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ABSTRACT

In this work, we propose a Time-Splitting FNO with Coordinate Injection that
partitions the temporal domain into manageable sub-windows, reducing train-
ing memory requirements regarding the time horizon. To mitigate the loss of
global context inherent to splitting, we introduce an explicit time-coordinate in-
jection mechanism that breaks the shift-invariance of the spectral operator, allow-
ing the network to learn non-stationary dynamics. We validate our approach on
the SPE10 benchmark. Results demonstrate that our method reduces peak GPU
memory usage by approximately 7 times while maintaining competitive accuracy
on key quantities of interest, such as oil production rates. The proposed time-
splitting strategy is a promising way to reduce memory consumption in long-
horizon spatio-temporal FNOs while preserving useful predictive quality on the
tested benchmark.

1 INTRODUCTION

Numerical simulations are a vital decision-making tool in reservoir engineering (Samnioti & Gaga-
nis, 2023) but the requirement for fine meshes and complex models yields accurate solutions at
substantial computational costs, making many-query applications (such as uncertainty quantifica-
tion and optimization) prohibitive when relying solely on numerical solvers. Scientific Machine
Learning (SciML) surrogate models have emerged as an efficient alternative to emulate reservoir
simulators for these computationally intensive studies (Bocoum & Rasaeil, [2023; | Badawi & Gildin,
2025). A breakthrough in SciML is the development of Neural Operators (NOs) (Kovachki et al.,
2023), specifically the Fourier Neural Operator (FNO) (Li et al., 2020). Despite being generaliz-
able and yielding good results in multiphase porous media flow, the usual FNO input tensor for a
transient 3D PDE takes the high-dimensional form (N,, N, , N¢, Ny, Ny, N.), where N; is the
number of samples, V., is the number of input channels, /V; is the temporal dimension and N,
Ny, N, are the spatial dimensions. This leads to significant memory consumption when scaling to
three-dimensional high-resolution problems (Grady et al., 2023} [Liu et al} [2023). Addressing this
memory bottleneck is critical for applying FNOs to realistic reservoir scales.
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Current approaches to handling temporal dynamics in FNOs typically fall into two extremes: spatio-
temporal unified (STU) formulations or autoregressive (AR) schemes (Ye et al., 2025). Unified
approaches treat time as an additional spatial coordinate, benefiting from global consistency but
suffering from rapidly growing memory footprints and fixed temporal discretization. Conversely,
AR methods reduce memory requirements by propagating solutions sequentially but are prone to
error accumulation and stability issues over long horizons (McCabe et al., 2023). An intermediate
time-as-a-parameter approach treats time as an explicit input coordinate, allowing for direct querying
of arbitrary temporal locations and super-resolution without enforcing sequential dependence (Ye
et al.,[2025).

In this study, we propose a time-as-a-parameter FNO strategy for multiphase flow where the tem-
poral domain 7 is split into smaller uniform subdomains 7,¢ such that 7 = UTS. By dividing
the samples with total time horizon containing V; snapshots into chunks of Ny snapshots and ap-
plying 4D spectral convolution, this method accommodates the fine spatial discretizations and long
production histories of real-life reservoirs without exceeding available GPU memory. Section 2] de-
tails this methodology and its mathematical foundations; Section 3] presents the physical model and
core results; and SectionE] offers concluding remarks, with further technical discussions provided in

Appendices[A] [B] and

2 METHOD

We build upon the general Fourier Neural Operator (FNO) architecture, detailed in Appendix [A]
While effective, the standard 4D FNO requires processing the entire spatio-temporal history simul-
taneously, creating a memory bottleneck. To address this, we propose a Time-Splitting strategy that
partitions the global temporal domain 7 into a sequence of N5 sub-intervals 7,¢ = [t;, t;11].
This restricts the spectral convolutions to manageable windows, reducing the memory complexity
from O(N;) to O(N;/Ngpiits) per forward pass. That is, the usual input tensor for FNO would be
now of dimensions (N, N,,., N, Ny, Ny, N.), where N < N;.

A critical challenge with pure time-splitting is the loss of global temporal context. Standard FNO
kernels are shift-invariant, meaning the operator Gy would process an early interval [to,¢1] iden-
tically to a late interval [t,tx41] if the local features were similar. To resolve this ambiguity, we
introduce a Coordinate Injection mechanism (Mildenhall et al., 2020; Tancik et al., 2020). We break
the shift-invariance by explicitly augmenting the input feature space with the absolute time coordi-
nate. The input to the first layer is reformulated as an augmented vector field ¥;,, : D§ — R +1:

Vin(X,t) = (Vin(x,t), A(t)) fort e TS, (D)
where A(t) is the coordinate embedding of the absolute time and v, (x,t) are the original input
channels considered in the FNO modeling. Although this idea is not entirely new (Liu et al.,|2018),
its usage as a strategy to mitigate memory overhead on FNOs when scaling to real world problems
was neither deeply assessed in terms of efficiency nor performance. By injecting absolute time, the
operator becomes effectively non-stationary, enabling the learned kernels to condition their spectral
weights on the specific phase of the physical process (e.g., distinguishing initial injection from late-
stage saturation). During training, these sub-intervals are treated as independent samples, effectively
increasing the batch size by a factor of N;;¢s while proportionally reducing the temporal dimension
of each tensor. During inference, the model queries the required time windows sequentially or in
parallel, and the outputs are reintegrated (through concatenation or super-resolution) to reconstruct
the full history. Figure [I]illustrates our approach. In practical terms, considering a baseline STU
approach with a single sample (Vs = 1), 4 snapshots (N; = 4), and 1 input channel (N,,, = 1),
the input tensor size is (1, 1,4, N, N,). In our proposed approach, splitting the temporal domain
into two subdomains transforms this single trajectory into two independent samples (N = 2), each
with half the snapshots (VY = 2). With the addition of the time coordinate channel, the input
tensor becomes (2, 2, 2, N, N,)). With that, the discrete convolution domain (last three axis) would
contain only half of the components on the STU approach.

