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Abstract

We study how the gap between latent and intrin-
sic dimensionality shapes memorization in diffu-
sion models. In practice, the latent dimensionality
diatent Of diffusion models does not match the
dataset’s true intrinsic dimensionality din¢rinsic-
Extending recent spectral analysis to the regime
where djatent > dintrinsic, We find that the excess
null dimensions populate a new “noise-dimension’
bulk in the score network’s feature-correlation
spectrum, sitting between population-driven and
sample-specific eigenmodes. Because the net-
work learns modes in order of decreasing eigen-
value, this bulk acts as a buffer: each excess latent
dimension adds a mode that must be absorbed
before memorization can begin, increasing the
gap between generalization and memorization.
We further find that at very large djatent, train-
able score networks partially recover from the in-
crease in score error that the frozen-feature theory
predicts, consistent with the first layer learning
sparse, signal-aligned features. These findings are
supported by experiments on real and synthetic
datasets and a random-feature analysis.

s

1. Introduction

Diffusion models are the dominant generative model class
for high-dimensional continuous data such as images, video,
audio, and molecules (Ho et al., 2020; Song et al., 2021;
Rombach et al., 2022; Karras et al., 2022; Lee et al., 2025).
Sampling corresponds to numerically integrating the time-
reversed stochastic differential equation associated with a
forward noising process; the only learnable component is
a score network sg(x¢,t) = V log ps(x4) trained to match
the noisy marginals of the data distribution. Sampling can
equivalently be expressed as a deterministic ordinary differ-
ential equation with the score as a velocity field, an approach
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taken by flow-matching methods (Lipman et al., 2023).

Latent diffusion models (Rombach et al., 2022; Esser
et al., 2024; Podell et al., 2024) run forward and backward
diffusion not in pixel space but in a learned latent space
of much smaller dimensionality djatent, typically obtained
from a VAE encoder. By placing diffusion in a represen-
tation closer to the data’s true intrinsic dimensionality
dintrinsic (Pope et al., 2021; Brown et al., 2023; Stanczuk
et al., 2024; Kamkari et al., 2024), though still well above
it (with djatent > dintrinsic 10 practice), latent diffusion
achieves comparable or better sample quality at a fraction
of the compute of pixel-space diffusion.

A model achieving zero training loss without regularization
learns the empirical score and reproduces training samples
at the end of the backward process (Gu et al., 2025); the
regime kicks in when the training set is small relative to
model capacity and disappears past a dataset-size thresh-
old (Kadkhodaie et al., 2024). What is missing is a sharp
account of how this transition depends on the latent-space
dimensionality, the design knob that distinguishes latent-
diffusion from pixel-space diffusion. We ask: how does the
gap between dyageny and dingrinsic Shape the transition from
generalization to memorization, and is there a mechanism
a practitioner can tune by adjusting the latent width?

Existing theory provides a starting point. Bonnaire et al.
(2025) characterize diffusion training as a competition be-
tween a generalization time Tgey, at which the score network
learns the population distribution, and a memorization time
Tmem, at Which it begins fitting individual training points.
Their analysis assumes isotropic data covariance, which
collapses the distinction between the diptyinsic-dimensional
signal subspace and the djatent — dintrinsic DUl directions
of the latent space. We extend their spectral analysis to the
latent-diffusion regime diatent > dintrinsic, identify a new
noise-dimension bulk that opens between the population
and sample bulks, and show that it acts as a buffer that
delays memorization.

Contributions.

* We extend Bonnaire’s two-bulk theorem to anisotropic
data and identify a four-bulk eigenvalue structure for
the score network’s feature correlation matrix, with
bulk-count boundaries that land exactly at indices
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dintrinsic and dlatent-

* We identify the noise-dimension bulk as a memoriza-
tion buffer: increasing djatent adds djatent — dintrinsic
extra modes that the readout must absorb before reach-
ing the sample bulk, delaying Tyyem While leaving 7gen
approximately fixed.

* We confirm the buffer mechanism empirically on a
trainable MLP on real and synthetic data across two
complementary sweeps: diatent at fixed dingrinsic, and
dintrinsic at fixed diagent-

* We translate the analysis into a practitioner recipe:
datent/dintrinsic 2, 3 places the model in the buffer-
dominated regime Tiem > Tgen, With a compute cost
linear in the buffer width.

2. Design

Synthetic data. We generate Gaussian-mixture data whose
signal lies in a dj,yrinsic-dimensional subspace embedded in
a dlatent'dimenSional ambient space (dlatent > dintrinsic)’
with k cluster centers, intra-cluster signal variance a;g on
the signal subspace, and isotropic null-direction variance
02 . Gaussian mixtures give a closed-form population
score (no noise floor), an exact intrinsic/ambient split
that lets us vary djatent and dintrinsic independently, and
the block-diagonal X g,¢, that the random-matrix-theory
analysis of Section 4 requires. Specific hyperparameters

and data-generation details are in Appendix A.

Real data. We additionally validate the picture empirically
on MNIST and CelebA.

MLP score network. A trainable 3-layer MLP with sinu-
soidal time embedding maps (x,t) > sg(x,t) € Rbiatent,
trained by score-matching MSE against the analytic
Gaussian-mixture score. The hidden width is held fixed
across the djatent SWeep so parameter count and per-step
FLOPs stay roughly constant, isolating the effect of djatent
from changes in model capacity.

RFNN score network. We also study the Random Feature
Neural Network of Bonnaire et al. (2025),

_ 1 1
SA(ﬂft) = ﬁA tanh(m WﬁCt)7 (1)
with W € RP*%atent frozen i.i.d. Gaussian and

A € RatentXP trained at fixed diffusion time ¢ = 0.01. Be-
cause the first-layer features are frozen, the score-matching
loss is quadratic in A and admits the closed-form spectral
analysis of Section 4.

