there are
actually two kinds of actions: @ = 0if a = 0 and @ = 1 if @ € .A/0. Though actions in .A/0 are equivalent, they are set to
increase the harness in exploration. We construct a TV-distance defined uncertainty set with radius p = 1/3.

It is easy to observe that, regardless of the policy 7 chosen, V™?(s4) < V™P(s3) and V™P(s1) < V™P(s5), therefore the

worst-case transition probability for any policy 7 is P""™(s3|s1,a = 0) = 1/2, P*""(s3|s1,a) = 1/6,Ya € {1,---,9}
and P (sy|s1,a) = 1 — P"™(s3|sy,a). Thus, V™P(s;) = 3§ — % < § = V™P(sy). Furthermore, the transition

probability P (s1]sg,a) = 1 — P (s3|s9,a) = B+ 3, Va, where 3 € (0, ) is a hyper-parameter. We can easily verify
that all those transitions are within [0, 1] and therefore well defined. With this analysis, we can calculate the visitation
measure for each policy in Table 1 and derive C,, = 3 + %

Implementation Under the optimal policy (taking a = 0 at s = s7), the expected reward is E-[r] = %, regardless of
B. We set the number of episodes K = 1000 to simulate a scenario with limited exploration and run Algorithm 1 in the
CRMDP-TYV setting. We test learned robust policies in the worst-case target environment and calculate the average reward
among 2000 runs. The experimental results are based on 50 replications and plotted in Figure 1(a).

5_a | 93 1_a |53
6 3 2 3
r=1 r=1
S1 S1
8 B+ 3
1 a 1 a
T3 (84 2t3 [sy
S0 S0
1-p %,5
52 S5 52 S5
1 1
r=1 r=1

(a) The nominal MDP environment. (b) The worst-case MDP environment.

Figure 4. The constructions of the nominal MDP and the worst-case MDP environments in Section 6.1.

Table 1. The visitation measure of each state in Section 6.1, the maximum of gﬁg;g is achieved by taking @ = 0 at s4.
h
So S1 So S3 S4 S5
i) 1 g 1= (g-5)F  (gt5)p 15
ap(s) 1 B+5 53-8 (-50B+35) G+35)B+3 5-6

A.2. More Details on Section 6.2 (Learning on Simulated RMDPs)

Construction We consider a simple MDP Figure 5(a) as the source environment. The learning horizon H = 3, the state
space is S = {sq, - , 84}, and the action space is A = {0, - - - ,4}. The initial state is always sq, where it can transit to s1,

13



Sample Complexity of Distributionally Robust Off-Dynamics Reinforcement Learning with Online Interaction

s and s4 with probability P°(s1|sg,a) = 0.4+ a/10, P°(s3|sg,a) = 0.1 and P°(s4|s0,a) = 0.5 — a/10 correspondingly.
From s1, it can transit to s3 and s3 with probability P°(sz2|s1,a) = {5 and P°(s3|s1,a) = 1 — {f by taking action a. From
59, it can transit to s3 and s4 with probability P°(s3|s2,a) = 1 — {5 and P°(s4|s2,a) = { by taking action a. The s3 and
s4 are absorbing states. The agent is rewarded 5 by taking action a at sg, s1 and sz, rewarded 1 regardless of the action

taken at s4, and rewarded O regardless of the action taken at s3.

The target environment Figure 5(b) is obtained by perturbing the first step in the source environment. To be specific,
with perturbation rate g, the transition probability from s to s3 and s4 is P*(s3|s0,a) = 0.1 + ¢ x (0.5 — {5) and
P%(s4]s0,a) = (1 —q) x (0.5 — ;). while P*(s1|sg,a) = 0.4 + {5 stays the same.

Implementation We set X = 1,000 in Algorithm 1 and evaluate the learned policy in target environments with
q € {0,0.05,0.1,--- , 1}, respectively. In each target environment, the average reward among 500 runs is calculated for
evaluation. All experimental results are based on 20 replications. The choice of uncertainty level p, regularizer (3, and
constant Cponys are provided in Table 2. For the non-robust algorithm, we simply set 8 = 10000 for Algorithm 1 instantiated
with TV-distance defined regularization. It can be justified by Lemma D.1 that the extremely large regularization would not
tolerate any perturbation, and thus the learned policy is basically the optimal policy under the source environment. The
results are plotted in Figures 1(b) to 1(d).

1 1
S3 S3
1- 1a0 1*%
0.1 1-% 0.1+ gx (0.5 — %) 1-%
S0 . S1 " S92 S0 " S1 . So
0‘4+ﬁ i0 D.4+ﬁ i0

o

0.5 — %

& (1—a) x (0:5 — )

2k
o
ol

S4 Sq

1 1

(a) The source RMDP environment.  (b) The target RMDP environment.

Figure 5. The source and target RMDP environments in Section 6.2, where the target environment is constructed by perturbing the first
step.

A.3. More Details on Section 6.3 (Learning the Frozen Lake Problem)

Construction In this scenario, the agent’s objective is to traverse a frozen lake from the Start (S) to the Goal (G) without
falling into any Holes (H), navigating over the Frozen (F) surface. The agent’s movement is influenced by a hyper-parameter
Fip = 0.1, which determines the probability of the agent successfully moving in the intended direction. Specifically, the
agent moves towards the intended direction with a probability of 1 — Py, = 0.9, and with probability Pyp /2 = 0.05, it will
veer off in either perpendicular direction. The Goal state is an absorbing state, once reached the agent will stay there. The
agent earns a reward of 1 if and only if it is at the goal (G) at step H — 1. For evaluation, after the agent selects an intended
action, with a probability of Perurb, the agent actually takes action towards the opposite direction instead. The difficulty
of this environment arises from two sources: 1) it is a sparse reward MDP, and 2) the influence onto the movement in the
source environment makes the exploration of the goal state very hard.

Implementation We use the default map in the OpenAI Gym library, which is illustrated in Example A.1, and set H = 25
and K = 1,000 in Algorithm 1. The hyperparameter p in the constrained setting, /3 in the regularized setting, and cponys are
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tuned from {0.001,0.003,0.01,0.03,0.1,0.3, 1}, with the final choice presented in Table 2. All experimental results are
based on 20 replications.

We implement several optimizations to accelerate the algorithm. First, we reuse the counts nf (s, a) from (4.1) across
different steps, as the transition dynamics remain consistent throughout. Additionally, we observe that the inner optimization
process, which is the primary bottleneck of the algorithm, does not need to be fully recalculated at each episode. For
instance, if the agent falls into a hole after the first step, the information about the environment remains largely unchanged.
To take advantage of this, we create a map where the keys are hashes of the optimization parameters and the values are the
corresponding results, allowing us to reuse prior computations efficiently. We also applied Algorithm 2 to obtain the result
in the CRMDP-TV setting, which can directly be derived from definition.

We assess the convergence of our algorithms by calculating the average reward among 500 runs in the single target
environment with Fperur, = 0.1, of the policy 7* obtained after each episode k during the training. The convergence results
are plotted in Figures 2(a) and 2(b), and the average training time is plotted in Figure 3(a). We also evaluate the robustness
of the policy 7K after K episodes across various target environments with Ferury € {0,0.05,0.1,- -+ ,0.3}. For each target
environment, we compute the average reward among 500 runs, and the results are shown in Figures 3(b) to 3(d).

Example A.1 (Illustration of Frozen Lake environment). The environment of the Frozen Lake problem is illustrated as
follows, where S denotes “Start”, G denotes “Goal”, H denotes Hole and F denotes “Frozen”.

jesliesiies e s sl s lssiies)

P R
T T T T T
ol ol ol N N e
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QmTTTTTTd

A.4. A More Computationally Efficient Solver for the CRMDP-TYV Setting

As shown in Lemma C.1, the update formulation of Algorithm 1 in the CRMDP-TV setting involves solving an optimization
problem in its dual formulation. To reduce the computational complexity, we introduce Algorithm 2, which simplifies this
procedure.

We explain the rationale behind Algorithm 2 as follows. The original formulation of the CRMDP-TV problem is given

by Qn(s,a) = rp(s,a) + TV(Piﬁllfj < Ep[Vit1](s,a). Itis easy to see that the worst-case scenario is reached when the
RSP

transition probabilities for states with the highest value functions are reduced by a total of p, and those for states with the
lowest value functions are increased by p. This greedy approach avoids the need to solve the optimization problem for 7 as
described in Lemma C.1.

A.5. Hyper-parameters for Experiments in Section 6

Here, we provide the hyper-parameters used in training in the experiments section. Note that we reformulate the bonus term
as Cphonus/ V K in practical experiments.
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Algorithm 2 A more efficient solver for the CRMDP-TV setting

Require: robust set radius p > 0, transition array P[S], value function array V[S] (S > 1)
: args = argsort(V).
V = Vlargs], P = Plargs].
pnty = 1,pnt; = S.
rhog = 0,rho; = 0.
while rhoy < p do
tmp = min(p — rhog, 1 — Plpnt,]).
Plpnt,] = Plpnt,] + tmp.
rhog = rhogy + tmp.
pnt, = pnt, + 1.
end while
while rho; < p do
tmp = min(p — rhoy, Plpnt,]).
P[pnt;] = Plpnt;] — tmp.
rho; = rho; + tmp.
pnt; = pnt; — 1.
: end while
: Output: ZiS=1 P[i] = V[i].

_ =
TYRRUN R

N S
A A R

Table 2. hyper-parameters for Section 6.2 (Learning on Simulated RMDPs)

Setting por B Coonus

non-robust - 1
constrained TV 0.5
constrained KL, 0.5
constrained x> 1
regularized TV 0.1
regularized KL 0.1
regularized 2 0.1

e e T e

B. Proof of Proposition 5.4

Proof of Proposition 5.4. We prove it by contradiction. We assume that there exists s*, a* and s’ such that Vhwfl(s' )>0
and P,"" (s'|s*,a*) > P¢(s'|s*,a*). We pick § € Sy arbitrarily and consider the following transition measure P :

PO (s]s" a") S ¢ {53,
Py (s|s*,a*) = ¢ P2(s'|s*,a*) s=4,
P (8]s*,a*) + P (s [s*, a*) — PR(s'|s*,a*) s =75,
It is easy to verify that P, € A(S), TV(P;||P?) < TV(P,""||Pg), therefore Py is a valid transition measure in the

transition uncertainty set. Based on the definition of fail-states, we have V;7/ (5) = 0 <V} (s) and thus Ep, [V;[}1]] <
Epu .~ [V,}4], which contradicts the fact that P,”" is the worst-case transition. O

C. Proofs of Results in Constrained RMDPs

C.1. Proof of Theorem 5.9 (Constrained TV Setting)

Before proving this theorem, we first present several technical lemmas that will be useful in the proof.

We first give the closed form solution of constrained TV update formulation. This dual formulation has also been proved by
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Table 3. hyper-parameters for Section 6.3 (Learning the Frozen Lake Problem)

Setting por B Coonus

non-robust - 0.001
constrained TV~ 0.15  0.001
constrained KL~ 0.15 0.01
constrained 2 0.5 0.01
regularized TV 0.1 0.003
regularized KL 0.1 0.001
regularized x2  0.05  0.01

Iyengar (2005, Lemma 4.3), but the formulation of our result is slightly different from theirs. Note that Lu et al. (2024) used
the same formulation, but their expression is incorrect by a factor of % This error arises because they directly cited Yang
et al. (2022), which employed the L; distance rather than the TV-distance. So we prove it again for the sake of completeness.