3 NUMERICAL RESULTS

We apply our strategy to known benchmarks in the reservoir simulation community. The SPE10
(Christie & Blunt, 2001) is a set of two problems initially proposed to test upscaling techniques in
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Figure 1: Scheme illustrating an example where the proposed scheme can be used. When comparing
the STU approach with our proposed scheme, the number of snapshots is divided by the number of
splits in the temporal domain 7. This approach leads to the addition of temporal coordinates as
an input channel and a proportional multiplication of the number of samples. Reintegration can be
done through superresolution or concatenation.

Prediction:

(b) Time-splitting with coordinate injection approach.

reservoir simulation. In summary, in this study we focus on SPE10 Model 1 as a proof of concept,
with the goal of later expanding this method for SPE10 Model 2, a substantially larger problem.
SPE10 Model 1 is a 2D problem containing one gas injection well, one production well and the
reservoir is fully saturated with oil. Details about governing equations, the numerical solver, the
SPE10 benchmark, and the machine learning workflow are addressed in Appendix [B] We vary the
gas injection rate of the injector well in a uniform distribution of ¢/(0.24,0.37) Mscf/day for a total
of 100 numerical simulations, where 80 trajectories are used for training and 20 for validation. Each
trajectory is assessed for 8000 days, with At = 10 days, leading to 800 snapshots. With that, we
use TFNO (Kossaifi et al} 2024), a tensorized version of FNO, to predict the gas saturation field,
the oil production rate, and cumulative oil production for the whole time horizon. We test splitting
the 800 snapshots into chunks of 400, 200, 100 and 50 snapshots, leading to a total of 2, 4, 8 and
16 splits in time. Models are trained on a NVIDIA H100 with 94 GB of VRAM. In terms of model
generalization quality, we assess the relative L2 error (n(t) = ||[Y — Y||2/||Y||2, where Y is the
ground truth and Y is the prediction using the surrogate model) for all 20 test samples. Given that
we assess the relative error in time, we average the errors across all the other dimensions (that is,
all samples, channels and spatial dimensions). We extend our analysis to primitive variables (gas
saturation fields) and quantities of interest (oil production rates and totals). To measure efficiency,
we monitor GPU power and memory usage during model training in Weights & Biases
2020).

Fig. |2 shows the model’s generalization error. The left figure shows the relative error in time.
The relative error in time is below 10~2 for almost all time steps across all cases. We notice that
7 increases for the STU approach when ¢ approaches the end of the simulation interval. When
splitting the temporal domain, we observe the same behavior at the artificial temporal boundaries
of each sub-window (7). For the individual channels, this phenomenon is more pronounced in
the gas saturation channel. Nonetheless, these localized errors do not significantly propagate to the
primary Quantities of Interest (Qol); the oil production rate and cumulative oil production show
strong resilience to these split-point fluctuations, and all tested configurations remain within good
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agreement with the ground truth, as seen in Fig. [3] Further analysis in model generalization is done
in Appendix [C|
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Figure 2: Relative error in time for all splits averaged across all 20 samples in the test set.
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Figure 3: Quantities of Interest predicted by the FNO model for all considered splits.

Now, assessing the relation between the splitting strategy and hardware utilization, as measured by
GPU usage on Weights & Biases, we observe nonlinear resource consumption behavior, as depicted
in Fig. @ We plot the results for wall time, given that all jobs were executed sequentially using
a Hydra (Yadan, 2019) sweep. We note that increasing the split density generally correlates with
sustained higher GPU power usage, likely because smaller tensor dimensions reduce I/O time and
increase computing time. This correlation is reinforced when we look at the time spent accessing
memory, with the 16-split curve being the most steady. Conversely, the GPU memory allocated
decreases as the temporal window size is reduced, though this relationship is not strictly mono-
tonic. While configurations for 2, 4, and 8 splits show moderate variations affected by allocator
fragmentation and cache management, the 16-split configuration achieves a substantial reduction
in peak memory usage, reaching approximately 5.3% of the total GPU memory, which is 7 times
less than the STU approach. This collapse in memory footprint suggests a critical threshold where
sub-window activations fit entirely within primary hardware cache bins, effectively bypassing the
need for larger global memory reservations.

