Position: Understanding LLLMs Requires More Than Statistical Generalization

Patrik Reizinger * !

Szilvia Ujvary “23 Anna Mészaros "> Anna Kerekes **>

Wieland Brendel ! ©7 Ferenc Huszar ' 2

Abstract

The last decade has seen blossoming research in
deep learning theory attempting to answer, “Why
does deep learning generalize?" A powerful shift
in perspective precipitated this progress: the study
of overparametrized models in the interpolation
regime. In this paper, we argue that another per-
spective shift is due, since some of the desirable
qualities of LLMs are not a consequence of good
statistical generalization and require a separate
theoretical explanation. Our core argument re-
lies on the observation that AR probabilistic mod-
els are inherently non-identifiable: models zero
or near-zero KL divergence apart—thus, equiv-
alent test loss—can exhibit markedly different
behaviors. We support our position with math-
ematical examples and empirical observations,
illustrating why non-identifiability has practical
relevance through three case studies: (1) the non-
identifiability of zero-shot rule extrapolation; (2)
the approximate non-identifiability of in-context
learning; and (3) the non-identifiability of fine-
tunability. We review promising research direc-
tions focusing on LLM-relevant generalization
measures, transferability, and inductive biases.

1. Introduction

Autoregressive (AR) language models trained on the next-
token prediction objective can have remarkable reason-
ing (Ouyang et al., 2022; Touvron et al., 2023; Wei et al.,
2022), in-context learning (ICL) (Xie et al., 2022; Zhang
et al., 2023; Min et al., 2022), and data-efficient fine-tuning
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Table 1. Comparison of Interpolation and Saturation regimes:
In the Interpolation regime we assume a global minimum of the
training loss is found, but is not unique, so we ask whether the
minimum we find generalises well. In the Saturation regime, we
further assume that a global minimum of the test loss is found,
but even that is not unique. We study additional properties of the
minimum found, which are not implied by good generalization.

capabilities (Brown et al., 2020; Liu et al., 2023a).
Modern theory of deep learning studies neural networks
in the interpolation regime (Zhang et al., 2016; Masegosa,
2020; Kawaguchi et al., 2022), i.e., when at the end of train-
ing, a model reaches a (non-unique) global minimum of the
training loss. Here, the question is whether this model will
also perform well on the in-distribution test set. Since Large
Language Models (LLMs) are trained on massive datasets,
these models achieve both low training and test loss; thus,
they generalize in the statistical sense. However, statisti-
cal generalization cannot guarantee good performance on
downstream tasks (Liu et al., 2023a).

This position paper argues that we ought to study LLMs
in the saturation regime' (coined by Liu et al., 2023a) in-
stead (Tab. 1). In the saturation regime, models reach the
(non-unique) global minimum of the test loss during train-
ing; since the same minimal test loss cannot distinguish
between out-of-distribution (OOD) model performance (Liu
et al., 2023a), we should ask what additional properties
hold for the minimum found by our algorithms. To for-
malize such questions, we need to substitute the black box

concept of average risk from statistical learning theory with

!The term “saturation regime” has also been used to refer to
saturation of hidden units (Glorot & Bengio, 2010). Here we mean
exclusively the saturation of the test loss.
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more application-specific goals, e.g., rule extrapolation or
the data efficiency of fine-tuning.

Why is the minimum of the test loss non-unique? We can use
the lens of identifiability to understand this non-trivial ques-
tion. Namely, unless their support spans the entire space
of sequences, autoregressive (AR) probabilistic models are
non-identifiable: different models are indistinguishable by
likelihood, even in the limit of infinite data. The study of
(non-)identifiability has a vast literature both in statistical
inference and causal discovery. These are well-known re-
sults; we only aim to highlight the practical implications of
non-identifiability for AR LLMs. Our contributions are:

* highlighting the limitation of statistical generalization for
understanding AR LLMs in the saturation regime (§ 2);

* demonstrating the relevance of our position through three
case studies which provide well-defined starting points to
theoretically study LLMs (§ 3);

* summarizing three topics that should be studied in LLMs
in the saturation regime (§ 4), and proposing potential
research directions (§ 5).

2. Background

Statistical generalization measures whether a model’s per-
formance on the training data transfers to unseen test data,
assumed to be sampled from the same distribution (i.e.,
ii.d.). Classical results in statistical learning theory attempt
to bound the generalization gap in terms of uniform notions
of the model class’ complexity (Vapnik & Chervonenkis,
1971; Vapnik, 2000; Bartlett & Mendelson, 2002). These,
however, fail to account for the success of deep learning as
argued by Zhang et al. (2016) and others. More applicable
to deep learning are approaches that provide bounds based
on the properties of the learning algorithm or the specific
hypothesis learned. These include PAC-Bayes (Dziugaite
& Roy, 2017; Pérez-Ortiz et al., 2021; Lotfi et al., 2022;
2023), information-theoretic (Russo & Zou, 2016; Xu & Ra-
ginsky, 2017; Wang et al., 2023a) and algorithmic stability
bounds (Bousquet & Elisseeff, 2002; Deng et al., 2021).

The appeal of focusing on statistical generalization stems
from its “black-box" nature: it can be applied across many
domains without changing terminology, be it machine trans-
lation or image processing. Stating that an algorithm gen-
eralises well requires no domain-specific understanding or
qualitative description of any form of generalization be-
haviour, beyond the specification of a loss function. Slightly
more domain-specific thinking is often introduced when one
studies out-of-distribution (OOD) generalization (see Lin
et al., 2022, for a review), since one needs to describe how
the test and training distributions differ.

Interpolation regime. Overparametrized models gave
rise to the interpolation regime (Tab. 1), where a model
has enough parameters to (almost) perfectly fit the train-

ing data (Zhang et al., 2016; Masegosa & Ortega, 2023;
Kawaguchi et al., 2022). In the interpolation regime, the
training loss alone cannot distinguish whether a model will
generalize, yet models that we find by minimizing the train-
ing loss typically generalize well. In rare cases, optimization
can switch between generalizing and non-generalizing so-
lutions, as observed in grokking (Power et al., 2022). This
observation led to a paradigm shift in the community, invit-
ing researchers to consider training dynamics and the in-
ductive biases enabling statistical generalization instead of
only relying on the model class, loss, and dataset structure.
In § 4, we argue that a second paradigm shift is needed:
we should move beyond the interpolation regime and study
LLMs in the saturation regime, uncovering the inductive
biases responsible for OOD generalization.

