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Abstract

Actor-critic algorithms have been instrumental
in boosting the performance of numerous chal-
lenging applications involving continuous control,
such as highly robust and agile robot motion con-
trol. However, their theoretical understanding re-
mains largely underdeveloped. Existing analyses
mostly focus on finite state-action spaces and on
simplified variants of actor-critic, such as double-
loop updates with i.i.d. sampling, which are of-
ten impractical for real-world applications. We
consider the canonical and widely adopted single-
timescale updates with Markovian sampling in
continuous state-action space. Specifically, we
establish finite-time convergence by introducing
a novel Lyapunov analysis framework, which pro-
vides a unified convergence characterization of
both the actor and the critic. Our approach is
less conservative than previous methods and of-
fers new insights into the coupled dynamics of
actor-critic updates.

1. Introduction

Actor-critic methods have achieved substantial success in
many challenging applications (Mnih et al., 2016; Silver
et al., 2017; Vinyals et al., 2019; Lazaridis et al., 2020).
In particular, it becomes instrumental in enabling highly
robust and agile robot motion control involving contin-
uous state-action spaces, such as quadruped locomotion
control (Hoeller et al., 2024), humanoid whole-body con-
trol (Radosavovic et al., 2024), drone racing (Kaufmann
et al., 2023), etc.

Despite substantial empirical success, the theoretical anal-
ysis of actor-critic is significantly behind. Most prior theo-
retical studies of actor-critic methods consider only finite
state-action spaces and focus on their impractical variants
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to simplify the analysis, including the double-loop updates
and the two-timescale updates. The double-loop updates
perform multiple critic updates for a fixed actor (Yang et al.,
2019; Kumar et al., 2023; Agarwal et al., 2021; Xu et al.,
2020b). This facilitates more accurate value function estima-
tion, which in turn enables a more precise policy gradient
estimation for the fixed actor. It allows a simple decou-
pled analysis of the actor and the critic. However, such
an implementation is impractical due to the high sampling
complexity. Another variant is the two-timescale actor-critic
method (Wu et al., 2020; Xu et al., 2020c; Chen et al., 2023;
Shen et al., 2023; Hong et al., 2023), which assigns a smaller
step size for the actor than that of the critic, with their ratio
converging to zero as the number of iterations approaches in-
finity (i.e., lims o ot /B = 0). It allows an asymptotically
decoupling of the actor and the critic in the convergence
analysis, similar to performing multiple critic updates at a
fixed actor. However, such artificial slowing down of the
critic update is often not desired in practice.

The canonical and more practical implementation of actor-
critic is the single-timescale update, where the actor and
the critic are updated simultaneously with proportional step
sizes at each iteration (i.e., ay /B = ¢). However, analyz-
ing its convergence is significantly more challenging than
for the aforementioned simplified variants, as the actor and
critic updates are strongly coupled. The aforementioned de-
coupled analysis is over-conservative and cannot establish
the convergence of the single-timescale actor-critic. Re-
cent efforts to study the convergence of the single-timescale
actor-critic algorithm include Chen et al. (2021), Olshevsky
& Gharesifard (2023), and Chen & Zhao (2024). However,
these works are limited to finite action spaces with i.i.d. sam-
pling and do not extend to the more practical yet complex
setting of Markovian sampling in continuous state-action
spaces under the single-timescale update scheme (See the
comparison in Table 1). In particular, Chen et al. (2021)
and Olshevsky & Gharesifard (2023) assume i.i.d. sampling
directly from the stationary distribution for the critic and
from the discounted state visitation distribution for the ac-
tor. However, both of these distributions are unknown for
real-time online learning and hence are impractical. Addi-
tionally, Chen & Zhao (2024) considers the simpler undis-
counted time-average reward setting rather than the widely
adopted discounted reward setting. The key difference is
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Table 1. Comparison of existing works on single-timescale actor-critic methods in discounted reward setting with linear function
approximation. Our work is the first to address the continuous state-action spaces and Markovian sampling.

References State Space | Action Space | Sampling for Critic | Sampling for Actor | Complexity
. . i.i.d. from i.i.d. from state 5
Chen et al. (2021) Infinite Finite O(e™?)
stationary distribution | visitation distribution
o L i.i.d. from i.1.d. from state 9
Olshevsky & Gharesifard (2023) Finite Finite , o o O(e™)
stationary distribution | visitation distribution
This paper Infinite Infinite Markovian Markovian O(e7?)

that, in the former, the policy gradient only requires sta-
tionary distribution, whereas in the latter, it depends on the
visitation distribution. How to accurately approximate the
visitation distribution in the single-timescale update scheme
with Markovian sampling remains an open question. To
tackle the aforementioned challenges, specifically,

1. We introduce a new operator-based analysis to handle
the intricacies arising from the uncountable continuous
space. In particular, it enables us to generalize many
important bounds to the continuous space successfully
(see Appendix B).

2. For the Markovian samples used to update the actor, we
prove that the resulted state distribution converges to
the discounted state visitation distribution (see Propo-
sition 3.2). We further utilize it to accurately estimate
the policy gradient in the analysis.

3. We propose a Lyapunov-based convergence analy-
sis framework, where a novel Lyapunov function is
constructed specifically for the single-timescale actor-
critic algorithm. We also establish a variety of new
properties (see, for example, Proposition 3.1, Proposi-
tion 4.4), which enable us to demonstrate finite-time
convergence for both the actor and the critic simultane-
ously, with a less conservative analysis.

Moreover, we highlight that our analysis builds on the same
set of common assumptions that are widely adopted in many
literature (Wu et al., 2020; Chen et al., 2021; Olshevsky
& Gharesifard, 2023; Chen & Zhao, 2024). In particular,
Assumptions 4.1 and 4.2 are about the regularity of the
problem of interest, and Assumption 4.3 can be easily sat-
isfied by many common policy parametrizations. Overall,
our work takes a significant step toward a more practical
analysis of actor-critic.

1.1. Related Work

In this section, we review the existing works on actor-critic
methods.

Actor-Critic methods. The actor-critic algorithm, initially
proposed by (Konda & Tsitsiklis, 1999), was later extended
to the natural actor-critic variant by (Kakade, 2001). The
asymptotic convergence of actor-critic algorithms has been
well established under various settings, as demonstrated
in works by Kakade (2001), Bhatnagar et al. (2009), and
Zhang et al. (2020b). More recently, many studies have
focused on the finite-time convergence of actor-critic
methods. They primarily focus on two variants for the ease
of analysis: (1) double loop update, and (2) two-timescale
update. For the double-loop variants, Kumar et al. (2023)
investigated the finite-time local convergence of several
actor-critic variants with linear function approximation.
Wang et al. (2019) explored the global convergence of
actor-critic methods with both the actor and the critic
parameterized by neural networks with single hidden
layers. Moreover, Gaur et al. (2024) established the
last iterate convergence for actor-critic with neural networks.

For the two-timescale variants, Wu et al. (2020) estab-
lished finite-time local convergence in the undiscounted
time-average reward setting. Xu et al. (2020c) analyzed
both local and global convergence for two-timescale (nat-
ural) actor-critic under the discounted reward setting, re-
spectively, with multiple samples used for critic updates.
Shen et al. (2023) investigated finite-time convergence for
asynchronous actor-critic, while Hong et al. (2023) intro-
duced a two-timescale stochastic approximation algorithm
for bilevel optimization and two-timescale actor-critic.

There are only a few works considering the canonical
and most widely adopted single-timescale variant. Fu
et al. (2020) explored the least-squares temporal difference
(LSTD) update for the critic, achieving the optimal pol-
icy within the energy-based policy class for both linear
function approximation and neural network approximation.
Zhou & Lu (2023) and Chen et al. (2024) established the
global convergence of actor-critic methods for solving linear
quadratic regulator. Recently, Chen et al. (2021); Olshevsky
& Gharesifard (2023); Chen & Zhao (2024) investigated
single-timescale actor-critic methods in general Markov
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Decision Processes (MDPs) with linear function approxima-
tion, aligning with the focus of this work. Specifically, Chen
et al. (2021) and Olshevsky & Gharesifard (2023) addressed
the commonly used discounted reward setting, while Chen
& Zhao (2024) improved upon (Wu et al., 2020) by advanc-
ing from the two-timescale to the single-timescale approach
under the undiscounted time-average reward setting. A de-
tailed review and comparison of these results can be found
in Table 1 and the introduction.

Notation. We use san-serif letters to denote scalars and use
lower and upper case bold letters to denote vectors and ma-
trices respectively. We also use |w|| to denote the ¢5-norm
of a vector w and || A|| to denote the spectral norm of a ma-
trix A. Without further specification, we write z,, = O(y,,)
if there exists an absolute positive constant C' such that
xn < Cyp, for two sequences {z,} and {y,}. We use
O(-) to hide logarithm factors. The total variation dis-
tance of two probability measure p and v is defined by

dry (p,v) = 1/2 [, lp(dz) — v(dz)|.

2. Preliminaries

Markov Decision Process. In this paper, we consider a
discrete-time Markov Decision Process (MDP) defined by a
tuple M = {S, A, P,r,~v}, where S is the state space and
A is the action space. The spaces S and A are allowed to be
either finite sets or real vector spaces, i.e., S C R% and A C
R, The transition kernel is denoted by P(s;11 | s¢,a¢) €
R>g, the reward function is r : S x A — [—F,7], and
v € (0,1) is the discounted factor. We also assume that the
initial state is sampled from a fixed initial distribution 7).

A policy mg parameterized by 6 € Xg maps a given state
to a probability distribution over the action space, i.e.,
a; ~ mg(-|s:). We denote the stationary distribution in-
duced by the policy 7g and the transition kernel P by pg.
The value function of a state s under a policy g is the ex-
pected cumulative return when starting in s and following
7e thereafter. It is defined as

Vo(s) =Ea,mmo(-|50) [Z’Ytr(st,at) |so=s|, (D
t=0

where the expectation takes over the randomness of the
policy mg and the transition function P. The correspond-
ing action-value function is the expected cumulative return
when starting from state s, taking action a, and following
7 thereafter, which is defined as

o0
Qo(s,a) =E {thr(st, ar)|s0=s,a0 =a|,
t=0
where we simplified the expectation notation when there is
no confusion. The reinforcement learning (RL) tasks typi-
cally aim to find a policy g that maximizes the following

objective function:

J(0) = /3 0(s)Va(s) ds, 3)

where 7)(s) is a fixed initial distribution.

We denote the density at state s’ after transitioning for one
time step from state s by Pg(s’ | s), which is defined as

Po(s'|s) = /AP(S/ | s,a)mg(als)da.

