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Abstract

Lipschitz continuity is a fundamental property of neural networks that characterizes their
sensitivity to input perturbations. It plays a pivotal role in deep learning, governing robust-
ness, generalization and optimization dynamics. Despite its importance, research on
Lipschitz continuity is scattered across various domains, lacking a unified perspective. This
paper addresses this gap by providing a systematic review of Lipschitz continuity in deep
learning. We explore its theoretical foundations, estimation methods, regularization
approaches, and certifiable robustness. By reviewing existing research through the lens
of Lipschitz continuity, this survey serves as a comprehensive reference for researchers and
practitioners seeking a deeper understanding of Lipschitz continuity and its implications in
deep learning. Code: https://anonymous.4open.science/r/lipschitz_survey-DECE/

1 Introduction

Deep learning has achieved remarkable success across various domains, including computer vision, natural
language processing, and graph-based learning. Advances in state-of-the-art architectures, such as convolu-
tional neural networks (CNNs) (Krizhevsky et al., |2012), transformers (Vaswani et al., |2017; |Brown et al.,
2020), and graph neural networks (GNNs) (Kipf & Welling, [2017)), as well as their large-scale applications,
including large language models (LLMs) (Brown et all 2020; |Chowdhery et al., [2023} Touvron et al.l 2023;
OpenAl et al., 2024} DeepSeek-Al et all 2025) and large vision-language models (LVLMs) (Radford et al.,
2021; [Li et al., [2022} Team et al.l 2025, have significantly expanded the frontiers of deep learning, enabling
powerful capabilities across a wide range of tasks.

Beyond their remarkable success, ensuring safety e.g., (Amodei et al., 2016, robustness (Madry et al., 2018
and generalization, remains a critical challenge. These properties are intrinsically linked to the sensitivity
of neural networks to input perturbations (Madry et al., 2018 |Tsipras et al.; |2019; [Hendrycks & Dietterich),
2019; |/Amerehi & Healy}, [2025]), which can significantly impact their reliability in real-world applications. For
instance, adversarial vulnerabilities (Goodfellow et al., 2015} |Carlini & Wagner} 2017)), and out-of-distribution
(OOD) generalization (Sokoli¢ et al.| 2017 [Neyshabur et all 2017, [Bartlett et al., [2017; Hendrycks et al.)
2021)) are major concerns in developing reliable deep learning models. A fundamental mathematical concept
that characterizes network sensitivity and governs these properties is Lipschitz continuity, which measures
the upper bound of the outputs of neural networks to inputs.

Although numerous studies have explored Lipschitz continuity from both theoretical (Bartlett et al., [2017}
Luo et al.,|2025al) and applied (Arjovsky et al.l |2017; |Gulrajani et al., 2017 [Miyato et al.,[2018) perspectives,
a unified survey that consolidates these insights is still lacking. Existing works primarily focus on isolated
aspects, such as adversarial robustness (Szegedy et al., 2014} Madry et al.| 2018; [Weng et al.,[2018b]), regular-
ization (Arjovsky et al., 2017} |Gulrajani et al., [2017)), or theoretical bounds without practical considerations
(Bartlett et al.,|2017). The absence of a comprehensive survey integrating these perspectives leaves a critical
gap in the literature. To address this, we provide a systematic review of Lipschitz continuity in deep learning,
covering its theoretical foundations, estimation methods, regularization approaches in optimiza-
tion and architecture, and certifiable robustness. By synthesizing key findings across these domains,
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this survey serves as a valuable resource for researchers and practitioners seeking a deeper understanding
of Lipschitz continuity and its role in trustworthy learning systems. Beyond conducting a survey, we also
critically distill the existing knowledge, present it in a more accessible manner, and provide the results or
proofs missing or incorrect in the literature.

1.1 Scope

This survey aims to consolidate existing knowledge across these domains, providing a comprehensive resource
for researchers and practitioners seeking to understand and leverage Lipschitz continuity in deep learning.
To ensure a high-quality review, we focus primarily on the literature published in prestigious and other
well-regarded sources. The scope of this survey is organized as below:

1. Section [2} [Theoretical Foundations| presents the formal definitions and fundamental properties of
Lipschitz continuity, followed by key theoretical developments in deep learning. It covers the math-
ematical foundations, Lipschitz properties of activation functions and neural networks, Lipschitz
analysis of multi-head self-attention, complexity-theoretic generalization bounds, and advances in
training dynamics.

2. Section [3} [Estimation Methods|surveys the principal methods for estimating the Lipschitz constants
of neural networks, including derivative bound propagation, spectral alignment, convex optimization
relaxations, and relaxed integer programming approaches.

3. Section [4} [Regularization Approaches|reviews approaches for enforcing Lipschitz continuity in neural
networks through both optimization-based and architectural approaches, covering weight regular-
ization, gradient regularization, activation regularization, and class-margin regularization.

4. Section [} [Certifiable Robustness|examines methods for achieving certifiable robustness through Lips-
chitz bounds, including the theoretical foundations of Lipschitz-margin robustness radii, certification
via global Lipschitz bounds, certification via local Lipschitz bounds and certificated robustness in
LLMs.

1.2 Contributions

Our key contributions are as follows:

1. A Unified Systematic Review. We close a critical gap in the literature by conducting a compre-
hensive survey of Lipschitz continuity in deep learning. Our review unites disparate research threads
— spanning theoretical foundations, estimation methods, regularization approaches, architectural
designs, and certified robustness — into a coherent framework that highlights their interconnections
from the lens of Lipschitz continuity.

2. Comprehensive Analysis. We provide in-depth examinations of existing techniques organized
into four categories:

e Theoretical Foundations. We review the formal definitions and properties of Lipschitz con-
tinuity, analyze Lipschitz behavior of activations and network architectures, and synthesize
key results on generalization bounds, optimization convergence, and training-induced Lipschitz
dynamics.

o Estimation Methods. From power-iteration spectral-norm approximations and extreme-value
theory to randomized and interval-analysis approaches, we compare each method’s tightness,
computational overhead, and scalability to modern architectures.

e Regularization Approaches. We critically assess gradient-based penalties, spectral normal-
ization, orthogonal and Parseval constraints, and novel Lipschitz-bounded activations, examin-
ing their theoretical guarantees, implementation trade-offs, and empirical effects on robustness,
generalization, and training dynamics.
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o Certifiable Robustness. We survey Lipschitz-based certification frameworks — covering
global and local Lipschitz bounds, path-based and convex-relaxation certificates, randomized
smoothing, and Lipschitz-constrained architectures — analyzing their provable guarantees, com-
putational requirements, and applicability to real-world deep models.

3. Results and Proofs. We contribute new and complementary results, including corrected Lipschitz
constants for common activation functions (validated by our numerical experiments) and a Lipschitz
continuity bound for arbitrary neural networks represented as directed acyclic graphs (DAGs). Fur-
thermore, we provide theoretical results missing or incorrect from prior work, such as rigorous
proofs of the closed-form expressions for the Lipschitz constants of common activation functions and
a general perturbation bound for certifiable robustness based on Hélder’s conjugacy relation.

2 Theoretical Foundations

Lipschitz continuity is a foundational concept in deep learning theory, offering a rigorous framework for
quantifying a neural network’s sensitivity to input perturbations. It plays a central role in understanding
robustness, generalization, and optimization dynamics. Throughout, we use operator Lip,, [e] to denote the
p-norm Lipschitz constant for e, and use operator Lip [e] to denote the 2-norm Lipschitz constant for e.

2.1 Preliminaries

Definition 2.1 (p-Norm in Finite-Dimensional Vector Spaces). Let V C R? be a finite-dimensional vector
space. The p-norm (i.e. £p-norm) in V' is defined as:

d 1/19
(zmv)) L if1<p<oo,
=1

2l =

where z = (21, 29,...,24) € V (Rudin, |1987, Definition 3.6, § 3).

Definition 2.2 (Globally K-Lipschitz Continuous). Let f : X + Y be a function, where X C R? and
Y C Re. The function f is said to be globally K-Lipschitz continuous (with respect to the 2-norm) if there
exists a constant scalar K > 0 such that:

1f(u) = f()]l2 < Kllu—vll2, Vu,veX, (2)
(Rudinl 1976, Theorem 9.19, § 9). Throughout, unless specified otherwise, the Lipschitz norm is assumed

to be the 2-norm.
Definition 2.3 (Globally K,_,,-Lipschitz Continuous). Let:

1<p,g<©

be two scalars. A function f: X — Y, with X C R? and Y C R¢, is said to be K, q-Lipschitz continuous if
there exists a constant K,_,, > 0 such that:

() = F@)llq < Kpogllu=vllp, Vu,veX, (3)

where || - ||, and || - || denote the ¢, and ¢, norms, respectively. Particularly, Ks_,o-Lipschitz continuous
reduces to K-Lipschitz continuous with respect to 2-norm.

Remark 2.4. Definition (Globally K,,,-Lipschitz Continuous)) is non-standard in the mathematical
literature; however, it is useful for discussions of certifiable robustness in the context of deep learning.

Lemma 2.5 (Lipschitz Constant Bounds Gradient Norm). Let f : R™ — R be a differentiable function.
Then f is K-Lipschitz continuous (with respect to the 2-norm) if and only if

K> sup )I\Vf(x)Hz, (4)

zedom(f
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(Rudin, 1976, Theorem 9.19, § 9). In the case 0 < K < 1, the function f is called a contraction map. In
particular, for the case that dom(f) is a convexr set — any points connected through the Mean Value Theorem
remain within dom(f), thus the tight bound is achieved such that:

K= sup [Vf(z)[ (5)
zedom(f)

Remark 2.6. In Lemma (Lipschitz Constant Bounds Gradient Norml), of the deep learning sense, the
domain of a neural network f : R™ — R can be assumed to be a convex set on R™. Consequently, the tight
Lipschitz bound is attained.

2.2 1-Lipschitz Orthogonal Matrix

Definition 2.7 (Skew-Hermitian & Skew-Symmetric Matrix). A matrix A is referred to as a skew-hermitian
matriz, if A satisfies:

A=—-A". (6)
Particularly, if A is a real matrix, then A is also referred to as a skew-symmetric matriz.
Proposition 2.8 (Lipschitz Constant of Semi-Orthogonal Matrix). If a matriz W € R™*"™ with:
W'w=1, o WW'=1I,, (7)

then W is semi-orthogonal with Lipschitz constant 1. If m > n, W is an isometric map over the entire R™;
if m <n, W is a contraction map on ker(W) strictly.

Proof. Case 1: m > n (Isometric Map). For V x,y € R™:
IW(z =)l = (W(z—y) W —y)
=(@—y) WW(z—y)
=(x—y)  L(z—y)

= [lz —yl3,

then by definition:

1%% _
Y Iz —yll2

=1
Case 2: m < n (Contraction on Kernel). For 3z — y € ker(IW), such that:
W(z =y)ll2 =0 <[lz -yl

then W is a contraction map on the kernel ker(W) strictly.

O
2.2.1 Matrix Orthogonalization
We also survey useful matrix orthogonalization algorithms below.
Lie Group Exponential Map. Let:
U(n) = {A €CMM | A*A = 1} (8)
be a unitary group and:
u(n) ={BeR"" : B=—-B*} (9)
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be a Skew-Hermitian group. Then there exists an Lie Exponential Map:
exp(4) : u(n) — U(n), (10)

connecting the groups u(n) and U(n), defined as:
1
exp(A):I+A+§A2+-~-, (11)

which is generally not surjective. For a matrix W, its corresponding skew-Hermitian matrix can be con-
structed by taking:

B=W—W* € u(n) (12)

(Lezcano-Casado & Martinez-Rubioj, 2019).

Remark 2.9. The Lie Exponential Map (equation together with the skew-Hermitian matrix conversion
(equation allow us to map an arbitrary matrix W into the unitary group u(n) which has Lipschitz
constant one. This is particularly useful for architecturally designing 1-Lipschitz neural networks.

Cayley Transform. If B € R"*" is a skew-symmetric matrix, the surjective map:

1 1
G(B) = (I + 3B)(I ~ sB)" (1)
is referred to as the Cayley map which transforms B to an orthogonal matrix ¢(B) (Cayley, 1846} [Trockman
& Kolter, [2021). Then the transformed orthogonal matrix ¢(B) has a constant Lipschitz one.

Bjorck Orthogonalization Approximation. Suppose Wy € R™ ™ is not an orthogonal matrix. Let
Wy be an iterative sequence such that Wj is the closest orthogonal matrix to Wy as k — oo. Bjorck
Orthogonalization (Bjorck & Bowiel|1971)) is a differentiable method to iteratively solve the closest orthogonal
matrix to a given matrix Wy. |(Chernodub & Nowicki| (2017)) use Bjorck Orthogonalization in an optimization
problem for constraining the orthogonality of parameter matrices (Chernodub & Nowickil [2017). Bjérck
Orthogonalization (Bjorck & Bowie, [1971) is defined by:

Wit = Wy (I + %Qk +-+ (=17 <_2) Qg), (14)

1
where Wy, is the k-th iterative result, p is a chosen hyper-parameter, < 2> is binomial coefficient, and Q

p
is:

Qw=1-W,W,. (15)

Asn — oo, W,;r Wj, converges to I,,. For a rectangular matrix Wy € R™*"™ if rank(Wj) = n, the convergence
still holds:

W, Wy — I,

as n — oQ.

