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ABSTRACT

We provide sharp path-dependent generalization and excess risk guarantees for
the full-batch Gradient Descent (GD) algorithm on smooth losses (possibly non-
Lipschitz, possibly nonconvex). At the heart of our analysis is an upper bound on
the generalization error, which implies that average output stability and a bounded
expected optimization error at termination lead to generalization. This result
shows that a small generalization error occurs along the optimization path, and
allows us to bypass Lipschitz or sub-Gaussian assumptions on the loss prevalent
in previous works. For nonconvex, convex, and strongly convex losses, we show
the explicit dependence of the generalization error in terms of the accumulated
path-dependent optimization error, terminal optimization error, number of samples,
and number of iterations. For nonconvex smooth losses, we prove that full-batch
GD efficiently generalizes close to any stationary point at termination, and recovers
the generalization error guarantees of stochastic algorithms with fewer assumptions.
For smooth convex losses, we show that the generalization error is tighter than
existing bounds for SGD (up to one order of error magnitude). Consequently
the excess risk matches that of SGD for quadratically less iterations. Lastly, for
strongly convex smooth losses, we show that full-batch GD achieves essentially
the same excess risk rate as compared with the state of the art on SGD, but with an
exponentially smaller number of iterations (logarithmic in the dataset size).

1 INTRODUCTION

Gradient based learning (Lecun et al., 1998) is a well established topic with a large body of literature
on algorithmic generalization and optimization errors. For general smooth convex losses, optimization
error guarantees have long been well-known (Nesterov, 1998). Similarly, Absil et al. (2005) and Lee
et al. (2016) have showed convergence of Gradient Descent (GD) to minimizers and local minima for
smooth nonconvex functions. More recently, Chatterjee (2022), Liu et al. (2022) and Allen-Zhu et al.
(2019) established global convergence of GD for deep neural networks under appropriate conditions.

Generalization error analysis of stochastic training algorithms has recently gained increased attention.
Hardt et al. (2016) showed uniform stability final-iterate bounds for vanilla Stochastic Gradient
Descent (SGD). More recent works have developed alternative generalization error bounds with prob-
abilistic guarantees (Feldman & Vondrak, 2018; 2019; Madden et al., 2020; Klochkov & Zhivotovskiy,
2021) and data-dependent variants (Kuzborskij & Lampert, 2018), or under weaker assumptions
such as strongly quasi-convex (Gower et al., 2019), non-smooth convex (Feldman, 2016; Bassily
et al., 2020; Lei & Ying, 2020b; Lei et al., 2021a), and pairwise losses (Lei et al., 2021b; 2020).
In the nonconvex case, Zhou et al. (2021b) provide bounds that involve the on-average variance
of the stochastic gradients. Generalization performance of other algorithmic variants lately gain
further attention, including SGD with early momentum (Ramezani-Kebrya et al., 2021), randomized
coordinate descent (Wang et al., 2021c¢), look-ahead approaches (Zhou et al., 2021a), noise injection
methods (Xing et al., 2021), and stochastic gradient Langevin dynamics (Pensia et al., 2018; Mou
et al., 2018; Li et al., 2020; Negrea et al., 2019; Zhang et al., 2021; Farghly & Rebeschini, 2021;
Wang et al., 2021a;b).
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Excess Risk Upper Bounds: GD vs SGD

Algorithm Iterations Interpolation Bound [B-Smooth Loss
GD (this work) . 1
m = 1/23 T=+n No O <\/ﬁ Convex
SGD 1
n = 1/VT T=n No @] () Convex
(Lei & Ying, 2020b) vn
G%t(linsl/v;oﬁrk) T=mn Yes @) (i) Convex
SGD 1
ne=1/28 T=n Yes @) () Convex
(Lei & Ying, 2020b) n
GD (this work) B log(n) ~-Strongly Convex
ne=2/(B+7) T'=6(logn) No 0 ( n (Objective)
SGD
1 ~-Strongly Convex
m=2/t+t)y | T=0@ || No o(5) ely
(Lei & Ying, 2020b) n (Objective)

Table 1: Comparison of the excess risk bounds for the full-batch GD and SGD algorithms by Lei
& Ying (2020b, Corollary 5 & Theorem 11). We denote by n the number of samples, 7' the total
number of iterations, 7 the step size at time ¢, and by €. = E[Rg(W)] the interpolation error.

Even though many previous works consider stochastic training algorithms and some even suggest
that stochasticity may be necessary (Hardt et al., 2016; Charles & Papailiopoulos, 2018) for good
generalization, recent empirical studies have demonstrated that deterministic algorithms can indeed
generalize well; see, e.g., (Hoffer et al., 2017; Geiping et al., 2022). In fact, Hoffer et al. (2017)
showed empirically that for large enough number of iterations full-batch GD generalizes comparably
to SGD. Similarly, Geiping et al. (2022) experimentally showed that strong generalization behavior is
still observed in the absence of stochastic sampling. Such interesting empirical evidence reasonably
raise the following question: ~’Are there problem classes for which deterministic training generalizes
more efficiently than stochastic training?”

While prior works provide extensive analysis of the generalization error and excess risk of stochastic
gradient methods, tight and path-dependent generalization error and excess risk guarantees in non-
stochastic training (for general smooth losses) remain unexplored. Our main purpose in this work is
to theoretically establish that full-batch GD indeed generalizes efficiently for general smooth losses.
While SGD appears to generalize better than full-batch GD for non-smooth and Lipschitz convex
losses (Bassily et al., 2020; Amir et al., 2021), non-smoothness seems to be problematic for efficient
algorithmic generalization. In fact, tightness analysis on non-smooth losses (Bassily et al., 2020)
shows that the generalization error bounds become vacuous for standard step-size choices. Our work
shows that for general smooth losses, full-batch GD achieves either tighter stability and excess error
rates (convex case), or equivalent rates (compared to SGD in the strongly convex setting) but with
significantly shorter training horizon (strongly-convex objective).

2 RELATED WORK AND CONTRIBUTIONS

Let n denote the number of available training samples (examples). Recent results (Lei & Tang,
2021; Zhou et al., 2022) on SGD provided bounds of order O(1/+/n) for Lipschitz and smooth
nonconvex losses. Neu et al. (2021) also provided generalization bounds of order O(nT'/+/n), with
T = \/n and step-size n = 1/T to recover the rate O(1/+/n). In contrast, we show that full-batch
GD generalizes efficiently for appropriate choices of decreasing learning rate that guarantees faster
convergence and smaller generalization error, simultaneously. Additionally, the generalization error
involves an intrinsic dependence on the set of the stationary points and the initial point. Specifically,
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| Full-Batch Gradient Descent

Step Size Excess Risk Loss
ne < ¢/Bt,Ve < 1 Cw + €opt Nonconvex
n=1/28 C <T66n+ 1 Convex
7731::1\//25@ Cec + 1 (i) Convex
m=2/(8+7) c (ﬁ\f +exp (ﬁ)) +0 (;) Trongly
1 < e o/ o (1) " ngly

Table 2: A list of excess risk bounds for the full-batch GD up to some constant factor C' > 0. We
denote the number of samples by 7. “e,,” denotes the optimization error €,y = E[Rg(A(S)) — RE],
T is the total number of iterations and €. = E[Rg(W)] is the model capacity (interpolation) error.

we show that full-batch GD with the decreasing learning rate choice of 1, = 1/2/t achieves tighter

bounds of the order O(+/T log(T)/n) (since /T log(T)/n < 1/y/n) for any T < n/log(n). In
fact, O(1/T log(T)/n) essentially matches the rates in prior works (Hardt et al., 2016) for smooth
and Lipschitz (and often bounded) loss, however we assume only smoothness at the expense of the

log(T) term. Further, for convex losses we show that full-batch GD attains tighter generalization
error and excess risk bounds than those of SGD in prior works (Lei & Ying, 2020b), or similar rates
in comparison with prior works that consider additional assumptions (Lipschitz or sub-Gaussian
loss) (Hardt et al., 2016; Lugosi & Neu, 2022; Kozachkov et al., 2022). In fact, for convex losses
and for a fixed step-size n: = 1/2/3, we show generalization error bounds of order O(T'/n) for
non-Lipschitz losses, while SGD bounds in prior work are of order O(1/T/n) (Lei & Ying, 2020b).
As a consequence, full-batch GD attains improved generalization error rates by one order of error
magnitude and appears to be more stable in the non-Lipschitz case, however tightness guarantees for
non-Lipschitz losses remains an open problem.

Our results also establish that full-batch GD provably achieves efficient excess error rates through
fewer number of iterations, as compared with the state-of-the-art excess error guarantees for SGD.
Specifically, for convex losses with limited model capacity (non-interpolation), we show that with
constant step size and 7' = /n, the excess risk is of the order O(1/+/n), while the SGD algorithm
requires T = n to achieve excess risk of the order O(1/y/n) (Lei & Ying, 2020b, Corollary 5.a).