4 CONCLUSIONS

In this study, we assessed the use of a time-splitting strategy that uses time as a parameter on FNO
surrogate modeling through the use of explicit time coordinate injection as input channels. We
tested our approach on a challenging benchmark proposed by the petroleum engineering commu-
nity. Our results indicate that while finer splitting introduces localized boundary errors, it provides
a promising venue for executing large-scale reservoir simulations on memory-constrained hardware
without compromising the accuracy of integrated production metrics. Most notably, we observed a
7-fold improvement in memory efficiency for the 16 splits case versus the STU model. This demon-
strates that the marginal increase in boundary error is a justifiable trade-off for a drastic reduction
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Figure 4: Efficiency metrics for the tested cases. Wall times in seconds counting from the start of
the code’s execution. Five runs are executed sequentially due to Hydra’s parameter sweep run.

in computational footprint, being a promising strategy for deploying complex SciML models on
resource-limited infrastructures.
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A TIME HANDLING STRATEGIES IN FOURIER NEURAL OPERATORS

In this appendix, we detail the mathematical formulations of the three distinct time-handling strate-
gies for Fourier Neural Operators: the standard spatio-temporal formulation, the autoregressive ap-
proach, and the proposed time-splitting scheme. Common to all strategies is the general Fourier
Neural Operator architecture (Kovachki et al.,[2023)), denoted as Gy. The operator is a composition
of a lifting layer P, a sequence of L iterative hidden layers, and a projection layer (). An illustration
of the standard FNO architecture can be seen in Fig. [AT] Formally, for an input a, the network
output is given by:

Go(a) =(QoLpo---0Ly0P)a) (A1)
where P maps the input to the first hidden state v, and () projects the final hidden state v, back to
the target domain. The core of the operator lies in the iterative updates £;, which map v;_; — v;.
The update rule for a hidden layer [ is defined as:

vi(x,t) = 0 (Wvi_1(x,t) + (Kvi—1)(x,1)), (A2)

where K represents the integral kernel operator. For FNO (Li et al [2020), the integral kernel
operator is defined as

(Kvy)(x,t) = /D k(x—%,t —1)v(7)dT, (A3)

where x and X are the spatial coordinates, ¢ and 7 define the temporal coordinate and D is the convo-
lution domain. In practice, computing the integral in eq. [A3]directly is computationally prohibitive.
By invoking the Convolution Theorem, we can evaluate this operation efficiently in the spectral do-
main. The kernel integration is thus implemented as a multiplication by a learnable weight tensor
R4 in the Fourier space:

(Kvi)(z) = F (Ry - F(vi)(K)) (), (Ad)

where F and F~! denote the Fourier Transform and its inverse over the domain D, respectively,
k represents the frequency modes and z € D denotes the generalized coordinate vector (e.g., z =
(x,t) or z = x), ensuring the formulation applies consistently across the distinct strategies defined
below. The tensor Ry contains the learnable complex weights that parameterize the kernel « directly
in the frequency domain. That said, the distinction between how FNO handles time lies in the
definition of the domain D, the definition of the convolution variables, and the integration limits.

a(z) » P — Fourier Layer | — Fourier Layer2 — --- — Fourier Layer 7' — @ - u(z)
(a) FNO layer structure

F — Ry » 7!

7 ™
~—

(b) Fourier layer [

Vi + —> o — V;

Figure Al: Fourier Neural Operator architecture. Figure (a) shows the overall structure, in which
the input is first lifted to a higher dimension through operator P, then passed through Fourier layers,
and lastly projected back into the output space dimension through operation (). Figure (b) shows
the structure of a Fourier layer, which comprises of the application of the FFT (F), a linear transfor-
mation Iy and the reverse FFT (F —1), then the result is summed with a local linear transformation
W, and lastly a non-linear activation function o is applied, generating the layer output.

A.1 STANDARD SPATIO-TEMPORAL UNIFIED FORMULATION

In the standard formulation (often referred to as 4D FNO for 3D time-dependent problems), time
is treated as an intrinsic dimension of the convolution domain (Ye et al., [2025)). In this approach,
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convolution is performed on a domain D = Q x 7 C R? x R¥, where Q is the spatial domain
and 7 = [0, T is the temporal domain, where 7T is full temporal horizon. The kernel integration is
performed globally over both space and time, such that

(Kv))(x,t) = /0 /Q K(x — X, t —7)vi(%X,7)dX dT. (A5)

In this scheme, the learned kernel  captures global spatio-temporal correlations. Consequently, the
spectral operations must be performed over the joint space-time domain. The implementation of the
kernel operator extends eq. [A5|to include the temporal frequency modes w:

(Kvi)(x,1) = F~1 (Ry(k,w) - F(vi) (k, w)) (x,1), (A6)

where w represents the frequency mode corresponding to the time dimension ¢. This highlights
the computational cost of this approach: the Fourier Transform F must be computed as a (d + 1)-
dimensional operation (e.g., 4D FFT for 3D time-dependent problems), processing the entire space-
time history simultaneously.