2.3 Functional Inequalities

Proposition 2.10 (Lipschitz Constant of Function Composition). Let f : X - Y and g: Y — Z be two
bounded functions. Then the Lipschitz constant of their composition g o f: X — Z admits:

Lip,, [g o f] < Lip, [g] Lip, [f]. (16)
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Proof.
Lip, [go f] = sup 1/ (g(=)) - Flg@)llp
lz—yll,#0 2 —yllp
S Llpp [f] sup w
lz—yl,z0 1T —Yllp

= Lip, [f] Lip,, [g]-
O

Proposition 2.11 (Lipschitz Constant of Function Addition). Let f and g be two bounded functions on
dom(g) N dom(f). Then the Lipschitz constant of g + f admits:

Lip, [g + f] < Lip, [g] + Lip,, [f]. (17)
Proof.
Lip, g+ fl= sup If(z) +g(x) —_[f(y) + 9] lp
lz—yll, 70 |z —yllp
— s If(z) = fy) + 9(=) — 9®)ll,
lz—yll70 |z —yllp
< sup If(z) = fFW)llp + aup lg(x) — g(y)ll,
lz—ylp,20 1T —yllp le—ylpzo  llz—¥ylp

= Lip,, [¢g] + Lip, [f].
O

Proposition 2.12 (Lipschitz Constant of Function Concatenation). Let f : RY — R™ and g : R — R™ be
two Lipschitz continuous functions. Let:

oo = M0 crmen (18)

be a function by concatenating the outputs of f and g. Then, the following inequality holds true:
. p . p . p
(Liv, [ @])" < (Lin, 1£])" + (Lip, g])"- (19)

Proof. For any x,y € R%, we have:

p

(CERIOEEETI

p

=3 (If @) - ) +

=1 J

< ((mpp )"+ (Liv, W) o= il

(l9(x) = 91"

n
=1

J

Hence:

(Lipp [f éBg])p = sup |7 e9@ - (7 o9 W,

aty Iz —yllp

< (Lin, (1)) + (Lin, [g])"
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2.4 Sub-Differential Convex Functions

For a function that is not differentiable but is locally Lipschitz continuous — such as the ReLU activation
— the Clarke sub-differential provides a generalized notion of gradient that allows one to analyze and bound
local Lipschitz constants (Clarkel [1975]).

Definition 2.13 (Generalized Gradient). Let f : R™ — R be a function on X. The sub-differential of f at
a point z is the set

Osf(x) ={g €R™ | f(y) = f(z) + (9,y —2), Vy € X}. (20)
If f is convex, then:
0sf(x) # @ and Osf(z) ={Vf(z") |V z* — z}. (21)

Definition 2.14 (Clarke Sub-Gradient). Let f: R™ — R be a proper convex function on X. If f is locally
Lipschitz continuous on X, then by Rademacher’s theorem it is differentiable almost everywhere. The Clarke
sub-differential f at a point x is defined as the convex hull of all limit points of gradients at differentiable
points approaching x. That is, a vector g lies in the Clarke sub-differential at x if there exists a sequence of
points 2 — 2 (k € N) at which f is differentiable such that the gradients V f(zy) converge to g. Then the
Clarke sub-differential is a convex hull, satisfying:

of(x) = conv{g | 3 a sequence (z) — z as k — oo, Vf(z) — g} (22)

(Clarkel 1975, Definition 1.1). If f is convex, then 0f(z) = 0, f(x). This definition also extends to vector-
valued functions (Clarke, 1990).

Lemma 2.15 (Local Lipschitz Constant of Sub-Differential Function). Let f : R™ — R™ be a convex function
differentiable almost everywhere on X. Then the p — q local Lipschitz constant of f on X is given by:

. GTv
Lip,,[f; X] = sup sup ! lo = sup sup HGTqu, (23)
ceof@ o0 0lle  ceaf() ol,=1
such that:
1f(z) = fFW)llq < Lippoq[fs Xllz — yllp, (24)

for all x,y € X in the sense of Clarke sub-gradient (Jordan & Dimakis, |2020; |Boyd et all, [2022).

2.5 Lipschitz Continuity of Activation Functions

An activation function:
p:R* = R?

is a nonlinear mapping applied after neuron’s output at a layer, enabling neural networks to learn complex
patterns. For example, if o is piecewise defined as:

(z) = x, ifx >0,
pee) = 0, otherwise’

then the p is referred to as ReLU activation function (Nair & Hinton, [2010)).

The Lipschitz constants of commonly used activation functions are provided in Table[I} The constants are
derived as the supremum of the 2-norm of the derivatives of activation functions. Proofs are provided in
the Appendix [A] To numerically validate the results, we have conducted experiments by maximizing the
gradient norm using Lemma for a further sanity check.

Notes. The Lipschitz constant for the softmaz function reported in the literature (Gouk et all 2021)) and
Sigmoid function reported in the literature (Virmaux & Scaman) [2018) as 1. We show in Appendix
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that the exact Lipschitz constant of softmazx is indeed %, validated by our numerical experiment. This result
has been reported in recent concurrent literature . We also show in Appendix that exact
Lipschitz constant of sigmoid is indeed i, validated by our numerical experiment. For Leaky ReLU and
ELU, the parameter « is typically chosen with o < 1, so their effective Lipschitz constants are usually 1 in
practice.

Auto-Differentiation based Numerical Method. Suppose f : R — R be a first- and second-order
differentiable neural network under domain convex condition (Remark E[) Leveraging the autograd mecha-
nism of PyTorch, we use gradient descent — e.g., Adam (Kingma & Ba),2014)) — to numerically approximate
the supremum:

Lip[f] = sup | /"(z)l]2,

using Lemma [2.5

Table 1: Lipschitz constants of activation functions.

Activation Definition Lipschitz Constant & Proof | Citations

ReLU max (0, ) 1 Nair & Hinton| (2010] Sec. 2); [Virmaux|
& Scaman| (2018 Sec. 5)

Leaky ReLU max(azx, x) max(1, ) Maas et al.| (2013 Sec. 2); |[Virmaux &
Scaman|(2018| Sec. 5)

Sigmoid 1-%—% 1 (Appendix|A.1 Virmaux & Scamanl(]2018| Sec. 5)

Tanh tanh(z) 1 (Appendix |A.2 Cybenko| (1989); |Virmaux & Scamanl
(2018] Sec. 5)

Softplus log(1 + €”) 1 (Appendix |A.3 Dugas et al.| (2000 Sec. 2); [Virmaux &
Scaman|(2018| Sec. 5)

0

{re 0 a1, Clovert e o] 2016 Sec. 3

Swish z-o(x) ~ 1.1 (Appendix |A.4 Ramachandran et al.|(2018| Sec. 1)

GELU 3 (1 + erf (%)) ~ 1.1 (Appendix |A.5 Hendrycks & Gimpel|(2016| Sec. 2)

Softmax softmax(x;) = Zﬁz;% 1 (Appendix|A.6 Gouk et al. 2021] Sec. 3.3)

2.6 Lipschitz Continuity of Dot-Product Self-Attention

LLMs (Brown et al., 2020} [Chowdhery et al.l 2023, [Touvron et al., 2023} |OpenAl et al., |2024} DeepSeek-|
Al et al., 2025), built on transformer architectures (Vaswani et al., 2017), rely heavily on dot-product
self-attention mechanisms, whose Lipschitz continuity governs their sensitivity to input perturbations, such
as token-level adversarial attacks. Dot-product self-attention mechanisms form the core of transformer
architectures, enabling effective modeling of long-range dependencies in sequences for applications such as
natural language processing and vision-language tasks.

Single-Head Dot-Product Self-Attention. For an input sequence matrix z € R"*?, where n is the

sequence length and d is the input dimension, a self-attention layer computes the output as

. QKT nxm
Attention(z) = softmax Ve R™™, (25)
Vd
row-wise softmax
(Vaswani et al., 2017, Equation 1) where
Q=aWo e R™™ K =Wy € R*™ V =Wy € R™™, (26)

are the query, key, and value matrices, with weight matrices:

WQa WK7WV c Rdxm7
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and m denotes the hidden dimension. The softmax is applied row-wise to normalize attention scores. The

scaling factor % stabilizes the computation numerically.

Multi-Head Dot-Product Self-Attention. In practice, transformers employ h parallel self-attention
heads to jointly attend to information from different representation subspaces (Vaswani et al.l 2017). Each
head ¢ has its own projection matrices:

Wa.is Wiy Wy € R™,
where m; = 5%, h denotes the number of heads, and produces an output for head i:
Attention,(x) € R™*™:. (27)
The outputs are concatenated:
Attention(z) = [Attention; (), Attentiony (), - - - , Attentiony (z)] € R™*™, (28)

produces the final output.

Locally Lipschitz Continuous. Standard dot-product self-attention is locally Lipschitz continuous, and
several works have derived explicit upper bounds for its local Lipschitz constant. Let B(zg,d) = {z |
|l — zo]l2 < 6} denote a ball centered xy with a radius §. Hu et al.| show that for the dot-product self-
attention layer within a ball By(z,0) is locally Lipschitz continuous bounded by:

2
Lip | Attention; By(z,6)| < n(n+1)(Jlzlla +8) " [IWy a1 Wall2IWi 12 + Wy l2], (29)

where 2 € R"*¢ n is the sequence length, d is the input dimension, W, Wo, Wy € R?™ are the key, query
and value parameter matrices, and 0 is a 2-norm radius (Hu et al., 2024, Theorem 2). |Castin et al.| provide
a tighter bound by /n up to a constant factor, showing that within a ball By(0,d), the Lipschitz constant
of dot-product self-attention is bounded by:

T 2
Lip[Attention;Bg(O,d) §\/§||WV2[HM/I\([?/QH254(471+1)+7L , (30)

where A is the attention score matrix (Castin et al.l |2024) Theorem 3.3).

Most recently, [Yudin et al.| (2025) refine the bound by explicitly incorporating the Jacobian of the softmax
function, given by:

M(P,) := V softmax (z) = diag(P,) — P, Py, (31)

where:

evi
= 42] o5 )

leading that the Lipschitz constant for a single head is bounded by:

P,

Lip | Attention| < ||Wv||2(||P|2 + 2z 142 m?ng(Pi,:)nz) (32)

with:
_ WoWg
Vid

P= softmax(xAzT> e Rx™ and A € Rdxd

(Yudin et al., 2025, Theorem 3).
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Globally Non-Lipschitz Continuous. It is worth noting that the Lipschitz constants of both single-
head and multi-head dot-product self-attention are usually not globally bounded for arbitrary inputs. This
is because the Lipschitz bound for dot-product self-attention grows with the sequence length and input norm
itself, implying that the dot-product self-attention is not globally Lipschitz continuous (Kim et al., 2021,
Theorem 3.1).

2.7 Lipschitz Continuity of Neural Networks

Definition 2.16 (Feedforward Network (Compositional Definition)). Let f : R™ — R™ denote a feedforward
neural network consisting of L layers, defined as the composition:

fi=h"o...oh®onp,
where each layer h(¥) is composed of a linear transformation ¢(€)(-) followed by a non-linear activation
function p(9(-):
RO = p0) o O

Proposition 2.17 (Lipschitz Constant of a Linear Layer). Let #© : R™ — R™ denote a linear transfor-
mation implemented either as a convolutional layer:

O (2D) = 9O @ -1 4 p®)
or as a fully connected (dense) layer:

3O (21D = 9O =1 L (0,

where O is the weight matriz (or convolution kernel), b) is the bias term, ® denotes the convolution
operator, and 2=V is the output from the previous layer. The Lipschitz constant of O with respect to the
Euclidean norm is given by:

Lip[¢\”] = 1§02,

where |00 |y denotes the spectral-norm of the associated linear operator.

Proposition 2.18 (Spectral-Norm via Truncated Singular Value Decomposition). Let @ € R™ ™ be a
matriz, admitting o truncated singular value decomposition (SVD):

T
0 = Zaiuivj, with o1 > 09 >--- >0, >0, r=rank(0),
i=1
where o; are the singular values, and w;, v; are the left and right singular vectors, respectively. Then, the

spectral-norm of 0 (i.e., its operator norm induced by the Euclidean norm) is given by the largest singular
value:

[6]]2 = o1

(Horn & Johnson, 2012, FExample 5.6.6, § 5).

