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This paper provides a finite-time analysis of linear stochastic approximation (LSA) algorithms with fixed
step size, a core method in statistics and machine learning. LSA is used to compute approximate solutions
of a d-dimensional linear system A6 =Db, for which (A,b) can only be estimated through (asymptotically)
unbiased observations {(A(Z,),b(Z,))}nen. We consider here the case where {Z, },cn is an i.i.d. sequence
or a uniformly geometrically ergodic Markov chain, and derive p-moments inequality and high probability
bounds for the iterates defined by LSA and its Polyak-Ruppert averaged version. More precisely, we establish
bounds of order (poztmix)l/le/p on the p-th moment of the last iterate of LSA. In this formula « is the
step size of the procedure and tmix is the mixing time of the underlying chain (tmix =1 in the i.i.d. setting).
We then prove finite-time instance-dependent bounds on the Polyak-Ruppert averaged sequence of iterates.
These results are sharp in the sense that the leading term we obtain matches the local asymptotic minimax
limit, including tight dependence on the parameters (d,tmix) in the higher order terms.
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product
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1. Introduction This paper is concerned with the linear stochastic approximation (LSA)
algorithm for solving the linear system A =b with unique solution 6*, based on a sequence of
observations {(A(Z,),b(Z,))}nen. Here A :Z — R4 b:Z — R? are measurable functions, and
(Zk)ren is
1. either an i.i.d. sequence taking values in a state space (Z,Z) with distribution 7 satisfying

E[A(Z,)] = A and E[b(Z,)] = b;

2. or a Z-valued ergodic Markov chain with unique invariant distribution 7, such that

lim, , . E[A(Z,)] = A and lim,,_, ., E[b(Z,)]=b.

For a fixed step size a > 0, burn-in period ny € N, and initialization 6y, consider the sequences of
estimates {6, }nen, {éno,n}nznoﬂ given by

9;67: Qk_l — a{A(Zk)Hk_ll— b(Zk)} y k > 1, (1)
Qnoyn = (n — no)_l Zz;no Qk , n Z ng + 1.
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The sequence {0y} ren are the standard LSA iterates, while {éno,n}nznoﬂ corresponds to the Polyak-
Ruppert (PR) averaged iterates; see Ruppert [35],Polyak and Juditsky [32].

LSA algorithms is a core algorithms in statistics and machine learning. It plays a central role in
linear system identification Eweda and Macchi [14], Widrow and Stearns [40], Benveniste et al. [4],
Kushner and Yin [23]. More recently, they have reignited interest in machine learning, particularly
for high-dimensional least squares estimation and reinforcement learning (RL) problems; Bertsekas
and Tsitsiklis [6], Bottou et al. [9], Sutton [37], Bertsekas [5], Watkins and Dayan [39]. LSA and
LSA-PR recursions (1) have been the subject of a wealth of works and it is difficult to give a
proper credit to all the contributions. Polyak and Juditsky [32], Kushner and Yin [23], Borkar
[8], Benveniste et al. [4] provided asymptotic convergence guarantees (almost sure convergence,
central limit theorem) under both the i.i.d. and Markovian settings. In particular, it has been
established that LSA-PR can accelerate LSA and satisfies a central limit theorem with a covariance
matrix which is minimax optimal asymptotically.

Although asymptotic convergence guarantees are of theoretical interest, the current trend is to
obtain non-asymptotic guarantees that take into account both the limited sample size and the
dimension of the parameter space. For these reasons, non-asymptotic analysis of both i.i.d. and
Markovian SA procedures has recently attracted much attention.

In the i.i.d. setting, Rakhlin et al. [33], Nemirovski et al. [28], Jain et al. [20, 21] studied the mean
squared error in finite time, Durmus et al. [13] provided tight high probability bounds for the LSA
sequence {0, },en. For least squares regression problems, where A(Z,,) is a symmetric matrix almost
surely, Bach and Moulines [3], Jain et al. [19] showed that for a constant step size, the mean squared
error (MSE) of 6,,., — 6* converges as O(1/n). For general LSA, which includes instrumental
variable methods for linear system identification and temporal difference in reinforcement learning
(TD), Lakshminarayanan and Szepesvari [24] showed a rate of convergence of the mean squared
error O(1/n). Close to the present work, Mou et al. [26] provided a non-asymptotic high-probability
bounds for LSA-PR with independent observations. However, the proof of their main result Mou
et al. [26, Theorem 3] relies on tools from Markov chain theory which assume strong conditions on
{(A(Z,),b(Z,)}nen and it is not clear how to adapt their method to the general case. Our first
contribution is to extend and improve this result using a total different approach relying on the
stochastic expansion for LSA (1) introduced in Aguech et al. [1]. More precisely, we derive sharp
finite-time bounds on p-th moment of {[|6, — 6*||},en and {||0,y.n — 0*[| }nen. As a corollary, we
provide optimized high probability bounds for the LSA and LSA-PR iterates for a fixed tolerance
parameter § € (0,1) and number of iterations n, choosing appropriately the stepsize a. For LSA-
PR, the leading term of these bounds matches the one of the central limit theorem making appear
the same asymptotic covariance matrix up to numerical constants.

Regarding the Markovian setting, the literature is scarcer. Assuming a mixing time upper-bound
bound on the Markov chain, a projected variant of the linear SA was analyzed by Bhandari et al. [7],
which report non-asymptotic rates for the mean squared error that are sharp in their dependence
on sample size, but not on the dimension. This result was later extended by Srikant and Ying [36],
which analyzed LSA without the projection step - and obtained the same convergence rate. In Chen
et al. [10] the authors obtained sharp MSE bound for the last iterate of the linear SA procedure for
the observations being V-uniformly ergodic Markov chain and the decreasing sequence of stepsizes
ay, = 1/k. Recently, Mou et al. [27] established p-moment bounds for the last iterates of LSA
and showed that the mean-square error obtained with Polyak-Ruppert averaged LSA matches the
local asymptotic minimax optimal limit. Our second contribution is to improve and extend their
result. First, we derive sharper p-moments bounds on {||#,, — 6*|| },.en. Second, we provide the
same type of results for LSA-PR which allows us to provide high-probability bounds which are
natural counterpart to the i.i.d. setting. To the best of our knowledge, this results for Markovian
observations are new. Moreover, our bound for mean-square error with Markovian noise improves
the dependence upon the problem dimension compared to the results of Mou et al. [27, Theorem 1].



Durmus et al.: Polyak-Ruppert averaged LSA
Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS 3

The paper is organized as follows. In Section 2 we introduce the decomposition of the error which
is key to our proof (see Aguech et al. [1]) and formulate our main assumptions. In Section 3 we
present our results in the independent setting. In Section 4 we extend our results when {Z, }, en-
is a uniformly geometrically ergodic Markov chain. The proofs are postponed to the appendix.
For reader’s convenience the notations and key constants appearing in the text are summarized in
Section A.

2. Stochastic expansions for LSA and LSA-PR As an introduction, we present tools
and some preliminary results that will be central to our analysis of LSA and LSA-PR which will
be used for the case where {Z,,},en+ is i.i.d. but also where this sequence is a Markov chain. Set

A(z)=A(z)—A, b(z)=b(z)—b, e(z)=A(2)0"—b(z), (2)

and denote by Fg(f) the product of random matrices

e =II.,.0-aA(Z)), mneN, m<n. (3)

The definition (1) implies the following decomposition 6, — 0* = 0 + 6 where 0 is a tran-
sient term (reflecting the forgetting of initial condition) and 0 is a fluctuation term (reflecting
misadjustement noise)

00 =T {0 — 07}, 00 =—a> ) T\%.e(Z). (4)

We first bound the p-th moments for {[|0®]| : n € N} by establishing that the sequence of random
matrices {A(Z;)}ien+ 18 exponentially stable (see Guo and Ljung [15], Ljung [25]): for ¢ > 1, there
exist a,, C; > 0 and a4 < 0o such that, for any step size o < a4, m,n €N, m <n,

E[|[T50,119 < Cgexp (—aga(n —m)) . ()

In the sequel, this result is established in Theorem 1 for the i.i.d. setting and in Theorem 3
in the Markovian setting. Intuitively, exponential stability means that the ¢-th moment of the
product of random matrices I'(¢). behaves similarly to that of the product of deterministic matrices
(I—aA)*™, for m,n € N, m <n, under the assumption that —A is Hurwitz, i.e., for any eigenvalue
A of A, we have Re(\) > 0.

PROPOSITION 1 ([12, Proposition 1]). Assume that —A is Hurwitz. There exists a unique
symmetric positive definite matriz Q satisfying the Lyapunov equation ATQ+ QA =1. In addition,
setting -

a=[lQII7"/2, and ax=(1/2)|AlS7IQI AIQIl, (6)
for any a € [0, au], it holds that |1 —aAll3 <1—acw, and aa <1/2.

Finally, note that the condition that —A is Hurwitz implies the existence of a unique solution 6*
to A =b.

For the fluctuation term, we use the perturbation-expansion technique introduced in [1] that
recursively decomposes HNS'). It is important to note that the expansion order is chosen to achieve
the desired approximation accuracy. Indeed, by definition of 8 (see (4)), it satisfies the recurrence

0 = (1—aA(Z2,)0", —ac(Z,) .

Using the definition of A (see (2)), and an induction argument, it is easy to verify that the following
decomposition holds for any n € N:
g — O 4 O (7)
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where the latter terms are defined by the following pair of recursions
JO = (1—-aA) J?, —as(Z,), J =0, )
H" =(1-aA(Z,)H, —aA(Z,)]",, H"=0.

Furthermore, the same decomposition can be applied to H(”Y) to obtain higher order expansions.
Fix L > 1 to be the desired expansion order. Then a double recursion in ¢ € {1,...,L} and n €N
shows that

HO = S22, IO+ HY o)
where for any £€{1,...,L},
T = (1—ah) I,y —a(Z,) 1,7 50 =0, (10)
H = (1 - aA(Z,) HY, — oA (£,)10,, P =0.

The choice of parameter L controls the desired approximation accuracy. Combining (7) and (9),
we obtain the decomposition which is the cornerstone of our analysis:

0, — 0" =00 + YL, O + H®, (11)

where {J\© : £ € {1,...,0}} and H(Y are defined in (10) and (8) respectively. Following Durmus
et al. [12], this decomposition can be used to obtain sharp bounds on the p-th moment of the final
LSA iterate 6,,. We refine the bounds obtained in Durmus et al. [12] with respect to the dimension
d in the i.i.d. setting in Proposition 3 and then provide extensions to the Markovian setting in
Proposition 7.

In addition, (11) naturally leads to a decomposition for the PR averaged sequence 0, , — 6*
starting from the observation that by definition (1), for any n,ny € N, no <n,

A (Bugn —07) ={a(n—n0o)} " (Ony = 0n) — (n—n0) " 3272, € (64, Zira) (12)
e(0,2)=A(2)0 - b(z) = ( ) A(z)(0—07). (13)

Using (11), we may further decompose
t ng (9t72t+1) Egon Eﬂon, (14)

where we have set

By =21 A(Zt+1) %) {6, — 6%},
L n—1 3 ~
E:O n Zt:no (Zt+1) + ZZ:O Zt:no (Zt+1)a]t/) + Zt o (Zt+1)Ht(L) .

Based on the decompositions (12) and (14), our analysis of the PR recursion proceeds in bounding
the three terms {a(n —ng)} (0o, — 0,), El, ,, and Ef | separately. For the first one, we use the
bounds derived on the p-th moment of ), — 9* for k € N. For the second one, we use the exponential
stability for {I'®) : m,n € N, m <n} (5). Finally, the fluctuation term Eﬂ n is dealt with the
conditions we impose on the sequence {Z, }nen+.

Throughout this paper, we impose the following assumption regarding z — A( ) and A.

Al. Ca=sup,.;||A(2)|| Vsup,c; |A(2)| < oo and the matrix —A is Hurwitz.

We further require the following assumptions on the noise term e(z) and the stationary distri-
bution 7 of the sequence {Z, },en.

A 2. There exists C. < 400, such that for any z € Z, ||e(2)|| < C. vTrX., where
Y= [,e(z)e(z) Tdn(z) . (15)

The assumption A 2 is considered in Vershynin [38, Theorem 5.6.1]. It can be generalized in some
sense, leaving the basic ingredients of our proof unchanged. In particular, in Section C we provide
the counterparts of the results of Section 3 under a sub-Gaussian moment assumption for ¢(Z,,).

Our main results are presented and discussed in the following two sections. Section 3 focuses on
the i.i.d. case, while Section 4 deals with the Markovian setting.
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3. Finite-time Moment and High-probability Bounds in the Independent Noise Set-
ting Consider the following assumption:

IND 1. {Z,}ken is a sequence of i.i.d. random variables defined on a probability space (2, F,P)
with distribution .
We begin our analysis by deriving sharp bounds for the p-th moment on {||6,, — 6*|| : n € N} based
on the decomposition (11). Our first step is to estimate the transient term éﬁfr). Using the notations
of Proposition 1, we define under the assumption A 1 for ¢ > 2

R = Amax(Q)/)‘min(Q) ; bQ = 2\/% CA 5 (16)
Qoo = Qoo ACA [q, ca=a/{200,}. (17)

A key property from which we derive our bounds is an exponential stability result for the p-th
moment of the product of Fgag
THEOREM 1 (Durmus et al. [12, Corollary 1]). Assume A 1 and IND 1. Then, for any

p,qEN, 2<p<q, a€(0,a,.] and n € N*, it holds
BV [IDEIP] < Agd 11— aa+ (g - 1)ia?)".

