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Abstract

Flow matching has shown state-of-the-art
performance in various generative tasks, ranging
from image generation to decision-making, where
generation under energy guidance (abbreviated as
guidance in the following) is pivotal. However,
the guidance of flow matching is more general
than and thus substantially different from that of
its predecessor, diffusion models. Therefore, the
challenge in guidance for general flow matching
remains largely underexplored. In this paper, we
propose the first framework of general guidance
for flow matching. From this framework, we
derive a family of guidance techniques that can
be applied to general flow matching. These
include a new training-free asymptotically exact
guidance, novel training losses for training-based
guidance, and two classes of approximate
guidance that cover classical gradient guidance
methods as special cases. We theoretically
investigate these different methods to give
a practical guideline for choosing suitable
methods in different scenarios. Experiments on
synthetic datasets, image inverse problems, and
offline reinforcement learning demonstrate the
effectiveness of our proposed guidance methods
and verify the correctness of our flow matching
guidance framework. Code to reproduce the ex-
periments can be found at https://github.
com/AI4Science-WestlakeU/flow_
guidance.

1. Introduction

Flow matching has emerged as a prominent class of gen-
erative models. It features the ability to use a vector field

“Equal contribution 'Department of Artificial Intelligence,
Westlake University, Hangzhou, China 2Academy of Math-
ematics and Systems Science, Chinese Academy of Sci-
ences, Beijing, China. Correspondence to: Tailin Wu <wu-
tailin@westlake.edu.cn>.

Proceedings of the 42" International Conference on Machine
Learning, Vancouver, Canada. PMLR 267, 2025. Copyright 2025
by the author(s).

to transform samples from a source distribution into sam-
ples following a target distribution, thus realizing generative
modeling (Lipman et al., 2023). The probability distribution
the samples follow during the flow is called the probability
path. By designing the probability path in a large design
space, flow matching has shown improved generative model-
ing fidelity as well as higher sampling efficiency in a variety
of generative modeling tasks including image generation
(Lipman et al., 2023), decision-making (Zheng et al., 2023),
audio generation, and molecular structure design (Gat et al.,
2024; Chen & Lipman, 2024; Ben-Hamu et al., 2024). Flow
matching substantially extends diffusion models (Ho et al.,
2020; Song et al., 2021). Most diffusion models leverage the
score matching process (Song & Ermon, 2019; Song et al.,
2020; 2021), inherently limiting them to using the Gaussian
distribution as the source distribution to construct a special
probability path. Meanwhile, flow matching can learn the
mapping between any source distribution and target distri-
butions (Lipman et al., 2023; 2024; Chen & Lipman, 2024;
Gat et al., 2024).

Guiding flow matching models refers to steering the gen-
erated samples toward desired properties, e.g., sampling
from a distribution weighted with some objective function
(Lu et al., 2023) or conditioned on class labels (Song et al.,
2021)'. It is vital in many generative modeling applications
(Song et al., 2023b; Zheng et al., 2023), but contrary to well-
studied guidance in diffusion models (Song et al., 2023b;
Chung et al., 2023; Dhariwal & Nichol, 2021; Song et al.,
2023a; Zheng et al., 2024; Lu et al., 2023; Dou & Song,
2024; Trippe et al., 2023), the guidance of flow matching
remains less investigated. Most existing guidance methods
only apply to a subset of flow matching that assumes the
source distribution to be Gaussian and the probability path
to have a certain simple form (Lipman et al., 2024; Zheng
et al., 2023; Pokle et al., 2024; Zhang et al., 2025; Kollovieh
et al., 2025). In these cases, it is allowed to simplify the
guidance of flow matching to be essentially the same as dif-
fusion model guidance, but flow matching’s power of gener-
ating more flexible probability paths than diffusion models
(Tong et al., 2024; Chen & Lipman, 2024; Gat et al., 2024)
is restricted. There have been other controlled generation
methods for flow matching, with a notable stream following
the paradigm of optimizing some objective functions via

"Mathematically, they are essentially equivalent (Section 3.1).
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differentiating through the sampling process (Ben-Hamu
et al., 2024; Liu et al., 2023b; Wang et al., 2025). However,
their goal differs from our guidance of weighting the gener-
ated distribution. Therefore, the guidance for flow-matching
models remains unrevealed in the rest of the ample design
space.

To fill this gap, in this work, we start from a similar assump-
tion as diffusion guidance and propose a general framework
of flow matching guidance. From the perspective of this
framework, we propose Monte Carlo-based training-free
asymptotically exact guidance for flow matching. We also
propose different training losses for exact training-based
guidance, one of which covers existing losses as special
cases (Lu et al., 2023; Zhang et al., 2025). For approximate
guidance methods, we can theoretically derive from our
framework many famous guidance methods that have ap-
peared in the literature, including DPS (Chung et al., 2023),
IIGDM (Song et al., 2023a), LGD (Song et al., 2023b), as
well as their flow-matching extensions that are theoretically
justified for general flow matching models. We demonstrate
the effectiveness of our proposed method in both synthetic
datasets and decision-making (offline RL) benchmarks. Fur-
thermore, more extensive experiments are conducted on
image inverse problems to provide an empirical comparison
of different types of guidance methods for a guideline of
choosing different methods.

We summarize our contributions as follows: (1) We propose
a theoretically justified unified framework to construct guid-
ance for general flow matching, i.e., with arbitrary source
distribution, coupling, and conditional paths. (2) The frame-
work inspires us to propose a family of new guidance meth-
ods, including Monte Carlo sampling-based asymptotically
exact guidance and training-based exact guidance for flow
matching. (3) The framework can exactly cover multiple
classical guidance methods in flow matching and diffusion
models. Contrary to previous derivations relying on the flow
to have a Gaussian source distribution, our derivation pro-
vides theoretical justification of these methods for general
flow matching. (4) Empirical comparisons between guid-
ance methods are conducted in different tasks, providing
insights into choosing appropriate guidance methods for
different generative modeling tasks.

2. Background

Let R? denote the data space where the data samples z; €
R9. Here the subscript ¢ € [0, 1] denotes inference time
such that p; (1) is a target distribution we want to generate,
and po(zg) is a base distribution that is easy to sample
from. Flow-based generative models (Lipman et al., 2023;
2024) define a vector field v;(z;) : [0,1] x R? — R4
that generates a probability path p;(z;) : [0,1] x RY —
R+ connecting the tractable base distribution pg(x) and

the target distribution p;(x1). By first sampling xo from
po(xo) and then solving the ordinary differential equation
(ODE) %xt = v(x;), one can generate clean samples
21 = ¢|4=1 that follow the target distribution p (21).

An efficient way to learn the vector field v;(-) by a model
vg (-, t) is to use flow matching (Lipman et al., 2023; 2024,
Tong et al., 2024). It works by first finding a conditional
vector field vy (z¢]2) that generates a conditional probabil-
ity path p;(7¢|2), where z denotes sample pairs (g, z1) °.
The pairs (couplings) follow the probability distribution of
p(2) = m(x, 7). We use (o, z1) and z interchangeably
throughout the paper.

It has been proved that the marginal vector field

wlee) = [ s (alo)plelende

_ pelze|2)p(2)
B p(w)

probability path p;(z) = [ pi(x:]2)p(2)dz (Lipman et al.,
2023). Thus, one only needs to fit the marginal vector field

vi(w¢) = [ g5 (2| 2)pe(2]@e)dz using a model vg (w4, t).

where p(z|z) , will generate the marginal

It is intuitive to construct the loss

Etnd(0,1),00~p(ae) [100 (20, ) = ve(22) 3],
——
intractable
which is, unfortunately, intractable. To cope with this prob-
lem, an equivalent conditional flow matching loss has been
proposed (Lipman et al., 2023; Tong et al., 2024):

Bt 24(0,1),2~p(2),20 ~p(e]2) [Hve(l‘t,t) - Ut|z(xt|z)||ﬂ ;

which is tractable and can be used to train vg.

3. Guidance Vector Fields

This section is organized as follows: Section 3.1 proposes
the general flow matching guidance framework. In Section
3.2, we derive a new guidance method g™ based on Monte
Carlo estimation, which is asymptotically exact. In Section
3.3, we derive a guidance gi°* proportional to the gradient
of the energy function J by approximating g; with Taylor
expansion. Then, we introduce the affine path assumption
(Assumption 3.2) to obtain a tractable g° = g}, and
show that under the stronger uncoupled affine Gaussian
path assumption (Assumption 3.3), ¢'°¥ covers classical
diffusion guidance methods. Section 3.4 introduces an alter-
native approximation that p(z|x) is a Gaussian. Under this
approximation and the affine path assumption (Assumption
3.2), we derive a derivative-free guidance ¢*™MC, and a
specialized guidance of g*™* for inverse problems. Finally,

’The notation z can also represent x; alone (Lipman et al.,
2024). Our analysis is in the general setting where z = (zo, z1),
but for ease of interpretation, one may consider z as simply x1.

3We use 7 to denote the probability density of data couplings.
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Section 3.5 provides different training losses for training-
based exact guidance gy. Figure 1 visualizes the above
outline and the relations between these guidance methods.

3.1. General Guidance Vector Fields

Guided generative modeling aims to generate samples ac-
cording to specific requirements, and energy-guided sam-
pling is one of the primary approaches. Appendix A.l
shows that energy guidance is fundamentally equivalent
to conditional sampling or posterior sampling. Accord-
ingly, we use the notation of energy guidance throughout,
with the theoretical results directly extending to these tasks.
Given an energy function J : R? — R and a pre-trained
generative model for p(z), energy-guided samples follow
z~p'(z) = %px)e !, where Z = [ p(z)e~’@duxis
the normalizing constant. Samples with lower energy values
J are more likely to be generated. Thus, the problem of
guidance for flow-matching models becomes:

How can we alter the original vector field (VF) v; that gen-
erates p(x) such that the new VF v}*can generate samples
from the new distribution p' (z) = +p(z)e7(®)?

A natural choice that is commonly used in diffusion models
(Dhariwal & Nichol, 2021) is to add a guidance VF g;(z;) :
[0,1] x R — R? to the original VF v;(z;), such that the
new VF vj(z:) = gi(xt) + ve(ay) is a VF formed with
the same flow matching hyperparameters but generates the
new probability path arriving at the new distribution p’(x).
Therefore,

guler) = / oy el (2lar)de— / oups (w2l p(alee)dz,

where p(z|7;) = pit(i)’*(‘;))p(z) and p/(z|z;) = pi‘(?‘,‘(?g (z)

Recall that new VF v;(x;) has the conditional probability
path and conditional VF as that of the original VF, i.e.,
vy(z¢]2) = vi(xe|2) and p(z¢]2) = pe(a¢|z). Then, we
have the following theorem (proof in Appendix A.2).
Theorem 3.1. Adding the guidance VF g;(x;) to the origi-
nal VF vi(x¢) will form VF v} (z) that generates p,(x) =
[ pe(x4]2)p'(2)dz, as long as g(x) follows:

e dz, (1

gt(xt) _/<Pzt($t) - )Utz(xtz)p(zxt) z, (1)
where Zy(xy) = /PeiJ(Il)p(zut)dz, )
P = T @Iz o tho reverse coupling ratio, where 7' (xg|x1)

m(zolz1)
is the reverse data coupling for the new VF, i.e., the distri-

bution of xo given x1 sampled from the target distribution.

*The prime symbol ’ denotes probability distributions and vec-
tor fields corresponding to the new distribution p’ ().

In this paper, we consider the case where P is or can be
approximated as 1. P is exactly 1 when the coupling is
independent w(zo,z1) = p(zo)p(x1), which results in
7' (zo|z1) = 7(xo|z1) = P(20). P = 1 is also reasonable
in many practical flow matching methods with dependent
couplings, such as mini-batch optimal transport (OT) condi-
tional flow matching (Tong et al., 2024), which we elaborate
in Appendix A.3. However, there may be cases where the
VF of dependent couplings is significantly different from
that of independent couplings. In these cases, the impact of
‘P can be non-negligible, which we leave for future work.
Later, we will show this approximation allows us to cover
many existing guidance techniques for flow matching or
diffusion models.

Uncoupled affine Gaussian path flow matching, where
m(zo,21) = p(xo)p(z1), ve1(Te|21) = xy + Bewr, and
p(zo) = N(xo;p,X), is known to be equivalent to dif-
fusion models, with little difference in the noise sched-
ule (Zheng et al., 2023; Ma et al., 2024). In this case,
our general guidance for flow matching Eq. (1) can be
reduced to a commonly used guidance term in diffusion
models: g;(x1) x V, log Zi(x+) (proof in Appendix A.4).
Thus, most existing works that only consider uncoupled
affine Gaussian path flow matching essentially apply the
same guidance techniques for diffusion models (Dhariwal
& Nichol, 2021; Song et al., 2023b; Chung et al., 2023).

Next, we will explore more challenging scenarios of flow
matching guidance, which are substantially different from
diffusion guidance: either the coupling is dependent, or the
source distribution is non-Gaussian.

3.2. Monte Carlo Estimation, gM¢

To start with, we discuss the Monte Carlo (MC) method to
estimate the guidance g;(x;) in Eq. (1), which is asymptot-
ically exact while being training-free. The MC estimation
of the integrals in Eq. (1) and (2) requires sampling from
intractable p(z|z:), but they can be converted into:

gyc(ﬂﬁt)
—J(Il)
A e
= Efm,roNP(z) [( 7,

|z
where only p;(z;) remains intractable. We can use the same
MC samples to self-normalize the distribution p;(x|2), us-
ing pi(2:) = Eqgy zomp(z)[Pe(2¢|2)]. In the expressions
above, p:(2+]2) is usually designed to be a simple, known
distribution (Tong et al., 2024) and p(z) can be sampled ei-
ther using the learned generative model or from the training
distribution if accessible. The above method can be under-
stood as executing importance sampling to convert the ex-
pectation under the intractable distribution E...,(;|5,)[-] to

— v T¢|2 pt(mt‘Z)
Dol A2 )
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Figure 1: Overview of guidance methods in the paper. We start with a unified guidance expression and derive different
guidance methods, including training-free and training-based methods, and cover many classical diffusion guidances.

that under a tractable distribution E.,(.)[® ]Sf;‘j) (+)]. The

pseudocode for computing gM€(z;) can be found in Algo-
rithm 1, and a simplified version of gM® under the assump-
tion of independent coupling is provided in Appendix A.8.