The corresponding state density after transitioning for ¢ time
steps can be acquired by recursively applying Py (s’ | s), i.e.,

Pi(s'|s) = /SPg(s'|a:)P;_l(x |s)dx, t > 1.

Consequently, we define the discounted state visitation dis-
tribution under policy mg as

ve(s') = (1—7)[§§vn(8)Pe(8 s)ds. ()

It is worth noting that previous works (Chen et al., 2021;
Olshevsky & Gharesifard, 2023) rely on sampling from this
distribution, which is infeasible. In this work, we propose a
practical sampling scheme to circumvent this impediment.

With the discounted state visitation distribution, the objec-
tive function can be reformulated as (Sutton et al., 1999)

1
1

= ﬁEsw/e,awre I:T(S, a)] .

Sug(s) /Amg(a|s)r(5,a) dads

Policy Gradient Theorem. Policy gradient algorithms are
among the most widely used approaches in continuous-
action reinforcement learning. Their core concept involves
adjusting the policy parameter @ in the direction of the
performance gradient Vg.J(8). These algorithms are built
upon the foundational result known as the policy gradient
theorem (Sutton et al., 1999):

VoJ(6)

1.
1
 Bespns | Qols0) Vo logmo(a ).
&)
Computing this gradient necessitates the Q-value associated
with the current policy mg. The REINFORCE algorithm
(Williams, 1992), an episodic Monte Carlo-based method,
approximates the true Q-value by utilizing the cumulative
rewards gathered along the sampled trajectory.

Sz/g(s)/AQg(s,a)ng)(aH)dads
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Note that for any function b : S — R that is independent of
the action, we have

/b@ﬂmdﬂgzm@v/}mmu)zmgv1=o
A A

Therefore, the policy gradient theorem can be written equiv-
alently as:

1

EES)Q [(Qg (s,a) —b(s))Velogmg (a|s)] ,

vJe)=
where b(s) is called the baseline function. A popular choice
of baseline is the state-value function, which leads to the
following advantage-based policy gradient

1

VoJ(0) = jESNl’B’aNﬂ'Q [Gg(s, a)Vglog ws(a\s)],

1—

where Gg(s,a) = Qg(s,a) — Va(s) is known as the advan-
tage function. This is the “REINFORCE with a baseline”.

The baseline function can help reduce variance. However,
like all Monte Carlo-based methods, it can still suffer from
high variance and thus learns slowly. An alternative ap-
proach involves introducing an additional trainable model to
approximate the value function, a method typically known
as actor-critic methods.

3. Actor-Critic Methods

In this work, we analyze the classic single-sample single-
timescale actor-critic method, where the critic employs boot-
strapping by using a single sampled reward to update its
value estimate at each iteration. We consider the following
linear function approximation of the state-value function:

Va(s;w) = ¢(s) w,

where ¢(-) : S — R? is a known feature mapping, which
satisfies [|@(-)|| < 1. To align Vp(s; w) with its true value
Ve (s), the semi-gradient TD(0) update is employed to es-
timate the linear coefficient w (hereafter referred to as the
critic):

wipr =wi+ B (re +7P(se41) T wi — D(s0) T wr) P(se),

where /3 is the step size of the critic w and r; := 7(s¢, a).
Denote the transition tuple as O := (s, a, s’) and we define
the following temporal difference error

0(0,w) =r(s,0) +70(s") 'w — p(5) "w
and the update rule for the critic is then given by

Wiy1 = wy + B0(Or, wi)P(st), (6)

where Oy = (8¢, at, s1+1) denotes the ¢-th transition tuple
for the critic, generated via Markovian sampling under the
policy g and transition kernel P, such that

Or = (st,ar ~ma, (-] 5¢), Se41 ~ P(+| s¢,a1)).  (7)

Since 4 is an approximation of the advantage function, sim-
ilar to REINFORCE with a baseline, the corresponding
update rule for the actor can be written as:

0t+1 = Bt —+ O[(S(at,wt)VQ 10g 71'9t (&t |§t)7 (8)

where « is the step size of the actor and 6,5 = (&, a¢, S441)
denotes the ¢-th transition tuple for the actor. Specifically,
O is also generated via the following Markovian sampling
(Konda & Tsitsiklis, 2003; Shen et al., 2023)

Ot = (§t,dt N770t('|§t);§t+1 NP('|§t,&t)), (9)

where P =~P + (1 —~)n.
Here the transition kernel P is defined as with probability
v, the next state follows the original transition kernel P;
Otherwise, with probability 1 — ~, the next state is sampled
from the initial distribution 7. Note that the above Marko-
vian sampling generally requires a simulator whose state
can be arbitrarily reset. It has a few nice properties that will
be discussed shortly, which facilitate an accurate estimation
of the policy gradient.

Denote the class of real-valued functions on the state space
Sby F = {f|f:S — R}. We define the operator
P : F — F acts on a state distribution f € F by

WMﬂ:L[H@MMMHﬂawmw (10)

We further define a reset operator £ : F — F such that it
reset any state distribution f to the initial distribution 7:

(Ef)(s) = n(s)-

Therefore, the operator 73 that acts on a state distribution,
describing how the distribution evolves after a single step of
the Markov chain induced by the policy g and the transition
kernel P, can be written compactly as:

P=9P+(1—7)E.

We show in the following proposition that the discounted
state visitation distribution vg defined in Eq. (4) is the sta-
tionary distribution of the Markov chain induced by policy
7 and transition kernel P by showing that vg is the unique
fixed point of the operator P.

Proposition 3.1. vg(s) is the unique fixed point of the oper-
ator P, that is,

(Pue)(s) = ve(s),
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Algorithm 1 Continuous Single-sample Single-timescale
Actor-Critic with Markovian Sampling
1: Initialize: actor parameter 6, critic parameter wy, ini-
tial states sq, Sg ~ 7, stepsizes « for actor, S for critic.
2: fort=0,1,2,--- ;T —1do
3:  Markovian sampling:
4 Qt: (St,at"’ﬂst('|5t),5t+1 Nﬁ("st»at))’
5 Ot: (<§t7dtwﬂ-9t('|=§t)a§t+l NP(‘éf,af))
6:  Critic and actor update:
7
8
9:

wit1 = projg (wi + B6(0r, wi)P(st)),
011 = 0; + (O, w;) Ve log e, (¢ | 5¢).
end for

and therefore the stationary distribution of the following
Markov chain induced by wg and P,

(mo,P) (me,P) .
SO 51 “ . St

r0.P) .
TP, 4ir. (1)

The above proposition justifies the actor’s sampling scheme
in Eq. (9), as O effectively approximates the discounted
state visitation distribution, which is required by the pol-
icy gradient theorem (Eq. (5)) following the actor update
formula in Eq. (8).

Proposition 3.2. For the Markov chain defined in Eq. (11),
we have

dT\/(]P)(gt S |§0 = S),I/g(~)) < "yt, Vi >0,VseS.

Proposition 3.2 states that the distribution of §; converges to
vg geometrically with rate +, a crucial property for manag-
ing the Markovian noise arising from the actor’s Markovian
sampling in Eq. (9).

We summarize the above-described actor-critic algorithm
in Algorithm 1. The “continuous” refers to the general set-
ting of continuous state-action spaces. “single-timescale”
refers to the fact that the stepsizes o and 3 are kept in
constant proportion. In addition, the terminology “single-
sample” follows Olshevsky & Gharesifard (2023), which
refers to the fact that at each iteration, the critic and the actor
are each updated using a single sample. Note that Olshevsky
& Gharesifard (2023), who consider the discounted reward
setting, assume access to samples from the discounted state
visitation distribution and the stationary distribution for up-
dating the actor and critic, respectively. This assumption
requires a simulator capable of resetting to arbitrary states.
In the simpler time-average reward setting (Wu et al., 2020;
Chen & Zhao, 2024), the policy gradient depends solely on
the stationary distribution, allowing the actor to utilize the
same samples as the critic. In contrast, discounted reward
setting requires the policy gradient to be computed with
respect to the visitation distribution, as shown in Eq. (5),

which is more challenging. To this end, the Markovian sam-
pling strategy introduced in Eq. (9) becomes necessary to
track this distribution. Consequently, Algorithm 1 inher-
ently supports online learning and applies to continuous
control tasks.

As shown in Line 4 and Line 5 of Algorithm 1, we adopt
Markovian sampling for both the critic and the actor. Specif-
ically, the transition tuple for the critic is generated by the
following Markov chain

(TFQ())P) (7"91’P) (Tret—l’P)
SO Sl DY St

(e, ,P)

St4+1-
(12)

while the actor’s transition tuple is generated by the Markov
chain

(ﬂ_go)ﬁ) (7r91,13) (ro,_y»P)
SO Sl ... St

(wo,.P)

St41-
13)

Note that the above Markov chains (time-inhomogeneous)
differ from the one defined in Eq. (11) (time-homogeneous),
as they involve a varying policy mg,. This poses a major
challenge for analyzing Algorithm 1, since a single sample
is insufficient to accurately approximate the stationary dis-
tribution of the state under a fixed policy. Previous studies
simplified their analysis by assuming i.i.d. samples drawn
from the stationary distribution for the critic and from the
visitation distribution for the actor. However, such sampling
is infeasible in practice because both of them are unknown.
In contrast, our approach is more practical since samples
can be drawn directly from the Markov chain.

In Algorithm 1 Line 7, a projection (proj(-)) is introduced
to keep the critic norm-bounded by @, which is widely
adopted in the literature (Wu et al., 2020; Chen et al., 2021;
Olshevsky & Gharesifard, 2023; Chen & Zhao, 2024) for
analysis. Note that the projection can be handled easily,
relaxed using its non-expansive property in our analysis.

4. Assumptions

Before presenting the main results, we will discuss several
standard assumptions that are common in the literature of
analyzing actor-critic with linear function approximation
(Wu et al., 2020; Xu et al., 2020b; Shen et al., 2023; Chen
et al., 2021; Olshevsky & Gharesifard, 2023; Chen & Zhao,
2024).

By taking the expectation of w; 1 in Eq. (6) with respect to
the stationary distribution, and conditioning on w;, we have

Eglwit1 | we] = wi + B(be — Agw:),
where
AB = E(s,a,s’) [d)(s) (d)(s) - Wd)(s/))—r]v (14)
be :=E(s,q) [r(s, a)d)(s)}, (15)
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and s ~ pg(-),a ~ mo(-|s),s ~ P(-|s,a) is the subse-
quent state of the (s, a). It can be easily shown that (Sutton
& Barto, 2018) the TD limiting point w* () satisfies:

Agw*(e) = byg. (16)

Assumption 4.1. For any 6@, the matrix Ag defined in
Eq. (14) is positive definite and its minimal eigenvalue can
be lower bounded by A.