For v-strongly convex objectives, our analysis for full-batch GD relies on a leave-one-out y,,-strong
convexity of the objective instead of the full loss function being strongly-convex. This property
relaxes strong convexity, while it provides stability and generalization error guarantees that recover
the convex loss setting when -y, — 0. Prior work (Lei & Ying, 2020b, Section 6, Stability with
Relaxed Strong Convexity) requires a Lipschitz loss, while the corresponding bound becomes infinity
when 7 — 0, in contrast to the leave-one-out approach. Further, prior guarantees on SGD (Lei &
Ying, 2020b, Theorem 11 and Theorem 12) often achieve the same rate of O(1/n), however with
T = ©(n) iterations (and a Lipschitz loss), in contrast with our full-batch GD bound that requires
only T' = ©(log n) iterations (at the expense of a /log(n) term)!. Finally, our approach does not
require a projection step (in contrast to Hardt et al. (2016); Lei & Ying (2020b)) in the update rule
and consequently avoids dependencies on possibly large Lipschitz constants.

'SGD naturally requires less computation than GD. However, the directional step of GD can be evaluated in
parallel. As a consequence, for a strongly-convex objective GD would be more efficient than SGD (in terms of
running time) if some parallel computation is available.
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In summary, we show that for smooth nonconvex, convex and strongly convex losses, full-batch GD
generalizes, which provides an explanation of its good empirical performance in practice (Hoffer
et al., 2017; Geiping et al., 2022). We refer the reader to Table 1 for an overview and comparison of
our excess risk bounds and those of prior work (on SGD). A more detailed presentation of the bounds
appears in Table 2 (see also Appendix A, Table 3 and Table 4).

3 PROBLEM STATEMENT

Let f(w, 2) be the loss at the point w € R? for some example z € Z. Given a dataset S = {2, }7,
of i.i.d samples z; from an unknown distribution D, our goal is to find the parameters w* of a learning
model such that w* € arg min,, R(w), where R(w) = Ezp[f(w, Z)] and R* £ R(w*). Since the
distribution D is not known, we consider the empirical risk

aly

=~ flwiz). (1)
i=1

Rs(w)

The corresponding empirical risk minimization (ERM) problem is to find W¢ € argmin,, Rg(w)
(assuming minimizers on data exist for simplicity) and we define R = Rs(W§). For a deterministic
algorithm A with input S and output A(S), the excess risk €excess is bounded by the sum of the
generalization error €4¢,, and the optimization error €, (Hardt et al., 2016, Lemma 5.1), (Dentcheva
& Lin, 2022)

€excess = E[R(A(S))] — R* < E[R(A(S)) — Rs(A(S))] +E[Rs(A(S))] — E[Rs(W3)].  (2)

€gen €opt

For the rest of the paper we assume that the loss is smooth and non-negative. These are the only
globally required assumptions on the loss function.

Assumption 1 (5-Smooth Loss) The gradient of the loss function is 3-Lipschitz
IV f(w,2) = Vuf(u,2)ll2 < Bllw —ull2, VzeZ. €)

Additionally, we define the interpolation error that will also appear in our results.
Definition 1 (Model Capacity/Interpolation Error) Define ¢, = E[Rs(W)].

In general ¢, > 0 (non-negative loss). If the model has sufficiently large capacity, then for almost
every S € Z", itis true that Rg(W¢) = 0. Equivalently, it holds that e; = 0. In the next section we
provide a general theorem for the generalization error that holds for any symmetric deterministic
algorithm (e.g. full-batch gradient descent) and any smooth loss under memorization of the data-set.

4 SYMMETRIC ALGORITHM AND SMOOTH LOSS

Consider the i.i.d random variables 21, 22, .. ., 2n, 21, 25, . . . , 21, with respect to an unknown dis-
tribution D, the sets S £ (21, 20,...,2,) and SO £ (21, 25,...,2} ..., 2,) that differ at the i*"
random element. Recall that an algorithm is symmetric if the output remains unchanged under
permutations of the input vector. Then (Bousquet & Elisseeff, 2002, Lemma 7) shows that for
any ¢ € {1,...,n} and any symmetric deterministic algorithm A the generalization error is €ge, =
Eso ., [f(A(SW); 2;) — fF(A(S); 2;)]. Identically, we write €gen = E[f(A(S™); ;) — F(A(S); )],
where the expectation is over the random variables z1, ..., 2, 2], . . ., 2, for the rest of the paper.
We define the model parameters W, Wt(l) evaluated at time ¢ with corresponding inputs S and S(*).
For brevity, we also provide the next definition.

Definition 2 We define the expected output stability as egpan () = E[[|A(S) — A(S™)|13] and the
expected optimization error as €opy = E[Rs(A(S)) — Rs(W3)].

We continue by providing an upper bound that connects the generalization error with the expected
output stability and the expected optimization error at the final iterate of the algorithm.
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Theorem 3 (Generalization Error) Let f(-; z) be non-negative 3-smooth loss for any z € Z. For
any symmetric deterministic algorithm A(-) the generalization error is bounded as

|6gen| < 2\/2ﬂ(€opt + 6c)estab(A) + Qﬂestab(A)a (4)

where €xana) = E[||A(S) — A(SD)||3]. In the limited model capacity case it is true that e is
positive (and independent of n and T') and |egen| = O(, /Estan(a))-

We provide the proof of Theorem 3 in Appendix B.1. The generalization error bound in equation 4
holds for any symmetric algorithm and smooth loss. Theorem 3 consist the tightest variant of (Lei
& Ying, 2020b, Theorem 2, b)) and shows that the expected output stability and a small expected
optimization error at termination sufficiently provide an upper bound on the generalization error for
smooth (possibly non-Lipschitz) losses. Further, the optimization error term €, is always bounded
and goes to zero (with specific known rates) in the cases of (strongly) convex losses. Under the
interpolation condition the generalization error bound satisfies tighter bounds.

Corollary 4 (Generalization under Memorization) [f memorization of the training set is feasible
under sufficiently large model capacity, then ¢ = 0 and consequently |egen| < 21/2B€opt€stab(a) +

2ﬁestab(A) and |6gen| = O(max{\/eoptestab(A)7 6s‘cab(A)})'

For a small number of iterations 7" the above error rate is equivalent with Theorem 3. For sufficiently
large T the optimization error rate matches the expected output stability and provides a tighter rate
(with respect to that of Theorem 3) of |egen| = O(€gtab(a))-

Remark. As a byproduct of Theorem 3, one can show generalization and excess risk bounds for a
uniformly u-PL objective (Karimi et al., 2016) defined as E[||VRg(w)||3] > 2pE[Rs(w) — R¥] for
allw € R, Let mg £ 7(A(S)) be the projection of the point A(.S) to the set of the minimizers of

Rs (). Further, define the constant ¢ £ E[Rg(7s) + R(7s)]. Then a bound on the excess risk is (the
proof appears in Appendix D)

8pve

ny

8
< €opt + €c +

EBXCESS

V/2Beopicc  1665° 458
[0

Vi 212 + o €opt - (%)

We note that a closely related bound has been shown in (Lei & Ying, 2020a). In fact, (Lei &
Ying, 2020a, Therem 7) requires simultaneously the interpolation error to be zero (¢, = 0) and an
additional assumption, namely the inequality 8 < nu/4, to hold. However, if 8 < nu/4 and e, = 0
(interpolation assumption), then (Lei & Ying, 2020a, inequality (B.13), Proof of Theorem 1) implies
that (E[R(7s)] < 3E[Rs(ms)] and) the expected population risk at wg is zero, i.e., E[R(7g)] = 0.
Such a situation is apparently trivial since the population risk is zero at the empirical minimizer
7g € argmin Rg(+).> On the other hand, if 8 > npu/4, these bounds become vacuous. A PL
condition is interesting under the interpolation regime and since the PL is not uniform (with respect
to the data-set) in practice (Liu et al., 2022), it is reasonable to consider similar bounds to that of 5 as
trivial.

5 FuLL-BAaTrcH GD

In this section, we derive generalization error and excess risk bounds for the full-batch GD algorithm.
We start by providing the definition of the expected path error €,,1,, in addition to the optimization
eITor €opt. These quantities will prominently appear in our analysis and results.

Definition 5 (Path Error) For any B-smooth (possibly) nonconvex loss, learning rate 1y, and for
any i € {1,...,n}, we define the expected path error as

T
€path = ZntE[||Vf(Wt7Zi)||§]- (6)

t=1

’In general, this occurs when 7 — oo, and the generalization error is zero. As a consequence, the excess risk
becomes equals to the optimization error (see also (Lei & Ying, 2020a, Therem 7)), and the analysis becomes
not interesting from generalization error prospective.
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The epan term expresses the path-dependent quantity that appears in the generalization bounds
in our results®>. Additionally, as we show, the generalization error also depends on the average
optimization error €, (Theorem 3). A consequence of the dependence on ¢4, is that full-batch GD
generalizes when it reaches the neighborhoods of the loss minima. Essentially, the expected path
error and optimization error replace bounds in prior works (Hardt et al., 2016; Kozachkov et al., 2022)
that require a Lipschitz loss assumption to upper bound the gradients and substitute the Lipschitz
constant with tighter quantities. Later we show the dependence of the expected output stability term
in Theorem 3 with respect to the expected path error. Then through explicit rates for both €y, and
€opt We characterize the generalization error and excess risk.

