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Abstract

Despite recent progress, large language models
(LLMs) for mathematical reasoning often ex-
hibit fragile behaviors, where correct answers
are produced despite invalid or incoherent in-
termediate reasoning. We identify two recur-
ring structural pathologies in Chain-of-Thought
(CoT) reasoning: disconnected steps, where in-
termediate results are not reused, and weak log-
ical flow, where steps are loosely or incorrectly
linked yet still yield correct answers. These
failures are difficult to address under outcome-
only supervision. To mitigate these issues, we
propose the Graph-structured Stepwise Reason-
ing Framework (GSRF), which reformulates
implicit CoT into a Graph-structured Stepwise
CoT (GS-CoT) that makes inter-step depen-
dencies explicit. Building on this structure,
we introduce Graph-guided Group Relative
Policy Optimization (G-GRPO), incorporating
process-level rewards that encourage step reuse
and alignment with the final answer. Extensive
experiments on both textual and multimodal
mathematical reasoning benchmarks demon-
strate that GSRF achieves competitive perfor-
mance while producing more faithful, coherent,
and structurally grounded reasoning traces.

1 Introduction

LLMs have achieved impressive progress on math-
ematical and geometric reasoning (Yan et al., 2025;
Chen et al., 2025). Yet their reliability remains
fragile, i.e., final-answer correctness is often de-
coupled from the validity of the underlying rea-
soning process. A trustworthy solution should sat-
isfy a simple contract, i.e., each intermediate step
should produce a result that is subsequently reused
to support the final conclusion. In practice, stan-
dard CoT (Wei et al., 2022; Wang et al., 2022;
Kojima et al., 2022) frequently violates this con-
tract, i.e., the models may reach the correct answer
while producing traces that are redundant, partially
hallucinated, or logically disconnected, resulting

in a convincing appearance of reasoning without
verifiable structural support.

We argue that a major source of this unreliability
is the implicit, free-form nature of standard CoT.
Most current paradigms treat reasoning as a flat
sequence of text, which obscures the dependency
structure that makes a derivation checkable. As
shown in Fig 1, this implicit CoT often exhibits two
recurring structural pathologies: (1) Disconnected
Steps, where intermediate results are introduced
but never used (Turpin et al., 2023; Lanham et al.,
2023); and (i) Weak Logical Flow, where the in-
termediate steps exhibit unclear or even incorrect
logical transitions, but lead to the correct answers
(Lyu et al., 2023; Yee et al., 2024). Importantly,
these pathologies are difficult to penalize under
outcome-only supervision: as long as the final an-
swer is correct, optimization signals provide little
guidance on which steps are essential and which
are merely spurious or redundant (Lightman et al.,
2023).

To make reasoning verifiable and optimizable,
we propose to capture reasoning faithfulness
through explicit graph structure. We transform a
solution into a Directed Dependency Graph (DDG),
where nodes represent reasoning steps and edges
encode variable-level reuse between steps. This
view yields two efficiently graph-computable ob-
jectives that directly target the above failures: (i)
inter-step dependency, encouraging steps to actu-
ally build on prior results; and (ii) global step-
to-answer support, requiring that every step con-
tributes (directly or indirectly) to the derivation of
the final answer.

Based on these insights, we introduce a
Graph-structured Stepwise Reasoning Framework
(GSRF). GSRF replaces implicit CoT with an ex-
plicit and dependency-aware CoT called Graph-
structured Stepwise CoT (GS-CoT), where step
i is represented as a tuple (I;, O;) consisting of
its inputs I; (from problem conditions or previous
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Figure 1: An example for solutions of implicit CoT with respectively disconnected steps and weak logical flow

outputs) and newly derived output O;. To comple-
ment GS-CoT, we introduce Graph-guided Group
Relative Policy Optimization (G-GRPO) to opti-
mize the reasoning structure that moves beyond
conventional outcome-level rewards (Zhang et al.,
2025; Wang et al., 2025) and introduces two novel
process-level reward signals: (i) inter-step depen-
dency reward and (ii) step-to-answer alignment re-
ward to assign process-level rewards for coherent
reuse and global support. This directly discourages
unused steps and promotes tight, reusable deriva-
tions. Experiments on both textual and multimodal
benchmarks show that GSRF improves not only
predictive accuracy but also the faithfulness and
structural integrity of reasoning traces, suggesting
a general principle for process optimization via ex-
plicit dependency structure. Our GSRF consists of
two phases, and Fig. 2 shows an overview of our
GSRF.