It should be noted that this method is unbiased and appli-
cable to any source distribution. This enables the guidance
for flow matching with different source distributions such as
uniform (Chen & Lipman, 2024), Gaussian process (Andrae
et al., 2025), mixture of Gaussian (Hiranaka et al., 2025;
Papamakarios et al., 2017), and others (Mathieu & Nickel,
2020; Stimper et al., 2022). This method can also be applied
to flow matching with dependent couplings of z1, xg, e.g.,
optimal transport couplings (Tong et al., 2024) and rectified
flow (Liu et al., 2023a).

To our knowledge, gMC is the first to provide an asymptoti-
cally exact training-free estimation of the guidance VF for
flow matching whose source distribution is non-Gaussian.
However, due to the high variance of MC given a limited
number of samples, gM is more suitable for tasks where
the energy function J varies gently and the data is relatively
low-dimensional.

Since the efficiency of gMC is restricted by the high variance
in the MC estimation, it has an unsatisfactory performance
in high-dimensional generation tasks like image inverse
problems. To improve the scalability of gMC, there are many
techniques that can be readily applied. For example, we can
adopt importance sampling in Eq. (3) to reduce the variance

of the MC estimation:

gi\/IC-IS ($t)

Ap " [p(z)(e_m“)
= Loy zo~p(z) | =
p(z)" Z

— pt(xt|z>7] Tt|2
DB ).

p(z) _ z1 pr(we|2)
Zt(xt) = Exl,mo~;5(z) |: e J(z1)

p(2) pe(y)

where p(z) is an alternative distribution that can be sampled

from. To enhance the scalability of gMCTS, we need to select
e—J (1)

z
is large, p(2) iI;( ;150 large, and vice versa. This can be
achieved by sampling using another guided VF, such as
those to be proposed subsequently, which generates samples
close to (but not exactly) —+p(z1)e~”(®1). The probability
density ratio ggz; can be estimated using, for example, the
Hutchinson trace estimator to preserve scalability (Song
et al., 2021). It should be noted that this estimation is still
unbiased.’

a p such that has lower variance, i.e., when e~ (*1)

3.3. Localized p(z1|z)

Many practical guidance methods rely on approximations
(Song et al., 2023b; Pokle et al., 2024), so contrary to the
unbiased MC estimation of g;, we investigate approximate
(and thus biased) guidance methods in this subsection. We
start from an intuitive assumption that the probability mass
of p(x1|z) is centered around its mean. Following this,

MC-IS

>We leave empirical investigation into g to future work.
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it is natural to approximate the integrals in Eq. (1) with
the Taylor expansion that captures local behaviors around
the mean. Thus, Eq. (1) can be simplified and becomes
tractable.

First, we approximate the normalizing constant Z;(x) in
Eq. (2) as (Appendix A.9):

Zt(xt) = /p(z‘xt)e—c](ﬂfl)dz ~ e—J(i‘l) (4)

where 21 = Eq 2, ~p(z|2,)[T1]. Likewise, Eq. (1) can be
approximated as g;(x;) ~ gi°*, and:

gl () 2 —Eorp(zlzy) [(T1 — Z1)v1p(24]2)] Vi, J(21),

where 2 is defined as above. The approximation error
69|13 can be bounded: ||0g||2 < [Ano1d/e=7E)12(Cy +
C5) (Appendix A.9), where )\, is the maximum eigenvalue
of the Hessian of e"](z), o1 is the Lo norm of the covari-
ance matrix of the distribution p(z1|z;), d is the dimension-
ality of the data, and C', C5 are constants dependent on the
variance of the original conditional VF and the guided VF.

The error bound gives insights on the approximation quality
of glocd! (detailed discussion in Appendix A.9.):

¢ The error is small when .J is smooth, in which case
the Hessian of e~”(*) will approach zero. This cor-
responds to the mild guidance, where approximation-
based ¢'° works well.

¢ The error is small when o is small, i.e. the covariance
matrix ;1 has a small Frobenius norm. This is the
case when the flow time ¢ — 1 (and o; = 0), where x;
predicts z; well.

The gradient in gl is a natural outcome of the Taylor
expansion near the mean of p(x1|x;). gi°? is not only ap-
plicable to more general flow matching but also originates
differently from diffusion guidance (Dhariwal & Nichol,
2021) where the gradient naturally emerges from the score
function V, log p(x). Moreover, the error bound we pro-
vide here is more practical compared to those previously
proposed for diffusion guidance, e.g., the Jensen gap in dif-
fusion posterior sampling (DPS) (Chung et al., 2023), which
only bounds the error in E[e~7(*1)], but it is V, log Z; that
is the guidance VF, whose error is not bounded.

In order to obtain 21, we need the following assumption:

Assumption 3.2. The affine path assumption. We as-
sume the conditional probability path to be affine, i.e.,
Ty = aux1 + Brxg + o€, where € is a random noise and oy,
& are both sufficiently small.®

5This choice is a widely used one (Lipman et al., 2023; Tong
et al., 2024). With a small random noise ¢, x+ under conditional
VF flows is almost exactly from zq to ;1.

Note that this assumption does not prevent the samples from
having dependent coupling: 7 (xg|z1) # p(zo). Under As-
sumption 3.2, we can use the x;-parameterization (Lipman
et al., 2024) to express 21 with the VF v, that is learned by
the model vy (Appendix A.10):

B B

T~ — — — V4.

' B — Bra o B — Bran ' ®
With the commonly chosen schedule oy = ¢,8;, = 1 — ¢
(Lipman et al., 2023; Tong et al., 2024), &7 = x; + (1 —
t)v; coincides with the 1-step generated x; under the Euler
scheme. Also under this affine path assumption, gl can
be expressed with the covariance matrix of p(x1|x;), ¥q)s,
and the gradient V3, J(Z1) (proof in Appendix A.11):

cov A B — Broy
g 7@

schedule
Intuitively, the guidance is the gradient of estimated J pre-
conditioned with the covariance matrix of p(z|z). The pre-
conditioning squeezes the guidance vector into the p(z|z;)
manifold. Next, we discuss different ways to obtain this

covariance term, resulting in g°°V'A, g°°V'L, and gc""’G.

$11 Vi, I (#1).- (©6)

The simplest way is to approximate the covariance matrix
with a manually set schedule X, resulting in gi°**. This al-
lows us to tune the guidance’s schedule, a common practice
in diffusion model guidance (Song et al., 2023b;a).

V- A COV- A
g;o A _)‘t AleJ(xl),

where the original schedule in g;®" is already included in the
hyperparameter \$°“A. Since p(z1|z¢) is localized when
t — 1, a general guideline is to set A\{>* decaying. g
only assumes affine path (Assumption 3.2), and is thus
theoretically justified for mini-batch optimal transport con-
ditional flow matching (Tong et al., 2024) for which few
existing guidance methods have been proposed. Besides,
gsovA is efficient as its computation involves no extra num-
ber of function evaluations (NFE) than unguided sampling.

Alternatively, we can use Proposition 3.5 to train a model to
fit the actual covariance matrix of p(x1|z;) and acquire
gL, Note that this covariance matrix is determined
by the original distribution and is agnostic to the energy
function J. The original flow matching essentially learns
Eq, ~p(a1]z,)[1], but to achieve better approximate guided
generation, more detailed information of the distribution

p(z1|xt), its covariance, also needs to be learned.

The important special case where flow matching is a diffu-
sion model with a new schedule is formalized with:

Assumption 3.3. The uncoupled affine Gaussian path as-
sumption. In addition to Assumption 3.2, the source dis-
tribution p(zo) is a standard Gaussian and the coupling is
independent 7 (xg, 1) = p(xo)p(x1).
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We will demonstrate that under Assumption 3.3, gf°®¥ sim-

plifies into g¢®"¢ (Eq. (7)), which covers classical guid-
ance methods in diffusion models. Specifically, using the
second-order Tweedie’s formula, we can express the co-
variance matrix X%|; in Eq. (6) in terms of the Hessian of
the log-probability, V,, V, log p(z:) (Rozet et al., 2024;
Boys et al., 2023; Ye et al., 2024). Then, under Assumption
3.3, Vg, log p(x;) depends affinely on the VF v; in Eq. (5)
which depends affinely on ;. Therefore, the covariance ma-
trix 3 |; can be expressed with the derivative of the Jacobian
matrix % We refer to this relationship as the Jacobian
trick (proof in Appendix A.12):

Proposition 3.4. The Jacobian trick. Under Assumption
3.3, the inverse covariance matrix of p(x1|r:), Y|, de-
pends affinely on the Jacobian of the VF avt , and is propor-

tional to the Jacobian g‘; L:
BE vy P2 Od
Sip=———t (B + By t) P 9L
ay (G By — Pray) ot oy Oxy
Inserting back to Eq. (6), we have:
cov-G A cov -G

where \$V-6 = — Bra) /oy is the schedule.

— B (G By

g£°¥G covers classical diffusion model guidance includ-
ing loss-guided diffusion’ (LGD) (Song et al., 2023b) and
diffusion posterior sampling (DPS) (Chung et al., 2023).
In diffusion models, the guidance can be expressed as
Vi, 108 E,p(s)z,) [~/ @], and DPS approximates this by
neglecting the gap in the Jensen inequality (Chung et al.,
2023) to move the expectation into e” ("), and LGD approxi-
mates the expectation with a point estimation. Both methods
arrive at —V,, J(Z1), which is covered by our Eq. (7).

3.4. Gaussian Approximation of p(z|x;)

Instead of approximating guidance by expanding it near
its mean, we can alternatively approximate p(z|x;) with a
Gaussian distribution p(z|x) = N (z; pe (), (), and
get g; ~ gi™. To minimize the KL divergence between the
approximate distribution and the original distribution, we
need to choose i (x;) and X (2) to that of the actual distri-
bution p(z|x¢) (Rozet et al., 2024; Boys et al., 2023). Under
Assumption 3.2, £; can be estimated using Eq. (5), Z¢ can
be similarly estimated (Appendix A.10), and ¥;(x;) can be
either set as a hyperparameter as in g§®* or computed as
in g¢°¥C in uncoupled affine Gaussian path flow matching.

Now that if .J has an unknown expression, we can use Monte
Carlo (MC) sampling to estimate gi™ ~ ¢5™MC since we

"We refer to the simplest version of LGD-MC(n = 1) as LGD
here. LGD-MC with n > 1 will be covered in Section 3.4.

can sample from p(z|z;) which is a Gaussian distribution:

—J(z})

N
g:im-MC é Z (e _
Zy

%

— 1) vy (zelz'),  (8)

where Z;, = ~ ZN =7(=1) i an estimated normalizing
constant. This shares the spirit of LGD-MC (Song et al.,
2023b), which uses MC to estimate Z; and then computes
diffusion guidance V, log Z;.

In some guided generation tasks like inverse problems where
J is known analytically, we can derive analytical expres-
sions of g“m. For example, when the measurement in-
volves a known degradation operator H applied to = and
then adding Gaussian noise with scale o, to Hx, we have
J(x1) o %Hy Hz||3. Thus we can derive g}'™ under

the affine path assumption (Assumption 3.2), and propose a
practical approximation g;™ ™A (Appendix A.13):

Hzy),

N o 1
gimimh &y, (24 +HTH) HT (y - ©)

where \; and 7; are both hyperparameters. g5™i™* extends
IIGDM (Song et al., 2023a) to affine flow matching but
requires a further approximation gﬁl ~ I, which is accurate
whent — 1.

sim

In uncoupled affine Gaussian path (Assumption 3.3), ¢;
in our framework can exactly cover IIGDM and OT-ODE
(Song et al., 2023a; Pokle et al., 2024) (Appendix A.13).
Note that our g§i™ is theoretically justified for dependent
couplings, such as optimal transport conditional flow match-
ing (OT-CFM) (Tong et al., 2024).

3.5. Training-based Guidance g

Previously, we have discussed training-free guidance meth-
ods. In this subsection, we discuss how to train a neural
network g4 to fit guidance g;. To construct a tractable train-
ing loss, we extend the conditional loss in flow matching to
arbitrary conditional variables in the following proposition
(proof in Appendix A.5).

Proposition 3.5. Any marginal variable f(x;t) =
E.p, (z120) [ft]2 (%6, 2,1)], 2 = (w0, 21) has an intractable
marginal loss:

Et = Ewtwp(a:t) |:||f9(xtat) - Ezwpt(z\wg)[ft\z(xta Zat)”|§:|

whose gradient w.r.t. 0 is identical to that of the tractable
conditional loss:

[’t‘ - Eﬂﬁt,ZNP (wt,2 {Hfg Tt t
Guidance Matching. Based on proposition 3.5, We can
train g4 by first learning a surrogate model Zy, (z,t) ~
Zy, and then train g4 ~ g¢; with the following guidance

ft|z Lty 2



On the Guidance of Flow Matching

w/o g Ground Truth
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Figure 2: Results of the synthetic dataset with different source (blue) and target (red) distributions. We visualize the start/end
points and the flow trajectories. g™ and g, yield the best guidance across different settings while diffusion guidance fails.

matching (GM) losses.

