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ABSTRACT

Large language models (LLMs) often solve challenging math exercises yet fail
to apply the concept right when the problem requires genuine understanding.
Popular Reinforcement Learning with Verifiable Rewards (RLVR) pipelines re-
inforce final answers but provide little fine-grained conceptual signal, so models
improve at pattern reuse rather than conceptual applications. We introduce CORE
(Concept-Oriented REinforcement), an RL training framework that turns explicit
concepts into a controllable supervision signal. Starting from a high-quality, low-
contamination textbook resource that links verifiable exercises to concise concept
descriptions, we run a sanity probe showing LLMs can restate definitions but fail
concept-linked quizzes, quantifying the conceptual reasoning gap. CORE then
(i) synthesizes additional concept-aligned quizzes, (ii) injects concept snippets
into rollouts, and (iii) reinforces the conceptual reasoning by replacing with cor-
rectly concept-applied trajectories or constraining drift with a lightweight diver-
gence penalty; the procedure is compatible with standard policy-gradient meth-
ods. On two 7B models, CORE yields consistent gains over the vanilla baseline
and SFT training across in-domain concept—exercise suites and diverse out-of-
domain math benchmarks. CORE demonstrates that concept-injected, outcome-
regularized rollouts supply the missing fine-grained supervision needed to bridge
question-solving competence and true conceptual reasoning without committing
to a particular RL algorithm or certain process-based verifiers.

1 INTRODUCTION

Recent LLMs are becoming good at tackling competition-level questions, yet they fall short of
conceptual math reasoning beyond applying competition tricks or executing numerical calculations
(Yang et al., 2024b; |Guo et al., 2025a; Huang & Yangl [2025; |Chen et al.| [2025). Here, conceptual
reasoning means identifying the right concept and applying it in the solution, as opposed to pro-
cedural pattern matching often sufficient for GSM8K (Cobbe et al.| 2021) or MATH (Hendrycks
et al.,2021b) and exposed by perturbation-based tests (Patel et al., 2021} |Yu et al., 2024; Mirzadeh
et al.| 2025; Huang et al., |2025)) On many benchmarks, models can mimic solution templates, chain
together routine algebraic steps, and even memorize recurring patterns—while still choosing the
wrong concept for a problem or failing to correctly apply certain concepts. This gap matters: solv-
ing a word problem by spotting a familiar cue is not the same as understanding linear independence,
continuity, or convexity and deploying those notions correctly (L1 et al.,[2025; [Huang et al.l 2025).

Two main factors are contributing to this gap. First, large collections of exercise-style problems
can often be solved by exploiting surface regularities (formats, keywards, and step patterns) rather
than engaging the intended mathematical concepts (Guo et al., |2025b; Wu et al., 2025). Second,
widely used RLVR pipelines (Schulman et al. [2017; |Shao et al., [2024) optimize a terminal scalar
reward for correctness. Such signals can improve search heuristics (Qin et al.l |2025) but are too
coarse to specify which concept should be invoked, where it should enter the argument, or how it
supports subsequent steps. Moreover, directly assessing conceptual understanding is also challeng-
ing: concepts cannot be instantiated without a clear motivation or goal. We operationalize this by
pairing concise concept definitions with aligned quiz questions that necessitate the concept. In a
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preliminary diagnostic, models readily recites the concepts yet frequently fail the quizzes, revealing
a pronounced definition-application gap.

In order to mitigate this definition-application gap, we propose CORE (Concept-Oriented REin-
forcement), an RL-based framework that turns explicit mathematical concepts into concept-driven
training signals in sampling. CORE starts from curating a high-quality data that (i) provide human-
verified exercises and (ii) link each exercise to the underlying concept(s), which serve as the in-
domain test set and seed data for further generation and training signals. We then expand coverage
by generating additional concept-aligned quizzes using strong LLMs to curate the training set. For
the training recipe, CORE has explored three designs: ) Original RL (CORE-Base): directly train-
ing with the generated quizzes by RL algorithms, € Concept Enhancement (CORE-CR): injecting
concise concept snippets into rollouts to replacing half of original ones if all trajectories are in-
correct, and @ KL Divergence (CORE-KL): implementing the KL divergence term between the
concept-guided trajectories and the original ones to implicitly constraint the model towards using
concepts. The above design choices investigate in three main components, data, rollouts, and loss
function, of RL algorithms to mitigate the definition-application gap and improve the conceptual
reasoning. Moreover, this framework wraps around standard policy-gradient reinforcement algo-
rithms without architectural changes. At test time, the trained model is evaluated without providing
the concept text, measuring whether concept-aware training translates into genuine conceptual com-
petence rather than reasoning shortcuts.

Empirical results show that CORE delivers consistent and significant improvements across both
Qwen2-Math-7B and Llama-3-8B-Instruct. On Qwen2-Math-7B, CORE variants yield improve-
ments of up to +14.8%, while on Llama-3-8B-Instruct, CORE surpasses Vanilla by up to +3.2%
across benchmarks. These results demonstrate that, without any architectural modifications, CORE
can effectively enhance conceptual application and reasoning ability through explicit concept injec-
tion combined with concept-aware sampling and divergence control.

