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ABSTRACT

Shampoo and its efficient, Adam-stabilized variant SOAP, employ structured
second-moment estimation and have received growing attention for their effec-
tiveness. In practice, Shampoo requires step-size grafting with Adam to achieve
competitive performance. SOAP mitigates this by applying Adam in Shampoo’s
eigenbasis and further reducing per-iteration runtime. However, reliance on Adam
introduces additional memory overhead in both methods. Prior theoretical inter-
pretations have primarily examined their estimation schemes using the Frobenius
norm. Motivated by the natural correspondence between the second moment and a
covariance matrix, we reinterpret the estimation procedures in Shampoo and SOAP
as instances of covariance estimation through the lens of Kullback—Leibler (KL)
divergence minimization. This perspective reveals a previously overlooked theo-
retical limitation and motivates principled improvements to their design. Building
on the KL perspective, we propose practical estimation schemes—KL-Shampoo
and KL-SOAP—that match or exceed the performance of Shampoo and SOAP
for pre-training a range of neural network models while maintaining SOAP-level
per-iteration runtime. Notably, KL.-Shampoo does not rely on Adam to achieve
superior performance, thereby avoiding the associated memory overhead. Surpris-
ingly, KL-Shampoo consistently outperforms the other methods in our experiments.

1 INTRODUCTION

Optimizers Shampoo (Gupta et al., 2018) and SOAP (Vyas et al., 2025a) have received significant
attention (Anil et al., 2020; Shi et al., 2023; Morwani et al., 2025; Eschenhagen et al., 2025; An
et al., 2025; Xie et al., 2025) due to their strong performance in training a wide range of neural
network (NN) models (Dahl et al., 2023; Kasimbeg et al., 2025). In practice, Shampoo does not
perform well and requires step-size grafting with Adam to achieve competitive performance (Agarwal
et al., 2020; Anil et al., 2020; Shi et al., 2023; Eschenhagen et al., 2025). SOAP addresses this
by applying Adam in Shampoo’s eigenbasis and further reducing per-iteration runtime. However,
reliance on Adam introduces additional memory overhead in both methods. Prior work (Morwani
et al., 2025; Eschenhagen et al., 2025; An et al., 2025; Xie et al., 2025) has investigated their structural
preconditioner schemes—which approximate the flattened gradient 2" moment (Duchi et al., 2011)—
through the Frobenius norm. However, few studies have examined these schemes from the perspective
of Kullback-Leibler (KL) divergence. Compared to the Frobenius norm, the KL divergence between
zero-mean Gaussian covariance matrices is more appropriate for interpreting Shampoo’s and SOAP’s
preconditioners as Gaussian covariance estimators (Amari, 2016; Minh & Murino, 2017), since the
second moment they approximate can be viewed as the covariance matrix of a zero-mean Gaussian.
A similar KL perspective has provided a unified framework to interpret (Fletcher, 1991; Waldrip &
Niven, 2016) and extend (Kanamori & Ohara, 2013a;b) structural preconditioner estimation in quasi-
Newton methods such as BFGS and DFP—something the Frobenius norm does not. Moreover, the
KL divergence intrinsically respects the symmetric positive-definite constraint (Amari, 2016; Minh &
Murino, 2017) that preconditioners in Shampoo and SOAP must satisfy as adaptive (preconditioned)
methods (Nesterov et al., 2018)—a property the Frobenius norm lacks. This constraint implies that
the entries of the preconditioning matrix do not play equivalent roles and therefore should not be
treated equally (Pennec et al., 2006; Bhatia, 2007)—a point the Frobenius norm ignores.

In this work, we introduce a KL perspective that interprets the estimation schemes of Shampoo and
SOAP as solutions to KL-minimization problems for covariance estimation. Our approach naturally
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Figure 1: Empirical results (random search using 150 runs for each method) on language models
demonstrate the advantages of KL-based methods over Shampoo and SOAP while matching SOAP’s
per-iteration runtime. All methods take the same number of iterations in these experiments. Sur-
prisingly, KL-Shampoo also outperforms KL-SOAP. We include the best Shampoo run based on a
state-of-the-art implementation from Meta (Shi et al., 2023) in the plots.

extends to tensor-valued settings, where some existing theoretical interpretations may not apply.
This perspective reveals a key limitation obscured under the Frobenius-norm view: the Kronecker-
structured estimators used by Shampoo and SOAP do not adequately solve the corresponding KL-
minimization problem. This limitation, in turn, opens new opportunities for improvement. Leveraging
this insight, we refine the estimation rules of Shampoo and SOAP and develop practical KL-based
schemes—KL-Shampoo and KL-SOAP—that meet or exceed the performance of Shampoo and SOAP
for NN (pre-)training while maintaining SOAP-level per-iteration runtime. Notably, KL.-Shampoo
does not rely on Adam to achieve superior performance, thereby avoiding Adam’s additional memory
overhead (Table 1). Empirically (see Fig. 1), we show that KL-based methods are competitive for
training a range of NNs and remain as flexible as Shampoo and SOAP for tensor-valued weights.
Surprisingly, KL.-Shampoo consistently outperforms the other methods in our experiments.

2 BACKGROUND

Notation For presentation simplicity, we focus on matrix-valued weights and the optimization
update for a single parameter matrix ® € R% *do_ rather than a set of weight matrices for NN
training. We use Mat(-) to unflatten its input vector into a matrix and vec(+) to flatten its input matrix
into a vector. For example, 6 := vec(®) is the flattened weight vector and ® = Mat(80) is the
original (unflattened) weight matrix. Vector g is a (flattened) gradient vector for the weight matrix.
We denote v, 52 and S to be a step size, a weight for moving average, and a preconditioning matrix
for an adaptive method, respectively. Diag(-) returns a diagonal matrix whose diagonal entries are
given by its input vector, whilst diag(-) extracts the diagonal entries of its input matrix as a vector.

Shampoo Given a matrix gradient G and the flattened gradient g = vec(G), the original Shampoo
method (Gupta et al., 2018) considers a Kronecker-factored approximation, (S,,)? ® (Sy)??, of the
flattened gradient second moment, Eg [ggT], where p denotes a matrix power, S, := Eq [GGT],
S, := E4[GTG], and ® denotes a Kronecker product. In practice, we often approximate the
expectation, Eg [gg "], with an exponentially moving average (EMA) on the outer product (Morwani
et al., 2025). The original Shampoo method uses the 1/4 power (i.e., p = 1/4) and other works (Anil
et al., 2020; Shi et al., 2023; Morwani et al., 2025) suggest using the /2 power (i.e., p = 1/2). At
each iteration, Shampoo follows this update rule with EMA on S, and Sy:

S (1—52)S, + BQGGT7 Sy (1—52)Sy + /82GTG (Kronecker 2™ moment est.),
0« 06— ’yS_l/Qg — O+ 0O - WS;PGSb*” (Preconditioning), (1)

where S := S?*® Sg P is Shampoo’s preconditioning matrix, and we leverage the Kronecker structure
of S to move from the left expression to the right expression in the second line.

Shampoo’s implementation employs eigendecomposition. Shampoo is typically implemented
by using the eigendecomposition of Sy, such as Q;Diag(A;)Q; = eigen(Sy), for
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k € {a,b}, every few steps and storing Q and Ag (Anil et al., 2020; Shi et al., 2023).
Therefore, the power of S} is computed using an elementwise power in Ag such as
5,7 = QuDiag(A?)Q], where -©F denotes elementwise p-th power. This compu-
tation becomes an approximation if the decomposition is not performed at every step.
Using Adam for Shampoo’s stabilization increases memory usage. If the eigendecomposition is
applied infrequently to reduce iteration cost, Shampoo has to apply step-size grafting with
Adam to maintain performance (Agarwal et al., 2020; Shi et al., 2023) as empirically shown
in Fig. 2. Unfortunately, this increases its memory usage introduced by Adam (see Table 1).

SOAP SOAP improves Shampoo with the p = 1/2 power by running Adam in the eigenbasis
of Shampoo’s preconditioner (S,)* ® (S)?? = S, ® S. Notably, SOAP reuses Shampoo’s
Kronecker estimation rule for computing the eigenbasis Q := Q, ® Q) and incorporates Adam’s
2" moment, denoted by d, for preconditioning, where @}, is Shampoo’s Kronecker eigenbasis Sy
for k € {a, b} defined above. As a result, SOAP effectively employs an augmented preconditioner,
S := @QDiag(d)Q ", which cannot be expressed as a Kronecker product of any two matrices with
the same shape as S, and Sj,. Because we omit momentum (i.e. let Adam’s 5; = 0), SOAP takes the
following step with the Adam update becoming an RMSProp update (Tieleman & Hinton, 2012):

S+ (1 —62)S. + 52GGT, Sy (1 —B2)Sp + BQGTG (Shampoo’s 2" moment est.),

d <+ (1 — ﬁg)d + ﬁgg®2 (RMSProp’s diagonal 2" moment est. in the eigenbasis),

0+ 06— ’)/S*%g — O+ 06— ’yQaT Mat (%) Q) (Preconditioning), 2
where g := Qg = vec(Q] GQy) is a “projected” gradient vector in eigenbasis @ and recall
that S := QDiag(d)Q" is SOAP’s preconditioner. Here, we leverage the Kronecker structure and
orthogonality of the eigenbasis to move from the left to the right in the last line of Eq. (2). Note that
this EMA weight 35 is defined as 1 — B;Adam), where BéAdam) is Adam’s (RMSProp’s) B2. We use
this definition rather than Adam’s because we want to further interpret this moving-average scheme
through the lens of our KL perspective.