Lemma C.1 (Dual formulation). For the optimization problem Qy,(s,a) = rp(s,a) + Tvéﬁﬁ < Ep[Vit1](s,a), we
w)<p

have its dual formulation as follows

Qu=ri— inf (Epgl(n—Vara(s)s] +p(n—minVia(s))  —n). (R

Proof. Consider the optimization problem

= inf Ep|V; = f P(s)V;
Qn T}L—"_TV(PlﬁlP,‘:)gp p[Vhy1] =rn + ﬁﬁpo)qz ht1(s

We denote ¢(t) = |t — 1|/2, then the Lagrangian can be written as

P) = P(s)Vigi(s -I-V(th ( ) ) > Als)P +77<1—ZP)

seS ses seES seS
We denote g(s) = P(s)/Pf(s), then we have
inf £(P,1) = — Sup > Pis (A(8) + 1) = Vaa(s)] = vep(g(s))] —vp+1
s€S
- < (A(s) + n)y— er]

where the second equation is from the definition of dual function ¢*(y) = sup(y ' — ¢(z)). From f-divergence literature
x
(Xu et al., 2023b), we know that for TV-distance,

1 1.
—5 fors < —3;

P (s)=<s for — % <s< %; (C.2)
+o0  fors > %
So we have
Qn=rn+ sup (infﬁ(P, 77))
v>0,2>0,n P
. (A(s) + 1) = Vit (s)
e — f IE o * —
Th = sl (v Py [@ ( » tvp—m
A Y 1
T inf <V1Ep}o [max (( () +7) = Vi (s) —)} Tup— n) (C3)
V20,220, 21 V1 () o1 ' v 2
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:rh—ymﬁamfgii%ﬂwgé(E@[(u@>+m—waﬂw)+;)+}+yp—n—;)

=70 orsome T B O) £ = Vi () ]+ vp — ) €4
== inf (EP;[(A(S) 0 = Vara(s)+] + pmax(A(s) +9" = Vira(s))+ — n’) (C5)
= = inf (g0~ Viea (9)+] + (o — min Viea () =) (C6)
==t (Brp (= Vi () ]+ (o —min Vi (5)) =), (€7

where (C.3) follows from the definition of ©* (C.2), we redefine ' = n+ % in (C.4), (C.5) holds because the result increases
monotonically with respect to v thus the minimum value is attained at v = magc()\(s) + 17 — Vht1(8))+, (C.6) holds
se

because the result increases monotonically with respect to A, (C.7) holds because the result increases monotonically with
respect to n” when 7 < 0 and increases monotonically with respect to  when ' > H. O

In the next lemma, we prove the optimism of estimation Q*, which helps control the estimation error Q* — Q*.

Lemma C.2 (Optimism). If we set the bonus term as follows

i B 252 In(12SAH?K?/5) 1
bonusy, (s, a) = 2H\/ (s a) v 1 + I7a (C.8)

then for any policy 7 and any (k, h, s,a) € [K] x [H] x S x A, with probability at least 1 — 24, we have QZ’”’(S, a) >

(s, a). Specially, by setting = 7*, we have Q) (s, a) > QZ*’p(s, a).

Proof. We prove this by induction. First, when h = H + 1, Q];iil(s, a) =0 = Q%" (s, a) holds trivially.

Assume Q7 (s,a) > Q7 (s, a) holds, since 7* is the greedy policy, we have

k, _ Ak k k, , _yme
VI (5) = Q2 (s, 741 () = QL (5,101 () 2 QL (s, () = VA (9),
where the first inequality is because we choose 7 as the greedy policy.
Recall that we denote Qﬁ’p as the optimistic estimation in k-th episode, that is,

Q" (s,a) = bonusf (s,a) + 7 (s,a) +  inf  Ep[V4](s,a).
TV(P||PF)<p

‘We can infer that

MP_ QTP = bonusf +7F + inf Ep[VFP] —r) — inf Ep (VA
h h 4 4 TV(P| PF)<p [ h+1] TV(P||Pg)<p [ h+1]

=bonust +7% —r,+ inf  Ep[VFP]—  inf  Ep[VF?
h h TV(P||PF)<p [h+1] TV(P|P7)<p [h+1]
inf  Ep[VFA]—  inf  Ep[VA
T rvirieg < rlViit] V(PP <o e Vi)

> bonusy + 7F — rj, + inf Ep[VFr] — inf Ep[VFr (C.9
4 4 " TV(P| PF)<p P[ h+] TV(P||IP?)<p P[ h+1]

_ k ~k . k, . k,
= bonus), + 75 — 15 — nel[%,fH] (Eﬁ,’; [(n— Vh+”1(s))+] + p(n — min Vh+p1(3))+ - 17)

+ (Bry [(1 = Vi£5 ()] + p(n — min th4”1(8))+ =) (C.10)
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K : k, Lk,
> bonusy, + 75—, + 7761[1ng] { (Ep;; [(n=Vih ()] + p(n — min Vh+p1(3)>+ - 77)

_ (Eﬁf [( thjrpl( ))+] + p(n — min Vh],q’p1(5)>+ _ 77)}

o+ 75—t (B (1 VA0, ]~ By L1~ WA ),)

I

k, k,
> bonus) — ‘ —rp| = sup [Epo[(n— V(s ))+] —Epi [(n—Viii(s ))J , (C.11)
n€l0,H] "
(1)
(i)
where (C.9) is from the induction assumption, we plug in the dual formulation (C.1) in (C.10).
For term (i) in (C.11), from Lemma G.1 and a union bound, with probability at least 1 — §, we have
In(2SAHK/§
73 (s,a) = ra(s,a)| < ( /9) (C.12)

2nf~t(s,a) v 1’
for any (k, h,s,a) € [K] x [H] x § x A.

We denote V(1) = (n — thfl(s)) €[0,H]andV = {V € R® : ||V < H}. To bound term (ii) in (C.11), we create a
e-net My, (¢) for V. From Lemma G 4, it holds that In [Ny, (€)| < |S| - In(3H /e).

Therefore, by the definition of Ay, (e), for any fixed V/, there exists a V'’ € Ny () such that |V — V’||o < €, that is
[Bry V] = Epp V]| < [Erg V]~ Eng V)| + [Erg [V'] = Epp V)] + By [V'] ~ Ey V]|
<PV - V’Hoo + [Epg V'] = Ep V]| + [|B5[[ IV = V'l

< sup |Epo[V’ Epk[VH—&—Qe (C.13)
V’'eNy (€)

where the second inequality follows from the Holder’s inequality.

For any fixed V, we apply Lemma G.3 and have

RPN 251n(2/6)
[BrglV] ~ g V] < 18— BE, - V1L, < | 25, c14)
h
with probability at least 1 — 4.
Then with probability at least 1 — §, we have
sup B (0= Vii )]~ Bpe [0 = Vifie)) ] < sup B [Vn)] =By [V
nel0,H nel0,H]
< sup [Epe[V]—Ep[V]]| + 2¢ (C.15)
VENv(E) ) h
2SIn(2SAHK
< g, | PSMESAHKINY(O1/9) (C.16)
n, V1
2 2
“n \/25 ln(GSAH K/ed) |,
tvi
2 2 )2
g 25 ln(l2iAH K2/5) +i' C.17)
V1 K

for any (k, h,s,a) € [K] x [H] x § x A, where (C.15) follows from (C.13), (C.16) is from (C.14) and a union bound, we
sete = 1/2K in (C.17).
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Apply the union bound again and combine (C.11) with (C.12), (C.17), the definition of bonus and induction assumption.
With probability at least 1 — 28, we have Q)" (s,a) > Q7 (s, a) for any (k, h, s,a) € [K] x [H] x S x A. This completes
the proof. O

Lemma C.3. For any k € [K], we can bound the estimation error as follows

H

ko _ om"p k

P-QT < E{Pﬁj,k}{;lmkpbonush].
h=1

Proof. From the proof of Lemma C.2, we see that

~k . k,p k,p k
rr(s,a) —rp(s,a)| + inf Ep|V, s,a inf vV, s,a)| < bonus;(s,a). (C.18)
s - msal +| e BN )~ It B[V 0)| < bomush (s,
Recall that we define P* = argmin Ep [Vhﬂiip | as the worst-case transition in Definition 5.3, we have
TV(P|Pg)<p
ko 7Tk’p:bonusk—i—?l’c—i— inf Ep[VFEP] — 1) — inf E Vﬂk’p
n @ P P <p PVl = TV(P|[Pg)<p P Vi)
—bonusf +7F —r,+  inf  Ep[VF2]—  inf  Ep[VFe
} h TV(PIPF)<p [ h+1] V(PP <o [ h+1]
+ inf  Ep[VEA] -  inf  Ep[V]
TV(P|IPY)<p Vi) TV(P|[P))<p Vi
.
<2bonusf + inf Ep[VFP]—  inf  Ep[V (C.19)
" rvelpy<p P (Vi) TV(PIP)<p P (Vi
k k, 7k,
< 2bonusy, + B pur [V31] — Vi "] (C.20)
k k, ok,
= 2bonus;, + EP:;,km_k [th1 - Qh+f]a (C.21

where the (C.19) holds because of (C.18), (C.20) and (C.21) use the definition of P;f * and 7* accordingly. Apply (C.21)
recursively, we can obtain the result. O

Next, in Lemma C.9, we provide an upper bound on the sum of the expectations of ﬁ under the worst-case
h

environment. In order to prove this lemma, we follow a similar procedure to that of Zanette & Brunskill (2019), whose
setting differs from ours as we consider the non-stationary dynamics.

Lemma C.4. (Failure Events) We define the following failure events:

SAHK
Fk—{ﬂsah nﬁlsa Zdjsa ( 3 >}

J<k

Then we have P( U Fk) <1-4.

Proof. Consider a fixed s € S,a € A, h € [H]. We define F}, to be the o-field induced by the first £ — 1 episodes and
X, to be the indicator whether (s, a) was visited in episode k at step h. The probability P(s = s¥, a = a¥|m;) of whether
X}, = 1is Fi-measurable, therefore we can apply Lemma G.5 with W = In (S AHK)) The proof is finished by applying a
union bound over s, a, h, k. O]

Definition C.5. (The Good Set) We define

Lk{sah Zdl >1n<SAfK>+1}.

z<k
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Lemma C.6. (Visitation Ratio) Outside the failure event, if (s,a, h) € Ly, we have

nh Zd

z<k

Proof. Outside the failure events defined in Lemma C.4, we have

1 i SAHK
>22dh(s,a)ln< 5 )

i<k
1 1 SAHK
:4;dh(s,a)+4;dh(s,a)—ln< 5 )

1 i 1 i k 1 i
2 szh<sva) +1=> szh(sva) +dh(saa) 2 szh(sva)'

i<k i<k i<k
where the second inequality uses (s, a, h) € Ly and the definition of Ly, in Definition C.5.

Lemma C.7. (Minimal Contribution) Outside the failure event, we have

K
S di(s,a) = O(SAH).

k=1 (s,a,h)¢Ly

Proof. We have

=

Z Z dksa

k=1 (s,a,h)&Ly

K
ZZZsa]l{sah)ng}
Z ( saﬂ{(sah)ng}Jrl)

< (SAHK) )
+5
(s,a,h)

—OSAH

where the first inequality uses the definition of Ly, in Definition C.5.

Lemma C.8. (Visitation Ratio) Outside the failure event, it holds that

K

e A C)

Proof. Outside the failure events defined in Lemma C.4, we have

S dh(s a) dh s, a)
> X g Z 3 1{(s,0,h) € Ly}

k=1 (s,a,h)eLy, 'k k=1 (s,a,h) ' “H(s,0)
K
dk
iy Y ﬂws,a,mem,
_ > dj(s,a)
k=1 (s,a,h) i<k

where the inequality follows from Lemma C.6.
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Next, for any fixed (h, s,a) € Ly, for some ko, since Y di (s, a) is strictly increasing with k, there exists a critical episode
i<k

k < ko such that (h, s,a) € Ly, holds for all k > k and (h, s,a) ¢ Ly holds for all k& < k. From the definition of k and

Definition C.5, we know > dj (s,a) > 4In(242EK) 4 4 > 4. Therefore,

i<k
7 S, a, k 7 7 s, a, k
k=1 Zdh(57a) Zd (57a)+ Z dh(saa)
i<k i<k k<i<k
K
d¥(s,a)
s,a,h) €L
Z 44 Y di(s,a) H( ) kb
k<i<k
< d¥ (s, a.)
T 4+ 30 di(s,a)’
ksk<K F<i<k
where the third inequality comes from the definition of k.
To simplify the notations, we define v; = dé(s, a),ve = dEH(s, a), Vg i = dX(s,a). And in order to bound the

L]
above summation, we also define the functions F'(x) = > v; + vz (2 — |x]) and f(z) = vp,7. Itis easy to verify that the
i=1

derivative of F'(x) is f(x). Then we write

k K—k+1 K—k+1
Yo oy z
N 44 > di(s,a) — = 4+ F(k) + F
ksk<K F<i<k F=Lo4 4 Z Vi

Additionally, we have that F'(x) < % vi v ([z] = [2]) = % v; = F([z]) and f(z) = f([x]). Then, we have

=1 i=1

K—k+1 K—k+1
) )
P 4+F(lc)*/O 4+ F([x 1)d
K—E—i—l (37)
= /0 1+ F@) @

=In(d+ F(K —k+1)) = In(4+ F(0)) < O(In(K)).
We obtain the result by summing over all the (s, a, k) pairs. O

Lemma C.9. Outside the failure event, it holds that

K H 1
Z ZEPM,M [ k 1
k=1h=1 " (st ) 7Tk;(8t )) vVl

Proof. Outside the failure event, we can calculate as follows

K H 1
YD Epun [ S e (C.22)
e

= 0(\/C,,SAH?K + C,,SAH).

it ny " (s,a) V1
K
1
k
=2 D dilsa) /=
1 () ny 1(8, a)V1
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<> > disa) a1 +Z Y di(s.a) (C.23)

p k=1 (h,s,a)ZL5,

K K
1
=Y Y disa) gty Y. dilsa) (C.24)
k=1 (h,s,a)€ Lk o (sa) (h s,a)Z L

+CWZ > di(s,a) (C.25)

k=1 (h,s,a)Z Ly

K
1 -
<> Y disa), |5 +O(C.,, SAH) (C.26)
k=1 (h,s,a)ELy np, (Sa CL)
K K ot (5, ) N
< Z Z Qfl(& a) Z khli + O(CWSAH) (C.27)
k=1 (h,s,a) =1 (h,&a)ELk <87 CL)
= k - dz(& a) A
S Z Z qh,(sa a) Z Z 1.~ + O (CUTSAH) (C28)
k=1 (h,s,a) =1 (h,s,a)eLy, 'h (s,a)
<VKH -\/O(C,,SAH) + O(C,,SAH) (C.29)

=0(\/C,,SAH?K + C,,,SAH),

where (C.23) decomposes the summation into two parts and makes use of the fact that ﬁ < 1, (C.24) holds
ny, s,a

because n’;_l(s, a) > ln(s“‘#) + 1 > 1 by combining Definition C.5 and Lemma C.6, (C.25) and (C.28) are from
our assumption Assumption 5.5, (C.26) and (C.29) are from Lemma C.7 and Lemma C.8 accordingly, and (C.27) is the
Cauchy-Schwartz inequality. O

We are now ready to prove the main theorem that establishes the regret bound of ORBIT in the CRMDP-TV setting.