The main contributions of our work are three-
fold. First, we reveal two fundamental structural
pathologies in implicit Chain-of-Thought for math-
ematical reasoning: (i) disconnected steps and (ii)
weak logical flow. Second, we propose GSRF that
replaces implicit CoT with GS-CoT, enabling the
explicit construction of a DDG to model inter-step
dependencies. Third, to further optimize reasoning
structure, we introduce G-GRPO within GSRF,
which deemphasizes outcome-level rewards and in-
stead leverages two process-level rewards to guide
dependency-aware and globally aligned reasoning.

2 Related Works

Mathematical Reasoning with Large Language
Models Recent studies have shown that LLMs
exhibit impressive yet fragile reasoning abilities
in mathematical domains. Early works such

as GSMS8K (Cobbe et al., 2021) and MATH
(Hendrycks et al., 2021) benchmarked models’
symbolic reasoning capacities, revealing their ten-
dency to produce correct answers through flawed
reasoning chains. To mitigate this, recent ap-
proaches such as DeepSeekMath-RL (Shao et al.,
2024) and Math-Shepherd (Wang et al., 2024) lever-
age large-scale mathematical data and process-
aware supervision to improve numerical precision
and reasoning stability. However, these methods
primarily focus on outcome-level or local step su-
pervision, without explicitly modeling global rea-
soning dependencies, which limits interpretability
and structural faithfulness.

Chain-of-Thought and Structured Reasoning
Chain-of-Thought supervision has become a cor-
nerstone for improving LLM reasoning by expos-
ing intermediate steps. Subsequent works such as
Tree-of-Thought (Yao et al., 2023) and Graph-of-
Thought (Besta et al., 2024) attempted to model
reasoning as structured search or graph traversal,
encouraging exploration of diverse reasoning paths.
Yet, most of these methods rely on heuristic sam-
pling and lack an explicit optimization objective to
align reasoning structure with answer correctness,
often leading to redundant or inconsistent reason-
ing steps.

Reinforcement Learning for Reasoning Opti-
mization. Reinforcement learning (RL) has been
increasingly used to optimize reasoning behavior
in LLMs. Methods like GRPO (Shao et al., 2024)
and R1 (Guo et al., 2025) directly optimize reward
signals derived from reasoning outcomes and for-
mat, effectively improving factual accuracy and
reasoning stability. However, these trajectory-level
or outcome-level objectives ignore inter-step depen-
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Figure 2: An overview of our GSRF consisting of two phases, i.e., Policy Warm-up and RL with G-GRPO.

dencies, which are particularly critical in mathemat-
ical reasoning where symbolic relations between
steps dictate final correctness.

Multimodal and Structured Reasoning Exten-
sions Recent efforts extend reasoning optimiza-
tion into multimodal contexts, such as MathVista
(Lu et al., 2023) and MM-ReAct (Yang et al.,
2023). More recent work explores enhanced mul-
timodal geometric reasoning, including unified vi-
sion—language pre-training methods for geometry
such as GeoX (Xia et al., 2024), formal-verified
multimodal problem generation via TrustGeoGen
(Fu et al., 2025), and neuro-symbolic geometric
data frameworks like NeSyGeo (Wu et al., 2025).
Despite their progress, these approaches still ig-
nore to explicitly model inter-step dependency and
global structural consistency.

3 Methodology

3.1 Phase I: Policy Warm-up

GS-CoT Dataset Preparation. Before the pol-
icy warm-up phase, we construct a GS-CoT solu-
tion as the annotation for each mathematical prob-
lem. Specifically, given a mathematical problem @),
we first explicitly extract m known conditions, in-
cluding numerical values, symbolic relations, and
textual constraints, employing the DeepSeek-V3
model (Liu et al., 2024). These extracted condi-
tions are denoted as C' = {C, Cy, ..., Cp, }. Next,
given () and its known conditions C, we employ
DeepSeek-V3 again to generate a structured n-step
solution S = (s1, S2, ..., 8y), in which s; (1 < n)

strictly conforms to our predefined reasoning tem-
plate with explicit inputs /; and an output O; where
inputs I; are subject to a following constraint:

I; C {Cl,CQ, .. .,Cm} U {01702, ... 701’—1}-

This constraint ensures that s; depends only
on the known conditions or the outputs of ear-
lier steps, preserving dependency consistency in
the reasoning process. Finally, we construct a
high-quality GS-CoT dataset D = {P,|P, =
(Qn, Cn, Sn)YN_, through a dual-review process
combining the LLMs and human verification,
which is then used for subsequent supervised fine-
tuning. Note that, all GS-CoT annotations strictly
satisfy the input—output dependency constraints by
construction.