L6 = Bentt(0,1) 2mop(2)aimp(ae ) oz + €3], (10)
o H ) el 1) wel |

= g :Et7t - -~ 7/ N v T2 )

¢ ’ Z¢Z,Sg(xt’t) e 2

2

; (11)

boz = HZ¢Z(:L“,5,t) — e~ J(@)
2

where sg denotes stopping the gradient in automatic differ-
entiation. We prove in Appendix A.7 that the minimizer of
Ly, 4 isindeed Zy4, = Z; and gy = g;.

In fact, there are other methods to learn Zy, . In the litera-
ture on diffusion models, Lu et al. (2023) proposed to use
contrastive learning to obtain Z;(z;) that can be extended to
include the general flow matching path (Appendix A.6). Al-
ternatively, Monte Carlo estimation can be applied to obtain
Z4, (Appendix A.6). As for learning g4, alternative to the

loss Eg’M in Eq. (11), there are other losses £YOM, (RGM and

(MRGM which, when substituted into Eq. (10), will produce

the same minimizer. We provide detailed analysis and proof
for all these losses in Appendix A.7. Notably, fMRGM that
we derive is identical to a newly proposed training-based
flow matching guidance loss in Zhang et al. (2025). For
uncoupled affine Gaussian path flow matching (Assumption
3.3), since the guidance is g;  V,, log Z;(z;) (Appendix
A.4), learning Z4, in Eq. (11) is adequate, and Lu et al.
(2023) also learns Zy,, .

These different training-based guidance opens the design
space of classifier-guidance (Dhariwal & Nichol, 2021) for
flow matching. For diffusion models, one only needs to train
a classifier on noisy input to produce the correct guidance,

whereas for general flow matching, one needs the training
loss proposed above to train a network to get the accurate
guidance.

In summary, we have proposed guidance matching methods
for training-based guidance in this subsection. We derive
different losses for learning Z; and ¢g;, which all provide
unbiased estimations of the gradient and can be utilized
without specific assumptions on flow matching.

4. Experiments

In the experiment, we benchmark different guidance meth-
ods for flow matching models in different tasks including
synthetic datasets, generative decision-making, and image
inverse problems. These tasks all fall into the category of
energy guidance (Janner et al., 2022; Lu et al., 2023) or
posterior sampling (Chung et al., 2023). With these ex-
periments, we aim to answer the following questions: (1)
Can the proposed learning-based exact guidance method g
learn the correct guidance VF g; for general (including non-
uncoupled affine Gaussian path) flow matching? (2) For the
asymptotically exact MC guidance method, can it produce
the correct guidance in non-Gaussian flow matching, and
is it exact assuming a sufficiently large sample budget? (3)
On the practical aspect, how do different types of guidance
methods (approximate/exact, training-free/training-based)
perform on more realistic tasks, and how do we choose the
appropriate flow matching guidance in different tasks?
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Table 1: Results of the D4RL Locomotion experiments. Entries with > 95% score of the best results per task (excluding
baselines) are highlighted in bold. The standard deviation is deferred to Appendix B.2 due to limited space.

Baselines OT-CFM CFM
BC Diffuser w/o g gcov—A gcnv—G gsim—MC {]MC 96 w/o g gcnv—A gcnv—G gsim—MC gMC 96
HalfCheetah ~ 55.2 88.9 619 648 732 78.1 864 702 464 634 685 83.5 87.7 815
Medium-Expert Hopper 525 103.3 952 101.8 1123 1123 1127 98.1 834 939 1133 88.5 1133 915
Walker2d ~ 107.5  106.9 79.1 973 1072 101.0 1072 913 657 1004 1069 107.0 107.1 102.3
HalfCheetah  42.6 42.8 347 422 429 43.1 431 434 418 43.6 433 43.8 438 438
Medium Hopper 529 74.3 63.3 75.1 89.8 76.2 79.8 797 732 79.1 82.7 82.1 88.0 85.2
Walker2d 75.3 79.6 724 827 813 834 83.0 806 722 80.7 825 81.9 819 729
HalfCheetah  36.6 377 256 317  36.1 36.8 40.0 355 222 334 393 379 40.6  39.1
Medium-Replay Hopper 18.1 93.6 40.1 577 741 60.9 88.6 553 551 63.0 693 61.0 809 635
Walker2d 26.0 70.6 312 625 825 64.4 88.1 524 283 649 766 58.9 709 703
Average 519 71.5 55.9 68.4 71.7 72.9 81.0 674 543 69.2 75.8 71.6 794 722
4.1. Synthetic Dataset of the learned generative model for the original distribution,

We first compare different guidance methods on 2-
dimensional synthetic datasets where the source distribu-
tions are different from Gaussian. The base flow matching
model is trained to learn the flow with source distributions
other than Gaussian. During inference, different guidance
methods are applied to perform guided sampling with dif-
ferent objective functions J for each dataset. All of the
source distributions are non-Gaussian, so traditional dif-
fusion guidance should not be applied. In Figure 2, we
compare the performance of gMC, g, an exact diffusion
guidance called contrastive energy guidance (CEG) pro-
posed by Lu et al. (2023), and approximate guidance g®'4,
g°Y, and g*™MC_ The original target distributions (w/o g;)
and the J-weighted distributions (ground truth) are shown in
the first and second columns. The details of the experiment
are provided in Appendix B.

It can be seen from Figure 2 that ¢M¢ and g4 generated
samples that almost exactly match the ground truth distri-
bution and the performance is consistent across different
datasets. Note that the generated samples maintain the cor-
rect data manifold instead of concentrating on some points
as gradient-based approximate guidance methods do. As has
been mentioned in Section 3, CEG is essentially V, log Z;
which is exact under the uncoupled affine Gaussian path as-
sumption 3.3. However, none of the flow matching paths
we have here are uncoupled affine Gaussian paths, so exact
diffusion guidance performs poorly compared to g4 and

gMC, showing a largely distorted generated distribution.

Also, we investigated the asymptotic exactness of gMC. To
quantitatively see the increasing guidance precision as the
sample size increases, we show the Wasserstein-2 distance
between the guided generation distribution and the ground
truth target distribution, estimated using 1000 samples. As
shown in Figure 4, the error decreases as the number of sam-
ples for computing gM® (N in Algorithm 1) increases from
5 to 104, and eventually approaches or surpasses the error

which can be seen as an approximate lower-bound of the
guided generation error.

4.2. Planning

We also conduct experiments on offline RL tasks where
generative models have been used as planners (Janner et al.,
2022; Chen & Lipman, 2024). The planning process is real-
ized through sampling from %p(zl)eR(zl) (Levine, 2018),
which aligns with the goal of our guidance by setting
J = —R, and R being the return. We report experiment
results on the Locomotion tasks in the D4RL dataset (Fu
et al., 2020), with experiment setting details and complete
results provided in Appendix B.2.

The average normalized scores across five seeded runs of
each guidance method are reported in Table 1 where score
= 100 corresponds to the scores of the expert. The conclu-
sions for CFM and OT-CFM are consistent: for gradient-
based methods, g°°¥-C is generally better than ¢°* with an
average increase in score of 8.0. ¢®™MC has a performance
between g and ¢°°*"C. The improved performance of
g°"S comes at a higher computation cost of differentiation
through the VF model, though. The MC-based guidance,
although being gradient-free, outperforms the second-best
method ¢°®"C by 3.5 on average and is the best method
in 7 out of 9 tasks. For g4, we report the result of the
best losses ¢, but their performance is still relatively weak,
falling behind the best by 10.4 on average. We attribute this
to the unstable joint training of two networks and provide
the complete results in Appendix B.2.

To investigate the effectiveness of gMC, we collect an ensem-
ble of plans that are generated under guidance, compute the
critic-predicted objective function value (estimated return
R), and then plot the density distribution of the estimated
return R. An ideal guidance will result in the R distribution
to be p(R)e’® where p(R) is the distribution generated with-
out guidance (Appendix B.2). As can be seen from Figure 3,
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Table 2: Image inverse problem results on CelebA-HQ. The best and runner-up results are highlighted in bold and underlined.

Inpainting-Center, o, = 0.05

Super-Resolution x4, o, = 0.05

Gaussian Deblurring, o,, = 0.05

FID| LPIPS| PSNR{ SSIM{ FID| LPIPS| PSNR{t SSIM+ FID| LPIPS| PSNR{ SSIM+

cv-A 7330 01904 2570  0.8432 2606 03016 2664 07292 1434 02968 2446  0.6982

gimA 1067 01716 2542 0.8681 3178 03717 2388  0.6072 11.83 02837 2454  0.7109

OT.CFM ¢*C 1843 02390 2696 0.8125 1542 02533 2740 0.7783 17.04 02873 2496  0.7196
IIGDM 1256 0.1717  27.74 0.8723 9.828 0.2322 2724 07891 1295 0.2226 2843  0.7952

gMe 2275 05589  8.67 03484 2292 05596 859 03468 22.82 05596  8.64  0.3469

cvA 7678 01920 2595  0.8414 3176 03770 2279 05899 1609 03052 2421  0.6825

gimA 1154 01785  28.00  0.8686 33.02 03749 2375  0.6015 1337 02947 2434  0.6926

CFM  ¢®C 1965 02377  27.03 08140 13.89 02461  27.15 0.7864 16.89 02908  24.84  0.7112
[IGDM 1527 0.1753 2548  0.8700 10.52 02435 2696  0.7755 12.60 02244 2827  0.7893

gMCe 2637 05615 906 03495 2675 05492  10.05 03689 26.84 0.5494  10.04  0.3684

the samples generated with g™ have a density distribution
that best matches the ground-truth target distribution.

4.3. Image Inverse Problems

We conduct experiments on the image inverse problems on
the CelebA-HQ (256x256) dataset to reflect the guidance
performances on higher dimensional generative tasks. We
consider three different types of noised inverse problems:
box inpainting, super-resolution, and Gaussian deburring,
and compute the metrics FID, LPIPS, PSNR, and SSIM on
3000 samples from the test set. The details of the settings
and result visualizations are included in Appendix B.3.

o
o
=

4
o
@

53

zs

g E 0.04 m= 1p(R)eRx)
el P(R)

28 0.03 v

=® g

Q9 cov-G
35 0.02 g

0 cov—A

& g

4
o
=

o
o
S

200 220 240 260 280 300 320
Estimated R

Figure 3: R distribution of generated trajectories in Loco-
motion. gMC matches the target gray dashed line well.

The results demonstrate that IIGDM is generally better on
all tasks, being the best in 8 out of 12 metrics. ¢ has
a similar but slightly worse performance than IIGDM, be-
ing the best or the runner-up in all 4 metrics of the super-
resolution task if ranking the results of CFM and OT-CFM
separately and 3 out of 4 metrics in the deblurring task.
¢*™A that does not involve the Jacobian shows remarkable
performance in inpainting and deblurring, with a lower FID
score than IIGDM by 1.5 on average, and LPIPS, PSNR,
and SSIM within 3% relative difference compared to the
best or the runner-up method in 5 out of 6 metrics, especially
when considering the efficiency of ¢g*™* that no backprop-

agation through the model is needed. ¢°* is the worst
excluding g™, being the second worst or the worst in 11
out of 12 metrics and ranking CFM and OT-CFM separately.
It should be noted that gM® performs poorly here, as .J in
the inverse problem is highly complex, thus requiring an
infeasibly large sample budget to compute accurate gM¢. A
more detailed explanation is deferred to Appendix B.3.

5. Limitations and Future Works

The major limitation of our work lies in the assumption that
‘P ~ 1. When the coupling is strong, the guidance VF no
longer has the correct direction. In future works, we plan
to address this problem by estimating P, which enables
guidance for flow matching models with exact coupling.

In addition, we plan to improve the specific guidance meth-
ods. For example, ¢gMC suffers from the low sample effi-
ciency on high-dimensional datasets. Thus, it is worthwhile
to comprehensively investigate and improve the effective-
ness of M5 or to explore other techniques (such as the

control variable method) to further lower the variance.

Besides, guided VF vj(x;) can be chosen to have differ-
ent properties, such as the straightness of the VF. In this
way, there may be add-on VFs that facilitate the sampling
efficiency, which we also leave for future work.

6. Conclusion

In this work, we have proposed the first framework for
general flow matching guidance, from which new MC-based
guidance ¢gM€, many approximate guidance, and learned
guidance g, are derived, all of them verified by experiments.
Many classical guidance methods have been covered as
special cases, and we provided a theoretical derivation for
each guidance method. We believe this work will facilitate
the application of flow matching by opening novel design
spaces of its guidance methods.
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A. Complete Theoretical Derivations and Proofs

Here, we provide the theoretical analysis that is deferred from the main text, including the following subsections: Appendix
A.1 includes proof of how energy-guided sampling from p(x)e~”(®) /Z is equivalent to conditional sampling from p(z|y).
Appendix A.2 proves Theorem 3.1 by showing g; + v; is equal to v; which generates the correctly guided probability path.
Appendix A.4 Proof of that under uncoupled affine Gaussian paths, our general guidance g; is equivalent to the diffusion
guidance V, log Z;. Appendix A.5 is proof of Proposition 3.5. Appendix A.6 discusses other ways to obtain Z;, including
using contrastive learning and Monte Carlo estimation. In appendix A.7, we propose three other training losses ¢V ¢M
(RGM “and (MEGM for g, and prove that the losses will produce the correct gradient. Appendix A.8 includes a more
detailed explanation of gM® and a variant of it under uncoupled paths. Appendix A.9 derives ¢'°* and proves its error
bound. Appendix A.10 shows how to estimate 7 using x; and vg(z¢, t) under the affine path assumption. Appendix A.11
proves that ¢! becomes ¢ under affine paths. Appendix A.12 includes the proof of the Jacobian trick (Proposition
A.12). Appendix A.13 includes a proof of g§™i" for the image inverse problem, how to derive g*“™™-A and how to recover
IIGDM under the uncoupled affine Gaussian path assumption.

A.1. Energy Guided Sampling as Posterior Sampling
There exists a J(z) such that sampling from Lp(z)e™’(*) is equivalent to sampling from p(z[y).