Theorem C.10 (Restatement of Theorem 5.9 in TV-distance setting). For CRMDP with (s, a)-rectangular TV-distance
defined uncertainty set satisfying Assumption 5.5, with probability at least 1 — J, the regret of Algorithm 1 satisfies

Regret = (;JV(CWS2AH2 + CU%TS%A%HQ\/I?).
Proof. Setting &’ = §/3 in Lemmas C.2 and C.4, then with probability at least 1 — &, we get

K
Regret = Z (V" — Vfrk’p)

k=1
K K .
= Z (V? = ViP) + Z (VP =V ?)
k=1 k=1
K H
<> > Epwx. [2bonusy] (C.30)
h—1h—1
B Qiiﬂ‘: le\/zs2 In(12SAH?K?/5) | 1 n
= Byt nZ Y(s,a) V1 K '
= O(C\pSPAH? + C3S3 AS HVE), (C.32)

where (C.30) is the combination of Lemma C.2 and Lemma C.3, we plug in the bonus (C.8) in (C.31), (C.32) is from
Lemma C.9. O
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C.2. Proof of Theorem 5.9 (Constrained KL Setting)

We first give the closed form solution of constrained KL update formulation. This dual formulation has also been proved by
Iyengar (2005, Lemma 4.1), but the rage of v in our result is more precise compared to theirs.

Lemma C.11 (Dual formulation). For the optimization problem Q,(s,a) = (s, a) + KL(Piﬁll—f’ < Ep[Vh+1](s,a), we
1)SP
have its dual formulation as follows

Qn=rn— inf (vnEpp[e™ V1] +vp). (C.33)
VG[O,%] ’
Proof. Consider the optimization problem

= inf Ep|V; = inf P(s)V; .
Qn 'f'h+KL(Plﬁ1Pﬁ)§p P[Vii1] rh+KL(1;‘1|1P£)Sp§S (8)Viy1(s)

The Lagrangian can be written as

L(Pn) =Y P(s)Visa(s) + V<ZP(S) In (1%8)) _ p> Y As)P(s) + n(l -y P(s)).

seS seS seS sES

We set the derivative of £ w.r.t. P(s) to zero

oL

aP(s) = Vit1(s) +1/ln<

P(s)
By (s)

) +v—[A(s)+n]=0. (C.34)
We denote P’ as the worst-case transition that satisfies (C.34), then we have
P'(s) = Pﬁ(s)e*V71Vh+l(5)+V71[)\(S)Jrn]*l,
i%fﬁ(P, 1) = —vEpy [efu_lvhﬂ(S)JrV_l[A(S)Hﬂfl] —vp+.

Therefore,

Qn=rn+ sup (inf L(P,n))
v>0,3>0n P

L N U G A A B 7R
=rn— inf (vEp [e=  Van &+ 1] gy ) (C.35)
=y~ inf (vInEpp[e Vir1] 1 up). (C.36)

where (C.35) holds because the result increases monotonically with respect to A, (C.36) holds by calculating the derivation
with respect to n and thus setting n = —1/( InEpe [e”’_lv’ﬁl] - 1).

We denote 7 = argmin (v InEpo [e‘”flv’“rl] + vp), from the strong duality, it is easy to infer that
v>0 '

PInEpy[e™” V] 4 5p < 0. (C.37)
And since V11 < H, we have
PnEpg[e™” V] > —H. (C.38)
Combine (C.37) and (C.38) into (C.36), we have 7 € [0, £1]. That is,
: vy,
Qu =rh— inf (VInEpy e V] 4 vp)
=7, — inf (V InEpo [€7V_1Vh+l} + l/p).
This finishes the proof. O
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Similar to Lemma C.2, we prove the optimism of estimation Q* and control Q* — Q*.

Lemma C.12 (Optimism). If we set the bonus term as follows

2H/S > \/ 2In(2SAHK/5)

pCup nk1(s,a) v 1

bonusf (s,a) = (1 + , (C.39)

then for any policy 7 and any (k, h, s,a) € [K] x [H]| x § x A, with probability at least 1 — 2§, we have Qﬁ’p(s, a) >

7P (s, a). Specially, by setting = 7*, we have Q) (s, a) > QZ*"D(S, a).

Proof. We prove this by induction. First, when h = H + 1, Q% Hha(s,a) = 0= Q%% (s,a) holds trivially.

Assume Qifl (s,a) > Qp'F (s, a) holds, since 7 is the greedy policy, we have

Vil (s) = Qufy (s, i1 () = Qpfy (s, mhan () = QELy (s, mhan () = Vi (s),

where the first inequality is because we choose 7% as the greedy policy.

Recall that we denote Qi’p as the optimistic estimation in k-th episode, that is,

ﬁ’p(s7 a) = bonus) (s, a) + 7 (s, a) + inf Ep [V}f_s_pl] (s,a).

KL(P||PF)<p

‘We can infer that

B0 _ QTP =bonusk +7F +  inf  Ep[VF2]—r,—  inf  Ep[VA
h Qp h h KL (P BE)<p P[ h+1] h KL(P[P2)<p [ h+1}
= bonus® + 7% —r), + inf Ep[VFr] — inf k.o
h 4 " KL(P||PF)<p P[ h+1] KL(P[|PZ)<p [ h+1}
+ inf Ep|V, - inf Ep|V]A
vy, B V] = g iy B (Vi)
> bonusy 4+ 7F — 7 + inf Ep[VFP]l—  inf  Ep[VEr (C.40)
P L pIB<p p[Vii] KL(P|Pp)<p r[Vidi]
= bonusﬁ + ?kh —rp + ian (1/ InEpe [e—uflvfﬂ] + Vp)
I/E[O,*] v
— uei[{)l,f%] (Vln Eﬁ,’j [e_ h+1] + up) (C.41)
k| =~k . —y~lyke —y~lyke
> bonusy, + 75 — ry + Vel[I&fﬁ] (v InEpp e ] — 1/1111[?,13}1c e ni1])
_ V—lvk,p _ _V—lvk,p
> bonush ‘ rh| sup |1/1nEPk [ h+1] vInEpo [e h+1] ‘7 (C42)
V€[O 2]

(1)

(i)

where (C.40) is from the induction assumption, we plug in the dual formulation Lemma C.11 in (C.41).

For term (i) in (C.42), from Lemma G.1 and a union bound, with probability at least 1 — J, we have

In(2SAHK/5)

) C43
2nf(s,a) v 1 (C49)

[Pl (s,a) = ru(s,a)| <
for any (k, h,s,a) € [K] x [H] x § x A.

To bound term (ii) in (C.11), we have

sup ’VlnEpk[ V_lv’m] —vInEpo [6’”_1‘/;?401”

velo, H]
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> (B(s) — Pos))e™ Viia®
vin| 1+ s€S
+1(8)

= sup —
velo, 2] S Po(s)e” Vn
seS
S (Pl(s) = Pols))e Vi)
< sup 2v €8 (C.44)
velo. 4 > Pg(s)e Vi)
seS
~i Po(s
< sup 2v- max M (C.45)
UE[07§] s€S, PP (s)#0 Ph( )
2H
< Cur rSnEaX|Ph s) — Py(s)| (C.46)
2H ~
. Pk _ p°
< 2Bt -
(C.47)

7

9H  [28Im(2SAHEK/S)
“pCup k= (s,a) v 1

for any (k,h,s,a) € [K] x [H] x S x A, where (C.44) is because In(1 + z) <
inequality, noting that we have nf ~*(s,a) = 0 when P¢(s) = 0 and thus P(s) = 0 from (4.1), (C.46) uses Assumption 5.7,
(C.47) is from (C.14) and a union bound.

Apply the union bound again and combine (C.42) with (C.43), (C.47), the definition of bonus and induction assumption.
With probability at least 1 — 20, we have Qi’p(s, a) > Qp"(s,a) forany (k, h,s,a) € [K] x [H] x S x A. This completes
the proof. O

With similar proof to Lemma C.3, we can control the item QF — Q’Tk.

Lemma C.13. For any &k € [K], we can bound the estimation error as follows

H
kop < Z (PURYH | o [2bonus]§].

Proof. From the proof of Lemma C.12, we see that

=~k : k,p . k.,p k
ry(s,a) —rp(s,a)| + inf Ep|V, s,a) — inf Ep|V, s,a)| < bonus; (s, a). (C.48)
) sl | it EpVER] 50— et B [VE](5.0)] < bonushs.a)
Recall that we define P, - argmin Ep [Vh 41 ] as the worst-case transition in Definition 5.3, we have
KL(P||Pg)<p
k k
QP — QT ** = bonusk + 7 + inf  Ep[VFP]—ry— inf  Ep|V7.:”
h h h h KL(P|PF)<p [ h“] KL(P||P2)<p [ hﬂ]
< 2bonus’ inf  Ep[Vi2]—  inf  Ep[V]{ C.49
= SO e pliep <o P (Vi) KL(PIP)<s P (€4
T{'k
= 2bonus}; + Epur i [Q) — Q7] (C.50)
where (C.49) uses (C.48). Apply (C.50) recursively, we can obtain the result. O

Combine everything together the same way as the proof of Theorem C.10, we have
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Theorem C.14 (Restatement of Theorem 5.9 in KL-divergence setting). For CRMDP with (s, a)-rectangular KL-divergence
defined uncertainty set satisfying Assumption 5.5 and Assumption 5.7, with probability at least 1 — ¢, the regret of
Algorithm 1 satisfies

HVS

pPUMP

Regret = O ( (1 - ) (CorSAH + CE,.S%A%H\/E)> .

Proof. Setting 6’ = ¢/3 in Lemmas C.4 and C.12, then with probability at least 1 — &, we get

K
Regret = Z (Vyf — ka"p)

— ( V P + V P _ YT ;P)
k=1 k=1 1

K H
<D Epur . [2bonus] (C.51)
k=1h=1
) i ZH: . (1 | 2HVS ) 2In(2SAHK/5) )
= w,k .
Pyt Byt pCup nf~t(s,a) V1
~ HvS 1
= 0((1+ f)(CwSAH+CU2TS§A§H\/I?)), (C.53)
pCurrp
where (C.51) is the combination of Lemma C.12 and Lemma C.13, we plug in the bonus (C.39) in (C.52), (C.53) is from
Lemma C.9. O

C.3. Proof of Theorem 5.9 (Constrained 2 Setting)

We first give the closed form solution of constrained 2 update formulation. This dual formulation has also been proved by
Iyengar (2005, Lemma 4.2), but the rage of A in our result is more precise compared to theirs.