5.1 NONCONVEX LOSS

We proceed with the average output stability and generalization error bounds for nonconvex smooth
losses. Through a stability error bound, the next result connects Theorem 3 with the expected path
error and the corresponding learning rate. Then we use that expression to derive generalization error
bounds for the full-batch GD in the case of nonconvex losses.

Theorem 6 (Stability Error — Nonconvex Loss) Assume that the (possibly) nonconvex loss f (-, z)
is B-smooth for all z € Z. Consider the full-batch GD where T denotes the total number of
iterates and n; denotes the learning rate, for allt < T + 1. Then for the outputs of the algorithm

Wri1 = A(S), Wj(j) = A(SY) it is true that

+1 —
46p'1th 1
estab E H + 677] . (7)

t=1 j=t+1

The expected output stability in Theorem 6 is bounded by the product of the expected path error
(Definition 5), a sum-product term (Zt 17 H it (1 ﬂnj) ) that only depends on the step-size

and the term 4/n? that provides the dependence on the sample complexity. In light of Theorem 3,
and Theorem 6, we derive the generalization error of full-batch GD for smooth nonconvex losses.

Theorem 7 (Generalization Error — Nonconvex Loss) Assume that the loss f(-, z) is S-smooth
for all z € Z. Consider the full-batch GD where T denotes the total number of iterates, and
the learning rate is chosen as iy < C/t < 1/8, forallt < T + 1. Let ¢ £ BC < 1 and
C(e,T) = min {e + 1/2, elog(eT)}. Then the generalization error of full-batch GD is bounded by

.

egenl < ==/ (€opt + €c)epan (1) C (e, T) + 852 ()0 (e, T)
4y/3(eT)¢ eT)*
< +) (6opt + 6C)Epath + 12%6path~ (8)

Additionally, by the definition of the expected path and optimization error, and from the descent
direction of algorithm, we evaluate upper bounds on the terms €patn and €,p¢ and derive the next
bound as a byproduct of Theorem 7.

Corollary 8 The generalization error of full-batch GD in Theorem 7 can be further bounded as
8v/3 e 48 e
|egen| < (n\/log(eT)(eT) +— log(eT)(eT)* ) E[Rs(W1)). ©9)

The inequality (8) in Theorem 7 shows the explicit dependence of the generalization error bound on
the path-dependent error €,¢h and the optimization error €,p¢. Note that during the training process
the path-dependent error increases, and the optimization error decreases. Both terms epa¢h and €qpy
may be upper bounded, to find the simplified (but potentially looser) bound appeared in Corollary
8. We prove Theorem 6, Theorem 7 and Corollary 8 in Appendix C. Finally, the generalization
error in Corollary 8 matches bounds in prior work, including information theoretic bounds for the
SGLD algorithm (Wang et al., 2021b, Corollary 1) (with fixed step-size), while our results do not
require the sub-Gaussian loss assumption and show that similar generalization is achievable through
deterministic training.

3Recall that the initial point T/; may be chosen arbitrarily and uniformly over the dataset.
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Remark. (Dependence on Stationary Points) Let I1/; be an arbitrary initial point (independent of
S). Under mild assumptions (provided in (Lee et al., 2016)) GD convergences to (local) minimizers.
Let Wg 1y, be the stationary point such limy4o A(S) — W3 w, - Then through the smoothness of
the loss, we derive an alternative form of the generalization error bound in Theorem 3 that expresses
the dependence of the generalization error with respect to the quality of the set of stationary points,
ie.,

egenl < 4\/ﬁ (BEIAS) = W, 3]+ ERs (Wew,)]) €stana) + 28anca) — (10)

Inequality (10) provides a detailed bound that depends on the expected loss at the stationary point
and the expected distance of the output from the stationary point, namely E[[| A(S) — W3y, [I5].

5.2 CONVEX Loss

In this section, we provide generalization error guarantees for GD on smooth convex losses. Starting
from the stability of the output of the algorithm, we show that the dependence on the learning rate is
weaker than that of the nonconvex case. That dependence and the fast convergence to the minimum
guarantee tighter generalization error bounds than the general case of nonconvex losses in Section
5.1. The generalization error and the corresponding optimization error bounds provide an excess
risk bound through the error decomposition (2). We refer the reader to Table 2 for a summary of the
excess risk guarantees. We continue by providing the stability bound for convex losses.

Theorem 9 (Stability Error — Convex Loss) Assume that the convex loss f(-, z) is 3-smooth for
all z € Z. Consider the full-batch GD where T denotes the total number of iterates and n, < 1/20
learning rate, for all t < T + 1. Then for outputs of the algorithm W1 = A(S), Wj(f}rl = A(SW)
it is true that

de d 32857 T

h — t *

Estab(A) < 7;;? E e < 7n2t - (E[le — W3]+ ec E 77t> (11)
t=1 t=1

In the convex case, the expected output stability (inequality 11) is bounded by the product of the ex-
pected path error, the number of samples term 2/n? and the accumulated learning rate. The inequality
(11) gives €gpan(a) = O((Zthl n:/n)?) and through Theorem 3 we find |€gen| = O(Zthl ne/n).
In contrast, stability guarantees for the SGD and non-Lipschitz losses in prior work (Lei & Ying,

2020b, Theorem 3, (4.4)) give esian(a) = O (X1_y72/n) and Jegn = O(/S21, 17/n). As
consequence, GD guarantees are tighter than existing bounds of the SGD for non-Lipschitz losses,
a variety of learning rates and 7' < n. For instance, for fixed n; = 1/ VT, the generalization error
bound of GD is |egen| = O(v/T'/n) which is tighter than the corresponding bound of SGD, namely
|€gen| = O(1/+/n). Further, GD applies for much larger learning rates (1, = 1//3), which provide
not only tighter generalization error bound but also tighter excess risk guarantees than SGD as we
later show. By combining Theorem 3 and Theorem 9, we show the next generalization error bound.

Theorem 10 (Generalization Error — Convex Loss) Let the loss function f(-, z) be convex and
B-smooth for all z € Z. Consider the full-batch GD where T denotes the total number of iterates.
We chose the learning rate such that n, < 1/20, for allt < T + 1. Then the generalization error of
full-batch GD is bounded by

4\/26 (Gopt + Ec) €path

n

€path
TL2

> me (12)

t=1

|€gen| <

We provide the proof of Theorem 9 and Theorem 10 in Appendix E. Similar to the nonconvex case
(Theorem 7), the bound in Theorem 10 shows the explicit dependence of the generalization error on
the number of samples n, the path-dependent term €p4¢n, and the optimization error €qp¢, as well as
the effect of the accumulated learning rate. From the inequality (12), we can proceed by deriving
exact bounds on the optimization error and the accumulated learning rate, to find explicit expressions
of the generalization error bound. Through Theorem 9, Theorem 10 (and Lemma 20 in Appendix
E), we derive explicit generalization error bounds for certain choices of the learning rate. In fact, we
consider the standard choice 1 = 1/2 in the next result.
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Theorem 11 (Generalization/Excess Error — Convex Loss) Let the loss function f(-, z) be con-
vex and B-smooth forall z € Z. If ny = 1/2B forall t € {1,...,T}, then

1 2T .
legen| < 8 (n + nQ) (3BE[|Wr — W3|I3] + Tec) (13)

and

1 2T

3BE[||Wy1 — W3
eexcess§8<n+ng) (3BE[IW, — W3I3] + Teo) + SPEIV: = Wslla]

T

(14)

As a consequence, for T' = /n iterations the GD algorithm achieves €excess = O(1/4/n). In contrast,
SGD requires T = n number of iterations to achieve €eyxcess = O(1/y/n) (Lei & Ying, 2020b,
Corollary 5, a)). However, if ¢, = 0, then both algorithms have the same excess risk rate of O(1/n)
through longer training with 7" = n iterations. Finally, observe that the term E[||W; — W]||3 should
be O(1) and independent of the parameters of interest (for instance n) to derive the aforementioned
rates.

5.3 STRONGLY-CONVEX OBJECTIVE

One common approach to enforce strong-convexity is through explicit regularization. In such a
case both the objective Rg(-) the individual losses f(-; z) are strongly-convex. In other practical
scenarios, the objective is often strongly-convex but the individual losses are not (Ma et al., 2018,
Section 3). In this section, we show stability and generalization error guarantees that include
the above cases by assuming a y-strongly convex objective. We also show a property of full-
batch GD that requires only a leave-one-out variant of the objective to be strongly-convex. If the
objective Rg(-) is y-strongly convex and the loss f(; z) is 3-smooth, then the leave-one-out function
Rg-i(w) £ D i1 ji £ (W 25) /n is ie-strongly convex for all i € {1,...,n} for some 7, < 7.
Although 7, is slightly smaller than ~ (v, = max{y — §/n,0}), our results reduce to the convex
loss generalization and stability bounds when ~;,, — 0. Further, the faster convergence also provides
tighter bounds for the excess risk (see Table 2).