Simply take J = — log p(y|x). Plug it in to get

rylz)

1 _J p(x)elng(ylx) p(x)el‘)g ()

ZP@e ) = e = T, e~ = Py (12)
p(m)e €L fp(gj)e 8 o) dx

This theorem can be interpreted as, when you have a classifier p(y|x) and an energy guidance algorithm, you can directly
use this algorithm to perform conditional generation from p(y|x) by setting the energy J(z) = p(y|x).

Similar approaches have been used in probability inference, reinforcement learning (Levine, 2018), and Diffuser (Janner
et al., 2022) uses this to convert return-conditioned sampling into energy-guided sampling.
A.2. General Guidance

We prove Theorem 3.1 here.

Theorem A.1. Adding the guidance VF gi(x:) to the original VF vi(xy) will form VF vi(x,) that generates p;(z;) =
[ pe(xe]2)p'(2)dz, as long as gi(x+) follows:

—J(z1)
o) = [ (Py 1) vieCorlohGlan)a (13)
where Z(x,) = /Pe*‘](“)p(zwt)dz, (14)

!
P=ZI ((;(?”;11)) is the reverse coupling ratio, where ' (xq|x1) is the reverse data coupling for the new VE, i.e., the distribution

of xg given x1 sampled from the target distribution.

Proof. We can subtract v () from v} () to construct g;(z):

(o) = vi(e) - | (de (1)

vj () generates py () = [ po(wel2)p/ (2)dz if

TR Zpt(fvtIZ)p’(Z) .
vt(xt)—/ ¢z (4] )7]0,(%) dz, (16)

where p'(z) = 7'(zo|z1)£p(z1)e” /@), which follows from conditional flow matching, i.e., a VF marginalizing a
conditional VF will generate the corresponding marginal probability path (Lipman et al., 2023; Tong et al., 2024). Then, we

13



On the Guidance of Flow Matching

have a possible form of g;(x¢)

Pt (z4]2)p'(2) _ pe(ze]2)p(2) P
7= [ sl 00 iz
/v 21]2) Pt (e )7 (wolz1) gp(ar)e” ) _ pt(xt\z)p(z))dz
t|z 1 pi(xe) pe(2e)
pe(@|2)p(z) ze™ "D py(ai|2)p(2)
/Utlz (2l2)(P(2) pi(xt) pe(2e) )z
— [ (ol Z'(?f)’(z) (Ple) e eI B~ 1) a7
where p(z;) = [ p(xy, 2)dz, p'(x) = [ D' (24, 2)dz, and P(z) = % Since
p(xy) :/ (x4, 2)dz = p(x t)/p(z|zt)dz (18)

and
P (x1) :/p/(xt,z)dz:/p’(xt|z)p/(z)dz
:/P(T/t\Z)W/(T/o\Sﬂl)%p(xl)e*"(ml)dz
= [ PEwalaw )Ze_‘](“)dz
/77 p(xy, 2)=e @) dz

Plugging Eq. (18) and Eq. (19) into Eq. (17), we get

(o) = [ o) P E o) 2ot BT g,

pe(ae) P ()
— [ (e Zpt($t|2’)p(2) P (CY) Mfﬂﬂ%)dz _ >
[ ol PEEEE () TPl e T 1d
o pt(xf|z)p(z) —J(xz1
= / iz (w]2) =S (PR s m Jo Tz [ plelendz -vya:
T
o (P @RRE) P
_/ t|Z( t| ) pe(z) (Ezwp(z\a:,,)[tp(z)ei‘](wl)] 1)d : (20)

Finally, denote Z; = K. (22, le ™7 (#1)] to complete the proof.

Remark. The theorem states that v; = ¢; + v; not only generates the desired terminal distribution %p(zl)e"] (#1) at
time ¢ = 1, but also generates a probability path p}(z;) that is similar to the original one. Specifically, their “noising
process” p(z¢|z1), and the conditional vector fields v (x| ), and the reverse coupling p(xg|z1) are the same. These are all
hyperparameters of flow matching, as one can choose an arbitrary conditional vector field satisfying boundary conditions
and the conditional vector field uniquely determines the conditional probability path; the reverse coupling, given target
(dataset) distribution p(1) or +p(z1)e™” @), composes the data coupling p(zo, z1) = p(z) for flow matching training.

It should be noted that the g; and v} we construct here is only one of infinitely many (Lipman et al., 2023) possible vector
fields to generate % p(z)e~7(#1) at t = 1. It remains an interesting question whether there exists better v} that, for example,
simplifies g; or improves the vector field by straightening the flow.

14
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Flow time  0.05 0.25 0.5 0.75 0.95
Relative L2 0.0382 £ 0.0076  0.0297 £ 0.0043 0.0271 £0.0032 0.0312 £ 0.0033  0.0717 = 0.0096

Table 3: The relative L2 of the difference between the VF of OT-CFM and CFM at different time steps on the sampling
trajectory.

A.3. The P = 1 Approximation

From the empirical perspective, we found that P = 1 is a valid choice for dependent couplings in realistic datasets. As we
show in Table 3, the VF of the OT-CFM (batch size 128) in and uncoupled CFM trained on CelebA 256 x256 have small
relative error at all flow time steps, so their ideal guidance VFs are approximately the same, validating our approximation of
pP=1.

Next, we give a more intuitive understanding of the approximation. Our framework allows us to choose any 7' (xg|z1) (and
hence P) as long as the source distribution is consistent: p(z) = [ 7/(zo|z1) £ p(z1)e? ) dz;. In other words, the error
induced by setting P = 1 can be characterized by the deviation in either the source distribution or the vector field. In the
former case, the guidance VF is essentially considered exact, which implies 7/ (xg|21) = 7(2o|z1). Therefore, the error is
induced by the fact that we should have sampled from [ 7r’(1:0|x1)%p(xl)e_‘](xl)dxl, rather than the original p(zo). In
the latter case, we actually assumed the source distribution to be unchanged, i.e., we need 7' (zo|z1) = p(zo) to make the

source distributions compatible automatically. In this case, the error is caused by approximating P = W&E:\?I) with 1.

We now discuss the practical effect of the approximation, i.e., when it is a good approximation and when it is not.

In the case of strongly dependent couplings, P ~ 1 still holds as long as J varies slowly. This is demonstrated by the small
deviation in the error of the source distribution (assuming 7/(zg|x1) = m(2zo|z1)) as we discussed above. If J is always
near its average value, the new source distribution [ 7(zq|z1)£p(z1)e7 @) dz is almost [ 7(zo|z1)p(z1)dz1 = p(zo)
that is the original source.

Nevertheless, when both the coupling is strong and J varies intensively, a more complicated treatment is required for exact
guidance. For example, we can try to sample from the new source distribution [ m(zq|z1)5p(z1)e” (1) dz,. Although
one may argue that this may be equally difficult as sampling from the target distribution % p(z1)e~7 (1) exactly, it may be
learned more easily as the target distribution is potentially smoothed after being convolved with the “kernel” 7 (zo|z1). We
leave this more detailed treatment of P to future work.

A 4. Uncoupled Affine Gaussian Guidance

Here we prove that V, log Z;(x;) is proportional to the guidance g; in Eq. (1). Note that the term V, log Z;(z;) is widely
used as guidance in the diffusion model literature (Dhariwal & Nichol, 2021; Ho & Salimans, 2022; Song et al., 2021;
2023b;a; Janner et al., 2022; Ajay et al., 2023). Therefore, we prove that our general flow matching guidance exactly
covers the original diffusion guidance under the affine Gaussian path assumption, i.e., when flow matching falls back to the
diffusion model. Our proof here also elucidates how the gradient V,, emerges from the original expression of the general
guidance for flow matching in Eq. (1) where there is no apparent gradient.

We restate Eq. (1) here:

e~ (1) (x| 2)p(z
a(z)) = /(m _ 1)vtz(xt|z)p(m£(>dz 21
Zitw) = [ 6J<m>pt(zl(22;<2>dz 22)

Assuming the flow matching to be of uncoupled affine path, we have

Ty = 04T + T, (23)
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where o, and oy are schedulers satisfying boundary conditions og = a3 = 1, 01 = a9 = 0. Thus,

Vg2 (2¢]2) = Fyx0 + dyay

O 1. .
= — x4+ —(Groy — Oray) 21 (24)
Ot Ot
~—~ —_— ——
at by

where f; == % denotes derivative to time ¢, and we define a; := % by = %(dtat — gray).

First, we demonstrate a useful technique for the proof later. Inserting Eq. (24) into g;(x;) in Eq. (21) and we have

—J(z1)
gt(2e) = /(e Z, D(arzs + btxl)Wdz. (25)

Since Z; = Ezwp(z‘zt)[e_‘](xl)],

—J(@1)
/(6 _ l)atxtpt($t|z)p(z)
Zy jaen)
That is to say, x; inside the integral of Eq. (26) will integrate to zero, and we can freely remove or add it to construct desired
terms.

dz = 0. (26)

Recall the assumption of uncoupled Gaussian path, i.e. p(zo,z1) = p(xo)p(z1), p(xo) = N (x0; 0, I). We can utilize the
important fact that the conditional probability path for affine Gaussian path flows satisfies x; ~ N (z4; ayz1, 021), which
allows us to connect the conditional score to

Ty — Oy

Vo, logp(zi|z1) = ———F5—. (27)
O
Using Eq. (26) and Eq. (27), Eq. (25) can be further converted to
e~ /(1) b T¢|x T
gi(y) = /( — 1)(byar _lxt)wdxl (28)
Zy (e 7 pt(zt)
——
Eq. (26)
bio? / - pe(@i|z1)p(1)
=—" — 1)V, logp(zi|x)) ————=dzx
o ( Z, ) g p(xt|r1) pe(ze) 1
bio} [ e=J@1) pe(ze|21)p(z1)
= — -1 o 1 o L —_——"d
O (g 1) | e lomplan) + Ve logpla ) | LR g,
Bayes’ rule
b 2 —J(Il)
) /(e -1) \4 T +V., log p(x1]x:) Mdm (29)
(o7 Zt pt(xt)
Integrates to zero as in Eq. (26)
Loyt (o)
= — 1)V, log p(x1|zs) ———————=dx;. (30)
a: ( Zt ) gp( 1‘ t) pt(xt) 1
Notice in Eq. (30) that
/th logp(xl\xt)p—t(mt|x1)p(x1)dml
pt(xt)
— [ pwla) V., logplarfan) doy
Since fV log f=V f
Z/thp(xﬂxt)dxl
=V., [ p(ai|xs)dx,
=0. 3D
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Therefore

2 —J(z1)
o /(e Ve, 10gp(x1|xt)wdm
pe(ae)

2 e—J(:El)
= /m?t(mﬂxt)vm log p(x1|z:) dry

Using again fVlog f =V f

btUtQ 1 /
— _J(xl)
= — | e Ve, p(21 ]2 )day
Q' Zt(irt) !
th'tQ 1
= Ve e*‘](“)p(xl\xt)d:ﬂl
ar Zy(xt) '
Absorb e =7 (1) for it is independent of =1, and exchange with integral
bt0-t2 1
= 7V$t Zt(l't)
Qi Zt (l‘t) N——
Z’s definition in Eq. (1)
th'tQ
= th IOg Zt(l‘t). (32)
t

Another possible way to derive this is to first prove the vector field in affine Gaussian path flow matching to be affine to the
marginal score, and we direct interested readers to (Zheng et al., 2023).

Remark A.2. The above derivation opens the possibility of using diffusion guidance into affine Gaussian path flow matching,
i.e., by multiplying a scheduler — ”2’ = M to the diffusion classifier guidance. The most common scheduler for
flow matchingis o, =1 — ¢, = t (Lipman et al , 2023; Pokle et al., 2024; Zheng et al., 2023; Tong et al., 2024; Liu et al.,
2023a; Lipman et al., 2024). In this case, the guidance scheduler is (1 7 Y It should be noted that this scheduler explodes
near ¢t = 0, thus being unstable. The flow matching schedule o; and «; can be chosen as other ways to avoid this instability.
Remark A.3. Note that this guidance cannot be applied to coupled paths. Central to the proof is that in uncoupled affine
Gaussian paths, we can convert the conditional vector field to the conditional score. If we could do this in coupled
paths, we would require (1) p;(|z) is Gaussian N (x; i, 0¢I), such that V, log py(x4]2) o< @ — py. and (2) vy, =
e+ 61 (xy — pg) o< g, such that in Eq. (28) the conditional vector field can be converted to the conditional score. Therefore,
the following equation must hold for any x, xq, 1

fug + e (T — pug) o< g (33)
inside the integral of Eq. (28) where u; = &9 + n:x1. This equivalent to that
(& — 6u&e)zo + (il — Gum)s + ey o< Lo + Mt (34)
must hold for any x4, xo, x1 inside the integral of Eq. (28). According to Eq. (26), z; terms will integrate to zero, thus
nt(ét —0¢&) = & (e — aene) 35)

which cannot hold®: because of the boundary conditions g = 7; = 1 and &; = 19 = 0, 3t € (0,1), dl"g S dlog It Tt
can be observed that the reason why this guidance does not apply to coupled paths is that xg, 1, and x; are all 1ndependent
variables here, preventing us from canceling two of z( to avoid matching the schedulers’ ratio.

A.5. Proof of Proposition 3.5

We prove proposition 3.5 here.