Lemma C.15 (Dual formulation). For the optimization problem Qy,(s,a) = rp,(s,a) + 2(Pi|]\ﬂpf < Ep[Vit1l(s,a), we
X )P

have its dual formulation as follows

Qn =1+ sup (IEP;; [Vier — A] — \/,o\/arpg(vh+1 _ A)). (C.54)
Ae[0,H]

Proof. Consider the optimization problem

= inf | = inf P .
On=rht o il <, PPV 74hJr><2<Plunpfz>gp§s it

The Lagrangian can be written as
= " P(s)Visa(s —I—u(ZPh ( o ) ) > A(s)P +n(1—ZP )
ses ses s€S ses

We set the derivative of £ w.r.t. P(s) to zero

oL
OP(s)

= Vi1 (s) + 21/(1%((‘98)) - 1) — [A(s) + 7] = 0. (C.55)

We denote P’ as the worst-case transition that satisfies (C.55), then we have

P'(s) = P{(s) (1 _ Vara(s) = [A(s) + ] >

2v
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. 1
inf £(P.1) = ~Ery [4y<vh+1<s> — [AG) ) = (Vi () — A(s) + n})} —vpt,
Therefore,
=r,+ su inf L(P,
Qn=rn VZO)/\I;M ( I ( 77))
. 1
== i (B o hea(s) = ING) 0 = (Vhaa(s) — N 4|+ v =)
1
=rp+ sup (Epﬁ Vi1 — A] = 4—Varp;; (Vg1 = A) — Vp) (C.56)
v>0,2>0 v
=rp+ ii% (EP;; [Vigr — A] — \/PvarP,f(Vh-i-l - /\)) (C.57)
=r,+ sup (EP; (Vi1 — A] — \/PVarP,g (Vhgr — )\))7 (C.58)
A€[0,H]

where (C.56) holds by calculating the derivation with respect to 7 and thus setting 7 = Epe [Vie1 — A], (C.57) is from the
basic inequality a + b > 2v/ab, (C.58) holds because the result increases monotonically with respect to A when A > H. [

Similar to Lemma C.2, we prove the optimism of estimation Q* and control Q* — Q*.

Lemma C.16 (Optimism). If we set the bonus term as follows

2521n(192SAH3K3/5) 2
bonus? (s, a) = 3H + —, C.59
h(S a) \/ n271(57 a) V1 K ( )

then for any policy 7 and any (k, h, s,a) € [K] x [H] x S x A, with probability at least 1 — 35, we have Qﬁ’p(s, a) >
TP (s, a). Specially, by setting = 7*, we have Q5 (s, a) > QZ*’p(s, a).

Proof. We prove this by induction. First, when i = H + 1, Q3. (s,a) = 0 = Q7" (s, a) holds trivially.

Assume Q7 (s,a) > Q% (s, ) holds, since 7* is the greedy policy, we have
k, _ Ak k k, , _
Vi (8) = Qi (s, mhy1(8) = Qi (s, mhy1(s)) = Qi (s, Ty (s)) = Vi (s),
where the first inequality is because we choose 7 as the greedy policy.
Recall that we denote QIZ"D as the optimistic estimation in k-th episode, that is,

Q}*(s,a) = bonus} (s,a) + 7i(s,a) +  inf  Ep[Vi](s,a).
X2 (Pl PF)<p

‘We can infer that

zw -Qp’ = bonusﬁ + ?ﬁ + XQ(PiHIg,f)Sp Ep [fo—;-pl] — Ty — XQ(Pil\an;;)ngP [Vhﬂ_,”fi]
= bonuslﬁ + ?E —Tp+ x“‘(Pi\]lrg’f)ngP [V}ffl] — xz(Pill\ﬂg,g)ngP [V;ff;]
+ aitd _ Er AR it B[V
> bonusf, + 7 — 5, + i Ee Vih] = L dnt B (Vi) (C.60)

= bonusﬁ + ?ﬁ — 7+ sup (Elgk [thfl — )\} — \/pVarﬁk (thfl — )\))
A€E[0,H] h h
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— sw (Epp[Vi - A] = \/pVarp (Vi =) (C.61)
Ae[0,H]
k| ok : k, k,
> bonusy, + 7y, — 7 + ,\el[rtl),fH] { (Eﬁ,‘; (Vi = A] - \/pVarﬁf (Vi — A))

(EP" [Vh+1 >‘] \/pVarpo( h+1 )‘))}

> bonus], (7 = ra| = sup [(Bp [V = X] = y/oVarpy (V2 - 3))

(EP" Vi = A] - \/pVarpo (Vath - )‘))‘

> bonusj, — |7 — 7| — )\g(l)pH] |E5s [Vh’“fl Al —Epe [Vh’fﬁ Al

@
(i)

Vp _sup ’\/VMPk nin — \/VMP” Vit = M)
A€(0,H]

(C.62)

(iii)
where (C.60) is from the induction assumption, we plug in the dual formulation Lemma C.15 in (C.61), (C.62) is because
sup f(z) +sup g(z) > sup(f — g)().

For term (i) in (C.62), from Lemma G.1 and a union bound, with probability at least 1 — §, we have

In(2SAHK/5)

, C.63
20k (s,a) V1 (€.63)

|7 (s, a) = 7a(s, )|

for any (k, h,s,a) € [K] x [H] x S x A.
We denote V(A) = thfl —A€[-H,HlandV = {V € R® : |Vl < H}. To bound term (ii) in (C.62), we create a

e-net Ny, (¢e) for V. From Lemma G.4, it holds that In [Ny, (€)| < | S| - In(3H/€). Then follow the same proof as (C.17), with
probability at least 1 — §, we have

o B (Vi = A =B Vi =A< sup | [Erg[V] = Epy[V]] +2¢
21 1 2172 1

<, |25 251‘4H K2o) L (C.64)
vl K

for any (k, h,s,a) € [K] x [H] x § x A.

For term (iii) in (C.62), by the definition of A, (¢), for any fixed V/, there exists a V' € Ny, (€) such that ||V — V|| <,

that is
<[y Varrg (V) = Vg (V)| [ Vareg (V) — [V (V)| + WVar,gk,(vw — \Varg (V)]
<y IVarpy (V) = Vg (V)] + | /Varpy (V1) = Varg, (V)] + | /[Vargy (vV)) = Var g (V)]
<Ere V2 V]| 4 T VI~ B V] + [Ee [V — V2] + ¢|ﬂ%,f VI-E, V]
g\\/VaT(V) — \[Varg, (V1) + 4V2He

\Vareg (V1) = JVarg: (V)| +4v2He, (C.65)

sup
V’ ENV (6
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where the second inequality follows from |\/E VY | < /|z — y| and the third inequality follows from /z +y < \/z+./y.

For any fixed V', we apply Lemma G.2 and have

21n(2/6
‘,/Varpo \ /VarP’ILc ’ k T \// i (C.66)

with probability at least 1 — §.

Then with probability at least 1 — §, we have

S ]\/ Varp, (Vi —A) — \/ Varp; (Vi - A)’ < e ]\/ Varpg (V(X)) — \/Varﬁ;;(V(A))]

sup Varpo (V/ Varpk ’+4\/7€ (€67
VENV
2In(2SAHK
<H n( S 1 MOI/O) | 4 /atre (C.68)
n, V1
2
o \/28111(6SAH K/€0) .\ /oTie
V1
3 K3
Ly 25111(192_S;4H K3/6) +i’ (C.69)
V1 K

for any (k, h, s,a) € [K] x [H] x § x A, where (C.67) follows from (C.65), (C.68) is from (C.66) and a union bound, we
set e = 1/32H K? in (C.69).

Apply the union bound again and combine (C.62) with (C.63), (C.64), (C.69), the definition of bonus and induction
assumption. With probability at least 1 — 34, we have Qﬁ’p(s, a) > Q" (s,a) forany (k,h,s,a) € [K] x [H] xS x A.
This completes the proof. O

With similar proof to Lemma C.3, we can control the item Q¥ — Q“k.

Lemma C.17. For any k € [K], we can bound the estimation error as follows

- QT e < ZE{PW kym [Qbonusi].

Proof. From the proof of Lemma C.12, we see that

7k ; k,p ; k.p k
ri(s,a) —rp(s,a)| + inf Ep|V, — inf Ep|V, s,a)| < bonusj (s,a). (C.70)
| h( ) h( )‘ (PPN <p [ h+1}( ) X2(P[Po)<p [ h+1]( ) h( )
Recall that we define P}’ ® = argmin Ep [Vh 1] as the worst-case transition in Definition 5.3, we have
X (PIPY)<p
k k
— QT " =bonusf +7 + inf Ep[VFL]—r,—  inf  Ep[V
h hTTh (Pl BE)<p Pl h+1] h 2 (PIP2)<p Pl h+1 ]
<bonusf + _ inf  Ep[VEA]—  inf  Ep[Viy] (C.71)
X2 (PIIPR)<p X3(PIP7)<p
k
= 2bonus}; + Epu i [Qf) — Q747 (C.72)
where (C.71) uses (C.70). Apply (C.72) recursively, we can obtain the result. O
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Theorem C.18 (Restatement of Theorem 5.9 in 2-divergence setting). For CRMDP with (s, a)-rectangular 2-divergence
defined uncertainty set satisfying Assumption 5.5, with probability at least 1 — &, the regret of Algorithm 1 satisfies

Regret = (5(0M52AH2 + C’U%TS%A%HQ\/[?) .
Proof. Setting 6’ = ¢§/4 in Lemmas C.4 and C.16, then with probability at least 1 — &, we get

K K K
Regret = 3 (VI = V) = 30 (V7 = Vi) + 37 (Vi = Vi)

K H
< Z Z E put o » [2bonus} | (C.73)
k=1h=1
, ZK: ZH: \/252 In(1925AH?K3/6) | 2 C74)
—— Er; nk=1(s,a) V1 K
= O(CyrS2AH? + CU%?«S%A%HQ\/?) (C.75)

where (C.73) is the combination of Lemma C.16 and Lemma C.17, we plug in the bonus (C.59) in (C.74), (C.75) is from
Lemma C.9. O

D. Proofs of Results in Regularized RMDPs
D.1. Proof of Theorem 5.16 (Regularized TV Setting)

We first give the closed form solution of regularized TV update formulation. This dual formulation has also been proved by
Panaganti et al. (2024), but our formulation is more concise.

Lemma D.1 (Dual formulation). For the optimization problem Qp(s,a) = 7rp(s,a) + PiIAnES) (IEP[VhH] +
€

BTV (P|P7))(s,a), we have its dual formulation as follows

Qu =~ Epg | (minVia () + 8 = Via () | + (minVia(s) + 8). (D.1)

Proof. Consider the optimization problem
Qn=rn+ Peigf(s) (Ep[Vhia] + BTV (P||PR))
= +PeirA1f(S <ZP Wit1(s) + BPL(s)e (%))
where ¢(t) = |t — 1|/2, and then the Lagrangian can be written as

0= X POV +8 Y (5 ) - OL @ +(1- 3 P6)

ses ses ses
We denote g(s) = P(s)/Py(s), then we have
inf £(P, 1) = — supZPh (A(s) +n) = Vi1 (s)] = Be(g(s)] +n
sES
- ((A(s) . n)ﬁ* Vhes))
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where the second equation is from the definition of dual function ©*(y) = sup(y 'z — p(x)).

So we have

Qnr =Thr + sup (irlgfﬁ(R n))

A>0,n
. o A() + 1) = Vit (s)
=7 =, <BEP}3{¢( 3 =
— 1
=Th — inf <5EP,? [max (()\(S) 1) = Visa(s) , —)] - 77) (D.2)
220, XOFIVan () 3 2
=rh - inf Epg | ((A®)+1) = Vira () + 2 ) [ =n—2
Azo)n)wgé h 2 n 2
=Th— inf Epg [(A = — D3
h T A0 A ~Visr ()< (Epg [(As) + ' = Visa(9)) ] =) (D.3)
==l (Er [ =V —1 D.4
T v )48 (Epg [(0 = Vasa(s))+] =) (D.4)
=rn—Ep; [(Enelg Vit (s) + 8 = Vh+1(8))+} + (glelg Vi (s) + 5>7 (D.5)

where (D.2) follows from the definition of ¢* (C.2), we redefine ' = n + g in (D.3), (D.4) holds because the result
increases monotonically with respect to A, (D.5) holds because the result increases monotonically with respect ton’. [

Similar to Lemma C.2, we prove the optimism of estimation Q¥ and control Q* — Q*.

Lemma D.2 (Optimism). If we set the bonus term as follows

2SIn(2SAHK/6
bonus’ (s,a) = 2H\/ k_<1 /9)

D.6
nfHs,a)v1 (D-6)

then for any policy 7 and any (k, h, s,a) € [K]| x [H] x § x A, with probability at least 1 — 20, we have QZ’B(S, a) >
Q7P (s, a). Specially, by setting = 7*, we have Q? (s, a) > QZ*’B(& a).