2 RELATED WORKS

Mathematical Reasoning in LLMs Recent systems approach math reasoning through special-
ized training or sheer scale. WizardMath (Luo et al., |2025) uses reinforcement learning from Evol-
Instruct feedback. MAmmoTH (Yue et al.| |2024) blends chain-of-thought and program-of-thought
for hybrid tuning. Qwen2.5-Math (Yang et al., 2024b) continues from a general model on a large
curated math corpus. Llemma (Azerbayev et al.,[2024])) is pre-trained on Proof-Pile. DeepSeekMath
(Shao et al.l [2024) adds about 120B math tokens and introduces Group Relative Policy Optimiza-
tion (GRPO). InternLM2-Math (Ying et al.| [2024) unifies chain-of-thought, reward modeling, and
formal reasoning. General-purpose models also lean heavily into math: Llama 3.1 (Team, [2024)
up-samples math data, DeepSeek-R1 and DeepSeek-V3 (DeepSeek-Al [2025ab) raise math and
programming proportions across trillions of tokens, Claude 3.7 (Anthropic| |2025) emphasizes trans-
parent multi-step reasoning, Gemini (Gemini, 2025) targets long-chain deduction, and OpenAl ol
and o3 (OpenAl, 2024} [2025) scale test-time compute. Despite these advances, many pipelines re-
ward final answers or rely on data scale, leaving concept selection and application under-taught.
Our CORE addresses this by injecting explicit concept signals into rollouts and regularizing out-
comes, yielding consistent gains on concept-dependent evaluations while remaining agnostic to the
underlying RL algorithm.

Mathematical Benchmarks A wide range of math benchmarks now probes reasoning at various
levels. At the elementary level, GSMSk is the standard for multi-step math problems. MAWPS
(Koncel-Kedziorski et al. 2016) aggregates sources, ASDiv (Miao et al., |2021) adds type and
grade labels, and SVAMP (Patel et al., 2021)) stresses robustness through controlled perturbations.
Cross-lingual coverage includes CMATH for Chinese primary school (Wei et al., 2023) and CN
Middle School 24, while standardized suites such as Gaokao 2023 EN, SAT Math, and MMLU-
STEM enable broader STEM-wide comparisons (Zhong et al., |2023; [Hendrycks et al., [2021b)). For
competition-level reasoning, MATH curates Olympiad and contest problems with stepwise solu-
tions, and OlympiadBench (He et al.| [2024)) extends to bilingual and multimodal settings that em-
phasize proof-style reasoning and reduce contamination risk. Our evaluations of CORE are based on
in-domain concept—exercise suites and out-of-domain math benchmarks, showing consistent gains
over strong baselines and highlighting improvements specifically on concept-dependent categories.
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Conceptual Reasoning Answer accuracy alone doesn’t reveal whether the right concepts were
selected and used, several works probe whether models actually select and use the right concepts.
Specifically in math, conceptual reasoning requires people to reason around math concepts and ax-
ioms at the play of math hypothesis, statements and problems (Simon, |2011). THEOREMQA (Chen
et al., [2023) targets theorem application across STEM, explicitly requiring mapping from a named
theorem to its correct use in problem solving. GSM-SYMBOLIC (Mirzadeh et al., [2025) exam-
ines symbolic generalization limits of models trained on GSM8K-style data. COUNTERMATH (Li
et al., 2025) proposes counterexample-driven, concept-sensitive evaluations to diagnose superficial
cues versus true concept use. Complementary directions include a conceptualization framework
that maps abstract questions into verifiable symbolic programs (Zhou et al.,|[2024), a self-supervised
analogical learning scheme that transfers high-level solutions across cases (Zhou et al., [2025), and
a Bayesian inference formulation coupling abductive proposals with structured deduction for cal-
ibrated decisions (Feng et al., [2025). Overall, these efforts indicate that a single end-point score
is insufficient for assessing whether models select and correctly apply concepts; concept-aligned
training signals or structured evaluation protocols are required.

3 CORE: CONCEPT-ORIENTED REINFORCEMENT LEARNING

3.1 OVERVIEW

We study math reasoning where success depends mainly on conceptual math reasoning rather than
replaying surface templates in the training data. Our proposed framework CORE has been devel-
oped through the following stages: dataset curation, gap diagnostics, and concept reinforcement
recipe. For dataset curation, we have leveraged a classical mathematical textbook with clear as-
sociations between concepts and exercises for training and evaluation. For gap diagnostics, we
have used the curated data to both qualitatively and quantitatively identify the definition-application
gaps in the conceptual mathematical reasoning. For concept reinforcement recipe, we have mainly
designed three training recipes in reinforcing the models’ conceptual mathematical reasoning.

3.2 DATASET CURATION

To acquire rigorous conceptual reasoning signals, we curated a corpus from a canonical textbook,
Advanced Algebra (3rd Edition) (Yao & Xie, [2015). This source was chosen for two-fold reasons.
First, it provides a comprehensive and structured curriculum in linear algebra, progressing logically
from foundational concepts like determinants and matrices to advanced topics such as linear spaces
and canonical forms. Its ten chapters are methodically structured, each containing: i) core concept
definitions (C), ii) illustrative examples, and iii) concept-aligned exercises (£), where exercises in
a given chapter primarily test the concepts introduced in that same chapter. The textbook’s long-
standing use and human verification ensure a logical progression of topics and coherent conceptual
dependencies, making it an ideal corpus for developing and evaluating a concept-oriented learning
paradigm. Second, by manually translating this Chinese textbook into English, we significantly
mitigate the risk of training data contamination present in many existing English-language corpora.