Identifiability of Probabilistic Models. Identifiability is
an important property of a class of statistical models, de-
termining whether a model can always be uniquely recov-
ered from observed data. In parametric statistical models,
identifiability asks whether the parameters of a model are
uniquely determined by the data distribution they define (see
e.g. Comon, 1994). In latent variable modeling, we may
not care about parameters and ask instead whether the sta-
tistical relationship between latent and observed variables
can be uniquely determined from the marginal distribution
of observables, perhaps up to some invariances (see, e.g.,
Hyvirinen, 2013). In causal discovery, one asks whether
the causal structure of a distribution (described, e.g., by a
specific Markov factorisation) can be uniquely determined
from the joint distribution (Hyvérinen et al., 2023).

In machine learning, identifiability can be interpreted as a
guarantee that the test loss has a unique minimizer, a unique
Bayes optimal model. This is a highly desirable quality as
it allows us to reason about properties of this possibly un-
reachable but unique minimum, for example, predict OOD
extrapolation or the effect of interventions (Pearl, 2009).

3. Identifiability in AR LLMs

In this section, we discuss the identifiability of AR proba-
bilistic models. By an AR probabilistic model we mean (for
some fixed L € N) a collection {p(z;|z1.;-1); L > > 1}
of conditional distributions, which also define a collection
of joint distribution {p(x1.;); L > i > 1} over sequences.
This collection of conditional distributions usually shares a
set of parameters . We start by outlining three important
notions of non-identifiability that one might be interested in
when studying such models:

(i) Functional non-identifiability happens when the col-
lection of conditionals is not uniquely determined by the
collection of joint distributions they define. As we will
see, functional identifiability is only guaranteed when all
finite prefixes occur with non-zero probability. If this is
not the case, two models that differ only in how they com-
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Figure 1. llustration of case study 3.1: We train a Transformer on a PCFG generating sequences of the form a™b". Left: This language
can be represented as an intersection of two rules: (R1) the number of as and bs match; and (R2) a never follows a b. Right: We consider
different models (M1, M2, M3) which achieve perfect test loss. On prompts consistent with the a™b™ grammar (e.g., aa) all three models

produce the same completions. However, on prompts that are inconsistent with a

™5™, and thus have probability zero under the pre-training

distribution, the models may produce different completions. For these OOD prompts, we can ask if completions still satisfy rule (R1),
which we call rule extrapolation. Rule extrapolation behaviour is not implied by minimal test loss, but may arise due to inductive biases.

plete zero-probability prefixes are indistinguishable by the
Kullback-Leibler Divergence (KL). We illustrate implica-
tions of this on extrapolation behaviour in § 3.1;

(ii) e—non-identifiablity is a new term we introduce, which
relaxes the notion of functional non-identifiability. It posits
that there exist properties of models p that other models ¢
very close to p (at most € in KL-sense) do not possess. This
means that even though a unique global minimum exists,
there are near-minima that differ from the global minimum
in some important ways. We illustrate that the emergent ICL
ability in some AR models is an example of this in § 3.2;
(iii) Parameter non-identifiability means that functionally
equivalent models can be described by different sets of pa-
rameters. While this does not affect the model’s zero-shot
test performance, it can have significant implications for
transfer learning and fine-tuning (§ 3.3).

AR probabilistic models are inherently non-identifiable.
Multiple models with perfect generalization may exist and
may behave differently. Here we showcase what this means
for AR LLMs via three case studies, matching the three
notions of non-identifiability from above. Our case studies
provide clearly defined, relevant scenarios, which can be
used as starting points to study LLM behavior theoretically.

3.1. Case Study: Non-Identifiability of rule
extrapolation

Consider training an AR language model ¢ to fit samples
from the probabilistic context-free grammar (PCFG) p over
sequences of the form a™b™ where n is random. Such a
distribution has limited support since there are ungrammat-
ical sequences that occur with probability 0. Moreover,
there exist finite length prefixes z;,; which cannot be com-
pleted grammatically, whose marginal probability p(x1.;)
is thus 0. We refer to such prefixes as OOD prompts. We
say that ¢ generalizes perfectly (in the statistical sense)
if KL [p(z1.)||g(z1.5)] = 0, for some length k, i.e., it
achieves maximal likelihood both in training and test. If

x1.; has zero probability under p, the completion distribu-
tion p(x;41.x|71.;) is undefined. However, ¢ still defines a
distribution over completions ¢(z;41.x|21.1). Since the KL
divergence is insensitive to the choice of ¢(z;41.x|z1.1), the
completion distribution is non-identifiable.

This means that any property of ¢ that depends only on
completions of OOD prompts is non-identifiable. The a™b"
grammar can be described as the intersection of two rules:

(R1) the number of as and bs match; and
(R2) a never follows a b.

Unless a prompt can be completed consistently with both
rules, the behaviour of ¢ is non-identifiable. It is meaningful
to ask whether a trained model g still respects rule R1 when
completing OOD prompts that break rule R2, such as abaa.
We call this rule extrapolation, illustrated in Fig. 1.

OOD rule extrapolation is non-identifiable, LLMs

still extrapolate due to inductive biases

Trained Transformers have better-than-chance abil-
ity to extrapolate rules on OOD prompts in a zero-
shot manner (chance is zero, calculated at initializa-
tion, cf. Figs. 1 and 2 and Tab. 4). Since the KL is
insensitive to rule extrapolation, we attribute rule
extrapolation to inductive biases.

Empirical demonstration. We train a decoder-only Trans-
former (Vaswani et al., 2017; Radford et al., 2018) on
the a™b™ PCFG and evaluate zero-shot rule extrapolation
(Fig. 2), measured as the proportion of times OOD prompts
of length 8 are completed consistently with rule R1.