Theorem 1 implies that sup,, . E[|[T{%][?] < 400 for any o € (0, oy 0] and 2 < p < ¢. This condition
relating the choice of the stepsize o with p and ¢ is unavoidable; see Durmus et al. [12, Example 1].

Decomposition (11) applied with L = 0 is enough to obtain tight MSE bound for LSA-PR
procedure. We first provide p-moment bounds for the sequence {J(©) : n € N}.

PROPOSITION 2. Assume A1, A2, and IND 1. Then, for any a € (0,a4], p>2, and n €N, it

holds
EVP [| O] < Div/aapTr ., where Dy = /2kq C. /a. (18)

Proof. Expanding the recurrence (8), we represent
JO =—ad_ (I-aA)"*e(Zy). (19)

Now the bound (18) follows from a Hoeffding-type bound for sums of independent random vec-
tors (see [31, Theorem 3.1]) combined with Proposition 1. Detailed argument is postponed to
Section B.1.

In the statement of (18) we could simplify the term a~! occurring in D; and the same factor in
vaapTrY,. However, for homogeneity reasons, we have chosen to state it in this form. Indeed, if
we multiply A by a positive constant M, then the quantities a,Ca,C. should also scale similarly,
implying that D; remains unchanged. We adhere to this reasoning for all bounds we derive below
to obtain constants that remain unchanged under a scaling factor.

We emphasise that J(% is the leading (in terms of the step size ) term in the error decomposition
(11). Indeed, (18) and the stability result (Theorem 1) are sufficient to obtain a rough bound
EYP[|HP||P] < Cy/a for a constant C' >0 (see (8) for the definition of H(”). Combining these
results gives the following p-th moment bound for the LSA error ||0,, — 0*||:

PROPOSITION 3. Assume A1, A2, and IND 1. Then, for any p,qeN, 2<p<gq, a € (0,a4.),
neN, and 6, € R? it holds

EY? (|6, — 6*|P] < dl/q/fé?/2 (1—aa/4)" |6y — 6*|| +d"/"Dy\/aapTrX, (20)
where the constant Dy is given by

Dy = (2k) /> Coa (1 +4kg > Caa™l).
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Proof. Using the decomposition (11) and Minkowski’s inequality,
B2 (16, — 0°[F) <EY (D0 — 6) ] + BV (O] + BV O] . 2)
Applying Theorem 1, using that aa < 1/2 by Proposition 1, and (1 —#)¥/2<1—t/2 for t €]0,1],
BV [T (0 — 07)117) < wif*a/1(1 — aa/2)" 16 — 07 (22)

With Proposition 2, we get EVP[||J?||?] < D;yaapTrE.. It remains to bound EVP[|H|P].
Expanding the recurrence (8), we represent

HO =—aY0 T A(Z)]Y) .

J+1 n

Using Minkowski’s inequality and since A(Zj) and J;O_l are independent under IND 1, we obtain
with A 1, that

EV [|HOI]) < aCa i VP [0 07| BV (112 01) -
Now (22) and Proposition 2 yield
EVP [|HO|P] < cid”9y/aapTrE. , where ¢; =4D; Ca /{ig/z/a.

Combining the bounds above in (21) completes the proof.
The bound of Proposition 3 can be used to derive a high-probability bound for a particular
choice of step size @ when the number of iterations n is fixed.

COROLLARY 1. Assume A1, A2, IND 1 and set § € (0,1). Then, for any 0, € R, sample size
n € N satisfying
n/logn> (a/4){a Vcy' (1+1logd)log(2e/d)}, (23)

and step size a=4logn/(an), it holds with probability at least 1 —0, that

16, — 60| <4eDz\/{Tr25}lognlog(26/5) + Zeng” 0o — 6|
" - n n '

Proof. Under (23), the step size a =4logn/(an) satisfies & < (1410g d) 10g (2¢/5),00- NOW the state-
ment follows from Proposition 3 applied with p =log(2e/d), ¢ = (1 + logd)log(2¢/d), and the
Markov inequality applied with the same p.

Corollary 1 is closely related to Durmus et al. [12, Theorem 1]. We choose the probability
tolerance parameter d > 0 and optimize the moment p, which implies a constraint on the number
of iterations (23) and the step size «, while in Durmus et al. [12, Theorem 1] the authors fix p
and derive high probability bounds that hold for any « € (0,a, . Note that at the cost of the
logarithmic dependence of a on dimension, we can get rid of the dependence of d in (20).

Now we have all the ingredients to state our first main result for a bound on the mean square
error of n-steps LSA-PR é[n /21,0 — 0*. The leading term we obtain is related to the noise covariance
matrix 3. defined in (15). The other terms depending on A®) and Agf,)l correspond to the transient
and fluctutation components of the LSA error and are defined as

ASQ =32ekq/(a’n) + 64derky C3 /(Taan) , A —64eD2/(an) + 8eaD?. (24)

n7

For this result we only need the decomposition of the LSA- PR error (12) together with the p-th
moment boundary for the LSA error given in Proposition 3. Subsequent p-th moment bounds for
the LSA-PR error require further exploitation of the decomposition (14).

For t € N, we define the filtration F;, = 0(Z, : 1 <s <t), Fo = {0,Z}, and denote by E”* the
conditional expectation with respect to ;.
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PROPOSITION 4. Assume A 1, A 2, and IND 1. Then, for any n € N, a € (0,0 Aca /{2 +
2logd}), 0y € RY, it holds

(n/2)E [|A (Ornjo1,n — 0%) [I’] <4Tr S+ AWM Tr 2, + A 100 — 6*(*(1 — aa/4)" .

Proof. Let ¢ > 2 be a number to be fixed later, and assume that a € (0,04 ). We need this
additional degree of freedom to ensure that our bounds are dimension-free. Our proof is based
on the decomposition (12). Under IND 1, E”t [e(6;, Z;11)] = 0 P-a.s., showing that e(6;, Z;;,) is an
Fi-martingale increment. Thus, exploiting (12), we obtain

IE[HA(@HO,R—@*) ||2] <T+T, (25)
where we set
o 2 Elle@n Ze) ] 2E[6, — 0]
! (n—ng)? ’ 2 a2(n —ng)?

Now we estimate the terms 77 and T3 separately. To control the remainder term 75, we apply
Proposition 3 with p =2, and obtain

T, < 16d%/ kg |00 — 6*]]*(1 — ca/4)?m0 N 32d*/1D%a Tr ¥,

a?(n—mng)? a(n —mng)?
Now we bound T;. Recall that for § € R%, z € Z, e(f, 2) =e(z) + A(2)(0 — 6*). Hence,
E[lle(@:, Zir)|I’] < 2T X, +2E[[|A(Zi1){0: — 07}

where we used that E[||e;||?] = Tr X.. Proposition 3, the fact that o < a., and aa <1/2 by Propo-
sition 1, give

S Ellle(0r, Zein) |12 < 2(n — ng) Tr B + 8aa(n — ng)d*/7D3 Cy Tr X,
N 32d*/ 144 C |60 — 072
Taa

(1—aa/4)*™ .

It remains to combine the bounds above in (25), choose ¢ = 2(1 +logd), no = [n/2], and use the
elementary inequality d?/(?t2l°ed) <e,

The bounds above can be simplified under a particular choice of a, depending on n. The fluctu-
ation error A® in (24) suggests that o should scale with n as n~'/2. Let us choose

a(n,d) = (s Aca /{2 +2logd})n V2.
Then Proposition 4 implies the MSE bound

TrY, TrX,

B (1A (o~ 0°) ) S 7+ o+ 160 0P oxp { -

(o /\CA)\/ﬁ} , (26)

8(1+logd)

where < stands for inequality up to a constant, depending on kg, a, Ca, C., and polylogarithmic
factors in d. Note that the bound (26) shows the same (optimal) leading term n~! Tr ¥, as in Mou
et al. [27, Theorem 1], improving the dependence upon sample size n in the remainder term.

To obtain the above MSE bound, we used the expansions (9)—(11) with L = 0. But this choice is
not sufficient to show scale separation with respect to the step size a between {J(*) : n € N} and
{H® : neN}. More precisely, we have only proved in Proposition 4 that sup,, .y EY?[||H?||?] <
Ca'/? for o small enough and some constant C' > 0. In fact, the expansion (9) allows to refine this
bound and obtain that sup,, .y EVP[||H{”|P] < Ca if a is small enough, for some constant C' > 0.
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PROPOSITION 5. Assume A1, A2, and IND 1. Then, for any a € (0,a4], p>2, and n €N, it
holds
EV7 [|[JV]1] < Dyaap®*{TrS.}'/?, where Dy =2k Ca C. /a®. (27)

Moreover, for any 2 <p<q and o € (0, 040], n €N,
EV7 [|HV|”] < Daaap®?dY{Tr S}/, where Dy =4ry” Ca Ds/a. (28)

Proof. The proof is provided in Section B.2. We stress that the constants D3 and D, depend
only in the constants in A1 and A 2, and do not depend on the dimension d.

We use Proposition 5 to obtain the p-th moment error bound for LSA-PR procedure. Similarly
o0 (24), we introduce the fluctuation and transient components of the LSA-PR error

\/ECRm2C p

A _ 4e!Dopt/?
nl/2

o = W + el/P CA(D3 + D4)aap5/2
+CAD Cll/2 3/2
Ag,rp) :el/pﬂg/Q(Qf/<anl/2)+2 1/2n1/QCA).

e

(29)

THEOREM 2. Assume A 1, A 2, IND 1. Then, for any n € N, p>2, a € (0, Nca /{p(1l+
logd)}), 60y € RY, it holds

(n/2)'PEM7 [||A (01210 — 0%) 7] € Crmp {Tr S }2p"2 + {Tr 2.} 2A0 |
+ AL L (1= aa/4)" |16, 0%],

where Crmi, 1 =1,2 are defined in Section A.

Proof. Let g > 2 be a number to be fixed later, and assume that « € (0, @y o). The proof is based
on exploiting the representation (12), and the LSA error decomposition (11) with L = 1. Below
we use shorthand notations A,, A,, e, for A(Z,),A(Z,), and £(Z,), respectively. Applying (12) and
Minkowski’s inequality, we get

(n — nO)El/” |:”A (énoﬂ — 9*) Hp} S T1 + T2 N (30)
Ty =EYP[|| 300, e(0n Zi)|IP] To=a  EYP[|[0,, — 0[] .

The term 75 is a remainder one, which is controlled with Proposition 3 and Minkowski’s inequality:
T, < 2()fldl/‘1/<c1Q/2 (1—aa/4)"™ |0y —0%|| +2a~/2d" 9Dy (ap Tr B.) /2.
Now we proceed with the leading term 7}. Using Minkowski’s inequality, (13), and (11) with L =1,

<EVP(|I 3, o €417 + +EVP S, o AtJrle(tr)” ] (31)
A 0 A 1) A 1)
+E1/”[I|Zt nOAt+1J( P+ BV o A IO+ EVR]IY) —no A HY )

We first estimate the leading term E'/? [|| Z?:_nlo 6t+1||p]. Applying Rosenthal’s inequality for mar-
tingales from Pinelis [31, Theorem 4.1], and using that E[||e(Z)|]?] = Tr X., we obtain

El/P [H 21:730 i1 ||p] < Crma1 pl/Q(n . no)l/Q{Tr 25}1/2

+ Crm 2 PEYP[Maxie fng....n—1y [l€041[|7] -
With the assumption A 2, we get from the previous bound

E””[H Zt o e l? } < CRm71p1/2(n—no)l/z{Tr25}1/2+CRm72 CATr=.}2p
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Now we proceed with the other terms. The term Z;::O Amét(“) is controlled with Minkowski’s
inequality and Theorem 1:

EV7 (| Z;:;O A6 7] < Ca(n— no)ndel/Q(l — aa/4)™||6y — 6% .

Note that the sequences {A JO Kt {A,, J s and {AtHHt(l)}?:_;O are (F;)en-martingale
increments. Hence, applying the Burkholder inequality Osekowski [29, Theorem 8.6] and the
Minkowski inequality,

1/2

B[, A B 9] < p (S0 B A )

t=ng t=ng

< Ca Dy(n—no)Y?p°2aad/ 1 {Tr £, }/?
where the last inequality follows from Proposition 5. Similarly, using Proposition 2 and Proposi-
tion 5, we get

1/2

BV, Ave 17 < p (0, B A TP

t=ng t=ng

< CaDi(n—no)2p¥*{aaTr ¥ }1/2 .
By the same reasoning, with Proposition 5, we get
EVP[| S0 A IV |[P] < Ca Ds(n—no)V2p*2aa{Tr £ }1/2 .