Proposition 2.19 (Lipschitz Constant Upper Bound of Feedforward Neural Network). Let f : R™ — R"

be an L-layer feedforward neural network composed of linear transformations 90 and activation functions

p) . The Lipschitz constant of f with respect to the Euclidean norm is defined as:
() = F()ll2

Lip[f] = sup I/

33
A T (33)

which immediately admits an upper bound by applying Proposition |2.1(] (Lipschitz Constant of Function|

:

L L
Lip[f] < [] Tip[p“] [T Lip[¢"”] (34)
=1 =1
(Luo et all (20254, Proposition 8, § 5).

10
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O
5 €

Figure 1: Example of Feedforward DAG Network. There are four computational paths: s — u; — v — ¢,
s—=uy —>v—t, s —>u3—v—t and s = t. A node is a module in the DAG neural network f.

Corollary 2.20 (Spectral-Norm Upper Bound of Feedforward Neural Network). For an £-layer feedforward
network f with only linear or convolutional layers and 1-Lipschitz activation functions, combining Proposi-
tion [2.17 and Proposition |2.19 immediately yields a spectral-norm product bound:

L
Lip[f] < TT 16912, (35)
{=1

where 8 is the (-th layer parameter matriz.

2.7.1 Lipschitz Continuity for a Directed Acyclic Graph (DAG)

To the best of our knowledge, the existing literature does not present an explicit Lipschitz bound for a general
feedforward network with skip connections. Prior literature such as (Yoshida & Miyatol 2017; |Virmaux &
Scaman, [2018]) focuses strictly on sequential architectures, while norm-based capacity measures such as the
path norm (Neyshabur et all 2015 implicitly involve path enumeration but are not formulated as direct
Lipschitz bounds. More recent path-metric bounds (Gonon et all [2025) apply to arbitrary DAGs but are
expressed in a rescaling-invariant metric form rather than the simple sum-over-paths structure we consider.

Figure[I] provides an illustrative example of a DAG network. To complement the survey, we derive an explicit
bound in Theorem [2:21] using graph-theoretic method. To the best of our knowledge, this result has not
previously appeared in the literature.

Theorem 2.21 (Lipschitz Bound for DAG Network). Let G = (V, E) be a finite directed acyclic graph
(DAG) representing a feedforward neural network with unique input node s € V and output node t € V.
Each node v € V is a module h, that is Lipschitz continuous with constant Lip[h,]. An edge (u — v) € E
represents the computation of h, immediately after h,. Let x,, : x — x,,(x) represent the output at a node
v; € V.. The network is evaluated additively along incoming edges:

zs(x) =
{ Ty(z) = Z(QHU)GE hv(xu(a:))7 if v#s’ (36)
A computational path p from s to t is an ordered sequence of nodes
p=(vo=s,v1,...,0p, =1),
where (v,_1 — v;) € E for alli=1,...,L,. Define for each edge (u — v) the constant
Clu—sv) = Lip[hy], (37)

11
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and for a path p set

Ly

LP
CP = H Lip[hvi] = H C(Ui—l‘”)i)' (38)
i=1

=1

Let P be the set of all such paths from s to t. Then the Lipschitz constant of the overall network f(x) := x¢(x)
satisfies

Lip[f] < ZCP' (39)

peEP

Proof. Fix any topological order of V. For v € V, define the scalar

1, v =S8,
S=1 3 Clusw S), v#s. (40)
(u—v)eE
Claim: for all v € V,
Lip[z,] < S(v). (41)

We prove equation [41] by induction along the topological order.
Base case (v =s). Considering zs(z) = z, hence base case holds true:

Lip[zs] =1 = S(s).

Inductive step. Let v # s and assume equation [41] holds for all predecessors u of v. Applying Minkowski
inequality, for any x,y in the input space,

lzo(2) = 2o @) = || D ho(wa@) = D ho(euly

(u—v) (u—v)

< N o (@a(@) = ho(2a(@)]]
(u—wv)

< Z Llp v ||Iu _IU H
(u—v)
< > Lip[hy] Lip[z.] [l — y|
(u—v)
(u—v)

< | D Cluswy S) | e =yl = S) ||z - yll,

(u—v)
since inductive hypothesis:

Lip[z.] < 5(u),
so that Lip[z,] < S(v). In particular,

Lip[f] = Lip[z:] < S(¢).

It remains to show S(t) = > cp Cp. More generally:

12
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OO0

Figure 2: Topology of non-biconnected DAG network. If a DAG is separated into two sub-DAGs by the
removal of a vertex a;, then a; is referred to as a cut vertex (or articulation point), and the DAG is said
to be non-biconnected. This diagram shows the topology for a DAG that contains L — 1 articulation points
ai,as,...,ar_1 and L corresponding sub-DAGs Sy, Ss,...,SL.

Lemma 2.22 (Lemma (Path expansion of S)). For every v € V, the path extension of S holds:
Swy= > ]¢ (42)
pEP(s—v) €EP
where P(s — v) is the set of all directed paths from s to v.

Proof. Proceed again by induction in topological order. For v = s, P(s — s) contains only the empty path
with product 1, so equation [42] holds. Assume equation 42| holds for all predecessors u of v. Then

S(W) =Y Clusw) S(u) (43)

(u—v)
(u—v) pEP(s—u) eEP

SN (I CI

(u—v) peP(s—u) \e€p

Concatenating each p € P(s — u) with the edge (u — v) yields a bijection onto P(s — v), and multiplies
the edge constants accordingly; thus equation 42| holds for v. O

Applying Lemma at v =t gives S(t) = ZpE'P Cp, and hence

LP
Liplf] < S(t) =Y [[Tiplhu.],

pEP i=1

which is the claim as demonstrated. O

2.7.2 Lipschitz Constant of Non-Biconnected DAG

If a DAG is separated into two disconnected sub-DAGs by the removal of a vertex, then the removed
vertex is referred to as cut vertex or articulation point. Modern deep learning architectures often give rise
to computation DAGs that are not biconnected: the DAGs can be separated into multiple subgraphs by
removing a small set of vertices.

Theorem 2.23 (Lipschitz Bound for Non-Biconnected DAG Network). Figure @ shows the typical non-
biconnected DAG topology found in modern deep learning architectures. The DAG contains a set of cut
vertexes ai,az,- -+ ,ar—1 and biconnected DAGs S1,S2,---,S5. Suppose the DAG network f in Figure@ 18:

f=S8Spoar_1---ax0 8 0a oS,

then it is not difficult to show that the Lipschitz constant bound of this DAG is:

Lip [f] < (H Lip [&‘]) (1:[ Lip [%‘])a (44)

13
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l
x o9 ——+<>——+z

Figure 3: A residual module m(x) = = + ¢(z) consists of a non-identity unit ¢ : z — ¢(z) and an identity
skip connection unit s : z — x.

where each the Lipschitz bound of sub-DAG Lip [S;] is given by Theorem |2.21| (Lipschitz Bound for DAG]

Wetworf).
Remark 2.24. Theorem [2.23] (Lipschitz Bound for Non-Biconnected DAG Network]) is particularly valuable
for estimating the Lipschitz bound of a deep model. In contrast to path-based bound of Theorem [2.21]
(Lipschitz Bound for DAG Network]), which can be quite loose due to its combinatorial dependence on the
number of paths, Theorem yields significantly tighter and more structurally informed bounds.

2.7.3 Lipschitz Constant of Residual Network

Residual networks (He et al., 2016) address the optimization challenges of very deep neural architectures by
introducing residual modules, which is illustrated in Figure |3 Each module m,es has the structure:

Mres(2) = & + ¢(2),

which consists a non-identity unit ¢ and an identity skip connection. The resulting residual mapping myes()
maintains stable gradient flow, mitigates vanishing-gradient effects, and enables the training of substantially
deeper networks without degradation. This simple architectural principle has proven highly effective and
forms the backbone of many state-of-the-art deep learning models. Using Theorem [2.21] (Lipschitz Bound]
[for DAG Network]), it is not difficult to show that the Lipschitz constant bound of this structure is:

Lip [myes] < Lip [s] + Lip [¢] = 1 + Lip [4]

which recovers the same results in (Behrmann et al., 2019b, Lemma 2, § 2), (Gouk et al., 2021, § 3.4) and
Proposition [2.10| (Lipschitz Constant of Function Composition) by setting s to an identity map.

2.8 Complexity-Theoretic Generalization Bound

Notations. Let H be a hypothesis family and H > h: X — Y be a hypothesis. Let /: Y XY — R be a
loss function. For each ¢(h(z),y), we can associate ¢ and h with a map G 3 ¢g: X xY — R, where G is the
family of loss functions associated to with hypothesis family .

The generalization capacity of a neural network is fundamentally governed by its Lipschitz constant
2018). To quantify this capacity for a hypothesis, the concept of generalization gap is often used
to measure the error between true risk and empirical risk (Definition . This gap for a model h €
‘H is proportional to its empirical Rademacher complexity of the hypothesis family #, and the empirical
Rademacher complexity is proportional to the Lipschitz constant Lip [#] := supy,c4, Lip [h] of the hypothesis
family:

Generalization gap of h ~ Rademacher complexity ~ O(Lip [H])

(Mohri et al. (2018, § 3); |Shalev-Shwartz & Ben-David (2014, Part IV)). A smaller Lipschitz constant
enforces smoother mappings, reducing the complexity of the function class and mitigating overfitting, thereby
enhancing robustness to noise and adversarial perturbations (Neyshabur et al. 2015} |Gouk et al., 2021}; |Castin|

et L] 2021).

Definition 2.25 (Generalization Gap). Let S := {(x;,y;)}7%, be a dataset where (z;,y;) is sampled i.i.d.
from an unknown distribution Dx. The true (population) risk for hypothesis h is defined as:

R(h) = E(a:,y)NDx [é(h($)7 y)]v

14



Under review as submission to TMLR

and the empirical risk on S is defined as:

m

i=1

Rg(h) :=

1
m

(Mohri et al.| (2018, § 3); Shalev-Shwartz & Ben-David| (2014} Part IV)). Accordingly, the generalization gap
on S is given by:

R(h) — Rs(h).

2.8.1 Rademacher Complexity and its Bounds

In learning theory, Rademacher complexity quantifies the expressiveness of a hypothesis family G := {g :
X — R} by measuring how well the G can fit data associated with random labels (Mohri et al., 2018| § 3.1).
Let S = (z1,22,...,2m) be a dataset of size m with each x; € X drawn i.i.d. from an unknown distribution
Dx. Let h : X — R be a hypothesis that assigns a real-valued score to each input. Let o1,...,0, be m
independent Rademacher variables, i.e., random variables uniformly distributed over {—1,+41}
§ 3.1). For random labels o1, ..., 0, assigned to S, the maximal correlation between the labels and
the predictions of hypotheses in H is given by

By assigning all possible random labels to the dataset S, we can thus define Rademacher Complexity for
hypothesis family G, stated in Definition [2.26] (Rademacher Complexity (Mohri et al. [2018] Definition 3.1

5 3))-
Definition 2.26 (Rademacher Complexity (Mohri et all 2018, Definition 3.1, § 3)). The empirical
Rademacher complexity of G with respect to S is defined as

3

~ 1 &
Rs(G) :=E, [Sup — > oig(xi)
=1

geG M =

and the (expected) Rademacher complerity is the expectation of Rg(G) over all dataset S of size m:
R, (G) = Esupy [%S(G)} :
where S ~ D¢ denotes m samples i.i.d. drawn from D.

In the paradigm of machine learning, for the case of the hypothesis family £o?H is the composition of a model
h €M :={h:R" = R} and loss function £ : R — R:

LoH :={loh|heH}

by Talagrand’s Contraction Lemma (Mohri et al., [2018, Lemma 4.2, § 4), the empirical Rademacher com-
plexity of £ o H on S admits:

Rs(loH) < Lip[f] Re(H).

For any § > 0, with probability at least 1 — J, the generalization gap for h € H on S is bounded by empirical
Rademacher complexity of ¢ o H:

~ log%
R(h) - Rs(h) S 2 9%5(@0 7‘[) +3

(45)

(Mohri et all, 2018, Theorem 3.1 & Theorem 3.3, § 3).

15
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For general vectorized function, let:
®:={¢:R" —» R" | ¢ is a coordinate-wise identity map}
be a coordinate-wise identity family. For vectorized function h : R® — RF and compositional hypothesis

h o ®, suppose h; is K-Lipschitz continuous, using vector contraction theorem (Maurer} 2016, Equation 1 &
Corollary 1) yields:

Rg(ho®) <V2 K E[sup Zm:zn:%j@(l‘i)]

€D 1 j=1
V2K LS S o] = Ve & 35 (Sl) v | Sl
i=1 j=1 i=1 \j=1 i=1
<V2K 1 m supHxH1 =V2K sup”aﬂH17 (46)
m €S z€S

where o0;; are an m x n matrix of independent Rademacher variables, x;.; denotes the j-th component of the
i-th data point, and sup,cg ||xH1 is the 1-norm dataset diameter. This result implies that Lipschitz constant
of h controls its generalization bound:

R(h) — Rs(h) < O(K). (47)

2.9 Training Dynamics of Lipschitz Continuity

The Lipschitz continuity of a parameterized network evolves as optimization updates its parameters. Conse-
quently, the optimization process induces the dynamics of the network’s Lipschitz continuity. While existing
work in deep learning theory has largely focused on bounding the Lipschitz constants of neural networks,
understanding how Lipschitz continuity evolves throughout training remains an open problem. Only a
few studies have begun to explore this aspect. In particular, |[Luo et al.| (2025a)) introduces the concept of
optimization-induced dynamics and establishes a continuous-time stochastic framework that explicitly links
the optimization process to the time-varying Lipschitz continuity bound of deep networks. The literature
(Luo et al.,2025al) uses the operator-theoretical results regarding how the largest singular values of parameter
matrices vary with respect to perturbations from the literature (Luo et al.,|2025b), along with the theory from
high-dimensional stochastic differential equations (SDEs) from stochastic analysis, for establishing a mathe-
matical framework modeling the evolution of a spectral-norm based Lipschitz continuity upper bound. They
further validate their theoretical framework with experiments across datasets and regularization scenarios.