Supervised Fine-Tuning. After constructing the
GS-CoT dataset, we train the policy model via su-
pervised fine-tuning. This stage enables the model
to learn explicit inter-step dependencies and to gen-
erate reasoning traces that strictly conform to the
GS-CoT template. Formally, the supervised fine-
tuning objective is defined as:

T
Lorr = — Y logmo(ye | y<,Q,C) (1)

t=1

where y; denotes the ¢-th token in the reasoning
sequence and () and C are the input problem and
known conditions, respectively. This stage estab-
lishes a strong initialization for subsequent policy
refinement.



3.2 Phase II: RL with G-GRPO

To further refine the structural quality of the gen-
erated dependency graph and enhance the align-
ment between reasoning steps and final answers,
we introduce G-GRPO, which augments the GRPO
framework via two novel rewards: Inter-Step De-
pendency Reward and Step-to-Answer Alignment
Reward rather than relying solely on the conven-
tional outcome-based reward. This design encour-
ages the model to focus on step-level structured
reasoning rather than solely on the final answer.
The Inter-Step Dependency Reward and the Step-
to-Answer Alignment Reward are computed based
on the Directed Dependency Graph (DDG). As il-
lustrated in Fig. 3, we leverage the resulting graph
structure to compute both rewards.

DDG Construction. Given a mathematical prob-
lem @ and its known conditions C', the warmed-up
policy model generates its n-step GS-CoT solu-
tion S = (s1,s2,...,8,). For the GS-CoT so-
lution, we can define a DDG G = (V, &) where
V = (vo,v1,...,v,). The initial node vy repre-
sents the set of known conditions C, and other
nodes, e.g., v;(1 < ¢ < n) represents the reasoning
step s; with its inputs I; and output O;. For an edge
eij € &, e;; = 1if the input of v; contains the out-
put variable of v; (i<j), thatis O; € I;; otherwise,
eij =0.

Inter-Step Dependency Reward. To encourage
the model to produce reasoning chains that are
both logically coherent and concise, we introduce a
dependency reward rq.p based on the given DDG G.
Before calculating 74ep, wWe construct the adjacency
matrix A € {0, 1}V*N(N > 2) of DDG G with
N nodes to describe inter-step dependencies and
calculate the number of edges [E(G)| = >, _; Aij.
We then calculate the inter-step dependency reward
Tdep-

A+2(1=-NP, if|E(G)| >N -1,
Tdep = 0, otherwise
2)
where A is the nor|1§a(1g§|atior(1 ]\ffactolrj usually taken
as 0.6 and P = (N 1) (N =2)
Tdep = A When N = 2.

This reward measures the proportion of valid de-
pendency relations among all possible step pairs. A
higher value indicates that reasoning steps are more
tightly connected, reflecting a stronger structural
dependency consistency.

. In addition,

Step-to-Answer Alignment Reward. While the
dependency reward encourages dense and coherent
inter-step connections, it does not explicitly guar-
antee that all reasoning steps contribute to the final
answer. To explicitly enforce global step-to-answer
consistency, we introduce a graph-theoretic Step-
to-Answer Alignment Reward based on reachability
in the reasoning graph.

Given a DDG G with n + 1 reasoning nodes
(vo, v1,v2,...,v,), Where v, corresponds to the
final answer node, we define the reasoning steps
are aligned with the final answer if and only if
every preceding node v; (0 < ¢ < n) can directly
or indirectly influence v,,. Formally, this requires
that for the node v;, there exists at least one directed
path from v; to v, in the graph G. From a graph-
theoretic perspective, this is equivalent to checking
whether v,, is reachable from all other nodes in the
graph G. Let [each denote an indicator function
defined as:

L,
I reach =— 07

Given the standard answer accuracy reward 74cc,
the step-to-answer alignment reward is defined as:

if VO < i < n, Japath v; ~ vy,

otherwise.

1, if Lteach = 1 and rgee = 1,
Talign = § 7 if Treach = 1 and rgcc 7é 1, 3
07 if Ireach =0

where v € (0, 1) is a constant, empirically taken
as 0.4, which assigns partial credit to reasoning
graphs whose steps are structurally aligned with
the final answer but yield an incorrect prediction.

This reward enforces that the final answer must
be supported by all preceding reasoning steps, ei-
ther directly or indirectly, thereby discouraging re-
dundant, disconnected, or logically irrelevant steps.
By grounding the alignment criterion in reacha-
bility, the proposed reward provides a clear and
interpretable mechanism for ensuring global co-
herence between intermediate reasoning and final
prediction.