A.2 AUTOREGRESSIVE FORMULATION

The autoregressive approach treats the FNO as a state-transition function (or time-stepper) that
evolves the system from ¢ to ¢t + At. Time is handled iteratively via a feedback loop rather than
within the spectral kernel (McCabe et al.,2023)). Here, the convolution domain is D = ) C R3 and
the convoluted coordinates are x and X. Time ¢ is effectively a channel index or an external iteration
variable and this process usually requires reshaping the input tensor (a practical perspective can be
seen in at the official website of (Ohana et al.,|2025)). The kernel integration is strictly spatial, being

(Kv)(x) = /QIQ(X — X)vi(X) dk. (A7)

In this approach, we can formally describe the temporal evolution of the output state u to be recov-
ered by the composition of the operator Gy:

u(x,t+ kAt) = GopoGpo---oGy(u(x,t)), (A8)

k times

where At is the time step size used in the autoregressive FNO roll-out. This iterative structure
highlights the fundamental trade-off of the autoregressive strategy. While the kernel integration in
eq. is computationally lighter per step (requiring only d-dimensional spatial FFTs compared
to the (d + 1)-dimensional space-time FFTs of the unified formulation), the recursive composition
in eq. introduces the challenge of error accumulation. Since the input to Gy at step & is the
predicted state from step £ — 1 (which inherently contains approximation error), these errors can
compound over long time horizons, potentially leading to divergent trajectories. This contrasts with
the global approach in eq. [A6 where the error is distributed holistically over the temporal domain

A.3 TIME-SPLITTING WITH COORDINATE INJECTION

In this proposed method, we introduce a hybrid strategy that partitions the global spatio-temporal
domain D into a sequence of sub-intervals 7;. This allows for high-dimensional spectral con-
volutions (as in the unified approach) but restricted to manageable temporal windows [7;, 7;+1],
significantly reducing the memory footprint. The domain for the i-th sub-problem is defined as
D; = Q x |15, 7i41) C R® x RT. A critical challenge with pure time-splitting is the loss of temporal
context: standard FNO kernels are shift-invariant, meaning Gy would process the interval [0, At
exactly the same as [T' — At, T if the input feature values were identical. To resolve this ambiguity
and break the shift-invariance with respect to absolute time, we inject the absolute temporal coor-
dinate directly into the feature space. The input to the first layer is reformulated as a vector-valued
function v, : D; — R%*1 defined component-wise as:

~ Vin(X,t)j if 1 S j S dv
) - A
Vzn(X,t)J {A(t) lfj _ dv 1 ( 9)
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where A(t) is the coordinate embedding (or raw value) of the absolute time, and d, is the number
of elements in the vector v;,,(x,t). This formulation explicitly distinguishes the coordinate injec-
tion, which increases the feature dimension, from time-handling strategies that concatenate outputs
along the temporal dimension. The kernel integration is then performed over the local sub-window,
utilizing this enriched state:

(Kvp)(x,t) = /Ti+1 / K(x —%,t — 7)vi(%k,7) dX dT. (A10)
Ti Q

By injecting absolute time, the operator Gy becomes effectively non-stationary, allowing the learned
kernels to condition their spectral weights on the specific phase of the physical process.

While this formulation preserves the ability to model local temporal derivatives via (d + 1)-
dimensional FFTs (unlike the spatial-only autoregressive kernel), it implicitly imposes a finite tem-
poral receptive field. Correlations spanning beyond the window size |7;+1 — 7;| are severed. How-
ever, the coordinate injection defined in eq. [A9]acts as a global reference, partially mitigating this by
providing the network with a reference to its global position in the time horizon. This strategy aims
to balance between the computational tractability of autoregressive steps and the rich expressivity
of global spectral convolutions seen in the spatio-temporal unified approach.

This approach has limitations, however. First, by decomposing 7 into smaller subdomains 7;¢, we
are effectively truncating the temporal receptive field of the spectral operator. Mathematically, the
global convolution integral, which naturally aggregates information across the entire domain 7, is
replaced by a localized integration strictly bounded within the subdomain. Figure[AZ]illustrates this
phenomenon, where the orange region is the contribution to (Kv;)(x,t) in the temporal domain
for the Spatio-Temporal Uniform approach and our proposed method. The blue region covers the
discarded interactions by using truncated temporal subdomains. This localization implicitly forces
the learned kernel x(t — 7) to zero for any lag |At| outside the bounds of the subdomain size,
thereby severing any long-range temporal correlations that span across subdomains. The effects of
truncation are physics-dependent, and we investigate this phenomenon in our test cases. Second, this
truncation can introduce ambiguity in systems with time-varying inputs or strong path dependence.
If no data augmentation strategy is adopted, we could have different outputs in 75 for two samples
with identical input channels on 75 if they were different in 7,°. Finally, by sectioning 7 into
subdomains 7 ¢, we add artificial boundaries into a continuous dimension, and it is known that FNO
accuracy decreases near coordinate boundaries (Wen et al., [2022). We explore two strategies to
mitigate this issue in Appendix[C]

Figure A2: Illustration of the temporal domain information being convoluted. The orange region
shows the retained information while the blue region represents information unseen by the con-
volution. The left figure represents the Spatio-Temporal Unified approach, center and right plots
represent our proposed method, for different time-splitting windows.

B COMPUTATIONAL SETUP

B.1 PHYSICAL MODEL AND GOVERNING EQUATIONS

The mathematical framework governing multiphase fluid dynamics in porous media is derived from
the fundamental conservation laws of mass, momentum, and energy, combined with thermodynamic
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equilibrium constraints (Samnioti & Gaganis}, |2023)). In the context of reservoir simulation, model-
ing approaches are generally categorized into two primary families: black-oil models and composi-
tional fluid models.