As hypothesized, we find that the model develops an ability
to extrapolate the rule in 43.7% of the cases, although the
loss function is agnostic to this. To illustrate this last point,
we train two additional models in an adversarial, and an ora-
cle setting, whereby an extra supervised loss term is added
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Figure 2. OOD rule extrapolation in Transformers is better
than chance: We trained a Transformer via maximum likelihood
on the a"b"™ PCFG. We evaluated the model on OOD prompts
which are inconsistent with a”b™, and checked whether the com-
pletions obey rule (R1) (z axis). Two other models, trained by an
adversarial and an oracle process achieved the same test loss but
displayed very different rule extrapolation accuracies. This demon-
strates that test loss is insensitive to rule extrapolation behaviour
and that the 43.7% rule extrapolation accuracy (averaged over 20
seeds; details in Appx. E) results from inductive biases.

with either poisoned or helpful data. Consistently with our
expectations, all three models reach the same, minimal test
loss, but display widely varying rule extrapolation perfor-
mance (Fig. 2; cf. Appx. E for training details).

Our findings demonstrate that AR probabilistic language
models extrapolate OOD in meaningful ways. However,
this behaviour is not merely a consequence of good general-
isation, it arises as a result of additional inductive biases.

3.2. Case Study: c—non-identifiability and in-context
learning (ICL)

In § 3.1, we assumed that the pre-training and test distribu-
tions have limited support, i.e., there are OOD sequences
with exactly 0 probability under the pre-training distribution.
A more realistic scenario is where some prompts have a non-
zero but vanishingly small probability under the pre-training
distribution. With full support, when non-zero probability
is placed on all sequences, AR probability distributions are
identifiable. However, relaxing the strict definition of iden-
tifiability and considering models near-equivalent if their
test performance is barely distinguishable with the KL, we
still find near-equivalent models that may behave radically
differently on low-probability sequences, despite having ac-
cess to infinite data. We call this e —non-identifiability (for
some small € > 0) and define it informally (cf. Appx. D):

Definition 3.1 (¢—non-identifiability of distributional
properties (informal)). A distributional property of p is
e—non-identifiable if there is a distribution ¢ such that
KL [p||g] < ¢, but g does not have the property of p.

Contrary to traditional definitions, ours relaxes the distri-
butional equivalence by admitting a non-zero KL, and is
formulated about having a property (e.g., ICL). This distinc-

g ﬁ
]
7
[ lrkr<e[Jrxr=0__JicL

Figure 3. Vanishingly small KL cannot capture in-context learn-
ing (ICL): illustration of Prop. 3.1, showing that when p displays
ICL property, there exists a distribution ¢ that is e—close in KL
divergence, which has no ICL ability.

tion might seem subtle, yet is important since in practice, the
goal is to have a well-performing model; minimizing a loss
can be insufficient (Liu et al., 2023a; Saunshi et al., 2022;
Rusak et al., 2022; Tay et al., 2022). Indeed, this observation
is widely accepted in evaluating generative models (Mur-
phy, 2022, 20.4), where the trade-off between the likelihood,
representation, and sample quality is well known (Huszér,
2017).

can be non-identifiable,
LLMs still can do ICL

When the pre-training distribution is a mixture
of Hidden Markov Models (HMMs) as in Xie
et al. (2022), we demonstrate that ICL is e—non-
identifiable, even with infinite data, due to the in-
sensitivity of the KL. However, LLMs can be still
in-context learners; we need to understand why.

\. J

Example: ¢ —non-identifiability of ICL. ICL refers to the
ability of a model to learn a downstream task based on a
prompt consisting of input-output examples. That is, if the
prompt includes sufficient input-output pairs (x;, y;) and a
test input x5 then the model can predict the correct output
Yrest Without fine-tuning, only relying on the pairs (z;, y;) in
inferring the task.

Numerous theories exist in the literature, which prove the
emergence of ICL under simplified settings. For a Trans-
former consisting of linear self-attention layers trained on
regression data, ICL is shown to emerge as implicit gradi-
ent descent (Akyiirek et al., 2023; von Oswald et al., 2023;
Mahankali et al., 2024). This view interprets Transformers
as meta-models that “learn to learn” in-context tasks within
their forward pass. The framework requires specific model
parameters. Other approaches prove ICL using assumptions
on the structure of the training data (Xie et al., 2022; Wang
et al., 2023b). We highlight an unmentioned type of fragility
of these theories for real-world LLMs, which occurs in prac-
tice as soon as we slightly deviate from these assumptions.
In the setting of (Xie et al., 2022), we prove that ICL can
be e—non-identifiable, i.e., for a distribution p, with ICL
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ability by construction, we construct another distribution ¢
within € KL divergence that provably does not exhibit ICL.

Our result demonstrates that the emergence of ICL is
not a direct consequence of minimizing the negative log-
likelihood. Indeed, an LLM that fits the pre-training distribu-
tion within € KL divergence, can easily not exhibit ICL. We
detail the implications for the saturation regime in Appx. A.

Xie et al. (2022) demonstrate that for a mixture of HMMs
pre-training distribution p, the LLM is an in-context learner
in the limit of infinite examples in the prompt. That is,
it produces completions aligning with the predictions of
the prompt distribution. In accordance with their nota-
tion, let po (@) be a prior distribution on the latent concepts
6 € ©, and for each 6 let the distribution p(oy,...,or|d)
be a HMM for a token sequence o1, . . ., or of a fixed pre-
training document length 7'. First, a concept ¢ is sampled
from po(f), then a document is generated according to
p(o1,...,0r|0). Therefore, the pre-training distribution
(on token sequences) is a mixture of HMMs induced by
these conditionals.

p(o,...,or) = / plor.....or|)po(6)do. (1)
0O

The prompt for in-context learning is a concatenation of n
independent input-output pairs (x;, y;) and a test example
Test €ach separated by a special delimiter token odelim Each
example sampled from p(-|6*), where 6* is the ground-truth
concept. The distribution of the concatenated examples are
called the prompt distribution pprompt

delim delim

(Snaxtest) - (xlaylvo y L2,Y2,0 )

del

im
-3 Ty Yns O , xtest) "~ Pprompt - )

In ICL, the goal is to predict the test output ¥ by predicting
the next token. yrey is defined by argmax, Pprompt (Y| Trest)-
Details on the notation and the model are in Appx. B.