Proposition A.4. Any marginal variable f(x;,t) = E..,, (2|2, [f1)2 (21, 2,1)], 2 = (20, 1) has an intractable marginal
loss

2
£ =Earnpion |[£o(@0:8) = Bunpyton fot: o 2013 (36)
whose gradient is identical to the tractable conditional loss
2
Et\z = Ewt,zmp(xt,z) |:Hf9(xta t) - ft|z(‘rt7 2, t) ||2:| . (37)

8Unless &; = 1 which falls back to the uncoupled case.
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Proof. Expand and take gradient w.r.t. Eq. (36) to get
VoLe = VoEor,mp(an) [I1fo(0,t) = Benpy et lF s 2,9 2]
= Eepepten) [Vo o, 0) = Burpoton e, 2 00|
= [ Vo) | faist) = B o F a2 D) d
AL (IIfa(wt,t)IF = 2{fofan,t), [ pt<z|mt>dzf<schz,t>>) dr,
= [ Vapehoptan) (Ifolan OIF = 2foler, ), e, 2,00) dad
= [ iCelen(e Vo (ol OIF = 2faler, 1), e, 2,0) dad

= Ez,1t~pt(2:|wt)p(1t) [VG |l fo(we,t) — f(xe, th)HQ]

= VG Ez,rtrvpt(ﬂmt)p(mt) |:||f0(xt7t) - f(‘rh Z7t)||2:| . (38)

Ly

Thus, the gradient of the marginal loss L, is identical to the gradient of the conditional loss L. .

A.6. Other Ways to Obtain 7,

Lu et al. (2023) proposed to use contrastive learning to train Z,. The proof already applies to any uncoupled path, and we
show that Z, does not depend on the coupling

Zt =Ey mpaon e O] = / e~ @ p(wolzy, 2)p(a |z ) droda, (39)

:/e_‘](wl)p(xﬂxt)dxl = Emlwp(ml‘mt)[e_‘](“)]. (40)

That is, instead of actually sampling from p(xg, x1 |z ), sampling from p(z1|z;) will result in the same Z;. In the case of
the coupled path, the marginalized distribution is identical to the uncoupled path case. Therefore, the contrastive learning
method can be readily applied to train Zy, .

Besides training-based Z , , we can also use Monte Carlo estimation to obtain Z;. Notice that by using importance sampling,

we have

p(z¢)
As long as p(x¢|xg, x1) is known (which is often the case (Lipman et al., 2023; Tong et al., 2024)), we can estimate Z; by
sampling N pairs of 2§, 2% from p(z¢, 1) and estimate

P _i p(ahailze) e "
t= )6 . 42)

N
A\ (g, oo

Zt = Eﬂcl"‘?(ﬂfoﬂclhﬁ,)[e_](ml)] = Eﬂcl"‘?’(ﬂfoﬂfl) |:

A similar technique is used in Section 3.2.

A.7. Guidance Matching Losses

Here, we prove that the loss in guidance matching is correct and show there are three other equivalent training losses
(VM gRGM yMRGM 'The expressions of different losses are summarized below, and their proof follows.

VF-added Guidance Matching (VGM) Loss. By utilizing the learned VF vy(z¢,t) into Eq. (11), we have

o—J (1) 2

™M = “g¢(xt, t) + vg (w4, t) (43)

)Ut\z($t|z)

Z¢Z759(l‘t7t 2
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Reweight Guidance Matching (RGM) Loss. (™ can be further shown equivalent to

e_‘](xl)

RGM 2
= — . 44
gd) Z¢Z7sg(1'tat) “g¢(xt’t) " Ue(xt7t) vt‘Z(mt‘Z)H2 9

This training loss steers g, to where e~7(#1) s larger by assigning a large loss to steer g; towards high e~/(#1) regions.

Marginalized Reweight Guidance Matching (MRGM) Loss. The above loss can be re-assigned a weight, which will
result in the same optimal g, (¢, ) as in Eq. (11). Specifically, by changing Z, .4(z+,t) to its expectation under p¢ (),
we have the following equivalent loss

eiJ(ml)
EI;[RGM =— lgg, (x4, t) + vo(ze,t) — vt|z(xt|z)\|§, (45)
where Z = Eg | wp(a)) [e=7(@1)], KI(XIRGM is identical to a newly proposed fine-tuning loss in Zhang et al. (2025). It can also

be derived via importance sampling in Eq. 10 and similar reweighting-based fine-tuning losses have been studied in the
literature of diffusion models (Fan et al., 2023).

(1) Guidance Matching Loss /™ By using proposition 3.5, the following conditional loss

LM = Eiii(0,1), 20p(2) w0~ 2) “g¢(xt,t) . (767‘]@1) = Dvgs(24]2) 2 (46)
D Zoy g1 ) 2
oM
has a gradient that is equivalent to the marginal loss
2
e—J(z1)
Ei14(0,1),20p(2)zemp(ail2) | ||96(Xt5 1) — Eonpizlzy) [(w - 1)Utz(It|Z)} : (47)
=9:(x1) 2

Therefore, using the loss L4, we can train g4 to matching g;. Recall that £ in Eq. (11) is identical to L4, and we proved
the validity of the guidance matching training.

(2) VF-added Guidance Matching Loss /Y™, By replacing the learned VF vy (x4, ) into Eq. (46), we show that

2
] ; (48)

2

e—J(@1)

£VGM _ —
¢ Z¢szg(ztat)

V)2 (w¢]2)

= ]EtNZ/[(O,l),sz(z),xtwp(xt\z) [H.&b (xb t) + Vg ((Ety t)

has a gradient equal to that of Ly in Eq. (46).
Expand Eq. (46) to get

—J(z1) 2
e
EgM = Ein14(0,1),2~p(2), 20 ~p(we]2) U’gzﬁ(%’ t) — (m - 1)Ut|z(33t|z) 2]
Z,S )
2 e~/ 2 2
=Et~u<o,1>,z~p(z>,x,,~p<xt\z)[IIg¢(xt,t)||2+l\z¢ e t)vt\z(xt|z)”2 + ||lvg2 (2 |2) |2
— Z 58 ’

dependent on ¢
7,](11) *J(ml)

e e
5 U T¢|2)) —2
Z¢Z’5g($t7t) t\z( t| )> <

dependent on ¢

—2(gg (x4, 1) )Ut|z($t|z)7vt|z($t\z)>—2<Ut\z($t|z)a9¢($tat)>]~ (49)

Z¢Z,Sg($t7 13

dependent on ¢
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After taking gradient w.r.t. ¢, only the terms

e_J(xl)

V¢Et~u(0’1),z~p(z),mt~p(wtIz) Hgtb($t>t)”§ - 2<g¢(xtat)a 7

67,59, 1) V2 (w4]2)) — 2(vy (2¢]2), g (e, 1)) | (50)

survive. Therefore, by assuming a perfectly learned vy (¢, t), i.e.,

rUO(mtvt) = Ezwp(z\mt) [vt\z(gjt|z)] ) (51)

we have

EtNU(O,l),ZNp(Z),l'ng(J}tIZ) [<vt|z('rt|z)7g¢($tat)>]
:EtNu(O,l),ZN[)(Zl‘Tt),xf,Np(:x{,) [<vt\z(xt|z)ag¢(xtvt)>]
:Eiwp(ﬂzt) [Etwl/{(o,l),zwp(z\mt),ztwp(zt) [<’Ut|z(xt|z)vg(b

£)]]
Nl

tat
=Ep(zloe) [Etntt(0.1),2imp(ae) [(Ezmp(zlan) [0z (2:]2)]; 96 (22, 1)) ]]
_EtNU(O 1),z~p(z|zt),ze~p(Tt) [<U0(xt7 ) g¢(‘rt7 )>] 3 (52)

(xta
=Esp(zlae) [Bintt(0,1),zomp(ee) [(Ezmp(zlzn) ez (22]2)], 96(x
go(

so by adding back terms that the gradient is agnostic to, we can see that the new loss E((;) in Eq. (48) is equivalent to Ly in
Eq. (46)

2

2‘|

— v E N N N , 2 - 2 ,t 2
SEtns(0,1),2~p(2) e ~p(ae|2) 196 (T2 1) |2 + HZ¢Z,Sg(xt,t)vt‘Z(xt|Z)H2 + [Jvo(xt,1)[3

) — 2
—_— v — _—
Z(bz,sg(xt,t) t‘z ¢ Z(bz,sg(xt)t)

e—J (1)

Z¢Z7Sg(‘xt7 t) -
—J(z1)

Vo Lo = VoEitd(0,1),:mp(2),0mp(e2) [H%(wut) —( D)vyz (4] 2)

Vanishes after V 4

—2(gs(4,1), vilz (@e]2), vy (] 2)) =2{va (e, 1), g9 (24,)) | (53)

Changed vy |, to vg using Eq. (52)

efJ(wl) 2
= VoEinti(0,1),2mp(2)@imp(a: Hg (@e,t) +vo(21,t) — ——————vy.(24]2)
it (0,1),2~p(2),z¢~p(ze|2) ¢ Z¢Z,sg(-rt7t) t|z )
.—VGM
= V¢£};GM. (54)
(3) Reweighted Guidance Matching Loss /R®M, Eq. Replacing /M in (46) with ¢VOM:
e 5 55
—— t t) — vy ,
T8+ (e, t) = v a2 55)

and the loss Eg’M becomes £}£GM, which are shown equivalent in the following.

—J(w1) . . .
€ Z,  from the three terms depended on ¢, and thus showing the resulting loss is
z

Starting from Eq. (49), we can extract
indeed /RCM Notice that because Ly, = IEZNP(ZM) [e*J(Z)],

efJ(z)
Ez~p(z|zt)[m

[, )] =[x, 0). (56)
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Thus, we have:

e_‘](xl)

LM =F,. (=) e 9oz, )3 +ll——
b t~U(0,1),z~p(2),z+ P(mt\z)[H (i’( )||2 H Z(ﬁz,sg(xtat)
dependent on ¢

) 2
— vy (z]2)) —
Z¢Z7Sy(xtvt) * !

dependent on ¢

vz (@] 2) |5 + [lvyg (2] 2) 13

—2(gs (21, 1), )vt|z(xt|2)7 vel2(w1]2)) =2{0y)2(24]2), 9o (w1, 1))]

Z¢>Z,3g($t,t

dependent on ¢

E 1 e OB+ 1oy (a3 + s (w212
= ~ z~op(2),me~p(xe |2 - 7.\ ',I:7t + || == (Tt|2 + ||vg 2 (Tt 2
t~U(0,1),2~vp(2),ze~vp(2t]2) Z¢Z(-Tt)g¢ t>U)ll2 Zoy 59T, 1) t|z\Tt|2) |2 t1z\Tt|2)]|2
(06 o)) — 2l v =) — 2 =), g e )]
-2 T, ), =V, (X4]2)) — 20—V, (T¢|2), Vy12 (T 2)) — 2=——— (V41 (T¢]|2), g (X2, T
Jokt Zpz,59(¢:1) te(e]2) Zyz,s9(@1, 1) bt ot Zyy (1) He\TeE), Gttt
67‘](‘/171) 9
= Etn4(0,1),2~p(2) 20 ~p (4 ]2) mll%(% t) +va(xt,t) — vy (4] 2)l3 (57)
— ¢RGM
= L3 (58)

Where we used the conclusion of Eq. (52), and inserted terms that vanish after V , to make (RM.

(3) Marginalized Reweighted Guidance Matching Loss /MRGM_ The above loss Eq. (55) can be re-assigned a

weight, which will result in the same optimal g4(z,t) as in Eq. (11). Specifically, by changing ﬁ to
7,59 (Zt,
1 _ 1
Erroro oy o@D — T0@nZag iz Ve have
e—J(z1) 9
Fe e oen )+ vl = vis(al)lB, (59)
We only need to prove that
/p(zt)Zt(xt)dxt = /ef‘](zl)p(z)dz. (60)
Recall that
Zuw) = [ pleloe (6
o)
/p(mt)Zt(xt)dxt = /p(:ct)/p(2|xt)e_‘](xl)dxtdz (62)
:/p(z)e_‘](”l)dz =Z. (63)
Eq. (45) can also be derived by applying importance sampling E, _ 1 ,.)c- 50 [[| - [13] = Ezp(z) [LZ(”)H . ||§} to the

flow matching objective of the new VF for the new target distribution p/(z;) = 4 p(z;)e™” (1),

Discussions The losses have the same expected gradient, but their performance may differ. Among the four losses, EI(\;RGM
is the only one that does not require the auxiliary model Z,,. However, éﬁGM assigns loss weight dependent on x;. The

weight is emphasized when the expectation of e ~/(*1) under p(x1|xy) is small. Compared to these two losses, Zg’M, EZGM

do not reweight the loss. The variance of ﬁgM will be smaller if J is smooth, while EZGM is better when v, is more complex.

A.8. Algorithm Details and Variants of ¢MC

The pseudocode for computing gMC is as follows.
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Algorithm 1 Monte Carlo estimation of the guidance g; ()

Require: Current ¢, x;, known p;(x¢|2).
1: Sample z; ~ p(2), where i = 1,2, ..., N // Recall z; = (2, 2))
2: pr(xe) < % ZLPt(It|Zz)
3: Ze(xy) % > e_J(xl)liptﬁ({ﬁ;Sj)

eI @)

: gé\/IC(xt) — % > Zo(ze) l)vt|2(xt|zi)p%(tgi;|j)i)

. return gM¢(x,)

~

W

Independent Couplings. Although we introduced the flow matching using the condition z = (x¢, x1), it can also be
chosen as z or 1 (Lipman et al., 2024). When we z := z;, Algorithm 1 can be readily adopted for the ¢ condition. This
way, the Monte Carlo estimation reduces the integration region dimensionality to half of the original one, thus becoming
more efficient.