Assumption 4.1 is commonly adopted in analyzing actor-
critic (TD learning) with linear function approximation
(Bhandari et al., 2018; Wu et al., 2020; Qiu et al., 2021;
Chen et al., 2021; Olshevsky & Gharesifard, 2023; Chen &
Zhao, 2024). It is explained as exploration since Ag can be
rank deficient without sufficient exploration (Olshevsky &
Gharesifard, 2023; Chen & Zhao, 2024). Assumption 4.1
further guarantees the problem’s solvability since with this
assumption, we have w*(0) = A, 'bg. In addition, we
can choose @ = 7A~! so that all w* lie within the pro-
jection radius @ because ||bg|| < 7 and ||[Ay"| < A7,
which justifies the projection operator introduced in Line 7
of Algorithm 1.

Assumption 4.2 (Uniform ergodicity). For any 6, denote
ue(+) as the stationary distribution induced by the policy
7o (- | s) and the transition kernel P(-| s, a). For the follow-
ing Markov chain (augmented with action) generated by the
policy g and transition kernel P, i.e.,

(7o, P)

(e, P)
SO 81 DR

(7o, P)

me,P
(ro.7) St st41, (A7)

there exist m > 0 and p € (0, 1) such that

drv (P(s; € -|so =s),pe(")) <mp”,¥7 >0,Vs € S.

Assumption 4.2 assumes the Markov chain is geometrically
mixing. It is commonly employed to characterize the noise
induced by Markovian sampling in RL algorithms (Bhan-
dari et al., 2018; Wu et al., 2020; Chen et al., 2021; Chen
& Zhao, 2024). This is the counterpart of Proposition 3.2
(which is proved for analyzing the induced Markovian noise
associated with the actor update). It is assumed since P is a
general transition kernel that lacks the ~y-contraction prop-
erty of the transition kernel P established in Proposition 3.2.

To justify this assumption in the continuous space, we
note that all the distributions specified by the Orn-
stein—Uhlenbeck (OU) process satisfy this property. The
OU process converges to a Gaussian distribution with the
exponential mixing time. Moreover, it can also be shown
that this property holds for more general diffusion pro-
cesses (Del Moral & Villemonais, 2018).

Assumption 4.3 (Lipschitz continuity of policy). Let
me(a|s) be a policy parameterized by 8 € Xo with
bounded support. There exist positive constants B, L; and

L such that for any 0,01,0, € Xg,s € S,and a € A, it
holds that:

(@ ||Vlogme(a|s)| < B,
(b) ||Viogme, (a]s) — Viogme,(a|s)| < Li||61 — 02

)

(©) |mo,(als) —mo,(als)| < L][6r - O2].

Assumption 4.3 states the regularity of the policy which is
standard in the literature of actor-critic methods (Xu et al.,
2020a; Wu et al., 2020; Chen et al., 2021; Olshevsky &
Gharesifard, 2023; Chen & Zhao, 2024). These conditions
are sufficiently general to be satisfied by a wide range of
distributions, including the uniform distribution, the trun-
cated Gaussian distribution, and the Beta distribution with
a, B> 1.

With Assumption 4.3, we show in the following proposition
that the policy g is Lipschitz continuous with respect to its
parameter @ in terms of the total variation distance.

Proposition 4.4. There exists a positive constant L, such
that for any 01,05 € Xg, it holds that

drv(7e, (-] 5), 76, ([ 5)) < Lr[01 — 2. (18)

We observed that Proposition 4.4 plays a key ingredient
in the overall proof. With this proposition, we establish
a bound on the distance between stationary distributions,
as detailed in Lemma B.1 within Preliminary Lemmas in
Appendix B, extending previous results from the tabular
case to the continuous setting. This further facilitates the
derivation of corresponding results for the discounted state
visitation distribution, as presented in Lemma B.3.

5. Main Results

We define the following uniform upper bound for the linear
function approximation error of the critic:

€app 1= SUP \/IESNVS(qb(S)Tw*(H) —Va(s))2.  (19)
0

The error €,pp, is zero if Vp is indeed a linear function for
any 6. Naturally, it can be expected that the learning errors
of Algorithm 1 depend on €,pp.

We define the following integer 7,ix that will be useful in
the statement of the theorems:

Tmix := min {z >0|mp~t < il

1 1
A < — 7,
N ﬁ}
where m, p are constants defined in Assumption 4.2 and y
is the discounted factor. Therefore, we choose

Tmix = O(logT)
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such that mp™x—1 < 1/4/T and y™x—1 < 1//T. The
integer T,ix represents the mixing time of the ergodic
Markov chain defined in Eq. (11) and Eq. (17), which will
be used to control the Markovian noise in the analysis.

We define A; = w; — w; with w; = w*(0;) to measure the
critic error while V.J(6,) serves as a measure of the actor
error since for a general non-convex problem, our objective
is to demonstrate that V.J(8;) converges to zero.

Theorem 5.1. Consider Algorithm 1 with o = ¢/\/T,3 =
1/ VT, where c is a constant depending on problem pa-
rameters. Suppose Assumptions 4.1-4.3 hold, we have for
T Z 27—mix;

N

1 — log?
2 _
= > sladr=of

t=Tmix
1 log®T
e 5 BT = 0T 4 Ofey).

t=Tmix

)+ Ol

3

3

Theorem 5.1 establishes the finite-time convergence of Al-
gorithm 1. If the critic approximation error €,y is zero, we
see that both the critic error and the actor error diminish at
a sub-linear rate of O(T'~'/2). The additional logarithmic
term (log2 T) is incurred by the mixing time of the Markov
chain, which can be eliminated under i.i.d. sampling as
will be shown in Proof Sketch. In terms of sample com-
plexity, to obtain an e-approximate stationary point, it takes
a number of O(e~2) samples, which is typically the sam-
ple complexity of single-timescale actor-critic (Chen et al.,
2021; Olshevsky & Gharesifard, 2023; Chen & Zhao, 2024).

The vanilla version of Algorithm 1 is introduced in the
classic textbook (Sutton & Barto, 2018) as a canonical actor-
critic algorithm with linear function approximation. As
a canonical algorithm, its convergence has been a focal
point of research, extensively studied across diverse set-
tings, e.g., two-timescale (Wu et al., 2020), single-timescale
(Chen et al., 2021; Olshevsky & Gharesifard, 2023; Chen &
Zhao, 2024), time-average reward setting (Wu et al., 2020;
Chen & Zhao, 2024), discounted setting (Chen et al., 2021;
Olshevsky & Gharesifard, 2023). Notably, among all the
aforementioned studies, this work is the first to address the
important yet challenging setting of continuous state and
action spaces. Among the widely used discounted single-
timescale approaches considered, our method is the first
to employ Markovian sampling for both the critic and the
actor in contrast to the artificial i.i.d. sampling (Chen et al.,
2021; Olshevsky & Gharesifard, 2023). Therefore, our work
compares favorably by closing two significant gaps left by
prior studies.

5.1. Proof Sketch

To better illustrate our technical contribution, we provide a
proof sketch to elucidate the significance of each error term
and offer insights into the methods used to address them.

The key difference between single-timescale and two-
timescale (double-loop) actor-critic lies in the strong cou-
pling of the critic and actor errors. Unlike the two-timescale
approach, which sequentially analyzes the convergence of
critic error and actor error, the single-timescale setting re-
quires simultaneous treatment of both errors. To address
this, we propose a novel Lyapunov analysis framework and
outline the proof of Theorem 5.1 in three steps. Step 1 de-
rives an implicit upper bound for the critic error, treating it
as an intermediate result. Step 2 performs a similar implicit
analysis for the actor error. Step 3 combines these results
into a novel Lyapunov function, whose convergence implies
the simultaneous convergence of the critic and actor.

Step 1: An implicit bound for critic error. Using the
critic update rule, we decompose the squared critic error by
(see Eq. (27))

E[Avl* <E|A? + 26%El| £ (Or, wi)|?

I
+ 2E[jw; — wiq||* +28E(A, fwy, 6,))
Ig IS
+ 2BE(A¢, F(Op, wi) — fwy, 6,))
Iy

+ 2E(A, wi — wiy ),

Is

where f(O,w) = §(O,w)d(s) is the update term of the
critic and f is its mean value defined in Eq. (20).

I reflects the variance of the critic update which can be
bounded by O(1/+/T) due to its bounded update.

I, represents the difference between the moving critic target
wy, which can be controlled due to its Lipschitz continuity
shown in Lemma B.6.

I3 is the inner product between the critic error A; and its
mean-path update f. It can be bounded by —2\BE||A||?
under Assumption 4.1 since w* is the solution of Eq. (16).
Note that this bound combined with first term E||A||? is
(1 — 22B)E||A4]|? which implies a contraction of the critic
error because the coefficient is less than 1.

I, represents the Markovian noise term, capturing the devi-
ation between the critic’s actual update f and its mean-path
f. To analyze this deviation, we aim to show that the sample
Oy is close to its stationary distribution, as the error term
I3 vanishes when O; is drawn from the stationary distri-
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bution. First, we demonstrate that the sample O; from the
original Markov chain defined in Eq. (12) is close to the
sample from the auxiliary Markov chain in Eq. (21), as their
differences are limited to the last 7 steps. The total variation
distance between these samples is controlled by the actor’s
change, i.e., ||6; — 0;_.]|, as established in Lemma B.2.
By choosing 7 = 7yix = O(logT') and noting that the
actor’s update speed is O(1/+/T), the distance between 6,
and 6;_, is bounded by O(7mix/VT). Consequently, the
accumulated deviation over the last 7,;x steps is bounded
by O(2,./VT) = O(log> T//T), explaining the loga-
rithmic term in the convergence rate. Next, we show that the
Markov noise of the sample from the auxiliary Markov chain
approaches its stationary distribution after 7,,ix steps under
a fixed policy, leveraging the uniform ergodicity assumption
in Assumption 4.2. This highlights the role of Assump-
tion 4.2 in analyzing single-sample single/two-timescale
algorithms with Markovian sampling. The complete analy-
sis of this Markovian noise is shown in Lemma C.1.

I5 tracks both the critic error A; and the difference be-
tween the drifting critic targets w;. It can be bounded by
the critic error A, and the actor error V.J(0;) after error
decomposition. In contrast, the two-timescale setting can
prove that I, converges to zero. To see why this is the case,
note that from the Lipschitz continuity of the critic target
w;{ shown in Lemma B.6, error term w{ — wj,; can be
bounded by the update of the actor 0, i.e., 8, — 0;, 1. Since
the update step size for the actor is « while the contraction
of the critic error is at a rate 1 — 2\, a ratio term «/f3
appears by moving the term —2\3E||A;||? to the left side
of the above inequality and dividing its coefficient. There-
fore, one can leave other terms in /4 as constant and bound
it by O(a/p). Since lim;_,, «;/F; = 0 in two-timescale
approach, thereby directly establish the convergence of the
critic. However, lim;_,o, o;/fB: = c in single-timescale
approach which is why we can only bound I, by A; and
V J(6) and make an implicit upper bound for the critic error.
The final bound is summarized in Theorem D.1.