Timescales. 7., is the first step at which test loss reaches
within 5% of its per-run minimum. 7,y is the first step
at which the Somepalli et al. (2023) memorization fraction
crosses 1%, with runs censored at their training budget

if the threshold is not reached. For the RFNN at fixed
t generation is ill-defined; we use train-test divergence
(gen-gap > 0.02) as the Tyem proxy. Full definitions and
alternatives are in Appendix A.

Two complementary sweeps. We probe the noise-
dimension buffer along two axes, each isolating one term
of the buffer width djatent — dintrinsic: Vary diatent at fixed
dintrinsic = 9, and vary dintrinsic at fixed djagens = 20.
Exact sweep ranges and per-experiment configurations are
in Appendix A.S.

3. The role of latent dimensionality in MLP
score-network training

3.1. Synthetic data

The four-bulk predictions transfer to the trainable MLP on
the same Gaussian-mixture data. We sweep dintrinsic at
fixed djatent = 20 in the body $0 diatent/dintrinsic Tanges
over a regime in which memorization actually reaches the
1% threshold within budget for every configuration; the
dual sweep over djatent at fixed diptrinsic = D, Where many
high-ratio runs fail to memorize within the budget, is in
Appendix B.

Delay in memorization. 7y, grows sharply with
diatent / dintrinsic While Tgen stays flat (Fig. 1).
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Figure 1. Timescales versus diatent /dintrinsic at 01 = 0.5. SM-
step MLP, dintrinsic sweep at fixed diatent = 20. The diatent-
sweep counterpart and the o, = 0.01 bar views are in Appendix B
and Appendix C.

Generalization gap. The late train—test loss gap is largest
at diatent = dintrinsic (n0 buffer) and shrinks monotonically
as diatent/dintrinsic 2rows (Fig. 2): the wider buffer keeps
more of the training budget spent on real signal directions
and less on sample-specific fitting.

Score-error n-shape. At o, = 0.5, late score error de-
creases monotonically with djatent /dintrinsic across the full
d1atent SWeep (Fig. 3); the non-monotonic “n-shape” peak
appears only at small o | , where the data/sample cliff is soft,
and is deferred to Appendix C.
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Figure 2. Late generalization gap versus diatent/dintrinsic at
o1 = 0.5. dintrinsic sweep at fixed djatent = 20. The diatent-
sweep and o, = 0.01 counterparts are in Appendix B and Ap-
pendix E.
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Figure 3. Late score error versus diatent/dintrinsic at 0. = 0.5.
diatent sWeep at fixed dintrinsic = 5 (SM-step MLP), used in the
body because it covers a wider diatent /dintrinsic range than the
dintrinsic sSWeep of Figs. 1-2. Per-step trajectories underlying these
aggregates are in Fig. 9 (Appendix B). The o, = 0.01 counterpart,
which contains the n-shape peak, is in Appendix C; the dintrinsic-
sweep version is in Appendix D.

Per-step trajectories underlying the body aggregates are
in Appendix D (synthetic); Appendix B contains the dual
diatent SWeep at fixed dintrinsic = D, where many high-ratio
runs do not memorize within budget.

3.2. Real data

The same buffer mechanism shows up on real-data latent
diffusion over MNIST and CelebA, with the latent space
learned by a VAE rather than imposed analytically. Esti-
mated intrinsic dimensions are dipirinsic =~ 13 for MNIST
and dip¢rinsic = 26 for CelebA (Pope et al., 2021), and our
diatent SWeeps bracket these values. Three things worth
noting on top of what the figures in Appendix F show:
(i) the time before memorization starts grows roughly 8x
on MNIST (10k steps at the smallest djatent to 80k at the
largest) and roughly 15x on CelebA (30k to 440k), while
the time the model needs to reach good sample quality (FID
plateau) is essentially fixed at ~ 10 k steps on both datasets.
(i) Minimum FID is roughly flat across each sweep, so
the delay-in-memorization benefit of a wider buffer does
not come at the cost of sample quality. (iii) Even config-
urations with dj,tene Smaller than the estimated dipirinsic
(MNIST djatent = 10, CelebA diatens € {20,25}) still
show the memorization time growing with djatent. This

suggests either that the buffer effect is robust to the precise
dlatent = dintrinsic boundary, or that the published intrinsic-
dimension estimates (Pope et al., 2021) underestimate the
effective intrinsic dimensionality of the VAE latent code
itself.

4. Random matrix theory of RFNN training
dynamics

4.1. Setup and assumptions

We adopt the RENN framework of Bonnaire et al. (2025) un-
changed: a two-layer network as in Eq. (1), with frozen first-
layer weights W € RPXdiatent drawn i.i.d. from N(0, 1),
tanh activation, and a trained readout A € R%atent XP jpj-
tialized to zero. Training is score matching at a single
fixed diffusion time ¢ = 0.01, and the analysis is taken in
the proportional asymptotic limit djatent, 7, p — 00 With
Yp = p/diatent and Yy, = n/djatens held fixed. We use
1, = 64 throughout; 1), varies with the choice of diatent
across our sweeps.

Training dynamics. Freezing W makes the score-matching
loss quadratic in A, so full-batch gradient flow on A is the
linear ODE

LA(T) = —(A(T) - A% U, @)

where A* is the train-loss minimizer and the empirical fea-
ture correlation matrix is

U = £ Eo(l)oat) ], 3)
p=1
$(w) = o5 tanh( o= Way), (4)

with z}' the noisy diffused state of training point y and & the
diffusion noise. Diagonalizing Eq. (2) in the eigenbasis of
U gives an exponential per-mode evolution

ai(T) —a} = (a;(0) —a}) e M7, (5)

so eigenmode ¢ of U is absorbed by the readout with char-
acteristic timescale 7; = 1/\;.