Theorem 12 (Stability Error — Strongly Convex Loss) Assume that the loss (-, z) is 8-smooth
for all z € Z and that Rs(-) is y-strongly convex. Consider the full-batch GD where T denotes
the total number of iterates and n; < 2/(8 + ) denotes the learning rate, for all t < T. Then for

outputs of the algorithm Wy, = A(S), W(ij_l = A(SW) it is true that

T T
4e ath

Estab(A) < Z; Znt H (1-— Uj’Vlog) . (15)

t=1  j=t+1

Specifically, if ny = 2/(8 + ), then
desath 1 2T

tab(4) < —22 min g —, =} 16
€stab(A) > n2 mln{'woo, ﬁ } (16)

By comparing the stability guarantee of Theorem 9 with Theorem 12, we observe that the learning
rate dependent term (sum-product) is smaller than that of the convex case. While the dependence on
expected path error (ep,¢1) is identical, we show (Appendix F) that the €1, term is smaller in the
strongly convex case. Additionally, Theorem 12 recovers the stability bounds of the convex loss case,
when v;,, — 0 (and possibly v — 0). Similarly to the nonconvex and convex loss cases, Theorem
3 and the stability error bound in Theorem 12 provide the generalization error bound for strongly
convex losses.

Theorem 13 (Generalization Error — Strongly Convex Loss) Let the loss function f(-,z) (-
smooth for all z € Z and the objective Rg(-) be ~-strongly convex. Consider the full-batch
GD where T denotes the total number of iterates. Let us set the learning rate to n; < 2/(8 + ), for
allt < T. Then the generalization error of full-batch GD is bounded by

4 (eopt + EC)epath d A €path d d
‘egen‘ S n 2ﬂ Z Mt H (1 - nj’yloo) + SB TL2 Z Ui H (]- - 77j’)/loo) .
t=1  j=t+1 t=1  j=t+1
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We prove Theorem 12 and Theorem 13 in Appendix F. Recall that the sum-product term in the
inequality of Theorem 13 is smaller than the summation of the learning rates in Theorem 10. This
fact together with the tighter optimization error bound provide a smaller excess risk than those of
the convex losses. Similar to the convex loss setting, we use known optimization error guarantees
of full-batch GD for strongly convex losses to derive explicit expressions of the generalization and
excess risk bounds. By combining Theorem 13 and optimization and path error bounds (Lemma
22, Lemma 23 in Appendix F, and Lemma 15 in Appendix B.2), we derive our generalization error
bound for fixed step size as follows in the next result.

Theorem 14 (Generalization/Excess — Strongly Convex Loss) Ler the objective function Rg(-)
be ~y-strongly convex and (-smooth by choosing some (B-smooth loss f(-,z)), not necessarily

(strongly) convex for all = € Z. Define m(Yipo,T) = BT min{B/Yio,2T} /(B + ) and
M(W1) £ max {BE[|W; — W3], E[Rs(W$)]}, and set the learning rate to n; = 2/(8 + 7).
Then the generalization error of the full-batch GD at the last iteration satisfies the inequality

l€gen| < 8\f< /M )+ (eXp (ﬂ?v) + %T{g\/m(momT))M(Wl)) m(Yioo, T).

Additionally the optimization error (Lemma 23 in Appendix F) and the inequality (2) give the following
excess risk
6 =-2T 4
—\[ VAT + | exp <7> —\[AT
B+~

eexcess —

+ Aexp (;fj) , (17)

where Ar = BTM(Wy) min {8/%ie0, 2T} /(B + ) and A £ BE[|W; — WE||2]/2.

n

Theorem 13 and Theorem 14 also recover the convex setting when v — 0 or ~y;,, — 0. Additionally,
for v > 0 and by setting the number of iterations as T' = (/v + 1) log(n)/2 and by defining the

sequence m,, ,, = Bmin {3/vo, (3/7 + 1) logn} /27, the last inequality gives

8/6logn 1+4,/3my -,
l€gen| < ? (\/ M(W7) + %M Wl)) N (18)

Finally, for T' = (/v + 1) log(n)/2 iterations it is true that
861 1+4vV3 1
nogn< Fn++n\[rn>+o< >7

= (19)

€excess <

where T',, £ AM(Wy) min {3/710, (8/7 + 1) logn} /27 and as a consequence the excess risk is of
the order O ( v/log(n)/ n) . As a comparison, the SGD algorithm (Lei & Ying, 2020b, Theorem 12)

requires 7' = n number of iterations to achieve an excess risk of the order O(1/n), while full-batch
GD achieves essentially the same rate with T = (/v + 1) log(n)/2 iterations.

6 CONCLUSION

In this paper we developed generalization error and excess risk guarantees for deterministic training
on smooth losses via the the full-batch GD algorithm. At the heart of our analysis is a sufficient
condition for generalization, implying that, for every symmetric algorithm, average algorithmic
output stability and a small expected optimization error at termination ensure generalization. By
exploiting this sufficient condition, we explicitly characterized the generalization error in terms of the
number of samples, the learning rate, the number of iterations, a path-dependent quantity and the
optimization error at termination, further exploring the generalization ability of full-batch GD for
different types of loss functions. More specifically, we derived explicit rates on the generalization
error and excess risk for nonconvex, convex and strongly convex smooth (possibly non-Lipschitz)
losses/objectives. Our theoretical results shed light on recent empirical observations indicating that
full-batch gradient descent generalizes efficiently and that stochastic training procedures might not
be necessary and in certain cases may even lead to higher generalization errors and excess risks.
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Full-Batch Gradient Descent

Step Size [ Generalization Error [ Loss
2
ne < C/Bt,VC < 1 MTC’ (€opt + €c)€path + 122 T2 €path NC
n n
V1og(eT)(eT)C  log(eT)(eT)*
e < C/BLYC < 1 48< Og(en)(e )_ | los(e gge )V ERs (W) NC
1 2T
m=1/28 s (54 22) (asmliw - w3l + 7eo c
8v6 =27 4v/3
m=2/(8+7) 8v6 Ar + (exp <7) + IAT>‘| 7-SC
n B+ n

Table 3: A list of the generalization error bounds for the full-batch GD. We denote the number of
samples by n. Wj is the initial point of the algorithm, and W is a point in the set of minimizers

of the objective. Also, “€patn” denotes the expected path error €pan = Zthl B[V f (W, 2:) 3]
“eopt”’ denotes the optimization error €,y = E[Rs(A(S)) — R%], T is the total number of
iterations and we define the model capacity (interpolation) error risk as e, = E[Rg(WE)].
Lastly, we define the constant M(W;) £ max {BE[||W; — W||3], E[Rs(W$)]} and the terms
Ly, 2 BM(W1) min {8/ o, (8/7 + 1) logn} /2y, Ap £ BTM(W1) min {8/100, 27} /(B + 7).
Lastly, ’NC”, ”C” and ”~-SC” correspond to nonconvex, convex and y-strongly convex objective,
respectively.

A SUMMARY OF THE RESULTS

Herein, we present a summary of the generalization and excess risk bounds. The detailed expressions
of the generalization and excess risk bounds appear in Table 3 and 4.

B PROOFS

We provide the proofs of the results in these sections. We start by proving Theorem 3 and the bounds
on the sum-product terms that appear in the stability error bounds, and then we continue with stability
and generalization error guarantees, that we prove in parallel. We derive the excess risk bounds by
applying the decomposition of the inequality (2).

B.1 PROOF OF THEOREM 3

It is true that for any i, j € {1,...,n}

n

E[f(A(S); )] = E[f(A(S); z))] = % Y EIf(A(S): z)] = E[Rs(A(S))]. (20)

k=1

We show equation 20 through the symmetry of the algorithm (at each iteration) and the fact that
{2}, are identically distributed as follows. The random variables {z; }?* ; remain exchangeable.
The 3-smooth property of f(-; z) forall z € Z gives

_ . A(SD) — A(9)|3
FA(S®):2) — F(A(S):2) < (A(SD) — A(3), T F(A(S); 2 + DAL AN - o)
Pz = c1,22 = CoyevyZi = CiyeroyZj = Cjyevnyin = Cn, A(S) = W) = P(z1 = c1,20 =

€2y ey 2i = CjyenryZj = Ciy...,2Zn = Cn, A(S) = w) for any choice of the values c1, ¢z, . .., ¢n, w and for

anyi,j € {1,...,n}.
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| Full-Batch Gradient Descent |

Step Size Excess Risk Loss
<C/pt, \/log(eT)(eT)C log(eT)(eT)*
" 48( DU, s i rg(wi)] 4+ cop | NC
8 16T 3BE[|Wy — W3
m=1/28 < + 2) (3BE[|[W1 — W3] + Tec) + BEIW: = Wsllal || ¢
n n T
m =1/26, o + 3BE[Wy - W33 (1 .
T=+n 8 Tn +0(~
8v3 —2T 4/3 —AT
ne=2/(B+7) 7\[ Ar+| exp <7> —|-7\/AT + A exp (rY) ~-SC
n B+~ n B+
Ui 2/(6 + 7) 8/31 1
vV +4v3 1
T — (B+)logn SAAAL LU (w/rn + fm) +0 (2> 4-SC
27 n n n

Table 4: A list of excess risk bounds for the full-batch GD. We denote the number of samples by n.
W1 is the initial point of the algorithm, and W is a point in the set of minimizers of the objective.