It remains to choose ¢ =p(1 +logd), no = [n/2], and combine the bounds above in (30).
We again can simplify the bounds of Theorem 2 with a special choice of the step size «, proceeding

as in (26). The fluctuation error term (29) suggests that a should scale with n as n=*/2, therefore
we set
a(n,d,p) = (oo Nea /{1 +1logd}) (pn'/*)7" . (32)
Then Theorem 2 implies the following p-th moment bound:
_ = 1/2,1/2 3/2
E'? [|A (Brayo1.n — 6°) IP] S =gt + {Tr 2} (# +5- (33)

+ (p+ V)0 — 07| exp { — Gz=ealn L

where < stands for inequality up to a constant, depending on kg, a, Ca, C., and polylogarithmic
factors in d. Note that the bound (33) can be formulated as a high-probability bound using the
Markov inequality with p =1log(3e/d).

COROLLARY 2. Assume A1, A2, IND 1 and set § € (0,1). Then, for any 6, € R?, n € N, with
a=«a(n,d,log(3e/d)) (see (32)), it holds with probability at least 1 — 4, that

(7/2) || A (Opny21.0 — 07) || < 3e Crma v {Tr X} log(3e/6) + ;M (n, 65, 6) ,
where
AW (1. 0,,8) = n VY Tr 8.}?1og®?(3¢/0)
+ (log(3e/6) +v/m) |0y — 0" exp {_

(aoo /\CA)\/E }
8(1+logd)log(3e/d) | ’

and the constant ¢z, defined in (52), depends only on kg, a, Ca, C., and polylogarithmic factors
in d.



Durmus et al.: Polyak-Ruppert averaged LSA
10 Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS

For completeness, we provide statements of (33) and Corollary 2 with exact constants in Propo-
sition 9. We compare below Corollary 2 to Mou et al. [26, Theorem 3|. It has the same leading
term, but makes a covariance matrix appear which is different from ours. Namely, the leading term
in Mou et al. [26, Theorem 3] is the asymptotic covariance matrix associated with the {0 }ren
when considered as a Markov chain: () = n='lim,,_, o E[>_ 1, (6; — 6*)(0; —6*)T]. Durmus et al.
[12, Proposition 6] shows that ||L(® — ¥ || = O(a) with a — 0. This explains why, compared to
Mou et al. [26, Theorem 3], Corollary 2 has an additional term of order o'/2. It is worth noting
that the conclusions of Mou et al. [26, Theorem 3] regarding the choice of the optimal step size
and the resulting high probability bounds differ slightly from ours, since in their optimization the
dependence on the step size « in the covariance Tr(X(*)) is omitted. Corollary 2 accounts for this
additional factor in the optimization, leading to an optimal choice for a of order n~'/? and a resid-
ual term in n~/4, while the optimal choice of o derived by the authors according to Mou et al. [26,
Theorem 3] is of order n~'/3, leading to a residual term in n~'/3. Moreover, Corollary 2 improves
the scaling of the residual term with respect to log(1/4), and shows exponential forgetting of the
initial condition in contrast to Mou et al. [26, Theorem 3]. Finally, an inspection of the proof of
Mou et al. [26, Theorem 3] shows that it relies heavily on results from Joulin and Ollivier [22].
However, the application of these results requires very strong log-Sobolev conditions on the noise
distribution (¢(Z,,))nen, €.g., Gaussian distribution, and these results do not apply to the general
framework considered here.

4. Finite-time Moment and High-probability Bounds in the Markovian Noise Set-
ting We now consider the Markov case. Let (Z,dz) be a Polish space endowed with its Borel
o-field denoted by Z and let (ZV, Z%N) be the corresponding canonical space. Consider a Markov
kernel Q on Z x Z and denote by P, and E, the corresponding probability distribution and expec-
tation with initial distribution {. Without loss of generality, assume that (Z;)en is the associated
canonical process. By construction, for any A € Z, Pe (Z, € A| Zy_1) = Q(Zy-1,A), Pe-a.s. In the
case { =0, 2 € Z, P and E, are denoted by P, and E.. Consider the following assumption.

UGE 1. The Markov kernel Q is uniformly geometrically ergodic, that is, there exists ,,;, € N*
such that for all £ € N*,

A(Q) = sup (1/2)1Q"(z,) = Q" (<, v < (1/4)/mixd . (34)

z,2'€Z

Here, t,, is the mixing time of Q. With (34) it is easy to see that

S oo A(QF) = D2y Yo, A QT ) < (4/3) b (35)

UGE 1 implies that Q has a unique invariant distribution which is denoted by w. UGE 1 is
equivalent to the condition that Q satisfies a uniform minorization condition (see Douc et al.
[11, Theorem 18.2.5], i.e., there exist a probability measure v, such that, for all z € Z, A€ Z,

Q'mix(z,A) > (3/4)v(A).
Under A 1, we define the quantity

o = o ARG 2 CRY Aa/(Gerg Ca)| x [854%Ca fa] (36)
where o, a, kg are defined in (6) and (16), respectively. For any ¢ > 2, we introduce
Cr=4(kgy" Ca+a/6)* x [8ky” Ca /a .
Now we use oM and Cr to define, for ¢ > 2,

o™ =™ A g M =q/{12Cr). (37)

q,00
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We will see that )¢ ! is a natural counterpart of the stability threshold «, ., from (17). Now

q,00 “mix

we aim to extend the exponential stability result for product of random matrices (cf. Theorem 1)
to UGE 1 scenario, provided that a € (0;a®™)¢ 1 ].

q,00 “mix

THEOREM 3. Assume A 1 and UGE 1. Then, for any p,q €N, 2<p<gq, a€ (0,aMt 1],
n €N, and any probability distribution & on (Z,2), it holds

B [I0)17) < yRgetdt/ expl{—n(aa/6 + (¢ —1) Cra?)},

where oM is defined in (36).

Proof. Our proof is based on a simplification of the arguments in Durmus et al. [13] together
with a new result about the product of general dependent random matrices based on Huang et al.
[18]. Denote by h € N a block length, the value of which is determined later. Define the sequence
Jjo =20, jey1 = min(j, + h,n). By construction j,y1 — je < h. Let N = [n/h|. Now we introduce the
decomposition

Je
i) = HYg, where Y,= [[ 0I-aA(Z)), t€{1,...,N}.

=1 1=je—1
Using a crude bound [|[Yy|| < (1+aCy)", we get
a N—
BTN < (1 Ca) B ITLS Yol

Now we aim to bound Eé/p[HHé\;l Y, ||”] with the technique introduced in Proposition 13. To do
so, we define, for £ € {1,...,N — 1}, the filtration H, = o(Z; : k < j,) and establish almost sure
bounds on ||IEZ.{Z’1 [Y/]|lo and ||Y, — E?""l [Y,]|lg for £ € {1,...,N —1}. More precisely, by the
Markov property, it is sufficient to show that there exist m € (0,1] and o > 0 such that for any
probabilities £, & on (Z, 2),

|| Eer [Y1]||é <l-mand ||[Y; —Eg[Y4]llog <o, Peas.. (38)
Such bounds require the blocking procedure, since (38) not necessarily holds with h=1. Set
h=[8kg> Ca /altmix -
Applying Lemma 1 and Lemma 2, we show that (38) hold with m = aah/6 and o = C, ah, with

Co =2(kg Y2Ca +a/6). Then, applying Proposition 13,

E” [”Fl I } <E¢" [”F Hq} < fRgd e Car TT0 (1 — aah/6+ (¢ — 1) C2 a2h?)
<\/%d1/qeacAhe—aah(N 1)/64(q—1)a? CghQ(N 1
S\/%dl/qeah(cA+a/6)e_a°‘"/6+(‘1—1)a2ncih

< HQGZdl/qefaan/GJr(qfl) Cra’n .

Here we used that by definition of h and since a € (0, (V¢ ahCa <1, and aha/6 <1 by (67).

COROLLARY 3. Assume A1 and UGE 1. For any2<p<q, a € (0, 1| with o™) defined
n (37), probability distribution & on (Z,2), and n € N,

le]

B i) < et e
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Similarly to i.i.d. setting, decomposition (11) applied with L =0 is enough to bound the p-th
moment of LSA error ||6,, — 60*||. We begin with bounding Eé/p [ 7O7].

PROPOSITION 6. Assume A1, A2, and UGE 1. Then, for any a € (0,a4], p > 2, probability
§on(Z,2), and n €N, it holds

B [l7017] < DM v/aapty{ T 521, (39)
where
D" =272k C.a™ e/ + V2me Caa'} (40)

Proof. By definition (19), J(¥ is a linear statistics of the Markov chain (Z)gen. Thus the desired
result follows from a Mac-Diarmid type inequality under UGE 1 (see Paulin [30, Corollary 2.10]).
Detailed argument is provided in Section D.2. Note that the bound (39) is equivalent to the one
established in Proposition 2 up to an additional /% factor.

PROPOSITION 7. Assume A1, A2, and UGE 1. Let 2<p<q/2 and of™) be defined in (37).
Then, for any a € (0,a™Mt_ 1], 6y € R?, probability & on (Z,Z), and n €N, Zt holds

q,00“mix

E¢/7 (16, — 0|7 < \/Rged"/7e="/12||g, — 0*|| + DI d/7\/aapt i { Tr B} ,
where DY = D™ (1 +24v/2¢?, /R Ca a™) and DM is defined in (40).
Proof. Proceeding as in (21), we get
B (10, — 0* 17 S BY? IS0 — 0] + B [1TO17) + B [IHS 7] -

The first two terms are bounded using Corollary 3 and Proposition 6, respectively. Regarding the
last one, the recurrence (8), H{” = —a " I‘ﬁ)l nA(Zj)J;O_)l, and Minkowski’s inequality yields

E [|HONP] < a X {B TS 2] 3 (e [ A(Z) 0 122] 77

Using Proposition 6 and e™* < 1—x/2, valid for = € [0, 1], we get
Eé/p [[[F7O]]7] < ad"/%e?, /g Ca D™ \/2aapt i {Tr .} > (1 —aa/24)"

This completes the proof.

Proposition 7 improves Mou et al. [27, Proposition 1]. First, we obtain a better scaling with
respect to p for the fluctuation term. Indeed, Mou et al. [27, Proposition 1] implies that this term
scales with p*/2, while We obtain p'/2. Moreover, the constraints on the step size a are relaxed.
Proposition 7 holds for a™) ~1/[p(1 +log(d))], while Mou et al. [27, Proposition 1] requires that
a < 1/[p*d]. We state below a counterpart of Proposition 5:

PROPOSITION 8. Assume A1, A2, and UGE 1. Then, for any 2<p<q/2, a € (0,a{t 1],
probability & on (Z,2), and n €N, it holds

ELP[HO|P] < a4 T £}/ 0t { D Viog (1/aa)s? + D™ (aatys) 2p 2}
where D and D™ are given in (75).
Proof. Expanding the recurrence (10) yields JV = a2 30" Sy 1.,6(Z;), where
Stvin = Y a(l- aA)FA(Z) (1 - aR)1 (41)

Unlike the i.i.d.-noise scenario, J{! is no longer a martingale, so we cannot directly apply Rosenthal-
type inequalities to upper bound Eé/ P[] JV]|P]. Instead, we rely on Berbee’s lemma (Rio [34, Lemma
DgM) Dé(lM)

5.1]). For a detailed argument, see Section D.3. We emphasise that the constants and

do not depend on « or t,;.
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With the estimates above, we are ready to state and prove the Markov counterpart of Theorem 2.
Under A2 and UGE 1, we define the asymptotic covariance matrix

S =Erle(Zo)e(Zo) "]+ 23202 Exle(Z0)e(Z0) ] - (42)
We also introduce the fluctuation and transient components of the LSA-PR error

4 DgM)el/p V aptmix + 21/2 DRos,l Ca ptg/'5

(1) mix
Rn,p,a,tmix an nl/lo =+
+ 4el/P (DéM)Oéatmix log (1/aa)p? + DM (aatmi)®?p'?) (a7 'n 2+ 02 Cy) ;
2
tr 1/2 —
Rgva)vavtmix = 62+1/pl€(9/ <Oén1/2 + 2 1/2n1/2 CA> ’ (43)

Here Dges 1 is given in (88) and is a universal constant. The quantities above corresponds to the
fluctuation and transient terms in (29), respectively.

THEOREM 4. Assume A1, A2, and UGE 1. Then, for any p > 2, step size a € (0,a(Vt
M =1 {p(1+1logd)}), n>4, 6y € R, and probability & on (Z, Z), it holds

mix

LA

le

(n/2)1/2E1/p [HA (H[n/Z] _ 9*) ” } < Chu 1{TrE(M)}1/2 1/2 +{Tr2 }1/2Rnpo¢tmlx

n'/®In2 aan
Ty 3 11/2,,1/542/5 R(tr) *
(8/3)0 { r } tle p{ (ztmix)1/5} npatmleHO 9 Hexp{ 24 } )

where Crm1 s defined in Section A.