Policy Optimization. Given the inter-step depen-
dency reward rgep, and the step-to-answer alignment
reward 7,y computed from the DDG G, we define
the overall reward for the i-th reasoning path as

i __ 0 i
r= Tdep + ralign'

By sampling M reasoning paths, we obtain a re-
ward set {r!,72 ... rM}, based on which we



(a) A generated GS-CoT solution
by GSRF.

Step 1

Input : purchase_price, repair_cost

Reasoning : The total money invested equals what was
paid for the house plus repair expenses.

Output : total_cost = purchase_price + repair_cost =
80,000 + 50,000 = 130,000.

Step 2

Input : purchase_price, increased_rate

Reasoning : The house's value increased by 150% of the
purchase price.

Output : increased_value = purchase_price *
increased_rate = 80,000 * 1.5 = 120,000.

Step 3

Input : purchase_price, increased_value

Reasoning : The final market value equals the original
purchase price plus the increase in value.

Output : final_value = purchase_price + increased_value
=80,000 + 120,000 = 200,000.

Inter-Step Dependency
Reward: 0.73

Step 4

Input : final_value, total_cost

Reasoning : Profit is the difference between the final
sale value and the total investment.

Output : profit = final_value - total_cost = 200,000 -
130,000 = 70,000.

The final answer is: 70,000

Node 1 (Total Cost - Correct)
1:{Buy,Repair} > O: $130k

A=0.6,N=5,|E(G) =6
Paep ~ 0.73

(b) The automatical construction of the

DDG from a GS-Col.

Node 0: Conditions
{Buy: $80k, Repair: $50k, Rate: +150%}

Node 2 (Increased Value - Coreect)
1:{Buy,Rate} > O: $120k

Node 3 (Final Value - Correct)
I:{Buy, Node 2} - O: $200k

Node 4 (Profit - Correct)
I:{Node 1, Node 3} > O: $70k @

(c) The computation of two process-level

reward from a DDG.

Step-to-Answer
Alignment Reward: 1

Ireach = 1; Tace = 1

Talign = 1

Figure 3: An overview on how to automatically construct a Directed Dependency Graph (DDG) for a GS-CoT data
and calculate inter-step dependency reward and step-to-answer alignment reward (we use the same case in Fig. 1
and the two paths highlighted by orange arrows illustrate that every intermediate node in the DDG has a directed

path to the final node.)

compute the relative advantage for each reasoning
path as follows:

Qi - rt —mean({rt,r%,...,rM}) @
std({rt,r2,... rM})

The mean group reward serves as a baseline,
with AZ measures the deviation r; deviates from
the group average. We then optimize the policy
model using the following loss function:

M i N

=1

—BDxkL (7r9’7rref):|
5)

where a KL-divergence regularization term is ap-

plied to constrain the deviation of the policy model

from a reference model. The reference model is ini-

tialized identically to the policy model and remains

frozen throughout reinforcement learning. The KL

divergence is estimated as follows:
Trref (Cl ’ Q)

D1 (mgl|mret) = — = — log

o (c'Q)

7"'ref(ci |Q) 1

o (c'Q)

The overall training pipeline is summarized in
Appendix A.

4 Experiments

4.1 Experimental Setup

We conduct experiments on both textual and multi-
modal mathematical reasoning benchmarks to com-
prehensively evaluate the effectiveness of GSRF.
Textual Mathematical Reasoning. For pure
textual reasoning, we evaluate our method on two
widely used mathematical reasoning benchmarks,
i.e., GSM8K and MATH, via Qwen2.5-3B and
Qwen2.5-7B (Base Models) (Qwen et al., 2025).
GSMBSK focuses on grade-school level arithmetic,
emphasizing numerical reasoning and stepwise cal-
culation. In contrast, MATH contains competition-
level problems spanning algebra, geometry, num-
ber theory, and calculus, requiring more complex
symbolic manipulation and long-horizon reason-
ing. These two datasets together provide a compre-
hensive testbed for assessing structured reasoning
ability under varying difficulty levels.
Multimodal Mathematical Reasoning. For
multimodal reasoning, we adopt the GeoQA (Chen



et al., 2021) benchmark and the two baseline mod-
els, i.e., Qwen2.5-VL-3B and Qwen2.5-VL-7B
(Bai et al., 2025). GeoQA consists of geometry
problems that require joint reasoning over visual
diagrams and textual descriptions, posing signif-
icant challenges for cross-modal alignment and
multi-step deduction.