Also, “epatn” denotes the expected path error €patn £ Zthl B[V f(Wy, 2:)|13], “€opt”” denotes
the optimization error €, = E[Rg(A(S)) — R%], T is the total number of iterations and we define
the model capacity (interpolation) error risk as e = E[Rg(W)]. Lastly, we define the constants
A2 BE[|W; — WZ[13]/2, M(W1) 2 max { BE[| Wi — WE[[2], E[Rs(W3)]} and the terms T, 2

BM(W1) min {8/ 00, (8/7 + 1) logn} /2y, Ap £ BT M (W) min {3/, 2T’} /(8 +7). Lastly,
”"NC”,”C” and "v-SC” correspond to nonconvex, convex and y-strongly convex objective, respectively.

The expression €gen = E[f(A(S®); 2;) — f(A(S); 2;)] and the inequality (21) give

BIASD) - AS)I3
¥ . ]

We find an upper bound for the expectation of the inner product of the inequality (22) by applying
Cauchy-Schwartz inequality as

E [(A(SD) ~ A(S), VF(A(S); 20))]

egon < E [<A<s<i>> —A(S), VF(A(S): 20)) 22)

<E[[ASY) = AS) 2| VF(A(S): ) e (23)

< e ENIVA(A(S); 20)] 3], (24)

here we use the inequalities (a, b) < ||a||2||b||2 and E2[X Y] < E[X?]E[Y?] to derive the bounds in
23 and 24 respectively. By combining the inequalities 22 and 24 we find that for any i € {1,...,n}
it is true that

€gen < \/estab(A)E [||Vf(A(S), Zl)”%] + gestab(A)' (25)

To find an upper bound for the |ezen|, We also need an upper bound for negative of €ger,, namely
E[f(A(S); zi) — fF(A(S®); 2;)] = —€gen- Note that by the same argument

—pon < \JEIA(S) — AGSO)E] E [IVAASO):2)]IE] + ZEIIAS) - ASD)EL 26
Then we find an upper bound on E[||V f(A(S®); 2;)]|13] as follows
E[IV5(A(sD); z0)]3]
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—E [IVS(ASD); ) = VI (A(S); 20) + VF(AS); 20) 3]
< 2B [V F(A(SD); 20) = VF(A(S); 200l + IV F(A(S); )]

< 26°E[|[A(S) — A(SW)[I3] + 2E[[[V F(A(S); 20)]3). 27)
The inequality 27 holds because of the S-smoothness of the loss. Additionally,

\/252E2 [1A(S) = A(SD)|3] + 2E [||A(S) — A(SO)[I3] E[[V£(A(S): zi)II3]

< \/QE [1A(S) — A(SO)|3] B[V £(A(S); z:)|13] + V2BE[ A(S) — A(S)[3].  (28)
We combine the inequalities 26, 27 and 28 to find

—€gen < \/2]E [ A(S) — AGSO)IB] E[IV £ (A(S); z0) 3] + 28E[ A(S) — ASD)[3). (29
Finally, through the inequalities 25 and 29 we find
|6gen| < \/2€stab(A)E[”Vf(A(S); ZZ)”%] + 2ﬂestab(A) (30)

We use the self-bounding property of the non-negative S-smooth loss function f(+; z) (Srebro et al.,
2010, Lemma 3.1), to show

IVF(A(S); 20)lI3 < 4Bf(A(S); 2:)- 31
The last display, Assumption 1 and equation 20 give

E[|V f(A(S); ) [13] < 4BE[f(A(S); 2)] = 46% ZE[f(A(S); zi)]

= 4PE[Rs(A(S))] (32)
=43 (E[Rs(A(9))] - E[Rs(W3)] + E[Rs(W3)])
= 4P (eopt + E[Rs(W3)]) - 33)
We combine the inequalities 30, 33 and the Definition 1 to find
|6gen| S 2\/25 (eopt + Ec) 6stab(A) + 26£stab(A)~ (34)
The last inequality gives the bound on the generalization error and completes the proof. ]

B.2 SuM PRODUCT TERMS IN THE STABILITY BOUNDS

Herein we show a lemma for the sum product terms associated with learning rate in Theorem 6 and
Theorem 12. Then we will apply that lemma to derive the corresponding stability error bounds.

Lemma 15 The following are true:

* Ifne=C<2/(B+"), then

T T 1-(1— C T
S [ A=niv) = w (35)
t=1 j=t+1

o Ifn. =C/t <2/(B+7), for some C > 2/~ fort > 1+ fg] andn, = C' [t < 2/(B + ) for
some C' < 2/(v+ B) fort < fg] then

T T
S [T (1-"%2) < Crog (e218/1). (36)
t=1  j=t+1
o Ifny < CJt <2/B, then
T T 1
; o j:tH+1 (1+ Bn;)* < Ce*PT?°F min {1 + 305 1og(eT)} : (37)
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Proof.

e Ifnp, =C <2/(B+ ) then

T T
Z’?tﬂ (1=mn7) = 021—07 1—C’YTZ 1-Cv)~
t=1 t=1

=1 j=t+1
1-(1-Cy)" 1-(-0y)f
Cy B 2l 7
o Ifn =C/t <2/(8+7), forsome C >2/yfort > 1+ [ﬁ andn, = C'/t < 2/(8 + ) for
some C’" < 2/(y+ ) fort < [2] then

=C

e Ifp, < C/t < 2/B, then

Zm H 1+an)2—23ﬁ <1+5?)2

= j=t+1 t

T
< Ce2CPT208 Z % an 1)20[3

T
1
< Ce2CBT2C8 Z 720 (38)

1 )
1+2CB
—92 t

T
t
20872C8 o

e (1 +
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1 _
= 0e?CPT2CP <1+2 3 (1-T 205))
1 e2C8
_ (1,2CB208 _
Ce*“PT (H?CB) CZB
1
< 2CB2CB
< Ce*fr <1+2Cﬁ> (39)

additionally 23:1 1/t < log(eT), thus the term in the inequality 38 may be upper bounded by
Ce2¢PT2C8 Jog(eT) for any T' € N, and we conclude that

1
Znt H (1+ an)2 < Ce*OPT2P min {14+ ——,log(eT) b . (40)
208
t=1 Jj=t+1
The last inequality completes the proof. ]

In the next section we prove the stability and generalization error bounds for nonconvex losses.

C NONCONVEX Lo0SS: PROOF OF THEOREM 6 & THEOREM 7

Let 21,22, ey Ziyee., 2, 7 be ii.d. random variables, define S £ (#1,22y -y Ziy- .-, 2n) and
SO & (21, 2,... ,zz’-, ...y 2n), W1 = W{. The updates for any ¢ > 1 are
Wit = Wt——ZVf Wi, 2j), (41)
j=1
M U
%) t 7 t 7
Wih =W = 37 VI z) = VWY 2. “2)
j=1.g#i

Then for any ¢t > 1, we derive the stability recursion as

[Wisr — W, |l

n

> (VW2 = VIV, 2)

J=1,j#i

+ LT (Whz) = VI )]l

< W= W+ 2

2

n

< [We =W la+ 25 37 IVF Wy 25) = VIV, 25) 2

j=1,j#i

n i
+ L (IVF Wz 2 + IV W, 212
i n—1
< W =W + 1D gy, oy, 4 1 (||Vf<wt,zz>||2 IV 2)]2) @3)
n—1 ,
= (14 == ) IWe = Wlla + 2 (I We, z0) 2 + 95 OV, 22 (44)
inequality 43 comes from the smoothness of the loss. Then by solving the recursion we find

||WT+1 ~ Wi ll2

Zm (V£ W, 20l + IV £ W, 22 ﬁ <1+”

" j=t+1
1 T ] T
<= (IVFWer20)lla + 192 2D)l2) TT 1+ Bmy)
t=1 j=t+1
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T T
e (I 50 20+ V0V, 200) S ome TT (1+ oy

S\H
~
Il
—
<
Il
~
+
=

IN

T

2
\/* T T T
D (195 W 208 + 19V, 2D18) Yome TT 0+ 8™

t=1 t=1  j=t+1
The last display gives
T T
i 7 2
IWres = Wi 113 < QZm (177w 2018 + IV 5V 2013) Some TT (04 Bny)?,
t=1 t=1  j=t+1

and by taking the expectation we find

E[[|Wri1 — Wi, [13]

<5 Zm( 19 1o, 20131+ BV OV, 2)131) 3 T e omy?