SOAP’s implementation utilizes QR decomposition. SOAP requires only the eigenbasis, which
can be approximated via a QR decomposition, whereas Shampoo requires an eigendecom-
position to compute both the eigenbasis and the eigenvalues. Vyas et al. (2025a) therefore
suggest replacing the slower eigendecomposition with the faster QR decomposition, such as
Qi+ qr(SkQy) for k € {a,b}. This makes SOAP more computationally efficient than
Shampoo.

Runing Adam in the eigenbasis increases memory usage. Introducing Adam’s (RMSProp’s) 2™
moment estimation increases SOAP’s memory consumption (see Table 1). This is because
this estimation, d € R9 91 uses extra memory and cannot be expressed as a Kronecker
product of any two vectors, such as d # r, ® 1, where r, € R%*! and r, € R%*1,

The original Shampoo’s Kronecker estimation rule (p = 1/4) (Gupta et al., 2018; Duvvuri et al., 2024)
is proposed based on a matrix Loewner bound (Lowner, 1934), while recent estimation rules (p = 1/2)
(Morwani et al., 2025; Eschenhagen et al., 2025) focus on bounds induced by the Frobenius norm.
SOAP reuses Shampoo’s Kronecker estimation rule and additionally introduces Adam’s (RMSProp’s)
2"_moment estimation rule in the eigenbasis (Vyas et al., 2025a). None of these works interpret or
motivate their estimation rules as covariance estimation, thereby missing the opportunity to introduce
the KL perspective.

3 SECOND MOMENT ESTIMATION VIA KULLBACK—LEIBLER MINIMIZATION

We first focus on Shampoo with p = 1/2 and show that its second-moment estimation can be viewed
as a structured covariance estimation problem solved via Kullback—Leibler (KL) minimization. This
perspective reflects the natural connection between the flattened gradient second moment (Duchi
et al., 2011) that Shampoo approximates and a covariance matrix. From the KL perspective, we
reveal a previously unrecognized limitation of Shampoo’s estimation rule: the Kronecker-structured
estimators used by Shampoo and SOAP do not adequately solve the corresponding KL-minimization
problem. This limitation, in turn, opens new opportunities for improvement. Building on this insight,
we propose a KL-based estimation scheme for Shampoo, which we term the idealized KL-Shampoo.
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Shampoo  SOAP  KL-Shampoo KL-SOAP

Kronecker factors (S, Sp) 2 +d2 &+ d; d2 + d? d2 +d?
Kronecker factors’ eigenbasis (Qq, Q) d2+d}  d2+d2 d2 + d? d2 + d?
Kronecker factors’ eigenvalues (A,, Ap) dg +dp d, +dp d, + dp
Adam’s ond moment in the eigenbasis (d) dody dody
(interpreted as augmented eigenvalues, Sec. 5)

Momentum dadp dodp dydyp d.dp

Step-size grafting with Adam dodp

Table 1: Memory usage of each method considered in this work. Note that SOAP’s and KL-SOAP’s
preconditioners, QDiag(d)Q T, can not be expressed as a Kronecker product due to the augmented
eigenvalues d, while Shampoo’s and KL-Shampoo’s preconditioners, QDiag(A, ® A\;)Q T, can,

where Q := Q, ® Q.

KL Minimization For simplicity, we begin by introducing a KL perspective in a matrix-valued case
and drop subscripts when referring to the flattened gradient 2™ moment, like E[gg '] := E,4[gg '],
where g = vec(G) is a flattened gradient vector of a matrix-valued gradient G' € R%* % The goal
is to estimate a Kronecker-structured preconditioning matrix, S = S, ® S, that closely approximates
the 2" moment, where S, € R%*% and S), € R% *% are both symmetric positive-definite (SPD).
Motivated by the natural connection between the second moment and a covariance matrix, we treat
these as covariance matrices of zero-mean Gaussian distributions and achieve this goal by minimizing
the KL divergence between the two distributions,

KL Perspective for Covariance Estimation
KL(E[gg '], S) := Dxr(N(0,E[gg "] + xI) | N(0, S))

= %(logdet(S)—i-Tr((E[ggT]+f<;I)S_1)) + const, (3)

where E[gg "] and S are considered as Gaussian’s covariance, det(-) denotes the matrix determinant
of its input, and x > 0 is a damping weight to ensure the positive-definiteness of E[gg "] +~I
if necessary. Mathematically, this KL divergence coincides (up to a factor of 2) with the log-
determinant divergence widely used in matrix optimization (Dhillon & Tropp, 2008; Kulis et al.,
2009; Sra, 2016), which is defined for any pair of SPD matrices and does not require a zero-mean
assumption. This additional zero-mean Gaussian viewpoint provides a probabilistic interpretation
of this SPD-aware “distance”, even when the target matrix is not itself a second moment, such
as the curvature matrix used in quasi-Newton methods (Fletcher, 1991; Waldrip & Niven, 2016).
Moreover, the KL divergence naturally extends to tensor-valued cases, such as a 3D tensor gradient,
G € Rixdvxde by considering a structured preconditioner S = S, ® S, ® S, to approximate the
flattened gradient second moment, E[gg "], where matrix S € R% ¥ is SPD for k € {a, b, c}.

Justification of using the KL divergence Many existing works (Morwani et al., 2025; Eschen-
hagen et al., 2025; An et al., 2025; Xie et al., 2025) primarily focus on matrix-valued weights and
interpret Shampoo’s and SOAP’s estimation rules from the Frobenius-norm perspective. However,
this norm does not account for the SPD constraint implicitly imposed on Shampoo’s and SOAP’s
preconditioners, which ensures that the preconditioned gradient direction is a descent direction
(Nesterov et al., 2018). As emphasized in the literature (Pennec et al., 2006; Bhatia, 2007), it is
more appropriate to consider a “distance” that respects this constraint. We adopt the KL divergence
because it naturally incorporates the SPD constraint, is widely used for covariance estimation (Amari,
2016; Minh & Murino, 2017), and provides a unified framework for reinterpreting and improving
Shampoo’s estimation—even in tensor-valued settings where existing interpretations based on singu-
lar value decomposition (Van Loan & Pitsianis, 1993) may not apply. In numerical optimization, the
KL divergence, known as a merit function (Byrd & Nocedal, 1989), offers a unifying interpretation
(Fletcher, 1991; Waldrip & Niven, 2016) and extension (Kanamori & Ohara, 2013a;b) of the low-rank
estimation schemes of BFGS and DFP. In contrast, the standard Frobenius norm cannot recover
these updates without additional weighting (see Sec. 6.1 of Nocedal & Wright (2006)). In statistical
estimation and inference, this KL divergence is also preferred over the Frobenius norm (James et al.,
1961; Kivinen & Warmuth, 1999; Khan & Lin, 2017; Lin et al., 2019; Kunstner et al., 2021).




Under review as a conference paper at ICLR 2026

NanoGPT-123M-FineWeb1B NanoRWKV7-162M-FineWeb1B Llama-134M-C4-2B NanoMoE-227M-OpenWeb2.5B

Test Loss
w
w0
ot =
AN\

w

&0

S
1

@

o

S
1

1 5 10 1 2 4 1 5 10 1 5 10
ITterations (thousands) Tterations (thousands) Iterations (thousands) Iterations (thousands)
—— KL-Shampoo Shampoo (p= %) Shampoo (p= %, grafting) == Shampoo (p=3) —— Shampoo (p= 3, grafting)

Figure 2: Empirical results (random search using 150 runs for each method) on language models
demonstrate that KL-Shampoo does not rely on step-size grafting with Adam to perform well.
Shampoo without grafting does not perform well, even when using the state-of-the-art implementation
(Shi et al., 2023). In particular, Shampoo with power p = 1/2 fails to train the RWKV7 model in all
150 runs when grafting is disabled.

3.1 INTERPRETING SHAMPOO’S ESTIMATION AS COVARIANCE ESTIMATION

Similar to existing works (Morwani et al., 2025; Eschenhagen et al., 2025; Vyas et al., 2025a), we
first disable the moving average (i.e., let 82 = 1) for our descriptions and focus on Shampoo with
power p = 1/2, presenting a KL perspective and interpreting its estimation rule from this perspective.
We will show that Shampoo’s estimation can be obtained by solving a KL. minimization problem.

Claim 1. (Shampoo’s Kronecker-based covariance estimation) The optimal solution of KL minimiza-
tion ming, KL(E[gg'], S) with a one-sided preconditioner S = (1/4,8,) ® I is S; = E[GG"],
where dy, is the dimension of matrix Sj, € R%* % for k € {a,b} and G = Mat(g).