The extraction yielded 236 concept texts, 703 examples, and 140 multiple-choice questions sourced
from the exercise sections. More details are provided in Appendix

3.3 GAP DIAGNOSTICS
3.3.1 PROBING THE GAP BETWEEN KNOWLEDGE RECITATION AND APPLICATION

The structured nature of our curated corpus, with its explicit mapping between concepts (C) and
exercises (&), provides an ideal testbed to diagnose a critical failure mode in state-of-the-art LLMs:
the disconnect between parametric knowledge and its application in problem-solving. We conduct
the following sanity check to probe this gap, which provides the foundational motivation for our
proposed training framework.

We perform a qualitative analysis on the multiple-choice exercises that a powerful baseline, GPT-
4(ﬂ failed due to conceptual errors. After a model fails an exercise, we prompt it to describe the core

'https://openai.com/index/hello—gpt—40/
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= Model
Question: Let f(z) be a polynomial with integer coeffi- = Statement B: “If a reduced fraction % isarootof f(x), then
cients. Which of the following statements is true? A) f(x) q divides the constant term.”
has a rational root iff it is reducible over the rationals. B) If a False. This misstates the Rational Root Theorem. If r = %
G G 8 P
reduced fraction £ is a root of f(), then g divides the con- is a rational root in lowest terms, then g | constant term and
stant term of f (). C) If a prime p divides all coefficients of p | leading coefficient.
f () except the leading term, then f () is irreducible. D) If So it’s backwards: the numerator divides the constant term,
f(z) has a repeated factor, then it must have a repeated root. not the denominator. This statement is false.
Solve it step by step.
= Model
Please state Rational Root Theorem. P Rational Root Theorem: For f(z) = ana™ + -+ 4+ ao
with integer coefficients a; € Z. If % is a rational root of
f(z) in lowest terms, then p | ap and q | a,.
= Model
Use Rational Root Theorem to solve the question again. Option B reverses the roles of p and ¢, so it is wrong. Reject

B.

Figure 1: An example of ChatGPT-40’s superficial understanding of the Rational Root Theorem.
Please read from left to right.

mathematical concept associated with that problem (e.g., “Describe the concept of Linear Indepen-
dence.”). We observe that in the majority of cases, the model can accurately and comprehensively
recite the correct definition and properties of the concept, indicating that the requisite knowledge
is parametrically encoded. A classic example is shown in Figure (I, GPT-4o is able to correctly
restate the Rational Root Theorem. However, when the numerator and denominator in the problem
are swapped, the model still follows its ingrained reasoning and makes an incorrect judgment.

These sanity checks reveals a critical failure mode: the model’s problem-solving process appears
to be locked into a rigid, pattern-matching heuristic, failing to flexibly incorporate or be guided by
explicit conceptual knowledge, even when it is readily available. This observed gap between the
ability to recite a concept and the ability to apply it motivates the need for a training paradigm that
explicitly forces the model to ground its reasoning in concepts, which we introduce in the following
section.

3.3.2 SYNTHETIC CONCEPT PROBES AND ROBUSTNESS EVALUATION

Measuring Conceptual Understanding via Concept Probes. A fundamental challenge in evalu-
ating mathematical reasoning is the difficulty of quantitatively measuring a model’s grasp of specific
concepts. High-level benchmark scores often obscure fine-grained conceptual failures. The highly
structured nature of our curated textbook, however, provides a unique opportunity to address this
challenge. To create a direct and quantifiable measure of conceptual understanding, we introduce
the idea of Concept Probes: targeted quizzes generated directly from the textbook’s concept defini-
tions and theorems, where a model’s performance on these probes serves as a proxy for its mastery
of the underlying concepts.

To realize this, we constructed a new dataset of conceptual quizzes. This process involved two key
stages: generation and validation.

1. Generation: We prompted a powerful generator model, Qwen2.5-72B-Instruct, to create
5-8 multiple-choice quizzes for each of the 236 concept texts in our corpus. This resulted
in a candidate pool of 1,200 quizzes, each designed to be closely tied to its source concept
and formatted with standard ISTX.

2. Validation: To ensure the quality and validity of these synthetic quizzes, we designed a
rigorous filtering pipeline using a separate, powerful assessor model, GPT-40. This cross-
model validation strategy is intentionally designed to reduce harvester bias. For each quiz,
GPT-40 evaluated six dimensions (e.g., clarity, correctness, uniqueness) and provided an
overall rating and a confidence level. We discarded the 90 quizzes that were rated “Fair”
or “Poor” with high confidence. This stringent process yielded a final set of 1,110 high-
quality quizzes that serve as our Concept Probes.
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Diagnostic Experiment: Robustness to Superficial Perturbations. To validate our hypothesis
that models rely on superficial heuristics, we designed a diagnostic experiment to test the robustness
of their conceptual knowledge. Using our 1,110 curated quizzes, we use a Robust Evaluation
protocol. For each quiz, we generate three variants by randomly permuting the order of its multiple-
choice options. A model is considered to have robustly solved a problem only if it correctly answers
the original question and all three of its permuted variants. This protocol is designed to test whether a
model’s understanding is invariant to semantically-irrelevant changes that preserve the core concept.