In the case where z = (x, ;) and the data coupling is independent 7(zo|x1) = p(z¢), we show here that the MC
estimation can be simplified to the x;-conditioned case that is more efficient:

—J(z1)
MCon A e pt($t|x1>
1 f— E ~p(x 7 1 x R E 64
g0 (@) = By op(an) {( 7 ]z, (e|21) pe(z?) (64)
MC-z1 —J(an) Pel|21)
2,7 () =Eqzinp(a) l:e . l)pt(xt):| ' “

Obviously, as Z; = [ p(zo,z1|z)e @) dwodrr = [ p(wo|z1,xe)p(w1|zi)e™/ @V dzoday, integrating out o gives
Zy = ZiVIC'””. Therefore, to prove the above simplification, we only need to prove that:

e*](zl) e*.](ml)
Exo,w1~p(wo,ml\wt) |:( Zt — I)U(It|l'0;$1):| = Ezlfvp(zﬂzt) |:( Zt — 1)U($t|xl) . (66)

The proof is simply integrating out x¢:

e—J(Z'l)
/p(xo,x1|xt)( 7 — Dov(xt|zo, x1)dxodr

e—J(xl)
=//p(ffolxhxt)v(xtlxo,m)d:vo( 7 — Dp(a1|ze)dzs
t
=v(z¢|x1)
e—J(@1)
= [ oo - Dptanfeden. &
t

It should be noted that v(z¢|z1) is defined to be generally different from v(x¢|xg, z1), and to do MC estimation via
importance sampling, we need the forward probability path p(x;|x) to have a known density. The variance-reducing variant
of gMC is summarized in Algorithm 2.

Algorithm 2 Monte Carlo estimation of the guidance g;(x;)

Require: Current ¢, x;, known p;(x¢|x1).
1: Sample % ~ p(z1), where i = 1,2, ..., N
2 Ppel(ae) + 5 2 pelwe]at)
AR %Zie—J(l{)pt(fCt‘xi)

. p(xt) )
e @D pe(xely)

4: gt(-rt) A % Ez( Zi(zy) 1)Ut|2($t|xi) Pt (wt)
5: return g;(x;)
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A.9. Localized Approximation

local

To get g'°*, we presume p(z|z;) is localized, and we can use a point estimation to approximate Z;:

Zi(xy) = /p(z\xt)e_J(ml)dz ~ e (@) (68)

where &1 = E; 2, ~p(z|z,)[71], and then expanding g; to the first order

local e_J(ml)
gie(ws) = ge(24) " = Ezop(zlay) [(e_JW = Dy (w42)

e /@1 =V, J(3) (2 — &
~ Eop(zlz) [( ( e_xf,(i,(l)l)( L= ) D)y, (z¢|2)
= _EMNP(M\IO [(:El - aﬁl)vt|z(xt|z)] ngl J(i’l). (69)

To quantify the approximation error, we have

18911 = llge — g"II3
e—J(wl)
— ’ ]Ezwp(z\zt) |:(Zt(ajt) — 1)Utz(ﬁrt|2):|
e @1 =V, J(#1) (21 — #1)) 2
- Ez~p(z|xt) |:( e_‘lj(il) - 1)Ut|z(xt|z):| ,
e=I@)  eI@) (1 = Vg J(31) (21 — d1)) ?
= H]Esz(zxg) |:( Zt(-rt) - 8_‘1](i1) )vt|z(xtz):| ) (70)
where
Zt(xt) = Ezwp(z|:rt)[e_J(z1)]- (71)

We start by computing the error bound of approximating Z; with e~”(#1). Using Taylor expansion and the Taylor Remainder

Theorem ?,

2
TP 1 _ Nk
HZt(xt)_e J(£1) 2: EZNP(let)[Z EDl;e J(x)’zl:il(ml_xl)k]
k=2 2
2
1 T —J(x) .
S Benpelen |||5(@1 = 20" Vi Var e 7O ey (@ =20 | (72)
::hg‘]) 2

where ¢ € [0, 1].

If we set the L2 norm of the covariance matrix E, _,(,»,)[(z1 — £1)(21 — &1)"] as o1, and the eigenvalue with the largest

absolute value of max; ,, |h§J)| to be Ay, we can show that

R

, SEenpalen (21 = 21)Th{" (@1 — 1))

<E.p(afan (@1 — &1) T An (21 — 21)]

SME.palan [(21 — 21)T (21 — 81)]

<Aptrdigg

<Awoid, (73)

The notations here neglect the order of vector/matrix products, but this does not matter as all of them will be scaled using the triangle
inequality.
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where X1, is the covariance matrix of p(z1|x;), d is the dimensionality of x € R<. The last inequality follows from
trA = Z? A < nmax; \;, and the L2 norm of a matrix is its largest singular value, i.e., for the covariance matrix, that is
the largest eigenvalue.

Then,
[(e™/@) e T@)(1 -V, J(21) (21 — 2
09 = Eonp(zfar) ( - ( all(i()l)( : 1))> vtlZ]
Zy(xy) e 1
—J(z1) —J(z1) —J(z1) —J(21) 1 -V J(i A
_ ]EZNp(z\wt) GZ( _ e_J(i : +e_J(£ - & ( _ac}(x(ifl)(h 1)) vz | - (74)
t .Tt) e 1 e 1 e 1
Using the error bound of Z
Therefore,
||5 ||2< . Anoid E [e—J(.tl),U ] ?
9ll2 = Zy(xy)e—7 (1) #p(zlze) t=
eI @) _ e=I@) (1 = Vg, J(31) (21 — d1)) 2
+ ' Ez'\'p(z\act) |: e J(@1) Ut|z:| ,
Anoid . |7
= H - W]EZN[)(Z‘xt)[e ! 'Utlz] ,
=J@0)(1 - V;, J (3 — i Ry —e /@)1 -V, J(3 — i 2
Bt e (1 =V3,J(&1)(z1 — 31)) —&-7 2—¢ (1= Vg J(21) (21 xl))vt‘z 75)
e J(21) 9
By using the Taylor Remainder Theorem again, we have
1 . _ .
R2 = 5(3)1 - $1)T Vnge J(€) §:£1+t(w17i1)(x1 — 3:1). (76)
=h{"
Thus,
Ele™/®v(zy|2)] 1 ?
2 A \T 1. (J) A
H69H2 < ‘ )\hgldE[e—J(ll)] — (@) ) + Ez~p(z\wt) W(ajl — 1) hy (w1 — xl)vt\z ,
Ele=7 v (a, 2)] ’
S /\hald e — (%
‘ ]E[ J( 1)] J(&1) 9
_ . ; )
. . 2
| Exnp(eten) \Ze_ml) (21 = 20) 0" (@1 = 31) | | [Eampieten [0l 2113
Ele=7@u(z 2] ||° || Mnord | )
< ‘ >\h01d]E[ “Teje@n ||, 1| 2e-7@n 2E [lv(ze|2)]13] - (77)
Then we have
—J(z1) 2 2
2 Ele v(x¢]2)] Anoid 2
”69”2 < ‘ )‘hUIdE[ ,J(xl)}e,J(]E[Il]) ) 2e—J (Efz1]) 2E [Hv(xtlz)HQ]
2
Aord | _J(Il)v (z4]2)] 1 2
= —J(]E [z1]) ’ _J(wl) 2+ZE [H'U(xt‘z)”ﬂ ; (78)
| S S —

Ca
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where we omit z ~ p(z|a;) in E,p(s|z,)[-] and simplify the notation to E[-]. Therefore, the approximation error of g'* is

bounded by (A,01d)?(Cy + Cy) /e~ E#1])|, where )y, is the largest eigenvalue of h,EJ), the Hessian matrix of the objective
function e~ 7, oy is the L2 norm of the covariance matrix, d is the sample dimensionality, C'; is a constant that has to do
with the norm of the new VF, and (), is the variance of the original conditional VF. Some intuitions can be emphasized:

1. The error is small when .J is smooth, in which case the Hessian of e~ will approach zero. This corresponds to the
mild guidance, where approximation-based ¢'°?! works well.

2. The error is small when o is small, i.e. the covariance matrix >1; has a small Frobenius norm. This is the case when
the flow time ¢ — 1 (and oy = 0), where x; predicts x; well.

3. The magnitude of e~ (®l*1])| reflects how well how well the estimated generated sample E[x1] matches the objective .J
given the current x;. If E[x1] lies inside the region where J is small, i.e., E[z1] is a good sample, then the approximate
guidance will be more accurate as the optimization is conducted locally, and gradient can reflect the landscape well. If

J(E[z1]) is large, the gradient is almost randomly exploring the sample space, producing a larger approximation error.

4. The cases where C and C are small are not necessarily those where the guidance is of better accuracy. Because of the
small norm of the VF, the error in the guidance VF will likely cause a larger deviation due to increased relative error.

A.10. Estimation of %

Under the affine path assumption (Assumption 3.2), we can estimate the expectation of z; under the distribution p(z|x:).
This is a well-known trick (Lipman et al., 2024; Pokle et al., 2024), but our analysis includes the dependent coupling case.

Since the flow matching model learns

Vg (1, 1) = V(1) = Bomoplafar) [v(24]2)] (79)
using the affine path assumption (ry = ayx1 + Brxg + 0101€),
d . : .
v(we]2) = axt = (&1 + Brxo + Gee), (80)
) )
’Ut<.'17t) = EZNP(Z‘“) |:O'é.’L'1 + Btl‘o + el . 81)

Meanwhile, taking the expectation of x; under p(z|z;) yields

Ez~p(z|mt) [xt] =Tt = EZNp(z\zt) [Oétl'l + Brxo + O-tE]- (82)

because [ zp(z|w:)dz=1

Then, by using Eq. 81 and 82, we can eliminate either Zy or Z; in each other’s expression:

N Gy — vy () —Q01E + 0E
To =E,. : [xo]:_—.—l—IEN 2|z [} (83)
splEle) Btat - Btat FopEle) 57&0& - 57&0&
=P
. —Biwy + Brv () Biose — Bioie
1= Bop(efay [21] = I FEepeley | — | - (84)
Beby — Broy ﬁtat - ﬁtat
::Ct1

It should be noted that we have assumed that o, is small and thus ¢ and ¢} are also small in the affine path assumption
(Assumption 3.2):

—0y oy + 00y

0 — ————FE. zlen €
Ct Bedyy — Broyg Pzl t)[ ]

—0y oy + 00y /p($t|$07$1)77(170,$1)
Bebyy — Broyg p(z)

—0yot + o 1
— ﬂ;t ,6; ¢ /p(xt)ESNpE(E) [m(zo(zt, 21,€), x1)e] day. (85)
L — Drovy

€dl’0dl’1
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Since m(xo(xt, x1,€),21) 1is a probability distribution that is assumed to be bounded, we denote
max, |7 (zo(zs, x1,€), 21)|| < M(21, ), and thus
/7
p(xe)

Since everything in the integral is independent of ¢, zg, or o4, as oy — 0 ¢° simply converges to zero. A similar approach
can prove that lim,, 0,5, -0 C21 is also zero.

—0y 0y + 00y

Bedyy — Broyg

lim ¢/ < lim

o1—0,6:.—0 o¢t—0,06:.—0

2
N Eemp. o) lellaM (@1, 2) || day = 0. (86)
2

Next, we explain why we specifically care about the case where the small o; assumption holds. In independent coupling
flow matching, o is exactly zero since we can use two of x;, xg, and x; to express the third one. In dependent coupling
flow matching, this assumption also holds for famous methods such as optimal transport conditional flow matching or
Schrodinger Bridge conditional flow matching (Tong et al., 2024), where ¢ ~ A (0, ) and oy is set as a small constant.
Therefore, the assumption that oc is small in affine path assumption is general and applies to many existing flow matching
methods. Hence, by approximating ¢{ and ¢/ as zero, we have the final estimation of &

. Gy — apvg (e, t)
Zo

~ - - (87)
Brow — Bray
P e IO (88)
Bicy — Bray
where Eq. (88) is just Eq. (5). Note the approximations become exact under Assumption 3.3.
A.11. Proof of g***
Here, we prove that under the affine path assumption (Assumption 3.2), Eq. (6)
gloetl  geov — By — Bra 11 Vi, (1), (89)
B
schedule
where
92 = —Eep(alan) [(@1 — 81)01)¢(w4]2)] Vi, J(d1). (90)
Under the affine path z; = ayx1 + By + o€ the conditional vector field V1) follows
vip () = den + Bio + Gre. o1
Plugging this into the definition of ¢'°? and we get
92N = — Bopafen [(21 — 1) (dex1 + Brao + 61€)] Vs, J (31)
substitute o with x1, o€, and =
s B : )
= — Ezwp(z|rf,) [((El — xl)(atxl + Et(xt — Q1 — O'tE) + UtE)]VQlJ(IL'l)
t
. Biy — o3 . .
= Ez~p(z|xt) [(1‘1 - xl) <<ttﬂtt 1+ g7 + (Ut - Jt)g vle‘](‘ml)
t
cuB — Brox . . N .
= t/Bt 211V, J(#1) + (01 = 60)Barp(alay (21 — £1)€] Vs, J(#1), ©2)
=T, limat—m,ét—ﬂ) HTH%:O
where the x; term is canceled out because [ p(z|x)(x1 — Eopiauy [21])dz = [ p(2]@i)z1dz — Euop(ajay 1] = 0,

Sipt = Esmp(zfan) (w1 — £1) (21 — #1)], and the residual term that characterizes the approximation error (denoted as || Y[|3)
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in Eq. (6) (restated in Eq. (89)) is
T :(Jt - dt)Ezwp(sz) [(Il - f1)€]v’i1‘](i’1)

=(0y — 61)Va, J(d1) / P@2PE) b edayda

p(xt)
:(O’t — dt)V@I J(Cf?l) / p(Ut€)7TZ()-f;|t-§'1)p($1) (.Tl — Ii‘l)ait(xt — Q1 — Btl‘o)d.’L‘ld.’L‘o
p(z1)

=(oy — dt)VilJ(il)/ (1 — &1)dxq /p(crts)ﬁ(x0|x1)5dx0

S|

(x4
A

(z+)

]

1
=(o¢ — dt)vlej(fﬁl)/ (1 = 21)Ecnp, (o) {77 (/Bt(xt — a1 — 04€) | 551)6] dry, 93)

s

where p_(¢) is the marginal distribution of . Suppose ||7 (é(wt -y — 04€) | xl) I3 = || (20 | 1) |3 < M(1,2¢)
(which is a function independent of ¢, then

1713
. .12 p(z1) . 1 ?
<|[(o¢t = 6¢) Vs, J(@1)]5 - / (w1 — 21)Eep o) |7 | 5 (26 — 4y — 016) | 21 || dy
p(xt) Bt 2
. .2 p(1) A 2 1 2
<l(o = 60| Vo, J@0I3- [ |22 1 = 20| - |[Benp.o) |7 (5 (01— a1 = i) [ e | don
—_— p(xt) 2 Bt 2
' =Q <(ME.mp, o) [lll2]) S M2Var,,
<|(ov — 62)|G (1) / Q(w1, 70)) M2 (w1, ) Var,, das, (94)
all of which are independent on xzq or o;. Thus,
. 2
poim _ IITllz =0. (95)

A.12. The Jacobian Trick

We prove the Jacobian Trick here.