Consider an L-layer feed-forward neural network f : R™ — R with 1-Lipschitz activation functions (e.g.,
ReLU). Let 8(Y)(t) € R™¢*™ he the (-layer parameter matrix at time ¢ and (t) be the collection of 8 (t)
for all layers. Let £;(0\“)(t)) be the loss expectation for the f with parameters 6(t) at time . Suppose
that Eg) e RUmena)x(mene) jg the layer-wise covariance matrix of stochastic gradient noise, arising from
mini-batch sampling. Let K()(t) be the Lipschitz constant at layer £. Let K(t) be the network Lipschitz
spectral-norm bound. |Luo et al|(2025a)) show that the continuous-time dynamics of the parameters under
stochastic gradient descent (SGD) with a sufficiently small learning rate n > 0 are given by a system of SDEs
(Luo et al.l 2025a, Definition 10):

dvec(8 (1)) = —vec [VO L (0())] dt + /7 {2,@}% aB"

EO(t) = (109 )]op (48)
2(t) = Y, log KU (t)
K(t) =eZ®

where:
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e vec: R™*™ — R™" represents major-column vectorization operator.
o || - |lop the matrix operator (spectral) norm.

o VL,(O(t)) is the gradient of the loss with respect to the ¢-th layer parameters.

. Bt(e) is a standard (mgng)-dimensional Wiener process adapted to the filtration induced by mini-
batch sampling.

This stochastic dynamical system characterizes, in continuous time, the evolution of both layer-wise and
network-level Lipschitz continuity bounds induced by the optimization process. [Luo et al|(2025a, Theorem
15) show that the layer-wise dynamics decompose into three driving forces:

dﬁifli? = (10 +rO®) dt+ 2O T aBy”, (49)

where d B,E[) ~ N(0,1,,,,,dt) represents the increment of a standard Wiener process in R™¢™¢, and the three
driving forces are:

1. Optimization-induced drift:

<J(§f;) (t), —vec [V(@ﬁf 0(1))] >
o1 (1)

p(t) = : (50)

where J(%) (t) is the Jacobian of the operator norm with respect to vec(6“)(t)) and Uge) (t) is its largest
singular value. This term captures the deterministic component of Lipschitz evolution driven by the
mean gradient flow. This shows that the alignment of the gradient V() L;(6(t)) and principal

direction of the ¢-th layer parameter matrix J(Si) (t) at time ¢ determines the contribution of the
optimization to the increment of the layer-wise Lipschitz constant.

2. Noise—curvature entropy production:

O = "1 0 ()
k() = H)(t),X >0, o1
() 20%4)(t)< p() t > ( )

where Héf;) (t) is the Hessian of the operator norm and Ege) is the gradient-noise covariance. This non-
negative term quantifies irreversible growth of the Lipschitz bound due to the interaction between
stochastic gradient noise and curvature.

3. Diffusion-modulation intensity:

A (t) = YT [E“T/ "o, (52)

Y] t op
ot (t)

which controls the variance of Lipschitz evolution by scaling the Wiener noise term from mini-batch
sampling.

Luo et al.| (2025al Theorem 16) show that, at the network level, these quantities aggregate as:

L

L L 3
pr(t) =Y @),  rz(t) =) kO,  Az(t)= lz IA© (t)IIS] ; (53)
=1 =1

£=1

governing the deterministic trend, irreversible growth, and stochastic fluctuations of the overall Lipschitz
bound K (t).

Their framework is particularly useful for interpreting the behaviors of neural networks, such as the near-
convergence behavior, noisy supervision and mini-batch sampling trajectories. [Luo et al.| (2025a, § 8) show
that:

17
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1. The Lipschitz constant bound irreversibly increase since the term noise-curvature entropy production
Kkz(t) is non-negative, which increases the system entropy (Luo et all [2025a), § 8.3).

2. The magnitude of uniform label noise affects the Lipschitz bound (Luo et al.| 20254, § 8.4 & 8.5). In
particular, larger supervision noise leads to a lower Lipschitz bound for the network. This is because
the supervision noise shrinks the optimization-induced drift pz(t).

3. Mini-batch trajectories do not affect the variance of the Lipschitz bound if batch size is sufficiently
large (Luo et al [2025a) § 8.6).

Remark 2.27. The dynamical analysis of Lipschitz continuity in deep learning models remains an open
research problem. For instance, the dynamics under small-batch training remains poorly understood.

3 Estimation Methods

Proposition [2.19| gives an upper bound of the Lipschitz constant of a network (Miyato et al., 2018} [Luo et al),
2025a)). However, exact computation of the Lipschitz constant

K sup /@) = 1@z
o Tzl

= sup IV f()l2

is generally NP-hard (Virmaux & Scaman| 2018} |Jordan & Dimakis| [2020). This section surveys major
estimation and bounding techniques, ranging from statistical sampling to certified convex relaxations. We
group them into Power Iteration, Extreme Value Theory, Derivative Bound Propagation, Spectral Alignment,
Convez Optimization Relazations, and Ezact/Relazed MILP formulations.

3.1 Power lteration for Single Linear Unit

Power Iteration (Mises & Pollaczek-Geiringer}, [1929) is also known as the Von Mises iteration
[& Pollaczek-Geiringer} [1929). It is the standard way to estimate the Lipschitz constant for a linear layer
— fully-connected or convolutional, by approximating the spectral-norm of weight matrices, which bounds
the layer Lipschitz constant (Proposition [2.17)) [Yoshida & Miyato| (2017); [Miyato et al.| (2018); |Sedghi et al.|
(2019); Kim et al.| (2021); Luo et al.| (2025a). Another desirable property of power iteration in optimization
is that power iteration is differentiable. For example, Yoshida & Miyato| (2017)) and Miyato et al.| (2018) use
power iteration for computing the largest singular values of parameter matrices, in which the differentiability
of power iteration allows the gradient propagation for gradient based optimization.

Suppose that W € R™>*™ is the parameter matrix of a fully-connected layer or a convolutional layer, then
the largest singular value o1 (W) is its operator norm:

Lip[IW] = o4 (W). (54)

Computing the exact value of o1 (W) for a large m x m matrix W is computationally expensive, as classical
algorithms require O(m?) time. However, the largest singular value can be approximated using power
iteration by assuming the existence of a uniquely dominant singular value (Golub & Van Loan) 2013] § 7.3).
Starting with random unit vectors ug, vy, one step of power iteration updates

WTuk W’Uk
- - 55
Vk+1 HWTUICH27 Uk+1 ||va|‘27 ( )
and uses
Y = ul W (56)

as a differentiable estimate of o1(WW) at step k + 1. At the iteration number T, the estimated Lipschitz
constant of W is approximated as:

Lip[W] ~ up Wor, (57)
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where T is the number of iterations. The estimation error is proportional to:
T
- 6"1=0([2]), ©8)
o1
where 01 and o9 are the largest, and second largest singular values, respectively (Golub & Van Loan, [2013,

Equation 7.3.5, § 7.3).

3.2 Extreme Value Theory

CLEVER (Weng et al.,[2018b)) — Cross-Lipschitz Extreme Value for nEtwork Robustness — converts the
problem of estimating the attack-independent robustness into the problem of estimating the local Lipschitz
constant by sampling gradient norms in a neighborhood of the input (Weng et al.l 2018bf). This is because
the ¢g-norm Lipschitz constant of a network ¢g : R™ — R is determined by:

Lip, [g9] = sup [V g(z)ll4, (59)
so that, for any inputs x and y, the inequality holds:

lg(z) — g(y)| < Lip, [f] ]|z — yllp,

(Weng et al., 2018b, Lemma 3.1) where 1 < p,q < oo satisfy the Holder conjugacy relation (Rudin) 1976,
§6):

1 1

S4 =1

p q

Adversarial Perturbation Bound. |[Weng et al. (2018b]) further show that the local Lipschitz constant
can be used for deriving the adversarial perturbation bound. Let

f:R™—RF
be a k-class classifier and f; be the i-th prediction. Let:

c(x) = argmax f;(x)
1<i<k

be the prediction. Then the p-norm adversarial perturbation ||d||, to an input z¢ is bounded above by:

fe(zo) — fj(@0)
Lip, [f;]

where the local Lipschitz constant Lip, [fj] can be estimated through:

Lip, [fj] = pefax IV fi()llq (60)

6|, < min
18] < mi

and By (zg,0) is a p-norm ball centered at xy with a radius 6 (Weng et al., 2018b, Theorem 3.2).

Distribution of Extreme Value max,cp, (20,5) |V fj(2)|lq- Estimating:

max [V ), (61)
can be through sampling x € B,(z9,5). Suppose the n samples are {x() 22 ... 2™} Their gradient
g-norms are {||V f;(M)||4, IV £i(z@)||q, -+, IV (™), }. Weng et al|(2018b) show that the extreme
value of the gradient g-norm:

o e RO ()
vim dim o IV 5O o I 19 L) (62)

can only be a distribution Py of three distribution classes:
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o Type I: Gumbel class,
o Type II: Fréchet class,

e Type III: Reverse Weibull class,

according to Fisher-Tippett-Gnedenko Theorem (Weng et all 2018b] Theorem 4.1). The extreme value
max ||V f;(z()]|, is thus converted to estimating the mean of the distribution Py

Lipq [fj] ~ EYNPy [Y] . (63)

3.3 Coordinate-Wise Gradient

Fast-Lip (Weng et al., [2018al) derives a lower bound of local Lipschitz constant in the form of coordinate-
wise gradients by analyzing the activation patterns of ReLU networks. Let nj denote the number of neurons
at the k-th layer of an m-layer network and Let ng be the input dimension. Let ¢ : R" — R™ be the map
from input to the output of k-th layer. Let p be the coordinate-wise activation function. Then the relation
between the (k — 1)-th layer and the k-th layer can be written as:

on(@) = p(W P (@) + b)), (64)

where W) € R™*"k-1 is the k-th layer parameter matrix, and b*) € R is the bias. Set f(z) = ¢ (z)
and let f;(x) denote the j-th output of f. [Weng et al|(2018a)) start from analyzing the ReLU activation
patterns and then deriving gradient bounds under this setting for bounding local Lipschitz constant.

Activation Patterns of ReLU Networks. Let lﬁk) and ugk) denote the lower and upper bound for the

r-th neuron in the k-th layer and let 2% be the pre-activation at the k-th layer, given as:

2t = W gra () + b, (65)

where W,Sk) denotes the r-th row of W) (Weng et al. [2018a, § 3.2). For the neurons indexed by [ny] :=
{1,2,--- ,ny}, then there are only three activation patterns:

1. Always Activated. Neurons are always activated: Z," := {r € [ny] | ug-k) > l,(.k) > 0}.

2. Always Inactivated. Neurons are always inactivated: Z,. := {r € [n;] | 1M <o < 0}.

3. Either Activated or Inactivated. Neurons are either activated or inactivated: Zj := {r € [n;] |
(k) (k)
L <0<uwu’}.

Gradient Analysis of ReLU Networks. Gradient norm carries the information for local Lipschitz
constant. [Weng et al.| (2018a)) then analyze the coordinate-wise gradients of ReLU networks with a manner
of layer-wise. Using the activation patterns of ReLU networks, the k-th layer output can be rewritten into:

o) = AW (WH gy () +50), (66)
where A®) is the activation pattern matrix:

lor0Q, ifrel
AR = {1 ifreZf . (67)

s ’

0, ifrel,
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Let A((Ik) be the diagonal activation matrix for neurons in the k-th layer that are always activated and set
AR = A AR, Starting by analyzing the bound of the gradient V¢ (x) coordinate-wisely in a 2-layer
ReLU network, Weng et al.| (2018al) show that an inequality for gradient g-norm holds:

_max [V e < max () + L8, €+ Uf), (68)
x »(To,€
where:
o) =w@Abw), L) = S wiw®, and U = S wiwE (69)
ieTy,w 2wl <o i€, WA W >0

Then the gradient ¢g-norm can be bounded above by:

Lip, [f: By(ao. ] = _max [ Vf;(z)l, < [Z(,, max [Vf(@)e)| (70)
k

By (xo,€ x€Bp(xo,€)

yielding a local Lipschitz constant upper bound. This method is referred to as Fast-Lip in [Weng et al.
(2018al).