Proof. Let p > 2 and q > p be a number to be fixed later. In addition assume that o € (0, oty oo tini)s

1X

and set ng = [n/2]. Below we use shorthand notations A,,A,,&, for A(Z,),A(Z,), and &(Z,),
respectively. Proceeding as in (30) and (31), we decompose the p-th moment of LSA-PR error as

(n—10)E/” [I|A (ngn — ) IP] SB[ 205, evsall? ]+T(M)+TM + 7" (44)
M — 1 M 1 n—1 % r

T =a 1Eg/p[|!9no—9n\| I, TV =B 2, Avab|17]
M 1 n—1 % 0 1/p n—1 %

T =B S0, AraJO1] + BV (10, A B

Now we bound each term in the decomposition (44). We begin with the first term. Applying
Corollary 5, we get

LR 5t+1|| ] < Crma p2(n — ng) /2{ Ty BOD}/2
+ DROS,l CATY S} 2p(n — no) /133 + (8/3) Co{Tr £} 2(n — ng)?/P12/5 2~ 1m0 /tmin /7

mix

Applying Proposition 7 and Minkowski’s inequality, we get
T <2071 fRged/1em0/12||g, — % || 4 2D5V dV a2 \/apt i { Tr 2} -
Applying Corollary 3, Minkowski’s inequality, and using A 1, (4), we get
T < (n—ng)\/rge?d"/1 Cp e=2m0/12|| g, — 6% .
It remains to proceed with TP,(M). Using the representation (8),
> n10 = =y A1 aA(Zi) H” - aY oy A 0

which yields y
VAT =0 (HY - HO) = A(Ze)H

tno
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Applying again Minkowski’s inequality, we get
B! r 0) _ o (0
E” [ 200 Ava IV [17] < {2071 + (n —no) Ca}sup,ey- B[ H” |17] .

Now it remains to combine the bounds above in (44), use Proposition 8, and set ¢ = p(1 + logd),
ng = [n/2].

REMARK 1. It is important to highlight that the bound We establish in the proof of Theorem 4
for T3 (M) cannot be 1mpr0ved with further expansion of H Contrary to the i.i.d. scenario, the
term Zt o At+1J is no longer a martingale, moreover, in general [E, [At+1 J(O)] # 0. As shown in
Lemma 6,

IEe[A 1 S0 < DYt {Tr 2 }2.

This bound is of the same order w.r.t. step size a (up to the factor \/log1/aa), as the bound for
Ht(o) obtained in Proposition 8. Therefore, it is not possible to obtain better bounds by further
expanding the Ht(o) term.

Proceeding as in (33), we refine the bound of Theorem 4 under the special choice of the step size
. The fluctuation error term (43) suggests that a should scale with n as n=2/3 and therefore we
set

o™ (n,d, p, tmix) = ( (M) A CA )/{1 + log d}) (pn2/3trln/li) (45)
With the step size above, Theorem 4 implies, for n > t,,;,, the following p-th moment bound:
3/5 2
1 * {TI'E(M)}I/2 1/2 tnuxp tmixp
7 A (O = 07) IP] S s + {Te B}/ s 4 = (46)
n'/51n2 (i /\C(M))nl/3
+p(tmix n2/5exp{—}+pn1/2 0y — 0*|| exp A ,

where < stands for inequality up to a constant, depending on kg, a, Ca, C., and polylogarithmic
factors in d and n. Similarly to Corollary 2, the bound above can be reformulated as a high-
probability bound using the Markov inequality.

COROLLARY 4. Assume A1, A2, UGE 1, and set 6 € (0,1). Then, for any 0y € R?, sample size
n€N*, n >4Vt step size a=a™ (n,d,log(3e/8), tmix) defined in (45), it holds with probability
at least 1 — 6, that

(1/2) 2 A (Bnj21.0— 07) || <3¢ Cama { {Tr S Hog(36/6) + ¢ REP) (1, 69,6, ts)
where

RYP) (0,8, tmix) = {Tr 2.2 log(3e/8){n~ /1045 4 n=1/%t . log(3e/8)}

1/6,1/3 1/2 B (af o0 /\C(M)) /3
+ (n'/%t 5 log(3e/8) +n'/?) |6 — 6" || exp 173
24tm1x(1 + logd) log(3e/0)

1/51 2
1/1042/5 _noome
+n' /0t log(3e/9) exp{ (2tmix)1/5} ;

and ch) depends only on kg, a, Ca, C., and polylogarithmic factors in d in n.

Theorem 4 generalizes and improves the results of Mou et al. [27, Theorem 1]. First, Mou et al. [27,
Theorem 1] only consider the mean square error, while in Theorem 4 we derive bounds for arbitrary
p-th moments of the LSA-PR error. These bounds are further used to derive high probability
bounds in Corollary 4. Second, the refined bound (46) for p = 2 yields the same leading term



Durmus et al.: Polyak-Ruppert averaged LSA
Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS 15

of order {Tr XM }1/2p=1/2 and improves the dependence of the residual term on the dimension.
Namely, for comparison with Mou et al. [27, Theorem 1], assume that Tr3. ~ d. This leads to
a residual term with dependence of order d'/? in Theorem 4 instead of d*/? in Mou et al. [27,
Theorem 1]. Moreover, the step size o in (46) scales with d as (1 +logd)~!, unlike d~/* in Mou
et al. [27, Theorem 1].

Appendix A: Notations and Constants Denote N* =N\ {0} and N_ =7Z\N*. Let d € N*
and @ be a symmetric positive definite d x d matrix. For x € R?, we denote ||z|q = { " Qz}"?. For
brevity, we set ||z|| = [|z[|1,. We denote [|A| o = max|,|,=1[ Az g, and the subscriptless norm [|A|| =
| A|; is the standard spectral norm. For a function g:Z — R?, we denote ||g||o :=sup,7 |lg(2)]|-

We denote S = {z € R |z| = 1}. Let A;,...,Ax be d-dimensional matrices. We denote

T Ar=A; .. A; if i <j and by convention [],_, A, =T11if i > j. We say that a centered random
variable (r.v.) X is subgaussian with variance proxy factor o2 and denote X € SG(o?) if for all
A €R, logE[e*] < A\?0?/2.

The readers can refer to the following table on the variables and constants that are used across
the paper for references.

Variable Description Reference
Q Solution of Lyapunov equation for A Proposition 1
o A (@Al Q) Proposition 1
a Real part of minimum eigenvalue of A Proposition 1
NN Product of random matrices with step size « (3)
e(Zn) Noise in LSA procedure (2)
(), oM Transient and flutuation terms of LSA error (4)
oo (resp. a{M)) Stability threshold for T'{%) to have bounded (17)
p-th moment under IND 1 (resp. UGE 1)
JO Dominant term in 6" (8)
H®O Residual term 6 — J(©) (8)
JW H® £>1  Stochastic terms from expansion of H) (9)-(10)
2. Noise covariance E[e e/ | A2
(M) Asymptotic covariance matrix under Markovian noise (42)
Crm,1 = 60e Constant in martingale Rosenthal’s inequality [31, Theorem 4.1]
Crm,2 =60 Constant in martingale Rosenthal’s inequality [31, Theorem 4.1]
DRos.1 Constant in Rosenthal’s inequallity under UGE 1 (88)

_ Appendix B: Independent case bounds In the lemmas below we use shorthand notation
A, A, e, for A(Z,),A(Z,), and €(Z,), respectively, where £(2): Z — R? is defined in (2).

B.1. Proof of Proposition 2 With decomposition (8), we expand J(» as
JO=adl (I aA)n_j €j =) Ny, where n, ;= (I— aA)n_j £

Proposition 1 implies that ||(I— aA)nin < /122/2(1 — aa)™/2, Hence, using the Hoeffding-type
bound of Lemma 11 and assumption A 2, we get for any ¢ > 0 that

P(| O] > t) < 2exp{—t*/(207 )} ,
where, with ¥, defined in (15),
02, =a’kg C2Tr(.) > (1= aa)" 7 <akg Tr(%,) C?/a.

Combining this result with the moment bound of Lemma 10 yields (18).
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B.2. Proof of Proposition 5

B.2.1. Moment bounds for J(!) We begin with the bound (27). Expanding the recurrence
(10) with £=1 and using that J\”, = —a>>F (1 — aA)* "¢, yields

IV =a2 0 S e, where S =300 (I—aA)EAL (I - aA)E (47)

Recall for keN, F,=0(Z, : 1 <s<k), Fo={0,Z}. It is easy to check that the sequence
{Serl LEi 112! is a martingale-difference with respect to the filtration (Fy)pen: E[Sf}r)lmsi\.ﬂ_l] =0.
Applying the Burkholder inequality Osekowski [29, Theorem 8.6] and the Minkowski inequality,
we get

B[S0 ] < prat Bl 81D (48)
<P (I B ISl )

Let us denote v; =¢;/||&;||. Then, using IND 1, we get

B[S yneill”) =B lelE” (IS5, 0il ]| <Elleil] sup B[Sl

uesd—1

A1 and Proposition 1 imply that ||(I—aA)" *A,(I1—aA)* 7| < kg Ca(l—aa)™ /2, Hence,
applying Lemma 11, we get for any ¢t >0 and u € S*! that

t2
P(|[SY,. | >t) < 2exp{ — .
(H i+1:n ” = )— Xp 2,%%2 CQA(n_Z’)(l_aa)n—i—l

Applying Lemma 10, we get for any u € S4*

B[S ull”] < 2p C4 w(n—i)(1 - aa)" (49)
Combining (48), (49), and A2, we get

E'P[ IV < 2{Tr £}2p* 202 Ca ki Co(X75 (n — ) (1 — aa)"='=1)1/2

S D. aap3/2{TrE }1/2 ’ (50)

where Dj is defined in (27). In the above we have used that Y . kp" ' = (1—p)~2 for p€[0,1)
together with aa <1/2.

B.2.2. Moment bounds for H(" The decomposition (10) implies that

HT(Ll) = - ZL e+1 nAEJe(l)l

Hence, using Minkowski’s inequality together with IND 1,
EVP[|HO P < a3 EVP(ITE, A PTE# (|| 12, 17]

Applying Theorem 1 and (50), we get using the definition (28) of D,

EYP|HOV|P) < lilQ/Q Ca Dsoad” 1 {Tr £}/ ?p3/? Z(l —aa/4)"
=1
< DAY Tr .} 2aap®’?
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B.3. Version of Corollary 2 with exact constants

PROPOSITION 9.  Under the assumptions of Theorem 2 with the step size a« = a(n, d,p) specified
n (32), it holds that

(n/2)"PEV? [|A (Bpjo1n — 07) |I7] S/CRm,l{Tr %}1/2291/2 (51)
cs(1+logd)?p  eqp?/?
+el/p{Trzs}l/2 < nl/4 nl/2
(oo ACA)V/T
8p(1+logd) |’

T e /Pey(1 -+ log d)pllfo — 0°] exp{—
where c3, ¢y and cs are given by

C3 —

4D2 1/2 _ . 1/2 2\/§
W—’—\/ﬁCRmQCE_'_(aOO/\CA) CA D17C5—HQ m+CA ’

¢4 =Ca(D3+ Dy)a(as Nca) -
Moreover, Corollary 2 holds with
¢z =3e ((cs+cs)(1+1logd)/?Ves(1+logd)) . (52)

Proof. The bound (51) automatically follows from Theorem 2 after substituting the step size
a(n,d,p). Now Corollary 2 with ¢, defined in (52) follows from the Markov inequality applied with
p=1log(3e/d) > 2.

Appendix C: Independent case bounds under subgaussian noise assumption
Assumption A 2 can be relaxed to a subgaussian-type conditions on the noise variable £(Z). Con-
sider the following assumption:

A 3. ForanyueS%! and X € R, log{E[exp(A\u'e(Z))]} < A\?02/2, where Z is a random variable
with distribution 7.

Note that A 2 implies A 3, and A 3 can be written more concisely as u'e(Z) € SG(c?) for any
u € S%7!. For instance, this condition holds when €(Z;,;) is an outer product of sub-Gaussian
random variables in the canonical coordinates; see Mou et al. [27, Assumption 2]'. Note that, for
any u € St and t >0,

P(ju"e(Z)| > t) < 2exp(—t*/(207)) . (53)

Below we state the counterpart of Proposition 2 and Proposition 3.