Estimating U. U is computed numerically per run: we fix
the training set and the random first layer W, draw a Monte
Carlo estimate of the expectation over diffusion noise £ in
Eq. (3) (50 noise samples per training point; Appendix A),
assemble the p x p matrix, and then take its eigendecom-
position. The reported spectra are the eigenvalues of this
empirical estimate; no analytic surrogate is used.

What the eigenvalues mean. Eq. (5) says each ); is a
learning rate for one feature direction: large \; are absorbed
quickly, small ones slowly, and the order in which the read-
out fits its mass is exactly the sorted eigenvalue list. The
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RFNN is therefore performing weighted PCA on a frozen
nonlinear basis: the random map ¢ defines a fixed set of
candidate directions in R?, U is the empirical covariance of
the training data after that lift, and \; measures how strongly
the training samples vote for direction ¢. Modes are learned
in order of how well the data supports them. Our exten-
sion operates entirely inside this framework; only the data
covariance ¥ 4,¢, changes.

4.2. From two bulks to four

Bonnaire et al. prove (replica limit, isotropic Xgata = I)
that the spectrum of U splits into a population bulk po
and a sample bulk p;. With anisotropic data covariance
Ydata = diag(azig]ldintrinsic7 Uildlatent*dintrinsic) (USig >
o), we hypothesize the sorted spectrum instead splits into
four bulks along the 2 x 2 axes (shared across all training
points vs. unique to individual training points) X (signal
vs. null subspace): (i) BULK_DATA_SIGNAL: meaningful
directions that every training point shares — the din¢rinsic-
dimensional signal subspace where the clusters actually live.
These are the largest eigenvalues and correspond to Bon-
naire’s po in the isotropic case. (ii) BULK_DATA_NOISE:
unmeaningful directions that every training point shares
— the djatent — dintrinsic NUll subspace, which carries only
the small isotropic variance ai. This is the new bulk; it
opens whenever djatent > dintrinsic and is what produces
the noise-dimension buffer. (iii) BULK_SAMPLE_SIGNAL:
directions unique to individual training samples within
the signal subspace — the sample-specific fluctuations
the readout has to fit individually in order to memorize.
(iv) BULK_SAMPLE_NOISE: directions unique to individual
training samples in the null subspace — the same kind of
sample-specific fluctuation but along null directions. To-
gether (iii) and (iv) make up Bonnaire’s p;. We observe
these four populations in every configuration we ran (Fig-
ure 4; sweep-level evidence in Appendix J). The cliff at
index dintrinsic between the two data bulks is sharp at both
noise scales; the cliff at dj,tent between data and sample
bulks is sharp at 0, = 0.5 and degenerates to a smooth
transition at 0 ; = 0.01. The names above are bookkeeping
for the populations we observe, not predictions from the
analysis.

Bonnaire et al. (2025) already note (Figure 4, right panel)
that po develops internal structure when 34,4, has multiple
eigenvalues, but at signal-to-null ratio 3x they treat it as a
single deformed bulk. The latent-diffusion regime sits at
the opposite extreme (07, /07 ~ 10* atoy = 0.01, ~ 4 at
o1 = 0.5): the humps inside po separate into well-isolated
bulks decades apart, which is why we count them as distinct.

Mechanism: a noise-dimension buffer. The RFNN
absorbs modes in order of decreasing J\;, so the trajectory
traverses the four bulks sequentially: signal bulk first
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Figure 4. Clean four-bulk example (djatent = 40). The four
bulks (i)..(iv) appear as distinct peaks in the eigenvalue density.
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Figure 5. Four-bulk eigenvalue spectrum, density view across
the diatent swWeep at 0 = 0.5. Signal and noise-dim peaks shift
right with djatent; sample mode stays fixed. A fifth shoulder
visible inside the sample/rank-null mass at log;, A ~ —2 does
not sharpen with djatent; We read it as the soft edge between the
sample bulk and the rank-null tail rather than a separate population.
The same sweep at | = 0.01 with the empirical bulk-detection
overlay is Fig. 25 (Appendix I); the cliffs (sorted-spectrum) views
at both noise scales are Figs. 26 and 27.

(defining Tgen, diatent-independent at fixed g, K, cluster
scale); noise-dim bulk next (additional training time, no
sample-quality benefit); sample bulk last (defining 7yepm )-
Because the buffer grows as djatent — @intrinsic, the larger
this difference, the longer the time before memorization
begins, while 74y, stays fixed. The buffer does not exist in
Bonnaire’s isotropic case.

What the gen-gap measures. The training set carries two
kinds of structure. The data bulks correspond to population
structure: directions of variance that exist in the population
and happen to also be visible in the training sample. The



Excess Latent Dimensionality Delays Memorization

sample bulk corresponds to null structure: directions that
look like signal in the n training points but do not exist in
the population. The RFNN absorbs eigenmodes in order of
decreasing \;, so it fits the population structure first and the
null structure later. While it is fitting population structure,
train and test loss drop together. Once it begins fitting null
structure, train loss keeps dropping but test loss does not,
and the gap opens. The gen-gap is therefore a direct mea-
sure of how much null structure the readout has absorbed,
which is why it opens at Ty,em and why the noise-dim buffer
also delays its onset: widening the buffer pushes back the
moment when null structure begins to be learned.

Decomposing the four-bulk structure. The signal and
noise-dim bulks of U inherit the block structure of g4, di-
rectly: X TX /m on the same training data has dj,¢rinsic large
eigenvalues in the signal subspace and djatent — dintrinsic
small eigenvalues in the null directions, separated by
roughly asig /o%, and the lift by W carries them into the
data bulks of U up to a constant from W’s spectrum. The
sample and rank-null bulks are feature-space artifacts of n
training points lifted into p > djatent random features. The
buffer mechanism is thus gradient flow following the data’s
own variance hierarchy.