Evaluation Metrics. For all textual mathemati-
cal reasoning benchmarks, we adopt exact-match
accuracy as the primary evaluation metric, follow-
ing standard practice in prior work. A prediction
is considered correct if and only if the final an-
swer produced by the model exactly matches the
ground-truth answer after normalization. Specifi-
cally, for GSM8K, we extract the final numerical
result from the model output and compare it against
the ground truth for MATH, correctness is deter-
mined based on symbolic equivalence, where an-
swers are normalized to account for formatting vari-
ations such as whitespace, fractions, and equivalent
algebraic expressions. For the multimodal bench-
mark, we evaluate GeoQA under two evaluation
protocols—open-ended and multiple-choice—to
better demonstrate the effectiveness of GSRF. In
the open-ended setting, the model is provided with
the visual diagram, the textual problem description,
and the extracted known conditions, and is evalu-
ated in the same manner as GSM8K by compar-
ing the generated final answer against the ground
truth. In the multiple-choice setting, the model is
additionally given the full set of candidate answer
options for each question. The predicted answer
is matched against the provided choices, and the
most consistent option is selected as the final out-
put. Fig. 4 presents a quantitative comparison be-
tween Qwen2.5-VL-7B and GSRF-VL-7B under
the multiple-choice setting on GeoQA.

4.2 Implementation Details

Implementation details can be found Appendix B.

4.3 Main Results and Analyses

Results on Textual Mathematical Reasoning.
Table 1 reports the performance of our proposed
GSRF on two representative textual mathemati-
cal reasoning benchmarks, GSM8K and MATH,
compared with both closed-source and open-source
models. GSRF consistently brings substantial im-
provements over the Qwen2.5 baselines on both
benchmarks and across model scales. Notably,
all GSREF results are obtained in a 0-shot setting,
whereas most baseline models rely on few-shot

Table 1: Performance of GSRF on Qwen2.5-3B and
Qwen2.5-7B on GSM8K and MATH datasets. Accuracy
(%) across different models.

Model GSMSK MATH
Shot Acc Shot Acc
Closed-Source Models
GPT4 5 92.0 4 52.9
Gemini Ultra - 94.4 4 53.2
Claude 3 Opus 0 95.0 0 60.1
Open-Source Models
LLama3-70B-instruct 8 93.0 0 51.0
Qwen2.5-Math-72B 8 90.8 4 66.8
DeepSeekMath-RL-7B - 88.2 - 51.7
Qwen2.5-3B (Baseline) 4 79.1 4 42.6
GSRF-3B (Ours) 0 88.4 0 64.0
Qwen2.5-7B (Baseline) 4 854 4 49.8
GSRF-7B (Ours) 0 93.6 0 74.3

prompting. This highlights the strong reasoning
capability induced by our framework without re-
quiring additional exemplars.

On GSMS8K, GSRF-3B achieves an accuracy of
88.4%, outperforming the Qwen2.5-3B baseline by
+9.3%, despite the baseline using 4-shot prompting.
Scaling up to 7B, GSRF-7B further improves the
accuracy to 93.6%, surpassing its 4-shot baseline
by +8.2%. On MATH, the gains are even more pro-
nounced. GSRF-3B improves the accuracy from
42.6% to 64.0%, yielding a substantial +21.4% im-
provement over the baseline. Similarly, GSRF-
7B boosts performance from 49.8% to 74.3% by
+24.5%. These results not only surpass all com-
pared open-source baselines, but also exceed sev-
eral closed-source models, despite operating in a
strictly 0-shot regime.

Results on Multimodal Mathematical Reason-
ing. Table 2 summarizes the results on the
GeoQA benchmark under both multiple-choice
and open-ended evaluation protocols. Under the
multi-choice setting, GSRF brings significant gains
over the Qwen2.5-VL baselines. Specifically,
GSRF-VL-3B improves accuracy from 38.6% to
67.9% (+29.3%), while GSRF-VL-7B achieves
73.5%, outperforming its baseline by +14.2%. No-
tably, GSRF-VL-7B surpasses or matches strong
open-source multimodal reasoning models such
as MAVIS-7B (Zhang et al., 2024), G-LLaVA-
13B (Gao et al., 2023), and Chimera-Reasoner-8B
(Peng et al., 2025), despite operating in a strict
0-shot regime. Similar trends are observed in the
more challenging open-ended setting. GSRF-VL-
3B improves performance from 37.0% to 60.0%,



Qwen2.5-VL-7B:

Step 1:Since AB is tangent to the circle with center
O at point B, the radius OB is perpendicular to the
tangent. Therefore, zOBA = 90°.

Step 2: Given that A = 36°, consider triangle AOB.
The sum of interior angles in a triangle is 180°, so
<AOB =180° - A - 2OBA =180° - 36° - 90° =
54°.

Step3: In triangle OBC, OB = OC because both are
radii of the circle. Hence, triangle OBC is isosceles,

GSRF-VL-7B:

Step 1

Input : AB_tangent_to_circle_O_at_B, angle_A
Reasoning :

- Since AB is tangent to the circle at B, the radius
OB is perpendicular to the tangent AB at the point
of tangency.