Black-oil formulations are designed to represent simplified phase behavior. They operate under the
assumption that fluids flowing from the reservoir to surface facilities can be described as a binary
mixture comprising stock tank oil and surface gas. Within this framework, phase behavior is quanti-
fied via PVT properties that fluctuate solely based on pressure and temperature, ignoring the specific
chemical composition of the fluid. Conversely, compositional models track the detailed evolution of
fluid composition throughout the spatial domain at every time step. This requires solving complex
stability and flash calculations utilizing an Equation of State (EoS). While compositional models of-
fer higher fidelity, they are computationally more demanding than their black-oil counterparts. For
a comprehensive comparative analysis of these modeling strategies, readers are directed to [Fevang
et al.| (2000); /Coats et al.| (1998)).

For the purposes of this research, we employ the black-oil formulation to simulate multiphase
flow. The mathematical structure of this model is grounded in mass conservation for each pseudo-
component « € {w, o, g}, representing water, oil, and gas, respectively. This yields a system of
coupled, non-linear partial differential equations:

0
ot
where the first term denotes the rate of mass accumulation and the second term defines the mass

flux. The accumulation terms, A,,, and their corresponding component velocities, u,, are expressed
as:

(¢rean)+v'ua+Q(x:07 (B])

A, = m¢bu,sw R Uy = by Vy, (B2)
Ay =mg(boso + Togbgsg) s U, = boVo + 7ogbgvy (B3)
Ag =meg(bgsg + rgoboso) , Uy = bgVg + 1rg0b0Vo (B4)

Here, ¢r.r represents the reference porosity, mg is a pressure-dependent multiplier, b, denotes the
formation volume factor (shrinkage/expansion), s, is the phase saturation, and rg4, and r,, represent
the dissolved gas-oil ratio and the vaporized oil-gas ratio, respectively.

The velocities of the components, u,, are intrinsically linked to the phase fluxes, v, which are
governed by the multiphase generalization of Darcy’s law:

Vo = = AaK(VPa — pag), (BS)
where K is the absolute permeability tensor, A, represents phase mobility (defined as relative per-

meability normalized by viscosity), p,, is the phase pressure, p, is the phase density, and g is the
gravitational acceleration vector.

Beyond these governing PDEs, the system requires two auxiliary physical constraints. First, the
saturation of all phases within the pore volume must sum to unity:

Sw+ 8o+ 85=1. (B6)

Second, the phase pressures are related via capillary pressure, p., which is modeled as a function of
saturation:

pc,ow(5w> =DPo — Pw > (B7)

Pe.og(Sg) = Pg = Do - (B8)

Numerical solutions for these black-oil equations are obtained using the OPM Flow simulator (Ras-

mussen et al.l [2021). We utilize the 10th SPE Comparative Solution Project (SPE10) (Christie &

Blunt, 2001)) as our benchmark problem. Specifically, we focus on Model 1 of the SPE10 suite as a

proof-of-concept. This model describes a two-phase (oil and gas) reservoir free of faults or dipping.

The domain dimensions are 25001t x 25ft x 50ft, discretized into a 100 x 1 x 20 grid. The reservoir
is initially fully oil-saturated, with gas injected at a constant rate to drive production.

Figure [BT] illustrates the permeability field, which is isotropic yet highly heterogeneous. Despite
the low dimensionality of SPE10 Model 1, the permeability varies across 6 orders of magnitude.
Operational parameters include a benchmark injection rate of 0.30 Mscf/day, a uniform porosity of
0.2, and a production well bottomhole pressure (BHP) maintained at 95 psia. Full parameter details
for the SPE10 model are provided by |Christie & Blunt|(2001).

10
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Figure B1: Correlated permeability field along the z-axis. Note that the logarithmic scale highlights
a variation in permeability spanning 6 orders of magnitude. The vertical z-axis is exaggerated by a
factor of 5 for visualization purposes.

B.2 MACHINE LEARNING WORKFLOW

To construct the dataset for our machine learning framework, we conduct a suite of 100 simulations
based on the SPE10 Model 1 setup. Variation is introduced through the gas injection rates, sampled
as:

qq = U(0.23,0.37), (B9)
where U (a1, az) denotes a uniform distribution. For each sampled g4, a complete simulation is
executed, yielding saturation and pressure fields alongside oil production curves. The envelope of
cumulative oil production across all simulations, as well as selected individual curves, is depicted in

Figure [B24]
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(a) Envelope of total field oil production for 100 sim-
ulations. (b) Sample of 10 field oil production curves.
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(c) Oil saturation field at the final report step for the benchmark case (injection rate of 0.30 Mscf/day).

Figure B2: Visualization of numerical simulation outputs. The top-left panel displays the production
envelope for the 100 simulations, while the top-right panel highlights a subset of 10 curves. In both
plots, the black line represents the standard SPE10 Model 1 solution. The bottom panel illustrates
the oil saturation distribution at the final time step for the benchmark case (0.30 Mscf/day). Injection
rates were sampled uniformly between 0.23 Mscf/day and 0.37 Mscf/day.

Throughout each simulation, OPM Flow generates two primary data types: grid fields and summary
values. Grid fields represent spatio-temporal variables defined for every mesh cell at each report
step, such as pressure and component saturations. An example of such a field—specifically oil
saturation—is presented in Figure[B2c] Conversely, summary values are scalar quantities computed
via post-processing at every solver time step, such as well production rates and bottomhole pressures.
For example, integrating the oil saturation (a grid field) using the well model logic within OPM Flow
yields the scalar production values shown in Figure[B2b]

11
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Since OPM Flow utilizes binary formats compatible with Schlumberger’s ECLIPSE simulator, the
industry standard for reservoir engineering (Rasmussen et al., 2021), we employ the ‘res2df’ pack-
agedeveloped by Statoil/Equinor to extract and organize both grid and scalar data.