Proposition A.5. The Jacobian trick. Under Assumption 3.3, the inverse covariance matrix of p(x1|xt), ¥1y4, is affine to
the Jacobian of the VF %, and is proportional to the Jacobian %

Tt Tt
B : Qv BF 9

Sy =t 9ty _
1|t at(dtﬁt—ﬁtoét)( Bt + Be )

al’t ;t th '
Proof.

2 ~
To begin with, we prove X, = % g'—;i

to affine Gaussian path flow matching:

. A similar conclusion has been proved in Ye et al. (2024). We generalize their proof

Recall from Eq. (88) that

$1 = —- B Ty 4 — Be_ vy (96)
Gy By — Brag Gy By — Bray
and .
~ Qi (673
To = — Ty — - — Vs )
B — Broyg Gy B — Bray
So we have the Jacobian trick .
0z 0
X1 _ ﬂt + ﬂt Ut (xt) , (98)

Oy Gy By — Btat Gy By — Btat Oy
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and because the VF is associated with the score

ve(24) = Mvm log ps () + %xt. (99)
&7 o
Next, we try to prove
1 2
Vi, Ve, logpi(ve) = ——5 + %EH (100)
t t

which allows us to connect the derivative of the score V2 log p(x;)'’with the covariance matrix 3y ;.

V2 p(x
V2, log p(xy) _Vaplz) Va, log p(x4) Vg, log p(a)

p(iﬁt)

1

— o [ Vpwde) eV dogp(en) Vi, log (o)
p(xt) —_———
using V2p=pV2 log p+p(V log p)?
1

:p(x ) /P(Il)(p(hml)vit log p(w¢|71) +P(It|171)vzt logp(l’t|I1)th log p(x¢|r1))dxy
t

— Vg, logp(x:)Vy, log p(y)
=Ey, op(ar|z0) [V 2, log p(2i|21) + Vo, log p(z|21) Ve, log p(zi|z1)] — Vi, log p(24) Vs, log p(¢)

1 (xwlf B (m - atIEmp(xlxt)[zﬂf
87 57 57

=E

z1~p(T1|Te)

1 of T T
=— =5 + 21 (Elz121] — E[z1]E[z1]")
i B
1 a?
= 2+ 5T (101)
t t
Then by combining Eq. (99) and (100) we have
a/\ . . _ > .
ory _ : Bt ' ¥ - Bt . Bi(cu B ﬁtat)vrtvxt log pe () + oy
Oz QB — By By — Broy Qy Qy
. ) o ) ) )
= B . +- B ] B (B — Braw) (772 T O%leml) i a
QB — Pray Py — Broy Qy F B Q
Qi
= B—?lewl. (102)
Inserting back Eq. (88) and we prove
@2 : vy
Sip=— (Bt By ) (103)
| as (B — Bra) O
A.13. Proof for gjiminv
We begin with
im-in efJ(xl) _
i) = [ (S5 = 1) valonl2)itela (104)
t
where Z; = /e*J<m1>ﬁ(z\mt)dz, (105)

'We use V'V and V? interchangeably, with a little abuse of notation. It should not cause confusion since the size of the terms in the
equations must match.
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and approximate p(x1|z;) with N'(x1;£1, ;) where £1 = E.<p(z|z)[T1] and X is already known.

With Assumption 3.2 and assuming e~7 () = N'(Hzy;y, o,I), we have

7y = /e_J(“)ﬁ(zmt)dz
/e‘ﬁHy—HxlH%—%(z—z‘)TEZl(z—é)

dz (106)

where Z = (2, 1) is the expectation of z under p(z|z;). Note H operates on x; only, and we pad the blocks related to x
with zero in H.

Then, by inserting the Gaussian approximation

L ef‘](xl) . . B
g () / ( _ - 1> (1 + Brxo) p(z|zy) dz (107)
Zt ——
Gaussian
]. ]. 2 ]. AT ——1 A . -
= [ zexp|—55lly—Hails — 5(2 = 2)" 27 (2 — 2) ) (quwr + Biwo)dz — vy (). (108)
Z, 20y 2
=p(z|e)

Remark A.6. Note that ©2;! couples x and ;. This is a fundamental feature of dependent couplings (o, 21 ). However,
it may seem tempting to further assume that ¥, ! is diagonal or even a scalar. It should be noted that this assumption
completely discards the dependency of zy and x in the coupling, and thus, we try to avoid that in the dependent coupling
case.

For clarity, we need to express ¥, * with
DI (500 fm) . (109)

=10 =11

Then, the distribution exp (*% ly — Hzq|3 — 2z = 2)TE (2 - 2)) is still a Gaussian, and to estimate the expectation

of z = (xo, x1) we need to simply the probability density of this Guassian into a standard form.

- 1 1 N _ N
Zeelee) =ex (ol — Hanl = 5~ 975 - 2)
(o 2
1 1 _ 1 . req. 1A
=exp | —55 ([lyll> = 2y, Hz1) + |H1|3) — izTZt 1y — §zTEt 24 (2,5712)
O'y N——
since E;1=E;1T
1( ,(H'H __, HT 1. 1 2, Lorei,
=exp (—2 (z < p +3; z—2<z,o—§y—|—2t Z) + @Hyﬂ +§z DI , (110)
It is obvious that the mean of this Gaussian is
-1
HTH HT .
o= — 4+ 3" (2y+2tlz), (111)
Uy Uy
N————
=P
where we can find P’s blocks to be
Eoo Eo1
P <H _ HTH>. (112)
210 =11+ oz

Then, by computing p = (%0, :@1) we can compute gi™ " + ¢;, where 0,41 are the 2o and z; term in the integral of Eq.
(108), because o )
g v =B, [T + Bao]. (113)
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To simplify, insert back v; to get

iim—inv — Ezwﬁ(z\xt)[dtxl + B‘TO} - Ezwﬁ(zlwt)[dtxl + /BIO]
: 0 = = A
oz =10 =11 T
0 0 0 .
J— ' . 71 (EO
S e <<5Ty) " <O ‘H:%H> (9«“1))
3,1 6uI) P! 0 o
= T T R )
(5t Qi ) I;?y _ Hginl (114)

Usually, (8,1 ¢, I) P! is difficult to obtain:

HT HTH
7 ) , (115)

i S 1. 1
i = Gt + i) (= g
g g,
y y
where POEI and Pfll requires computing the inversion of P and thus in general intractable. Using block matrix inversion,
we have

T 1 T 1 T T
sim-inv __ H—m—1— e H ' H = =1z . — H'H T H H'H .
9i =| = BB Eo1(Z11 + — 210211 =01 + o =11 + — 210211 =01 —S Y- ——21 .
2 2 2 2
9y Ty Ty Ty

(116)

For general (possibly coupled) affine path flow matching, we can make approximations and set the blocks in ¥, ! to scalars.
It should be noted that this Gaussian assumption can still capture some coupling between zy and x; since the off-diagonal
blocks =y; and Z; are not set to zero. Specifically, we have

. o? -1
g;1m-mv—A — _)‘t(fg + HTH) HT (y — H.fjl), (117)
t

where )\; and r} are hyperparameters. \; approximates ¢y, — BtEﬁl Zo1, absorbing the flow schedule.
Special case: the non-coupled affine Gaussian path

Next, we prove that g;™ ™ covers IIGDM (Song et al., 2023a) and OT-ODE (Pokle et al., 2024) as special cases. Under the
uncoupled affine Gaussian path assumption (Assumption 3.3), one may think that the covariance matrix is block diagonal,
but it is false: o and x; are still dependent on each other in the distribution p(z|x:) = p(zo, x1|x+) even if the coupling
is independent. In the uncoupled case, the probability graph is xo — x; < 1, so although xy and x; are marginally
independent (7 (xg, 1) = p(zo)p(z1)), their conditional can be dependent p(xo, z1|x:) # p(xo|z)p(z1|x). Then, we
notice the uncoupled path is

ry = oy + Pio, (118)
so we actually should not have approximated the distribution p.|,, as a Gaussian in the uncoupled case. Fortunately, there is
a workaround to make x( almost entirely dependent on x;. We can set o = f%xl + éwt + &e, where € ~ N (0, I), and
setting £ — 0 gives our desired uncoupled path results. The covariance matrix of =y and z; to:

2

S = (sz e _%leﬁl) (119)

_aty N

Bt T1T1 Tr1T1

Note that E;llxl # E11 as 211 is a block in the inversion of the larger matrix ¥;. Next we compute 3, L.

&l -5
ot = 2 2 271 -1
_é%j (Ezlzl —a leazl (a E:L’l:rl +§ I)_ E361261)
=1 il
2 2
~( ¢ o 1) (120)
5?%2[ (Zwlml - Zwlzl (me + 07126 I) Ewlwl)
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where a = f%. Therefore, =11 — 00, =91 = Z1 =3 62 I — o0, and Z¢pg = 21 — o0. Thus, we need more detailed
calculations to get the result:

T —1 T —1
sim-inv-diffusion __ b -1z = H™ H = =1z . = H™H = =—1=
i = = Bt=11Z0 | B + 2~ E10= o +ai| 11 +—— — E1021; o1
N—— \ N~ v N—_———— ~~—~ Y N—_————

‘;ZI — 00 — 00 —00 —00
HT HTH .
Y Y

Obviously we want to find the finite term left in =11 — _wufll:m

lim = =11 — Hlo._. HOl
£—0 m

ﬁt

—1
. - 1=
=lim (Eﬂmm — Yoz Beya, + § I) w1w1> — 210211 =01

2
g

Bre?
-1
= lim <Zm1m1 (Emlzl BE {2 ) ((MJr B 52 ) — M)) -~ o?

ﬁ§§2
-] i ) )y + 71‘/52 -1
75 InO 5352 T171 T171 2

-1
=L (122)

ﬁt

—1
= lim (Ewlwl - Zﬂhﬂh (Zwlwl g I) lel) -

Now we have

. ' —1
gimim-diffusion. _ SuBe — Brow (o1 N HTH H" . HTH i
' B nre o2 o2 ol

(123)

This is essentially the same formulation as in IIGDM (Song et al., 2023a) and OT-ODE (Pokle et al., 2024). Next, we will
make some trivial conversions to cover the formulations exactly.

In diffusion paths (Assumption 3.4) we proved that aw‘ = Bé ¥1}¢ where Xy, is just what we denote ¥, ., here. Equiva-
lently, '

8xt Bt 1
Do oy (129

Thus,

. e 71
sim-inv-diffusion _M o 1 HTH H7T _ HTH N
9t - 171 2 5 Y 5 11
Bt 2 ol ol
_ By — B
B
_ &by — Bray B 01
Bt oy Oy

:ﬁt(dtﬂt — Bravy) <31‘1
t

s (02T + Sy H'H) ' HT (y — Hiy)

(02T + %, H'H) ' (H y — H" Hi)

o 0z ( 2I"_EMMHTH) ' (HTy_HTH£1)>

. . 7 T
_Bi(ufr — Brow) <(y — Hiy)" H (021 + Sy, HTH) ™ 8“) . (125)
o 896,5
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Now we make the same approximation in IIGDM that 3., = 721. Then by noticing that

(o2l +r{HH")H =H (001 +1;H" H)
H (2T +r2HTH) " = (2T +r?HH") ' H (126)

We exactly cover

. ; Lo T
gjim-in-TIGDM. _ Bt(o‘tﬂ;—;ﬂt“t) ((y — Hiy)" (021 + r?HTH)_1 Hgii) , (127)

and the scheduler %ﬂﬂa‘) in the path o, = ¢, By = 1 — t becomes %, which exactly covers the schedule in OT-ODE

which takes the same path. In addition, we can also directly compute ¥, 5, using g—”; instead of approximating it with 7;.
This corresponds to the approach in Boys et al. (2023), which uses the Jacobian to acquire the covariance and then remove
the approximation error in computing (021 + X4, ., H' H) -

Remark A.7. Starting from the more general assumption of affine path flow matching, we derived the guidance compatible
with dependent coupling flow matching, including OT-CFM. The fact that our guidance can exactly cover classical diffusion
guidance like IIGDM and affine Gaussian path flow matching guidance like OT-ODE verifies the validity of our theory.

B. Experiment Details
B.1. Synthetic Dataset Experiment Details

The training of flow matching models involves sampling zp from a source distribution of {Circle,8 Gaus-
sians,Uniform,Gaussian} and sampling z; from the target distribution of {S-Curve,Moons,8 Guassians}. The model
backbone is an MLP of 4 layers with a hidden dimension of 256. The models are trained 1e5 steps.

To evaluate the asymptotic exactness of gMC, we compute the Wasserstain-2 (WV,) distance of the samples generated under
guidance, with the ground truth energy-weighted distribution p(z1)e~7(®1) /Z. Since the source distribution p(z1) is learned,
the flow matching model itself has a small error w, which can also be quantified using the W, distance. In principle, this
error w characterizes the performance upper bound of the guided distribution: the W, distance of the guided distribution
will, in principle, not be significantly lower than w. The result is shown in Figure 4, where w is demonstrated using the
dashed line.