We say that the model is an in-context learner if, as n — oo,

argmaxp(y|sna -rtest) — argmaxpprompt(y|xtest)~ 3)
Yy Yy

Xie et al. (2022) proved that if certain assumptions hold
(Appx. B) and the pre-training distribution is a mixture of
HMMs, then ICL occurs when the number of examples n
is large enough. Thus, the two sides of (3) become equal.
However, as we show, matching the pre-training distribution
up to € > 0 KL cannot guarantee ICL, even with increasing
prompt size:

Proposition 3.1. [s—non-identifiability of ICL] Let N be
the length of a prompt (S, Ty ). For all € > 0, there exists
n1 > ng, such that for all n > ny, there exists a distribution
qn close to a mixture of HMMs p in KL divergence

KL[p(o1,...,on)||gn(01,...,0n)] < e, s.t.

argmax ¢, (Y|Sn, Tresr) # argmax Pprompr (Y| Trest)-
Yy Yy

parameter space

3 T~
< |

distribution space

good downstream
performance

o

Figure 4. Illustration of parameter non-identifiability: Two sets
of parameters (61, #2) may describe the same AR LLM and thus
achieve the same test loss and perform identically in benchmarks.
When fine-tuned on the same data, parameter-dependent inductive
biases may push the two models apart, and it is possible that, say,
01 enables significantly more data-efficient fine-tuning than 6,.

Proof (Sketch). We construct a distribution g,, that matches
p everywhere, except for a few sequences ending with a
prompt structure. Changing the highest and second-highest
probabilities changes the output of the argmax. Then we
bound KL [p||g,] and exploit that almost all conditionals are
the same (except those we changed). Since the probability
of prompts goes to zero as their length n — oo, we conclude
that the KL converges to zero. The proof is in Appx. C. [

3.3. Case Study: Parameter Non-identifiability and
Fine-tuning

A neural network’s parametrization affects its learning
dynamics (Saxe et al., 2014; Jacot et al., 2020; Dinh
et al., 2017), which implies parameter non-identifiability
(Fig. 4), i.e., functionally equivalent models can behave
differently during fine-tuning and transfer?. Parameter non-
identifiability is relevant in LLMs, since large pre-trained
models are often fine-tuned on new data sets to solve spe-
cialized tasks. For example, given the same pre-training
loss, a narrow and wide Transformer can perform better
downstream than a wide and shallow one (Tay et al., 2022).
Liu et al. (2023a) demonstrates parameter non-identifiability
in a clever experiment: they “embed" a small Transformer
into a larger one by maintaining functional equivalence and
demonstrate that the different architectural constraints of
the larger model interact differently with the optimization
method: despite having the same pre-training loss, the op-
timization will not prefer the embedded Transformer, but
one with flatter minima, yielding a 10% difference in down-
stream accuracy after fine-tuning. This example highlights
the need to understand what parametrizations are useful
for improving fine-tuning and transfer in LLMs. A promi-
nent method for LLM fine-tuning is Reinforcement Learn-
ing from Human Feedback (RLHF); recent results suggest
that its success on OOD data might be due to an inductive

2Fine-tuning is training a pre-trained model with a new loss, or
with a new data set; transfer is when the model can also change
after pre-training, e.g., by applying a readout layer.
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bias. The concurrent study by Kirk et al. (2024) empir-
ically demonstrated better OOD performance than super-
vised fine-tuning—at the cost of reduced diveristy of the
generated completions. The authors reason, based on argu-
ments from (Goldberg, 2023; Xu et al., 2022) that the RLHF
objective has an inductive bias: namely, it forces the LLM
to optimize its policy for OOD data.

We need to understand how inductive biases in
LLMs affect fine-tuning performance

Functionally equivalent models can have different
parametrizations. These are indistinguishable by the
test loss but may differ after fine-tuning in down-
stream performance, as inductive biases in different
parametrizations affect gradient dynamics (Fig. 4).

4. The saturation regime

In § 3, we presented case studies to support our position that
statistical generalization cannot explain the most interesting
phenomena in LLMs. We believe that we need a paradigm
shift akin to that brought about by the discovery of the inter-
polation regime. Our attention should be directed towards
the regime where we can assume our model achieves both
near-zero train and test loss. We should study inductive
biases that give rise to beneficial qualities, not implied by
statistical generalization.

The term saturation regime was coined by Liu et al. (2023a)
in the context of transfer learning to argue that a minimal
test pre-training loss does not guarantee the transfer perfor-
mance observed in practice (§ 3.3). We adopt this name
to study a broader set of phenomena, e.g. zero-shot OOD
extrapolation (§ 3.1) and ICL (§ 3.2).

We focus on AR LLMs, which are in the intersection of
probabilistic generative models and Self-Supervised Learn-
ing (SSL)/transfer learning methods. As our case studies
show, all the questions raised by non-identifiability, are rele-
vant and interesting for AR LLMs—e.g., ICL or zero-shot
prompting cannot be interpreted for non-AR LLMs such as
BERT (Devlin et al., 2019), though those can also operate in
the saturation regime. Some of our case studies, e.g. transfer
(§ 3.3) remain relevant in a much wider context, including
vision models in SSL, where theoretical studies of relevant
inductive biases already exist (HaoChen & Ma, 2022).

Position: we need to study LLMs in the saturation
regime

In this regime, the relevant questions are
(i) assessing LLMs with better generalization
measures;
(i) understanding transferability; and
(iii) studying the inductive biases enabling them.

We highlight our arguments for these research directions,
then review relevant research in § 5. We also suggest ex-
tensions for identifiability to capture the desired properties
(generalization, transfer) and inductive biases.

(i) Generalization measures. In the saturation regime,
the loss cannot capture the structures and properties of in-
terest (such as the structure of natural languages); thus,
we advocate for studying other (OOD) generalization mea-
sures: compositional, systematic, and symbolic general-
ization (§ 5.1). We argue that due to their well-defined
structure, formal languages such as PCFGs are ideal for
studying these generalization measures in LLMs.

(ii) Transferability. The size of state-of-the-art LLMs pro-
hibits training them from scratch, making transferability
crucial. Understanding and controlling transferability in
LLMs is key to building strong general-purpose models and
preventing them from being fine-tuned for harmful tasks
(Qi et al., 2023). Since current metrics cannot reliably cap-
ture transfer performance (cf. § 3.3), we suggest developing
suitable metrics for fine-tuning abilities in LLMs.