- Therefore, zOBA = 90°

- In triangle OAB, the sum of angles is 180° so
2AOB =180° - zOBA - £A =180° - 90° - 36° = 54°.
Output : angle_AOB = 54°

' Question

1 As shown in the figure, AB ia tangent
! to circle O at point B, and the

| extended line of AO intersects circle
O at point C. Connect BC, if angle A

| =36.0, then angle C is equal to ()

i Choices

; 63°.
| [36°,54°, 60°, 27°]

 Known Conditions

| - AB_tangent_to_circle_O_at_B = True '
| - AO_extended_intersects_circle_at_C = True !
| -angle_A = 36° :

@ Disconnected steps
Step4: Let LOBC = 2OCB = x. Using the angle sum

of triangle OBC, x + x + 2BOC = 180°. Substituting
«BOC = 54°, we get 2x + 54° =180°.

Step 5: Solving this equation gives 2x = 126° x =

There are no options in the choices that we need,
and the closest answer is 60, Therefore, «C = 60°

and the base angles are equal: zOBC = 2OCB.

Step 2

Input : angle_AOB,
AO_extended_intersects_circle_at_C

Reasoning :

- 2AOB is a central angle subtending arc AB.

- The inscribed angle zOCB subtends the same arc
AB.

- The inscribed angle theorem states: zOCB =
2AOB /2 = 27"

Output : angle_C = 27°

Choose the best answer from the given choices
[36°, 54°, 60°, 27°]: 27°.

The final answer is: 27° @

Explanation of the error (Disconnected Steps):

Figure 4: Quantitative comparison between Qwen2.5-VL-7B and GSRF-VL-7B (multi-choice) on GeoQA.

Table 2: Performance of GSRF on Qwen2.5-VL-3B and
Qwen2.5-VL-7B on GeoQA dataset under multi-choice
and open-ended evaluation protocols. Accuracy (%)
across different models (0-shot).

Model Accuracy
Multi-choice
Closed-Source Models
GPT-40 58.9
Claude-3.5-Sonnet 65.1
Open-Source Models
MAVIS-7B 68.3
G-LLaVA-13B 67.0
Chimera-Reasoner-8B 69.6
Qwen2.5-VL-3B (Baseline) 38.6
GSRF-VL-3B (Ours) 67.9
Qwen2.5-VL-7B (Baseline) 59.3
GSRF-VL-7B (Ours) 73.5
Open-ended
Qwen2.5-VL-3B (Baseline) 37.0
GSRF-VL-3B (Ours) 60.0
Qwen2.5-VL-7B (Baseline) 46.2
GSRF-VL-7B (Ours) 68.4

and GSRF-VL-7B from 46.2% to 68.4%, demon-
strating that the proposed framework effectively
enhances structured geometric reasoning beyond
answer selection and generalizes well to free-form
solution generation.

4.4 Ablation Studies

To analyze the contribution of individual compo-
nents in GSRF, we conduct ablation studies on
reinforcement learning strategies, backbone mod-

els, reward design, and key hyperparameters. All
ablation experiments follow the same training and
evaluation protocols as the main experiments un-
less otherwise specified.

Comparison of RL Strategies. Table 3 com-
pares different reinforcement learning strategies
under the same backbone and training data. We
first observe that policy warm-up consistently im-
proves performance over models without warm-
up on both GSM8K and MATH, indicating that
graph-structured supervision provides a strong
initialization for subsequent optimization. On
GSMSK, our G-GRPO achieves the best perfor-
mance across both model scales, demonstrating
the benefit of explicitly incorporating graph-guided
rewards for structured reasoning. On the more
challenging MATH with the 3B model, G-GRPO
(64.0%) slightly underperforms GRPO (65.9%)
and GMPO (Zhao et al., 2025) (65.6%). We hypoth-
esize that this effect is primarily due to the limited
capacity of the smaller model, where enforcing
stricter graph-level dependency constraints may
overly constrain exploration and lead to suboptimal
credit assignment in complex, long-horizon sym-
bolic reasoning tasks. As model scale increases,
this limitation is alleviated. For the 7B model, G-
GRPO consistently outperforms both GRPO and
GMPO on GSM8K and MATH, achieving 93.3%
and 74.3% accuracy, respectively. Overall, these
results suggest that graph-guided optimization is



Table 3: Comparison on GSM8K and MATH. Accuracy
(%) across different reinforcement learning strategies

Model Warm-up GSMS8K MATH
Qwen2.5-3B X 791 426
Qwen2.5-3B v 80.6 574
Qwen2.5-3B+GRPO v 854 659
Qwen2.5-3B+GMPO v 84.7 656
Qwen2.5-3B+G-GRPO v/ 884  64.0
Qwen2.5-7B X 854  49.8
Qwen2.5-7B v 89.5  66.8
Qwen2.5-7B+GRPO v 90.0 714
Qwen2.5-7B+GMPO v 914 729
Qwen2.5-7B+G-GRPO v/ 933 743

Table 4: Performance on GSM8K with LLaMA3.1-8B
as the backbone.