Both grid-based and post-processed variables are essential for reservoir analysis and for training
proxy models. However, their distinct data structures pose a challenge for unified machine learning
ingestion. Geological inputs like porosity and permeability are static spatial maps, whereas oper-
ational parameters such as injection rates and BHP variations are dynamic temporal scalars. To
integrate these disparate formats into a single tensor representation, we adopt the bit mask strategy
introduced by |Badawi & Gildin| (2025). In this approach, well locations within the spatial grid are
assigned their corresponding scalar values in a zero-filled tensor. Consequently, temporal scalars
are converted into spatio-temporal tensors where the well’s grid position carries the non-zero scalar
value.

This transformation process is reversible and is also applied to extract scalar predictions from the
surrogate model (e.g., predicting the oil production rate at a specific time). By identifying the grid
cells associated with a production well, we average the predicted tensor values at those locations
to recover the scalar quantity. This workflow is illustrated in Figure Once the input tensors
are assembled, the models are trained. We apply normalization to the data using the Unit Gaussian
normalizer from the neuralop library (Kovachki et al.l 2023} Kossaifi et al., [2024).

B.3 MODEL ARCHITECTURE AND TRAINING PROTOCOL

The surrogate model employed in this work is a Tensor Factorized Neural Operator (TFNO) (Kos-
saifi et al.l [2024). It is a more efficient version of the standard FNO, which uses a Tucker tensor
factorization to compress the spectral weights. After initial ablation studies for this problem, we
selected a rank fraction of 0.05, which balances computational efficiency with the representational
capacity required to capture fine-scale flow features. The network is constructed with a lifting layer
that projects the input features into a higher-dimensional latent space with a hidden width of 64
channels. This is followed by 4 spectral convolution layers. Within each layer, the Fourier transform
is computed, and a subset of the frequency modes is retained to perform the spectral convolution.
Given the 2D nature of the SPE10 Model 1 (100 x 1 x 20) and the temporal dimension, we explic-
itly define the number of Fourier modes as [32, 32, 1, 32] for the time, x, y, and z axes, respectively.
The non-linear activation function used between these spectral layers is the Rectified Linear Unit
(ReLU).

la The model is trained on a dataset comprising both static and dynamic fields. The input tensor
consists of three channels: the static permeability field (PERMX), the time variable (YEARS), and
the well gas injection rate (WGIR). The model is tasked with predicting three distinct output chan-
nels simultaneously: the dynamic gas saturation grid (SGAS), and two scalar well outputs injected
into the grid via the bit-mask method—the Well Oil Production Rate (WOPR) and the Well Oil
Production Total (WOPT). To facilitate stable convergence, we employ a Unit Gaussian Normalizer,
which centers and scales the data pixel-wise for both inputs and outputs, effectively standardizing
the distribution of the heterogeneous permeability and saturation fields.

The optimization process is driven by the Adam optimizer, initialized with a learning rate of 8 x 10~4
and a weight decay of 1 x 10~ to regularize the weights and prevent overfitting. The objective func-
tion minimized during training is the relative L? loss (LpLoss with p = 2), calculated over the entire
domain. To dynamically adjust the optimization trajectory, we employ a ‘ReduceLROnPlateau*
learning rate scheduler. This scheduler monitors the validation loss and reduces the learning rate by
a factor of 0.5 if the loss fails to improve for a patience period of 10 epochs. A cooldown period
of 15 epochs is also enforced to prevent excessive reduction. The dataset is randomly partitioned
into a training set (80%) and a test set (20%), and the model is trained for a total of 300 epochs
with a batch size of 10 samples, ensuring sufficient exposure to the varying injection rate scenarios
sampled in the dataset.

This setup is preserved for all tested cases and we perform all training, inference and visualization
steps on a High Performance Computing (HPC) environment. We use Hydra (Yadan| 2019) to
perform parameter sweep and Weights and Biases (Biewald, [2020) to track our experiments. Taking

'"https://equinor.github.io/res2df/index.html
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(a) Adding scalar curves to the surrogate model.
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Figure B3: Schematic of scalar quantity management within the proposed architecture. Panel (a)
demonstrates the transformation of scalar values into tensors using bit masks at well locations. Panel
(b) depicts the reverse process: converting output tensors back into scalar quantities by averaging
cell values at the well locations for each time step.

advantage of Hydra’s structure, we override certain items on the configuration files (such as padding,
data augmentation and number of time splits) to avoid writing over the scripts themselves for each
experiment. With that, training runs are executed sequentially under that specific context.

C ABLATION STUDIES ON BOUNDARY EFFECTS

Results shown on Fig. [2]indicate that splitting the time domain 7 leads to the addition of artificial
boundaries. It is known that FNO struggles on coordinate boundaries 2022). Although
this effect does not introduce significant errors in our models, we investigate two strategies to miti-
gate it in this appendix. We analyze the impact of boundary mitigation techniques (spectral padding
and data augmentation) and different reintegration strategies (concatenation vs. super-resolution).
Our objective is to determine whether the computational overhead of these additional mechanisms
yields proportional performance gains compared to the baseline Coordinate Injection method.