(iii) Inductive biases are widely researched in machine
learning, e.g., flatness (Foret et al., 2021), gradient noise
(Jiang et al., 2019), information geometry (Ju et al., 2022;
Jang et al., 2022) and simplicity bias (Nakkiran et al., 2019).
As opposed to computer vision (Klindt et al., 2021; Geirhos
et al., 2018; 2020; 2022; Torok et al., 2022; Offert & Bell,
2021; Goyal & Bengio, 2022; Papa et al., 2022), it is un-
clear what kind of inductive biases are useful for natural
languages, especially for more complex tasks such as rea-
soning. Since the training and test losses do not indicate the
desired properties, inductive biases offer alternative means
to ensure good OOD performance (§ 3.1) and transfer (§ 3.3).
For LLMs, we advocate focusing on inductive biases induc-
ing specific model qualities either in weight or function
space (§ 5.3), as these enable us to infer OOD and transfer
performance, irrespective of the loss value.

Lessons for identifiability research. Identifiability theory
mostly focuses on how functional, (Shimizu et al., 2006;
Hoyer et al., 2008; Lachapelle et al., 2020; Gresele et al.,
2021) and distributional (Hyvérinen & Pajunen, 1999; Hy-
varinen & Morioka, 2016; Guo et al., 2022; Ke et al., 2020)
assumptions can guarantee identifiability, almost exclusively
assuming i.i.d. data, with a few pioneering works entering
the non-i.i.d. realm by studying compositionality (Brady
et al., 2023; Wiedemer et al., 2023b;a) or exchangeabil-
ity (Guo et al., 2022). We must go beyond the i.i.d. assump-
tion to understand LLMs and, we argue, there are useful
lessons for identifiability theory to be drawn from studying
the saturation regime, e.g., by considering that:

(i) studying the identifiability of task-specific properties,
e.g., ICL (cf. § 3.2), as opposed to focusing on identi-
fying all aspects of an underlying distribution;

(i1) inductive biases play a role in training non-identifiable
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models, i.e., some non-identifiable properties might
become identifiable once we consider which solutions
are reachable by the optimization algorithm;

(iii)) models in the equivalence class of global minima are
reached with different probabilities by training; induc-
tive biases are akin to a prior distribution over models;

(iv) non-identifiability may be a feature, not a bug when
the MLE objective is misspecified and does not fully
describe how the models are later used, but useful in-
ductive biases are present that nudge the model towards
a useful solution (Fig. 5).

5. Discussion: where next?

Our main message is highlighting the need to study LLMs
in the saturation regime, where they achieve perfect (statisti-
cal) generalization, but this does not guarantee the presence
of practical model properties we seek. These properties are
OOD generalization and transferability, and we attribute
them to qualitative, non problem-specific inductive biases
(§ 4). Here we detail promising research directions and
formulate concrete research questions for studying LLMs
in the saturation regime, focusing on generalization mea-
sures (§ 5.1), computational language modeling (§ 5.2), and
inductive biases (§ 5.3).

5.1. Better generalization measures

While statistical generalization offers a robust framework
for generalization theory, bounding the test loss only does
not explain important properties of LLMs, as illustrated
in § 3. In this section, we give examples of alternative
generalization metrics that better align with the properties
of natural languages. We advocate for adapting the tools
of statistical generalization to develop formalizations for
these metrics in the saturation regime. Some works have
already started extending the classical PAC-Bayes frame-
work to generative models (Chérief-Abdellatif et al., 2022;
Mbacke et al., 2023), meta-learning (Rezazadeh, 2022; Liu
et al., 2021), and non-i.i.d. data (Alquier et al., 2012; Ger-
main et al., 2016; Alquier & Guedj, 2017); however, further
efforts are required. Results may also be established for
quantities other than generalization error, perhaps bounding
LLM-relevant properties, e.g., ICL.

Compositional generalization describes a model’s capabil-
ity to comprehend the properties of combined features by
understanding multiple individual features: e.g., that by un-
derstanding words like “one," “cat," and “black", the model
understands phrases like “one cat" or “black cat". Compo-
sitional generalization enables models to perform better on
OOD data. Despite compositionality being a core property
of natural languages, its theory is in its infancy for LLMs,
in contrast to, e.g., computer vision and object-centric repre-
sentation learning (Locatello et al., 2020; Brady et al., 2023;
Wiedemer et al., 2023b;a; Lowe et al., 2023; Li et al., 2019).

parameter space
good downstream

performance

0o

useful inductive bias

Figure 5. Illustration of how inductive biases can affect identi-
fiability: In the saturation regime, training can result in different
parameters 61, 0> with the same training and test loss, but differ-
ent downstream performance. Even if the loss is insensitive to a
model property that is required for good downstream performance,
choosing a useful inductive bias can help capture said property,
overcoming its non-identifiability.

Systematic generalization composes rules (Bahdanau et al.,
2019; Gao et al., 2020; Ruis & Lake, 2022), and not syn-
tactical compositions as compositional generalization does.
Systematic generalization is relevant in reasoning by ensur-
ing that LLMs can infer “Flo is the granddaughter of Betty",
from the samples “Nat is the granddaughter of Betty", “Greg
is the brother of Nat", “Flo is the sister of Greg" (Gontier
et al., 2020). Despite its relevance, systematic generalization
research for LLMs is still limited (Gontier et al., 2020).

Symbolic generalization is the model’s ability to transfer
the responses learned from the training data to another sit-
uation which is symbolically related (Hoon et al., 2020).
Relevant examples come from mathematics, e.g., knowing
that adding “24-5z" and “3+4z" yields “(2+3)+ (5+4)z",
a model that generalizes symbolically should correctly infer
that adding “A+ Bz" and “C' + Dz" yields “(A+C)+(B+
D)z". Here the ability to move from concrete examples to
general examples with symbols is symbolic generalization.
The active interest in LLMs’s use for solving complex math-
ematical problems (Romera-Paredes et al., 2023; Liu et al.,
2023b; Azerbayev et al., 2023; Imani et al., 2023) makes
symbolic generalization a relevant concept to study.

Research questions.

Question 5.1.1. von Oswald et al. (2023) showed that for
linear attention only Transformers, in-context learning is
implemented by the model in the form of implicit gradient
descent updates on the in-context examples in the prompt.
This meta learning view of ICL could be leveraged to pro-
vide bounds on in-context learning accuracy via meta learn-
ing generalization bounds (Rezazadeh, 2022). Could we
obtain non-vacuous bounds beyond these simple cases?