4.3. Theoretical statement

Appendix G formalizes the four-bulk picture using a Her-
mite expansion of the RFNN feature map. In the propor-
tional limit djatent, 7, p — 00, the spectrum of U separates
into four contiguous bulks with counts

dintrinsica dlatent_dintrinsicv n, p_dlatent —n,

corresponding respectively to data-signal, data-noise, sam-
ple, and rank-null modes. Combining this spectral decom-
position with the per-mode decay in Eq. (5) gives the buffer
prediction: increasing djatent — dintrinsic adds modes be-
tween population learning and sample-specific memoriza-
tion. Thus 7y,er, is delayed while 74, remains approxi-
mately fixed.

Equivalently, the memorization delay scales with the width
of the noise-dimension bulk,

1
mem — Tgen <, latent — Wintrinsic) Y oise-dim
7 7 2z (d d )Aansc dim
min
(6)
~ (d d L7
~ ( latent — intrinsic)ﬁ'
i By

This is the formal version of the noise-dimension buffer
mechanism: larger excess latent dimensionality lengthens
the path from generalization to memorization without chang-
ing the leading signal timescale.

5. Discussion and Related Work

Summary. We extended Bonnaire’s two-timescale
picture of diffusion-model training to anisotropic data and
identified a four-bulk eigenvalue structure whose bulk-count
boundaries land at indices dintyinsic and djatent across every
configuration we tested. The new noise-dimension bulk acts
as a buffer that mechanistically delays memorization, while
generalization stays cheap at high ambient noise and grows
only mildly at low ambient noise. The same delay holds
in trainable MLPs, with one notable feature-learning-driven
caveat: a non-monotonic score-error peak at low o that
recovers (though does not fall below the djatent = dintrinsic
baseline) at large djatent.

Broader impact. Memorization in diffusion models
has tangible deployment-time consequences: verbatim
training-data extraction (Carlini et al., 2023), near-duplicate
generations (Somepalli et al., 2023), and downstream
legal exposure on copyright and patient-privacy grounds.
Production latent-diffusion systems (Rombach et al.,
2022; Esser et al., 2024; Podell et al., 2024) already use
dlatent => dintrinsic for reasons of computational efficiency;
our analysis identifies a second function of this design
choice: the latent-space width acts as a memorization
buffer whose width djatent — dintrinsic @ practitioner can
tune without modifying the loss or sacrificing sample
quality. As a concrete recipe, our experiments suggest
picking diatent/dintrinsic =, 3 to put the model in the
buffer-dominated regime Tiyem > Tgen, While ratios
atent/ dintrinsic S 1.5 leave the buffer too narrow to delay
memorization meaningfully. The trade-off is compute:
per-step FLOPs and total training time grow roughly
linearly with the buffer width, so in compute-bound regimes
a smaller di,tent paired with explicit regularization may be
preferable. Importantly, the buffer lengthens 7y, but does
not eliminate it; sufficient training time still drives mem-
orization, and practitioners relying on the buffer for safety
must still measure Ty,em and stop training in time. More
broadly, the four-bulk picture should extend to other block-
structured anisotropic data: curved manifolds, hierarchical
class structure, and multi-modal sub-populations.

Limitations. (i) The data manifold is a linear Gaussian
mixture; curved manifolds and real images are open.
(ii) Real-data validation on MNIST and CelebA is in
progress. (iii) Quantitative predictions on real data are
conditional on the intrinsic-dimension estimator, which
disagrees at the 2x level on common image datasets
(Pope et al., 2021; Facco et al., 2017; Stanczuk et al.,
2024; Kamkari et al., 2024). (iv) All runs are single-seed;
multi-seed bands will be added for the camera-ready.
(v) The bulk-structure interpretation rests on qualitative
random-matrix arguments and the sketch in Appendix G;
closed-form bulk-edge formulas remain future work.
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A. Experimental methods and design choices
A.1. Data generation

We generate anisotropic Gaussian-mixture data:

¢ Cluster centers {mC}’(f:1 are drawn iid uniformly on a sphere of radius s inside the first dipt,insic coordinates of Ratent -
the remaining djatent — dintrinsic - NUll-space” coordinates of every center are exactly zero.

* For each training point £, a cluster index c(x) is drawn uniformly, then z# = m(,) + Q £" where & has independent

components: variance aszig = 1 along the dintrinsic Signal dimensions and variance ai along the diatent — dintrinsic
null-space dimensions. @ is a fixed orthogonal basis whose first di,¢rinsic columns span the signal subspace.

* Default values: £ = 10, dintrinsic = 5, S = 3, n = 500 training points, 2048 held-out test points, oz = 1,
o, €{0.01,0.5}.

A.2. Diffusion process

We use the variance-preserving Ornstein-Uhlenbeck process with ¢ € [tmin, tmax] = [0.01, 3.0]. Score targets are computed
analytically from the closed-form Gaussian-mixture density at noise level ¢; this avoids the standard score-matching MSE
loss noise floor and gives a clean “score error’” metric independent of training-set fluctuations.

A.3. Models

MLP. 3-layer ReLU MLP with sinusoidal time embedding (32 frequency bands), input width djatent + 64, output width
diatent. Hidden width h = 256 held fixed across the diatent sweep. Adam with learning rate 10~%, batch size 256,
T = 3 x 10° training steps (extended to 5 x 10 for the body timescale-scatter figure), evaluation every 5,000 steps with
5,000 generated samples.

RFNN. Two-layer RENN with tanh activation; first layer W € RP*atent is fixed at random Gaussian initialization, the
second-layer readout A is trained. p = 64 d)atent to keep the rank-null bulk visible at every djqens. Same optimizer, batch,
and evaluation cadence as the MLP.

A.4. Evaluation metrics

* Score error: integrated mean-squared error of the learned score against the analytic Gaussian-mixture score, averaged
over 5,000 test points.

* Memorization fraction: fraction of generated samples whose nearest training-set neighbor is closer than one third of
that neighbor’s own nearest training-set neighbor (Somepalli et al., 2023).