PROPOSITION 10. Assume A 1, IND 1 and A 3. Then, for any o € (0,a4], p>2, ueS? and

neN,
R!/P HuTJT(LO) |p] <D;vaapo?, (54)

where Dy is given in (18). Moreover, for any p,q €N, 2<p<gq, a € (0,0y), n €N, ueS* and
0, € RY,

EV? [Ju” (6, —67)"] < d"/sg” (1 - aa/4)" || — 6] +Dd*/*\/aapo? (55)
where the constant D is given by
D = (2k0)"%a (1 + 4/@{2/2 Caa™l)

! The condition can be further relaxed to cover heavier-tail setting in which €(Z;+1) has only a finite number of
moments or is sub-exponential (instead of sub-gaussian).
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Proof. We first show the bound (54). Expanding (8), we get for any u € S, that
ul J©O = 042?:1 M, where n, ;= u" (I-aA) e £j. (56)
Note that {n, ;}7_, are sub-Gaussian random variables. With Proposition 1, for any A € R,
log E[exp{ A, ; } < (1/2)\?||u” (I — ozA)n_j |02 < (1/2)N*ko(1 — a)" o2

Hence, 1,,; € SG(02 ;), where 07, = kq(1 —aa)" 702, IND 1 and (56) imply that u'J? is also

n,9

sub-Gaussian random variable, that is,
u' J €SG(a2,), oh,=a’Y ) 0h <a'Kgola.
Using (53) and applying Lemma 10, we obtain for p > 2 that
El/P HUTJTSO)IP] <D, o.\/aap, where D; = Zf@gza*l .

Now the proof of the bound (55) follows the same line as the proof of Proposition 3 and is omitted.
PROPOSITION 11. Assume A 1, IND 1 and A 3. Then, for any n € N, a € (0, Aca /{2 +
2logd}]), Oy € R, uwe S, it holds
(n/2)E [[u" A (Opnjo1,n — 0%) [?] <4u" Scu+ AN + A6, — 0*)1°(1 — aa/4)" /n,

where A A are given in (24).

Proof. The proof follows the same line as Proposition 4 using Proposition 10 instead of Propo-
sition 2 and Proposition 3.

PROPOSITION 12. Assume A 1, A3, and IND 1. Then, for any a € (0,a.], p>2, u€ S and
n €N, it holds
EVP[|lu" JVP] < Dsaap®o. , where D3 =4rkg Ca /a”. (57)

Moreover, for any 2 <p<q and o € (0, 040], n €N,
EVP[lu"HV|"] < Dyaap®d"/9o. , where Dy = 4/422/2 CaDs3/a®. (58)

Proof. We begin with the bound (57). We use (47). The sequence {S -(}r)l:nei "' is a martingale-

K3

difference with respect to the filtration (F})ren: Applying Burkholder’s inequality Osekowski [29,
Theorem 8.6] and Minkowski’s inequality, we get

EfluT JO] < pra@ B[S0 (0TS, e0)?)P/?) (59)
< pra®? (S0 B [luT S e )P

Set Vi1 =[S 17u. Then, using IND 1, we get
+ i+1ln

Ellv)1m&il?] SE[[[vir1nl?] Sl{iplEHUTfﬂp] .
veESE—

Using the same arguments as in Proposition 5, we get

t2
P(Jlvi1nll > ) gzexp{_ ' } |

2k C1 (n—i)(1 — aa)"—i-1
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Hence, applying Lemma 10, we get for any u € S¢1
E*? ([0 1:a]|”] < 4p C Ky (n— 0)(1 — aa)" . (60)
Combining (59), (60), and A 2, we get

EVP[lu” V7] < dop?a® Ca k(7 (n—1)(1 —aa)" 1)1

< Dsaap®o. . (61)

We now consider (58). Recall that H(V = —a >}, Fz(zj.)mAé JIY. . Hence, using Minkowski’s inequal-
ity together with IND 1,

EVP(|HD ] < o 320, EYP(ITS2 AclP)sup,eqas BV [luT I 2]
Applying Theorem 1 and (61), we get using the definition (28) of D,
EYVP[|HM||P] < /ig2d1/q Ca D3a?0.p* Y, (1 —aa/4)" < DydYi0.cap® .
Using the bounds of Proposition 11, we obtain the p-th moment error bound for LSA-PR pro-

cedure similarly to Theorem 2. Proceeding as in (29), we introduce the fluctuation and transient
components of the LSA-PR error

4e!/7D,p' 2 3v2Crmo /1 3/2
A AR (g 4 D )aap? 4 Y2 Cema Viogtentp
D, (an)!/2 T N
+Ca D1O¢1/2p3/2 , (62)

Al = e 7R (2V2/ (an'/?) + 27012 Cy ) .

THEOREM 5. Assume Assume A 1, IND 1, and A 3. Then, for anyn €N, p>2, a € (0, A
ca /{p(1+1logd)}), 6 €R?, weS, 1, it holds

(1/2) 2BV [[uT A (G121 — 67) [P] < Crona St} /2p2 4+ 0. AD)

n,p,x

+AD (1 —aa/4)"? (|6, — 6%,

n,p,o

where Crm,i, ©=1,2 are defined in Section A.

Proof. The proof follows the lines of Theorem 2 and is omitted. The only difference with the men-
tioned proof is related with the term E'/? [| Z?;nlo uT€t+1|p]. Application of Rosenthal’s inequality
yields

El/p U E?:_io u e ‘p] < CRm,lpl/Z(n _ no)l/Q{uTZgu}l/Q

+ CRm,2pE1/p[maXt€{n0 n—1} ‘UT6t+1’p] .

-----

Since u'e;y 1 € SG(02) for any ¢t € N*, we obtain using Durmus et al. [12, Lemma 4], that

.....

no1y [uT ey [P] < 30.pt/2\/1+log{n —ne} .
This modification affects the fluctuation term A® | in (62).

Appendix D: Markov case bounds
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D.1. Proof of Theorem 3 We first provide a result on the product of dependent random
matrices. The proof is based on Huang et al. [18]. Let (2,5, {F¢}een,P) be a filtered probability
space. For the matrix B € R¥™“ we denote by (0,(B))4{_, its singular values. For ¢ > 1, the Shatten
g-norm is denoted by ||B||, = {Z?zl ol(B)}Y9. For ¢,p > 1 and a random matrix X we write
Xl = {EIX[]}/7.

PROPOSITION 13. Let {Y,}ien be a sequence of random matrices adapted to the filtration
{F¢}een and P be a positive definite matriz. Assume that for each ¢ € N* there exist my € (0,1] and
o¢ >0 such that

HESZ_l [Y@]”?g < 1 — My and HY@ — ]ESZ—l [Yg]”p < Oy P-a.s. .
Define Z,, =1,y Y=Y, Z, 1, for n>1. Then, for any2<p<gq and n>1,
1Z0ll3,, < £p TTi—y (1 —me + (g — 1)) |1 P22 P22,

where kp = Anax(P) [ Amin(P) and Apax(P), Amin (P) correspond to the largest and smallest eigenvalues
of P.

Proof. Let n € N* and 2 < p <g. We begin with the decomposition
Z,.=Y,Z, 1= (Y, —E[Y,])Z,  +E51[Y,]|Z, ;.

Let us define fp : R¥*? — R4 as fp(B) = PY/2BP~/2. Therefore, for any n € N, it holds fp(Z,) =
A, +B,, where

A= fp(Yu =B [Yo))Z1), Bu=fp(EP 1 [Y,]) fp(Zn).
Since EBn [A, ] =EB~ [ES»-1 [A,]] =0, Huang et al. [18, Proposition 4.3] implies that
1£p(Za)ll5 < IBallg, + (g = DI AL, - (63)

It remains to bound the two terms on the right-hand side. To this end, we use Hiai and Petz [17,
Theorem 6.20] which implies that for any B;, By € R4

1B1Bslgp < [ Bl Ballg.p - (64)

Combining (64) with || B||p = || f»(B)]|, and ||Y, — ES»1 [Y,]||p < o, we get

|Aulap = (B 12 (Y, B (Y] fo(Zooa) }])
< (B[, —ES Y2 o (Za )] < ol fo(Zn 1) g (65)

Similarly, applying |ES»-1[Y,][|% <1-m,

IBLII2, = (E [|l fo(ESn [Y.) fo(Zn1)|I?] )j/p
< (B [ES (Y] 5]l fo(Za)2]) " < (1 = ma) |l fr(Zn1)]2, - (66)

Combining (65) and (66) in (63) yields
1fP(Za)l7, < (1 —m+ (¢ = Do) fp(Zu-)I7, < TTim, (1 —mi + (g — 1)o?) [ fp(Zo)II7, -
The proof is completed using (64) which implies that

1Zllop = P2 fp(Z0) P2l < Vi | f o (Zin) 0 -
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In the lemmas below we aim to prove the bound (38). Recall that Y; = H?:l(l —aA(Z;)).

LEMMA 1. Assume A1 and UGE 1. Then for any o € (0,a®Vt 1] with o defined in (36),
and any probability & on (Z,Z),

IEc[Y1)|3 <1—aah/6, where h=1V [8ky> Catmix/a] - (67)
Proof. We decompose the matrix product Y, as follows:
Y1:I—OéhA.—Sl+R1, (68)

where S; = azzzl{A(Zk) — A} is linear statistics in {A(Z;)}_,, and the remainder R, collects
the higher-order terms in the products

R, =) (-)a" > [J[AZ.)-

i1 in) €l u=1

with 1 = {(i1,...,i,) € {1,...,h}" 1 iy <--- <i,}. Using | M||g = |QY2MQ~/?||, it is straightfor-
ward to check that P-a.s. it holds

HR1HQ<ZM1Q/20A <h> (kg Caah)?(1+ky>Caa)' =Ts. (69)

On the other hand, using UGE 1, we have for any k € N*, that

IE¢[A(Z:) — Al = sup [Ec[u’ A(Zi)v] —u' Av] < Ca A(Q).

u,pesd—1

Hence, with the triangle inequality and (35),

IEe[S:]llq < arg” Yo 1HE5[ (Z) — Al < arg’ Ca Y, AQY)
< (4/3)O¢tmIXI€Q Ca=1T1,.

This result combined with (69) in (68) implies that
IE[Y1lllq < [[1—ahAllg+ Ty + T .
First, by definition (67) of h , we have
T, <aah/6. (70)
With the definition of o™ in (36), a <o < (/iéf Cah)*Ala/(6erg Ch h)], and
T, < (/122/2 Caah)?e < aah/6. (71)
Finally, Proposition 1 implies that, for ah < a.,
[1—ahAlg<1—aah/2. (72)

Combining (70), (71), and (72) yield [|E¢[Y1]||g <1—aah/6, and the statement follows.

LEMMA 2. Assume A1 and UGE 1, and let o € (0,aMt_1]. Then, for any probability & on
(Z,2), we have
Y1 —Ee[Y1][lo <C, ah, where C,=2(ky" Ca+a/6),

and h is given in (67).
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Proof. Using (68), we obtain
Y1 —Ee[Yi]llo < ad2i, [1A(Z) — Ec[A(Zy)]llq + IRy — Ec[Rilllq -

Applying the definition of R, in (69), the definition of h,a, and T5 in (71), we get from the
above inequalities
1Y) — E¢[Y1]|lq < 2aky’ Ca h+aah/3,

and the statement follows.

D.2. Proof of Proposition 6 We first apply the Abel transform to J(*). Using the repre-
sentation (8), we obtain that

O=aY"  (I-aA)" 7 e(2) (73)
=a(l-aA)" 'Y e(Z) a0 (1-aA) T TTAY L e(Z).

Note that m(e) =0, and for any z,2’ € Z, A2 implies ||e(z) —e(2’)]| <2C. /TrX.. Hence, applying
Lemma 12, we get for any j € N and t > 0, that

HZ e(Zy)| = t) < 2exp{—t?/(282_,)}, (74)

where for £ € N*,
Be=8C./ltmix{TrE.}.

Lemma 10 and (74) imply that, for any p > 2,

Eé/p [HZZ:;‘JA e(Zy) ”p] <272C, \/(n — )Pt { Tr X} .

Then, applying Minkowski’s inequality to (73), we get

< \n—1
E/7 [|J@] <272 C.af (I-aA)" | \/nptmlx{TrE

+272C.a? Y0 ||( aA)"” it Al (n—j)ptmi{Tr S}

Using A 1 and Proposition 1, for j € {1,...,n}, \\(I—aA)n7j|] < VFo(l — aa)™=9/2. Note also
that, since aae <1/2,

n—1 n—1
Z(l —aa)"ITV2 fn — j < e Zexp{—aa(k: +1)/23k

23/2eaa 21/27'[1/261/2

< W/O exp{—y}\/zjdy < W

It remains to combine the previous bounds with an elementary inequality, using ca < 1/2, for any
x>0,

1/4 1/2 1
(@ )1/281110{“e } _(aa)1/2e1/4'

Combining the bounds above yield (39) with the constant D™ defined in (40).

(1 —aa)® V2 /z <e*?exp{—aaz/2}Vz <
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D.3. Proof of Proposition 8 Using (10), we decompose H("Y) = J(V) + H(Y. Now the state-
ment follows from Minkowski’s inequality, Lemma 3 and Lemma 5. The constants DéM), DELM) are

given by
DI =D (1+96a~ Cae’hy”) |

D =D} (1+48a7" Ca e*rg v

(75)

with DY and D} defined in (76).