Question 5.1.2. How to formalize the out-of-distribution
nature of NLP tasks? For example, what is a useful way to
describe the part of the pre-training distribution’s support
with vanishingly small probabilities (e.g., ICL prompts) Is
it possible to connect the algorithmic (e.g., Kolmogorov)
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complexity to qualitative model properties and better (com-
positional) generalization?

Question 5.1.3. How can we relate symbolic generalization
or reasoning to the probability distributions? How do we
accomplish this, for example, for symbolic ODEs? Context:
Becker et al. (2023) proposed a Transformer-based method
for learning a symbolic representation of ODEs. Since the
data-generating process of such ODEs yields a stochastically
generated tree, learning a probabilistic model of symbolic
ODEs connects symbolic generalization and probabilistic
modeling. Indeed, as the authors show in their Fig. 3., the
Transformer learns a symbolic ODE that can extrapolate.

Question 5.1.4. Can the findings from the literature that
demonstrate the linearity of LLMs in certain cases (Hernan-
dez et al., 2024; Merullo et al., 2024) be used to explain
OOD extrapolation in LLMs?

5.2. Computational language modeling to study
transferability

In § 5.1, we advocated for more appropriate generalization
measures that reflect the properties of natural languages.
For studying phenomena such as compositionality, we can
rely on the advancements in computational linguistics and
theoretical computer science. We believe that using well-
defined formal languages as our testbed and developing
computational models for LLMs is a promising direction to
understand (near) OOD behavior in language models.

Formal languages. Natural languages’ expressive power
hinges on their (approximate) discrete compositional-
ity (Pinker, 1994), i.e., combining a discrete set of symbols
according to the language rules. Since formal languages
such as PCFGs can be constructed to be discrete composi-
tional, they are an excellent testbed to study composition-
ality in LLMs (cf. our experiments in § 3.1). Namely, we
can define the union or intersection of multiple grammars
and study extrapolation and transfer performance. Indeed,
many researchers rely on PCFGs for understanding aspects
of natural languages (Liu et al., 2023a; Favre, 2020; Merrill,
2023; Ackerman & Cybenko, 2020).

A computational perspective on language modeling.
Computational models of (formal) languages can provide
new insights for understanding LLMs. Regular languages
can be modelled as Finite State Machines (FSMs), and
Recurrent Neural Networks (RNNs) have the same compu-
tational model (Cleeremans et al., 1989); whereas PCFGs
need an additional stack (Allott, 2021). Recently, Weiss et al.
(2021) showed that a new programming language, RASP,
describes a computational model for Transformers, which
can explain how reordering fully connected and attention
layers changes performance (Press et al., 2020). In terms
of RASP, these reorderings constrain information flow, act-
ing as an architectural inductive bias. As we detail in § 5.3,

computational models of LLMs and algorithmic information
theory can help characterize the inductive biases in LLMs.

Research questions.

Question 5.2.1. Is it possible with computational models
(such as the RASP language) to define the minimal set of
requirements for models (Transformers, state-space models
such as Mamba) to perform well on transfer tasks? Are
all components in these architectures necessary? Is there a
component beyond the architecture (such as the optimiza-
tion algorithm or weight initialization) without which good
transfer is not guaranteed?

Question 5.2.2. Are the models with good fine-tuning per-
formance related in weight space or function space, e.g., is
there a (linear) mode connectivity result that describes the
geometry of LLMs that transfer well to other tasks?

5.3. Inductive biases for understanding LLMs

In contrast to relying solely on inductive biases enabling
statistical generalization, we advocate for studying inductive
biases that are not problem- or loss-specific. These qualita-
tive characteristics remain insightful even in the saturation
regime, as they enable us to reason about performance on
new tasks and alternative generalization measures (§ 5.1).
We encourage investigations that intertwine statistical gener-
alization with these LLM-relevant inductive biases, e.g., by
characterizing extrapolation performance in terms of statis-
tical generalization ability and the presence of an inductive
bias. To motivate the need for LLM-relevant inductive bi-
ases, we showcase (sometimes toy) examples of qualitative
properties relevant to specific DNN models and tasks. We
then outline some promising directions for LLMs.

Examples of qualitative model properties. Sparsity is
a prevalent concept in machine learning often enforced
through explicit regularisation (see Vidaurre et al., 2013,
for a review). Intriguingly, inductive biases alone can give
rise to sparsity in gradient descent: L—layer linear diago-
nal networks trained on binary classification converge to
the ¢ 2 large margin classifier, yielding a sparse solution
(Gunasekar et al., 2019), whereas deep matrix factorization
is known to lead to low-rank solutions (Gunasekar et al.,
2017; Arora et al., 2019). For models where the Neural
Tangent Kernel (NTK) assumptions hold, gradient descent
solves kernel ridge (¢;-regularized) regression (Jacot et al.,
2020). For DNNs implementing Boolean functions, the
resulting parameter to function map is simple® in terms of
Lempel-Ziv complexity (Valle-Perez et al., 2019; Dingle
et al., 2018) and converges towards low-entropy functions
(Mingard et al., 2020). Binary classifiers of bitstrings are

3The study of this object is motivated by the observation that
SGD approximates Bayesian inference sufficiently well, where
the prior p(f) is taken as the probability of a randomly initialized
neural network implementing a specific function
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biased towards low sensitivity to changes in the input De
Palma et al. (2019). Rahaman et al. (2019) highlights a bias
towards low-frequency functions. There is also work that
looks at the dynamics of qualitative properties during train-
ing: neural networks appear to learn increasingly complex
functions, starting with linear functions (Arpit et al., 2017;
Nakkiran et al., 2019) making use of higher-order statistics
only in later stages (Refinetti et al., 2023). Although many
of these findings rely on simplified mathematical models
they nevertheless provide good insights into qualitative prop-
erties of trained neural networks, which can be connected
to properties of interest such as OOD extrapolation.