Step 2: An implicit bound for actor error. Using the
actor update rule and the smoothness property of .J(0)
(Lemma B.8), we decompose the squared actor error by
(see Eq. (31))

1

(L=NE[VI(O)* < ~ (E[J(Br1) - J(61)])

al ~
+ SSLBR(Op, i, 0|2 ~ E(V T (0)), 5w 01)

Iy
I
+E(VJ(8;), h(w, 0;) — h(Oy, wy, 0,))
I3
+ E<VJ(0t), ’TL(QJ;, Ot) — ﬁ(wh Gt)>,
Iy

where h(O,w,0) = §(0,w)V logmg(a]s) is the update
term of the actor, h is its mean value, and g(w;,8;) de-
fined in Eq. (20) represents the approximation error of the
optimal critic w;. The first term on the right-hand side
of the above inequality compares the actor’s performances
between consecutive updates, which can be eliminated by
telescoping.

I, reflects the variance of the actor update which can be
controlled by O(1/+/T) due to its bounded update.

I is the inner product between actor error and the approxi-
mation error of the optimal critic w; . This term is control
by the approximation error O(e,pp,) defined in Eq. (19).

I3 represents the Markovian noise term, capturing the devi-
ation between the actor’s actual update h and its mean-path
h. Similar to the critic analysis, this noise is controlled by
showing that the original Markov chain defined in Eq. (13)
is close to the auxiliary Markov chain in Eq. (22). Addi-
tionally, samples from the auxiliary Markov chain approach
their stationary distribution after 7,,,;x steps, leveraging the
uniform ergodicity property established in Proposition 3.2.
This error term is bounded in Lemma C.3.

I, tracks the inner product between the actor error V.J(0)
and the critic error (A; = w — w}). In two-timescale
actor-critic, this term goes to zero due to the convergence
of the critic. However, in single-timescale approach, we
can only bound this term by V.J(6;) and A; which will be
treated together later. This give an implicit upper bound for
the actor error. The final result of the above inequality is
summarized in Theorem D.2.

Step 3: A novel Lyapunov analysis. From Step 1 and Step
2, we get two inequalities about the coupled critic error and
actor error. Here we bring them together by defining the
following Lyapunov function

_ 2B 2 1-7v 2
Lo = T EIAIP + S BNV T@))7,

where 2B/(1 — ) is the scaling coefficient which balances
the contribution of the critic error and the actor error. Com-
bine the results in Step 1 and Step 2 (Eq. (26) and Eq. (30))
gives an unified inequality of L;. We then define the total
error as £ := 1/(T — Tiix) Z;iﬁx IL;. Telescoping from
t =T — Tmix to T — 1, it can be shown that (see Eq. (33))

2L.Be 1 log? T
< —
c( 3 +2)£+0( o >+O(eapp)7

where ¢ = o/ is the stepsize ratio between the actor and
the critic,  is the discounted factor, A is the maximum
eigenvalue of Ag defined in Assumption 4.1, and L. is the
Lipschitz constant characterized in Lemma B.6. Therefore,
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choosing ¢ < A\/4BL. (see Eq. (34)), we have

log? T
L= O( JT ) + O€app),

which implies the convergence of the critic error and the
actor error simultaneously. Therefore, we finish the proof
of Theorem 5.1.

6. Conclusion

In this paper, we provide a finite-time convergence analysis
for the single-sample, single-timescale actor-critic algorithm
in continuous state-action spaces. We propose a novel Lya-
punov analysis framework, which allows a less conservative
analysis under the same set of assumptions adopted in exist-
ing studies. Our analysis offers new insights into the coupled
dynamics of actor-critic updates. Unlike prior works that
assume artificial decoupling between the actor and critic,
our results capture the interdependencies that arise naturally
in practical implementations. Moreover, our framework and
analytical techniques can serve as a foundation for studying
other single-timescale reinforcement learning algorithms in
continuous domains.
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A. Notation

In the following, we will analyze the convergence of the above algorithm. We define the following notations:

F(O,w) = (r(s,a) +79(s") "'w — ¢(s) 'w)(s)
F(w,0) :=Eon(ug,mo,p) (0, 0)],
h(0.0.6) i= (r(s.0) +76(s) @ = 6(s) @)V Iogma(al ) o0)
h(w,0) :=Eo~(vg,r0,P) [h O,w 0)],
9(0,w,0) := ((7¢(s") — ¢(5)) "w — (YVe(s') — Va(s))) Vlogme(al s),
§(.0) = Eor(ynp.) [9(0.0.0)].
We make use of the following auxiliary Markov chain to deal with the Markovian noise.
Auxiliary Markov Chain for the Critic:
St—r LN a2 s 41 LN Q741 L 42 LN At—742 - D LN ay = St41- 21
Auxiliary Markov Chain for the Actor:
St—r ef—T> Qp—r -—> St—r41 et—T> Qp—r41 -—> St—r42 et—7> Qf—742 :—> St et—T> ag -—> Sty1- (22)
In the sequel, we denote by O, = (8¢, at, S¢41) the tuple generated from the auxiliary Markov chain in Eq. (21) and

Oy := (54, @y, 5¢+1) the tuple generated from the auxiliary Markov chain in Eq. (22). In comparison, O; := (s¢, ay, ¢41)
and Oy := (8¢, at, §t+1) denotes the tuple generated by Algorithm 1. We use O’ as a shorthand for an independent sample

11
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from stationary distribution s ~ g, a ~ mg, s’ ~ P and use O” as a shorthand for an independent sample from discounted
state visitation distribution s ~ vg,a ~ mg, s’ ~ P.

Throughout the proof, we define §; := §(O;,w;), and § = 7 + 2@ is the uniform upper bound for . We also define
a filtration F; = o(so, S0, ao, 4o, S1, S1,a1,a1, -+ , St, S¢), where o () denotes the o-algebra generated by the random
variables.

B. Preliminary Lemmas

In this section, we present several preliminary lemmas, encompassing three aspects: extending previous work to continuous
settings (Lemma B.1, Lemma B.2, Lemma B.5, Lemma B.6), establishing the corresponding statistical properties for actor
samples (Lemma B.3, Lemma B.4), and stating previously established results (Lemma B.7, Lemma B.8, Lemma B.9).

Lemma B.1. For any 0, and 05, it holds that
1 1
drv (pey, pe,) < 2Lx | [log, m™] + — P 161 — 62,

>||91 — 6],
)||01 _0,].

drv (pe, ® T, , to, ® To,) < 2L (1 + [log, m™'] + T,
1
drv (e, ® T, ® P, 1o, @ 9, @ P) < 2L, (1 + ﬂogpm_w + m

Lemma B.2. Given time indexes t and T such thatt > 7 > 0, consider the auxiliary Markov chain in Eq. (21). Conditioning
on Fi_., we have
dry (]P)(St_;,_l € '),P(§t+1 S )) <drvy (P(Ot S ),P(ét € )),
drv (P(O; € ~),P(5t € ) =drv (P((st,ar) € ), P((5¢, @) € +)),
dTV (P((shat) S ~),P((§t,5t) S )) S dTV (]P)(St € )7P(§t S )) + LwE[HGt - Bt,TH].

Lemma B.3. For any 0, and 05, it holds that

2L,
1—7

drv(ve,,ve,) < 161 — 02|,

1
dTV(V01 ®7T91al/02 ®7702) < 2L7r (1 + 1_’7>||91 _02”7
1
dTv(llgl ® o, ®P,l/92 X 7o, ®P) <2L, (1 + 17>||91 — 02”

Lemma B.4. Given time indexes t and T such thatt > 7 > 0, consider the auxiliary Markov chain in Eq. (22). Conditioning
on Fi_,, we have

QU
S
<

—
=~
f,.m
+
—

m
=

~
—~
i
+
—

m
~

SN—

IN

~

—
=
S

m
b

=
—~
L

m

=

U
S
<

—
~
—~
—

»>
by

Q>
N
m
:_/
s
=
m
S~—

SN—

IN

S

—
=~
&

m

jac)
—

vl
o~
m
SN—

~—

+

h
3

=
)

|

D
T
2

Lemma B.5. For any 01, 05, we have
[J(61) — J(62)| < Ls]|61 — 62,

where Ly = A7L,(1+ (1 —~)71).

Lemma B.6. There exists a constant L. > 0 such that
[w"(61) — w*(6:)]| < Le|61 — 62,761, 6 € R,
where Lo = (8\72F + 4XA"'F) L (1 + [log, m~ '] + 1/(1 — p)).
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Lemma B.7. Forany 6,0' € RY, there exists constant L,, such that |Vug — Ve || < L,||0 — 6’
stationary distribution under the policy mg.

, where pg(s) is the

Lemma B.8 ((Zhang et al., 2020a), Lemma 3.2). For the performance function J(0), there exists a constant Ly > 0 such
that for all 1,05 € RY, it holds that

IVJ(61) = VJ(0:)] < Ly[|61 — 2], (23)
which further implies
7(0:) > J(01) + (V(61),0, — 0,) — 20, — 6. o9
Lemma B.9 ((Chen et al., 2021), Proposition 8). For any 81,05 € R?, we have
[Vw?(61) — Vw"(8:)|| < Ls||61 — 62,

where L is a positive constant.

C. Markovian Noise

We then the following Markovian noise term

INO,w,0) :<w —w*, (Vw*) T (R(w*,0) — h(O,w", 0))), (25)
E(0,w,0) =(VJ(8),h(w,0) — h(O,w,0)).