13
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C.1 PADDING

It is well-documented that Fourier Neural Operators can suffer from spectral leakage and Gibbs
phenomena at domain boundaries due to the implicit periodicity assumption of the FFT (Wen et al.|
2022; Lee et all 2025). A common mitigation strategy is zero-padding the domain prior to the
spectral convolution. In our time-splitting approach, partitioning the temporal domain 7 introduces
artificial boundaries at every split point ¢;. We hypothesized that zero-padding the temporal dimen-
sion by 10% and 20% might smooth the error spikes observed at these interfaces.

First, we investigate the evolution of the mean relative error across all 20 test samples. That is, we
average the errors across samples (/Vy), channels (IV,,,,), and spatial coordinates (N, N, IV.),
and plot their evolution across the 800 snapshots (reintegration being done by concatenating the
subdomains). As illustrated in the comparison plots described in the Figs. padding alone does
not effectively mitigate the errors introduced by the artificial boundaries in the split models. We
observe the same behavior as in Fig. 2] meaning that the use of zero-padding did not address the
issue we initially thought could be solved. We further quantify how padding affects each of our
models by computing the Frobenius norm of the entire tensor for each test sample. Results are
available in the boxplots in Fig. [C2] We observe that the relation between zero-padding and our
strategy is nonlinear. For the spatio-temporal unified approach and the 8-split case, adding padding
shifted the distributions to larger errors; that is, as we increased the padding percentage, we observed
a proportional increase in the relative error distribution for the 20 samples in the test set. For the
cases of 4 and 16 splits, adding more padding shifted the distribution towards smaller errors in test-
set predictions. In the case of 2 splits, the distribution had no practical change whether padding
was added or not. In most cases, the distribution did not change the interquantile distance much.
Although these results are counter-intuitive, they suggest that the proposed Coordinate Injection
mechanism (Eq. [A9) is the dominant factor in stabilizing the operator. By explicitly providing the
absolute time coordinate, the network successfully learns to handle the “’start” and “end”” dynamics of
each sub-window without requiring artificial spectral smoothing. In terms of Quantities of Interest,
Fig. [C3|shows how the assessment of the Qols using padding matches the core results described in
Fig. [3| with minor differences.

-- Spatio Temporal Unified 2 splits ---- 4 splits ---- 8 splits ---- 16 splits
No Padding Padding 10% Padding 20%

10°

= 107t

AN
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v

0 2000 4000 6000 8000 0 2000 4000 6000 8000 0 2000 4000 6000 8000
Time (Days) Time (Days) Time (Days)

Figure C1: All channels relative error for all considered splits averaged across all 20 samples in the
test set. The figure on the left shows the original results with no padding (also displayed in Fig. [2),
the central graph displays the relative errors when using 10% padding, and the figure on the right
shows them using 20% padding.

C.2 DATA AUGMENTATION VIA SLIDING WINDOWS

To address boundary discontinuities, we implemented a data augmentation strategy that used over-
lapping (sliding) time windows during training. Instead of non-overlapping partitions [t;, t;+1],
we generated training samples with overlapping temporal domains, effectively treating the artificial
boundary points of one sample as internal points of another. This approach ensures that the model
treats the artificial boundary time steps as internal points across different training samples, thereby
theoretically smoothing the transition. Figure [C4]illustrates how our data augmentation strategy
is proposed. Following the example in the illustration, for a given sample containing 8 snapshots,

14
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Figure C2: Box plots for the relative error of the 20 test set samples, averaged across all channels
and all time steps. The plot compares the relative errors of the models without padding (on the left)
with models that apply 10% (center) and 20% (right) padding.

using our time-splitting strategy for 2 splits, 2 independent samples are generated, each having 4
snapshots. New Sample 1 now maps the discrete dynamics of ¢ = {t1,to, t3,t4}, and Sample 2 is
responsible for describing the discrete dynamics for ¢ = {¢5, tg,t7,%s}. In the original proposed
scheme, t = {t4,t5} would be artificial borders added to the spectral convolution operator. For this
scheme, we add a new training sample, Sample 3, that maps the dynamics ¢ = {ts, t4, t5,ts}. This
way, the FNO model can hopefully learn the dynamics for ¢ = {t4,t5} without being affected by
the artificial borders.

We perform an ablation study using data augmentation and compare the results with those obtained
in Section [3] The results shown are in the Fig. [C5] We notice that, visually, the error cusps at
the artificial boundary points are slightly smoothed in the augmented models compared to the use
of padding, as shown in Fig. [CI] However, this strategy does not, per se, mitigate this issue. By
analyzing the overall error for the test samples in Fig. [C6} we notice the same behavior seen with
zero-padding. We show the results for all splits tested. Given that this strategy uses a sliding win-
dow for data augmentation and the spatio-temporal uniform approach uses the entire window in the
spectral convolution, these strategies are not compatible. For 2 and 16 splits, gains are marginal,
whereas for 4 and 8 splits, results worsen with data augmentation. While data augmentation theo-
retically provides more examples of boundary transitions, it increases the training time linearly with
the number of overlaps. Given that the baseline method (non-overlapping splits) already achieves
engineering-grade accuracy on Qols (seen in Fig. [3), we conclude that the standard partitioning
strategy strikes the optimal balance between training efficiency and accuracy.