B.2. Planning Experiment Details

Settings. The experiment leverages the D4RL (Datasets for Deep Data-Driven Reinforcement Learning) dataset (Fu et al.,
2020), specifically the Locomotion datasets, which is a common choice to evaluate offline reinforcement learning methods,
as well as offline planning methods (Janner et al., 2022; Dou & Song, 2024). The datasets contain non-expert behaviors
from which the model is required to learn the optimal policy, such as a mixture of expert and medium-level experts, or the
training replay buffer of an RL agent.

To evaluate the performance of different guidance methods, we conduct experiments on offline RL tasks where generative
models have been used as planners (Janner et al., 2022; Chen & Lipman, 2024). Our setting is based on that of a classical
generative planner called Diffuser (Janner et al., 2022), where a generative model generates a state-action pair sequence of
multiple future steps, and another critic model that predicts the future reward'! of the generated plans. The generative model
then optimizes its plans using guidance for higher future rewards. Following the formulation in Levine (2018); Janner et al.
(2022), the optimization is realized through sampling from %p(ml)eR(“), where R is the critic model. This aligns with the
goal of guidance which we discussed in this paper, so we chose this experiment to evaluate different guidance methods.

Baseline Methods. The results of the two baselines are collected from the literature (Janner et al., 2022). Behavior cloning
refers to using a Gaussian distribution to fit the offline behavior distribution. Diffuser refers to using a diffusion model
to learn the offline behavior and then guiding the model to generate plans with higher expected future returns. Note that
the Diffuser also adopts training-based guidance, which requires re-training the guidance model when switching to a new

objective function. On the contrary, the training-free guidances g°®*, g*°¥-0, ¢8™MC and gMC has zero-shot generalization

"Formally, it predicts the discounted return-to-go.
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Figure 4: Error scaling with Monte Carlo sample number. In the synthetic dataset, the guidance performance (JV, distance
between the generated distribution and the ground truth energy weighted distribution p(z;)e~”(*1) /Z) decreases as the
number of Monte Carlo samples increases. The dashed lines denote the W, distance between the learned unguided
distribution and the original ground truth distribution p(z1). The reason why the guided generation errors (crosses) do not
converge to the dashed lines is that they measure the W, distance of p(z1) and p(z;)e~”(*1) /Z, respectively.

ability for (Zhou et al., 2024) the objective function. In the experiment results, we do not highlight the results of baselines as
we focus on the comparison between different guidance methods.

Hyperparameters. As we mentioned, a generative model is first trained on the offline dataset as a behavior-cloning
method but captures the actual action distribution rather than approximating it with a Gaussian. The generative model we
consider here is the CFM or mini-batch optimal transport CFM with affine paths oy = ¢, 8, = 1 — ¢, and whose backbones
are an 8-layer Transformer with a hidden dimension of 256. The models are trained with 1e5 steps, a batch size of 32, a
learning rate of 2e-4, and the cosine annealing learning rate scheduler. As for the critic model, it is trained with the same
backbone model using the last token as the value output and trained 1e4 steps, batch size of 64, and a learning rate of 2e-4.
The value discount factor is set to 0.99 for all 3 datasets. We use a planning horizon of 20 steps and the planning stride 1.
We exclude tricks such as using the inverse dynamics model, planning with stride, and using sample-and-select methods (Lu
et al., 2025). During evaluation, the same base model is utilized for different guidance methods to ensure a fair comparison.
We report the normalized score (Fu et al., 2020) where 100 is the expert RL agent’s return.

For different guidance methods, different hyperparameter combinations are tuned. We elaborate on them here.

» g°A: We tune )\; in {constant, cosine decay, exponential decay, linear decay} with a scaler {0.01, 0.1, 1.0, 10.0},
where the schedule functions are normalized to [0, 1].

+ ¢°-G: The same hyperparameters are tuned as in g®"-A.

» gMC: We tune the scale of J in {0.2, 1, 2, 3, 5}. The Monte Carlo sample number is limited to be smaller than {128}.
We also include a small number € to enhance numerical stability. We conduct an ablation study to show the performance
is insensitive to €, as shown in Table 6.

* ¢8™MC: We tune scale before .J in {0.1, 1, 10} and the assumed standard deviation of p(z1|z;) in {0.1, 0.5, 1, 10},
and do extra schedule and scale of the estimated guidance with schedule tuned in {linear decay, constant} and the
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scale tuned in {0.1, 1, 10}. It is worth noting that if the objective function J is properly normalized, the scale does not
require extensive tuning.

* g4: Training-based methods have many hyperparameters involving model architecture and the training settings. We
switch between different model depth and hidden dimensions, and different training losses. The best results for each
loss are provided in Table 4 and 5.

Finally, for each pre-trained VF (CFM or OT-CFM), we try adding different guidance VFs (also CFM or OT-CFM), and
then the best result is reported.

Estimation of the ground truth distribution of .J. Suppose the unguided model generates = ~ p(z), and J(z) follows
the distribution p;(J). Then, if 2’ ~ £ p(z)e~/®), then J’ follows

/ ! Oz _ l —J(x) or
p'(J) = p'(z)det <8J(1‘)> = Zp(:v)e det (&](m)) . (128)
Since for the original distribution
ox
p(7) = pla)det (w) 7 (129)
o) )
P'(J) = e p(J). (130)

Therefore, by sampling from the unguided model and then reweighting the distribution of .J, we can compute the ground
truth distribution p’(.J) for the J under ideal guidance. Note that in the planning experiment, J = —R.

It should be noted that although gradient-based guidances ¢®* and ¢°°¥-C result in distributions where the estimated
return R is higher, it does not necessarily mean that their performance is better: first, the goal of the guidance is the gray
line, what we assume here is that the methods produce a distribution close to the gray line is better; second, practically
speaking, the high return is predicted by the critic model, but gradient methods may produce plans that the critic has not
seen during training, which is called distribution shift, thus cheating the critic. On the contrary, the target guided distribution
p(z1)ef#1) /7 regularizes the guided distribution on the support of p(z1), alleviating the problem of distribution shift.

Additional Results on the Distribution of Generated k. The additional results of the distribution of R in different
environments with different guidance scales (the o in p’(R) = p(R)e~“%/Z) are shown in Figure 5.

Additional Results. The complete results, including standard deviations, are provided in Table 4 and 5.

Table 4: Full experiment results on D4RL Locomotion datasets. The base model is mini-batch optimal transport conditional
flow matching. Entries with > 95% score than the best per task are highlighted in bold. Baselines are excluded from the
ranking.

w/o g gcm—A gcov—G gsim—MC gMC 9e GM 96 VGM 96 RGM 96 MRGM

Medium-Expert ~ HalfCheetah 61.9+13.3 648+127 732+£9.5 78.1£3.2 86408 595+184 57.7x141 575+13.1 702+18.1
Hopper 952+204 101.8+222 112318 1123+0.8 112709 852+233 98.1+163 903+24.1 89.3+187

Walker2d 79.1+£352  973+94 107214 101.0£102 107.5+1.0 87.0+16.7 90.5+100 88.0+17.2 91.3+11.7

Medium HalfCheetah ~ 34.7 £9.6 42.2+0.8 42.9+0.9 431+17 431204 427x14 43012 42.7+0.8 434x09
Hopper 633+46 751x149 898+13.6 762+132 798148 79.7%124 71.6%92 T774£66 T725%6.0

Walker2d 72.4£133 82.7£53 81.3£2.0 83.4+1.9 83.0+34 80.6x22 802x20 784+39 76.6+6.1

Medium-Replay ~HalfCheetah 25.6+13.0 31.7+34 36.1+5.1 36.8+1.8 400+1.6 334+26 355+18 329+18 347%3.1
Hopper 40.1£3.7 577+154 74151 609+13.1 88.6%x11.6 546148 481+152 46.6x119 553+194
Walker2d 31.2+£60 625+£168 825+108 64497 88121 456+172 378+145 443+£23.1 524+20.6

B.3. Image Experiment Details

We pre-trained a CFM and mini-batch optimal transport CFM model with affine path o; = ¢, 5; = 1 — ¢ on CelebA-HQ
256 %256 dataset. The flow matching model utilizes the backbone of a U-Net following (Pokle et al., 2024). The pretraining
was conducted with a learning rate of le-4 and a batch size of 128 for 500 epochs. The run time was roughly 3 days on two
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Figure 5: The complete results of the distribution of R. The distribution of .J under gM® matches the ground truth value
(gray dashed line) very well.

Table 5: Full experiment results on D4RL Locomotion datasets. The base model is conditional flow matching. Entries with
> 95% score than the best per task are highlighted in bold. Baselines are excluded from the ranking.

w/o g gcov-A gcov-G gsim-MC gMC 9o GM 9o VGM 9o RGM 9o MRGM

Medium-Expert ~ HalfCheetah 464 +10.1 63.4+178 685+62 835%42 87.7+18 612+17.1 81.5+77 6424207 664+192
Hopper 834192 939225 1133+1.8 885+280 1133x09 O9l4+16.1 842+222 862+18.7 86.5+224

Walker2d 65.7+12.1 1004 £10.7 1069+0.8 107.0£0.8 107.1+04 962+13.7 1023+9.2 1009+9.4 982123

Medium HalfCheetah 41.8+0.9  43.6+0.6 433+1.2 43810 438x1.0 43707 43710 429%0.7 438=x1.1
Hopper 73.2+5.4 79.1£9.8 827+119 821+92 88.0+11.3 814+140 852155 740+163 71.6+147
Walker2d 72.2+5.9 80.7 £1.1 825+28 81954 819x14 675+£237 729+21 633£214 559£286

Medium-Replay =~ HalfCheetah 22.2+149 334 +7.1 393£2.0 379+14 40620 369+23 39117 373+21 368+44
Hopper 551172 63.0x17.5 693164 61.0+22.6 80.9+15.7 51.4+226 635+127 48.6x109 57.3£24.0
Walker2d 283+73 649+202 766107 589%189 709217 575+20.6 703%49 531£220 546+£18.7
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Table 6: Ablation study of the impact of the epsilon to the performance of gMC. The best results and the second best per task
are highlighted in bold and underlined.

1 le—3 5e~3 le=2 5e~2

HalfCheetah

Medium 425+1.6 43.1 0.6 30.8+8.4 41729 43.2+1.5
Medium-Expert 68.2+155 669=+17.1 75.6 £ 12.6 74.6 + 12.1 72.7+16.6
Medium-Replay 335+99 31.7+12.6 39.7£2.0 347+ 109 373+63

Hopper
Medium 69.0+£10.6 67.6+4.9 73.1+94 722+£100 726+ 123
Medium-Expert 95.4+195 103.2+19.2 108.0+123 107.1+14.3 101.5+20.8
Medium-Replay 53.8+£187 59.1+£17.0 682+187 68.1+18.1 74.3 +18.8

Walker2d
Medium 746+65 751152 74.0+10.6 71.1+13.8 744+ 11.0
Medium-Expert 79.0+264 957+17.38 9424220 1009+17.6 103.0+7.9
Medium-Replay 48.7+215 49.5+16.7 5474206 57.6+223 56.7+18.6

H800 GPUs. For the CelebA dataset, we employed a train-validation-test split of 8:1:1. The test data was subsequently used
for three downstream tasks: central box inpainting, superresolution by four times, and Gaussian deblurring which is all
common benchmarks.

Settings for the experiments. We evaluated the guidance methods using 3,000 images randomly sampled from the test set
across the three inverse problems. Specifically, for deblurring, we apply a 61 x61 Gaussian kernel with a standard deviation
of oy, = 1.0. For super-resolution, we perform 4 x downsampling on the CelebA images. In the case of box-inpainting, we
use a centered 40 x40 mask. Furthermore, for all three tasks, we add Gaussian noise after the degradation operation with a
standard deviation of o = 0.05 to the images.

Metrics. In this paper, we use four commonly adopted metrics for image quality assessment: FID (Fréchet Inception
Distance), which measures the distance between generated and real image distributions; LPIPS (Learned Perceptual Image
Patch Similarity), which evaluates the perceptual similarity between images; and PSNR (Peak Signal-to-Noise Ratio) and
SSIM (Structural Similarity Index) to quantify image quality in terms of signal preservation and structural consistency,
respectively.

Why is ¢MC bad at image inverse problems? As can be seen from Figure 6 and Figure 7, the images generated by ¢M€ do
not respect the reference degraded image. This is largely due to the variance of the MC estimation being too high given the
limited number of samples. Specifically, to estimate g;, one needs to obtain samples from regions where e~ is significantly
higher than average, which corresponds to the images that already look like the degraded image. Sampling such images
requires an infeasibly large number of samples. More advanced MC sampling techniques may help address this shortcoming,
such as the control variable method (Owen, 2013). Combining gMC and methods that are biased but with lower variance,
such as g'° or ¢g*™, may also boost the performance.

However, on tasks such as conditional generation, as long as the condition often appears in the dataset, it will be easier to
obtain an accurate estimation of g; using gM€. Such scenarios include property-conditioned molecular structure generation,
label-conditioned image generation, and decision-making tasks, which are included in our experiments.

Visualizations. We provide visualizations of the results of the inverse problems in Figure 6 and 7.
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Clean Degraded NGDM gMe

Figure 6: The visualization of the image inverse problems with the base flow matching model of mini-batch optimal
transport conditional flow matching (OT-CEM). Three rows show the results of Gaussian deblurring, box-inpainting, and
super-resolution from top to bottom.

Clean Degraded geovA

Figure 7: The visualization of the image inverse problems with the base flow matching model of conditional flow matching
(CFM). Three rows show the results of Gaussian deblurring, box-inpainting, and super-resolution from top to bottom.