We applied both the standard and our Robust Evaluation protocols to a suite of contemporary models,
including Qwen2-Math-7B, OLMo-7B-Instruct, and Llama-3-8B. The results, illustrated in Tablem
reveal a stark and consistent performance gap across all models. For instance, while a model like
OLMo-2-7B may achieve high accuracy (e.g., > 70%) under the standard protocol, its performance
plummets to below 50% under Robust Evaluation. This significant degradation provides strong
empirical evidence for our hypothesis, demonstrating that the models’ success is heavily reliant on
shallow heuristics rather than a deep, structural understanding of the underlying concepts.

Table 1: Performance comparison under Original vs. Robust Evaluation protocol across different
models. The best performance in each column is highlighted in bold.

Standard evaluation Robust evaluation
Model pass@1 accuracy self-consistent pass@1 accuracy self-consistent
Qwen-2-Math-7B 74.33% +0 87.0% +o 45.92% -28.4 76.0% -11.0
OLMo-2-7B 57.83% +0 70.17% +0 36.25% 216 44.42% -25.8
LLaMA-3-8B 44.775% +0 70.92% +0 20.25% -24.5 46.75% -24.2

3.4 CONCEPT REINFORCEMENT RECIPE

To bridge the gap between procedural mimicry and conceptual understanding, we propose CORE.
CORE is an RL-based framework designed to inject conceptual knowledge into models through any
policy gradient based RL algorithm. The core idea is to conditionally intervene during training
with concept-guided instruction precisely when the model demonstrates a failure in understanding,
guiding the policy update towards a more robust, concept-grounded reasoning process. Our CORE
framework mainly consists of the following three design choices based on the standard GRPO.

CORE-Base: Standard RL on Conceptual Quizzes. The foundational approach within our
framework, CORE-Base, involves training the policy my directly on our curated set of conceptual
quizzes (Q) using the standard GRPO algorithm. In this setting, the model learns from the concep-
tual data without any further explicit guidance during the training process. This approach measures
the model’s ability to implicitly learn concepts from the rich question-answer pairs generated from
concepts.

CORE-CR: Concept-Guided Trajectory Replacement. Building upon the base setting, CORE-
CR introduces a conditional intervention triggered by a conceptual failure event (i.e., all N re-
sponses in a GRPO group are incorrect). Upon triggering, we form a concept-guided prompt
De = ¢q @ q where g is the original problem from our quiz dataset, ¢, is its associated ground-truth
concept text, and @ denotes concatenation. We then generate K new trajectories {7.1,...,7¢ x|
from the concept-guided policy, where 1 < K < N. We then randomly select and replace K
trajectories from the original failed group with these new concept-guided ones.

To incentivize learning with concepts, we assign the new trajectories an augmented reward:
R/(TCJ) = R(Tcyj) =+ Tbonus

where rponus > 0 1is a hyperparameter. The GRPO update is then performed on this partially replaced,

concept-guided batch. Notably, there is a recent work called BREAD (Zhang et al, 2025), which

shares a very similar methodology to CORE-CR while derives from rethinking the advantages of
SFT and RL instead of improving conceptual reasoning.
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CORE-KL: Concept-Guided KL-Regularization. The CORE-KL method introduces a fine-
grained regularization signal to guide the policy’s internal reasoning process. This approach is also
triggered by a conceptual failure event. Instead of directly replacing trajectories, this method encour-
ages the model’s standard step-by-step predictive process at each timestep ¢, denoted o (- | ¢, y<¢),
to align with the more robust process it exhibits when primed with a concept, o (- | pe, Y<t)-

We formulate this as a forward KL-divergence objective. This choice is deliberate: it encourages
the base policy to cover the full distribution of reasoning paths considered by the concept-guided
“teacher” policy, rather than collapsing to a single mode, fostering a more comprehensive distillation
of the entire reasoning process. Upon a conceptual failure trigger, we first sample a high-quality
reference trajectory, Y* = (y7,. .., yr), from the current, online concept-guided policy, i.e.,Y* ~
7o (- | pc). Our objective is then to minimize the KL-divergence between the next-token predictive
distributions of the guided and un-guided policies at each timestep ¢, conditioned on the prefix of
the reference trajectory Y7,. This is formulated as a loss term added to the base RL objective:

[Y™|
Liotat = L6rro + AKL * By« vy ([p.) Z DKL(W(' | pesv=) || 7o (- | g yit)) 1
=1

where 7y (- | context, y%,) is the current policy’s probability distribution over the next token. This
forces the model’s internal reasoning process on the original problem g to faithfully mimic the
process it would follow if it were explicitly given the concept c,.

4 EXPERIMENTS

4.1 BASELINE MODELS

We select Qwen2-Math-7B (Yang et al.l [2024a) as our primary evaluation model. This choice is
motivated by its moderate mathematical proficiency: it demonstrates non-trivial reasoning skills
while still leaving sufficient headroom on our quiz tasks, thus offering a reliable foundation for
assessing the impact of CORE . Beyond this, we further show that the CORE algorithm generalizes
effectively to Llama-3-8B-Instruct (Team), 2024), highlighting its robustness and applicability to
instruction-tuned models as well.