3.4 Spectral Alignment

SeqLip (Virmaux & Scaman, [2018)) refines the upper bound of an L-layer sequential network f € R™* —
R™~ with 1-Lipschitz activation functions:

L
Lip[f]* = [T W2, (71)

where W) € R™*"¢+1 is the (-th layer parameter matrix, and Lip | f}Jr is referred to as AutoLip bound in
Virmaux & Scaman| (2018)). By taking into account the spectral alignment between the parameter matrices
of two consecutive layers, the bound is then refined as:

Lip [f] < Lip [f]" (H \/(1 — Ty —Te41) t(é)?{%)i]w O oD N2 gy o+ wr@+1> ; (72)

spectral alignment

where t(©) [0, 1]™¢ represents the ¢-th layer gradient patterns from activation functions for n, neurons — the

(4)

coordinate-wise gradient of an activation function such as ReLU falls in [0,1], u; ’ is the first left-singular

ol )
vector for W), vEZH) is the first right-singular vector for W+ and r, = —/) is the ratio of the second
largest singular value to the first largest singular value for W+ (Virmaux & Scaman, 2018, Theorem 3).

Virmaux & Scaman| (2018) also show that, if u,v € R™ are two independent random vectors taken uniformly
from S"~! = {z € R" | ||z||2 = 1}, the following limit:

lim max
n—o0 te[0,1]™

<t-u,v>‘=1 (73)

™

holds almost surely. Under this independent assumption, the bound reduces to:
Li Lip [/ 74
iplfl < — 755 (74)
(Virmaux & Scaman, 2018, Lemma 2). In real setting, the singular vectors are not independent across layers.
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3.5 Convex Optimization Relaxation

LipSDP (Fazlyab et al., 2019) interpret activation functions as gradients of convex potential functions,
satisfying certain properties described by quadratic constraints. Therefore, Lipschitz constant estimation
problem is treated as a semidefinite program (SDP) problem.

Let f : R™ — R™L be an L-layer feed-forward network, recursively defined as:

20 — 4
o1 — p(WUc)x(“ + b(k)) ’ (75)

where (© is the output at the ¢-th layer, W) e R™+1%X" ig the parameter matrix at the (-th layer,
b() € R™+1 is the bias at the ¢-th layer, and p is the coordinate-wise activation function. For a single layer
network:

f@) = WHp(WOz 4 p©@ 4 pM), (76)

Fazlyab et al.| (2019) shows that the Lipschitz constant of f is given by a SDP problem:
Lip [f] < V1, (77)

defined by:

minimize ¢ (78)

subject to M@,T)=<0 TeT,, (79)
where p is slope-restricted on [«, 8] (Fazlyab et al., 2019 Definition 1):

agwgﬁ Ve, y €R, (80)

T, is a convex set (Fazlyab et al., 2019, Lemma 1):

T,:={TesS"|T= Z)\iieiez—'ra Xii = 0}, (81)
i=1
and:
—2aB(WO)TTWO  (a+ B)(WO)T
= =
M(t,T) [ (a + B)TWO —2T + (W) T ® =0 (82)

holds true for T' € T,, (Fazlyab et al., 2019, Theorem 1). For more general L-layer fully-connected network,
Fazlyab et al.| (2019) show that M (¢, T) is:

—tl,, 0 0
T 0 o --- 0
_[A]' [-2aBT (a+B)T][A
ven=[g| [arbr “S2 6| - s =0 63
0 0 (WENT W)
where:
w0 0 0 0 I,, 0 0
o w 0 0 0 0 I, 0
A= 1, B= , (84)
0 0 W=D 0 0 0 0 I,
and:
c=[0 - 0 wwj, b:[(()(0))T...(()(L—1))T}T (85)

(Fazlyab et all 2019, Theorem 2).
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3.6 Integer Programming for ReLU Networks

It is well known that computing the Lipschitz constant of an arbitrary scalar- or vector-valued function is
NP-hard (Virmaux & Scaman, 2018; |Jordan & Dimakis, |2020). A common approximation is to estimate
the Lipschitz constant using gradient norms, where the Jacobians can be explicitly derived via the chain
rule. However, nondifferentiabilities, e.g., those arising in ReLLU networks, can introduce inaccuracies into
these estimates. An alternative approach is to formulate the Lipschitz bounding problem as an integer
programming problem, which avoids such inaccuracies by directly bounding the Jacobians.

LipMIP (Jordan & Dimakis, |2020) is a method that provably exactly compute 2-norm and oco-norm
Lipschitz constants of non-smooth ReLLU networks. We summarize their method by simplifying their nota-
tions. Let f:R? — R be a ReLU network. Let p be activation function. Then, an L-layer ReLU network is
recursively defined as:

f(x) = p(ZL(x))
20 @) = WO p(20D (@) +50 (86)
AQESY

where W) € R™*"¢-1 is the /-th layer parameter matrix, and Z(*)(z) is the output of the /-th layer neurons.
Let 0 f(x) be the Clarke sub-differential convex hull of f at point « — see Section [2.4] (Sub-Differential Convex]

[Functions). For example:

9p(0) = [0,1]. (87)

Pushforward Sub-Differential Hull Set. However, in practice, PyTorch implementations often set
09p(0) = 1, which can lead to inaccuracies in estimating the Lipschitz constant. To correctly estimate the
Lipschitz constant of a ReLU network, the analysis must be carried out in the sense of sub-differentials. Let

df(X):
0f(X)={g| g€ 0f(x),a € X} (88)

be the set-valued Clarke sub-differentials at set X. Let V*f (o) be the pushforward set that the sub-gradients
of ReLU activation at value 0 come from the hull set 9p(0):

Vif(e) = {Vf(o) | the sub-differentials of activations come from the hull set 3p(0)}. (89)
Thus for a ReLU network, the feasible set for its gradients on X are given as:

VEF(X) = {Gevﬁf(m)mex}. (90)

Theoretically, [Jordan & Dimakis (2020) show that the push forward set sub-gradient V¥ f(z) is the Clarke
sub-gradient hull 9 f(z), that is:

VEf(x) = 0f(x) (91)

(Jordan & Dimakis, 2020, Theorem 2) with all gradients come from 9p(0). Then the local p — ¢ Lipschitz
constant of f on X is given as:

. GTv
Lipy o [fiX) = sup  sup 19 Yo sy ey, (92)
cevifx) o<t Illp  cevipx

Finding the Lipschitz constant on X can be formulated as an integer programming problem on the feasible
set VIf(X).
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Solving the Supremum of Sub-Differential Hull Set. The problem:

s {167, | G e VEF(X)} (93)
GeVif(X)

is then represented as a mized-integer polytope, which is a mixed-integer programming problem for maximiz-
ing |G|, by solving the combinations of input z € X and ReLU’s sub-gradient a € [0,1]" in X x [0,1]"
(Jordan & Dimakis|, [2020|, Definition 6 & Lemma 1). This problem can be solved by off-the-shelf MIP solvers.

4 Regularization Approaches

A variety of techniques have been developed to explicitly or implicitly enforce Lipschitz continuity in deep
neural networks. These approaches can be categorized into:

(i) Section [Weight Regularization| — constraining or regularizing weight matrices during ini-
tialization and training;

(ii) Section |Gradient Regularization|— penalizing or normalizing gradient norms during train-
ing;

(iii) Section [Activation Regularization| — designing or constraining activation functions to be
Lipschitz-bounded;

(iv) Section [Class-Margin Regularization| — implicitly enforcing Lipschitz constraints via max-
imizing class decision boundaries;

(v) Section [Architectural Regularization|— enforcing Lipschitz constraints by designing archi-
tectures, particularly for transformers.

4.1 Weight Regularization

This subsection reviews methods that control the Lipschitz constant by directly constraining or regularizing
the network’s weight parameters, either at initialization or during training.

4.1.1 Weight Clipping

Weight clipping is a straightforward method to enforce Lipschitz continuity by limiting the magnitude of
weight matrices. This is because for a matrix W, the operator-norm variation ||[W{l,p, in ¢2 for W under
perturbation A W is bounded above by:

IWllop = a1(W) = (wrv)', AW) < [lure] [|2 AWz, (94)

with Cauchy—Schwarz inequality, where o1 (W) is the largest singular value of W, w1, v; are the left- and
right-singular vectors corresponding the largest singular value (Luo et al.| [2025b, Lemma 5.1).

In the setting of GANSs, |Arjovsky et al.| (2017) show that the discriminator f of a GAN evaluates the
Wasserstein distance W (P, Q) between two distributions P and Q. The Kantorovich-Rubinstein duality
(Villani et al., 2008) tells that:

W(P,Q=K sup Espl[f(@)]-Eyolfv)] (95)
Lip[f|<K

(Arjovsky et al.,|2017, Equation 2). Therefore reducing the Lipschitz constant K can reduce the Wasserstein
distance W (P, Q). |Arjovsky et al.| (2017) propose clipping weights to a fixed range:

W < clip(W, —¢, +c¢) (96)

(Arjovsky et al.| 2017, Algorithm 1), where ¢ is a small positive constant (e.g., ¢ = 0.01). Weight clipping is
computationally efficient, but can lead to exploding or vanishing gradients if ¢ is too small, reducing model
capacity, as criticized in the a later literature (Gulrajani et al.} |2017)).
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4.1.2 Spectral Normalization and Regularization

Explicit Regularization by Penalizing Spectral Norm. Referring to Propositions [2.17] (Lipschitz]
[Constant of a Linear Layer|) and [2.19| (Lipschitz Constant Upper Bound of Feedforward Neural Network]), the
product of the spectral norms of the parameter matrices gives rise an upper bound on the Lipschitz constant
of a neural network. To penalize this Lipschitz bound during training and thereby improve generalization,
[Yoshida & Miyato| propose, for an L-layer network parameterized by:

W .= (W(l),W(z), . ,W(L))’

the following regularization objective:

mlnﬁask E W +

po| >

L
3 (@), (97)
/=1

where Lk (&; W) represents the task loss evaluated on mini batch &, A denotes regularization coefficient

and U%é) denotes the largest singular value of the ¢-th parameter matrix dYoshida & MiyatoL |2017|, Equation

1). In implementation, each ng) is estimated using power iteration (see Section .

Implicit Regularization by Normalizing Spectral Norm. A challenge for Generative Adversarial
Networks (GANs) (Goodfellow et all, [2014) is that the prediction of discriminator is often inaccurate and
unstable during training (Arjovsky & Bottou, [2017; Miyato et all 2018). Miyato et al| (2018) propose
normalizing the weight matrix W of a linear layer by:

w w

where o7 is the largest singular value of parameter matrix W, for ensuring a Lipschitz constant of at most
1 for the layer (Miyato et all, 2018, Equation 8). Readers can also refer to Proposition [2.18 This method,
later adopted by [Miyato et al.| in Wasserstein GANs (Goodfellow et al., 2014} |Arjovsky et all 2017), for
improving the generations (Miyato et al., 2018} § 2.1).

4.1.3 Orthogonal Weight

Parseval Networks (Cisse et al., 2017). Parseval networks enforce approximate orthonormality on
weight matrices to bound their spectral-norms (]Cisse et a1.|, |2017|). For a weight matrix W in layer ¢, @
(2017) minimize the 2-norm of the deviation from orthonormality:

W Tw O —1jp, (99)

ensuring |[W® |5 < 1 (Cisse et al. [2017, § 4.2). For a feedforward network with L layers and 1-Lipschitz
activations (e.g., ReLU), the global Lipschitz constant is bounded by:

L
KE<][Iw9), <1, (100)
=1
(see Proposition [2.19] (Lipschitz Constant Upper Bound of Feedforward Neural Network])). [Cisse et al| (2017)

argue that the robustness to adversarial attacks is enhanced since the reduced sensitivity to perturbations.
This regularization for orthogonal weights is also used in (Brock et al., 2017) for training GANs.

4.2 Gradient Regularization

Gradient-based regularization methods enforce Lipschitz continuity by constraining the gradient norm of the
loss function or network output with respect to inputs, ensuring smooth decision boundaries and robustness.
Note that, for a network f on convex X, its 2-norm Lipschitz constant on X is given by:

Lip [f] = sup [V f(z)]2, (101)
zeX
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(see Lemma (Lipschitz Constant Bounds Gradient Norm))). Theoretically, constraining ||V f(x)||2 can
bound Lipschitz constant of f.

For example, |Gulrajani et al.| (2017)) argue that bounding Lipschitz constant by weight clipping can lead
exploding or vanishing gradients, and reduce capacity of the critic in a GAN. They then introduce a regu-
larization method by directly bounding the gradients of the critic network D through:

Eompy [(IV D@2 = 1)°] (102)
where Py is the distribution of training sample set X (Gulrajani et al., [2017} § 4).