Proof. We prove this by induction. First, when h = H + 1, Q];jil(s, a)=0= Q}ffﬁl(s, a) holds trivially.
Assume QZfl(s, a) > QZfl(& a) holds, since 7" is the greedy policy, we have
k, k, k, m, .,
Vi (s) = Qs (5,71 () 2 Q' (s, 71 () = Qpfy (5, s () = Vi (s),
where the first inequality is because we choose 7 as the greedy policy.

Recall that we denote QZ’B as the optimistic estimation in k-th episode, that is,

P (s,a) = bonusk (s, a) + 75 (s, a) + Peigf(s) (Ep [th_ﬁ] + BTV(P||]3,’f))(5,a).

‘We can infer that

Q)" — Qi = bonus + 7 + it (Ep Vi) + BTV (PIPY)) =~ nf (Ep Vi) + BTV (P PY))

EA(S)
= bonus) + 7 —ry+ inf (Ep V5] + STV(PIP)) — | inf (Br [Vi3] + BTV (PIFY))
+ it e[V + BTV(PIRY)) = inf (Er V] + BTV (PIIP)))
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2 bonusy, + 7}, — 11 + Peigf(S) (Ep [thﬁ] —Ep [Vh’l‘ﬂ)

+ it (Ep[VAE] + TV (PIBY) - int | (Br[VE] + 9TV(PIED)) ®.7)

> bonus, + 7§ — 1, + Pt (Ep (Ep[Vi5] + BTV (P|PF)) - pnf (B (Ep[ViE2] + BTV (P||PY))
(D.8)

= bonusf, + 7 — i — By [ (min Vi1 (5) + 8 - Vi) ] + (min Vi (o) + 5)

[(xs%ig VA (s)+ B — V(s ))J - (mln Vi (s) +8) (D.9)

= bonus} + 75 — 7, — Epo KmanhH( )+ 06— Vfﬁ(s))J +Ep KmanhH( )+ 8- th+ﬁ1(s))+]

+Eﬁk

h

Epe Kf&nelg V}fﬁ(s) + 58— Vhl,ciﬁ(s))J —Epx [(mm Vh+1( s)+ 05— r+1( )> J ”

(i)

> bonush ‘?kh — rh|
——

()
(D.10)

where (D.7) is from inf f(x) — inf g(z) > inf(f — g)(x), (D.8) is from the induction assumption, we plug in the dual
formulation (D.1) in (D.9).

For term (i) in (D.10), from Lemma G.1 and a union bound, with probability at least 1 — d, we have

In(2SAHK/5)

ahlrs D.11
2nf 1 (s,a) v 1 ( .

’?E(s,a) - rh(s,a)| <

for any (k, h,s,a) € [K] x [H] xS x A.

For term (ii) in (D.10), follow the same proof as (C.14) and a union bound, with probability at least 1 — §, we have

, , . 25 In(2SAHK/3)
) k.83 kB o k,B _ kB <
Epo [(gleléth+1(s) + B Vh+1(3))+] Epf[(rsrgg‘/hﬂ(s)—kﬁ Vh+1(5))+H < H\/ n’,fl 1

(D.12)

for any (k, h,s,a) € [K] x [H] x § x A.

Apply the union bound again and combine (D.10) with (D.11), (D.12), the definition of bonus and induction assumption.
With probability at least 1 — 28, we have Q" (s,a) > Q7 (s, a) for any (k, h, s,a) € [K] x [H] x S x A. This completes
the proof. O

With similar proof to Lemma C.3, we can control the item Q" — Q”k.
Lemma D.3. For any k € [K], we can bound the estimation error as follows

Q - Q7 "8 < ZE Py [Qbonus’fb].

Proof. From the proof of Lemma D.2, we see that
’rh (s,a) —rp(s,a) |+| inf (E [th+ﬁ1] —&—BTV(PHﬁ,’f))(s,a)

PEA(S)

_ Pégf(s)( P[] + BTV (P|PY))(s,a)| < bonusf (s, a). (D.13)
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Recall that we define P,’ = argmin (IE P [V,fﬁ} + BTV (PHP}‘L’ )) as the worst-case transition in Definition 5.3, we have
PEA(S)

k ~
w7 —Qp = bonusf + 7 + it (Er PV + BTV(P|PE)) = — pit (Er p[VI] + BTV (PIFY))

< 2bonus; + inf (Ep (V5] + BTV (PIIPR)) - pinf (Ep[V 7] + BTV(P|PY))  (D.14)

€A(S)
k *,8
= 2bonusj, + Epur ot -l (D.15)
where (D.14) uses (D.13). Apply (D.15) recursively, we can obtain the result. O

Theorem D.4 (Restatement of Theorem 5.16 in TV-distance setting). For RRMDP with (s, a)-rectangular TV-distance
defined regularization term satisfying Assumption 5.5, with probability at least 1 — 4, the regret of Algorithm 1 satisfies

Regret = O(C,.S% AH? + €254 H2VEK).

Proof. Setting 6’ = ¢§/3 in Lemmas C.4 and D.2, then with probability at least 1 — §, we get

K . K K .
Regret = Z (Vl*’ﬁ % ’ﬁ) = (Vl*’ﬁ k B —|— Z -V ’ﬁ)
k= k=1 k=1
K H
< Z Y Epu o [2bonusy] (D.16)
k=1 h=1
K H
251n(2SAHK/5)|
=2 Epox | 2H (D.17)
;}; Byt \/ nZ 1(,a)\/l
= O(C,,SAH? + CLSAYHVE), (D.18)

where (D.16) is the combination of Lemma D.2 and Lemma D.3, we plug in the bonus (D.6) in (D.17), (D.18) is from
Lemma C.9. O

D.2. Proof of Theorem 5.16 (Regularized KL Setting)

We first give the closed form solution of regularized KL update formulation. This dual formulation has also been proved by
Panaganti et al. (2024), but our formulation is more concise. Zhang et al. (2024) applied the equivalence between regularized
RMDPs and risk-sensitive MDPs to obtain the same result, which is different from our proof.

Lemma D.5 (Dual formulation). For the optimization problem Q(s,a) = 7r,(s,a) + PiIAlféS) (IEP[V;LH] +
€

BKL(P||P?))(s,a), we have its dual formulation as follows

Qn =rn — BInEpp[e? V], (D.19)

Proof. Consider the optimization problem
Qh Th €1n( )( P“h-i—l] 6 ( H h))

=7rn+ PeiIAlf(S) (ZP(S)V}LH(S) + BP(s)In }f(s)>

seS

The Lagrangian can be written as

£ = 3 [P () + P (1

ses

2] 5)
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We set the derivative of £ w.r.t. P(s) to zero

oL

3P7(5) = Viht1(s) -l-ﬂln(

P(s)
By (s)

)8 )+l = (D.20)

We denote P’ as the worst-case transition that satisfies (D.20), then we have

P'(s) = P’f(s)e—ﬁflvhﬂ(s)-i-ﬁ*l[>\(8)+"7]—1, (D.21)
; —B7 Vit (s (s -1
1%f£(P7 ’]7) = —ﬁEP;L, [e B ht1(8)+B7 " [A(s)+n] ] + 7.

We have

Qn

rn + sup (inf £(P,n))
A20n P
— 0 — i —B7 Wit (8)+BT N () +n]—1]
=7 5, (P [er? e I RO )
= rp, —inf (BEpg [ Vi1 ()= gy (D.22)
" 3
=Th — ﬂlnEPﬁ [6_571Vh+1] . (D23)
where (D.22) holds because the result increases monotonically with respect to A, (D.23) holds by calculating the derivation

with respect to ) and thus setting = —3(InEpe [~ Vima] —1). O

Similar to Lemma C.2, we prove the optimism of estimation Q* and control Q* — Q*.

Lemma D.6 (Optimism). If we set the bonus term as follows

21n(2SAHK/5)

, D.24
nk=(s,a) v 1 ( )

bonus/ (s, a) = (1+ 566_1H\/§)\/

then for any policy 7 and any (k, h, s,a) € [K]| x [H] X § x A, with probability at least 1 — 25, we have QZ’B(S, a) >
™8 (s, a). Specially, by setting 7 = 7*, we have Q}"* (s, a) > QZ*’B(& a).

Proof. We prove this by induction. First, when h = H + 1, Q’Eil(s, a)=0= Q}}’il(s, a) holds trivially.

Assume Qifl(s, a) > QZfl(s, a) holds, since 7" is the greedy policy, we have

k, k, k k.8 T, T,
Vi (s) = Qs (s, i (9)) 2 Q' (s, 71 () = Qpfy (5,7 () = Vi (s),
where the first inequality is because we choose 7 as the greedy policy.
Recall that we denote be’ﬁ as the optimistic estimation in k-th episode, that is,

"B (s, a) = bonusf (s, a) + 77 (s, a) + Peigf(s) (Ep[Vi5] + BKL(P||PF)) (s, a).

We can infer that
n’ = Q= bonus + 7 + it (Ep Vi) + BKL(P(BE)) = = inf (Ep (Vi3] + BKL(P| PY))

= bonus, + 7 —ry + nf (Ep (V] + BKL(P|PY)) — (Ep[V,i}] + BKL(P||PY))

inf
eA(S) PeA(S)

b (B VEL] 4 AKL(PIPE) - inf | (B (V] + KL(PI 7))
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> bonus, + 7 —r+ inf (Ep (V1] ~Ep[V])

+ pdnf (Vi) + BKL(PIPY) = inf (e [V + BKL(P] 7)) (D25)

> bonusy, + 7f — 7 + plut . (Ep p[Viih] + BKL(P||PF)) — pnf (Ep P[Vi5] + BKL(P||PE))
(D.26)
= bonusf, + 7 — 1, + AInEpg [ V] — BlnEp, [e7F Vi) (D.27)
> bonus — y — ra] = Bl Ep [ VH] —InEpy [e77 Vi, (D.28)

(1) (i)
where (D.25) is from inf f(z) — inf g(x) > inf(f — ¢)(x), (D.26) is from the induction assumption, we plug in the dual
formulation (D.19) in (D.27).

For term (i) in (D.28), from Lemma G.1 and a union bound, with probability at least 1 — §, we have

In(2SAHK/5)

D.29
2nf~t(s,a) v 1 ( )

’?E(s,a) —rh(s,a)’ <
for any (k, h,s,a) € [K] x [H] x S x A.

For term (ii) in (D.28), following the same proof as (C.14) and a union bound, with probability at least 1 — &, we have

’ In Eﬁ}lf [e— Vh+l} —In EP}‘; I:e—B*lv}ierﬁl:I | S eﬁlH\/2sln(2SA\i71[(/6> (D30)
n,

3

for any (k, h,s,a) € [K] x [H] x § x A.

Apply the union bound again and combine (D.28) with (D.29), (D.30), the definition of bonus and induction assumption.
With probability at least 1 — 28, we have Q" (s,a) > Q7 (s, a) for any (k, h, s,a) € [K] x [H] x S x A. This completes
the proof. O

With similar proof to Lemma C.13, we can control the item QF — Q”k.

Lemma D.7. For any k € [K], we can bound the estimation error as follows

"
k.8 k:ﬁ k
QA —Qr "< E{Pﬁ,k}ﬁ;:lmkpbonush].
h=1

Proof. From the proof of Lemma D.6, we see that

70 = ralss )| + |k (B [V + BKL(PIEE)) 5.0)

k,B k
_ PeuAlf(S)(IEp [Viiii] + BKL(P||P))(s, a)| < bonusj(s,a). (D.31)

Recall that we define P** = argmin (Ep [V;'}}] + BKL(P||Py)) as the worst-case transition in Definition 5.3, we have
PEA(S)

ﬂ_k, . A ﬂ_k’ o
? —Qp " = bonusf; +7F + pit . (Er [ViEA] + BKL(P|PE)) — 14 — pnf (Er [Vir "] + BKL(P| PY))
. 0 . ‘n'k, Ie}
< 2bonus) +  inf (Ep (Vi) + BKL(PIFY)) = inf (Ep[V{"] +BKL(PIP))  (D32)
= 2bonusy, +Epur [Qyf, — QhH} (D.33)
where (D.32) uses (D.31). Apply (D.33) recursively, we can obtain the result. O
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Theorem D.8 (Restatement of Theorem 5.16 in KL-divergence setting). For RRMDP with (s, a)-rectangular KL-divergence
defined regularization term satisfying Assumption 5.5, with probability at least 1 — 4, the regret of Algorithm 1 satisfies

Regret = O((1+ Be? V) (Cor SAH + CZ.8% A} HVE)).
Proof. Setting &’ = §/3 in Lemmas C.4 and D.6, then with probability at least 1 — §, we get

K K K
Regret = 3 (V7 = V) = 3 (7 - V) + 3 (7 - )

k=1 k=1 k=1
K H
< Z Z Epur x [2bonusy] (D.34)
= h—1
KA 2In(2SAHK /)
=2 E .. 14 Bef ' HVG), [ 222222 2D D.35
kZ:lhz::l Pt (1+ Be )\/ (s ) v 1 | (D.35)
= O((1+ 8" VS) (ConSAH + CLSEAYHVE)). (D.36)

where (D.34) is the combination of Lemma D.6 and Lemma D.7, we plug in the bonus (D.24) in (D.35), (D.36) is from
Lemma C.9. O

D.3. Proof of Theorem 5.16 (Regularized \? Setting)

We first give the closed form solution of regularized y? update formulation. This dual formulation has also been proved by
Panaganti et al. (2024), but our formulation is more concise.