C.3 SUPER-RESOLUTION

In Section [2] we note that predictions can be reintegrated in two ways. Core results of this study
show that the temporal domain 7~ gets decomposed into several subdomains 7 ¢ and the model can
predict the output fields for 7° that can be glued together to compose 7. In this section, we take
advantage of the resolution-invariance property of FNO to one-shot predict outputs on 7 and show
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Figure C4: Illustration of the proposed data augmentation scheme. In this scheme, each block
represents one snapshot in the problem dynamics. The first stage represents the full dynamics of one
The second stage comprises the time-splitting strategy, generating two new independent
samples. The third stage illustrates how a third sample can be originated from the combination of

sample.
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(a) Qols when adding 10% zero-padding.
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(b) Qols when adding 20% zero-padding.

Figure C3: Oil production total and rates computed for models using zero-padding.
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Figure C5: All channels relative error for all considered splits averaged across all 20 samples in the
test set. The figure on the left shows the original results with no data augmentation (also displayed
in Fig. E[), while the figure on the right shows the relative error when data augmentation is applied.
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Figure C6: Box plots for the relative error of the 20 test set samples, averaged across all channels

and all time steps. The plot compares the relative errors of the models without (left) and with (right)
data augmentation.

another way to reintegrate the predictions over the total time horizon expected. That is, from one
sample in 7€, the input channels provide information for extrapolating to the temporal domain 7.
Figure shows that super-resolution in this case results in high errors that degrade periodically
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for all test cases. The same phenomenon can be observed in Fig. [C9] where the models attempt to
predict the oil production curves for a single test sample. This confirms that the learned operator
G is specialized to the spectral frequency distribution of the sub-window size. Although the curves
are not ideal for engineering purposes, it is interesting to see that the model with a substantially
reduced input tensor can exhibit trends in long-term predictions for these quantities of interest. It is
important to note that both the concatenation and super-resolution strategies yield the same results
as the spatio-temporal unified approach. This is due to two facts: when using concatenation as
our reintegration strategy, the predictions cover the entire temporal domain 7, whereas in super-
resolution, both the input and the output share the high-dimensional information for ;. That is, in
both cases, the STU approach does not require any reintegration and yields exactly the same results.
Another interesting result is that the number of modes is the same for all tested splits, as described
in Section B3] Considering that for each assessed number of splits we get a smaller number of
snapshots in time for each split, the same number of Fourier modes can be enough to capture the
dynamics in one case and not in others. We notice that for 8 and 16 splits not only the overall
relative error between predictions and ground truths for the test set is slightly smaller in Fig. but
we notice how these curves have a better match to the pattern seen in the WOPT plot in Fig.%
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Figure C7: All channels relative error for all considered splits averaged across all 20 samples in the
test set. The figure on the left shows the original results with no data augmentation (also displayed
in Fig. Q), while the figure on the right shows the relative error when super-resolution is attempted.

C.4 GRriID FIELDS

As the core results of the paper, depicted in Figure [2and 3] we show how temporal manipulation
can affect quantities of interest in oil simulation and how the model can generalize (in terms of the
average of the relative error between the ground truth and the prediction in time). In this section, we
also analyze how the spatial error is affected by our time-splitting scheme. Figures [CI0} [CI1]and
[C12] show the gas saturation field for a test sample at t = 490 days, ¢ = 3990 days and ¢t = 7990
days, respectively. That is, the 49th, the 399th, and the 799th snapshots of our prediction. These
limits are chosen because ¢ = 490 days corresponds to an early stage of the dynamics and is the
last snapshot for the first split in the 16-split case in our model. For t = 3990 days, the solution
is exactly half of the total time horizon and near an artificial boundary that affects all splits tested.
For t = 7990 days, it is near the end of the total time available for the physics predicted. The
pointwise difference map shows that errors are concentrated primarily at the sharp saturation fronts
(shock waves). Importantly, the plume’s structural integrity is preserved, and the saturation front
location matches the ground truth in all cases. For all cases, the difference between predictions and
ground truth is negligible. These small differences are also evident in the histograms, where, despite
different absolute error variances, most errors are below 10~1. These low errors confirm that the
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Figure C8: Box plots for the relative error of the 20 test set samples, averaged across all channels
and all time steps. The plot compares the relative errors of the models to forecast within the training
time-resolution (left) to super-resolution forecast (right).
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Figure C9: Quantities of Interest throughout time of operation for super-resolution forecast on a
test sample. Left plot comprises the cumulative oil production volume over time while right plot
covers the oil production rate. The black curves correspond to the ground truth the models wish to
ascertain, and the colored dashed lines correspond to the model’s predictions, for each time-splitting

scheme.

Time-Splitting FNO successfully captures the underlying physics of multiphase flow, with errors
resembling numerical dispersion in traditional solvers.
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Figure C10: Prediction of a test set sample at ¢ = 490 days using different time splitting strategies.
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Figure C11: Prediction of a test set sample at ¢ = 3990 days using different time splitting strategies.
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Figure C12: Prediction of a test set sample at ¢ = 7990 days using different time splitting strategies.
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