Insights from algorithmic information theory. The Kol-
mogorov complexity K (z) of a bitstring « is defined as the
length of the shortest program under a fixed programming
language that produces x (Kolmogorov, 1998). For LLMs,
an intriguing direction is connecting model properties to the
Kolmogorov complexity of its generated text: a bias towards
low Kolmogorov complexity might imply improved (com-
positional) generalization. Though Kolmogorov complexity
is uncomputable, insights from algorithmic information the-
ory remain pertinent for understanding LLMs and building
general-purpose models (Schmidhuber, 1997; Hutter, 2000).
Goldblum et al. (2023) argues that real-world data has low
complexity in the Kolmogorov sense. This simplicity bias
in data is shared with (even randomly initialized) neural net-
works and is more general than what the architecture would
suggest: CNNs can effectively learn tabular data despite
their lack of spatial structure. Via the connection between
prediction and compression (Vitanyi & Li, 1997), we may
interpret a DNN as a compressor of the training data, where
the best possible compressor has the lowest Kolmogorov
complexity. Delétang et al. (2023) shows that successful
LLMs are good general-purpose compressors, €.g., Chin-
chilla 70B compresses ImageNet patches to 43.4% despite
having been trained primarily on text. In addition, Grau-
Moya et al. (2024) develop a meta-learning method to train
LLMs to approximate Solomonoff Induction (Solomonoff,
1964), which also provides interesting connections to al-
goritmic information theory. To study the effects of data
complexity on LLMs, we advocate for the use of simple
formal languages, such as PCFGs (Liu et al., 2023a; Favre,
2020; Merrill, 2023; Ackerman & Cybenko, 2020), as they
have a controllable notion of complexity and structure.

Insights from the Transformer architecture The underly-
ing Transformer architecture may shape the inductive biases
in LLMs. RASP (Weiss et al., 2021) as a computational
model for Transformers (§ 5.2) offers a framework for char-
acterizing the algorithms LLMs can implement. Specifically,
the efficiency and compactness with which these algorithms
can be expressed in RASP might serve as a novel, LLM-
specific complexity metric. A related direction for finding
inductive biases based on the Transformer architecture is

mechanistic interpretability (Olah, 2022), which aims to
understand the internal mechanisms of a model.

Research questions.

Question 5.3.1. How do we go beyond the current study of
inductive bias? We believe that fruitful potential directions
include studying the computational models and information
flow of SOTA models using an established toolbox from
other fields such as the theory of finite-state automata, as
well as modeling Transformers in the RASP language.

Question 5.3.2. What would happen by iteratively training
GPT models to imitate each other? What are the “eigenfea-
tures” these models amplify, i.e., what are they sensitive to
(akin to the periodic features CNNs learn)?

Question 5.3.3. Does model architecture and data contain
an implicit bias towards ICL? What would happen if we
trained a Transformer adversarially (such that it is not an
in-context learner), how many (compared to the size of the
original training set) adversarial samples do we need to
suppress ICL? If we then train a second Transformer to
imitate the first one, does ICL emerge in the second? If we
add negligible adversarial perturbation to the data, can ICL
still emerge?

6. Conclusion

In this paper, we articulated the position that deep learn-
ing theory needs yet another shift to understand emergent
LLM behaviours. LLMs often operate in the saturation
regime—i.e., they reach (near-)optimal training and test
loss—, making statistical generalization insufficient to ex-
plain desired model properties because of its “black-box”
nature and i.i.d. assumption. Therefore, we should focus
on inductive biases that can induce qualitative properties
relevant for natural language tasks. We support our position
by demonstrating multiple ways in which AR LMMs are
non-identifiable, but due to inductive biases, they can exhibit
OOD rule extrapolation (§ 3.1), in-context learning (§ 3.2),
and data-efficient fine-tunability (§ 3.3). Our case studies
formulate well-defined scenarios that can serve as a basis
to study LLMs theoretically. We encourage the community
to (1) study more expressive generalization measures; (2)
use formal languages and computational models to study
LLM behaviour in well-controlled settings; and (3) analyze
and propose helpful inductive biases that ensure good OOD
performance and transferability.
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A. Details on c—identifiability and the saturation regime

Mathematical formalizations of in-context learning often assume perfect (statistical) generalization (Xie et al., 2022; Wang
et al., 2023b), that is, KL [p(z1.x)||¢(z1.1)] = 0. In this context, the saturation regime is understood as the regime of perfect
generalization. However, in experimental demonstrations, the term “saturation regime” is used more leniently to mean
near perfect test loss. We argue that a refinement of the concept is required in order to align theory with practice. As we
demonstrate in [ref], by relaxing perfect generalization only to KL [p(z1.x)||q(z1.x)] < &, we may observe qualitatively
different behaviours in models, for example, the existence and non-existence of in-context learning ability. Hence for the
theory, it does matter whether we are truly or only approximately in the saturation regime. Yet in practice, in-context
learning properties hold even for smaller transformers, where the test loss is only near-optimal at best (Figure 6 in Liu
et al. (2023a)). We argue that this discrepancy between theory and practice may be explained by inductive biases: in the
near-optimal loss regime, where multiple models of varying quality exist, inductive biases select a solution that satisfies
additional important properties, such as in-context learning.

B. Problem framework and notations

Our framework and notations are based on those in (Xie et al., 2022), but we provide some additional details.

Nomenclature
6 € © space of latent concepts, the concept § determines the transition probability matrix of the HMM hidden states

Do a prior distribution on ©

o € O asingle token and an output state of the HMM. And O is the set of all tokens

h € ‘H ahidden state of the HMM

o%lim ¢ O a unique delimiter token and an output state of the HMM

héelim ¢ D C H a hidden delimiter state of the HMM

T the (fixed) length of each pre-training document (o1, 02, ..., o)

(z4,v:;) € OF an in-context learning example

k the length of each in-context learning example, i.e. z; € OF~1, y; € O

Sh the concatenation of n in-context learning examples separated by delimiter tokens, S,, = {(z;, y;, 0%*™)|1 < i < n}
Tiest a test example for in-context learning, with length k — 1

(S, Test) € Py the full in-context learning prompt with n examples and a test example
n the number of in-context learning examples in .S,

N the (fixed) length of the in-context learning prompts, N = (k + 1)(n +1) — 1
Py C ON the set of sequences of length N having prompt structure (Def C.1)

Y the in-context learning output

Dprompt  the distribution used to generate in-context prompts (Sn, Ziest), defined on ON x H x D™ (see below for a full
definition). Note that ppomp; different from p due to the distribution shift induced by the concatenation with the
delimiter tokens.

p(+-|#) the distribution of token sequences (of some fixed maximal length) given the latent concept, defined by the HMM

Gn a distribution on token sequences, depends on n, the number of examples in the in-context learning prompt