Lemma D.9 (Dual formulation). For the optimization problem Qp(s,a) = 7rn(s,a) + PiIAlf(S) (EP[Vh+1] +
€

BX%(P||P?))(s,a), we have its dual formulation as follows

1
Q;L =7rp+ Sup (]Ep;; [Vh+1 — )\} — —Varpg (Vh+1 — )\)) (D.37)
Ac[0,H] 4

Proof. Consider the optimization problem

Qn=rn+ peigf(S) (Ep[Vaia] + Bx* (PIIPY))

=r,+ inf (P(S)Vh+1(5) + By (s) (1;(2) a 1) 2)

PEA(S) =

The Lagrangian can be written as

e = X [P + s (£ <1) |- AP (1= S pe).

s€S seS s€S
We set the derivative of £ w.r.t. P(s) to zero

oL

aP(s) = Vig1(s) + 25(

P(s)
By (s)

We denote P’ as the worst-case transition that satisfies (D.38), then we have

Vit1(s) = [A(s) + 7]
- % > (D.39)

37

- 1) —[A(s)+ 7] =0. (D.38)

P(s) = P



Sample Complexity of Distributionally Robust Off-Dynamics Reinforcement Learning with Online Interaction

i £(P) =~y | 15 (Voaa(s) = N+ 1) = (Via (o) = AG6) ) -+

45
‘We have

Qn = + sup (inf L(P, 7))
a>o0n P

== inf (Brg | 5 (ia9) ~ ) +31)” = (Vs (s) = 39 + 1) | )

1
=7} + sup (EP,‘L’ [Vh+1 — )\] — 4—Varp;; (Vh+1 — A)) (D.40)
A>0 g
1
=7rp+ Sup <Ep;z [Vh—i-l — )\] — TVarpﬁ(VhH — )\)), (D.41)
Ae[0,H] B

where (D.40) holds by calculating the derivation with respect to 7 and thus setting = Epe [Vit1 — A], (D.41) holds
because the result increases monotonically with respect to A when A > H. O

Similar to Lemma C.2, we prove the optimism of estimation Q¥ and control Q* — Q.

Lemma D.10 (Optimism). If we set the bonus term as follows

252 In(48SAHK?/5) | 2

bonust (s, a) = 5H? ,
h( ) \/ ;i)l 1( ,Cl)\/l K

(D.42)

then for any policy 7 and any (k, h, s,a) € [K]| x [H] x § x A, with probability at least 1 — 30, we have Q];L’B(s, a) >
™8 (s, a). Specially, by setting 7 = 7*, we have QF"? (s, a) > QZ*’B(& a).

Proof. We prove this by induction. First, when h = H + 1, Q" e +1(s a)=0=QY% +1(s, a) holds trivially.

Assume Qz_fl (s,a) > QZfl (s,a) holds, since 7" is the greedy policy, we have

k, k, T, T,
Vi (s) = Quia (s mh1(5) > Qi (s, (9)) = QR (s, muga () = Vi (s),
where the first inequality is because we choose 7% as the greedy policy.
Recall that we denote QZ’B as the optimistic estimation in k-th episode, that is,

QZ’B(S’ a) = bonusZ(s, a) + ?Z(s, a) + Pei%s) ( [V}ffl} + Bx2 (PHZBZL‘))(S, a).

‘We can infer that

M QP = bonusf +7F + Peigf(s) (Ep[ViE5] + B3 (PIEE)) —ra — PeiIAnES) (Ep[V™E] + B2 (PIPY))

= bonusj, + 7 —rj + . (Ep[V}2] + Bx2 (P BY)) — pdnf (B[] + Bx2(PI1PE))

+ Peigf(s) (Ep [Vh+1] + B (PIIPY)) - PEiIAlf(S) (Ep [Vh+1] + 83 (PIIPY))

> bonus’,ﬁ + 7% =+ elgf( (Ep [Vh+1] Ep [Vhwjrzﬂ)

bt (ER[VEE] 0 (PIBD) = int | (Br[VES] + 0x2(PIED)) D43)
> bonusf +7% —r+inf (B (V] 5 (PIPE) = inf (BR[VEE] + x2(PIED))
(D.44)
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=bonus} + 75 —r, + sup (Ep [V}ffl Al - Varpk (V5 =)

Ae[0,H] 43
1
— sup (Epe [Vi] — A] = —Varpe (V55 — X)) (D.45)
A€[0,H] 45
1
> bonusj, + 7 — 4 + 1{(1)fH] {(E [V}ffl Al - Evar};k (V5 — )
— (Er Vi1 = A - @Varp,: (Vi =)}
> bonusf — |[FF — | — sup [(Epe [Vi] — A] - iVarls,c (V5 =)
A€[0,H] h 43 h
1
— (Brp Vi = Al - 15 Vr (Viih =)
> bonusj, — [} — | — sup [Ep [Vl — Al = Epp [V — A
~——  A€[0,H] h )
@)
(i)
1
—— sup |Varp. (V] — X) = Varpe (V55 — A) ], (D.46)
48 xejo,H) h

(iii)
where (D.43) is from inf f(z) — inf g(x) > inf(f — g)(z), (D.44) is from the induction assumption, we plug in the dual
formulation (D.37) in (D.45).

For term (i) in (D.46), from Lemma G.1 and a union bound, with probability at least 1 — d, we have

In(2SAHK/0)
~k
ri(s,a) —rp(s,a)| < | ——————=, D.47
’ h(s,) nl )‘ 2nﬁ71(s,a)\/1 ( )
for any (k, h,s,a) € [K] x [H] x S x A.
To bound term (ii) in (D.46), following the same discussion as (C.64), with probability at least 1 — §, we have
sup [Epi [Vih = Al —Epg [V} A < sup |Epo —Ep[V]] +2¢
A€[0,H] ) VENY () h
2521n(12SAH2K? 1
<, |2 S /1 (D.48)
nh Lvi K

for any (k, h,s,a) € [K] x [H] x S x A.

We denote V(A) = th_;_pl —X€[-H,HlandV = {V € R’ : |V| s < H}. To bound term (iii) in (D.46), we create a
e-net My, (€) for V. From Lemma G 4, it holds that In [Ny (e)| < |S] - In(3H/¢).
Therefore, by the definition of Ny, (€), for any fixed V, there exists a V' € Ny (e) such that |V — V|| < ¢, that is
|Varpo (V) — Varlg;f(V)! < |Varpe (V) — Varpe (V')| + |Varpe (V') — Varp, (V') |+ \Varﬁk V’) — Varlsk(V)‘
< |Epp [V2 = V]| + [ER [V] = Ef, [V']| + [Epi [V = V]| + |]E - E%, [VH
+ |Varps (V') — Var ]

< |Varpy (V') — Varp (V')| + 8He
< sup |Varps(V') — Varp, (V')| 4 8He. (D.49)
VIENV h

For any fixed V, following the same analysis as (C.14), we have
[Varpg (V) = Varpe (V)| = [ (Epg[VZ] = Epo [V]) — (Ep [V - ]EQﬁ,f V)|
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< [Bp (V2] ~ By (V2] + B3, [V] — EL, [V]]

251n(2/6
< 12 5B o (g V] + By V) - [ErglV] ~ Epy V]
<1 2Sk1_nl(2/5) L on? ZSkl_nl(Q/é)
n, V1 n, V1
< 3H? 25,}%(2/6) (D.50)
n, V1
with probability at least 1 — 4.
Then with probability at least 1 — §, we have
sup |Varpk (th_;_ﬁl —A) - Varpo (V}f_fl )| < sup |Varpo (V(A)) — Varp, (V()\))|
A€[0,H] Xg[0,H] "
< sup |Varps(V) — Varp. (V)| + 8He (D.51)
VENY(€) "
25 In(2SAHK
< 32, [PMESATRINGIO) | gy (D.52)
n, V1
2 2
- \/25 ln(GSAH K/ed) e
tvi
2 32
_ g2 25 1n(48iAH K2/0) +i’ (D.53)
V1 K

for any (k, h, s,a) € [K] x [H] x § x A, where (D.51) follows from (D.49), (D.52) is from (D.50) and a union bound, we
_ 1
sete = SHEK m (D53)

Apply the union bound again and combine (D.46) with (D.47), (D.48), (D.53), the definition of bonus and induction

assumption. With probability at least 1 — 38, we have Q)" (s, a) > Q7" (s, a) for any (k, h, s,a) € [K] x [H] x § x A.
This completes the proof. O

. .. . k
With similar proof to Lemma C.3, we can control the item Q% — Q™ .

Lemma D.11. For any k € [K], we can bound the estimation error as follows

H
k.8 ot k
QY —Q7 ¥ < E Eipuwiyn o [2bonusy; .
h=1

Proof. From the proof of Lemma D.2, we see that

|77 (s,a) — ri(s,a)| + | Peigf(s) (Ep[ViE5] + Bx2(PIIPE)) (s,a) (D.54)
_ PeirAlf(s) (Ep Vi3] + Bx2(PIIPY)) (s, a)| < bonusf (s, a). (D.55)

Recall that we define P,"* = argmin (Ep [V;]] + Bx?(P||Py)) as the worst-case transition in Definition 5.3, we have
PeA(S)

w*, . D . ",
Q" — Qi =vonush 4 7+ inf  (Bp (VL] + 00 (PIPE) i~ inf  (Bp V] + 60 (PI1PD))

. S o) . 7rk, 0
< 2bonusf + pnf (Ep[VEA] + B2 (PIER)) - pduf Ep[Vi ] +832(PIFPY))  (D.56)
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k
= 2bonus}, + Epur . [Qnfy — Q47 (D.57)
where (D.56) uses (D.55). Apply (D.57) recursively, we can obtain the result. O]

Theorem D.12 (Restatement of Theorem 5.16 in y2-divergence setting). For RRMDP with (s, a)-rectangular y2-divergence
defined regularization term satisfying Assumption 5.5, with probability at least 1 — 4, the regret of Algorithm 1 satisfies

Regret = O(C\y S2AH? + C3,8% A H3VE).

Proof. Setting 6’ = /4 in Lemmas C.4 and D. 10, then with probability at least 1 — §, we get

K K K
Regret = Z (Vf"ﬂ - ka’ﬁ) = (Vl*’ﬁ - Vlk’ﬁ) + Z (Vlk’ﬁ — ka’ﬁ)
k=1 k=1 k=1
K H
<> Epur. [2bonusy] (D.58)
k=1h=1 "
. i ZH: . sp2. 257 IUSSAHAK2/6) | 2 D.59)
et P ny H(s,a) V1 K '
= O(C,,SPAH® + C3,8% A3 *VE), (D.60)

where (D.58) is the combination of Lemma D.10 and Lemma D.11, we plug in the bonus (D.42) in (D.59), (D.60) is from
Lemma C.9. O

E. Proofs of Results in Lower Bounds

E.1. Proof of Lower Bounds on the Regret

S2 , 52
prw./\/'(u(a),l) P o~ N(p(a), 1)
S1 S1
1-p S3 =7 S3
r=1 r=1

(a) The nominal MDP. (b) The perturbed MDP.

Figure 6. Constructions of the nominal environment and the worst-case environment in the proofs of regret lower bounds, the value on
each arrow represents the transition probability.