LEMMA 3. Assume A1, A2, and UGE 1. Then, for any a € (0, ], p > 2 any initial probability
¢ on (Z,2), it holds that

71TV 1] < {Tr S} (aatui){DGY Viog (1/aa)p® + Dy (aatmi) /*p'/}

where

(76)

To proceed with Berbee’s lemma, we consider the extended measurable space Zn = ZN x [0,1]
endowed with the o-field Zy = 2 oN ®B([0,1]). For any probability measure  on (Z, Z), we consider
the probability measure P, = P, ® Unif([0,1]) and denote by E. the corresponding expectation.
Finally, we denote by (Zk)keN the canonical process Zj, : ((zi)ien,u) € Zn s 2z and U : ((zi)ien,u) €
Zy +— u. Under Pg, by construction {Z % tren 1s @ Markov chain with initial distribution £ and Markov
kernel Q independent of U. The distribution of U under P is uniform over [0, 1].

LEMMA 4. Assume UGE 1, let m € N* and £ be_a probability measure on (Z,Z). Then, there
exists a random process (Z} )keN defined on (Z, Zx,P¢) such that for any k €N,

(a) Z,C is independent of Fiym = o{Zy: 0>k+m};

(b) Be(Z; # Zx) < A(Q™);

(c) the random variables Zk and Zy have the same distribution under IPf

Proof. Berbee’s lemma Rlo [34, Lemma 5.1] ensures that for any &, there exists Z* satisfying
(a), (¢) and P¢(Z; # Zi) = Be(0(Zk), Fiym)- In this formulae for two o-fields §, & on ZN,

Be(S.86) = §SUPZZ [Pe(Ai N B;) —Pe(A:)Pe(B;)] ,
i€l jel
and the supremum is taken over all pairs of partitions {A;}ici €' and {B,},c; € &’ of Zx with |
and J finite. Applying Douc et al. [11, Theorem 3.3] with UGE 1 completes the proof.

Proof. Recall that J( = a2 22;11 Sei1.08(Zy), where Syi1., is given in (41). We first set a con-
stant block size m € N*,m > t,,;x (to be determined later). In order to proceed with Sy;1.,6(Z,),
we split Sy41., into a part measurable with respect to Fj,, = 0(Zy:k>m+{) and a remainder
term. Indeed, using its definition (41),

S€+1:n - (I - O‘A)nimie‘s@kl:@—km + S@-‘rm-‘rl:n(:[ - aA)m
Let N = [(n —1)/m|. With these notations, we can decompose J as a sum of three terms:
J =Ty + Ty + Ty, with

m(N—1)

Tl = 042 Z (I - OéA)n_m_éSg+1:[+m5(Zz)
m([;il) n—1

T2 = 062 Z S€+m+1:n(1 - aA)mg(Zﬁ) ) T3 = 052 Z Sé—i-l:nE(ZZ) .

=1 {=m(N—-1)+1
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We bound the terms 77,75 and T3 separately. Using Minkowski’s inequality together with Propo-
sition 1, Lemma 7, and the definition (41), we get

m(N—1)

ESITIP] <o Y ro' (1 —aa)" PR [||Shvesme(Ze)|7]
=t m(N—1)

<160’k 3/2 Ca C. D(SM) Mt I 22 1p Z (1— aa)("*“lw

=1
<326%° Ca Coa™lay/mtyn {Tr 2. }p

where for the last inequality, we additionally used that /1 —2 <1 —x/2 for x € [0,1]. Similarly,
with Minkowski’s inequality and Lemma 7, we bound Tj:

n—1
BT <o Y BP[lISeme(Z0)17)
t=m(N-1)+1
n—1
< 16V20%ko Ca Co /Mt {Tr S }p Z (1 — aq) =172
f=m(N—1)+1

< 32\@/-;@ Ca Coa tay/mtn {Tr Y }p.

In the bound above we used that n —1 —m(N —1) < 2m. Combining the above,

B (113 7) + B¢ (|1 517] < o aay/mtu {Tr =3, (77)

where ™ =326 CaCea” 2(V2 + 51/2) It remains to bound Eé/p[HTng]. We switch to the
extended space (ZN,ZN,IPg)_,and, using Lemma 4, we get that Eé/p[HTQHP] = Eé/pHTgH”] with T, =

sz(N 2 Sg+m+1n(1 — aA)"e(Z,). Here Spimi1s is a counterpart of Sypy,,11., defined on the
extended space, that is,

g@+m+1:n = ZZ:Z+m+1(I — aA)"_kA(Zk)(I — OZA)k_l_e .

We further decompose TQ = TQJ + T2,27 where

N—-2 m

Try =0’ Z Stesvymrisrn(I— aA)"e(Z5000)
k=0 i=1

B N—-2 m _ B B

Ty = o Z S k+1)m+z‘+1:n(1 —aA)"{e(Zymyi) — (Zl:m+1)} . (78)
k=0 i=1

We begin with bounding Tg,g. Set V, = 6(Zg) — 6(22) and ]:',* = O'(Zk,Z]: : k </). Using Lemma 4
we get with the convention 0/0 =0,

[HS(kJrl m4i+1: n(I - O‘A)kavaZH ]

= E [”S(k+1)m+z+1 n(l— aA) Vkm“l{zkmﬂ?'ézkmﬂ} 1]

< Ez/” (Vi sl PEZ s (1S 1ymsis 10 (1= O B) Vi [ Ve 17

< Eé/p [||Vkm+i‘|p sup E&’ H|g(k+1)m+i+1:n(1 - OZA)MUHPH )
ueSd—1 ¢/cP(2)
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where P(Z) is the set of probability measure on (Z, Z). Applying Lemma 8 and Proposition 1, for
any u € S%"! and probability measure &',

Ei//p[HS(kJrl)eriJrl:n(I - QA)mUHp] = ]Eé’/p[HS(kJrl)mHH:n(I - aA)mqu] ‘
<167 Cal(n— (k + 1)1 — i)tmix (1 — aa) "7 1p] /2.

Moreover, under A 2 and UGE 1, [|[Vip 14| < 2CATY SN2 Zyn s # Zfopii}s and Pe(ZF, ., #
Zrmi) <A(Q™) < (1/4)m/tmix] by Lemma 4 and UGE 1. Combining the bounds above,

Eg/7 (1S stymsisrn(I = @A) Vs 7] 321" Ca Co(1/4) 1D i) (79)
[(n— (k+1)m —i)(1 — aa) " - i {Tr S }p] 2.

Substituting (79) into the definition (78) of T}, and using

m(N-1) \/H(l _ aa)(n—€+1)/2 < f0+00 $1/20—aat/2q4 — 23/2(aa)‘3/2f(3/2) ’

=1

we get B ~
By [ s 7] < 5 (aa)/2(1/4) 1P misd \f1 TS T, (80)

where ™ = 647!/25 3/ *Ca C.a2. To obtain (80) we have additionally used that m > 1 and aa <
1/2.

Now we bound 75 ;. Define the function g(z) : Z — R%, g(z) = (I—aA)™e(z). A2 and Proposition 1
imply ||g|lee < ,%22/2(1 —aa)™?C{Trx.}'/? and 7(g) = 0. Then we apply Lemma 4 and Lemma 9,
and obtain

i = N-2 ~2 & 1/2
E¢/?[| T ]I7] a22[2pllglloo{2k_o supyesa—t B’ (| Stsvymsirrnte]?]}

i=1

N-2
+Z‘|§ka+l | Sup E U|S(k+1)m+i+1:nu||p]

k=0 ueSd—
Assumption UGE 1 with 7(g) = 0 implies [|£Q*"Tig|| < A(Q*)||g|l. Combining it with
Lemma 8,

m N-—-2

Z Z ”ngm—H ’ Sup é/p[”s(k—&-l)m+i+l:nuup]

i=1 k=0

< 16/<a§2/2 Ca C.(1 — aa)™m=V/ sup{q: —aa)"}'? o {Tr 2.} ZA QY
64
(aa)_l/gm%/z CaC.(1—aa)™ 1)/22?3/2 {TrX.}p,

<
— 3e1/2

where we have used for the last inequality (35), ac < 1/2, and sup,.,{z(1 — aa)"}'/? <
e 1/2(ac)~%/2. Jensen’s inequality together with Lemma 8 yields

1/2
Z{Ek =0 SUPyegd- 1E [|‘5(k+1)m+i+1:nu\|p]}

_ 1/2
< \ﬁ{Ze 1 SuPueSd 1 E [||S€+m+1:nqu]} ,
<16k Ca (Mt mip)/? {ZM(N (n—¢—m)(1 - aa) -1 }1/
< 16\[/1(9 Ca(mtmp)'/?(ca)™".
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Combining the bounds above with ||g||e < KJ};Q(I —aa)™?CATre.}?, we get

B [ Toall?] < [32v/2%? Ca C. 0 )yt T S Jaap® 2 (81)

+[(64/3e7/%)KY Ca Coa |{Tr S }2 (aat ) */*p"/? .
Now the proof is completed combining (77), (80), and (81), setting

o [P

and using p'/? < p and ti{i < tmix- Indeed, with this choice of m, (1/4)A/Pm/tmix] <\ /o, m >ty

In addition, note that m < 2t,;,p log(l/aa)/(2log( )) using aa <1/2 and p > 2.
LEMMA 5. Assume A1, A2, and UGE 1. Let 2<p<q/2. Then, for any a € (O,a(%ct;ilx] with
oM defined in (37), and any initial probability & on (Z, Z), it holds that

E7(|HV (") < dV{Tr 83 (aatwi) [Digy Viog (1/aa)p® + Diga (aatui)/*p'?]

where
DY) =960 Cac?ky’DTY,  DRY=48a"1Cae?kyy DYy .

Proof. The decomposition (10) implies
H(l O‘Zﬁ 1 Pgil nA(ZZ)JtSz .
Hence, with Minkowski’s and Holder’s inequalities,
B IHD P < o300, B ITE A (Z0)1P71E 71172 1]

Applying Corollary 3 and Lemma 3,

n

IE?”[HHS) 7] < 4e2/<522/2 Ca D%)tmix{Tr 25}1/2d1/qp2a2a\/10g (1/ca) Ze_“a”/m

(=1
n

+ 2e2/<;g2d1/qD%){Tr Zep}1/2(aatmix)3/2 Ze—aan/12 ]
=1

Now the proof follows from elementary bound e * <1—2x/2, z € [0,1].

D.4. Auxiliary lemma for Theorem 4
LEMMA 6. Assume A1, A2, and UGE 1. Then, for any o € (0,a.], t € N* and initial proba-
bility & on (Z,2), it holds that
IEe[A (Ziy1) 17| < DEVaats{ Trs}? (82)

where DM = (4/3)k 1/2C Caa™t.
Proof. Using (8), we get

[E[A(Zi) ) = sup Eclou" AZi) Y, (1= ah)7e(2))].

ueSd—1

Define for z € Z and j € {1,...,t}, the function g;;(z): Z+—R? as

914(2) = [; A(2) (I~ aA) Te(2)Q 7+ (2,d)
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Using that Tr(A) =0 together with Proposition 1 and UGE 1, for any u € S 1,
T g50(2)] < RY2(1— aa) /2 Cp CATES Y 2A(Q).

Using the Markov property of (Z;)reny and the definition of ¢,;, (see UGE 1), we get from the
previous bound that

~ t — . s}
|Eclou" A(Z11) ijl(l —aA)'7e(Z;))]] < aky’ Ca C{Tr S} ZH A(QY)
S DA(LM)aatmix{Tr 26}1/2 ’

and (82) follows.

Appendix E: Technical bounds: Markov case Recall that Sy, 1.0y, is defined, for £,m €
N*, as
Seitim =S Bi(Zy), with By(z) = (I— aA)+™FA (2)(1— o)L, (83)

k=0+1

LEMMA 7. Assume A1, A2, and UGE 1. Then, for any p > 2, any initial probability & on
(Z,2), £,m e N*, it holds that

Ey?[|Sesre0me(Z0)[[7] < DEVmY2(1 - aa) ™ D2\ /Lup Tr s,

where ngM) =16k C.Ca.
Proof. Now, with F, =c{Z;,j </{}, it holds that

B Sererme(Z P =B [le(Z0IPBT [Starcesme(Ze) le(Zo)]]
<ES[leZolr sw  EellSprepmull)]
uesd=l,¢/eP(2)

where P(Z) denotes the set of probability measure on (Z, Z). Combining the above bounds with
Lemma 8 and A 2 yields the statement.

LEMMA 8. Assume A 1, A 2, and UGE 1. For any {,m € N*, t >0, u € S, and initial
probability & on (Z,Z), it holds that

2

t
Pe <”52+1;z+mu|| > t) <2exp {—22} , where ¥y, = 8kq Ca[mMtmic(1 — aa)™ M2
B

m

Moreover,
SUP,cgd—1 Eé/p[HSgH;Hmqu] <16k Ca[mtmic(1 — aa)™ 1p]t/2.

Proof. Define gi(2): Z — R as gi(z) = Bi(z)u where By, is given in (83). Note that under A
1 and applying Proposition 1, 7(gx) =0 and sup,.; ||gx(2)| < kg Ca(l — aa)™ Y/2 for any k €
{€+1,...,£4+m}. The proof then follows from Lemma 12 and Lemma 10.