* Tgen: first step at which test loss is within 5% of its per-run minimum.

* Tmem: first step at which the memorization fraction exceeds 1%. Censored to “>300k” if not crossed within budget.

Why these definitions. We use the test-loss-plateau criterion for 74, rather than an FID- or MMD-based criterion because
(1) it is well-defined on both the MLP and the RFNN, the latter trained at fixed ¢ with no usable generation process, (ii) the
analytic Gaussian-mixture score gives noise-floor-free target values, removing the need for finite-sample FID estimates that
fluctuate with the number of generated samples, and (iii) the test-loss plateau aligns directly with the moment when the
population score has been internalised. We use the Somepalli et al. (2023)-style memorization fraction for 7,em On the
MLP because it is the same threshold Bonnaire et al. (2025) use, allowing direct comparison with the isotropic baseline.
For the fixed-t RFNN, no generation is available; we substitute the gen-gap proxy (test loss — train loss > 0.02), which
monotonically tracks the canonical 7y, on the MLP and calibrates the two-track comparison.

A.S. Per-experiment configurations

Both sweeps (Section 2, “Two complementary sweeps”) run on the synthetic Gaussian-mixture data described above. Shared
constants across every run: n. = 500 training points, 2,048 held-out test points, k = 10 cluster centers, s = 3, ogjg = 1, OU
diffusion at ¢ € [0.01, 3.0], seed 42 for both data and the random first layer W. Tables 1 and 2 list the sweeps and training
hyperparameters.
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Table 1. Sweep configurations. Both o values used unless noted.

Model Vary Range Fixed Width

MLP diatent {5,8,10,15,20,30,40} dintrinsic =5 h = 256
RFNN diatent {5,8,10,15,20,30,40} dintrinsic =5 P = 64 diatent
RENN (ext., 01 =0.5) djatent {60, 80, 100,150,200}  dintrinsic =5 P = 64 diatent
MLP dintrinsic {2, 5, 8,12, 16,20} diatent =20  h = 256
RFNN dintrinsic {2, 5, 8, 12, 16, 20} dlatent =20 pP= 1280

Table 2. Training hyperparameters.

MLP RFNN
Optimizer Adam full-batch GD
Learning rate 1074 closed-form
Batch size 256 full (n = 500)
Total steps T’ 3 x 10° 3 x 10°
Eval interval 5,000 5,000
Diffusion time t ~ Unif[0.01, 3.0] fixed t = 0.01
Time embedding  sinusoidal, 32 frequencies n/a
Activation ReLU tanh
U Monte Carlo n/a 50 noise samples per training point

Table 3. Empirical bulk sizes per di.tcnt. B4 collapses to dintrinsic = 5 as predicted; B3 grows linearly with diatent — dintrinsic (the
noise-dim buffer); B1 absorbs the rank-null tail.

latent Bl B2 B3 B4

5 150 138 27

8 344 133 30
10 295 305 35
15 699 216 40
20 916 311 48
30 1397 458 60
40 1907 578 70

[V RV RV RV, R, RV, V|

A.6. Empirical bulk sizes

Table 3 reports the per-panel sizes of the four detected bulks in Figure 25, ordered left-to-right by increasing eigenvalue (B1:
rank-null tail; B4: signal block). o, = 0.01, dintrinsic = 9, 7 = 500, p = 64 djatent -

A.7. Known pitfalls

The tanh activation in the RFNN saturates whenever the data scale divided by v/d}atent €xceeds approximately 2, collapsing
all eigenvalues into a degenerate single bulk. Configurations were chosen to keep the operating point well inside the linear
regime; see Appendix H.

B. dj.ient SWeep (synthetic data)

The body sweeps dintrinsic at fixed diatens = 20, the regime where every configuration crosses the 1% memorization
threshold within budget. The dual sweep varies djatent € {5, 8,10, 15,20, 30,40} at fixed diptrinsic = 5 on the same
Gaussian-mixture data, hidden = 256, n = 500, with o, = 0.5 runs at SM steps and the ¢, = 0.01 counterparts at 300k.
Many high-ratio runs in this dual sweep do not reach memorization within budget, which is exactly the buffer mechanism
prediction.

C. dyatens SWeep at o, = 0.01

The o, = 0.01 counterparts of the dj,tent SWeep figures in Appendix B. The non-monotonic score-error peak discussed in
Sec. 5 is visible in Fig. 14.
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Figure 6. diatent sweep: timescales versus diatent /dintrinsic at 01 = 0.5. 5M-step MLP. Triangles mark runs that do not reach 1%
memorization within budget. Dual of body Fig. 1.
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Figure 7. dyatent SWeep: late generalization gap versus diatent /dintrinsic at o1 = 0.5. Dual of body Fig. 2.

D. diytrinsic SWeep additional figures

The body dinrinsic-sweep figures (Figs. 1, 2) report aggregate timescales and gen-gap; this section collects the per-step
score-error trajectories and the diyrinsic-Sweep late score error (the body’s Fig. 3 plots the djatent-sweep version because it
covers a wider djatent /dintrinsic range).

10
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Figure 8. diatens SWeep: late score error versus diatent /dintrinsic at 01 = 0.5. Dual of body Fig. 3.
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Figure 9. diatent SWeep: score error over training at o, = 0.5. Per-step trajectories underlying the aggregate in Fig. 8, one curve per
diatent (viridis colormap, low to high). Compare to Fig. 15 (the dintrinsic-SWeep counterpart).

E. diyirinsic Sweep at o, = 0.01

The o1 = 0.01 counterparts of the body’s dintrinsic SWeep at fixed djatent = 20. These runs are at 300k training steps (the
5M extension was only run at 0 = 0.5).