Theorem E.1 (Combination of Theorem 5.12 and Theorem 5.18). For CRMDPs with TV, KL and x? divergence defined
uncertainty sets and RRMDPs with TV, KL and x? divergence defined regularization terms, for any learning algorithm &,

1
there exists a MDP M satisfying Assumption 5.5, such that Regret , (£, K) = (CET VK )

Proof. The proof here follows the high level idea in Lattimore & Szepesvari (2020, Theorem 15.2). We consider two MDPs
M and Mo, as illustrated in Figure 6, where H = 2, S = {s1, 52,53} and A = {a1, a2, -- , a4 }. The only difference
between these two MDPs is the mean reward at s5. $7 is always the initial state, and can transit to s with fixed probability
p and s3 with fixed probability 1 — p regardless of the action. We assume that K > |A| and p > |A|/K to facilitate the
constructions, this bound becomes loose as K grows large.

The agent receives a reward drawn from a unit normal distribution, r ~ A (u(a), 1), at state so, and a fixed reward r = 1
at state s3, where p(a) € [0,1). This choice of p(a) ensures that the robust value function satisfies V™ (s3) < V™P(s3),
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implying that the transition probability from s; to s will not decrease in the worst-case environment compared to the
nominal environment. In M, the mean reward vector at s is given by j; = (A,0,---,0) € Rl and A < % is a constant
to be specified.

We introduce some notations that will be useful in the following discussion. The agent follows a learning algorithm £ and, in
the k-th episode, selects a policy 7" to interact with the environment and collect a trajectory (o, a*, r*), where o* denotes
the state to which the agent transitions from s, after taking an arbitrary action; a* denotes the action the agent takes at
step h = 2, i.e., at state s, or s3; and 7* denotes the corresponding reward received at s, or s, all in episode k. The joint
distribution over the trajectories collected across all K episodes, {(o*, a*, %)}/ induces a distribution denoted by P?.
The random variables corresponding to of, a* r* are denoted by OF, A* RF, respectively. We use E? to denote the
expectation under P{. As similarly noted by Auer et al. (2002), it suffices to consider deterministic strategies without loss of
generality. Let S; (/) denote the number of episodes in which the agent selects action a; if visiting state s according to the
learned policy

K

Si(K) =Y _1{x*(s2) = a;}, (E.1)

k=1
and let T; (K) denote the number of episodes in which action a; is actually taken at state so,

K
Tj(K) = Z]I{Ok =59, A" = a;}. (E.2)
k=1

We set ¢ = argmin E¢[T;(n)] as the least chosen action (excluding a4) under environment M. Since the expected number

J>1
of times the agent transitions from s; to sg over K episodes is K p, and given the selection of ¢, it follows that
Kp
EJ[Tc(n)] < —/——. E.3

We now define the mean reward at s, in environment Mo as

H2 = (A,O, 7072%707"' 70)

That is, ps(a;) = pi(ay) for all j # c and ps(ac) = 2A. Clearly, the optimal policy at state s, selects action aq in My
and action a. in M.

Recall the definition of C,,. in Assumption 5.5 and the visitation measure notations introduced in Definition 5.3. Since the
visitation measure to s is always 1, and the visitation measure to s, which is equivalently the transition probability from s;
to s3, does not increase in the worst-case environment compared to the nominal one, the maximum visitation measure ratio
can only be attained at state so. In the nominal environment, the visitation measure to s, is d™(s2) = p for any policy 7. In
the worst-case environment of M1, let p = max q"™(s2) denote the maximum visitation measure to sz, that is, the largest

transition probability from s; to sy across all policies, under both the CRMDP and RRMDP settings. In what follows, we
show that this value p remains unchanged in M.

To proceed, we present the following lemma, which provides a lower bound on the sum of the total regret in environments
M and M.

Lemma E.2. For TV, KL and x? divergence defined CRMDP and RRMDP settings, there exists a corresponding constant ¢
such that

E[RegretMl(& K) + Regret ,, (&, K)] >(-p-exp ( — KL( ?,IE”‘Z’))KA, (E.4)
i for CRMDP settings,
1 for RRMDP-TV setting,
where ( = g1 )
m for RRMDP-KL setting,
= for RRMDP-? setting.
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We present the following lemma to simplify the expression for KL (IP"{, Pg).
Lemma E.3. For the distributions P{ and P5, the following property holds:

|Al
]P’%]P)O Z]EO KL(PTMl(Sz,aj)?PTM2(827(ZJ‘))7 (ES)

where T; (K) is defined in (E.2).

From the construction of reward function, we can simplify (E.5) as
|A|
L(P7,P3) ZEO |- KL(rpm, (82, a5), 7'M, (52, a5))

_ B{{T(K)] KLOV(0, 1A (A 1)

= 2A% - ER[T(K)] (E.6)
< 287Kp (E.7)
ST |

where (E.6) follows from Lemma G.7, and (E.7) applies the result of (E.3).

We now return to bounding (E.4). By plugging in (E.7) and setting A = \/(|.A| — 1)/(4Kp), which satisfies A < 1/2 due
to the given range of K and p, we obtain

2max {E [Regret y,, (&, K)], E[Regret y, (&, K)] } > E[Regret , (£, K) + Regret 4, (¢, K)]
>(-p-exp ( — KL(P;’,]P’S))KA

2A2Kp
2 Cp e (- |,4|71)KA
( E\/\/ w(|A1>K> (E.8)
:Q(CE\/I?).
This finishes the proof. ]

E.2. Proof of Lemma 5.14

To establish the results for hard instances, we instantiate the constructed example in Theorem E.1 by appropriately selecting
the nominal transition p and the uncertainty set radius p. We assume that K > 221AI+1 |A| throughout the proof.

For TV-distance. We setp = m > |A|/K and p = % First, we solve the worst-case transition in the first step
explicitly. Follow the definition of TV-distance, we have

p = argminp'V"(sg) + (1 — p) (E.9)
p/
st. p—p<p.

Since (E.9) decrease monotonically with p, the solution of this optimization problemis p =p+ p = %. Therefore,

From (E.8), we see that the expected regret for constructed environments M and M satisfies

max {E [Regret \, (¢, K)], E[Regret ,, (£, K)] } > Q<622\/1; Cor(JA] — 1)K> — Q(Q\AI\/[?).
This finishes the proof.

43



Sample Complexity of Distributionally Robust Off-Dynamics Reinforcement Learning with Online Interaction

. 2412 . e
For x2-divergence. We set p = m > |A|/K and p = M. First, we solve the worst-case transition in the first

step explicitly. Follow the definition of y2-divergence, we have

p = argminp'V™(s2) + (1 —p') (E.10)
p/

’ 2 11—y 2
s.t. p(pl) +(1p)< p1> <p.
P I-p
Since (E.10) decrease monotonically with p, the solution of this optimization problem is p = p + /pp(1 — p) = %
Therefore, C,, = p/p = 2214

From (E.8), we see that the expected regret for constructed environments M and M satisfies

max {E[Regret v, (£, K)|, E[Regret (£, K)| } > Q<622 ’ Cor(JA] — 1)K> = Q(2MIVEK).

This finishes the proof.

. 214 _y2 . P
For KL-divergence. We setp = ;s > |A|/K and p = % First, we solve the worst-case transition in the

first step explicitly. Follow the definition of KL-divergence, we have

p=argminp'V7(s2) + (1 —p')
p/

’ 1 _ o
s.t. p'log (p) +(1-p) log< P ) <p.
P I-p

Though it is difficult to obtain a closed-form solution for this optimization problem, Lemma G.8 implies that its optimal
value is no less than that of the previous y2-based optimization problem. That is, p > p + 1/pp(1 — p) = % Therefore,

Cvr = ﬁ/p Z 22|A‘~

From (E.8), we see that the expected regret for constructed environments M and M satisfies

max {]E[RegretMl(f,K)],E[RegretM2(§,Kﬂ} > Q(e;\/ﬁ Cor(JA| - 1)K> — Q(Q\AI\/[?).

This finishes the proof.

F. Proofs of Supporting Lemmas in the Proofs of Lower Bounds
F.1. Proof of Lemma E.2

We provide the proofs for the three CRMDP settings in Appendix F.1.1, as they share a similar underlying structure. The
proofs for the RRMDP-TV, RRMDP-KL, and RRMDP-y? settings are given in Appendix F.1.2, Appendix F.1.3, and
Appendix F.1.4, respectively.

F.1.1. THE CRMDP SETTINGS

First, we consider the optimization problem for the worst-case transition from state s; to states s and s3, given by
PY = argmin [p - V™ (sg) + (1 —p')- V™P(s3)]
p":D(P*|P°)<p

argmin [p’ VTP (s9) 4+ (1 — p’)],
p":D(Pv|P°)<p
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where PY = (p/,1—p') and P°=(p,1—p),

where the second equality holds because V™ (s3) < 1 and V™ (s3) = 1 by construction. As a result, the objective
function p’ - V™ (s3) + (1 — p’) decreases monotonically with respect to p’. Therefore, the worst-case transition probability
is characterized by p = sup{p’ : D(P¥||P°) < p}, where D denotes an f-divergence (TV, KL or x?). This implies that p
remains invariant across different policies 7w and environments M7 and M.

For environment M 1, the total regret incurred by selecting a suboptimal policy 7 (s2) # a; in each episode can be bounded
as

E[Regrety, (& K)] = D EL[V™ 4 (s1) = V7 *(s1)]

ES[(5- V™ #(s2) + (1= P) - V™ #(s3)) — (5~ V™ P(s2) + (1= ) - V™ *(s3)] (F1)

B[ (V7P (s2) — VT (52))]

M T T T

ES[p- 1{r*(s2) # a1 }A] (F2)

b
Il
—

K
=5 A-E° Lz_:l 1{r"* (s2) # al}]

=p-A-E{[K - 51(K)] (F3)
pK A K
> pTP(f (Sl(K) < ?)7 (F4)

where (F.1) follows from the definition of the robust value function under the CRMDP setting, using p as the worst-case
transition probability, (F.2) relies on the construction of the reward function at state s = sg, (F.3) uses the definition of
S;(K) as given in (E.1), and (F.4) follows from Markov’s inequality.

For environment Mo, following the same analysis, the total regret incurred by selecting a suboptimal policy 7% (s3) # a, in
each episode can be bounded as

E[Regret ., (¢, K)] EG[V™ P (s1) = V™ #(s1)]

&=

S5 (V7 #(s2) = V™ #(s2))]

M M5 1= 1M

Eg[}g.(n{wk(@):alm+ 3 11{7rk(52):aj}A)}

J>1,j#c

Z Eg []7 (]l{ﬂ'k(SQ) = al}A)]

~
Il
-

—5-A-Eg [in{msz) —a}

k=1
=p-A-E3[5(K)]
KA K
> pTPg (Sl(K) > 5). (E5)
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By combining (F.4) and (F.5) with Lemma G.6, we obtain
pKA

GIEE g) BACGE %))

exp (— KL(P{,P3)).

E[RegretMl(E,K) + RegretM2(§,K)] >

pKA

>
We complete the proof by setting { = i.

F.1.2. THE RRMDP-TV SETTING

For the RRMDP-TV setting, the robust value function at state s;, denoted by Y8 (s1), is defined as
V’T’B(sl) = iZI,lff {p' . V’T’B(sg) +(1 *p/) . V”’B(s;;) + 5|p/ 7p‘}
_ ig/f {p’ . V’T’ﬁ(SQ) + (1 —p’) + 5(}9/ —p)},
where the second equality holds because V™ (s5) < 1 and V™7 (s3) = 1 by construction. Given that Vfr’ﬁ (s2) takes value

in {0, A, 2A}, we set 8 € [0,1 — 2A], so that V"’ (s5) — 1 + 3 < 0. Therefore, the term [V;’ﬁ(sQ) — 1+ B]p’ decreases
monotonically with p’, and the infimum is attained at p = 1. Consequently, we obtain

VT(s1) = V™ (s2) + (1 — p).

For environment M 1, the total regret incurred by selecting a suboptimal policy 7% (s2) # a1 in each episode can be bounded
as

E[Regret vy, (¢, K)] B[V 8 (s1) = V™ B (s)]

1= T

Ef [1{n"(s2) # a1} - (A +B(1—p)) - B(1 - p))]

k=1
K
:ﬁ-A-ET[ZH{W’“(Sg) #al}} (F.6)
k=1
=5 A-EI[K — 8 (K)] (E7)
PEKA K
> P2 (sim) < 5), (F8)

where (F.6) holds because p = 1 as previously derived, (F.7) uses the definition of S; (K) as given in (E.1), and (F.8) follows
from Markov’s inequality.