LEMMA 9. Let (,8,P) be a probability space, {W,,, W} }ren be a sequence of Z*-valued random
variables, and {Ak}ke{g _____ n+13 be a sequence of d x d random matrices. Denote &, =o(W,, 0> k)
for k € N*. Assume that for k € N*, that A, is &-measurable and o(W}) and &1 are independent.
Then, for any family of measurable functions {gx}r_, from Z to R?, with maxyeq1,.. ny ||glloo <1,

and p>2,

N .
BV Acage(W)I7]
N . N
< QP{Zk_l sudplEz/p[HAkﬂqu]}1/2+E1/p[H Zk_lA’f“ E®k+1[gk(W’:)]|’p] )
T ueSa— -
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Proof. Applying Minkowski’s inequality,

E'7 (| Z:ﬂ Asage (WP <EVP[| Z; A B g (W]
+EIY Avi{on(Wi) — B [gn (W]

The sequence {A, (g1 (W) —E®r+1[g,(Wi)]) }L, is a reversed martingale difference sequence with
respect to {®,,}r>1. Hence, applying the Burkholder inequality (see Osekowski [29, Theorem 8.6]),
we obtain

EVP IS Auon(W7) —ES [an(W 7]
<p(>0, B[ Aw {ge (W) — B+ [g (W)]H7))

E.1. Rosenthal inequality under UGE 1 In this section we derive a sharp Rosenthal
inequality for the Markov chain {Z,},cy under UGE 1. We preface the proof by some definitions
and properties of coupling. Let (X, X’) be a measurable space. In all this section, Q and Q' denote
two probability measures on the canonical space (X, X®N). Fix x* € X. For any X-valued stochas-
tic process X = {X, },en and any N-valued random variable 7', define the X-valued stochastic
process St X by Sr X ={Xrix, k €N} on {T < oo} and Sy X = (z*,2*,2%,...) on {T' = oo}. For
any measure Q on (X", X®") and any o-field G C X*", we denote by (), the restriction of the
measure i to G. Moreover, for all n € N, define the o-field G, = {S;l(A)  Ae X®N}. We say that
(Q,F,P, X, X' T) is an ezact coupling of (Q,Q’) (see Douc et al. [11, Definition 19.3.3]), if

o forall Ac XN P(X € A)=Q(A) and P(X' € A) =Q'(A),

e Sr X=S;X'", P—as.
The integer-valued random variable 7" is a coupling time. An exact coupling (2, F,P, X, X', T') of
(Q,Q’) is mazimal (see Douc et al. [11, Definition 19.3.5]) if for all n € N,

H(@)Qn o (Ql)gn HTV =2P(T>n).

Assume that (X, X)) is a complete separable metric space and let Q and Q' denote two probability
measures on (XN, X®N). Then, there exists a maximal exact coupling of (Q,Q’).

We now turn to the special case of Markov chains. Let P be a Markov kernel on (X, X). Denote
by {X,, }nen the coordinate process and define as before G, = {S,'(4) : A€ X®"}. By Douc et al.
[11, Lemma 19.3.6], for any probabilities u, v on (X, X’), we have

H(Pu)gn - (Pu)gn HTV = [|uP" — VP”HTV .

Moreover, if (X, X) is Polish, then, there exists a maximal and exact coupling of (P,,P,); see Douc
et al. [11, Theorem 19.3.9].

We apply this construction for the Markov kernel Q defined on the complete separable metric
space (Z,dz). For any two probabilities £,&" on (Z,Z), there exists a maximal exact coupling
(Q,F,Pee, 2,2/, T) of P¢ and P, that is,

16Q" = €'Q" || py =2P(T' >n) . (84)

We write E¢ ¢ for the expectation with respect to Pg .
Under UGE 1, it is known that n=/23""" "{f(Z) — 7(f)} converges in distribution to the
zero-mean Gaussian law with variance

1/2

o2(f) = lim nilEﬂ[

n—roo

2} . (85)

DNNTIPARE)

We first start this section with a preliminary result.
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THEOREM 6. Assume UGE 1. Then, for any measurable function f:Z — R, ||flle <1, K €
N*, p>2, g N*, it holds

E2?(| 00 f(Zint) — 7(PIP/] < (16/3){1 + pg'/?} .

Proof. Without loss of generality, we assume that 7(f) =0 and for notational conciseness we set
ty = tmix- Note that the function g, = Z;;Og Q"tm f is well-defined under UGE 1. Moreover, (34)
implies that ||g, |l <2/(1 —272%) <8/3 by definition of ¢,,. The function g, is a solution to the
Poisson equation associated with the xt,,-th iterates of Q: g, — Q"*mg, = f. Therefore, we write

o F Zinin) = {9:(Z0) = 9u(Zgun)} + S0, AMY™

where we have set, for i € N*, AM?* = g,.(Ziu1,,) — Q" 9 (Z(i—1)t,,,)- By construction, {AM"};cn-
is a sequence of { Fjs,, }ien+-martingale increments, and [|AM " || < 2||gx||oo- Minkowski’s inequal-
ity implies
E2/P(|| 32050 f(Zian )P/ SEZP[| 20 AME /2] + 2] gl oo -
Using Osekowski [29, Theorem 8.6], Lyapunov’s inequality, we get that
B[ 2L, AM] ||P?] <EYP[I 5, AME|17]
" /2
< pEVP (S0, 1AME?)"] < 2lg0ll o™,

Combining the previous inequalities completes the proof.

Now we prove a version of Rosenthal inequality under the stationary distribution .

THEOREM 7. Assume UGE 1. Then, for any measurable function f:Z — R, ||fllee <1, p>2,

and n > tyiy, it holds

EV?[| S50 £(Zs) = m(F)IP] < Crma 020120, (f) + Cod, pn2/5e300 4 (8/3)n3/5¢200 2= (n/tmin)/®

mix mix

where
Croty = Cron {(16104/v/3) + 2(16/3)*/2 Cr1 } + (16/3) Crenp +19/3

Crm.1, Crma2 are given in Section A and o2(f) is defined in (85).

Proof. Without loss of generality, we assume that 7(f) =0 and for notational conciseness we set
t,m = tmix- We also introduce an additional integer k to be fixed later. First, we note that, using
Minkowski’s inequality and || f]|o <1, we obtain that

EVP(I 005 f(Za)IIP) S EVPIIS 2G5 F(Z0 1]+ Rt -

Define g, = |n/kt,,| and consider now n, = kt,,q,. Proceeding as in Theorem 6, we define

9k = ZZO Qzﬁtmf ) (86)

which satisfies [|g.]loo <2/(1 —272%) <8/3 since |||l < 1. The function g, is a solution to the
Poisson equation associated with the xt,,-th iterate Q"' i.e., g, — Q"'mg, = f. We consider the
decomposition

ng—1 ktm—1 gk Ktm—1

Z f(Zz) = Z Z{gn(zqmm-i-'r) - QﬁtmgH(Z(q—l)ntm-‘rT’)} + Z {gn(Z'r) - gn(Zq,intm—i-'r)} .

r=0 qg=1
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Set, for g € N*, AMY~ = Ztm_l{g,ﬁ( Zatmr) = Q™G (Z(g-1)tm+r)}- By construction {AMJ=} ey is
a martingale increment sequence with respect to the filtration {F.:,, }qen. Note that ||AMZ<|| <
2|gsllooktm < (16/3)kt,,. We get using Minkowski’s inequality that

EVP[|| S0 F(Z)|1P] < Ay + (16/3)kt,, , with A, =EL?[|| 2% AMY|?] .
Applying the Pinelis [31, Theorem 4.1] version of the Rosenthal inequality yields

Ay < Crmap"/? Az + (16/3) Crep Kt =EV7[| anglgn( Zantn)|I7?]
where we have set g.(z) = E.[[[AM|]*]. Applying Minkowski’s inequality again, we obtain

A3 < e (90) +EY? [ 2050 {3 Zatan) — (3 HIP] -
Then, since ||, |l < (16/3)?k%t2,, Theorem 6 implies that
E7 (132050 {3 Zat) = m(G) HIP?] < (16/3)° 2wt {1+ /21

Using that n, = q.kt,,, we finally get

As <{aum(ge) 72 + (16/3)2p! 20t (it )" + (16/3)* it (87)

Finally, we establish the identity ¢.m(g.) ~ no2(f). To this end, we first rewrite ¢,m(g,) into a
more explicit form. Note first that
W(gn) == A3 + 2A4

where, using 7Q =,

Ktm—1

As =Y Elllge(Zutnsr) = Q" gu(Z0)1°] = Wt Er [l 9w (Zit) = Q7™ 9 (Z0)|1°]
r=0
A=Y (0 ) - Q02 {0 Bt )~ Q)
Consider first Az. Using that Q"'mg, =g, — f, we get

Ay = ttn {7 ([9al*) = (1Q™™ g l1*)} = it {27 (f " gic) = 7 ([L£1*)} -

Consider now A4. Using the Markov property, 7Q =, we obtain

As= 300 (it =) (9] Qg) — T({ Q" 0} TQ™ )}
= ity — )T (fTQ7gw) + S (Kt — 1) ({Q“tmgn}TQrgn)
— S Kty — 1) ({Q“tmgn}TQ“tm""gn)
=3 ity — 1) (fTQrgn)JrZ”t’” 1( bt —2r)T({Q" 9.} T Q" gxc) -

Therefore, using that o2(f) =23 7(fTQ"g,.) — (|| f||?), we obtain that
7(Gs) = Kt (F) = 20725 (£ QT g0) + it 3007 (1= 2)m(Q .1 Q")

Note that (86) implies that 7(g.) =0, hence, |Q"gxllso < ||gx|lo0(1/4)l7/tm) and

R S0 (1 = 22 (Q g] Q)| < (et P(L/4) lgall2, < (8/3kt,)2(1/4)"
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Similarly, using || f|lec <1,
S (T Q)| S Ngelloe X720 r(1/4) 1) < Al gicloo (1 — (1/4)1/1m) =

S Cltm 9y
where ¢; =16 (8/3) - (In4)2. In the last inequality we used that 1 —e™* >1—1z/2 for x € [0;1og4].
Combining the above inequalities, we obtain that
7(9x) < Ktmo2(f) +2e1ty, + (8/3kt,)*(1/4)" .
Substituting into (87) together with n, = kt,,q. <n yields
Ay <020, (f) + (16 1In4/V3)n 2 (1, /)2 + (8/3)n? (ki ) /2 (1 /4)/ 2+
(16/3)32p' 2 4 (Kt )3/ + (16/3)% kit
Optimizing the above expression with respect to & yields k = (n/t,,)*/®. Then the previous bound
implies
Ay <020, (f) + (1610 4/V/3)n2/P63/° + (8/3)n™/>12/3 (1 /4) "/ tm)* 12,
(16/3)2p!2n*/22/° + (16/3)**n' /545 .
COROLLARY 5. Assume UGE 1. Then, for any measurable function f:Z — R, [|f|le <1,
p>2, n>tu, and initial probability & on (Z,2), it holds

B[l 050 £(Z) = w()II7] < Crma 00120 (f) + Drosa pn2/ P65 + (8/3)n*P11527 (/i)

mix

where
Dpos1 = Clagy +12v2/1n4 . (88)
Proof. With the triangle inequality and maximal exact coupling construction (84), we obtain

E¢”[ HZf NI <EL?] HZf +{Eex HZ FEZD)IIFTF.

The first term is bounded with Theorem 7. Moreover, with (84) and H flloo <1, we get

n—1 P n—1 P
HZ F(Z))IP <2 (Z 1z, ;AZ'}) :2p<z 1{T>i})
i=0

i=0
n—1 p
<oF (Z klir—p + nl{T>n}> <P
k=1
We obtain combining the previous bounds that

B f(Z0) = a(DIP <SEYPINIS £(Z) = ()71 + 2B [T7]377.
Assumption UGE 1 implies that A(QF) < 4(1/4)%/tmix for any k € N. Hence, setting p = (1/4)/tmix,
we get

Eer[T7] = 14 3207 o {k — (k= 1)} Pen(T > k= 1) <1+ 307 (k7 — (k= 1)P}A(QY)
<14+4pH(1—p) Yo, kPp".
Now we use the upper bound, for p € (0,1),
S kb <pt [T arprdr<pt(npl) T D(p+1).
Combining the bounds above and the elementary inequality 1 — p <Ilnp~!, we obtain
Ee x [TP] <1+4p~2 (lnp_l)pr(p—i— 1) <1464 (tmix/ In4)T(p+1).

To complete the proof, we use an upper bound I'(p+ 1) < (p+ 1)?*¥/2e~? due to Guo et al. [16
Theorem 2] and apply an elementary inequality (p+ 1)/2 < 2v/2.
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Appendix F: Technical lemmas We start by a standard moment bounds for sub-Gaussian
random variable, which is proven for completeness.

LEMMA 10. Let X be an R*-valued random variable satisfying P(|| X || > t) < 2exp(—t?/(20?))
for any t >0 and some o* > 0. Then, for any p > 2, it holds that E[|| X||P] < 2p*/20P.