Lemma C.1. For any t > Tyix, the Markovian noise in the critic update, denoted by A(Oy,wy, 0;), satisfies

1
E[A(O,wy, 6;)] < Mlﬁv
where My = (8@)5L7T(1 + ﬂogp m 1+ (1—p)~ )+ 25LC)SBTmixc + (8@ + 20)0Tmix + 40 L B612, ¢ + 4.
Lemma C.2. Foranyt > Tyix > 0, it holds that
E[T(Or,wr.0,)] < Mo
tyWt, Ut =~ 2 \/T,

where
My = (20 BL? 4+ 46wBLg + 40 L. Ly, ) Timix0 B¢ 4+ 20 BLo Ty + 406 BL Ly 72, 6 Bc + 406 BL..,

mix

5 < 1
Ly =08Ly +2BLe + 46BLo (1 4+ 7).
-

Lemma C.3. Foranyt > Tnix > 0, it can be shown that

A 1
E[Z(O, wy,0y)] < MSﬁa
where
My = (20BL, + 2L ;L) BeTimix + 4BL 76 Tmix + 20°B2LjLyct2y, + 25BLy,

. . 1
Ly =6L; +2BL. +40BLA (1 + )
-7
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D. Proof of Main Theorem
D.1. An implicit bound for critic error

Theorem D.1. Choose o, = c/\/f7 By = 1/\/T for any Tix <t < T, we have

2¢(1 —7)
)

log®> T

LEIAITI0)] + O

1
E[lA|* < E(EIIAtII2 —E[Aea]?) +

Proof. From the update rule of the critic in Line 6 of Algorithm 1, we have

[wits = wiiall = llprojg (wi + Brd(st)) — witll

= ||projg (wi + Bord(st)) — projg (w1l
a
< jwy + Borp(s¢) — wiy ||

= [lwi — wi + Bop(se) + wi —wip;
where (1) holds because the projection function proj(+) is 1-Lipschitz continuous. It follows that

[Ac1]1? =[1A¢ + B¢ (50) + wi — wipy ||
= A1 + 188:h(s:) + wi — wipq|?
+2(A¢, B (1)) + 2(A¢, wi — wiiy)
=[|A? + 1BF(Os, wi) + wi — wips ||

+2B(A¢, F(Or, wi) — F(wi, 0¢))
+ 2B(A, flwy, 1)) + 2(As, wf — wiyy)
<[| AP + 287 £(Or, wi) I? + 2)lw; — wiy 1P

+28(A¢, F(Or, wi) — F(wi, 0;))

+2B8(Ay, flwr, 01)) + 2(As, wf — wipq),
where f and f are defined in Eq. (20).
Taking expectation up to s;y1, we have

E|Aval® <E[A + 268%El| £ (Or, wi)|? + 2E[lwy — wi'yy | +28E(A, f (wi,0))

11 Ig 13
+ 2BE(Ay, f(Or,wi) — f(wy, 0,)) + 2E(A, w; — wip).
Iy Is

In the sequel, we will tackle I, I», I3, I, I5 respectively.
For term I, since || f(Oy, w;)|| < 6, we have
I = 28°E[| £ (O, wy)||* < 28%6%.
For term I, from Lemma B.6, it can be shown that
I = 2E|w; — wy4||* < 2L2E|6: — 65|* < 2a%6*B*L2.

For term I3, we have

(A, fwe, 0:)) =(A, fwe, 0:) — flwy,0:))
(A, E[(vo(s') — ¢(s)) T (wr — wi)ep(s)])
=AE[p(s)(79(s') — p(s)] A

— Al AgA,

<= AAg?

14

) + Ol€app)-

(26)

27)
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It follows that
I3 < —2)\BE[| A

For term I, according to Lemma C.1, it holds that
1
Iy = 26E|A(Oy, wy, 0:)| < 28M7—.
4 B [ (O, wy t)] BM;y Nii
For term I5, we will instead give an implicit upper bound. It can be shown that
E(Anwp —wiig) = E(Ay w) —wipy + (Vwp) T (841 — 00) + E(Ay, =(Vwi) " (8,41 — 61))
VL,
< =5
-2
< 0?6’ B2Lyw + oE(Ay, —(Vw!) Th(Oy, wy, 6;))
= a6’ B’L,w + oE(A,, *(V‘*’:)T(h(at, wy, 0;) — h(at’ wy,0:)))
+ aE (A, —(Vw;) "h(O;, wi,6,))
< a?*B2Lyw + 20BLE|A|* + aE(A;, —(Vw;) "h(Or, w}, 6;))
= 0?82 B?Lyw + 2aBLE|A|? + a B(A, (Vw}) T (R(w,0;) — h(Oy, w7, 6;)))
J1
+aE(A, (Vo) T (g(wy, 0,) — h(w],6,))) +a E(A,, —(Vwy) " g(w}, 6))),

J2 J3

—
—

El|A]|[|0:41 — 0|* + aBE(A,, —(Vew;) "h(Oy, w, 0;))

where (1) follows from the smoothness of the optimal critic shown in Lemma B.9. We will analyze .J;, Jo, and J3
individually.

For term J7, from the Markovian noise analysis in Lemma C.2, we have

~ 1
Ji =E[[(O,wt,0;)] < My—=.

3

For term Jo, from the policy gradient theorem in Eq. (5), we obtain
h(w;,0:) — §(w;,0:) = E(s.a.5)~(vo, me,.P)[(T(5,0) + Vo, (5") = Vo,(5))Viog g, (a] s)] = (1 —7)VJ(6;). (28)
It follows that
J2 = E(Ay, —(Vw;) T (1= 7)VJ(8:)) < (1= 1) LE[A][VI (6]

For term J3, we first show that

g("‘"i et) S\/E(s,a,s/)'\/(l/etﬂfet,P) Hg(Otv w?’ 0t)||2

< \JE[BX(1(s') Twi — Ve, (s)) — ((s) T — Va(s)))?]

< BB (2 (0() w7 — Vo, () + (8() T wi — Vo, (5)))] )
< 2B\ /E[(9(s)Twf — Vo, (5))?]
= 2Be€app.

Then we have

Js < 40BL€app.

15
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Combining Ji, J2, and J3, we get

- 1
Is < 2026° B?Ly@ + 4aBL.E|| Ay ||> + 8a@BLeapp + 2a(1 — ) LE| AL VI (8:) | + 2aM2ﬁ.
Plugging I, I5, I3, I, and I5 into Eq. (27), we obtain

A
VT
+ 4aBLE|A¢||* + 8a@wBLeeapp + 20(1 — 7)) LE| A |||V T (8:) | + 2aM

B[ A1 ||? < E| A% + 2620 + 20252 B*L? + 26M, 2ABE| A + 20262 B*Lsw
1
VT

—~

1)
< (L= 2AB)E[ A + 2a(1 — 1) LE[A VI (8,)]]

_ _ _ 1
+ (262 + 2262 B2 L2 + 2M, + 2¢26° B* Lo + 2CM2)T + 8a@WBL€app,

where (1) holds as the step size ratio c¢ is chosen to satisfy 4aBL. < AS.

Rearranging the above inequality, we obtain

1 2¢(1 — v
BIAJP € SSEIAN - Blac ) + 2= L mlad v o)

VT

By leveraging the O(+) notation, we can further summarise our implicit analysis for the critic as

+A7H(26% 4+ 2¢?6% B2 L2 + 2M; + 2662 B2 L@ + 2cMs) —= + 8cwBLeeapy.

log? T

VT

where the term log? T arises from the presence of 72, in M; and M,. Therefore, we finish the proof of Theorem D.1. []

2¢(1 —7)
)

1
E[lA|? < m(EIIAtII2 —E[Aea]?) + LeE[A[[[[VI(6)] + O( ) + O€app),

D.2. An implicit bound for actor error

Theorem D.2. Choose oy = c/\/T, By = 1/\/T, for any Trix <t < T, we have

(1= EIVIO)IF < 5 (B (Or1) = J(00]) + 2BEIVI0) | |Ad] + O

)+ O(€app)- (30)

Proof. From the update rule of actor in Line 8 of Algorithm 1 and Lemma B.8, we have

L
J(0r41) = J(0:) +(VJ(6), 0041 — 6:) — 7g||9t — 0,1
. L .
= J(60:) + (VJ(0:), h(Oy, wy, ) — 7ga2||h(0tth79t)||2

= J(6:) + o

~ _ _ L ~
a(V.J(0;),h(0O,wy,0;) — h(wy, 0,)) + a(V.J(0;), h(wg, ;) — 7ga2||h(0t,wt,0t)|\2

), h(Or,wy,0,) — h(wy, 0,)) + a(V.J(0,), h(w,, 0,) — h(w], 6,))
+a(VJ(6,), h(w;,0:) — G(w;,0:)) + a(VI(6,),g(w;, 0,)) — %QQHh(atawtﬁt)HQ
Y 7(8,) + (V.I(8,), h(Oy, wi, 8:) — h(wy, 8:)) + a(V.I(6,), h(wr, 8;) — h(w?,6,))
+a(l =)VI(6)” + a(VI(8:), g(w;, 0:)) — %oﬂ”h(@,wt, 6,
where (1) follows from Eq. (28).

16
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Rearranging the above inequality and taking expectation, we have

(1—=7)E[VJ(8)]? < é(E[J(atH) — J(0,)]) + aLgEHh(Omwta 0,)|> —E(V.J(6:),g(w;,6,))
o - G
<VJ(0t) (wt,et) (Ot,wt,et» +]E<VJ(0t) (wt ,Bt) h(wt,et» .
I3 Iy

In the sequel, we will analyze I1, I, I3, I4 one by one.

For term I, since h(at, Wi, 0;) < 0B, we have

ad’B?L,

al ~
L = TgEHh(Ot’wt,OtﬂP < 5

For term I, from Eq. (29), we have
I, =E(VJ(6,),g(w;,0,)) <2BL jeqapp.

For term I3, from Lemma C.3, we obtain

Iy = [E(Otawhet)] < Mj

5=

For term Iy, it holds that
=E(VJ(6,), h(w;,0;) — h(w,6,)) < 2BE|V.J(,)|[| Al
Plugging I, I>, I3 and I, into Eq. (31), we have

1 ad?B2L 1
(1=E|VJI(0,)]* < E(E[J(Om) — J(6:)]) + f“’ +2BLj€app + Msﬁ

By leveraging the O(+) notation, we can further summarise our implicit analysis for the actor as

+2BE[VI(0,)|[A].