4.2 TRAINING SETTINGS

Our CORE interventions introduce method-specific hyperparameters that are applied on top of the
CORE-base, i.e., original GRPO with generated quizzes, setup. For the Concept-Guided Trajec-
tory Replacement method, concept-guided trajectories receive a reward bonus of 7ponys = 0.4. For
the Concept-Guided KL-Regularization method, an additional and dynamic KL coefficient,
AKL, is applied: we use A, = 0.03 if the reference concept-guided trajectory is correct, and
AkL = 0.005 if it is incorrect. A comprehensive list of all other hyperparameters, derived from our
training script, is provided in Appendix [B.1].

4.3 EVALUATION SETTINGS

In-domain Test. To measure in-domain performance, we use the 140 multiple-choice exercises
curated from the textbook. These exercises serve as a high-quality and reliable measure of concept
application due to their expert authorship and direct alignment with the textbook’s definitions. We
denote this test set as Textbook.

Out-of-domain Benchmarks. To assess whether the conceptual understanding fostered by CORE
generalizes beyond our curated training data, we evaluate our trained models on a diverse suite of
out-of-domain benchmarks. These benchmarks were specifically chosen to probe for different facets
of mathematical reasoning, from multi-step arithmetic and competition math to robustness against
perturbations. This evaluation is critical to demonstrate that CORE does not simply overfit to the
textbook’s style, but rather instills a more fundamental and transferable reasoning capability.
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We evaluate models trained with three instantiations of our CORE framework—CORE-Base, CORE-
CR, and CORE-KL—on the following out-of-distribution benchmarks: GSMS8K (Cobbe et al.,
2021), ASDiv (Miao et al.,[2021), MAWPS (Koncel-Kedziorski et al.,[2016), TabMWP (Lu et al.,
2023), MATH (Hendrycks et al., 2021b), MMLU-STEM (Hendrycks et al.||2021a), Gaokao 2023
(EN) (Zhong et al., [2023), CounterMath (Li et al.| 2025), TheoremQA (Chen et al., |2023)),
and OlympiadBench (He et al., 2024). A detailed description of the datasets is provided in Ap-

pendix [B.2]

Metrics. Across all benchmark evaluations in this paper, we employ a self-consistency protocol to
ensure robust and stable results. For each problem, we sample 21 distinct reasoning paths by setting
a high sampling temperature (7" = 0.7). We denote this as SC@21. More evaluation details are
shown in the Appendix

Table 2: Main table of accuracy (%) under SCQ21 (7'=0.7). Columns use two-
letter abbreviations: TB=Textbook, GS=GSM8K, AD=ASDiv, MW=MAWPS, TM=TabMWP,
MH=MATH, MS=MMLU-STEM, GK=Gaokao 2023 (EN), CM=CounterMath (reported as F1),
TQ=TheoremQA, OL=0OlympiadBench.

Model Method TB GS AD MW T™ MH MS GK CM TQ OL
Vanilla 464 89.8 95.1 96.8 90.2 69.1 729 553 132 34.6 28.7
SFT 45.0 86.6 94.1 96.6 85.6 594 724 465 16.7 442 19.7

Qwen2-Math-7B CORE-Base 50.7 90.8 954 97.2 92.6 71.7 729 59.5 13.5 404 339
CORE-CR  52.1 91.1 95.7 973 93.6 714 72.6 584 155 423 345
CORE-KL 55.7 90.7 955 97.5 90.6 70.5 73.1 59.5 158 44.2 329

As shown in Table [2} models trained with the CORE framework exhibit consistent and significant
performance improvements across the majority of out-of-domain benchmarks when compared to
the vanilla baseline. This demonstrates that CORE successfully enhances the models’ underlying
reasoning abilities in a way that generalizes to unseen problem distributions and formats.

Table 3: Llama-3-8B-Instruct: Out-of-domain benchmark accuracy (%) under SCQ21 (7'=0.7).
Columns use two-letter abbreviations: GS=GSM8K, AD=ASDiv, MW=MAWPS, TM=TabMWP,
MH=MATH, MS=MMLU-STEM, GK=Gaokao 2023 (EN), OL=Olympiad. For each dataset, we
use the first min(0.2V, 500) questions as the evaluation subset, where NN is the total number of
questions in the dataset.

Model Method GS AD MW T™ MH MS GK OL
Vanilla 93.9 91.0 825 655 750 26.0 65.6 11.1
CORE-CR 95.9 93.7 84.5 61.8 75.0 24.7 68.8 7.4

Vanilla 91.6 96.6 983 950 83.4 68.6 52.0 12.6
CORE-CR 93.1 97.1 98.6 955 85.2 67.6 50.7 14.8

Llama-3-8B-Inst

Qwen2-Math-7B

5 ANALYSIS

5.1 DOES CORE ENHANCE CONCEPT SELECTION AND APPLICATION?

We first verify what training with CORE actually changed: are the observed accuracy gains at-
tributable to improved concept selection and application, rather than superficial heuristics, and
achieved without any test-time concept prompting? To probe this, we evaluate four models on
140 textbook exercises— Vanilla, CORE-Base, CORE-CR, and CORE-KL—and construct a diagnos-
tic subset W consisting of problems on which either Vanilla or CORE-BASE fails while both CORE
variants succeed,