Likewise, we can obtain the estimation rule for Sy by considering S = I, ® (1/d.Sp).

Shampoo’s estimation rule as Kronecker-based covariance estimation According to Claim 1
(proof in Sec. A), Shampoo’s estimation rule with power p = 1/2 in Eq. (1) can be viewed as
the optimal solution of a KL minimization problem (up to a constant scalar) when one Kronecker
factor is updated independently and the other is fixed as the identity, which is known as a one-sided
preconditioner (An et al., 2025; Xie et al., 2025). In practice, Shampoo further approximates the
required expectations using the EMA scheme in Eq. (1).

3.2 IMPROVING SHAMPOO’S ESTIMATION: IDEALIZED KL-SHAMPOO

Our KL perspective reveals a key limitation—empirically demonstrated in Fig. 5—of Shampoo’s
Kronecker estimation with p = 1/2 as a one-sided approach: it does not adequately solve the KL-
minimization problem when both factors are learned jointly. Motivated by this observation, we design
an improved estimation rule that updates the two factors simultaneously. We refer to this scheme as
idealized KL-Shampoo, which is a two-sided approach.

Claim 2. (Idealized KL-Shampoo’s covariance estimation for S, and S;) The optimal solution
of KL minimization ming, g, KL (E[ggT], S) with a two-sided precontioner S = S, ® Sy should
satisfy the following condition.

1 — 1 _

S:= —EG(S;)"'GT), S;=_-EIGT(S) Gl )

b a
Idealized KL-Shampoo’s estimation Claim 2 (proof in Sec. B) establishes a closed-form con-
dition (see Eq. (4)) when simultaneously learning both Kronecker factors to minimize the KL
problem. This condition corresponds to the maximum-likelihood estimator (MLE) of a zero-mean
matrix Gaussian (Dutilleul, 1999) when E[gg "] is considered as a finite average % Zfil giglT .
This is because MLE is equivalent to minimizing the KL divergence: KL(% Zf\il gi9;,S) =

—% vazl log N'(g;;0,.S) + const, where g; is considered as a sample generated from N(0, S). In
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machine learning, Lin et al. (2019; 2024) treated this condition as a theoretical example of a multilin-
ear exponential-family (Sec. 5 of Lin et al. (2019)) for Kronecker-based optimization, while Vyas
et al. (2025b) considered a similar condition motivated heuristically by gradient whitening. However,
we cannot directly use this condition due to the correlation between S;; and S;. For example, solving
S requires knowing S} in Eq. (4) or vice versa. In practice, this condition is unachievable because
the expectations in Eq. (4) must be approximated. Thus, we consider an estimated S}, to approximate
S} for k € {a, b} and propose an exponential moving average (EMA) scheme:

S, (1—P2)S, + %Gsb‘lGT, Sy — (1 —B2)Sy + % G'S,'G. 6)
b a

Our KL perspective allows us to further justify this EMA scheme as a stochastic proximal-gradient
step (see Claim 3 and a proof in Sec. C) and establish a formal connection to Lin et al. (2019;
2024). Notably, our approach uses S~/ for preconditioning (Eq. (1)), following Shampoo, whereas
Lin et al. (2019; 2024) propose using S~!. A straightforward implementation of our scheme is
computationally expensive, since it requires additional matrix inversions (highlighted in red in Eq. (5))
and the slow eigendecomposition for Shampoo-type preconditioning (e.g., S~/?). However, these
issues can be alleviated—in Sec. 4 we propose an efficient implementation.

Claim 3. (KL-Shampoo’s moving average scheme) The moving average scheme for Sy (Eq. (5))
in idealized KL-Shampoo is a stochastic proximal-gradient step with step-size 32 to solve the KL
minimization problem in Eq. (3), for k € {a,b}. Recall that this 35 in Eq. (5) is closely related to

Adam’s By as By = 1 — B where B$™ is Adam’s B .

Distinction between Shampoo with trace scaling and KL-Shampoo Another variant, often
discussed in the literature (Morwani et al., 2025; Vyas et al., 2025a; Eschenhagen et al., 2025),
is Shampoo with trace scaling. Vyas et al. (2025a) established that Shampoo with trace scaling
is equivalent to running Adafactor (Shazeer & Stern, 2018) in Shampoo’s eigenbasis. In contrast,
KL-Shampoo is not equivalent to running Adafactor in its eigenbasis. To clarify this distinction, we
make the theoretical connection between Shampoo and Adafactor more explicit: Shampoo with trace
scaling is exactly a matrix generalization of Adafactor obtained by minimizing the von Neumann
(VN) divergence (Tsuda et al., 2005; Dhillon & Tropp, 2008) and recovers Adafactor when its
Kronecker factors are restricted to be diagonal, as we establish in Claim 6 (Sec. F). By contrast,
KL-Shampoo minimizes the KL divergence instead of the VN divergence. While a straightforward
implementation of Shampoo with trace scaling—referred to as idealized VN-Shampoo—performs
poorly in practice, the techniques we develop for KL.-Shampoo in Sec. 4 can be adapted (see Fig. 6,
Sec. H) to substantially improve its performance, as shown in Fig. 7 (Sec. H).

A natural question then arises: which divergence is more suitable? Theoretically, the KL divergence
is broadly applicable to arbitrary SPD matrices (Bhatia, 2007; Boumal et al., 2014) and is widely
used for covariance matrices (Minh & Murino, 2017), whereas VN divergence is primarily motivated,
studied, and applied for unit-trace SPD matrices (Tsuda et al., 2005; Nielsen & Chuang, 2010).
Empirically, adopting the KL divergence yields larger improvements than the VN divergence for
designing Shampoo’s estimation (Fig. 10, Sec. H) and in other applications (Kulis et al., 2009).

4  EFFICIENT IMPLEMENTATION: KL-SHAMPOO WITH QR DECOMPOSITION

We develop techniques that enable KL-Shampoo to match SOAP-level per-iteration runtime and
to achieve competitive performance without step-size grafting, all without relying on eigende-
composition. Vyas et al. (2025a) demonstrated that the eigendecomposition used in Shampoo’s
implementation (Shi et al., 2023) is more computationally expensive than QR decomposition. Moti-
vated by this result, we aim to improve KL-Shampoo’s computational efficiency by replacing the
eigendecomposition with QR decomposition. However, incorporating QR decomposition into KL-
Shampoo is non-trivial because the eigenvalues of the Kronecker factors are required, and QR does
not directly provide them without a significant overhead. Specifically, the eigenvalues are essential
for a reduction in the computational cost of KL.-Shampoo in two reasons: (1) they remove the need to
compute the matrix —1/2 power, §~/* = (Q,Diag(AS~ "*)Q[) ® (QyDiag(Ay ™ *)Q[ ), used
for KL-Shampoo’s preconditioning; (2) they eliminate expensive matrix inversions in its Kronecker
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(Original) Shampoo with power p=1/2 Replacing the slow eigendecomposition with more
versus Our idealized KL-Shampoo efficient QR updates (replace Step 3)
1: Gradient Computation g := V£(0) 3a: Eigenvalue Estimation with EMA (each iter) (Kro-
G := Mat(g) € Rdaxdp necker Diagonal Vector A, ® A as eigenvalues)

2: Covariance Estimation (each iter) Aa B Aa A diag(QJ AuQ.)
S, . (1 B ﬂ ) S, +ﬁ A A — (1 [jQ) (Ab + f2 diag(Q;Abe)
Sy 2\ 8, 2\ Ay 3b: Infrequent Eigenbasis Estimation using QR

lelell (Orig.) (every T' > 1 iters)
Ag = o o S for k ,b
GQuDiag AP QL G /dy (KL) Qr < ar(SkQn) fork € {a, b}

eile (Orie) SOAP (ues Shampoo’s eigenbasis) versus
= . o =" | Our KL-SOAP (uses KL-Shampoo’s eigenbasis):
T O-1 T
G Q. Diag(A;™)Q. G/da  (KL) Using augmented preconditioners and QR up-
3: Eigendecomposition (every 7' > 1 iters) dates (replace Step 4)
i, Qr + eig(Sk) for k € {a,b}

Ab:

4: Preconditioning using Q := Q. ® Q» 4a: Augmented Eigenvalue Estimation with EMA (each
06— Diag(Aa ® Ap)~72Q7 iter) (Full Diagonal Vector d as eigenvalues)
7(@Diag(Xa @A) 7Q )g d < (1= B2)d+ $28°% (RMSProp’s 2" moment)

Figure 3: Lgft: Simplified Shampoo-based G:=Q'g= vec(QI GQb)
schemes without momentum. Our KL- | 4b: Preconditioning using Augmented Eigenvalues
Shampoo only differs (red) from the orig- with Eigenbasis Q := Q. ® Qp
inal in its choice of A. Top Right: For 0 « 6 — v(QDiag(d)"?Q")g
computational efficiency, we replace the Equivalent to running RMSProp in Ei{;enbasis:
eigen step with our EMA scheme to es- Mat(0) + Mat(0) — yQ, Mat (i> Q)
timate eigenvalues and infrequent eigen- Vd
basis estimation using QR. Botfom Right: RMSProp

SOAP-based schemes without momentum.
Note KL-SOAP needs estimation of Ay
from Step 3a to compute the eigenbasis @),
whereas SOAP does not. We view RM-
SProp’s 2™ moment in the eigenbasis as an
augmented eigenvalue, highlighted in blue.

estimation rule (Eq. (5)), such as Sgl =P, = QbDiag()\?fl)Ql—)r in the update for S,,:

Sy (1 —52)S, + %Gsb—lcf = (1—$2)8, + %GPI,GT, (6)
b b

where Q) and A, are eigenbasis and eigenvalues of Sy, for k € {a, b}, respectively.