11



Excess Latent Dimensionality Delays Memorization

MLP, o, =0.5
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Figure 10. diatent sweep: 300k-step bar-chart timescales at o, = 0.5. The 300k-step bar-chart view of paired Tgen (blue) and Timem
(red), with hatched bars indicating Tmem not reached within budget. The SM-step extended-budget version is Fig. 6 above.
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Figure 11. 0, = 0.01 counterpart of Fig. 10.

F. Real-data experiments
F.1. Setup

We test the buffer mechanism on two real-image datasets, MNIST and CelebA, with the latent space learned end-to-end by a
VAE.

Intrinsic dimension. MLE-based estimates on raw pixels (Pope et al., 2021) place MNIST at dintrinsic &~ 13 and CelebA at
dintrinsic = 26. OUr djatent sWweeps—{10, 15, 20, 25, 30, 40} for MNIST and {20, 25, 30, 35, 40, 50} for CelebA—bracket
these values to probe the djatent > dintrinsic buffer regime predicted by the synthetic theory. Alternative estimators (Facco
et al., 2017; Stanczuk et al., 2024; Kamkari et al., 2024) disagree at the 2x level, so the specific numerical predictions of
buffer width diatent — dintrinsic are estimator-conditional (Sec. 5).

12
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Diffusion training set.
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Figure 12. o, = 0.01 counterpart of Fig. 7.
MLP, o, =0.01
—— diatent/dintrinsic = 1 = diatent/dintrinsic = 4
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—— diatent/dintrinsic = 3
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Figure 13. 01 = 0.01 counterpart of Fig. 9.

VAE. Trained on half the dataset (the “encoder half”), varying the bottleneck d)atent across the same sweep used in
synthetic experiments. The remaining half (the “diffusion half”) is reserved for diffusion training and evaluation.

to put the model in the memorization-prone overparameterized regime.

Score model.

Identical architecture to the synthetic MLP (Sec. A): 3-layer ReLU MLP with sinusoidal time embedding,

hidden width h = 256 held fixed across the dj.tent SWeep, same optimizer, batch size, and step budget.

* Tgen: first step at which FID is within 5% of its per-run minimum, i.e. the FID plateau is reached. We use FID here
rather than the synthetic test-loss-plateau criterion because for real data FID is the canonical sample-quality signal.

13

Each diffusion model is trained on only n = 1000 latents drawn from the diffusion half, kept small
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Figure 14. o1 = 0.01 counterpart of Fig. 8. The non-monotonic peak discussed in Sec. 5 is visible here.

MLP dintrinsic sweep (djatent = 20), 0, = 0.5
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Figure 15. dintrinsic SWeep: score error over training at 0, = 0.5. One curve per diatent /dintrinsic Tatio (viridis colormap). Per-step
trajectories underlying the body’s dintrinsic-SWeep aggregates.

* Tmem: first step at which the gen-gap proxy (test loss — train loss > 0.02) is crossed; we use the gen-gap proxy here
rather than the Somepalli et al. (2023)-style memorization fraction because the pixel-space nearest-neighbor threshold
rarely triggers at n = 1000 in the latent space and the gen-gap proxy monotonically tracks the canonical 7yem On
synthetic data.

14
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MLP dintrinsic sweep (djatent = 20), 0, =0.5
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Figure 16. dintrinsic SWeep: late score error versus diasent /dintrinsic at 01 = 0.5. dintrinsic-sWeep counterpart of the body’s Fig. 3,
which uses the wider-range djatent SWeep.
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Figure 17. 0, = 0.01 counterpart of body Fig. 1.

F.2. Results

The three synthetic findings transfer to real data at n = 1000. Fig. 21 shows that 7y, grows with djateny On both datasets,
going from 10 k to 80 k steps on MNIST and from 30 k& to 440 k steps on CelebA across the sweep—a ~10x delay in
memorization onset attributable to the noise-dim buffer. Fig. 22 reports the late gen-gap. Fig. 23 shows minimum FID is
roughly flat across the sweep, so the delay benefit of larger d),tent does not come at the cost of generation quality; Fig. 24
reports the per-step FID trajectories.

G. RFNN: sketch of an analytical derivation

We extend Bonnaire et al’s replica computation to block-diagonal data covariance Xga¢a =
diag(02, Tdimminsicr 07 Liaens —dintrinsie ) - THIOUghOUL, 2 = () + & with me(,) a cluster center in the dingrinsic-
dimensional signal subspace and £# ~ N(0,X4ata). The diffused state at time ¢ is x} = e ta* + /A, n* with

15
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Figure 18. 01 = 0.01 counterpart of body Fig. 2.
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Figure 19. o0, = 0.01 counterpart of Fig. 15.

Ay =1—e 2 and n* ~ N(0,14,,.,,)- We work in the proportional limit djatent, 7, p — 00 With 9, = p/diatent and
Yn =1/ d1atent fixed and 1, > 1 4 1, (so the rank-null tail has room to exist).

Hermite expansion of tanh. For data scale s small compared with v/djatent (Appendix H), the pre-activations
Wzl //diatent have order-one variance per coordinate and stay inside the analytic regime of tanh. Let pp =
E.nr(0,1) [k (2) tanh(z)] denote the Hermite coefficients of tanh against the probabilists’ Hermite polynomials {hy};
tanh is odd so j, = 0 for even k, and numerically y; ~ 0.606, p3 ~ —0.099. For each pair of inputs 2,y € R%atent
the random vector (Wz),, (Wy),) is jointly Gaussian with mean zero and covariance diag(||z||?, [|y||?)/diatent Plus off-
diagonal J:Ty / diatent» regardless of whether x or y has nonzero mean as a sample (the cluster centers shift the distribution of

16
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Figure 20. o, = 0.01 counterpart of body Fig. 3.
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Figure 21. Real data: timescales versus diatent/dintrinsic. SM-step MLP, . = 1000. 7gen (blue) is the first step at which test loss is
within 5% of its per-run minimum; Tmem (red) is the first step at which the gen-gap proxy crosses 0.02. Tmem grows by roughly 10x
across each sweep (10 £ — 80 k£ on MNIST, 30 k — 440 k on CelebA), tracking the buffer-mechanism prediction.

x, not the conditional Gaussian over W at fixed x). Consequently the Hermite expansion of tanh against this Gaussian gives
1o = 0 (odd function against a zero-mean Gaussian), and the pairwise kernel admits the proportional-limit decomposition
(Pennington & Worah, 2017; Benigni & Péché, 2021)

.
Ew[tanh((Wz),) tanh((Wy)a)] = ui Yy 4 ne(z, y) ¥z = y] + o0a4(1), (7)

dlatcnt

where 7, (2, 2) = >, <5 7 (|2]|?/diatent ) is the higher-Hermite mass that survives only on the diagonal. Karoui (2010)
establishes the same off-diagonal/diagonal split at the level of kernel random matrices.