46path Z H 1+ﬁ77j . 45)

t=1 j=t+1

\ /\

We evaluate the summation of the products in the inequality 45. Lemma 15 under the choice of
decreasing learning rate ; < C'/t < 2/ shows that

1
N2 « (12087208 )
g”tj 111 (14 Bn;)? < Ce2PT2 P min {1 4 —206,1og(eT) (46)

Through the inequalities 45, 46 and Theorem 3, we derive the bound on the generalization error as

|€gen]
< 2\/2/8(60pt + 6C)estab(A) + 2Bestab(A)
T T . T T
ath
< = | 2B8(opt + €e)eparn Y_me [[ 1+ 8n)* +88252> o [ (14 8my)°
t=1  j=t+1 C i S
4 , 1 z
< g\/2Cﬁ(eopt + ec)epatheCBTCB min {1 + @, log(eT)}
a . 1
+ SCBEZ—;heQCBTQCB min {1 + 205" log(eT)}

Under the choice 7, < C/t < 1/ for all , we choose C' < 1/, further we define ¢ £ SC < 1, and
C(e,T) = min {e + 1/2, elog(eT)} to get

44/2 € =1 € _
[egen] < =/ (€opt + ce)eparn (1) C (e, T) + 852 (1) O(e, T)
4v3 €pa e
< =2 (Copt + ee)eparn (1) + 122 th( T)*. 47)
The last inequality provide the generalization error bound and completes the proof. ]

Next we derive upper bounds on expected path error €,,¢n and optimization error €qp¢, to show an
alternative expression of the generalization error inequality 47. We continue by proving the proof of
Corollary 8.
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C.1 PROOF OF COROLLARY 8.

The self-bounding property of the non-negative S-smooth loss function f(-; z) (Srebro et al., 2010,
Lemma 3.1) gives ||V f(W;, 2;) |3 < 48f (W, 2;). By taking expectation, and through the Assump-
tion 1 and the equation 20 we find

B[V f(We, 20)lI5] < 4BE[f (Wi, z:)] = 4BE[Rs(W3)). (48)
The definition of €p,¢n, (Definition 5), and the decreasing learning rate (1, = C'/t < 1/8t) give

T T
epath 2= Y B[V (Wi, 2))[35] <48 nE[Rs(Wy)]

t=1 t=1
T
< 4BE[Rs(W1)] > e (49)
t=1
1
<AE[Rs(W1)] Y -
t=1
< 4E[Rs(W1)]log(eT), (50)

and the inequality 49 holds since the learning rate 7, < 2/ guarantees descent at each iteration.
Similarly, €,pt + €c < E[Rg(WW1)]. The last inequality together with the inequalities 50 and 47 give

4\/§ €path
‘egen| S T (eopt + GC)Epath(eT) + 12 pe’

(8f ey + 2 1og<eT><eT>2€) B{Rs ()

The last inequality provides the bound of the corollary.

( T>26

IN

D PL OBJECTIVE

Herein we provide the proofs of the results associated with the PL condition on the objective. We
start by proving an upper bound on the average output stability. Then by combining Lemma 16 and
Theorem 3 we derive generalization error bounds for symmetric algorithms and smooth losses, as
well as the generalization error bound of the full-batch GD under the PL condition. A similar proof
technique of the next lemma also appears in prior work by Lei et al. (Lei & Ying, 2020a, Proof of
Lemma B.2).

Lemma 16 Let the loss function f(-; z) be non-negative, nonconvex and [-smooth for all z € Z.
Further, let the objective be j-PL, E[||V Rs(w)||3] > 2uE[Rs(w) — RY] for all w € R%. Then for
any algorithm it is true that

E[[|A(SY) - A(S)I3] < €0pt + % (E [Rs(ms)] + E[R(rs)]) - (51)

Proof. Define the projection g« 2 7(A(S")) of the point A(S(*) to the set of the minimizers

of Rgi)(+), and the similarly the projection mg = m(A(S)) of the point A(S) to the set of the
minimizers of Rg(-). Then

E[[|A(SY) — A(S)II3]
< 4E[|A(SY) = w00 I3] + 4]E[HA( ) = s3] + 2E {75 — s3]

< %E[Rs<i>(f4(5(i))) sl + uE[Rs(A(S)) - Rg]+ 2E[|ms — w3l (52)

16
= Cort F 2E[[| 750 — 7s]l3]

1;6 + % (E[Rs(rse)] — E[Rs(rs)]) (53)

AN
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the inequalities 52 and 53 come from the quadratic growth (Karimi et al., 2016). Recall that, the PL
condition on the objective gives

1
ZE[HVRs(Wsm)Hg] > E[Rs(ms0) — Rs(ms)]. (54)
We combine the inequalities 53 and 54 to find
(i) 9 16 2 9
E[JA(S™) = A(S)]z) < ~ Cort F E]E[HVRS(WSU))HQ]' (55)
Also, it is true that

1 1
IVRs(mso)l15 = [VRsw (mg) — ﬁVf(ﬂsm;Z{-) + Evf(ﬂs(iﬁzi)“%

2 2

= ﬁHVf(FstDll% + ﬁHVf(Wsm;Zi)”% (56)
4 4

< nfgf(ﬂsu);quz) + nfgf(ﬂsm;zi% (57

equation 56 holds because V Rg) (mg:)) = 0, the inequality 57 holds for nonnegative losses (Srebro
et al., 2010, (Lemma 3.1). Through inequality57 we find,

A 4
E[HVRs(Wsu))H%} < ;gE[f(Ws<");Z§)] + nffE[f(ﬂS(mzzl)] oY
= %E[f(ws; z)] + %E[f(rs; z)], 9

and the last equality holds because z;, z; are exchangeable. We combine the inequalities 55 and 59 to
find

2 D EIAGS®) ~ AS)E < P+ 12 (}1 > Elfrnsiz)] + ;S Elf(rs: z;>> (60)
16 8
— eont + =313 (B [Rs(ms)] + E[R(rs)). G)

Since E[||A(S®™) — A(S)|12] = E[|| A(SW) — A(S)|3] for any 4, j € {1,...,n}, we conclude that
foranyi e {1,...,n}

) 16 8
B{IA(S) ~ A(S)IF) < ~eoms + =3 5 (B Rs(ms)] + ELR(rs)). &)
The last inequality provides the bound on the expected stability and completes the proof. |

Corollary 17 Let 15 = w(A(S)) be the projection of the point A(S) to the set of the minimizers
of Rs(:). Further, define the constant ¢ = E[Rg(ns) + R(ws)]. For any symmetric algorithm,
non-negative 3-smooth loss function f(-; z) for all z € Z, u-PL objective and E[RE] = 0, it is true
that

88V 1682 _ 44
ﬁ /€opt + n2i2c + TBEOpt' (63)

|6gen| < ny

Further, define the constant ¢ = 44 max{E[Rg(rs) + R(7s)], E[Rs(W1) — R%]}. Then the gener-

alization error of the full-batch GD with step-size choice . = 1/ and T total number of iterations
is bounded as follows

)T/2 062 Cﬁ

cf (1_ p\ "
ety (15) o

|€gen| < —

3 | wke
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Proof. We define the constant & £ E[Rg(7s) + R(ms)] apply Theorem 3 and Lemma 16 to find

|€gen|
< 2\/2ﬁ(60pt + €C)€stab(A) + 2Bes‘cab(A)
8 4,/2B¢ 323 16532 _
< = (8] - 2 (0] C - Co 5 o
_<\/ﬁ €opt ™ > Bleopt + €c) + MethrnzMzc
8+/2B€opt 83/ ¢ 328 1652 _
< — o [ O c - to
< \/ﬁ v/ €opt + €c + I €opt T €c + uept—i—nQuQc
83V/¢ 8./2Beoptec 1632 448
S €opt + €c + + 2, 92 c+ —€opt- (65)
np VH n?p Iz
The last inequality completes the proof. (]

E CONVEX L0SS: PROOF OF THEOREM 9 AND THEOREM 10.

We start by proving the non-expansive property of the stability iterates for the case of 5-smooth
convex loss. Then we continue with the proof of the stability generalization error.

Lemma 18 Let the gradient of the loss be 3-Lipschitz for all z € Z. If the loss function is convex
and n, < 2/B, then for any t < T + 1 the updates Wy, Wt(z) satisfy the next inequality

2
<|we =W (66)
2

W w2 S (Vr) - VA )

=15

Proof. By the definition of 8-Lipschitz gradients and triangle inequality, it is true that

IV f(We, 25) = VIWE, 22 < BIWe — W |y = (67)
13" VW, 2) = S VWD 22 < BITNWe = W o (68)
JjeET JjeET

A

Since the function h(W) = 3. , V f(W, 2;) is convex and the gradient of h(w) is 8[J|-Lipschitz,
it follows that (co-coersivity of the gradient)

S VW, 2) = VEW 2), Wy — W) (69)
s
1 i
> 77l 22 VI W) - S v )3 (70)
jeT JjET

Then prove the inequality 66 as follows

[we-wi =2 S5 (w2 - w10, 2)

J=1,j#i 2
= [We = W3 =22 N (VF(Whzy) = VEW ), We = W) 1)
J=1,j#i
2 n
n i
LY (VW z) VI, 2) 13
J=1,j#i

n n
i Ui i i
= [We = W5 =200 D0 ViWezg) = > VI 2). We = W)
j=1,j#i J=1,j7i

2 n n
Ui i
o5l D VW)= Y0 VI 5)l3

j=1,j#i j=1,j7i
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< ||W, = W3 -2 Z ViWez)— > VW )3

ﬂ(n 1) =i =L
H Z V (W, 25) — Z VW, 213 (72)
Jj=1,5#i Jj=1,j#i
n 2
_ ()2 ne 2 N @
= ||Wt ||2 (n ﬂ(n— 1)> ‘ Z (Vf(Wt,Zj) Vf(Wt 72’])) )
J=1,37#i

< |Wi — W3, (73)

equation 71 holds from the expansion of the squared norm, 72 comes from the inequality 70. The
inequality 73 holds under the choice 7; < 2/ and completes the proof.