W = {4 | (Vanilla fails on i or CORE-BASE fails on i) A (CORE-CR and CORE-KL succeed on 7) },
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Category # Problems  Probability(%)
Concept-selection 10 52.6
Mixed 9 474
Heuristic-selection 0 0.0

Total 19 100.0

Table 4: Results on the diagnostic subset W (|[W| = 19). A problem is Concept-Selection iff both
CORE-CR and CORE-KL explicitly invoke the target concept and show no heuristic cues; Heuristic-
selection iff both rely on heuristics with no substantive concept use; otherwise Mixed.

yielding |WW| = 19 (12 Vanilla-only failures, 4 CORE-BASE-only failures, 3 shared failures). For
eachi € W, we read the generations from CORE-CR and CORE-KL and score along two dimensions:
(i) concept hits—the output explicitly mentions the task’s target concept and uses it correctly in
the reasoning; and (ii) heuristic cues—guessing, option elimination without justification, surface
pattern matching, or plug-in substitution without conceptual warrant.

For labeling, we keep the rules simple. A problem is called Concept-Selection if both CORE
outputs (CORE-CR and CORE-KL) contain a concept hit and neither shows heuristic cues; it is
Heuristic-Selection if both rely on heuristics and show at most one concept hit; otherwise it is Con-
cept+Heuristic (mixed). We require “two hits” (one per CORE variant) so that if either variant omits
the concept, the instance is not counted as Concept-Selection. As Table E] shows, 10/19 (52.6%)
cases are Concept-Selection , 9/19 (47.4%) are Mixed, and 0/19 are Heuristic-selection. Due to
our strict constraints, it rules out superficial shortcutting as the primary driver of the gains. On one
representative question (see Table [5)), even after appending a targeted concept prompt at test time,
CORE-Base remained incorrect, whereas CORE-KL solved it without any prompt. While this is a
single illustrative case, it reinforces that the observed gains come from training-induced mechanism
change rather than prompt engineering. Taken together, the evidence indicates a mechanism shift:
CORE improves accuracy mainly by strengthening concept selection and application.

5.2 DOES CORE IMPROVE ROBUSTNESS TO IRRELEVANT CONCEPT PERTURBATIONS?

We next ask whether training with CORE yields improved robustness to irrelevant concept cues.
Using 140 high-quality, thematically related textbook exercises, we prepend K € {1, 2,3} concepts
that are not directly related to the target concept to each question and measure whether the model
can still retain the correct answer under such perturbations. To ensure that distractors are not directly
related, we select concepts drawn from different textbook chapters. For each question and each K,
we sample one fixed distractor set once (single random seed) and use the same set for all models to
enable paired comparisons.

To quantify retention under perturbation, we report RUD g (Retention Under Distractors): accuracy
on perturbed items restricted to questions a model already solved without perturbation. Formally,

letting .S,,, be the questions solved by model m in the unperturbed setting, xl(-K) be the question with
K distractors prepended and y; be the correct label,

RUDg (m) = ﬁ 3 1{m(x§K>) :yi}.

1€Sm

We evaluate four models—Vanilla, CORE-Base, CORE-CR, and CORE-KL—under two splits: Com-
mon (items solved by all models; n = 48) and Individual (per-model solved sets: Vanilla 65 /
CORE-Base 71 / CORE-CR 73 / CORE-KL 78). The resulting RUD g curves for each split can be
seen in Figure[2]

As K increases, models trained with CORE show consistently smaller accuracy drops than Vanilla
and CORE-Base on both splits, with the CORE-CR variant particularly robust. This pattern indicates
that CORE not only improves headline accuracy but also improves the robustness, making predictions
more stable against irrelevant concept perturbations.
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Figure 2: Performance comparison on Common vs Individual metrics.

5.3 DOES CORE APPLY TO BASE AND INSTRUCTION-TUNED MODELS?

We ask whether these gains persist across both base and instruction-tuned models. We therefore
apply CORE to a base math model (Qwen2-Math-7B) and an instruction-tuned model (Llama-3-
8B-Instruct), and evaluate under the same SC@21 (T'=0.7) protocol across diverse out-of-domain
suites (Tables E]) On Qwen2-Math-7B, comparing CORE-CR to Vanilla shows: GSM8K +1.5,
ASDiv +0.5, MAWPS +0.3, TabMWP +0.5, MATH +1.8, MMLU-STEM —1.0, Gaokao —1.3,
and OlympiadBench +2.2. On Llama-3-8B-Inst, CORE-CR improves GSM8k +2.0, ASDiv +2.7,
MAWPS +2.0, and GaoKao +3.2, with small regressions on TabMWP (—3.7), MMLU-STEM
(—1.3), and OlympiadBench (—3.7), and parity on MATH. Taken together, these results indicate
that CORE is model-agnostic: it complements both base and instruct models, yielding good accuracy
and stability across different domains.