For environment M, following the same analysis, the total regret incurred by selecting a suboptimal policy 7% (s3) # a. in
each episode can be bounded as

E[Regret vy, (& K)] = D ES[V™ " (s1) = V™ P (s1)]

M-

e
Il

1

I
M) >

B3 [1{n*(52) = a1} - (28 + (1~ p)) — (A +B(1 — p)))

=
Il

1

+ Y 1) = e (284 51— p) - B0 - )]

J>1,j#c

>p- AES[%M??’“(SZ) = al}}

k=1
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=p-A-E3[S5(K)]
S pKA
- 2

PS (Sl(K) > %) (F9)

By combining (F.4) and (F.5) with Lemma G.6, we obtain

E [Regret yq, (£, K) + Regret y, (&, K)] > @(P’f(&([() < g) +Pg(Sl(K) > %))

S pKA

exp ( — KL(PE’, [P’g))
We complete the proof by setting ( = i.

F.1.3. THE RRMDP-KL SETTING

For the RRMDP-KL setting, the robust value function at state s;, denoted by Y8 (s1), is defined as

V™h(sy) = i}r}/f {p’ VB (s9) + (1 —p')- V™ (s3) + B [p' log (1;/) +(1—p')log (11_2/)} } (F.10)

Using the construction that V™7 (s3) = 1 and setting the derivative of the objective function in (F.10) with respect to p’ to
zero, we obtain

/ pe V()

P e B Ve T (1 pleh

(F11)

The worst-case transition probability p is defined as the maximum value of p’ over all policies . Since (F.11) is monotonically
decreasing in V™7 (s5), we set V™8 (s9) = 0 in (F.11) to obtain

F= 7pp)67ﬁ,1. (F.12)
Finally, substituting (F.11) back into (F.10), we derive the expression for the robust value function ymB (s1) as
V™ (sy) = —fBlog (pe‘ﬁflvmﬂ(‘”) +(1- p)e_ﬁl). (F.13)
For the environment M, if 7* (s2) # a1, then the episodic regret can be bounded by
V™ B (s) — V”k’ﬂ(sl) = —fBlog (196_571A +(1— p)e_Bﬂ) + Blog (p +(1— p)e‘Bfl)
N
-B7'A
= ~Ploe <1 * plf(l - p)e‘;)1>
=0 (p+ a pp)ew)(l ) 1D
-1
Zﬁ(pﬂl —pp)e‘f@‘1> <1fﬁ‘A1A> (1)
> ﬁ(Hlﬁ_l>A7 (F.16)

where (F.14) is because log(1 + x) < a for x > —1, (F.15) is because 1 — ™% > H% for z > 0, (F.16) plugs in (F.12) and
uses the selection that A < 1.
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Summing (F.16) over all K episodes, we obtain

K
E[Regret o, (€ K)] = Y ES[V™P(s1) = V™ P (s1)]
k=1

ZE"[ﬂ{w (52) £ ar} - P(ng )A]

_ A -ET[;H{WW&)#UH}}

14471
PA 0
= g EIK - ()] (F.17)
PEA K
e (51( )< 3 ) (F.18)

where (F.17) uses the definition of S;(K) as given in (E.1), and (F.18) follows from Markov’s inequality.

For the environment Mo, if 7% (s3) = a1, then the episodic regret can be bounded by
VT ar) - VT (1) = ~Blog (pe A 1 (1 - p)e ) 4 Blog (pe S (1 - p)e )

pe A+ (1—p)e P
B 1
B

= 41

1 _
p(e—Qﬁ A — A)

= —p1 1

ﬁ Og( +p€7ﬁ71A+(17p)676—1

> )(1 - efﬁ_lA)(fﬁ_1A
> ﬁe—ﬁ1< p Bl) ( ﬁ_liA ) (F.19)

[ e B!
> p(Hﬂl>A7 (F.20)

where (F.19) uses B < eBIA < 1, (F.20) plugs in (F.12) and uses the selection that A < %

Summing (F.20) over all K episodes, following the same analysis, we obtain

E[Regret y, (€, K)] Z]E" (V7B (s1) = V™ B (s1)]

> iﬁg [ﬂ{w’“(sw —ar) -ﬁ(ffﬁll)A]

k=1

,B—1~A . K
_ e1 +ﬁp1 E2|:§]]_{7T (s2) = al}}
BTISA
= Bl ()
—0TPRA K
> ﬁpg (Sl(K) > 5). (F21)

By combining (F.18) and (F.21) with Lemma G.6, we obtain

E[Regret o, (€, K) + Regret o (¢, K)] > M(P({ (Sl(K) < g) P (Sl(K) > %))
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e PKA o o
= m exp ( — KL(]P)l,PQ))

-1
e B

We complete the proof by setting { = FTCESRE

F.1.4. THE RRMDP-y? SETTING

For the RRMDP—X2 setting, the robust value function at state s, denoted by ymB (s1), is defined as

VB (s1) = inf {p’ VB (s9) 4+ (1 —p) - V™P(s3) + 8 {p(z;l - 1>2 + (1 p)(ll__];/ — 1)2} } (F.22)

Using the construction that V™7 (s3) = 1 and setting the derivative of the objective function in (F.22) with respect to p’ to
zero, we obtain

;o P =p)(1=V™(s))
V=p+ 5 , (F.23)

The worst-case transition probability p is defined as the maximum value of p’ over all policies 7. Since (F.23) is monotonically
decreasing in V™7 (s5), we set V™8 (s9) = 0 in (F.23) to obtain

~ p(1—p)
= LS F.24
pP=p+—j 3 (F24)
Finally, substituting (F.23) back into (F.22), we derive the expression for the robust value function V™3 (s1) as

p(1=p)(1= V™ (s2)”

VTP (s1) = pV™F(s2) + (1 — p) — e (F25)
For the environment M, if 7% (s3) # a1, then the episodic regret can be bounded by
2
. 1-p)(1-A4) p(1—p)
B (s) = V™ (s1) = (pA+ (1 — il (1 -p) - ——=
Vo) V(s = (pA (1) - (1-p) -2
o p(1 —p) A2
_pA+745 (2A — A?)
1 p(1—p)
> = .
> opA+ 13 A (F26)
> 1, (F27)
where (F.26) uses the selection that A < % and (F.27) plugs in (F.24).
Summing (F.27) over all K episodes, we obtain
K k
E[Regretyy, (€, K)] = Y EP[VT P (s1) = V7P (s1)]
k=1
- P
=381 £ i} 54
k=1
SA K
= % -Eg {Z]l{wk(@) + al}}
k=1
DA
= B2 B9 — $1(K)) (F28)
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pKAIP"’(Sl( K) < %) (F.29)

where (F.28) uses the definition of S;(K) as given in (E.1), and (F.29) follows from Markov’s inequality.

For the environment Mo, if 7% (s3) = a1, then the episodic regret can be bounded by

VTP (s1) = VT (1) 2 (2pA+(1— p) - 2= =24) )—(pA+(1—p)_p(1_p)(1_A) >

48 4p
=pA + M(QA — 3A?)
4p
_ p(1—p)
=pA+ 17 ———>A(2-3A)
1 p(1—p)
> pA+ B2 PIA F.
Z PR+ = 3 (F.30)
> iﬁA, (F31)
where (F.30) uses the selection that A < % and (F.31) plugs in (F.24).
Summing (F.31) over all K episodes, following the same analysis, we obtain
E[Regret o, (¢, K)] ZEO (V7B (1) = V™ (s1)]
S b
> E {1{7”“(82) =a}- 44
A K
-2 -Es[Zﬂ{w’“(sz> = al}}
k=1
pA
= T ESlSi(K)
pKA_ K
>t it
> = (Sl(K) >3 ) (F32)

By combining (F.29) and (F.32) with Lemma G.6, we obtain

E[Regret o, (€, K) + Regret o (¢, K)] > @(ﬂvg (Sl(K) < —) P (Sl(K) > 7))
> P2 s (— KL(B, B3))

We complete the proof by setting { = %.

F.2. Proof of Lemma E.3

In order to prove this, we borrow the same technology as Lattimore & Szepesvari (2020, Lemma 15.1). First, by the
definition of KL-divergence, we have that

]P)O
KL(P{,Pg) = E? [bg (jpé)} (F.33)

Following the notation defined in Theorem E.1, we calculate the Radon-Nikodym derivative of P{ as follows
p?(olaalfrla"' Y K K K HPI‘ |81 (ak‘017a17rl7"' ’0k717ak717rk71’0k)_Pr(er(Okyak):Tk)’
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The density of Py is exactly identical except that 4, is replaced by 1, , which gives rise to

K
dPy Pr(ra, (oF,a*) = r*)

) 1 171717._.’K7K’K>: 1 L (0%,
Og(d[?’g(o at,r o™, a™ r) I;OgPr(er(ok,ak)zrk)
(
(

K k k
P , =
=30 = ) log M (820D = 1), (E34)
— Pr(rM2 S9,aF) =7 )
where (F.34) is because the agent receives a fixed reward » = 1 when o* = s3.
Taking expectations on both sides of (F.34), we obtain
dpP?
Etl)|:10g <dP(1)(Ol7A17R17"' 7OK7AK5RK)):| (F35)
2
K r k
P. . (s, ar (R
= > E{|1{O" = 55} - log Doy ontt k)
k=1 L TM2(527A’°)<R )
K r k
P. (s, a (R
= 3 (B | 10F = 52} - log [ =AY ey
=1 L PTMQ(SQ,AI")(R )
K r k
PT s d R
=) Ef|1{0O" = 55} - Ef | log M(—Ak)(k) OF, A* (F.36)
k=1 L PTMz(S%A’“)(R )
K
= Y EY[1{O" = 55} - KL(P,,, (s.4%) Prys, (s2,4%))] (E37)
k=1
|A] K
o k k
= ES {Zn{o = 59, A" = a;} - KL(P,.MI(SQM),P,.M2(827aj))]
j=1 k=1
|A]
= ES[T(K)] - KL(Py, (s2.05) Pras, (s2:05)) (F.38)
j=1

where (F.36) is because 1{O* = s} is measurable with respect to the o-field generated by O and A*, (F.37) follows
from the definition of KL divergence, (F.38) follows from the definition of 77 in (E.2). Combining (F.38) with (F.33), we
conclude the proof.

G. Auxiliary Lemmas

Here, we present some auxiliary lemmas which are useful in the proof.

Lemma G.1 (Hoeffding’s inequality). (Vershynin, 2018, Theorem 2.2.6) Let X1, - - - , X7 be independent random variables.
Assume that X; € [0, M] for every t with M > 0. Let Sp = + E;‘F:l X, then for any € > 0, we have

2
]P’(|ST fE[STH > e) < 2exp< 2]\7;2)

Lemma G.2 (Self-bounding variance inequality). (Maurer & Pontil, 2009, Theorem 10) Let X1, - - - , X be independent
and identically distributed random variables with finite variance. Assume that X; € [0, M] for every ¢ with M > 0. Let
Sr =437 X2 — (L2, X,)2, then for any € > 0, we have

P(|ST — \/Var(Xl)f > e) < 2exp ( 27;\22>
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Lemma G.3. (Weissman et al., 2003, Theorem 2.1) Let P be a probability distribution over S = {s1,--- ,ss}, X1, , X
be independent and identically distributed random variables distributed according to P. Let P(s) = + 23:1 1{X; = s},
then for any € > 0, we have

2
B(|P— P, > ¢) <25 exp (_ T;)

Lemma G.4. (Panaganti & Kalathil, 2022, Lemma 7) We define V = {V € R% : |V||oo < Vinax }- Let V3 (€) be a minimal
e-cover of V with respect to the distance metric d(V, V') = ||V — V||« for some fixed € € (0, 1). Then we have

3Vmax
log IN()] < 18] 1og (7).

Lemma G.5. (Dann et al., 2017, Lemma F.4) Let F; fori = 1,2,--- be a filtration and X, --- , X,, be a sequence of
Bernoulli random variables with P(X; = 1|F;_1) = P; being F;_;-measurable and X; being F;-measurable. It holds that

P(Eln : th < ZPt/Q - W> <e W,
t=1 t=1

Lemma G.6 (Bretagnolle-Huber inequality). (Lattimore & Szepesvari, 2020, Theorem 14.2) Let P and () be probability
measures on the same measurable space (€2, F), and let A € F be an arbitrary event. Then

P(4) +Q(4%) 2 5 exp(~KL(P,Q)).

Lemma G.7. (Lattimore & Szepesvari, 2020, Section 4.2) The KL-divergence between two Gaussian distributions with
means i1, ji2 and common variance o is

RY
KL(N (11,0%), M (i, 0%) = U212

Lemma G.8. (Sayyareh, 2011, Theorem 3.1) Let P and () be two probability distributions, then

KL(P|Q) < x*(P||Q).

52