Lemma 19 (Accumulated Path Error - Convex Loss) Let the loss function f(-; z) be convex and
B-smooth and ny < 1/20. Then the expected path-error of the full-batch GD after T iterations is
bounded as

€path < 4BE[||W1 — W3] + 8BE[Rs (W) (74)

HM’%

Proof. The self-bounding property of the non-negative $-smooth loss function f(-; z) (Srebro et al.,
2010, Lemma 3.1) gives ||V f(W;, 2)||3 < 48f(W4, z;). By taking expectation, and through the
equation 20 we find

E[||V f(We, 2:)|I5] < 4BE[f (Wr, 2;)] = 4BE[Rs(Wr)]. (75)

Similarly to the approach by Lei & Ying (2020b, Appendix A, Lemma 2), we use the convexity and
the assumption 7; < 1/24 to find
[Wers = WEI3 = [We = n:VRs(Ws) — W13
= Wy = W53 + nZ[IVRs (W) |13 + 20e(W§ — We, VRs(W3))
< Wi = W33 + 0 IVRs(Wo) 13 + 21 (Rs (W) — Rs(Wr))
< ||Wi — W53 + 2817 Rs (We) + 2n; (Rs(W3) — Rs (W)
< ||[Wi = W55 + 2n: Rs(W3) — e Rs (W4).
The last gives

T T T T
Do mRs(We) < [We = W55 = D 1Wewr — WEIIE+2) mRs(W3)
t=1 t=1 t=1 t=1
T
< Wy = WEl3 +2)  mRs(W3). (76)
t=1
The definition of €p,¢n (Definition 5), the inequalities 75, 76 and the choice of the learning rate
(ne < 1/2P) give
T T
epatn = Y ME[[V (W, 2)[I3] < 48> mE[Rs(W;)]
t=1 t=1
T
< 4BE[|W1 — W35|3] + 88> mE[Rs(W)].  (77)
t=1
The last inequality provides the bound on the €p,¢1- ]
The standard choice of 7; < 1/ gives the next known bound on the optimization error.

Lemma 20 (Optimization Error - Convex Loss (Nesterov, 1998)) If f(-;z) is a convex and (-
smooth function and 1, < 1/0, then

E[|[W: — Wg|I3]

copt = E[Rs(A(S)) — Rs(W3)] < :
s S (1 2)

(78)
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E.1 PROOF OF THEOREM 9 AND THEOREM 10

Let zl,zQ,...,z,- , Zn, 2} be ii.d. random variables, define S £ (z1,22,...,2i,...,%,) and
S@ 2 (21, 2,.. .,zg, ..y 2n), W1 = W/. The updates for any ¢ > 1 are

Wi = Z V(W 25), (79)
Jj=1
W =w =N v ) = w2, (80)
Jj=1,j#i

Then forany ¢t > 1
Wir = W2

Wy — Wt(i) - % Z (Vf(W“ zj) — Vf(Wt(i)’ ZJ))
j=1,5#i

2
+ LIV £ Wy 2) = VEW 2Dz
2
< [ wE -2 S (vrmis) - v s)
" 2 2
(I 22+ IV W 20)]12)
< W =Wl + 2 (195 (Wa 2l + 195, 2D)]12) - 81)

The inequality 81 comes from Lemma 18. Then by solving the recursion, we find

T
i 1 i
IWra1 = Wiyl < = > ne (IVFWe, 20l + 19V, 22
t=1

thus

T
||WT+1—W¥LH§S (Znt(IVth,zl)lbﬂlvf D)2 ))
t=1

| /\

QZm(HVf(Wt,Zz)HerHVf VIR Yo 82)

t=1 t=

—

Inequality 82 gives that for any ¢ € {1,...,n}

E[|Wri1 — Wi 1 113]

| /\

T
QZm( IV F(We, 20) 3] + BNV SV, 23 )Z

T T T

= Z E[|[V £ (Wi, 2) |13 Z 46"‘“1“2% (83)

=1 t=1 t=1

Recall that W, = A(S) and W}z 11 = A(S™). Theorem 3 and the inequality 83 give

[egen| < 24/28 (€opt + EIRS(W)]) extan(a) + 2Bestan(a)

T T
N 4epath 4€path
< 24126 (copt + EIRs(W3)]) =257 3 e +268—253% 3 "
t=1 t=1

_ 4\/(€0pt + E[Rs(W$)]) €patn

n

T T
€pa
287 e+ 865D (84)
t=1 t=1
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Under the choice of constant learning rate 7, = 1/23, Lemma 19 together with the inequality 83 give
€path < ABE[| Wy — W3I3] + 8BE[Rs (W) 1y m1- and eopy, < 3FE[[ Wy — W3[3]/T. Thus

32 (8 T T
€stab(4) < 3 (2]E[|W1 — W3]+ BE[Rs(W3)] Zﬁt) > o (85)
t=1 t=1
32 1 T
= 2 (50w - wsig+ JEIRsOVHIT) 5 56)
8T T
(B0 - w3l + BLRs (73] ). 7)

The inequality 84 and Lemma 20 give

egen] < 24/28 (eopt + E[Rs (W)]) estan(a) + 2Besean(a)

2\/2/3 (o + BIRSOVE)) S (BIIW: = W3131 + ELRs (V)15 )
+20%% (B, - W3IB) + BRSOV )

(€opt + E[Rs(W3)]) (BE[|W1 — W5 |3] + TE[Rs(W3)])

S\F\/

I /\

38T sEiw, - W2+ TE[Rs(WE))

8\/T 3K3E (W1 — W5]13]
T

IN

+E[Rs<wg>1) (BE[|W: — W3] + TE[Rs (W)

16T L (BE[IW: — WE|2) + TE[Rs(WZ)))

= g\/ 3BE[|Wr — Wi |3] + TE[Rs(W3)]) (BE[|W1 — W3] + TE[Rs (W)])

35T sEiwn — W22+ TE[Rs(WE))

16T

<~ (35E[||W1 — W53 + TE[Rs(W§)]) + —5- (BE[|W1 — W3] + TE[Rs(W3)])

<8 (5 + 27 ) (ORI - W3IE) + TEIRSOVS)).

The last inequality completes the proof. (]

F STRONGLY-CONVEX OBJECTIVE: PROOF OF THEOREM 12 AND THEOREM
13

Similarly to the convex case, first we provide the contractive property of the stability recursion in the
strongly convex loss case. Then we prove the stability and generalization error bounds.

Lemma 21 Let the objective function be ~y-strongly convex (v > 0) and the leave-one-out objective
Sfunction be j,,-strongly convex for some ~;,, > 0. If the loss function is convex B-smooth for all

z € Zandn, < 2/(8+7), then forany t < T + 1 the updates Wy, Wt(i) satisfy the inequality

=~ (VRs 9 = Vg 7)) | (1 o) I9: = WEO

2

Proof. The function Rg—:(-) is also S-smooth for all z € Z and the strong convexity gives

(VRs—«(Wy) — VR (W), W, = W)
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Z ﬂ Yioo
B + Yioo

We expand the squared norm as follows

Wy — W2 + IV Rs— (W) — VRs—« (W2 (88)

(5 + ’yloo)

Hwt ~ W~y (VRs- (W) = VRs-«(W,"))

2

= |W, — W72 — 20,(VRs—+ (W) — VRs— (W), Wy — W)
+ 72| VRs— (W) — VRs— (W) 12

<|[Wy = W2+ 2| VRg—(Wi) — VRg—« (W )|I3

— 21, ( fjl;jm IW: — W13 + mumgwwf) ~ VRg- <Wé“>||§) (89)
S (= 2 ) IV Rs- (W) — Vs (W)
< (1 - 2”%%) W, — w12, (90)

We apply the inequality 88 to derive 89. The inequality 90 holds since 1, < 2/(8 + <) and
ﬁ Z v > Yioo- Also

/8 00 /8
tﬂjl%m > 2ny ;;0 = 1t Voo- ©On

Through the inequalities 90 and 91 to derive the bound of the lemma. ]

2n

Lemma 22 (Accumulated Path Error - Strongly Convex Loss) Ler the objective function Rg(-)
A

be ~-strongly convex and (-smooth. Define T'(vy,T) = (1 — exp( 74T7)/(exp(%) —-1). If

B+
e = 2/(B + ), then the expected path-error of the full-batch GD after T iterations are bounded as
432 9 86T
ath < —— (v, DE[||W7 — W{|5] + ——E[Rs(WE)], 92
conen < T3, TIE[Ws — W3] + - EIRS(W3) ©2)

Proof. The self-bounding property of the non-negative 5-smooth loss function f(-; z) (Srebro et al.,
2010, Lemma 3.1) gives ||V f(Wy, 2;)||3 < 48f (W4, 2;). By taking expectation, and through the
Assumption 1 and equation 20, we find

E[|Vf(Wy, z)|13] < ABE[f(Wy, 2;)] = 4BE[Rs(W,)] = 4BE[Rs(W,) — Rs(W§) + Rs(W3)].