KL-based estimation rule for the eigenvalues A, and \; using an outdated eigenbasis We aim to
estimate the eigenvalues using an outdated eigenbasis and replace the slow eigendecomposition with a
fast QR decomposition in KL-Shampoo. Eschenhagen et al. (2025) propose estimating the eigenvalues
from a Frobenius-norm perspective, using an instantaneous scheme: )\E"SO = diag(Q;S © Q) for
k € {a,b}. However, our empirical results (Fig. 4) indicate that this approach becomes suboptimal
when an outdated eigenbasis Qy, is reused to reduce the frequency and cost of QR decompositions.
In contrast, our KL perspective (see Claim 4 and its proof in Sec. D) provides a principled alternative,
allowing us to use an outdated eigenbasis. Building on this claim, we introduce an exponential
moving average (EMA) scheme (Step 3a of Fig. 3) for eigenvalue estimation, which can be justified
as a stochastic proximal-gradient step under our KL perspective, similar to Claim 3. This scheme
updates the eigenvalues at every iteration while updating the eigenbasis less frequently through
an efficient QR-based procedure, similar to SOAP. Since it naturally scales the eigenvalues by the
dimensions of the Kronecker factors, step-size grafting should not be necessary for KL-Shampoo, as
argued by Eschenhagen et al. (2025) and confirmed by our empirical results (Fig. 2). Furthermore,
applying this scheme enables other Shampoo variants to be competitive and even outperform SOAP,
as demonstrated in Fig. 7 and Fig. 10 of Sec. H. These empirical results underscore the importance of
our EMA scheme on eigenvalues.

Claim 4. (Covariance estimation for eigenvalues \, and \y,) The optimal solution of KL minimiza-
tion minx, x, KL(E[gg '], S) with preconditioner S=(Q.Diag(X,)Q, )®(QsDiag(X,)Q, )
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should satisfy the following condition.
X = g diag(QUEIGPGT]Qu), A = -diag(QyEIG P/GIQy). ™

where P := QDiag (()\Z)Qfl) Qg is also defined in Eq. (6) and considered as an approximation
of S,;1 for k € {a, b} when using an outdated eigenbasis Q = Q, @ Q, precomputed by OR.

5 INTERPRETING AND IMPROVING SOAP via KL MINIMIZATION

We extend the KL perspective to better understand and improve the estimation scheme used in SOAP.

Interpreting SOAP’s estimation as covariance estimation Recall that SOAP (Eq. (2)) applies
Shampoo’s scheme to estimate its Kronecker factors and then performs RMSProp updates in the
eigenbasis of these factors. Consequently, the interpretation of SOAP’s Kronecker factor estimation
is identical to that of Shampoo. RMSProp’s second-moment estimation in the eigenbasis can itself be
interpreted as the optimal solution to a separate KL divergence minimization problem, as established
in Claim 5 (see Sec. E for a proof). The KL perspective—distinct from the Frobenius-norm viewpoint
(George et al., 2018; Eschenhagen et al., 2025)—provides a new lens for understanding RMSProp’s
estimation in the eigenbasis as the estimation of augmented eigenvalues of a covariance matrix
under KL divergence. When an outdated eigenbasis is used, RMSProp’s scheme (Step 4a of Fig. 3)
for eigenvalue estimation can be viewed as a correction in an augmented (full-diagonal) space,
QDiag(d)Q, analogous in spirit to the Frobenius-norm interpretation but derived under the KL
framework. This perspective also highlights a close similarity to KL.-Shampoo’s estimation scheme:
recall that we introduced a comparable correction (Step 3a of Fig. 3) for KL-Shampoo, but in the
original Kronecker-factored diagonal space, QDiag(A, ® Ap)Q .

Claim 5. (SOAP and KL-SOAP’s covariance estimation for augmented eigenvalues d) The
optimal solution of KL minimization: ming KL(E[gg '], S) with preconditioner S = QDiag(d)Q"

isd* = E [(Vec(QIGQb))QQ} =E [Qm], where d € R¥®>1 s viewed as an augmented

eigenvalue vector, § = Q" g is defined at the update of SOAP (see Eq. (2)), and Q = Q4 @ Qy, can
be an outdated eigenbasis of (KL-)Shampoo’s preconditioner.

Improving SOAP’s estimation Similar to SOAP, we propose KL-SOAP, which utilizes KL-
Shampoo’s estimation to update Kronecker factors and additionally employs Adam (RMSProp) in
KL-Shampoo’s eigenbasis. Our unified KL perspective enables us to reuse Claim 5 to justify the use
of Adam’s (RMSProp’s) 2" moment estimation as augmented eigenvalue estimation in KL-SOAP.

6 EXPERIMENTAL SETUP AND EMPIRICAL EVALUATIONS

We consider four sets of experiments to demonstrate the benefits of using the KL divergence and the
effectiveness of KL-based methods. See Sec. H for additional experiments.

Experimental Setup In all the experiments, we consider training four language models based on
existing implementations: NanoGPT (Jordan, 2024) (123 M), NanoRWKV7 (Bo, 2024) (162 M),
Llama (Glentis, 2025) (134 M), and NanoMoE (Wolfe, 2025) (227 M). We consider NanoMoE,
as it contains 3D weight tensors. This model provides a natural testbed for evaluating a tensor
extension of KL-Shampoo and KL-SOAP, derived directly from our KL perspective. In doing so,
we demonstrate that our methods retain the same flexibility as Shampoo and SOAP in handling
tensor-valued weights without reshaping them into matrices. We train NanoGPT and NanoRWKV7
using a subset of FineWeb (1 B tokens), Llama using a subset of C4 (2B tokens), and NanoMoE
using a subset of OpenWebText (2.5 B tokens). All models except NanoMoE are trained using
mini-batches with a batch size of 0.5 M. We use a batch size of 0.25 M to train NanoMoE to reduce
the run time. We use the default step-size schedulers from the source implementations; NanoGPT
and NanoRWKV7: linear warmup + constant step-size + linear cooldown; Llama and NanoMoE:
linear warmup + cosine step-size. We tune all available hyperparameters for each method—including
step-size, moving average, weight decay, damping, and momentum—using random search with 150
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NanoGPT-FineWebl1B

Llama-134M-C4-2B

Test Loss

3.5 4

2 4 6 8 10 2 4 6 8 10
Iterations (thousands)

—— KL-Shampoo

Iterations (thousands)

——- KL-Shampoo (instantaneous)

Figure 4: Empirical results (random search,
150 runs per method) demonstrate that our EMA
scheme for the eigenvalue estimation makes KL-
Shampoo competitive when using an outdated
eigenbasis. Without this scheme, KL-Shampoo
performs poorly under an outdated eigenbasis
Q). even when employing the instantaneous
eigenvalue estimation )\E"SO = diag(Q; S, Qr)
at every iteration, as suggested by Eschenhagen
et al. (2025) for k € {a,b}. Adapting the EMA
scheme also makes the trace-scaled Shampoo

NanoGPT-123M-FineWeb1B

Llama-134M-C4-2B

5.0

4.5
4.0 A
3.25 \
3.18 4
1 5 10 1 5 10

Iterations (thousands)

—— KL-Shampoo

3.20 4

Iterations (thousands)

Shampoo F-Shampoo VN-Shampoo

Figure 5: Empirical results (random search, 150
runs per method) demonstrate the advantages
of KL-Shampoo’s (two-sided) estimation over
other Shampoo variants under comparable set-
tings, including Shampoo with p = 1/2 (no graft-
ing, Eq. (1)), F-Shampoo (two-sided, Frobenius-
norm-based, Fig. 8), and VN-Shampoo (trace
scaling, two-sided von-Neumann-divergence-
based, Fig. 6). We make these variants practical
by incorporating a QR step and an EMA scheme
for eigenvalue estimation (Fig. 3). See Fig. 10

(Sec. H) for more detailed comparison between
KL-Shampoo and VN-Shampoo.

competitive (Fig. 7, Sec. H) and allows it to out-
perform SOAP (Fig. 10, Sec. H).

runs. Our hyperparameter search follows a two-stage strategy, with 75 runs in each stage. In the first
stage, we search over a wider range of hyperparameters. In the second stage, we refine the search
space based on the results from the first stage and focus on a narrower range. In our experiments,
Shampoo by default performs eigendecomposition every 10 steps, while SOAP, KL-Shampoo, and
KL-SOAP perform QR decomposition every 10 steps, as suggested by Vyas et al. (2025a).