6 CONCLUSION

In this work, we introduced CORE (Concept-Oriented REinforcement), a reinforcement learning
framework designed to bridge the definition—application gap in mathematical reasoning. By curating
a high-quality concept—exercise corpus, diagnosing the limits of current LLMs, and injecting explicit
concept signals into training via concept-aligned quizzes, concept-guided trajectory replacement,
and KL-based divergence regularization, CORE provides fine-grained supervision beyond outcome
correctness.

Extensive experiments on both base and instruction-tuned models demonstrate that CORE consis-
tently improves performance on in-domain and out-of-domain benchmarks, yielding gains in con-
cept selection, application, and robustness under perturbations. Importantly, these improvements
arise without architectural modifications and are compatible with standard policy-gradient methods,
underscoring the generality of the framework.

Our findings highlight that explicitly grounding reinforcement learning in mathematical concepts
can substantially enhance the reasoning capabilities of LLMs, moving them beyond surface heuris-
tics toward genuine conceptual competence. We hope this work motivates further exploration of
concept-centered training signals, not only in mathematics but also across domains where princi-
pled reasoning is essential.
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ETHICS STATEMENT

Our dataset is curated from high-quality educational resources originally published in Chinese. We
contacted the primary author, who indicated they could not grant permission at this time due to
unclear regulations around LL.M training and evaluation in Copyright Law of China. After consult-
ing legal guidance, we understand that limited use of such materials for non-commercial academic
research may be permissible. Accordingly, our use is strictly for research and education; we do
not redistribute substantial verbatim text. The research artifacts (codes, prompts, scripts, structured
concept—exercise mappings, and model-generated quizzes/snippets) are derived and only small il-
lustrative samples, that does not contain substantial portions of the original expression, would be
presented. We cite sources and will promptly honor takedown or correction requests. Any released
artifacts are for research use only and may not be used commercially; parties seeking commercial
use should contact the rights holders. This statement is not legal advice, and we will adjust our
practices as regulations evolve.

REPRODUCIBILITY STATEMENT

Our proposed framework is specified in §3] Our data curation, motivation verification, and training
recipes are illustraed under it with subsections named as Dataset Curation, Gap Diagnostics, and
Concept Reinforcement Recipe. The training and evaluation settings appear in §4] and Appendix
We will provide a full code repo with codes, configs, and scripts to run training and evaluation
end-to-end in the camera-ready version.
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A  DETAILS FOR TEXTBOOK DATA

A.1 DATA CURATION DETAILS

Our data curation followed a multi-stage pipeline to ensure high fidelity. We first employed an OCR
tooﬂ to digitize the textbook. The concept and exercise sections then underwent a manual verifi-
cation stage, with any recognition errors corrected using GPT-40. Subsequently, the entire Chinese
corpus was translated into English via GPT-40, followed by another round of human verification on
the key sections to ensure accuracy.

B EXPERIMENT SETUP

B.1 MORE TRAINING DETAILS

In the main experiments, we train models for 3 epochs on four H100 GPUs with GRPO by the verl
(Sheng et al.l [2024) framework. The policy is optimized using Adam with an actor learning rate of
1 x 107°, and a standard KL-divergence penalty with a fixed coefficient of 0.001 is applied against
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the reference policy. During training, we set the sampling temperature to 0.7, with a batch size of
128 and a mini-batch size of 32. For each prompt, four responses are generated to conduct GRPO
updates. Rewards follow a binary scheme (1 for correct, O for incorrect). The maximum prompt
length is capped at 1024, and the maximum response length is also set to 1024.

B.2 DETAILS OF EVAULATION DATASETS

All evaluation datasets are sourced from the Qwen2.5-Math evaluation repositor Their details are
summarized below.

GRADE SCHOOL & MIDDLE SCHOOL LEVEL

* GSMB8k: A dataset of approximately 8,500 high-quality, linguistically diverse elementary
school math word problems. These problems require 2 to 8 steps of reasoning to solve and
primarily involve basic arithmetic operations (+, —, X, =-). The purpose of this dataset is
to evaluate a model’s ability to perform multi-step mathematical reasoning.

* ASDiv: An English math word problem dataset that is diverse in both linguistic patterns and
problem types. It aims to comprehensively evaluate the true capabilities of math problem
solvers, preventing models from achieving high scores merely by “memorizing” solutions
to similar problems. Each problem is annotated with its problem type and grade level.

* MAWPS: A collection of several thousand English math word problems sourced from var-
ious online educational websites. Its goal is to provide an extensible repository of math
problems for researchers to use and expand upon, covering a variety of basic arithmetic
and algebraic problems.

» TabMWP: A large-scale dataset containing over 38,000 math word problems, distinguished
by the inclusion of a table as context for each problem. To solve these, a model must be
able to retrieve, integrate, and perform multi-step mathematical reasoning on information
from both textual and tabular sources.

HIGH SCHOOL LEVEL

* MATH: A dataset created by Dan Hendrycks et al., containing 12,500 problems from
American high school math competitions (such as AMC 10, AMC 12, AIME). The prob-
lems cover multiple subjects including algebra, geometry, number theory, and counting &
probability. Each problem includes a detailed solution written by a human expert in X
format. Its difficulty is significantly higher than elementary school problems, making it a
key benchmark for advanced mathematical reasoning.

e MMLU-STEM: MMLU includes 57 different subjects, and MMLU-STEM refers to the
subset of subjects related to STEM (Science, Technology, Engineering, and Mathematics),
such as college-level math, physics, chemistry, and computer science.