1 log? T
(L=E[VI(0)|* < —(E[J(0141) = J(6:)]) + 2BE[[VJ (6,)[[[| Al + O( T ) + Oleapp),
where the term log T arises from the presence of 72, in Mjz. Therefore, we complete the proof of Theorem D.2. O

D.3. A novel Lyapunov analysis

Theorem D.3. Choose o = c/\/T7 By = 1/\/T, for any T > 27yix, we have

1 fe 2 log? T

mt; E[[Ad] 0( T )+0(eapp),
- ) (32)

log™T

—— t%‘;EHw 0.)]]" = o( ir ) + O(€app)-
Proof. Define
2B
Lo = T EIAd? + 55 BIVI@)IE,

17
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the sum of Eq. (26) and Eq. (30) yields

2B 4L.Bc
< 2 2 c
Lo < 5y AR ~ ElAcal) + 5BV 6,)]
1 log T
+ 550 E (O1) = J(8)]) + E[A[[[VI(8:)]] + O T ) + O€app)

2L.Bec 1 2B
< (4 S L+ o (Bl A — El| A
_( A +2> t+)\ﬁ(1_,y)( lA lAe1]l®)

L (B17(011) - J(6.)) + 0(

log? T
L g
2B«

vT

)+ Oleum),

T—1
where the last inequality follows from E||A:||[|V.J(6:)| < 1/2L;. Since £ := 1/(T — Tmix) . L, it can be shown that

t=Tmix

2 2
) NI ) 2 1A ElAal)

- log? T

S (EO) — J6.) + 0( £ ) - Oeupy)

t=Tmix

2L.Bc 1 8Bw? F log®> T
< — .
= ( ot 2)“ M= N)(T = o) |+ BT — o) 0( JT ) T OEapn)

<2LCBC 1) 2B fie
t=Tmix

1
+ 2Ba(T — Tmix)

Choose T' > 27yix, we have T — Ty > 1/2T, which implies

) _ 2
r< <2LCBC +1)£+ < 16 B 2r>1+0<log T) + Oleans)

_|_7
A 2 AM1—=7~) Bc)\T VT
2L.Bc 1 log? T
(255 v oMLY s opar)
Overall, we have
2L.Bc 1 log? T
< — )
£e (250 )02 s oty o

To make £ convergence, we need 2L.Bc/A + 1/2 < 1, which can be achieved by choosing

A

It follows that

which implies

1 = 2 log? T
i 5 o252 o

1 = log? T
= X BT = 0( ) + Ofeu).
let

=Tmix

Therefore, we complete our proof. O
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E. Proof of Propositions

Proof of Proposition 3.1.

Proof. We show that vg is the stationary distribution of the Markov chain induced by P by showing that vy is a fixed point
of the operator P, i.e.,

PVg = lg.

Define operator P* by iterative application of the operator P:
(P f)(s) = /S /A mo(a|s)P(s' | s,a)P* "1 f(s) dads.
From the definition of the operator P?, we can rewrite vg in Eq. (4) as
vo(s) = (1 —7) ivtPth(S)
t=0

Then we have

Pue(s) = (1 —7)n(s) +yPve(s). (35)
For term Pug(s), it holds that
Pro(s) = (1—7) Y _+'Pn(s)
t=0
=(1=9)>_+Pn(s)
k=1

I
=
)
]
)
B
3
>
3
=

7=
_1—v ve(s) .
(0
_vg(s) 1-—v .
== T )

Plugging the above result to Eq. (35), we obtain

Buo(s) = (1 —7)n(s) + v(ﬂ@ )

= (L =)n(s) +ve(s) — (L =7)n(s)
=vg(s).

Suppose P has two fixed points f and g, then we have
Pf=f Pg=y.

Recall that for two probability distributions p and v on S, the total variation distance is defined as

1
drv(u) = 5 [ lus) = o) ds.
S
Since we have

Pf—Pg=~(Pf - Pyg),
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it follows that

drv(Pf, Pg) = vdrv (Pf,Pg).

From Eq. (10), we know that P is also a Markov kernel which does not increase the total variation distance. Therefore, it
can be shown that

drv(f,9) = drv(Pf,Pg) = vdrv (P f, Pg) < vdrv(f, 9)-

Therefore, we get

dTV(f7 g) = 07

which means f and g are same distributions. Hence we finish our proof. O
Proof of Proposition 3.2.

Proof. Recall that for two probability distributions 1 and v on S, the total variation distance is defined as

drv(pnr) = 5 [ lnts) = o) ds.
For two distribution f and g, we have
Pf—Pg=~(Pf~Pyg),
where the operator P and P are defined in the proof of Proposition 3.1.
It follows that

drv(Pf,Pg) = ~vdrv (P f, Pg).

From Eq. (10), we know that P is also a Markov kernel which does not increase the total variation distance. Therefore, it
can be shown that

drv(Pf, Pg) = vdrv(Pf,Pg) < vdrv(f, 9).

As shown in Proposition 3.1, vg is the stationary distribution of the Markov chain induced by P. For any initial distribution
f, we have

drv (P f,ve) =dpy (P f, Plug)

S ’YthV(fa Vg)
<A

Thus, it completes the proof. O
Proof of Proposition 4.4.
Proof. From the definition of the total variation distance, we have

drv(ro,(-|9) = 7o,(19) = 5 [ [7o,(a] 5) =0, (a )] da

1
—5 [ 1mo,(al5) = o, (a] )| da
A

1

sf/ L1601 — 03] da
2Ji
1 -

S §AL”01 - 02Ha

where A is the bounded support of g (a | s) which satisfies [; da = A. Define L, := 1/2AL, which completes the
proof. O
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F. Proof of Preliminary Lemmas

Proof of Lemma B.1.

Proof. This is a minor adjustment to the proof of Lemma 3 in Zou et al. (2019), extending it to continuous settings.

For any 6, and 65, define the transition densities respectively as follows:
%mmﬁz/imw&@mmuyisz
A
Following from Theorem 3.1 in (Mitrophanov, 2005), we obtain
1 1
dTV(IJ’917IJ’92) < (“ngm 1 +m)”P91 _P92||0P7

where || - [|op is the operator norm defined in (Mitrophanov, 2005): || Allop = supj ., =1/lgA[Tv. and || - ||Tv denotes the
total-variation norm. Then we have

1Po, — Poyllop = sup | / (ds)(Po, — Po,)(s | )|l

llgllTv=1

= sup // (ds)(Pg, — Pe,)(s|ds")|
llgllrv=1

sup //qu\Pel Pay)(s|ds))|
HqHTv 1

- [ f q(ds)‘ /,4 P(ds' | 5,0) (w6, (da | 5) — 7o, (da | 5))|

llgllrv=1J8JS

el /5 /3 la(ds)| /A P(ds' | 5,0)| (v, (da s) — 7o, (dals))|
= sup /|Q(d5)|A|(W01(da‘S)—ﬂez(da|s))|

llgllrv=1/8

<2L,||61 — 6]

Therefore, we have

_ 1
drv (o, no,) < 2Le([log, m™] + 1) [6: — 6.

For the second inequality, we have
1
dry (o, 7o, 10, ©70,) =5 | [ 1o, (d5)mo, (da 5) = o, (ds)ra (da 5)

SJA

1

<5 [ ] o, (@s)(ro,(das) ~ 7o (da )

SJA
1

45 [ 000, (a5) = o, (d5))70, (da | )

SJA

= dpv(me, , Te,) + drv (Le,, 1e,)

1
SMWrﬁﬂ+Mﬁm&mﬂ+T:N&,%”

1
= 2Lﬂ(1 + “ng mfl"l + ip)”al — 02”

21



On the Convergence of Continuous Single-timescale Actor-critic

For the third inequality, we have

dTV /-//91 X T, & P, Ho, & T, @ P)
= / / / |po, (ds)me, (da | s)P(ds" | s,a) — ue,(ds)me,(da|s)P(ds’|s,a)]

=3 /S /A |6, (ds)me, (da | s) — pe, (ds)mo, (da] s)]

=dry (M91 ® oy, Ho, © 7792)7

which concludes the proof. O
Proof of Lemma B.2.

Proof. This is a slight modification of the proof of Lemma B.2 in Wu et al. (2020), which extends it to continuous settings.

P(s¢q1 € - // (st =ds,a; = da, st41 € ),

From the fact that

we have

drv(P(s¢1 € ), P(5¢41 € 1))

/// (st = ds,a; = da, s;41 = ds’) // (3¢ = ds,a; = da, 5,41 = ds’)|

< f/ / / [P(s; = ds,a; = da, sg41 = ds') — P(5; = ds,a; = da, 5,41 = ds')|
2JstsJa

- % /S/S/A |P(Ot = (ds> da, dsl)) - P(Ot = (dS, da, d/S/))l
= dpy (PO, € -),P(O € ),

where the last equality requires the exchange of integral which is guaranteed by Fubini’s theorem since PP is an absolute
integrable function.

For the second equality, we have

drv (P ,P(O; € )
-/, / / [P(Or = (ds, da, ds')) = P(O; = (ds,da, ds"))

_ 2[SA[S|P(dS’|S,a)P((St,at):(ds,da))—P(ds’|s,a)]P’((§t,dt):(ds,da))
; / = (ds,da)) — P((5¢,a:) = (ds, da
2/S/A/Sp(ds |5, a)|P((s¢, ar) = (ds, da)) — P((3;,a;) = (ds, da))|

1 $¢,a¢) = (ds,da
— 5/S/AIP((st,a,g) = (ds,da)) — P((5;,a;) = (ds, da))]
= dry (P((s¢,a¢) € -),P((5;, ;) € -)).
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For the third inequality, since 6, is dependent on s, it holds that
drv(P((se,ae) € ), P((5¢,a¢) € +))
1
= f/ / [P(s; = ds,a; = da) — P(§; = ds, a; = da)|
2J)sJa
1
= f/ / |/P(st =ds)P(0; = dO|s; = s)P(ay = da| sy = 5,0, = 0) —P(5; = ds,a; = da)
2)sJa Jo
1
= 7/ / IP(s; = ds) / P(6; = dO | sy = s)mg,(da|s) —P(5; = ds)me,__(da|s)|
2J)sJa )
1 ~
= 5/ / |P(s; = ds)E[ng,(da|s)| st = s] — P(5; = ds)me,__(da]s)|
SJA
1
= 5/ / |P(s; = ds)E[ng,(da|s)|s; = s] — P(s; = ds)me,__(da]s)|
SJA
1
+ 7/ / |P(s; = ds)me,_.(da|s) —P(5; = ds)me,__(da|s)|
2J)sJa

= %/S]P(St = dS) /A |E[7T9t (da|s)|st = 5} — Te,_. (da|s)\

+drv(P(s; € ), P(3; € +))
< LTr]EHOt — et_-,-” + dTv(P(St S ),P(gt € ))

Therefore, we finish our proof. O
Proof of Lemma B.3.

Proof. Following the same proof as shown in Lemma B.1. The final results are derived by substituting the results of

Lemma B.1 with m = 1 and p = ~, as outlined in Proposition 3.2. [
Proof of Lemma B.4.
Proof. By the same proof as shown in Lemma B.2. O
Proof of Lemma B.5.

Proof. By definition, we have
J(01) = J(02) = E[r(s", a') —r(s* a®)],
where s* ~ vg,,a’ ~ mg,. Therefore, it holds that

J(01) — J(0) =E[r(s',a') —r(s*,a")]

< 2rdry(ve, ® me,, Ve, @ Te,)
1

<47L.(14+ —)||6; — O

<47 L ( +1_7)|| 1— 6|

= L;|61 — 02]].