In the first set of experiments, we demonstrate that our KL-based perspective enables a principled
redesign of Shampoo, resulting in KL-Shampoo, and achieves superior performance without step-size
grafting. We evaluate Shampoo with matrix powers p = 1/2 and p = 1/4, using a state-of-the-art
implementation (Shi et al., 2023). As shown in Fig. 2, Shampoo requires step-size grafting to perform
well, whereas KL-Shampoo performs robustly without it. Moreover, KL-Shampoo outperforms
Shampoo with grafting—even in terms of step-wise progress—even when Shampoo is equipped with
eigendecomposition and step-size grafting via Adam.

In the second set of experiments, we demonstrate that our QR-based scheme enables KL-Shampoo
and KL-SOAP to achieve the same pre-iteration runtime as SOAP. We use the official SOAP im-
plementation for comparison. As shown in Fig. 1, KL.-Shampoo and KL-SOAP outperform SOAP.
Remarkably, KL-Shampoo also consistently surpasses KL-SOAP while using less memory.

In the third set of experiments, we underscore the importance of using our EMA scheme for the
eigenvalue estimation when working with an outdated eigenbasis. As shown in Fig. 4, the EMA
scheme enables KL-Shampoo to perform well in practice, even under stale eigenbases. Moreover, this
scheme can be adapted to strengthen the trace scaling variant of Shampoo (Fig. 7, Sec. H), enabling
it to outperform SOAP (Fig. 10, Sec. H).

In the last set of experiments, we evaluate the benefits of using the two-sided estimation scheme
under our KL perspective. Specifically, we compare the two-sided approach (KL-Shampoo) against
the original Shampoo in a comparable setting. To ensure fairness and eliminate implementation
bias, we use our own implementation of Shampoo aligned closely with that of KL.-Shampoo. For
this comparison, we extend Shampoo with a QR-based step and our EMA scheme for eigenvalue
estimation, as described in Fig. 3. Similarly, we also consider two more Shampoo variants based on
the Frobenius norm and von Neumann divergence. As shown in Fig. 5, KL-Shampoo consistently
outperforms other Shampoo variants, even when these variants employ a similar QR-based estimation
rule and an EMA scheme for eigenvalue estimation .
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7 CONCLUSION

We introduced a KL perspective for interpreting Shampoo’s and SOAP’s structured second-moment
estimation schemes. This perspective uncovers a previously unrecognized limitation of Shampoo,
motivates an alternative estimation strategy to overcome it, enables a practical implementation of our
approach, and extends naturally to tensor-valued estimation. Our empirical results demonstrate the
effectiveness of our approach for improving Shampoo’s and SOAP’s estimation schemes.
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A  PROOF OF CLAIM 1

We will show that the optimal solution of KL minimization ming, KL (]E[ggT], S ) with a one-sided
preconditioner S = (1/4,S,) ® I is SF = E[GGT].

By definition in Eq. (3) and substituting S = (1/4,.S,,) ® I}, we can simplify the objective function as

KL(E[gg'],S)
= %(log det(S) + Tr(S 'E[gg '])) + const.
= %(db log det( ! S o)+ Tr(S™'E[gg'])) + const. (Kronecker identity for matrix det.)
= %(db log det(S,) + Tr(S™'E[gg '])) + const. (identity for a log-determinant)
= %( p log det(S,) + E[Tr(S gg )D + const.  (linearity of the expectation)
— %(db log det(S,) + E[Tr(dyS, *GI,GT)]) + const. (identity for a Kronecker vector product)
%(log det(S,) + E[Tr(S, 'GG")]) + const.
- d2 (— logdet(P,) + E[Tr(P,GG T )]) + const. @®)

where G = Mat(g) and P, := S 1.

If we achieve the optimal solution, the gradient stationary condition must be satisfied regardless of
the gradient with respect to S, or S; ! = P,, such as

0= 094-1KL(E[gg '], S)

= 0p,KL(E[gg '], S)
_

> (-P; ' L E[GGT ])  (use Eq. (8) and matrix calculus identities)
d
- 2b (- S.+E[GG]).

Notice that the KL divergence is unbounded above. Thus, the optimal (minimal) solution exists. It
must be S} = E[GG "] to satisfy this stationary condition.

B PROOF OF CLAIM 2

We will show that the optimal solution of KL minimization ming,,s, KL(E[gg '], S) with a two-
sided preconditioner S = S, ® S, should satisfy this condition: S = d%, E[G(S; )71GT] and
S = L EGT(S2) Gl

Similar to the proof of Claim 1 in Sec. A, we can simplify the objective function as

KL(E[gg'].S)

(logdet(S) + E[Tr(S 'gg")]) + const.
(db log det(S,) + d, log det(Sy) + E[Tr(S 'gg )]) + const. (identity for a log-determinant)

dplog det(S,) + d, log det(Sp) + E[Tr(S;leb_lGT)]) + const. (identity for a Kronecker-vector-product)

=N =N =N

—~

— dplogdet(P,) — d, logdet(Py) + E[Tr(PaGPbGT)]) + const., )

where Py := S, ' for k € {a,b}.
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The optimal solution must satisfy the gradient stationarity condition with respect to {S,, Sy }. Notice
that the gradient with respect to {S; ', S, 1 can be expressed in terms of the gradient with respect
to {8y, Sp} as dg1KL = -8, (9s,KL)S, and 8Sb_1KL = —8,(0s,KL)S}. Thus, the optimal

solution must satisfy the following gradient stationary condition with respect to {S;*, S, ! }:
0=0951KL(E[gg'],S), 0=041KL(E[gg'],S).
Using Eq. (9) and simplifying the left expression
0=0g-1KL(E[gg'],S)
= 0p,KL(E[gg'], S)
= 1( —d,P;' +E[GP,G]) (10)

2
gives us this equation

1 _
0=5(~dS; +EIG(S}) " GT))
that the optimal solution must satisfy.

This naturally leads to the following expression:

1 _
S = —E[G(S;)'GT].
dy
Likewise, we can obtain the following expression by simplifying the right expression of the gradient
stationary condition.
1 _
S; = —EIGT(S:) "

a

G).

C PROOF OF CLAIM 3

To simplify the notation, we define H := E[gg "], and re-express the objective function in the KL
minimization problem as £(S) := KL(E[gg "], S) = KL(H, S). We now introduce the proximal-
gradient framework (Parikh & Boyd, 2014; Khan et al., 2016) to formally state and prove Claim 3. We
assume that an estimated S(*) is given at iteration ¢. We use a non-negative function, f(S®, §(t+1)),
to measure the closeness between the current and the next iteration. Function f(-, ) is known as a
proximal function. A (unconstrained) proximal-gradient step at iteration ¢ + 1 with a given proximal
function, f(-,-), is defined as the optimal solution of another minimization problem,

. 1
S .= arg m)}n(VSE‘S:Sm, X) + % f(8W, x),
at every iteration with step-size 55 based on the linearization of the objective function L.
We consider a weighted quadratic function as the proximal function.
1 1
f(SW X)) = SIX - SM)2, = 5vec(X — 8M) " Wyee(X — S0)

where W is a given weight matrix. For example, W is the Hessian of the KL divergence W :=
erc(y)KL(S(t), Y)|Y:S(t) = %(%C‘?S;)) |S:S<t>' This matrix is also known as the Fisher-
Rao Riemannian metric for a zero-mean Gaussian (Amari, 2016). Note that this proximal function
has been used in the quasi-Newton literature (Nocedal & Wright, 2006). Indeed, we can show
that this proximal function is exactly a second-order Taylor approximation of the KL divergence,
KL(S®, X),at X = S§®,

When § = S, ® S, admits a Kronecker product, we can specify this weight matrix W so that this
proximal function can be separated into two terms:

1 1
51X ® Xy = Sy = 51X © X, - S @ Sy

1 1
= 51Xa = 8Oy, + 31X — 5" Iy,

16



Under review as a conference paper at ICLR 2026

Here, we define the weight matrix as the block-diagonal Hessian of the KL divergence, such as
W = vg‘l V(‘)fb by setting the cross-block terms highlighted in red to zero, where W, :=
836(:(1,16)1(L(,S’(t)7 Y, ® Yb)’Y:Sét@Sét) for k € {a,b}. We can show that this weight matrix is
exactly the block-diagonal approximation of the Fisher-Rao matrix for a zero-mean matrix Gaussian
considered by Lin et al. (2019; 2024).

Now, we can formally state the claim and provide proof of it.

Claim 3. (formal version) The moving average scheme for S := S, ® S} in idealized KL-Shampoo
is a proximal-gradient step at iteration ¢ + 1,

1
S+ giHh . i c X, c Xp) + — || X0 © X, — SO2
a » Op arg vec(Xir)l,lxgc(Xb)<VSa ‘S:S(t)’ ) +(Vs, ’S:S(t)’ b) + 255 [ ® Xp w

-1

= S =(1- )8l + BEIG(S))ET]. STV = (1- 58" + BEIGT ()G

with step-size (35 to solve the KL minimization problem in Eq. (3), if we use a proximal function
using the weight matrix, W, defined above.

In mini-batch cases, we approximate the expectations using a current batch gradient (Morwani et al.,
2025) (see Eq. (5)), which leads to a stochastic proximal-gradient step.