Model Accuracy (%)
LLaMA3.1-8B-Instruct 84.5
GSRF-8B 90.5

particularly effective when sufficient model capac-
ity is available, allowing the policy to benefit from
structured reasoning rewards without sacrificing
optimization flexibility.

Effect of Model Backbone. Table 4 shows the
performance of GSRF when applied to LLaMA3.1-
8B as the backbone model on GSM8SK. Compared
to LLaMA3.1-8B-instruct, GSRF improves accu-
racy from 84.5% to 90.5%, yielding a gain of
+6.0%. This result demonstrates that GSRF is not
restricted to the Qwen family and can be effectively
transferred to different backbone architectures, con-
sistently enhancing mathematical reasoning perfor-
mance.

Parameter Analyses. We conduct the parame-
ter analysis on the number of generations M. As
shown in Fig. 5, increasing M from 2 to 4 leads
to consistent performance gains, while further in-
creasing M yields marginal or no improvements.
The results indicate that G-GRPO is not highly sen-
sitive to the M, and a moderate value of M already
provides competitive and stable performance.

5 Conclusion

We identify two structural pathologies in implicit
Chain-of-Thought reasoning for mathematics: (i)
disconnected steps and (ii) weak logical flow. To
address these issues, we propose GSRF, a graph-
structured reasoning framework that improves the
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Figure 5: Parameter analysis of M. Accuracy (%) of
GSRF-7B with Qwen2.5-7B as the backbone model
under different M.

faithfulness of Chain-of-Thought by making step
dependencies explicit and optimizable. GSRF rep-
resents solutions as Graph-structured Stepwise CoT
(GS-CoT) and constructs Directed Dependency
Graphs (DDGs) to expose inter-step reuse and
global support for the final answer. Building on
this structure, we introduce Graph-guided Group
Relative Policy Optimization (G-GRPO), which
incorporates lightweight process-level rewards to
penalize disconnected steps and weak logical flow
beyond outcome-only supervision. Experiments on
both textual and multimodal benchmarks demon-
strate that GSRF achieves competitive performance
while producing more faithful and structurally co-
herent reasoning traces.

Limitations

Our approach has several limitations. First, due
to the structured nature of GS-CoT solutions, they
cannot be reliably generated through prompt en-
gineering alone. Instead, a GS-CoT dataset must
be constructed in advance to warm up the model,
which incurs additional annotation and training
cost. Second, the two proposed rewards are com-
plementary and need to be applied jointly; using
either reward in isolation results in noticeable per-
formance degradation. Third, the step-level reward
design introduces the risk of reward hacking, where
the model may exploit the reward signals without
genuinely improving reasoning quality.

Further analysis and discussion are provided in
Appendix C.
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Algorithm 1 GSR Training Pipeline

Input: Pretrained policy model mg; GS-CoT dataset D =
{P n}*r]y:l-
Output: Trained policy model 7y

1: Policy Warm-up:
2: foriter = 1to I do
3: Sample P from D
4: Update policy model 7y by Eq. (1)
5: end for
6: RL with G-GRPO:
7: foriter = 1to I do
8: Sample problem P from D ‘
9: Generate M reasoning trajectories {¢* 22, and Parse
steps and construct dependency graph {G*}24,
10: Compute inter-step dependency reward {réep}f\il by
Eq. (2) and step-to-answer alignment reward {rjngn}ﬁ\il
by Eq. (3) B
11: Compute the relative advantage A* by Eq. (4)
12: Optimize Policy model 7g by Eq. (5)—(6)
13: end for

return policy model 7

A GSRF Training Pipeline

The overall training pipeline of GSRF is summa-
rized in Algorithm 1.

B Implementation Details

For all datasets, we first employ DeepSeek V3 to
automatically extract the known conditions for each
mathematical problem, including numerical con-
stants, symbolic relations, and textual constraints.
Based on these extracted conditions, DeepSeek V3
is further prompted to generate structured solutions
that strictly follow our graph-structured reasoning
template. This procedure is applied uniformly to
all training data in both text-only and multimodal
settings.