Proof of Lemma B.6.

Proof. From Eq. (16), we have

Agw*(e) = bg.
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where Ag := E(; o [0(s)(P(s) —v¢(s')) )] and b := E(; 4)[r (s, a)(s)]. The expectation is taken over the stationary
distribution s ~ p1g, the action a ~ g (- | s), and the transition probability kernel s’ ~ P(-| s, a).

Denote w7, w;, w; as the unique solutions of the following equations respectively:

14491(4)1< = bgl, A92(:J1 = bl, 14924«‘?;K = bg.

First we bound ||w} — @1 ||. By definition, we have
lwi — @l < [ Ag, — Ag,lll1bs, ||

It can be shown that
Agl — Ayl = Ag (A, — Ag,) Ay,

which implies
lwi — @il < [1Ag, 1[40, — As.lll|Ag, llIbo, |-

Then we bound ||@; — wi||:
lor — w3l < 1 4g, |16, — ba,|I-

By Assumption 4.1, the eigenvalues of Ay, are bounded from below by A > 0, therefore ||A§l_1 | <AL Also ||be, || < 7,
due to the assumption that |r(s,a)| < 7, and ||¢(s)|| < 1. To bound || Ag, — A, || and ||bg, — b, ||, we first note that

|40, = Aol £2 sup [[9()(8(s) —16(s) )| - 2rv (PO € ), PO € ))
< 4dry(P(O" € ), P(0? € ),
and

1bo, — b, || < |E[r(s',a")p(s")] — Elr(s®, a®)p(s?)]|
< 2rdry(P(O* € -),P(O? € 1)),

where O is the tuple obtained by s* ~ pg,,a’ ~ mg,(:|s'), and s’ ~ P(:|s’,a’). And the total variation norm can be
bounded by Lemma B.1 as:

1
dTv(]P)(Ol € )7P(02 € )) < 2Lﬂ—(1 + |_10gp m_l-\ + m)”@l — 02”

Collecting the above results, we have
lws —will < lwi =@ + ller — ws|
< (BATFF AN L, (1 + [log, m™"] + 11p> 161 — 6],
and we set L. := (8A7%7 4+ 4X"'7) L (1 + [log, m~"'] 4+ 1/(1 — p)) to obtain the final result. O
Proof of Lemma B.7.

Proof. Lemma B.7 is adopted as an assumption in Chen et al. (2021) and Chen & Zhao (2024), but it directly follows from
Heidergott & Hordijk (2003), as pointed out by Olshevsky & Gharesifard (2023). O

Proof of Lemma B.S.

Proof. See the proof in Lemma 3.2 of Zhang et al. (2020a). O
Proof of Lemma B.9.
Proof. See the proof in Proposition 8 of Chen et al. (2021). O
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G. Proof of Markovian Noise

Proof of Lemma C.1.

Proof. We will divide the proof of this lemma into five steps.

Step 1. show that for any 81, 81, w, and tuple O(s, a, "), we have
AO,w,0;) — A(O,w, 0;) < (8wSL(1+ [log,m N+ ﬁ) +26L.)||61 — 02
By the definition of A(O, w, 8) in Eq. (25), we have
AO,w,01) = MO, w,8:) =(w — wi, f(O,w) — f(w,01)) — (w — wj, f(O,w) — f(w,62))
< [(w—wl, f(O,w) = f(w,61)) = (w =i, f(O,w) — f(w,0))]

I

+ ’<W—UJT7f(O,W)—f(w,92)> _<w_w§>f(07w)_f<w702)>"

1>
For term [, we have
Il = |<"“’Y - wr7f(w702) - f(w701)>‘
< Awddry (e, ® T, @ P, to, @ o, @ P)
1 1
< 8@ L(1+ [log,m™ ] + 1—)]101 = 02

where (1) comes from Lemma B.1.
For term I, we have

-[2 - |<w; - ‘*’Taf(O,U-’) - f(w702)>|
< 5wt

1 _
< 26L.|61 — 02|,

where (1) follows from Lemma B.6. Combining I; and /5, we have

1 _
A0, w,68:) — A(O,w,85) < (85 L (1 + [log, m™"] + T=) + 20110 = 0.l

Step 2. show that for any 0, wy, ws, and tuple O(s, a, '), we have
AO,w1,0) — A(O,ws,0) < (8w + 20)||ws — wal|.
According to the definition, we have
AO,w1,0) = MO, w3,0) = (w1 —w", f(O,w1) — f(w1,0)) — E(wz — ", f(O,w2) — f(w2,8))
< [(wr — w*, F(O,w1) = f(w1,0)) — (w1 —w*, f(O,w2) — fws,0))]

I

+ [(w1 — w*, F(O,w2) — f(w2,0)) — (w2 — w*, F(O,w2) — fwz,0))].

Iy
For term 17, we have
I = [(w1 =", f(O,w1) = f(w1,0) = (f(O,w2) — f(w2,0)))]
<20( £(O,w1) = F(O,wa)|| + || f (w2,0) — f(w1,0)])

< 80||wy — wal|.
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For term 5, we have
I, = |<w2 — w1, f(O,wq) — f(w27 )>| < 25”‘01 — wal|.
Combining I; and I5, we have

A(O,wl, 0) — A(O,wg, 0) < (8&) + 25)”0)1 — w2||
Step 3: show that for tuples O; = (s¢, at, S¢4+1) and 5t = (8¢, at, St+1). Conditioning on F;_,, we have

t
E[AOy, wi—r,01—7) = AOr,wt 7,60, )] < 406L Y El|6k — 6;]|. (38)

k=t—r

By the definition of total variation distance, we have

E[A(Oy, wi—r,0;—r) — MO, wi—r, 0i—7)] <E{wi_r —wi_ ., f(Or,wi—7) — F(Or,wi—r))

_ ~ (39
§4(I)(5dTv(]P)(Ot S -|.7:t77),]P(Ot S "ftf‘r)).
By Lemma B.2, we get
drv (P(Os € | Fi7),P(O; € | Fpr))
= dpv (P((st, ar) € | Fe—z), P((51, ar) € -|Fi—7))
<dry(P(st € -|Fi—7),P(5: € | Fi—r)) + Lo E||0; — 0; ||
< drv(P(Os-1 € | For),P(Or—1 € |Fi—7)) + LaE[6; — 0, ]|.
Repeat the above argument from ¢ to ¢ — 7, we have
N t
dTV(P(Ot € '|]:t—7')7HD(Ot € ‘]:t T S LTr Z EHok - Ot T|| (40)
k=t—r
Plugging Eq. (40) into Eq. (39), we get
N B t
E[AOy,wi—r,01—7) = AOr,wi—7,60; )] < 406L Y El|6 — 60;|].
k=t—T1
Step 4: show that conditioning on F;_ -, we have
E[A(Or, wi—r,0;—r)] < 40dmp™ 2. (41)

It can be shown that

Then we have

E[AOy,wi—r,60;)] =E[AOy,wi—7,60; ) — A(O}_,,wi—r,0;+)]
=E[(wt—r — W}, F (O, w1-r) = F(Of_;, w1 )]
<4bdry (P(Oy = -|Fi_y), pio, . © 79, . @ P)
o
<4wémp™ ",

where (1) follows from Assumption 4.2.
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Step 5: show that for ¢t > 7,55, We have

1
E[A(Os, wy, 0;)] < My ——,
[A(Oy,wi, 0:)] NG
where M} = 26 L (1 + flogp m™Y + (1 — p) " )SBTmixc + 40Tmix + 6L 0BT

2. c+26.
Combining Eq. (36), Eq. (37), Eq. (38), and Eq. (41), we have

E[A(Otawhet)] =E [A(Otawt; 9t) - A(Ottha 0t7'r)] + E[A(Omwn atf'r) - A(Ohwtfra Htfr)]
+ E[A(Om Wi—7,0;_1) — A(ét, Wi—r, etf‘r)] + E[A(étawtf'm atf'r)]
_ 1 _ _
<(8wS L (1 + [log,m™ '] + 1fp) +20L.)||0; — 0;—-|| + (8w + 20)||w — wi—r||

t
+ 4@6 L Z B0 — 0;_| + 40dmp™

k=t—T1
) B 1 B =1 S
§(8w5L,r(1+(logpm*11+Tp)+25LC) > abB+(Bw+28) > B6
k=t—r1 k=t—r1
t k—1

+ 400 L Z Z adB + 4wémp™ !

k=t—7i=t—71

_ 1 - ~__c - =1
<(8@0L(1+ [log, m™ '] + ——) 4+ 20L.)70B—= + (8@ + 20)76 —
(B2OLr(1-+ [log, m™] + 1) + DL)7dB T + (8 + 28)rd
— — C —
+ 400 L1720 B— + 4wémp™ !
VT ’
@ oz -1 1 Sro\E - S\ § - 52 2 s 1
<((8wdLr(1+ [log, m™ "] + 17) +20L:)0 BTmix¢ + (8@ + 20)0Tmix + 4w L BO Ty C + 4w5)ﬁ,
—p
where (1) comes from the update rule of the critic and the actor, (2) is followed by choosing 7 = 7,;x. Therefore, we
conclude our proof. O
Proof of Lemma C.2
Proof. We will divide the proof of this lemma into five steps.
Step 1: show that for any O, w, 61, 05, we have
IT(O,w,0,) —T(0,w,0)| < (20BL? + 460BL, + 40L.L})| 01 — 02, (42)

where L, = 0L; + 2BL. + 46BL (1 + (1 —)71).

Since I'(0,w, 0) = (w — w*, (Vw*) T (h(w*,0) — h(O,w*,0))), we represent h(w*, 0) = Eo[h(O,w*, 0)], where Eq
is the shorthand of Eo (4,7, ). In the following, we will show that each term in I'(O,w, 0) is Lipschitz with respect to 8.

Term w is not related to €, term w* (@) is L.-Lipschitz according to Lemma B.6, and term Vw*(8) is L,-Lipschitz according
to Lemma B.9.