Proof. Because the weight matrix W' is block-diagonal, we can slice this objective function for the
proximal step into two terms.

1
(Vs.L|g_gws Xa) +(Vs,L]g_ gy Xv) + %HXa ® X, — S |3

1 1
= (Vs,L]s_g0» Xa) + 35,1 Xa— SO v, + (Vs Ll g_gw: Xo) + 35, 1%0 ~ Sy I3,

(block X ) (block X )

Importantly, W, and W}, are independent of X, and X. Thus, we solve this objective by indepen-
dently for each X, for k € {a,b}.

‘We now show that solving this proximal problem gives rise to the estimation rule for Sgtﬂ) at iteration
t 4+ 1. We focus on the first term since the second term does not depend on X ,. We can show that W,

o o d 8veC(Sa_1)
can be expressed as W, = afeC(YQ)KL(S(t), Y, ® YB)’Y:SS‘)@S;‘) = fé’(m) |S:s<t>'

This matrix W, is also considered in Lin et al. (2024). Importantly, W, is invertible and W, 1 =
;2( dvec(S,) )|
dy \9vec(S; ')/ 18=8®

stationarity condition, where || X, — s 3y, = vec(Xa — S,(lt))TWavec(Xa - S((lt)).

With this result, the optimal solution of X, must satisfy the following

1
0= avec(Xa) (<vsa,£{S:S(t)7 Xa> + TBQHXQ - Sr(zt)H%Va)
1 .
= VveC(Sa)ﬁ}szs(t) + EWaveC(Xa — S((lt)) (note: <v5~["575 by Xa) = <v\'<‘<‘(5~)£|575"?‘> vec(X,))

— vec(X,) = Vec(S((lt)) — BgW{lvveC(sa)ﬂS:S(t)

17
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It is easy to see that the optimal solution of the proximal step is

Vec(S(tH)) =vec(X}) = vec(S(t)) — ﬁQW—lvm(S £|S:S<t>

-2 dvec(S
= vec(Sét)) — B2 ( (W|S S(r))) vVeC(Sa)£|st(t)
=w;!
= vec(S;”) + 7VVQC(S )£|S:S<t> (use the chain rule and utlize the Jacobian matrix contained in W,
1 —
= VeC(S(t)) dﬁ VeC( (5(—dbS((1t) + ]E[G(Slgt)) 1GT])) ) (recall the definition of £ and use Eq. (10))
b

:vsgl L‘ s=5()

— (1— By)vec(SY) + ib vee(E[G(SP) ' GTY),

which is equivalent to the moving average scheme in Eq. (5) for updating .S, at iteration ¢ + 1.

Likewise, we can obtain the moving average scheme for Sj. [

D PROOF OF CLAIM 4

We will show that the optimal solution of KL minimization miny, x, KL (E[ggT], S) with a
two-sided preconditioner S = (Q,Diag(A,)Q/) ® (QyDiag(X,)Q; ) should satisfy this con-
dition: A} = dibdiag(QIE[GPb*GT]Qa) and A} = idiag( s E[GTP;G|Qy), where P} :=
Q. Diag (()\2)9*1) Q, . and Q. is known and precomputed by OR for k € {a, b}.

Let S;, = QkDiag()\k)QkT for k € {a,b}. Because Qy is orthogonal, it is easy to see that
_ . o-1
S, "= QyDiag((Ae) " Q).

Similar to the proof of Claim 2 in Sec. B, we can simplify the following objective function by
substituting S, and Sy. Here, we also utilize the orthogonality of Qy, for k € {a, b}.

KL(Elgg'],S)
1
§(d plog det(S,) + d, logdet(S,) + E[Tr(S, 'GS, 'GT)]) + const.
1
=3 (dy log det(Q,Diag(X.)Q, ) + d, log det(Q,Diag(Xy)@Q, ) + E[Tr(S, 'GS; 'G")]) + const.
%( dp Z log /\( ) + (da Z log()\l()j))) + E[Tr(Sa_lGSb_lGT)D + const. (use the orthogonality of Q, and Qy, )
1 .
=5 ((d Z log(A\)) + (da Y log(A))) + E[Tr(Q.Diag(AS " )Q] G QuDiag(AL ™)@, GT))) + const.
7 =8t =s;!
(1D

18
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The optimal A, and A, should satisfy the gradient stationary condition.
0= 9x,KL(E[gg "], S)
=P,

dp A~ + O3, E[Tr(QqDiag(A7 1) Q, G QuDiag( A7 ™)@, G1)]) (use Ea. (1)

A + 0x, E[Tr(Diag Ay 1) QL GP,G'Q,)))

AT+ 0\, EAO7! @ diag (QIGPZ,GTQ&)]) (utilize the trace and the diagonal structure)

RN RN~ N =N

—_~~ o~

A A —EA % @ diag(Q, GP,G'Q.)])

5 (AT = A7 7% 0 diag(Q,EIGP,GT]Qu))
< 0=dy\, — diag(Q, E[GP,G"]Q,))
We obtain the optimal solution by solving this equation.
* L. *
A= d—bdlag(QIE[GPb G'1Q.))

Similarly, we can obtain the other expression.

E PROOF OF CLAIM 5

This proof is similar to the proof of Claim 4 in Sec. D. We will show that the optimal solution of
KL minimization ming KL(E[gg "], S) with an augmented preconditioner S = (QDiag(d)Q")

isd* =E [(vec(QIGQb))m}, where d € R% 9! is an augmented eigenvalue vector, Q :=
Q. ® Qy, and Qy, is given and precomputed by QR for k € {a, b}.

We can simplify the objective function by substituting S. Here, we also utilize the orthogonality of
Q. for k € {a,b}.

= (Z log(d;)) + E [Tr(QDiag(del)QngT))] 4+ const.  (linearity of the expectation)

%

= Z log(d;)) + E [TT((VEC(QIGQb))TDiag(dQ_I)VQC(QIGQ{,)} + const. (identity of Kronecker-vector product)

i

N =

1
=3 ( Z log(d;)) + E [Sum(dQ_1 ® (VeC(QIGQb))QQ] + const. (leverage trace and diagonal struct.)

(12)

The optimal d should satisfy the gradient stationary condition.
0 = 94KL(E[gg '], S)

%(del — IE[def2 ® VeC(QIGQb)GQ)]) (use Eq. (12) and compute its derivative)
= 0= %(d — E[vec(Q) GQy)?)])

Notice that the KL divergence is unbounded above. Thus, the optimal (minimal) solution exists and it
must be d* = E [vec(Q, GQ)?] to satisfy the condition.
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F KEY DISTINCTION BETWEEN SHAMPOO WITH TRACE SCALING AND
KL-SHAMPOO

We will show that Shampoo’s estimation with trace scaling is a generalization of Adafactor. Our inter-
pretation of Shampoo’s update is grounded in a generalization of the divergence used in Adafactor—
quantum relative entropy (Tsuda et al., 2005)—a Bregman divergence (Bregman, 1967) defined on
the trace of the matrix logarithm. This new view of Shampoo’s estimation is distinct from the existing
Frobenius-norm perspective. By contrast, KL-Shampoo’s update is based on the KL divergence
(classical relative entropy)—another Bregman divergence, but one defined on the (scalar) logarithm
of the matrix determinant.

We now introduce the definition of a Bregman divergence (Bregman, 1967) to formally discuss the
distinction between Shampoo with trace scaling and KL-Shampoo. Given a strictly convex and
differentiable (scalar) function F'(-), the Bregman divergence based on this function is defined as

Br(X,Y) = F(X) - F(Y) - Te([VF(Y)|(X - Y)).

As an example, the KL divergence (classical relative entropy) KL(X,Y") is a Bregman divergence
with convex function F'(M) := —1 log det(M).

Br(X,Y) = F(X) - F(Y) - Te([VF(Y)|(X - Y))
= %( —log det(X) 4 logdet(Y) + Tr(Yfl(X — Y)) (defn. of function F'(-))

= %(log det(Y) —log det(X) + Tr(Y "' X) — dim(X)) = KL(X,Y)

where VF (M) = f%M ~1. The KL divergence is also known as the log-determinant divergence
because function F' is defined as the logarithm of the matrix determinant. Notably, the Hessian of
this F'(-) gives rise to the Fisher-Rao metric, which is also known as the affine-invariant metric (up to
a constant scalar) (Lin et al., 2023).

Now, we introduce quantum relative entropy, which is also known as von Neumann (VN) divergence,
to show that Shampoo with trace scaling is a generalization of Adafactor. The VN divergence
VN(X,Y) is defined as a Bregman divergence with convex function F'(M) := Tr(MLogM(M) —

M):
VN(X,Y) :=Br(X,Y)
— F(X) = F(Y) - e (VF(Y)(X — )
(XLOgM X)—X —YLogM(Y)+Y — LogM(Y)(X — Y)) (defn. of function F'(-))
(X LogM( ) X —LogM(Y)Y +Y — LogM(Y )(X —Y)) (property of the trace)
(XLogM(X) — X +Y — LogM(Y) X))
(X[LogM(X) — LogM(Y)]) — Tr(X) + Tr(Y),

where LogM(-) is the matrix logarithm function and Tsuda et al. (2005) show that VF' (M) =
LogM(M). The Hessian of this F(-) gives rise to the Bogoliubov-Kubo-Mori (BKM) metric in
quantum physics (de Boer et al., 2023).