* Gaokao2023En: This dataset is derived from China’s “Gaokao” (National College Entrance
Examination) mathematics papers. It typically involves translating Chinese math problems
into English to test a large model’s ability to solve difficult math problems from different
cultural and educational backgrounds.

COLLEGE LEVEL & BEYOND

* CounterMath: A university-level mathematical benchmark designed to evaluate a model’s
conceptual reasoning by requiring it to prove or disprove statements by providing coun-
terexamples. It focuses on advanced topics in Algebra, Topology, Real Analysis, and Func-
tional Analysis.

¢ TheoremQA: A theorem-driven question answering dataset created to evaluate an Al
model’s ability to apply scientific theorems to solve challenging problems. It contains 800
questions covering over 350 theorems from Mathematics, Physics, EE&CS, and Finance.

Shttps://github.com/QwenLM/Qwen2.5-Math
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COMPETITION LEVEL

* Olympiad Bench: A benchmark of extremely challenging, Olympiad-level scientific prob-
lems in both mathematics and physics. It is designed to push the boundaries of AGI re-
search and often includes multimodal elements, requiring models to interpret diagrams and
perform complex, creative reasoning.

B.3 MORE EVALUATION DETAILS

For evaluation, we adopt the SC@21 setting with a sampling temperature of 0.7. Specifically, 21
responses are generated, and after discarding cases where the answer cannot be extracted, the final
prediction is determined by majority voting. In the event of a tie, one of the tied candidates is
selected uniformly at random.
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CORE-Base

CORE-Base

CORE-KL

Input: Let A, B be orthogonal
matrices, k be a nonzero real num-
ber, and P an invertible matrix.
Which of the following is true?
A) A 4+ B is also an orthogonal
matrix

B) kA is also an orthogonal ma-
trix

C) AB is also an orthogonal ma-
trix

D) P71 AP is also an orthogonal
matrix

Input:

Concepts:

Orthogonal and Unitary Transfor-
mations: Orthogonal and Unitary
Matrices

An n-dimensional real matrix A is
called an orthogonal matrix if
A'A=AA =1,.

An n-dimensional complex matrix
U is called a unitary matrix if

UU=UU =I..

Exercise: Let A, B be orthogonal
matrices, k be a nonzero real num-
ber, and P an invertible matrix.
Which of the following is true?
A) A + B is also an orthogonal
matrix

B) kA is also an orthogonal ma-
trix

C) AB is also an orthogonal ma-
trix

D) P! AP is also an orthogonal
matrix

Input: Let A, B be orthogonal
matrices, k be a nonzero real num-
ber, and P an invertible matrix.
Which of the following is true?
A) A 4+ B is also an orthogonal
matrix

B) kA is also an orthogonal ma-
trix

C) AB is also an orthogonal ma-
trix

D) P~'AP is also an orthogonal
matrix

Output: Answer: C | Response:
B

B) kA is also an orthogo-
nal matrix. This is true. If A
is an orthogonal matrix and &
is a nonzero real number, then
kA is also an orthogonal matrix.
This is because multiplying an
orthogonal matrix by a scalar
does not change its orthogonal-
ity. C) AB is also an orthogonal
matrix.This is true. If A and B
are orthogonal matrices, then their
product AB is also an orthogonal
matrix. This is because the prod-
uct of two orthogonal matrices is
orthogonal.. .. The final answer is
boxed{B}.

Output: Answer: C | Response:
B

B) kA is also an orthogo-
nal matrix This is true. If A is
an orthogonal matrix, then kA
is also an orthogonal matrix for
any nonzero real number k. C)
AB is also an orthogonal matrix
This is true. If A and B are
orthogonal matrices, then AB is
also an orthogonal matrix. There-
fore, the correct answer is B) kA
is also an orthogonal matrix.

Output: Answer: C | Response:
C

... B) kA is not necessarily an or-
thogonal matrix. If k£ is a nonzero
real number, then £ A is not or-
thogonal unless £ = pm1. This
is because the columns of kA are
not necessarily orthogonal unit
vectors. C) AB is an orthogonal
matrix. The product of two or-
thogonal matrices is also orthog-
onal. This is because the columns
of AB are linear combinations of
the columns of A, which are or-
thogonal unit vectors. Therefore,
the columns of AB are also or-
thogonal unit vectors. ... The cor-
rect answer is C) AB is also an or-
thogonal matrix. The final answer
is boxed{C}.

Table 5: This is a case study comparing the original GRPO model, a variant augmented with concept
prompts, and the model after CORE-KL training. The example illustrates that the original model
tends to fall into a fixed reasoning pattern when dealing with orthogonal matrices. Even when
provided with detailed conceptual derivations, the model still prefers to rely on patterns learned
during pretraining. In contrast, the model trained with CORE-KL is able to break out of this fixed
paradigm and effectively apply the relevant theorems of orthogonal matrices.

C ANLAYSIS

Below is an exmaple for analysis.
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D USEorLLM

We have only used LLM for language polishing purposes in the paper writing. We do not use LLM
for idea formalization, or to an extent that it could be regarded as a contributor.
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