For term h(O, w*, 0), we have

||h(O,wf,01) - h(07w§702)H Hh(ov"‘ﬁvel) - h(O,wT,eg)H + “h(07wI702) - h(07w5792)”

<
< 4||Vlogme, (a|s) — Vlogme,(a|s)| + 2B|lwi — ws|
< (0L; + 2BL.)||61 — 6]

Hence we have h(O,w*, ) is L;-Lipschitz, where L;, = §L; + 2BL..
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For term Eg[h(O, w*, 0)], we have

[Ee, [R(O, wi,01)] — Eg, [R(O, w3, 6:)]||
< |E, [R(O, w1, 01)] — Eo, [R(O, w3, 02)]|| + |Eg, [R(O, w3, 02)] — Eg, [R(O, w3, 0:)]||
< Eo, [[R(O, w1, 01) — h(O, w3, 02)| + |[Ee, [R(O, w3, 0:)] — Eg,[R(O, w3, 6:)]]]
< Lp||61 — 02| + || Ee, [(O, w3, 02)] — Eg, [R(O, w3, 0:)]||
< Lp||01 — 5| + 26 Bdry (ve, ® e, ® P, v, ® e, ® P)

1 _ 1
< (Lp+46BL.(1+ m))”el — 0

—
—

= Ly[[01 — 62|,
where (1) follows from Lemma B.3 and Lj, = 6L; + 2BL. + 46 BL.(1 + (1 —~)™1).

Then we have w — wy is 2w-bounded and L.-Lipschitz; Vwy is L.-bounded and L,-Lipschitz; Eg[h(O,w*,0)] —
h(O,w*, 0) is 2§ B-bounded and 2Lj,-Lipschitz. By the triangle inequality, we have

IT(0,w, 0,) —T(O,w,8)|| < (20BL? 4+ 400BL, + 4wL.L3)||0; — 05]|.
Step 2: show that for any O, w1, ws, 6, we have
IT(0,w1,8) = T(0,ws,0)|| < 20BL|lw1 — wsl. (43)
It can be shown that
IT(0,w1,0) —T(0,ws,0)|| = (w1 — wy, (Vw*) T (h(w*,0) — h(0,w*,0))) < 20BL||w; — ws||.
Step 3: show that for tuples O, = (8¢, a4, 8¢41) and O = (3¢, @y, 5¢41). Conditioning on F;_,, we have
¢
IE[C(Os, wi—r0:—r) — T(Or,wi—r, 0, )||| < 400BL.Lx Y E[6; — 6. (44)
k=t—7
By definition of I'(O, w, ) in Eq. (25), we have
IB[T(Oy,wi—r,0p ) = T(Or, w17, 0,
=[E[{wt—r — wi_,, (Vi) T (B(Or,w}_, 01 —7) = h(Op, wi_,0,-7)))]| (45)
<406 BL.dpy (P(O; € | Fi_r),P(O; € | Fiy)),
where the inequality comes from the definition of total variation distance.

By Lemma B.4, we get

dpy (P(Oy € -|Fi_p),P(O; € -| Fi_y))
=dpy (P((8¢, at) € | Fi—r),P((5¢,a¢) € | Fi—r))
<drv(P(5; € | Fi—7),P(5; € -|Fy—7)) + LE|0; — 0|
< dry(P(Or-1 € |Fir ), P(O4—1 € | Fier)) + LE||6; — 8]

Repeat the above argument from ¢ to ¢ — 7, we have
R ) t
dry (P(O; € -|Fir),P(Oy € -|Fir)) < Lr > E[|0 — 0] (46)
k=t—T1
Plugging Eq. (46) into Eq. (45), we have

t
H]E[F(Otawt—7'70t—'r) - F(Ot,&)t_-,—, Ot—‘r)]” S 4@5BLCLW Z E”Ok - et—‘r”-

k=t—r1
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Step 4: show that conditioning on F;_, we have
IET(Oy, wi—r,0;—1)]|| < 40SBLAT . (47)

It can be shown that
_ 1 _
IE[D(Os,wi—r, 0|l L I[EID(Or, w17, 8, ) — T(O}, w04 )]|
@ )
< 400BL.dry (P(O; € -|Fi—r),v0, , @ mo, , @ P),

where (1) is due to the fact that O; _ is from the discounted state visitation distribution which satisfies
E[(O;_,,wi—r,0:—7)|Fi—-] = 0 and (2) follows from the definition of total variation distance. From Proposition 3.2, we
know that

dry (P(5: € ), v, ) <77 .
Therefore, we have
[E[L(Oy,wi—r,0;—1)]|| < 406 BLedry (P(O; € -| Fi—r),v0,_, @ To,_, @ P)

= 4@(§BLCdTV(]P)((§t, dt) S '|.Ft77—, ,uﬂt,,. [029] 7T9t7_r)
= 45)5BLCdTV ]P)(gt € '|J_'.t_7),,u9t_7_)
<4wdBL.~™ .

Step 5: show that for ¢ > 7,;, we have

1

vT'

where My = (20 BL? + 460BLg + 4w L. L) BeTmix + 20 BL6Tiix + 406 BL L6 Bet2, + 400 BL,.

Combining Eq. (42), Eq. (43), Eq. (44), and Eq. (47), we have

E[F(atawtaet)] < M,

E[F(éuwt, 91&)] ZE[F(at,wu 0,) — F(atth; 9t77)] + E[F(auwu 0i_;) — F(atawtfrvetfr)]
+ E[F(au wWi—r,0;—7) — T(Op, wi_r, etf‘l'):l + E[F(Ot, Wt—r, atf‘l'):l
<(20BL? + 400BL + 40L.L7) |0y — 04—+ || + 20 BL.||w; — wi—- ||

t
+406BLeLyx Y | K6k — ;|| +4w6BLAy""

k=t—T
a B t—1 B B t—1 B
<(26BL] + 400BL, + 4wL.L;) »  aéB+25BL, » 6
k=t—r k=t—1
t k—1

+406BL Ly Y Y adB+4@6BLey

k=t—71i=t—7

_ _ _ 1
<(20BL? + 40&BLy + 40L. Ly )70 B—— + 20 BLor6——
= WTOB T VT

— — C —
+ 400 BL, L7260 B— + 40dBL.A"!
JT 7

2 - - - ~ _ _ _ 1

< ((25BL§ + 40wBLg + 4w L.Lj)d BcTmix + 20 BL 0 Tmix + 4@63L0Lﬂ6]367§]ix + 4@6BLC)ﬁ,
where (1) comes from the update rule of the critic and the actor, (2) is followed by choosing 7 = 7,i;x. Thus we conclude
our proof. O

Proof of Lemma C.3
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Proof. We will divide the proof of this lemma into four steps.
Step 1: show that for any O, 61, 8-, we have

|2(0,w, 01) — (0, w,6:)|| < (26BLy + 2L ;Ly)||61 — 62]. (48)
Since 2(0, w, 0) = (V.J(0),Eg[h(O,w, 0)] — h(O,w,)), we will show that each term in Z(O, w, 0) is Lipschitz.

For the term V.J(8), we know it’s L ;-bounded and L,-Lipschitz. For term Eg[h(O,w, 8)] — h(O,w, 8), by the same
argument shown in the proof of Lemma C.2, it’s 20 B-bounded and 2L -Lipschitz. By the triangle inequality, we have

I2(0,w,6:) —E(0,w,0,)|| < (20BLy + 2L ;Ly,)||01 — 62]|.
Step 2: show that for any O, w1, wo, 6, we have
IE(0,w1,0) — E(O, w2, 0)|| < 4BL||lwy — ws. 49)
It follows that
IE(0,w1,0) = E(0,w2,0)|| = [(VJ(8),h(0,w1,0) — h(O,w,, 0))|
+ |(VJ(0), Eg[R(O,w1,0)] — Eg[h(O,w>,0)])]

S QBLJ||w1 - LUQH + QBLJle — (.Uz”
:4BLJ||(411 —L«Jg”

Step 3: show that for tuples ét = (8¢, ¢, 5¢11) and O; = (54, @y, 5¢41). Conditioning on F;_,, we have
t
||E(Ot,wt—7,9t—7) - E(Ot7wt—7'7 0t—¢)|| < SBLJLT&' Z EHOk - 0t—7'||~ (50)
k=t—r
By definition of (0, w, 8), we have
IE[Z(0¢, wi—r,0:—r) — E(Or, wi—r, 0c—)]| = [E(VI(O:—r), h(Op, wi—r,0;—r) — h(Op, wi—r, 8:—, )]
< 26BL ydpy (P(O; € | Fo_r),P(Oy € | Fi_y)),

where the inequality comes from the definition of total variation distance. The total variation distance between 6t and Oy
has been computed in Eq. (46). Plugging Eq. (46) into the above inequality, we get

t
IE[E(Or,wi—r,0:—r) = E(Or,wi—7,0; ;)| < 26BLsLrx > E[6 — 6 |.
k=t—r
Step 4: show that conditioning on F;_ ., we have
IE[E(O, wi—r,0i—7)]|| < 20BLY"". (51)
It holds that

—_ A 1 —_ A —_
||E[:(Otawt—7'79t—7')]” (:) H]E[‘:‘(Ot7wt—7'70t—7') - :(O,gl_ﬂwt—mat—f)m

(%) QSBLJdTv(P(Ot S '|]'-t,7-), Vg, . ®my,_ . & P)
= 2SBLJdTv(P((§t,(_It) c "‘Ft—r)7 v, . ® 7T9t77_)
= QSBLJdTv(P(gt S '|]:t—7—), V9t77)

SRS T—1

< 26BL

where (1) is due to the fact that O;__ is sampled from the discounted state visitation distribution which satisfies
E=Z(0]_ ., wi—r,0i_:) | Fi_r] = 0, (2) follows from the definition of total variation distance, and (3) comes from
Proposition 3.2.
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Step 5: show that for ¢t > 7,55, We have

N 1
E[E(Ot,wt, Ot)] § M3ﬁ’

where Mz = (25BL9 +2L;L3)6BcTmix + 4BL 76Tmix + 252B2L,]L,rc7'§lix

+20BL.
Combining Eq. (48), Eq. (49), Eq. (50), and Eq. (51), we can decompose the Markovian bias as

E[E(at, Wi, 0,5)] = E[E(@h Wi, Ht) - E(é\t, Wi, 0t7'r):| + E [E(é\t, Wi, Bt,,r) - E(é\t, Wi_r, et,‘,-):l

+ E[E(at,wtf—m 0:—r) — E(O, wy_+, 0#7)] + E[E(Ot, Wt—r, etf‘r)]
<(20BLg +2L;L)||60: — 01—r|| + ABL[jw1 — wo|

— t —
+26BLsLy Y E|6x — 6;_;| +25BL;y" "
k=t—T1

n o G =1 B t k=1 B
< (20BLy+2LyL;) Y adB+4BL; Y B3+25BL;Lr », Y adB+20BL;y""

k=t—r1 k=t—T1 k=t—T1i=t—T

—
~—

- 1
+ 253Lﬂﬁ,

where (1) owes to the update rule of the actor and (2) is followed by choosing 7 = 7y,;x. Hence we conclude our proof.

@ _ _ _
< ((20BLy + 2L Ly)d BeTmix + ABL j8Tmix + 26°B* Ly Lycry

mix
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