(93)
Further, Lemma 23 and the choice of constant learning rate n = 2/(8 + ) give
* B —4t * (2
E[Rs(W;) = Rs(Wg)] < 5 XP i1 Ef[[wy — W3- (94)
v

The definition of €y, (Definition 5), the inequalities 93 and 94 and the constant learning rate
(m = 2/(B+ 7)) give

T
epath = Y B[V f (W, 2)3] (95)
=1
.
<48 mE[Rs(W;) — Rs(W§) + Rs(W3)]
t=1
9 5 —4t cior . 88T .
< 4ﬂ; mi exp (;H) E[|Wy — Wg||5] + mE[RS(WS)]
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4 4 85T
2w - wilg Zexp<ﬁ t) S BIRs(V3)

B+ t=1
1—exp | FL
432 s ( 4 > (f+1> 88T N
= E[[W1 — Wgl[3] exp + E[Rs(W3)]
B+ St l—exp( +) B+

r'(v,T)
— 4B2 _ * (|12 8671—‘ *
= B+7P(77T)E[||W1 Wilis] + B+7E[RS(WS)]~

The last inequality provides the bound on the €p,,¢1. Further, we can show that

1
I'(v,T) < min {M, T}

ety — 1

to simplify the expression in the inequality 96.

(96)

97

O

Lemma 23 ((Nesterov, 1998, Theorem 2.1.14)) If f(-; z) is a ~y-strongly convex and B-smooth func-

tion and n; = 2/(8 + ), then

€opt < 5 €Xp @ E[||W; — WE|3].

Alternatively, if n, = c/t, then

_ 2cBy *
com < ST FHE[IW, - W3]

F.1 PROOF OF THEOREM 12 AND THEOREM 13

Let 21,29, Ziy- - 2n, 2, be i.i.d. random variables, define S £ (21, z9,..., 2. .,
S & (21,29,...,2}, ..., 2,), Wi = W]. The updates for any ¢ > 1 are

v

Wipi =Wy — — va thzj)

i i n i n i
Wi =w - i § VWD, z) — EtVf(Wt( ). 2.
j=1,j#i

Then similarly to the inequality 81 we get

Wi = W |12

W, — W — Z (Vf Wi, 25) — Vf(Wt(”,zj))

Jj=1,j#i

+ %nwm, 20) = VEW )l

2

2

< \/HWt - Wt(i) =1t (Rsfi(Wt) - Rsf'i(Wt(i)D

2
n i
+ L (IVF Wzl + IV W 22
1
< (= mv0)* IWe = W o + 2 (195 (W20l + V£V, 2D )
and we apply Lemma 21 to derive the bound in 102. Then by solving the recursion we find

[Wrir = Wi Iz

28

(98)

99)

Zn) and

(100)

(101)

(102)



Published as a conference paper at ICLR 2023

T T
1 i 1
<= (IVF W z)lle + 195D 2 l2) TT (1= i)
t=1 j=t+1
1
<= S (I75W%, 200l + 19507, 2 Zm I (=
t=1 t=1 j=t+1
1 T ) T T
< = 22 (IVFWe 203 + 19, 2018) Yome TT (0= 137000)-
t=1 t=1  j=t+1

The last inequality provides the stability bound
[Wrar = Wi, 13

T
H —jY00) - (103)

HMH

< —Zm (177 e, 20013 + 195 W, 213 )

t=1

Inequality 103 gives that for any ¢ € {1,...,n}
B[ W1 — Wi, 3

T T T
< 25 (BIV AV, 2)18) + BTV, )3 )3 IT (= nowo
t? T T -
Z E[[|V f(Wy, 2)|3] Z H (1 = 17 Y100)
4Epath d A
= 712 Z’It H (1 _njfyloo)~ (104)

t=1 j=t+1

Recall that W1 = A(S) and W}z}rl = A(S™). Due to space limitation, we define Q(1;, Vi) =
S I =t (1 — m12,/8) Theorem 3 and the inequality 104 give

egen < 21/28(eopt + EIRs(W5)]estab(a) + 28¢staba) (105)

2\/2ﬂ(60pt + E[RS(Wg)]) ledth Q(nh 'Yloo) + 2/8 pdth Q(nta 7100)

4/ (eopt + E[Rs(WE)])€epa "
_ 4/ o + E[Rs( S”)pth\/wmm,ww)+85€P;h9<nt,mw>.

n

Under the choice of n; = C' = T +v < ﬂ, the inequality 104, Lemmata 15 and 22 and give

T
i 46 ath
E[A(S) — A(S)[3] < =2t Zm T (- e0)
t=1 j=t+1
T
— (1= 2%
_ 46path 1 (1 BJL’Y)
n? Voo
A(Yioo,T')
46path 46pa‘ch . 1 2T
< TA(’YIUO,T) < —z ol B (106)

and the last inequality holds since A(7ip0, T') < 1/7100 for any T and the monotonicity of A(7p0, T)

gives A(Vio, T') < 2T/ 3 for any pair v;,, < 7. Though the inequality 105, we find the generalization

error bound

44/ (€opt + E[Rs(W3)])patn
n

path

€
QﬂQ(nta'yloo>+85 Tl2 Q

|€gen | = (nt ) ’Yloo)
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41/ (€opt + E[RsW ) Depa a
V/ (€opt [nS( 5)))€path 25A(7,00,T)+86€‘;l§hA(vzoo,T)

s J (gp (;‘fl) E[IW: — W3] + E[Rs(Ws’f)])

x\/<45F(% TYB(IW: ~ W3IBl + 53 BIRs(V3)]) VEFA G T)

B+ B+
Y AT (y, T)E[|W; —VEII%} + S5 E[Rs(W3)] Ao T)
4 86T
¢ (5T T) + 5 ) max (SEIWA — W EIRSOV3)])

4 1 AT\ [ 48 86T
28A (Yoo, T') + (n\/2 exp <ﬁ+7) (MF(V T)+ 5+> 28A(Vioo, T)

22T (v, T)) + 3L
Tzl nz)] Y BA (Yioo, )) max{BE[|[Wr — W3|I3], E[Rs(W3)]}

- ﬂ P 1y BT )max{ﬁmnwl W2(12], E[Rs (W5)]}

8+~ B+
4 —4T 48 88T
A 00y - B o, ) . A 00
28A (v T)+<n¢exp<g+1><ﬂ+WF(VT)+B+7> BA (Y100, T)
75T (LT) + 555
Yo )) max{SE[|W1 — W3[5 E[Rs(WE)]}.  (107)

We proceed by applying the upper bounds of I'(y, T'), A(71e0, T') as appear in the inequalities 97 and
106 respectively and equation 107 gives

‘egen|

Sé (46 min{ 41 ,T}—FSﬁT)
n 5+’7 eBJ:w—l 5"’_7

X \/maX {BE[|W1 — W3], E[Rs(W5)]} 2 min {WB ,2T}

" (nexp <B+’y) \/<6+’7m1n{eﬁ4fw - 1’T} " 6+7> Qmm{%o’?T}

5 mn{ T} iy
+8 s min{%&T} max{BE[|[W1 — W3], B[Rs(W3)]}
4T  8BT
\/<ﬁﬁ+7 + Bi >max{5E[||Wl W3ll3], E[Rs (W3)]} 2 min {wﬁw’ﬂ}
A o7y ABT  8BT B
" (nexp <ﬁ+7) \/<ﬁ+7 ’ B+7> 2mm{ww’2T}

46T | 8AT 5
82 i {2 o] ) max{ BB W1 — W3 [3], BlRs (W3)])
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W\/ max {BE[|W) — W3 |21, E[Rs (W)} 2min{,yfm,2T}

2Ty pr . [ B
+< n Xp<ﬁ+’y>\/ﬂ+72mm{woo’2T}

BT 3
+ 96ﬁi;Y min {
n

loo

ﬂ}) max{BE[|W; — W33], E[Rs (W3)]}. (108)

To simplify the last display, we define the terms m(7y,, T') £ BT min {8/Yi0, 2T} /(3 + 7) and
M(W1) £ max { BE[|[ Wy — W313], E[Rs(W3)] }

|€gen|

\/m (Yioos T) M (W)
8v/6 —2T 96
+ < —exp (5 n 7) m (Yoo, T') + ngm(%o,T)>M(W1)

- S (o (S22 L2 T ) e

Choose T' = log(n)(f + v)/27 and define m,, -,, 2 2 min {

2 B /3+’Y logn} then the inequality

Yioo
108 gives

|6gcn|

< 8@%@ o (GE[| W3 W31 B{Rs(3)]) min { 2 25 Y ogn |

Yioo vy
< 8v/6 'BIOgnmin{ P ,'B—i_’ylog(n)}

n? 27 Yioo Y

488 logn . { B B+
+ — 5 min ,
Ton Yioo Y

8/6logn 1 43
= T ( mny'YlouM(Wl) + <TL Vv m”7'YIou + nmn,y,m)M(Wl)>

log(n)}> max{BE[|[Wr — W3||3], E[Rs(W3)]}

8v/6logn 1+4,/3m, ~,,
= Tg (\/ M(Wl) + T’WM Wl))«/mn’»w(m. (109)
The last inequality completes the proof. g
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