Two-piece decomposition of U.  Substituting (7) into U = 5 3 E, [p(z})o(z}) ], ¢(x) = % tanh(Wz/v/dlatent )
and averaging over the diffusion noise yields, to leading order in 1/datent,

U - Ulin +Udiag +Rt; ||Rt||op = Od(l); (8)

17
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Figure 22. Real data: late generalization gap versus diatent /dintrinsic. Mean of test loss — train loss over the last 5% of training.
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Figure 23. Real data: minimum FID versus diatent /dintrinsic. Sample quality is roughly preserved across the sweep, so the delay-in-
memorization benefit of larger djatent does not come at the cost of generation quality.

where
) 2
Ulll’l — u—l W Mt WT, (9)
D dlatent
. 1 — 1 L T
Udlag _ ﬁ 77*(1‘?’ xf) ¢ (If) d’ ($1€L) y (10)
=1

and ¢ (x) is the residual feature vector after projecting out the Hermite-1 component. By construction
Ew ¢t (z)p*(y)T] = 0 for z # y and Ey[[|¢*(2)||?] = nu(z,2) + 04(1), so the rank-one outer products in (10)
are mutually W -orthogonal in the proportional limit.

Block decomposition of 1/;. Direct computation gives

M, = EY B[ @l)T] = e (C+8) + ATy an
w

with O = 1 3° « Me(u)TM ) the empirical centroid Gram and S=1ix L E1(€M)T the empirical within-cluster covariance.

In population, EC has rank dintrinsic With eigenvalues @(52 /dintrinsic) in the signal subspace and ES = Y data contributes

18
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Figure 24. Real data: FID over training. Per-step trajectories underlying Fig. 23, one curve per diatent/dintrinsic ratio.

O'S2ig on the signal block and 02 on the null block. Writing o = e¢™2!(5? /dintrinsic + aszig) + A, for the signal-block
eigenvalue and 37 = e ?!02 + A, for the null-block eigenvalue, the population M; has the block-diagonal spectrum
spec(M;) = {2 }dmtrinsic | { 32} diatens —dintrinsic in the ()-basis (the cluster signal subspace and its orthogonal complement).

Linear part: signal and noise-dim bulks.

Lemma G.1 (Rank and block structure of U™), rank(U“n) = djatent almost surely, and its nonzero spectrum is the
spectrum of My rescaled by ui /1, up to Marchenko—Pastur fluctuations of relative size O(1/+/4,). In particular it splits
into a signal bulk of size dintrinsic with eigenvalues ©(uiaf /1,) and a noise-dim bulk of size diatent — dintrinsic With

eigenvalues O (ul B2 /p).

Proof. W has i.i.d. Gaussian entries, 50 W T W /djatens is full rank a.s. for p > diagent, With E[W "W/ djatent] = ¥p Lay,,..
and operator-norm fluctuations O(1/4/%,) (Pennington & Worah, 2017). The nonzero eigenvalues of WM;W T equal

those of Mtl/ QWTWM;/ 2, which are the eigenvalues of M, rescaled by v, up to those fluctuations. The block counts and
eigenvalue magnitudes follow from (11). O

Diagonal part: the sample bulk.

Lemma G.2 (Rank and edge of U%%8), In the proportional limit, rank(U4%8) = n almost surely, and its nonzero
eigenvalues are concentrated around ), /1, where i, = Epop, [n4(2,2)] = Y155 1 E[(|2]|?/diatent)*] with z ~ Py a
sample of the diffused mixture distribution. -

Proof. U428 in (10) is a sum of n rank-one outer products v,v,|

. scaled by A, = n,(zf, xf')/(pn), where v, =
o (z)/||¢* (1) || The kernel decomposition (7) gives v} v, = 8, + 04(1), so the {v,,} are asymptotically orthonormal
and the rank is n for n < p. The eigenvalues are A, - || (21)||?> = n. (2}, 2}")?/(pn) and concentrate around their mean

as a self-averaging quadratic form in the Gaussian noise component of . O

Remark G.3 (Why a linear-only derivation cannot resolve the sample bulk). U™ has rank exactly djatent, SO any spectral
content beyond the two data-side blocks must come from a different contribution. The Hermite-%k > 3 terms in (7) are the
smallest piece of tanh on off-diagonal kernel entries but the only piece that survives on the diagonal, and that survival
is what produces the rank-n sample bulk. An earlier version of this derivation tried to extract the sample bulk from the
rank-n fluctuation S — Y data 10 (11); those modes lie inside the rank-dj,4ent, range of U™ and contribute Marchenko—Pastur
deformations of the two data-side bulks, not a separately gapped class.