4.3 Activation Regularization

Activation regularization methods modulates Lipschitz continuity by constraining the properties of activation
functions or their outputs. Such approaches may impose explicit norm bounds, design activations that are
inherently norm-preserving, or apply penalties to activation magnitudes, thereby limiting the contribution
of nonlinearities to the overall Lipschitz constant of the network.

4.3.1 Group-Sorting Activation

Bounding the Lipschitz constant of a network by ensuring 1-Lipschitz for affine units through spectral-norm
constraints can improve robustness (Yoshida & Miyatol 2017; Miyato et all 2018). However, this often
comes at the cost of reduced expressiveness (Anil et al.; 2019). |Anil et al|(2019) first show that, to remain
expressive in a spectral-norm constrained network, the network must preserve the gradient norms at each
layer (Anil et al., |2019). ReLLU networks can only satisfy this for positive values, this is because:

HReLU(z) 1, z>0
% =14 (0,1), in sub-differential sense . (103)
0, r <0

To preserve the gradient norms at activation layer, |Anil et al.| (2019) use a general purpose 1-Lipschitz
activation function GroupSort(z) which is homogeneous:

GroupSort(ax) = a GroupSort(x) (104)

(Anil et al.| [2019). GroupSort activation separates a pre-activation z into k groups:

€= (xlv"' yLgry Lgi+1y7 7" 3 Lggy " Lgp_1415" " vzgk)’ (105)

group 1 group 2 group k

and sorts each group into ascending order:

GroupSort(x) = (wsl y T ;xsgla xsglJrlv e amsma T msgk71+1v e ,msgk )7 (106)

group 1 group 2 group k
where the i-th sorted group satisfies:
Ty, 41 <@g, 4o << (107)
(Anil et al.l |2019)). For the pre-activation in a linear unit:
Wz (108)
where W € R™*™ and x € R™, if the linear unit is with spectral-norm constraint such that:

W2 =1, (109)
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GroupSort activation directly gives rise an 1-Lipschitz constant activation:

sup [|GroupSort(Wz)||z = sup |[Wz|z2=[W]2. (110)

llzllz=1 llzll2=1

When the group size is 2, |Anil et al.| (2019) refers to this special case as MaxMin, which is equivalent to
the Orthogonal Permutation Linear Unit (OPLU) (Chernodub & Nowicki, [2017)); when the group size is the
entire input, this is referred to as FullSort in the literature (Chernodub & Nowicki, [2017).

To train a network with GroupSort activations and guarantee that all linear units are exactly 1-Lipschitz
during optimization instead of bounded by 1 (Cisse et al., |2017; |Gulrajani et al., 2017), |Chernodub &
approximate the updated parameter matrix Wy with a closest orthogonal matrix through
a differentiable, iterative algorithm, referred to as Bjorck Orthogonalization (Bjorck & Bowie, [1971). This
algorithm is defined by:

1 1
Wiy =W (I + iQk +o (=P < p2) Qi), (111)
where Wy, is the k-th iterative result, p is a chosen hyper-parameter and Q) is:

Qr=1-W/ W, (112)

(Chernodub & Nowickil, [2017, § 4.2.1). As a result, the iteration at step T leads to:

Wi Wr =1, (113)
which provably ensures the linear unit with parameter matrix W is 1-Lipschitz continuous:

[Wr|2 ~ 1. (114)

4.3.2 Contraction Activation and Invertible Residual Map

Flow-based models or flows learn to transform a source distribution px to target distribution pz, consisting
of invertible networks (Rezende & Mohamed| [2015). Ensuring that the transformation is invertible and its
Jacobian are computable is a straightforward way for ensuring invertibility:

log px (z) =log pz(2) + log |det Jr(x)] (115)

where F' : R — R™ is an invertible map and Jg(x) is the Jacobian of F' at x (Berg et al. 2018; Dinh|
2017). Different from explicit computation of Jacobian, Behrmann et al| (2019a) propose a method
for inverting residual networks by ensuring the Lipschitz constants be less than 1, so that
the residual networks are contraction maps (Behrmann et all [2019a; |Perugachi-Diaz et al., 2021).

Inverting Residual Layer. Let
Flz) =z +9(r) (116)
be a residual layer where F': R™ — R™, g : R™ — R™ and = € R™. Let g be a contraction map so that:
Lip [g] < 1. (117)
Suppose that the inversion F'~1 exists and set y = F(z), so that:
v=F"(y) =y —g(x) (118)
The essential condition for inverting F'(x) is that g must be a contraction map:

Lip[g] < 1 (119)
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(Behrmann et al., [2019b, Theorem 1). Set:
T(x)=F~'(y) =y — g(x), (120)
then the inversion of y is a fixed-point problem for solving;:
x=T(x). (121)

Using Banach contraction principle or Banach fized-point theorem, set xo = y, the F~1(y) can be approxi-
mated through:

Tpr1 =Y — g(Tk) (122)
iteratively.

Contraction Activation. |Chen et al.| (2019) first introduce LipSwish activation function for inverting
residual networks, defined as:

zo(fx)

LipSwish(x) = 11

(123)

where o is the sigmoid function, and 3 > 0 is a learnable negative constant, initialized with 0.5. LipSwish
has a Lipschitz constant at most 1. However, the negative axis of LipSwish has zero gradients almost
everywhere. In a 1-Lipschitz continuous network, the Jacobian norm across two consecutive layers is reduced
to be at most one, which limits the network’s expressiveness and referred to as gradient norm attenuation
problem (Anil et al.,|2019;|Li et al.| 2019]). To mitigate this problem, |Perugachi-Diaz et al.[(2021) use specially
designed activation function CLipSwish by concatenating two LipSwish functions. The CLipSwish is
therefore given as:

LipSwish(x)

P(z)
() = {LipSwish(—w)

} ,  CLipSwish(z) = T ] S 1, (124)

where Lip [®] ~ 1.004 (Perugachi-Diaz et al., 2021, § 3.4). This concatenation overcomes the gradient
attenuation problem introduced by LipSwish since the negative axis has zero gradients almost everywhere
while ensuring the activation is a contraction map.

4.4 Class-Margin Regularization

Input Margin. The goal of adversarial defense in classification task is to ensure that, for a k-class classifier
f:R? = RF and an input = € R, a bounded perturbation ||0, |2 < ¢ does not alter the prediction:

g= argmax fj(z+0z), (125)
i€[k]={1,2, k}

where f;(z) denotes the output at the j-th coordinate, and the d, giving rise the minimal ||d,]|2 is often
referred to as 2-norm input margin (Ngnawé et al |2024). More generally, input margin can also be discussed
with respect to p-norm (1 < p < o0). The p-norm input margin represents the decision boundary in the
input space with respect to the topology induced by p-norm.

Class/Logit Margin. Of the same setting, the class margin (i.e. logit margin) m(z) is defined as:

m(@) = fi(x) = max f,(@). (126)

where 7 is the ground-truth (Tsuzuku et all|2018, § 4.1). By writing equation (equation [126)) into:

m(e) = = )" | ) | 127)

max;iz; fj(z)
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where e; and e; are one-hot basis, for 2-norm, applying Proposition [2.12] (Lipschitz Constant of Function|

IConcatenation|) immediately yields:

Lip [m]* < Lip [f]* + Lip [f]* = Lip[m] < V2 Lip[f]. (128)
Therefore, a guaranteed 2-norm perturbation J, does not alter the prediction, if:
m(z) m(z)
0z]l2 < — = 129
162 l2 Lipm] ~ V2 Lip ] (129)

(also see Tsuzuku et al [2018 Proposition 1 & 2), which implies that the class margin must be at least:
m(z) = fi(x) — max fj(x) > V2 Lip[f]. (130)
VE)

Lipschitz-Margin Training. Of the same setting, in training stage, Tsuzuku et al| (2018) adjust each
class margin j # i by:

fila) < fi(x) + V2cLip[f], (131)

where ¢ is a guaranteed perturbation bound (Tsuzuku et al., 2018, Algorithm 1). For each linear unit
¢ : R™ — R™ in the network, and let u € R™ be drawn ii.d. from N(0,1). [Tsuzuku et al| (2018) use a
general method for estimating the Lipschitz constant of ¢ iteratively by:

10|vli3
2 Ou

(Tsuzuku et al., 2018, Theorem 1 & Algorithm 2). At the end of the iteration T', the Lipschitz constant of
¢ is given by:

U ﬁ, v o(u), Upt1 < (132)
Ujl2

Lip [¢] ~ [lull2, (133)

almost surely.

4.5 Architectural Regularization

Lipschitz continuity can also be constrained through architectural design choices, including activation func-
tions, parameter structures, initialization schemes, and optimization. As a complement to regularization
approaches that do not fall into one single category, we survey these approaches in this section.

4.5.1 Orthogonalizing Convolution

Parameter orthogonality in neural networks can directly yield 1-Lipschitz continuous (Proposition [2.8)) (Lip-|
[schitz Constant of Semi-Orthogonal Matrixl)). This is because, for a matrix W € R™*™_ an semi-orthogonal
matrix W preserves the 2-norm:

WIW=1I, oo WW' =1, = Lip[W]=1, (134)

ifm>nand W'W = I,, W is an isometric map; if m < n and WW T = I,,, W is a contraction map on
the kernel ker(W) strictly (Proposition (Lipschitz Constant of Semi-Orthogonal Matrix])).

Extending Semi-Orthogonality to Convolution. Let W € RCutXcinXnXn he g convolutional filter
where c,ut is the number of output channels, ¢;n is the number of input channels, and n x n are the input
dimensions. The action on an input z € R“»*"*" ig denoted by:

W ® g : RO XXMy Reour XnxXn, (135)

Using the norm preserving concept for 1-Lipschitz maps on £y, for V x € Ren>*"X" " if the 2-norms are
preserved:

W @2 = ]2, (136)

then the convolutional filter W is referred to as semi-orthogonal (Trockman & Kolter| 2021)).
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Filter Orthogonalization via Cayley Transform. However, convolutional operation is not matrix mul-
tiplication, to apply the existing results from matrix theory, Trockman & Kolter| (2021) harness the Convo-
lutional Theorem for converting the convolutional operation in spatial domain to multiplication
in frequency domain by:

F W @a]l,i, 5] = F W[50, 4] F 2] [ 6, 5] = Wi, 512 6,41, (137)
where % represents Fourier transform, W=2F W], T =% [z], [y:,1,4] and [:, 4, j] are slicing operations by

fixing indices (4, 5)) (ITrockman & KolterL 2021|7 Equantion 3 & 4, § 4). Note that /VV[; :, 4, j] is not orthogonal
or semi-orthogonal, [Trockman & Kolter| (2021)) use a bijective Cayley Transform for deriving an orthogonal

matrix Q[:,:, 4, j] from W1, :, 1, j] by:
QLo gl = (I = Al i, )T + AL, 5 ,5) 7, (138)

where:

o~ o~

Al i, gl = W,y i, 5] — W 54, 417, (139)

and A[:,:, 1, 7] is referred to as skew-symetric matrix (Trockman & Kolter| [2021)). Conceptually, the convo-
lution on frequency domain is then computed through:

F W x| [:4,7] = Ql:, 4, §] Z[:, 4, ] (140)
= (I — Al i, 3T+ Al i, 5) 7 21,4, 4], (141)

then Q[:,:, 14, j] Z[:, 1, j] is inverted back to spatial domain by:
F QL 1,41 24, 4] (142)

which leads to the convolution 1-Lipschitz continuous.

4.5.2 Orthogonality with Lie Unitary Group

[Lezcano-Casado & Martinez-Rubio| (2019) introduce a method, stemming from Lie group theory, through
the exponential map, for ensuring 1-Lipschitz by construction. Orthogonal constraints networks can improve
the robustness and generalization capabilities (Huang et al., |2018; Bansal et al., [2018). For a matrix A, if
AA* = I, then the matrix A is referred to as an unitary matrix. Unitary matrices allow to solve the exploding
or vanish gradients (Arjovsky et all [2016} [2017)). In the sense of Lie algebra, these unitary matrices form a
special orthogonal group on field R:

SO(n) = {a R | ATA =1} (143)
and unitary group on field C:

U(n) = {A €ChM | A*A = 1} (144)

(Lezcano-Casado & Martinez-Rubio, 2019, § 3.1). We are interested of converting a parameter matrix
W € R™ ™ to on SO(n) or U(n). [Lezcano-Casado & Martinez-Rubio| (2019) harness the concept of skew-
symmetric matriz group (Definition (Skew-Hermitian & Skew-Symmetric Matrix])) as a bridge:

so(n)={B€R"™" : B=-B'} (145)
and:
u(n) = {B €R™" : B=—B*}. (146)
Taking:
B=W-WT' (147)

can easily send a parameter matrix W to u(n).
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Connecting to Lie Orthogonal Group. Then there exists an exponential surjective map between two
groups:

exp : s0(n) — SO(n) (148)
and:
exp : u(n) = U(n), (149)
which is defined as:
exp(B) =1+ B+ %Berm (150)

(Lezcano-Casado & Martinez-Rubiol 2019} § 3.2). Then a network f(x; W) is parameterized on the Lie group
SN(n) by an algebraic mapping chain:

W e R BEWVWL e so(n) 227D 4 € 50(n), (151)

and the optimization problem becomes:

mjn f(z;A) = mEign f(z;exp(B)) (152)

(Lezcano-Casado & Martinez-Rubioj 2019, § 3.3).