Tr
="Tr

Tr

Tr

Claim 6. (Shampoo’s estimation scheme with trace scaling) The optimal solution of von Neumann
(VN) divergence (quantum relative entropy) minimization ming, s, VN(E[gg '], S) := Tr(S) —
Tr(E[ggT]LogM(S)) + const. with a two-sided precontioner S = S, ® Sy should satisfy the
following condition.

1
8. = mran
Tr(S;)

where LogM(+) is the matrix logarithm function.

E[GG'], S; = —E[G'G], (13)

The optimal solutions is Shampoo’s estimation rule (power p = % ) with trace scaling:

E[G'G]|

S =E[GG"], S;= TEGCT)
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Idealized VN-Shampoo: Improving VN-Shampoo: Replacing the slow eigen step
Shampoo (p="1/2) with trace scaling with a more efficient QR step (replace Step 3)
1: Gradient Computation g := V£(0) 3a: Frequent Eigenvalue Estimation with EMA (each
G = Mat(g) € R%*% iter) .
2: Covariance Estimation (each iter) Ao Ca [  (diag(Qq AaQa)
) (1-p 8 (30 (Ab) s (Ab 72\ ding(Q/ AuQy)
Sh 2) 2\ Ay 3b: Infrequent Eigenbasis Estimation using QR
T > 1 iters)
GG (variant 1) (every T >
Ay = S fork € {a,b
{G’G’T/Z(Ab) (variant 2) Q. ar(SkQu) for {a, 5}

G G (variant 1) Figure 6: Left: Simplified VN-Shampoo schemes
Ay = GG/ (M) (variant 2) motivated by Claim 6 to incorporate trace scaling.
. e . We consider two variants to incorporate trace scaling
3: Eigendecomposition (every 1" > 1 iters) . .. . L. .
Ar, Qi+ eig(Sy) for k € {a, b} into the o’rlglnal Shampoo. Vapant 1 1s 1n§p1r§d‘by
4: Preconditioning using Q :— Q. ®@ Qs Adafactor’s update scheme, while Variant 2 is 51m11ar
0 « 0 —~(Q Diag(TAa ® Xs)~?QT)g to KL-Shampoo’s update scheme. Note that Variant 1
of the idealized VN-Shampoo is known as Shampoo
= { . with trace scaling in the literature. Right: Adapting
1 (variant 2) our exponential moving average (EMA) approach en-
ables VN-Shampoo to use the faster QR procedure
and makes it competitive, as empirically shown in
Fig. 7 and Fig. 10.

(Sa)Tr(Ss) (variant 1)

If we force S, and Sy to be diagonal matrices and solve the minimization problem, we obtain
Adafactor’s update as shown below.

S: = Diag(E[GG"]) = Diag(E[G®?1])
S — Dia ( EGTG] ) _ Diag(ENTG®2) _ Diag(E[17 G®2))
b (E[GGT]) Tr(E[1TG®21)) \/Tr(]E[lTG®2)Tr(IE[G@21])

Remark: If the expectations are not computed exactly, the resulting update scheme is not the
optimal solution. For example, Adafactor’s update scheme is not optimal due to the EMA scheme on
the diagonal Kronecker factors.

Proof. We will show that Shampoo’s update scheme with trace scaling is an optimal solution to this
minimization problem. We first simplify the objective function when S = S, ® S;,. We will use this
(Kronecker sum) identity, LogM (S, ® Sj) = LogM(S,) ® I, + I, ® LogM(S}), to simplify the
matrix logarithm.

VN(E[gg '], S) = Tr(S) — Tr(E[gg "|LogM(S)) + const.

[
= Tr(S.) Tr(S,) — Tr(E[gg " |LogM(S)) + const.
= Tr(S,) Tr(S,) — Tr(E[gg "] (LogM(S,) ® I, + I, ® LogM(S}))) + const.
= Tr(S.) Tr(Sy) — Tr(E[gg "] (LogM(S,) ® I) + Tr(E[gg '] (I, ® LogM(Sy))) -+ const.
= Tr(S,) Tr(S,) — E[Tr(gg " (LogM(S,) ® I,)] — E[Tr(g9g " (I, ® LogM(Ss)))] + const.
= Tr(S.) Tr(Sy) — E[Tr(G " LogM(S,)GI,)] — E[Tr(G " I,GLogM(S}))] + const.
= Tr(S,) Tr(Sy) — E[Tr(G "LogM(S,)G)] — E[Tr(G T GLogM(S}))] + const.
= Tr(S,) Tr(Sy) — E[Tr(GG " LogM(S,))] — E[Tr(G " GLogM(S,))] + const.
= Tr(ExpM(P,)) Tr(ExpM(P,)) — E[Tr(GGT P,)] — E[Tr(G T GP,)] + const. (14)

where Py, := LogM(S}) for k € {a, b} and ExpM(-) is the matrix exponential function.

Notice that the optimal solution should satisfy the gradient stationary condition. We consider the
gradient with respect to P because this condition must be satisfied regardless of Sy and P, for
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NanoGPT-123M-FineWeb1B Llama-134M-C4-2B
4.0

3.8

3.6

5 50 L 34 Joreermmrnneneineeee e B T L
“ 7z 7z 72
3 5354 A 3307 A
3
£ 3.25
3.30 4
3.20
3.25 o
1 5 10 1 5 10
Iterations (thousands) Iterations (thousands)
VN-Shampoo (v2, QR, EMA) VN-Shampoo (v1, QR, EMA) === Shampoo-tracescaling (eigen, No.EMA) ~—— Shampoo (p= 1, grafting)

Figure 7: Empirical results from a random search with 150 runs per method on language models
demonstrate that our exponential moving average (EMA) scheme for eigenvalue estimation, as
described in Fig. 6, makes Shampoo with trace scaling—referred to as Variant 1 of idealized VN-
Shampoo—ypractical and enables it to match or exceed the performance of Shampoo with step-size
grafting. Without this scheme, Shampoo with trace scaling performs poorly in practice, as shown
in the figure. We implement VN-Shampoo (i.e., Shampoo with trace scaling) ourselves, as it is not
available in existing implementations, including the state-of-the-art version from Meta (Shi et al.,
2023). As a reference, we also include the best Shampoo run with power p = 1/2 and grafting based
on the implementation from Meta.

k € {a,b}. The condition for the derivative of Eq. (14) with respect to P, is
0=9p,VN(E[gg '], S) = ExpM(P,) Tr(ExpM(P;)) ~E[GG ']

=S,

-m(s,)
where Tsuda et al. (2005) show that Op, Tr(ExpM(Py)) = ExpM(Py).

Thus, we can see that the optimal solution must satisfy this condition

o _ EleGT]
C o Te(S))
Similarly, we can obtain the second condition.
o E[eCT]
bT(S))

We can verify that the following solution satisfies these conditions.
E[GTG]
Tr(E[GGT))
Notice that the optimal S, and S}, are not unique. However, their Kronecker, whichis $* = S ® S},
is unique. Prior studies (Morwani et al., 2025; Vyas et al., 2025a; Eschenhagen et al., 2025) have

shown that this solution is an optimal Kronecker approximation of the flattened gradient second
moment under the Frobenius norm.

S: =E[GG']|, S;=

In the Adafactor case, the result can be similarly derived when considering S, to be a diagonal matrix
for k € {a,b}.

O

G TwO-SIDED SHAMPOO SCHEME BASED ON FROBENIUS NORM

Frobenius norm (F-Shampoo) Morwani et al. (2025) consider a two-sided Shampoo variant based
on the Frobenius norm and derive the optimal solution via rank-1 singular value decomposition
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Idealized F-Shampoo: two-sided Shampoo || F-Shampoo: Replacing the slow eigen step with
based on Frobenius norm (p=1/2) a more efficient QR step (replace Step 3)
1: Gradient Computation g := V{(0) 3a: Frequent Eigenvalue Estimation with EMA (each
G := Mat(g) € R%*% iter) .
2: Covariance Estimation (each iter) Aa o[ Aa (diag(Qu AuQu)
S0Y (1 g () 4 g, (B (Ab)“(l 52)(/\17 02\ diag(Qr AvQy)
Sh ( 2) Sh 2\ Ay 3b: Infrequent Eigenbasis Estimation using QR
T > 1 iters)
GS,G" /Tr(S2) (v1) (every T =
Ay = . +— qr(S fork € {a,b
{GQmegm)QJ GT/T) (v Qe a(SQu)Tork € {o,b)

A GT5.G/Tr(S2) (v1) Figure 8: Left: Simpliﬁed.two-sided .Shampoo
b= a7 Q.Diag(A)QI G/ S (A2) (v2) schemes based on .the Frobenlgs norm vx.llthout. mo-
. i, ; mentum. We consider two variants. Variant 1 is in-

3: Eigendecomposition (every 1" > 1 iters) . . . . S
- spired by Claim 7, while Variant 2 is similar to KL-
Ak, Qi < eig(Sk) for k € {a,b} h , hi i . 1
4: Preconditioning using Q = Q. ® Qs Shampoo’s updatej scheme, w .1ch utilizes eigenval-
0 — 0 — v(Q Diag(A. ® Ay)">Q g ues. Note that Variant 1 of the idealized F-Shampoo
is known as the two-sided Shampoo in the litera-
ture (Morwani et al., 2025). Right: Adapting our
exponential moving average (EMA) approach en-
ables F-Shampoo to use the faster QR procedure and
makes it more competitive, as empirically shown in

Fig. 9.