In policy warm-up phase, we fine-tune all back-
bone models using supervised learning on the gen-
erated graph-structured reasoning data. To en-
sure parameter-efficient adaptation across differ-
ent model scales, we adopt LoRA for fine-tuning.
Specifically, we apply LoRA to all eligible modules
with rank 8 and scaling factor 16. The per-device
training batch size is set to 8, and the learning rate
is fixed at 5 x 107°.

In RL with G-GRPO phase, both the policy
model and the reference model are initialized from
the warmed-up checkpoint, but the reference model
remains frozen throughout this phase. we fur-
ther optimize the policy model using the proposed
Graph-guided Group Relative Policy Optimization
(G-GRPO). For each question, we sample 4 reason-
ing trajectories to form a comparison group, with
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the maximum response length set to 1024 tokens.
The policy model is optimized with a learning rate
of 1 x 107, and the per-device training batch size
is 32. The KL regularization coefficient between
the policy and reference models is set to 0.001 to
stabilize training while allowing sufficient explo-
ration. All experiments are conducted on 8 RTX
L40 48GB GPUs.

Fig. 4 shows the quantitative comparison be-
tween Qwen2.5-VL-7B and GSRF-VL-7B (multi-
choice) on GeoQA.

C Additional Analysis and Discussion

This section provides a more detailed analysis of
GSRF in relation to prior work discussed in the
introduction, and further examines its limitations
in a broader context.

Comparison with Prior Work. Recent advances
in mathematical reasoning with large language
models have largely focused on improving answer
accuracy through larger-scale supervision, domain-
specific fine-tuning, and reinforcement learning
with outcome-level or locally defined process re-
wards. These approaches have demonstrated that
optimizing reasoning trajectories can improve ro-
bustness and reduce superficial errors. However,
most of them implicitly represent reasoning as a
linear text sequence and do not explicitly model
how intermediate steps depend on each other or
collectively contribute to the final answer.

Several structured reasoning paradigms, such as
tree-based or graph-based reasoning, attempt to ad-
dress this issue by introducing explicit branching
or search over reasoning paths. While effective in
certain settings, these methods typically rely on
heuristic exploration or external controllers, which
increases inference-time complexity and makes op-
timization less direct. In contrast, our approach
focuses on explicit structural supervision without
introducing search, by replacing implicit CoT with
GS-CoT and constructing a Directed Dependency
Graph (DDG) over reasoning steps. This repre-
sentation enables us to define step-level rewards
that target global structural properties, such as de-
pendency consistency and step-to-answer support,
which are difficult to capture with token-level or
outcome-only objectives.

At the same time, GSRF does not aim to fully
verify the semantic correctness of each reasoning
step. Instead, it emphasizes structural faithfulness,
encouraging intermediate steps to be meaningfully



connected and functionally relevant to the final
answer. From this perspective, GSRF should be
viewed as complementary to existing methods that
focus on correctness, efficiency, or exploration,
rather than as a replacement for them.

Limitations. Despite its effectiveness, GSRF has
several limitations. First, the framework relies
on GS-CoT annotations to initialize training. Un-
like standard CoT, GS-CoT cannot be reliably in-
duced through prompting alone, and construct-
ing such data—especially with human verifica-
tion—introduces additional cost. This limits the
immediate applicability of GSRF to domains where
structured reasoning annotations are available or
affordable. Second, the two step-level rewards used
in G-GRPO capture different but complementary
aspects of reasoning structure. The inter-step de-
pendency reward encourages coherent dependency
chains, while the step-to-answer alignment reward
promotes global relevance. Empirically, remov-
ing either reward leads to performance degradation,
indicating that each alone is insufficient. This cou-
pling makes reward design less modular and may
complicate extension to more complex or hetero-
geneous reasoning tasks. Third, as with other rein-
forcement learning approaches, GSRF is suscepti-
ble to reward exploitation. Because the rewards are
defined over graph structure rather than semantic
validity, models may learn to satisfy structural cri-
teria in superficial ways. Although this risk is miti-
gated through joint supervision and regularization,
it remains an inherent challenge of process-level
optimization. Finally, enforcing explicit structural
constraints may restrict exploration, particularly for
smaller models or tasks requiring long and flexible
reasoning chains. Our results suggest that this ef-
fect diminishes with increased model capacity, but
it highlights a trade-off between structural guidance
and exploratory freedom.

Overall, GSRF represents a step toward more
structurally faithful and interpretable reasoning,
while inheriting some limitations common to struc-
tured supervision and reinforcement learning. We
view it as a complementary component that can
be combined with semantic verification or external
reasoning tools in future work.
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