Optimizing on Lie Orthogonal Group. The Lie group SO(n) forms a Riemannian manifold, to optimize
a function f on the Riemannian manifold SO(n):

f: X xS0(n) =R, (153)

where X is input space, one may use Riemannian gradient descent (Absil et al.l 2009)). Given a point on the
manifold A € SO(n), T4 SO(n) is the tangent space at A with induced metric, and a gradient Q € T4 SO(n),
then the geodesic update is:

A+ Aexp(—nA*Q), (154)

where 7 is a learning rate n > 0 (Lezcano-Casado & Martinez-Rubio, [2019)). Computing the Riemannian
exponential map is expensive, [Lezcano-Casado & Martinez-Rubio| (2019) use a first-order approximation,
i.e., Cayley map, for the update instead:

A+~ Ap(—nA*Q), (155)

where ¢ is the Cayley map:

p(A) = (I + %A)(I — %A)*1 (156)

(Wisdom et al., 2016; [Vorontsov et al., 2017). Finally, this induces an update rule on B € so(n):

exp(B) + exp <B -V f (x;exp(B))) (157)

where V f (z;exp(B)) is the usual gradient with Euclidean metric. In a specially designed recurrent neural
network (RNN), [Lezcano-Casado & Martinez-Rubio| (2019) transform the matrix exponential maps skew-
symmetric matrices to orthogonal matrices transforming an optimization problem with orthogonal constraints
(Lezcano-Casado & Martinez-Rubio, 2019). Particularly, Lezcano-Casado & Martinez-Rubio (2019) use
Padé approximants and the scale-squaring trick to compute machine-precision approximations of the matrix
exponential and its gradient (Lezcano-Casado & Martinez-Rubio, 2019). As a result, the optimization
remains in the group and the Lipschitz constants of the updated matrices remain 1 by design.
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4.5.3 Lipschitz Continuous Transformers

L, Self-Attention Transformer. |Kim et al. have shown that dot-product self-attention is non-globally
Lipschitz continuous (Kim et al., 2021, Theorem 3.1.). Referring to equation and equation in Sec-
tion [2.6] recall that the distance matrix for query @ and key K in multi-head dot-product attention matrix
are computed through their row-wise dot-product:

P .= Softmax( QK ) = Softmax(w) o< exp{ (M) }, (158)

N afh Vah

which leads to unbounded Jacobian norm. To solve the issue caused by dot-product attention computation,
Kim et al.| propose to use Lo distance instead by:

Wo — ;Wi ||2
Pijocexp{<llfv Q% K||2>}’ (159)

Vd/h

where x; and «; are the i-th and j-th tokens of x, and P;; represents their attention score (Kim et al., 2021}
Equation 8).

T

Kim et al.| further show that, for a sequence length n, input dimension d, and h heads, its 2-norm Lipschitz
bound is:

Lip [Lo—Attention] < \/d’lj [4(;5*1(71 -1+ 1} (\/Z W ., % Wy, % > IWolle, (160)
h
hi
and the oo-norm Lipschitz bound:
1
Lip,, [Lo—Attention] < [40»-1@— ) g | 173 e max[Wopn ol W o mase W, e, (161)

where:
o) = wexpla + 1)

is an invertible univariate function on & > 0, W j, is the query parameter matrix for head h;, Wy, is
the value parameter matrix for head h;, and Wy is the projection parameter matrix (Kim et al., 2021
Theorem 3.2). They further conclude that their results can lead that the 2-norm Lipschitz bound is at the
scale:

Lip[Attention] ~ O(y/nlogn), (162)
and the oo-norm Lipschitz bound is at the scale:
Lip [Attention] ~ O(logn) (163)

(Kim et al., 2021, Theorem 3.2). The bounds in (Kim et al., [2021, Theorem 3.2) are complemented by
concurrent work (Vuckovic et al., [2020) with a measure-theoretical framework. |Vuckovic et al.| show that
the 1-norm Lipschitz bound is at the scale:

Lip, [Attention] ~ O(y/logn) (164)

(Vuckovic et al 2020, Theorem 29 & Corollary 30).

Remark 4.1. The Lipschitz constant bound of an Ly self-attention layer remains dependent on the sequence
length n but is independent of the input norm.
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LipsFormer. |Qi et al.| (2023) demonstrate that enforcing Lipschitz continuity in Transformer architec-
ture (Vaswani et al. [2017) is more crucial for ensuring training stability in contrast to the tricks such as
learning rate warmup, layer normalization, attention formulation, and weight initialization .
Their proposed method, referred to as LipsFormer, replaces the Transformer parts with their Lipschitz
continuous counterparts: CenterNorm for LayerNorm, spectral initialization for Xavier initialization, scaled
cosine similarity attention for dot-product attention, and weighted residual shortcut for residual connection
. These modifications result in a Transformer architecture with a provably bounded Lipschitz
constant. Their key architectural design elements are summarized as follows:

1. CenterNorm instead of LayerNorm. LayerNorm (Ba et al.| [2016) is widely used in Transformer,

defined as:
LN(z) =7 @ z + 8, (165)
and:
Yy 1 T
= =(I;— =141 166
? std(y)’ Y (d d dd>x’ (166)

where z € R? is input, I, is an identity matrix in R?¢ 1, is an all-ones vector in R?, std(y) is the
standard deviation of y, ® is element-wise product, o and 3 are learnable parameters initialized to 1

and 0 respectively (Qi et all [2023). The Jacobian of z with respect to x is given as:

0z 1 1 yy |
92 1 (1,1l (-2 1
9z std(y)( 2= gtad) (1 ||y||g)’ (167)

which shows that LayerNorm is not Lipschitz continuous when std(y) — 0. To address this problem,

(2023)) introduce CenterNorm, defined as:

_ d Lo
ON(z) =7 ® m(Id — o141] )x + 8, (168)

which admits a Lipschitz constant:

Lip [CN] = % ~1 (169)

for sufficient large d, & =1, and =0 (Qi et al., 2023).

2. Scaled Cosine Similarity Attention (SCSA). Kim et al|(2021) show that standard dot-product
self-attention is not Lipschitz continuous since the Lipschitz constant depends on sequence length
which is not bounded (Kim et al) [2021), see also Section (Lipschitz Continuity of Dot-Product|

Self-Attention]). To address this problem, (2023) replace standard dot-product attention part
with SCSA, defined as:

SCSA(z;v,7) =vPV, P = softmax(1 QK "), (170)

where v and 7 are learnable scalars, and K, @,V are row-wise normalized in 5 (Qi et al., [2023| § 4.1.2).
Remark 4.2. It is worth noting that their method reduces the Lipschitz constant of the attention

module; however, the module remains not globally Lipschitz continuous since the Lipschitz constant
still depends on sequence length n:

Lip, [SCSA] < O(n), and Lip,, [SCSA] < O(n?) (171)
(Qi et al., 2023, Theorem 1).
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3. Weighted Residual Shortcut. For a residual module:
h(z) =z + g(z), (172)
where g : R = R%, h : R — R? and x € R, the Lipschitz constant of h is bounded by:
Lip[A] < 1+ Lip[g], (173)

see Section [2.7.3| (Lipschitz Constant of Residual Networkl). To further reduce the Lipschitz constant
introduced by residual module, |Qi et al.| (2023)) replaces the standard residual module with:

WRS(z) =2+ a © g(x), (174)

where « is a learnable parameter, initialized to a small value [0.1,0.2] (Qi et all|2023)). The Lipschitz
constant of WRS in residual module should be bounded by:

Lip [WRS] < 1 4 max(a). (175)

4. Spectral-based Weight Initialization. [Qi et al.| (2023)) further normalize the parameters at initial-
ization by spectral-norm. Let W be a parameter matrix, the W is normalized by:
W
W12

W« (176)

(Qi et all [2023] § 4.1.4).

4.5.4 Jacobian Norm Minimization

Constraining the Lipschitz constant of Transformer architecture for stable optimization and robustness re-
mains an open research problem. [Yudin et al.| (2025) first derive an explicit tight local Lipschitz constant for
self-attention module in Transformer architecture by analyzing the Jacobian of softmax (Yudin et al., |2025)).
Building on top of the Jacobian analsis, they present JaSMin (Jacobian Softmax norm Minimization) for
enhancing Transformer’s robustness by constraining the local Lipschitz constant (Yudin et al.; |2025]).
Bounding Lipschitz through Softmax Jacobian. Consider the softmax function:

softmax : R — R, (177)

then the Jacobian of the softmax function is:

M(P,) := V softmax (z) = diag(P,) — P, Py, (178)

P, = (Zixe% ) (179)

Yudin et al.| (2025) incorporate this Jacobian expression of the softmax function into self-attention, leading
a Lipschitz constant bound for a single head:

where:

e

Lip[Attention] < ||Wv||2<||P|2 + 2]} | Alls max | M(P, >||2> (150)

with:
_ WoWg
Vd

(Yudin et al., 2025, Theorem 3). It worthy noting that the local Lipschitz constant contains a term:

P= softmax(mAxT) e RM" and A € Rixd (181)

Lip {Attention} < O(m?X”M(Pi )||2), (182)

e

which shows that softmax Jacobian norm determines an upper bound of the local Lipschitz constant.
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Jacobian Softmax Norm Minimization. To approximate the Jacobian norm more efficiently, [Yudin
et al.| (2025) introduce a surrogate function g that captures the partial ordering of the singular values of
softmax mappings. For z € R, let z(;) be the k-th largest component of x. Define:

gr(x) =20 (1 — 2y + T(ry1)), (183)

for k =1,2,--- ,n—1 (Yudin et al.,[2025, Definition 1). Let A = diag(z)—zz ", then the following inequality
holds true:

z1) 2 g1(x) = 01(A4) = 2(2) = g2(z) = 02(A) = 2(n) 2 gn(x) = 7, (A) 20 (184)

(Yudin et al., 2025, Theorem 4).

Building on the derived bound, [Yudin et al.| (2025]) propose an efficient regularization loss expressed in terms
of the function g with two forms:

i max log [gl (Pe Z)} ) (185)

{=1 h;=1

Mm

£JaSM1n k=0)

and:

()
(7))

where P ' represents the softmax map for the (-th attention module (1 < ¢ < L), i-th head (1 < i < h),
and the ] ~th row of the map (Yudin et al., 2025 § 4). They also show that for 91/g, is bounded below ~:

0 (r) s

NS
52
Ik (Pj,:)

for1 <y < £ Then the softmax Jacobian 2-norm is bounded by:

L3asMin(k) = Z Z mjax log

{=1h;=1

(186)

[MP 2 < 0(3) (188)

(Yudin et al., 2025 Proposition 1).

5 Certifiable Robustness

Certifiable robustness, a cornerstone of trustworthy deep learning, guarantees that a neural network’s pre-
dictions remain consistent under adversarial perturbations within a specified norm ball. Unlike empirical
defenses like adversarial training, which lack formal guarantees, Lipschitz-based certification methods lever-
age the Lipschitz constant to bound sensitivity to input changes, ensuring provable robustness. While some
literature, such as (Clevert et al., |2016|), have been introduced previously from the perspectives — such as
theoretical foundations, estimation methods and regularization approaches, we may revisit some
of them in this section from the perspective of certifiable robustness.

5.1 Formal Robustness Guarantees
To complement the results in Section [£.4] we now discuss formal robustness guarantees for general case. In

the setting of an n-class classifier f with Lipschitz constant K, a central question in adversarial defense is
to determining the largest perturbation norm that leaves the prediction unchanged.
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Theorem 5.1 (p-Norm Lipschitz Margin Robustness Radius). Let f : R — R™ be a classifier. Let f; be the
i-th output. Let ¢ = argmax; f;(xz) be the predicted class for x. Define the (one-versus-rest) margin

m(z) = fe(z) — rgliz( fi(x). (189)

Let f is Lipschitz continuous from the input £, norm to the output p-norm, i.e.,

1) = f@W)llp < Lip,[f]llz —yllp for all z,y. (190)

Then for any perturbation d, with

m(x
Ioully < D (101)
27 Lip,[f]
the prediction is unchanged:
argmax f;(x + ;) = c. (192)

Remark 5.2. This result is particularly useful for analyzing the adversarial defense problem. Similar results
have been discussed in the literature (Szegedy et al.| 2014; Hein & Andriushchenko], [2017} [Cisse et all, [2017}
[Tsuzuku et al., 2018).