(SVD) of the second moment E[ggT] (Van Loan & Pitsianis, 1993). However, this solution is often
unattainable in practice and is computationally expensive for two reasons: (1) the expectation E[gg "]
must be approximated; and (2) performing the SVD is costly—yielding complexity (O(d2d3)) in
general even for rank-1 SVD—which is higher than the eigen decompositions with complexity
(O(d3)) for k € {a,b} that we aim to avoid. Instead, we analyze the stationarity conditions (Claim 7)
and derive a new variant, idealized F-Shampoo (Fig. 8), that is structurally similar to KL-Shampoo.
While a straightforward implementation of F-Shampoo performs poorly in practice, the techniques
(Sec. 4) we develop for KL-Shampoo can be adapted to improve its performance (Fig. 9).

Claim 7. (Shampoo’s estimation scheme based on Frobenius norm) The optimal solution of the

Frobenius norm minimization ming, s, Frob(E[gg "], S) := ||Elgg "] — S| g with a two-sided
precontioner S = S, ® Sy should satisfy the following condition.
1 1
S =_—— __E[GS;G"], E[GTS!G], (15)

*
* = T((Sp?) = s
Remark: Although the solution can be obtained via rank-1 singular value decomposition (SVD)
(Van Loan & Pitsianis, 1993) on this outer product, E[gg "], it can be computationally expensive to
compute the solution due to the high dimensionality of the product. Moreover, the optimal solution is
only achievable when the expectation of the outer product is computed exactly. Obtaining the optimal
solution using SVD is even more expensive in tensor-valued cases.

Proof. To simplify the proof, we will consider the square of the objective function, as the optimal
solution remains unchanged. We simplify the square of the objective function by substituting S.
Here, we utilize the definition of the norm and re-express the norm using the matrix trace.

H]E[ggT] -8, ® Sb”lz:rob

= Tr((]E[ggT] -8, ® Sb)T(E[ggT] -85S, ® Sb)) (an equivalent definition of the square of the norm)
=Tr(S?® S; —2E[gg"](Sa ® Sp)) +const. (S, is symmetric for k € {a,b})

=Tr(S2)Tr(S;) — 2Tr(E[gg '](S. ® Sp)) + const.  (Property of a Kronecker product)

=Tr (Sg)Tr(Sg) —2E [Tr((ggT)(Sa ® Sb))] + const.  (linearity of the expectation)

=Tr (Sg)Tr(Sl?) —2E [Tr(gTveC(SaGSb))] + const.  (Property of a Kronecker product)
=Tr(S2)Tr(S;) — 2E [Tr(GTSaGSb)] + const.  (Property of a trace)
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Figure 9: Empirical results from a random search with 150 runs per method on language models
demonstrate that our exponential moving average (EMA) scheme for eigenvalue estimation, as
described in Fig. 8, improves the performance of the two-sided Shampoo based on Frobenius norm
(see Eq. 4 of Morwani et al. (2025) and Claim 7)—referred to as Variant 1 of idealized F-Shampoo.
All these methods perform QR or eigen decompostion at every 10 iterations. Note that F-shampoo
cannot match the performance of Shampoo with step-size grafting. This also illustrates using the
Frobenius norm for preconditioner estimation is not ideal. To ensure a fair comparison and eliminate
implementation bias, we use our own implementation of F-Shampoo, aligned closely with that of
KL-Shampoo. As a reference, we also include the best Shampoo run with power p = 1/2 and grafting
based on the state-of-the-art version from Meta (Shi et al., 2023).

We can simplify the stationarity condition with respect to .S, as below.
0= aSa ||E[gg—r} - Sa & Sb”l%rob
=0, (Tr(S2)Tr(S7) — 2E[Tr(G ' S.GS,)] + const.)
=2(Tr(S7)S. —E[GS,GT))

Thus, the optimal solution should satisty this condition S = @E[Gs *GT). Similarly, we
r( (S5

can obtain the other condition. Morwani et al. (2025) also consider a similar condition (see Eq. 4 of

their paper). O

H ADDITIONAL EXPERIMENTS

We conduct three additional sets of experiments, following the same experimental setup as described
in the main text, to further evaluate our approach. Due to limited computational resources, we focus
on two language models—NanoGPT (123M) and Llama (134M)—in these additional experiments.

In the first additional experiment, we evaluate the two-sided Shampoo based on Frobenius norm
(Morwani et al., 2025; Eschenhagen et al., 2025)—referred to as idealized F-Shampoo—and find
that it performs poorly in practice even when we improve its performance using QR and EMA on
the eigenvalues, as shown in Fig. 9. This indicates using the Frobenius norm for preconditioner
estimation is not ideal.

In the second additional experiment, we evaluate Shampoo with trace scaling (Morwani et al., 2025;
Vyas et al., 2025a; Eschenhagen et al., 2025)—referred to as idealized VN-Shampoo—and find
that it performs poorly in practice even when using eigendecomposition. By contrast, incorporating
our moving-average scheme enables it to perform well and use the fast QR decomposition, as
demonstrated in Fig. 7.

In the third additional experiment, we evaluate the suitability of KL versus VN divergence for
refining Shampoo’s estimation rule in a comparable setting, where both variants outperform SOAP
while matching SOAP-level pre-iteration runtime. As shown in Fig. 10, KL-Shampoo consistently
outperforms VN-Shampoo, even when VN-Shampoo is made practical and competitive using similar
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techniques to those employed in KL-Shampoo. These results underscore the advantages of the KL
divergence over the VN divergence.

NanoGPT-123M-FineWeb1B Llama-134M-C4-2B
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Figure 10: Empirical results (random search using 150 runs for each method) demonstrate that
the advantages of KL-Shampoo over VN-Shampoo under comparable settings. In particular, we
strengthen VN-Shampoo (i.e., Shampoo with trace scaling) by incorporating the QR step and the EMA
scheme for eigenvalue estimation, as described in Fig. 6, to achieve SOAP-level pre-iteration runtime.
To ensure a fair comparison and eliminate implementation bias, we use our own implementation of
VN-Shampoo, aligned closely with that of KL-Shampoo. For runtime comparison, we include the
best SOAP run as a reference. All methods take the same number of iterations in these experiments.
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Figure 11: Empirical results (random search using 100 runs for each method) demonstrate that the
performance of KL-Shampoo on a larger model. We do not tune the frequency for performing QR to
optimize KL-Shampoo’s runtime.
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Figure 12: Empirical results demonstrate that the performance of KL-Shampoo using larger training
steps. As we can see that, KL-Shampoo consistently outperforms SOAP when using more training
tokens.

Practical version of KL-Shampoo

la: Gradient Computation g := V£(0)
G := Mat(g) € R%*%
1b: Use Gradient Momentum
M+ (1-6)M+5G
2: Covariance Estimation (each iter)

S Se Aq
(3) c0-m(5) ()
A.:=GQyDiag(\; ")Q[ G /dy = L[GQ, Diag( Ay~ /*)][GQy Diag(A; /)T
Ap:=G" Q. Diag(A; ")Q, G/do = |G Q. Diag(A; ~"/?)|[G" Q. Diag(A¢~/*)]"
3a: Eigenvalue Estimation with EMA (each iter)
Aa _ >\a dlag(QIAan) _ (1_52)Aa + ﬂ2la
(Ab) = 1-A) ()‘”) o (diag(QbTAbe) T\ (1=B2)A + Baly
lo i= 3-sum([Qq GQ, Diag(A;~"/?)]9%, 1) = mean([Q, GQs Diag(A; /%)%, 1)
L == Fsum((Q) G Q. Diag(AS™"/%)]?,1) = mean([Diag(AZ /%) Qa4 GQ4]*2,0)
3b: Infrequent Eigenbasis Estimation using QR (every 1" > 1 iters)
Qi < qr(SkQy) for k € {a, b}
4a: Add weight decay
6«0 —~)\0

4b: Preconditioning using Q := Q. ® Qs
0 + 6 — v(QDiag(Aa ® X)~72Q " )vec(M)

Figure 13: A practical version of KL.-Shampoo with momentum j; and weight decay A. In

practice, we also use either damping or pseudo-inverse when computing )\Sfl/ *fork € {a,b}.
In original Shampoo, S is initialized by a non-zero matrix to keep eigenvalues A; non-zero. In
KL-Shampoo, we directly initialize Ay to be non-zero (e.g., 0.1) while keeping S, to be zero
for k € {a,b}.
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