Proof. Using Fubini’s theorem and the change of variable formula,
E[|X|7] = 5" ptr ' P(|| X || > t) dt = p27/26* T (p/2),

where T is the Gamma function. It remains to apply the bound I'(p/2) < (p/2)?/2~*, which holds
for p > 2 due to Anderson and Qiu [2, Theorem 1.5].

Now we present the general version of Hoeffding inequality for martingale-difference sequences,
taking values in Banach spaces. This result is due to Pinelis [31, Theorem 3.5]. Below we specify
this inequality to the special case of sum of zero-mean independent random vectors.

LEMMA 11. Let Xi,...,X,, € R? be independent random vectors satisfying || X;|| < B; P-a.s. and
E[X;]=0,ie€{1,...,n}. Then, for any t >0, it holds

n t2
Pl Xiuzt) gzexp{—n} |
(12 DT

The result above can be generalized for bounded R%valued functions of the Markov chains with
kernel satisfying UGE 1.

LEMMA 12. Assume UGE 1. Let {g;}"_, be a family of measurable functions from Z to R?
such that ||g|l =max;eq1,. n} ||gilloo < 00 and m(g;) =0 for any i € {1,...,n}. Then, for any initial
probability & on (Z,Z), neN, t >0, it holds

t2
]P}(HZ Z)| > t> < 2exp{—2u2} , where u, = 8||g/lco VIV Emix - (89)

n

Proof. The function p(z1,...,2,):= || >, 9i(z:)|| on Z" satisfies the bounded differences prop-
erty. Hence, since (1/2)sup, _c; [|Q"(z, ) — Q"mix(2',-)|lrv < 1/4 by definition of ¢, under UGE
1, applying Paulin [30, Corollary 2.10], we get for ¢t > E[|| >""", 9:(Z:)|].

(I a0l 2 1) < ep { 2Bl D 0 GO

It remains to upper bound E¢[|| >°"" | ¢;,(Z;)||]. Note that

E§[||Zi:1gi(zi)||2]:ZizlEg[HgZ I7] +22k 124  Eelgn(Zy) )" Grre(Zrie)] -

and, using UGE 1 and 7(gx+¢) =0, we obtain

Eelgx(Zk) T grre(Ziwo)]| = | | 91(2) " (Q grse(2) — m(grie)) €QF(d2)| < [lgl2A(QF) .

Together with (35), this implies

Sonct S [Belgi(Z0) T grse(Zis )]l < 32050 1912 A(Q1) < (4/3) gl tminn

Combining the bounds above, we upper bound E¢[|| >~ | g:(Z;)]||] as

B> g2l < {Ell> }2 < 20/0 g oo Vi =
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Plugging this result in (89), we obtain that

1, t<w,,

P§<||Zj=1gi(zi)” Zt) = {exp{_w} , t>wv,. (90)

2
vz

Now it is easy to see that right-hand side of (90) is upper bounded by 2exp{—t*/(8v2)} for any
t >0, and the statement follows.

References
[1] Aguech R, Moulines E, Priouret P (2000) On a perturbation approach for the analysis of stochastic
tracking algorithms. STAM Journal on Control and Optimization 39(3):872-899.

[2] Anderson GD, Qiu SL (1997) A monotonicity property of the gamma function. Proc. Amer. Math. Soc.
125(11):3355-3362, ISSN 0002-9939, URL http://dx.doi.org/10.1090/S0002-9939-97-04152-X.

[3] Bach F, Moulines E (2013) Non-strongly-convex smooth stochastic approximation with convergence rate
o(1/n). Burges CJC, Bottou L, Welling M, Ghahramani Z, Weinberger KQ, eds., Advances in Neural
Information Processing Systems, volume 26 (Curran Associates, Inc.), URL https://proceedings.
neurips.cc/paper/2013/file/7fel1f8abaad094e0b5cb1b01d712£708-Paper.pdf.

[4] Benveniste A, Métivier M, Priouret P (2012) Adaptive algorithms and stochastic approzimations, vol-
ume 22 (Springer Science & Business Media).

[5] Bertsekas D (2019) Reinforcement learning and optimal control (Athena Scientific).
[6] Bertsekas DP, Tsitsiklis JN (2003) Parallel and distributed computation: numerical methods.

[7) Bhandari J, Russo D, Singal R (2021) A finite time analysis of temporal difference learning with linear
function approximation. Operations Research 69(3):950-973, URL http://dx.doi.org/10.1287/opre.
2020.2024.

[8] Borkar VS (2008) Stochastic Approzimation: A Dynamical Systems Viewpoint (Cambridge University
Press).

[9] Bottou L, Curtis FE, Nocedal J (2018) Optimization methods for large-scale machine learning. Siam
Review 60(2):223-311.

[10] Chen S, Devraj A, Busic A, Meyn S (2020) Explicit mean-square error bounds for monte-carlo and linear
stochastic approximation. International Conference on Artificial Intelligence and Statistics, 4173-4183
(PMLR).

[11] Douc R, Moulines E, Priouret P, Soulier P (2018) Markov chains. Springer Series in Operations Research
and Financial Engineering (Springer), ISBN 978-3-319-97703-4.

[12] Durmus A, Moulines E, Naumov A, Samsonov S, Scaman K, Wai HT (2021) Tight high probability
bounds for linear stochastic approximation with fixed stepsize. Ranzato M, Beygelzimer A, Nguyen
K, Liang PS, Vaughan JW, Dauphin Y, eds., Advances in Neural Information Processing Systems,
volume 34, 30063-30074 (Curran Associates, Inc.), URL https://proceedings.neurips.cc/paper/
2021/file/fc95fab740ba01a870cfab2f671feled-Paper.pdf.

[13] Durmus A, Moulines E, Naumov A, Samsonov S, Wai HT (2021) On the stability of random matrix
product with markovian noise: Application to linear stochastic approximation and td learning. Belkin M,
Kpotufe S, eds., Proceedings of Thirty Fourth Conference on Learning Theory, volume 134 of Proceedings
of Machine Learning Research, 1711-1752 (PMLR), URL https://proceedings.mlr.press/v134/
durmus2la.html.

[14] Eweda E, Macchi O (1983) Quadratic mean and almost-sure convergence of unbounded stochastic
approximation algorithms with correlated observations. Ann. Inst. H. Poincaré Sect. B (N.S.) 19(3):235—
255, ISSN 0020-2347.

[15] Guo L, Ljung L (1995) Exponential stability of general tracking algorithms. IEEE Transactions on
Automatic Control 40(8):1376-1387.


http://dx.doi.org/10.1090/S0002-9939-97-04152-X
https://proceedings.neurips.cc/paper/2013/file/7fe1f8abaad094e0b5cb1b01d712f708-Paper.pdf
https://proceedings.neurips.cc/paper/2013/file/7fe1f8abaad094e0b5cb1b01d712f708-Paper.pdf
http://dx.doi.org/10.1287/opre.2020.2024
http://dx.doi.org/10.1287/opre.2020.2024
https://proceedings.neurips.cc/paper/2021/file/fc95fa5740ba01a870cfa52f671fe1e4-Paper.pdf
https://proceedings.neurips.cc/paper/2021/file/fc95fa5740ba01a870cfa52f671fe1e4-Paper.pdf
https://proceedings.mlr.press/v134/durmus21a.html
https://proceedings.mlr.press/v134/durmus21a.html

34

Durmus et al.: Polyak-Ruppert averaged LSA
Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS

[16]

Guo S, Qi F, Srivastava HM (2007) Necessary and sufficient conditions for two classes of functions to be
logarithmically completely monotonic. Integral Transforms and Special Functions 18(11):819-826, URL
http://dx.doi.org/10.1080/10652460701528933

Hiai F, Petz D (2014) Introduction to Matriz Analysis and Applications. Universitext (Springer Inter-
national Publishing), ISBN 9783319041506.

Huang D, Niles-Weed J, Tropp JA, Ward R (2021) Matrix concentration for products. Foundations of
Computational Mathematics 1-33.

Jain P, Kakade S, Kidambi R, Netrapalli P, Sidford A (2018) Parallelizing stochastic gradient descent
for least squares regression: mini-batching, averaging, and model misspecification. Journal of Machine
Learning Research 18.

Jain P, Kakade SM, Kidambi R, Netrapalli P, Sidford A (2018) Accelerating stochastic gradient descent
for least squares regression. Conference On Learning Theory, 545604 (PMLR).

Jain P, Nagaraj D, Netrapalli P (2019) Making the last iterate of sgd information theoretically optimal.
Beygelzimer A, Hsu D, eds., Proceedings of the Thirty-Second Conference on Learning Theory, volume 99
of Proceedings of Machine Learning Research, 17521755 (Phoenix, USA: PMLR).

Joulin A, Ollivier Y (2010) Curvature, concentration and error estimates for markov chain monte carlo.
The Annals of Probability 38(6):2418-2442.

Kushner H, Yin GG (2003) Stochastic approzimation and recursive algorithms and applications, vol-
ume 35 (Springer Science & Business Media).

Lakshminarayanan C, Szepesvari C (2018) Linear stochastic approximation: How far does constant
step-size and iterate averaging go? Storkey A, Perez-Cruz F, eds., Proceedings of the Twenty-First
International Conference on Artificial Intelligence and Statistics, volume 84 of Proceedings of Machine
Learning Research, 1347-1355 (PMLR).

Ljung L (2002) Recursive identification algorithms. Circuits, Systems and Signal Processing 21(1):57—68.

Mou W, Li CJ, Wainwright MJ, Bartlett PL, Jordan MI (2020) On linear stochastic approximation:
Fine-grained polyak-ruppert and non-asymptotic concentration. Conference on Learning Theory, 2947—
2997 (PMLR).

Mou W, Pananjady A, Wainwright MJ, Bartlett PL (2021) Optimal and instance-dependent guarantees
for markovian linear stochastic approximation. arXiv preprint arXiv:2112.12770 .

Nemirovski A, Juditsky A, Lan G, Shapiro A (2009) Robust stochastic approximation approach to
stochastic programming. STAM Journal on optimization 19(4):1574-1609.

Osekowski A (2012) Sharp Martingale and Semimartingale Inequalities. Monografie Matematyczne 72
(Birkh&user Basel), 1 edition, ISBN 3034803699,9783034803694.

Paulin D (2015) Concentration inequalities for Markov chains by Marton couplings and spectral
methods. Electronic Journal of Probability 20(none):1 — 32, URL http://dx.doi.org/10.1214/EJP.
v20-4039.

Pinelis I (1994) Optimum Bounds for the Distributions of Martingales in Banach Spaces. The Annals
of Probability 22(4):1679 — 1706, URL http://dx.doi.org/10.1214/a0p/1176988477.

Polyak BT, Juditsky AB (1992) Acceleration of stochastic approximation by averaging. STAM journal
on control and optimization 30(4):838-855.

Rakhlin A, Shamir O, Sridharan K (2012) Making gradient descent optimal for strongly convex

stochastic optimization. Proceedings of the 29th International Coference on International Conference
on Machine Learning, 1571-1578.

Rio E (2017) Asymptotic Theory of Weakly Dependent Random Processes (Springer).
Ruppert D (1988) Efficient estimations from a slowly convergent robbins-monro process. Technical
report, Cornell University Operations Research and Industrial Engineering.

Srikant R, Ying L (2019) Finite-Time Error Bounds For Linear Stochastic Approximation and TD
Learning. Conference on Learning Theory.


http://dx.doi.org/10.1080/10652460701528933
http://dx.doi.org/10.1214/EJP.v20-4039
http://dx.doi.org/10.1214/EJP.v20-4039
http://dx.doi.org/10.1214/aop/1176988477

Durmus et al.: Polyak-Ruppert averaged LSA
Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS 35

[37] Sutton RS (1988) Learning to predict by the methods of temporal differences. Machine Learning 3(1):9—
44, ISSN 1573-0565, URL http://dx.doi.org/10.1007/BF00115009.

[38] Vershynin R (2018) High-Dimensional Probability: An Introduction with Applications in Data Science.
Cambridge Series in Statistical and Probabilistic Mathematics (Cambridge University Press).

[39] Watkins CJ, Dayan P (1992) Q-learning. Machine learning 8(3-4):279-292.
[40] Widrow B, Stearns SD (1985) Adaptive signal processing prentice-hall. Englewood Cliffs, NJ .


http://dx.doi.org/10.1007/BF00115009

	Introduction
	Stochastic expansions for LSA and LSA-PR
	Finite-time Moment and High-probability Bounds in the Independent Noise Setting
	Finite-time Moment and High-probability Bounds in the Markovian Noise Setting
	Notations and Constants
	Independent case bounds
	Proof of prop:Jn0boundiid
	Proof of prop:Jn12boundiid
	Moment bounds for Jn(1)
	Moment bounds for Hn(1)

	Version of cor:hpboundpriid with exact constants

	Independent case bounds under subgaussian noise assumption
	Markov case bounds
	Proof of prop:productsofmatricesUGE
	Proof of prop:Jn0boundMarkov
	Proof of prop:Jn12boundmarkov
	Auxiliary lemma for th:LSAPRerrormarkov


	Technical bounds: Markov case
	Rosenthal inequality under assum:drift


	Technical lemmas