Proof. By writing equation into:

o) = (e~ e)" |t ]

max;zc f;(2)

where e. and e; are one-hot basis, for p-norm, applying Proposition |2.12| (Lipschitz Constant of Function|

(Concatenation]) immediately yields:

Lip, [m]” < Lip, [f]" + Lip, [f]” = Lip, [m] < 27 Lip, [f]

so that a guaranteed p-norm perturbation ¢, does not alter the prediction, if:

m(z)  m(x)
19l = Tip, Tl = 9% Lip, 7]

which recovers equation [129]in Section 4.4 with p = 2.

5.2 Certifiable Robustness via Global Lipschitz Bound

For a network f with 1-Lipschitz activations and W is the ¢-th layer parameter matrix, the spectral-norm
product bounds the Lipschitz constant of f globally:

L
Lip(f] < [TIW 2,
=1

providing a certified global bound. This is computationally cheap but typically loose. SeqLip
refines this spectral product by incorporating singular-vector alignment between layers, also
producing certified global bounds. LipSDP (Fazlyab et al.l 2019)) interprets activation functions as gradients
of convex potential functions, satisfying certain properties described by quadratic constraints. Therefore,
Lipschitz constant estimation problem is treated as a semi-definite program (SDP) problem.
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5.3 Certifiable Robustness via Local Lipschitz Bound

Local Lipschitz bounds are computed over a neighborhood. Fast-Lip (Weng et all 2018a) analyze the
activation patterns of ReLLU networks and derive a gradient norm based local Lipschitz bound. CLEVER
(Weng et al., 2018b) estimates local constants via extreme value theory on sampled gradient norms; this
improves tightness but does not yield a formal certificate. MILP-based methods (Jordan & Dimakis| [2020)
encode the exact piecewise-linear constraints of ReLLU networks within the ball, yielding exact local Lipschitz
constants (and thus exact certified radii), but are limited to small networks.

5.4 Certifiable Robustness in Language Models

Proper Distance Metrics for Text. Language models typically operate on text sequences as inputs,
for which the conventional notion of a Lipschitz constant over R with ¢, norm does not directly apply.
The Levenshtein distance (Levenshtein| |1966|) measures the number of character replacements, insertions or
deletions needed in order to transform a sequence = to sequence y. It is a proper metric that satisfies all
axioms of a metric space:

1. Non-Negativity. diev(z,y) > 0;
2. Identity. diev(z,y) =0<= x =y;
3. Symmetry. diey(z,y) = diev(y, T);

4. Triangle Inequality. diey (2, 2) < diev(2,y) + diev (Y, 2);

where djey(2,y) denotes the Levenshtein distance between two sequence z and y. Thereby it provides a
principled foundation for discussing Lipschitz continuity in the context of language models. For tokenized
text — where each vocabulary item is represented as a one-hot vector — a variant of the Levenshtein distance,
known as the ERP distance, has been proposed for comparing sequences of one-hot vectors (Chen & Ng|
2004]).

Rocamora et al.| (2024) introduce LipsLev, a method for training convolutional text classifiers that are 1-
Lipschitz in the sense of Levenshtein distance for Lipschitz constant based defense (Rocamora et al.| [2024)).
That is, for a classifier f : S — R®, two one-hot vector-valued sequences € R"*¢ C S and z € R™*4 C §
where n, m are sequence lengths and d is one-hot vector dimension, the classification margin must hold:

|fl(x) - f](y)‘ < Klev dlev(m>y) (193)

for a constant K, > 1, so that the prediction does not change under perturbation radius diey(z,y) < R
(Rocamora et al.| [2024, Theorem 3.3). They then train a 1-Lipschitz classifier over text sequences — in the
sense of the Levenshtein distance — by normalizing each layer’s outputs through division by its corresponding
Lipschitz constant (Rocamora et al. [2024] § 3.3).

6 Conclusions

Lipschitz continuity serves as a cornerstone for enhancing the robustness, generalization, and optimization
stability of deep neural networks, providing a rigorous mathematical framework to quantify and control
sensitivity to input perturbations. This comprehensive survey synthesizes key insights across theoretical
foundations, estimation techniques, regularization approaches, and certifiable robustness, highlighting their
interconnections and practical implications. By unifying disparate research threads, we address a critical
gap in the literature, offering a cohesive resource for researchers and practitioners. Challenges remain in
balancing bound tightness with computational scalability, preserving model expressivity under constraints,
and extending certifications to diverse norms and large-scale architectures like transformers, paving the way
for future advancements in trustworthy deep learning systems.
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A Proofs: Lipschitz Constants of Activation Functions

A.1 Proof: Lipschitz Constant of Sigmoid

Proof. Consider the sigmoid function:

Sigmoid(x) = f(z) = (1+e %)L (194)

Let u=1+¢€7% s0 f(z) = u~!l. The derivative is:

, 1 du
_ 1 du 1
fa)= - (195)
Compute Z—Z:
du
= 1 -z - = — —3’,'. 1
u +e 7 o e (196)
Thus:
F@) =~ ey (o) = (197)
(T4 e )2 (14 e )2’
Express the derivative in terms of f(z):
- f@)= T (198)
Clde e’
and:
@) = ey e = f@)(1— f(2) (199)
S l4e T 14e T '
Thus:
[f'(@)| = f(z)(1 = f(z)). (200)
Maximize the Derivative. Since 0 < f(z) < 1, we maximize g(z) = 2(1 — z) for z = f(z) € (0,1):
1
J(z)=1-22=0 = Z=73, (201)
thus:
1 11 1
o(3)=33-71 20


https://proceedings.neurips.cc/paper_files/paper/2016/file/d9ff90f4000eacd3a6c9cb27f78994cf-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2016/file/d9ff90f4000eacd3a6c9cb27f78994cf-Paper.pdf
https://arxiv.org/pdf/2507.07814

Under review as submission to TMLR

Find when f(z) = 1:

1 1
l1+e® 2

at x = 0:

Hence:

Lip [Sigmoid(x)] = sup |f'(2)]

A.2 Proof: Lipschitz Constant of Tanh
Proof. The tanh is defined as:

et —e”

f(x) =tanh(z) =

for all z,y € R.

Let g(z) = sinh(xz), h(z) = cosh(z), so f(z) = 22

3.

g(
h(

et + e~

x

x,

The derivative is:

g'(@)h(z) — g(x)' (z)

fl(w) = h(x)2

Since ¢'(z) = cosh(z), h'(z) = sinh(x), and h(x)? = cosh?(z):

cosh(z) - cosh(z) — sinh(z) - sinh(x) _

cosh?(z) — sinh?(x)

!/
xTr) =
/@) cosh?(z) cosh?(x)
Using the identity cosh?(z) — sinh?(z) = 1:
! 1 2
fi(z) = col?(2) = sech”(z)
Since cosh(z) > 1, we have:
|f(2)] = sech?(z).
Express the derivative in terms of f(x):
f'(x) = sech®(x) = 1 — tanh®(x) = 1 — f(2)%

o1

(203)

(204)

(205)

(206)

(207)

(208)

(209)

(210)

(211)

(212)
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Since —1 < f(z) < 1, we have |f'(z)| =1 — f(z)* < 1.

Maximize the Derivative. Maximize |f’(z)| = sech?(z):

cosh(z) = “re”
Atz =0:
cosh(0) = a —; a =1, sech?(0) = coshl2(()) =1
As |z| — o0, cosh(z) ~ 6‘;‘ , SO
sech?(z) ~ % — 0.

The supremum of |f’(z)| is 1 at = 0. Alternatively, since f(z)? < 1, the supremum of 1 — f(x)

when f(z) =0:

tanh(0) =0, f'(0)=1-0%=1.

Hence:

Lip [tanh(z)] = sup | f'(z)| = 1.

A.3 Proof: Lipschitz Constant of Softplus
Proof. Consider the softplus function:

f(z) =In(1+€").

The derivative is:

x

F(@) = (14 %) =

dz 14 e’

Since e* > 0 and 1 + e* > 1, we have f/(z) > 0, so:

Maximize the Derivative. To find the Lipschitz constant, we need to compute:

x

K =su .
Iegl‘i—ew

Notice that —<— is the sigmoid function, which ranges between 0 and 1. Analyze its behavior:

1+4e®

1. As x — o0, €* grows large, so:

(213)

(214)

(215)

occurs

(216)

(217)

(218)

(219)

(220)

(221)

(222)
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2. Asx — —o0, € — 0, so:

e’ 0
- =0.
1+e® 1
To confirm the supremum, consider the function g(x) = 1_?% Its derivative is:
e*(1+e%) —e*-e* e
g/(l‘> = ) )2 = FAVE
(1+e7) (1+e2)

(223)

(224)

Since ¢'(x) > 0 for all x, g(z) is strictly increasing, approaching 0 as z — —oo and 1 as  — oo. Thus:

BI

su =1
meg 1 + e*

Hence:

Lip [Softplus(z)] = sup | f'(z)| = 1.

A.4 Proof: Lipschitz Constant of Swish

Proof. Let

The derivative is

Since o(—z) = 1 — o(z), we have

Using o(z) = (1 +tanh(%)) and o(z)(1 — o(z)) = % sech®(%),
1
g(x) = 3 (1 + tanhg) + Z sechzg.
Differentiating,

1
g (z) = 1 sech2§ (2 —x tanhg),
so the maximizer x* > 0 satisfies

x
* tanh— = 2.
2* tanh-

Using tanh(%) = x% and
secth—* — M

53

(225)

(226)

(227)

(228)

(229)

(230)

(231)

(232)

(233)
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Thus

K =g(z") =

x*
+

N =

Since g(—z) = 1 — g(z), x* gives the global maximum of |g|, solving z* tanh% = 2 gives:

x* =2 2.3993572805 - - - .

Hence:

Lip [Siwsh(x)] = sup | f'(z)| ~ 1.09983932 - - -

A.5 Proof: Lipschitz constant of GELU

Proof. Let:
f(z) =z 0(x),
where:
®(z) = 3(1 +erf(z/V2))

is the standard normal CDF and:

is its PDF.

Differentiate:

Note the symmetry ®(—x) =1 — &(x) and ¢(—x) = ¢(x), hence
g(=x) =1 —g(x).

Compute the critical points:

§(@) = 6(x) + 9(z) + 2 ¢/ (x) = 20() — 2%(x) = B(x) (2 — 7?).

(234)

(235)

(236)

(237)

(238)

(239)

(240)

(241)

(242)

Since ¢(x) > 0, we have ¢’(x) > 0 for |2| < /2 and ¢'(z) < 0 for || > /2. Hence g attains its unique global

maximum at z* = v/2 and minimum at —/2.
Since g(—x) = 1 — g(z), the minimum equals 1 — g(v/2), so indeed sup, |g(z)| = g(v/2).
Evaluate at:
r=vV2~1414224 -,
hence:

Lip [GELU(z)] = sup | (z)]

9(v2)
D(V2) + V2 6(v2)

=5 (1 +erf(1)) + f/;

~ 1.128904145.

o4

(243)

(244)

(245)
(246)

(247)

(248)
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A.6 Proof: Lipschitz constant of Softmax

Proof. Let

e~

Z?:l e’

softmax(z); =

and:

p := softmax(z) € A",

where A"~! is the probability simplex in R™ (i.e., the set of all probability vectors of length n):

AL = {peR" |pi20, Zpi=1}~

i=1
The Jacobian is
J(z) = Vsoftmax(z) = diag(p) — pp',
which is symmetric positive semidefinite (PSD) and satisfies:

J(z)1=0.

Hence the Lipschitz constant K is:

K =sup [J(2)]z= sup Amax(diag(p) —pp').
Z€Rn peAn—1

where Ay is the largest singular value of diag(p) — pp!.

For any unit vector v € R™,

n n 2
v J(2)v = v diag(p)v — (p'v)* = ZPW? - (Zpﬂ%) = Varip[vi].
i=1 i=1

Therefore

[7(2)ll2 = sup Variwp[vi].

llvll2=1

By Popoviciu’s inequality on variances, for any random variable X supported in [a, ],

(b ay?
Var[X] < —

with equality attained by a two—point distribution at the endpoints.
Applying this to X = v; under p, we get

. 2
(maxi v; — 1mMin; ’Ui)

) 1<
Var;p[v;] < 1

Maximizing the RHS over ||v||s = 1 yields max; v; — min; v; < v/2, with equality for

v for some distinct a, b,

1
= ﬁ(ea - eb)

95

(249)

(250)

(251)

(252)

(253)

(254)

(255)

(256)

(257)

(258)
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so that

sup Var;p[v;] < =_. (260)

lvll2=1

This upper bound is (arbitrarily) attainable by choosing p supported on the two indices a, b with p, = p, = %
and p; — 0 for i ¢ {a,b} (which is approached by softmax logits z, = 25 > zi¢{a,p})- In that case,

i 1
J = {_41 14} ®0,_o, (261)
4 4
whose largest eigenvalue is %
Hence:
1
Lip [Softmax(x)] = sup || J(2)]|2 = 3 (262)
independent of n > 2.
O
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