Remark G.4 (Fixed-W vs. W-averaged kernel). The empirical U averages over the diffusion noise and training data at fixed
W, so the kernel decomposition (7), which holds in expectation over W, must be upgraded to a concentration statement.
By Benigni & Péché (2021) for sub-Gaussian entries of W (in particular Gaussian, our case) the off-diagonal kernel
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entries ¢(z4') " ¢(x¥) concentrate around their 1V -mean at rate O(1/,/p) in the proportional limit, and the diagonal entries
concentrate at the same rate. The rank-n structure of U418 therefore survives at fixed W up to operator-norm corrections of
order n/\/p = \/¥n/(¥pp) — 0, which is the self-averaging argument referenced implicitly in the Lemma 2 proof.
Remark G.5 (Marchenko—Pastur spreading of the bulk edges). Each of the four bulks in Theorem G.6 is a single leading-
order edge; the actual bulk in finite djaqeny 1S @ Marchenko—Pastur-deformed band around that edge with relative width
Anp = (V/p + 1)/ (/thp — 1)* = 1 & 4/, /1, at large 1,. At our default ¢, = 64 this gives Ayp ~ 0.50, so the two
data-side bulks remain spectrally resolvable whenever a?/3,2 2 1.5; the empirical a2 /32 > 4ato; = 0.5 and > 10* at
o1 = 0.01 satisfy this comfortably. The noise-dim-to-sample gap is governed instead by the relative size of the Hermite-1
and Hermite-> 3 coefficient masses; see the “Bulk-gap scaling” paragraph below.

Four-bulk theorem.

Theorem G.6 (Four-bulk structure). Under the setup above and in the proportional asymptotic limit, the spectrum of U in
(8) splits almost surely into four contiguous bulks with the following counts and leading-order edges (fixed t € (0, 00)):

Bulk Count Leading-order edge

Slgﬂal dintrinsic ,U'12 O‘t2/¢p = /L12 [67% (Sz/dintrinsic + Ugig) + Af] /w[)
Noise-dim  diatent — dintrinsic ,U12 6152/77[}1) = ,ul2 [872250'12_ + At] /wp

Sample n T/ Up

Rank-null  p — djagens — 1 o(1)

Proof. Combine Lemmas G.1 and G.2 with the decomposition (8). The ranges of U™ and U%#¢ are asymptotically
W -orthogonal: the former lies in the column space of W (rank djatent), and the latter is spanned by the n residual
directions ¢ (x}') which are orthogonal to that column space in expectation. Together they span a subspace of dimension
datent + 1 < p, leaving a rank-null tail of dimension p — djatent — 7 With eigenvalues vanishing as 04(1) from Ry in
(8). O

Bulk-gap scaling. The signal-to-noise-dim gap is the eigenvalue ratio a?/B87 = (e 2*(s?/dintrinsic + afig) +
At)/(efztof_ + At). At small diffusion times this is approximately (s%/dintrinsic + Ugig)/df (large at o; = 0.01,
modest at 0 = 0.5); as t grows both bulks are dragged toward the diffusion floor A; and the ratio collapses to 1. The
noise-dim-to-sample gap is the ratio u? 372 /7, governed by the relative sizes of the linear-Hermite coefficient and the
higher-Hermite residual mass: for tanh, u? ~ 0.367 while 7, is dominated by ;12 ~ 0.0097 at our operating scales, so
for 32 = 7,/ the noise-dim edge sits above the sample edge and the four bulks are spectrally resolvable. Below that
threshold (small o, at large t) the two merge, which is the regime where the four-bulk cliff at index dj,tent becomes a
smooth step in Fig. 26.

Toward a full Stieltjes derivation. Theorem G.6 gives leading-order edge magnitudes that match (within Marchenko—
Pastur fluctuations O(1/,/%,)) the empirical bulk locations in Table 3 and Fig. 25. A full Stieltjes-transform / replica
derivation that produces the bulk edges as exact roots of a polynomial fixed-point equation, extending the isotropic-Xgata
analysis of Bonnaire et al. (2025) to the block-diagonal case using the tools of Karoui (2010) and Benigni & Péché (2021),
is left to follow-up work. The route taken above is sufficient for the buffer-mechanism corollary in Section 4, which only
requires the bulk counts and leading-order edges established here.

H. RFNN: eigenvalue saturation and the tanh pitfall

We observed that for sufficiently large data scale s, the spectrum of U collapses to a single bulk with eigenvalues bunched at
A & 1. The cause is tanh saturation: when ||Wz||/v/diatent = 2, tanh outputs +1 almost deterministically and the feature
map becomes effectively constant in x. The constraint s/v/djatent < 2 defines the safe operating regime; all reported sweeps
satisfy this constraint.

I. RFNN: empirical bulk detection

Fig. 25 shows the 05 = 0.01 djatent Sweep with the empirical bulk-detection overlay (peaks found by
scipy.signal.find_peaks on the histogram counts, capped at 4 by prominence). At the larger anisotropy ra-
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tio USQig Jo? ~ 10* the four bulks separate cleanly and the detected peaks land where the theoretical index-based cuts in

Fig. 5 put them.

J. RFNN: additional 4-bulk spectrum figures

The body shows the o; = 0.5 density view (Figure 5); for completeness we include the remaining three corners of the
{cliffs, density} x {o, = 0.01,0.5} grid here. Figures 26 and 27 are the cliffs (sorted-spectrum) view at the two noise
scales, and Figure 28 is the density view at 0, = 0.01. Figure 29 sweeps dintrinsic instead of djatent-
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Figure 25. Empirical bulk detection across the di.cnt SWeep at 1 = 0.01. Each colored region is one detected peak in the eigenvalue
density; four bulks are detected in every panel. As diatent/intrinsic grows, the bulks pull apart: at diatent = dintrinsic the four peaks sit

close together with shallow valleys, and by diatent = 40 (diatent /dintrinsic = 8) they have separated into well-isolated peaks decades
apart in eigenvalue. Per-panel bulk sizes are tabulated in Table 3; detection algorithm in Appendix A.
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Figure 27. Cliffs view, 0 | = 0.5. Same sweep as Figure 26 at the higher noise scale: the signal/noise-dim cliff at index dintrinsic is sharp,
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24