Let po () be a prior distribution on the latent concepts 6 € O. For each 6, let the distribution p(o, .. ., or|0) be a HMM,
where the concept 6 determines the transition probability matrix of the HMM. From this HMM, we generate token sequences
01, ...,or of afixed pre-training document length 7". First, a concept 6 is sampled from pg(6), then a document is generated
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according to p(o1, . .., or|#). Therefore, the pre-training distribution (on token sequences) is a mixture of HMMs induced
by these conditionals.

p(o1,...,0or) = / p(o1,...,0r|0)po(0) db. 4
0€o

Now we detail how the in-context prompts are generated. This iterative process defines pprompi. The in-context prompt
consists of example input-output pairs (x;,y;) and a test input xy , and the goal is to predict the test output Yy by
predicting the next token. All examples in the ICL prompt are connected via the same underlying concept 8*—e.g., in the
input-output pairs ("Gandhi was", "Indian"), ("Jefferson was", "American"), the underlying concept is the nationality of a
person. The i-th example pair is independently generated as follows:

1. Generate a start hidden state 2“" from a prompt start distribution pprompi(h). This defines ppromp: on H as an arbitrary
discrete distribution.

2. Given h{®" | generate the example sequence (z;,y;) from p (01, 02,. .., 0k | K™, 6*), the pretraining distribution
conditioned on a prompt concept 6* (given by a HMM). This defines pprompi(01,02, . . ., 0 | h{") := p(o1, 02, ...0 |
h&:[(lrt 9*)

P . )

3. The delimiter state at the end of each example (except the test example) is sampled from pprompt(hdf’hm). This defines

Dprompt 01 D as an arbitrary discrete distribution.

The test input Ty = Tp,41 is sampled in the same way, i.€. Tiest ~ P (01, 02, ...05—1 | A3, *) The prompt consists of a

sequence of in-context examples S, followed by the test example x , With a unique delimiter token o%elim hetween each
element.

delim del

elim im
y L2,Y2,0 yerr9LnyYn, 0 axtesl) (5)

(Sna xlest) - (.131, Y1, Od

The above determines the probability of (.S, Tiest) Under Pprompt as

pprompt(sna xtesl) = /

n
Hn+1 H Pprompt (h;‘m)p(ojl:k | h;tar[, a* )pprompt(h?‘ehm)
J=1

(6

start J start * start 77, start start
(pprompl(hn+l)p(01:k—1 | i, )) dhy™dhy™ .. dhy Y

Note that it is not necessary to integrate with respect to the hge“”‘ due to Assumption B.1 below. After sampling (S, Tiest) ~
Dprompt, WE treat them as fixed values without loss of generality.

For in-context learning, the ground-truth output y for the example x .y is defined by yesy = argmax,, ppmmpt(y\mtest),
where Pprompt (¥|Tiest) can be calculated as

pprompt(y|ztest) = / pprompt(ya hfggmxtest) dhtb;:{t = / pprompl(higgt|$test)pprompl(y|htséz?a xtest) dh?etz? =
H H
)

est

_ start start * start __ start *
- A memP[(htest |xte$t)p(y‘htest y Ltests 9 ) dhtest - Ehfw"Nppmmpt(hféT\iiesi) [p(y|h’test » Ttests 0 )]7

where A" is the hidden state corresponding to the first token of ey
Then we focus on the in-context learning predictor argmax, p(y|Sy, Trest), Which predicts the output with the highest

probability over the pre-training distribution given the prompt. We say that the model is an in-context learner if, as n — oo,

argmaXp(y|Sn, xlest) — Ytest- ®)
Yy

Assumption B.1 (Delimiter hidden states). Let the delimiter hidden states D be a subset of #. For any h%™ ¢ D and
0 € ©,p (o%lim | p4elim ) = 1 and for any h ¢ D, p (0*™ | h,0) = 0.

Assumption B.2 (Bound on delimiter transitions). For any delimiter state k%™ ¢ D and any hidden state h € H,
the probability of transitioning to a delimiter hidden state under ¢ is upper bounded p (hde“m | b, 9) < ¢z < 1 for any
6 € ©\ {6}, and is lower bounded p (h™ | h,0*) > ¢; > 0 for §*. Additionally, the start hidden state distribution for
delimiter hidden states is bounded as p (h%™ | ) € [c3, c4).

The above two assumptions allow us to simplify our analysis and avoid degenerate cases such as a deterministic (hidden)
Markov chain. The result of (Xie et al., 2022) (which we rely on) used 3 additional assumptions (Assumption 3,4,5), but
those are omitted here.
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C. Proof of Prop. 3.1

Proposition 3.1. [e—non-identifiability of ICL] Let N be the length of a prompt (S, Zses). For all € > 0, there exists
ny > ng, such that for all n > n;, there exists a distribution q,, close to a mixture of HMMs p in KL divergence

KL[p(o1,...,0Nn)||lgn(01,-..,0Nn)] <&, st

argmax ¢y, (Y|Sn, Tresr) 7 argmMax Pprompr (Y| Lest)-
Yy Yy

We denote the threshold example sequence length as ng, after which p satisfies in-context learning, i.e.,

Vn > ng : argmax p(y|Sp, Tiest) = argmax Pprompt (Y| Zrest)-
y Y

Proof. Our proof follows the below steps.

¢ Step 1: for every n > ng, we define a ¢,, by equating it with p everywhere except on sequences that have a prompt
structure (to be defined). We construct g,, such that the prompt completion will be different than in p, i.e.

argmax qn(y|sn; xtest) 7& argmaxp(y|5n, xtest)-
Yy Yy

We do this by making sure that
N )
argmax g (ylSny xtesl) > qn (y ‘Snv -Ttest) + 5
y#y*

* Step 2: we bound KL (p||¢,) as
KL (p||gn) < [constant] X [the probability of prompts].
¢ Step 3: we show that the latter converges to 0 as n — oo and is controlled by a function of 4.

Step 1 Let us denote the length N prompt by O = (01, ..., on ). Consider the fixed distribution p(o1, ..., on) defined by
a mixture of HMMs. For any fixed n € Z*, we define a distribution ¢, (01, . . ., on) as a modification of p. To define g,
we make use of the following definition.

Definition C.1. (Prompt structure) We say that a sequence of tokens (01, ..., o) has prompt structure if it can be written
in form (S, Tiest, ¥) = (w1, y1, 0% 2o yo, 0% 2y, 0% 2, y), with each z; having length k — 1 and y;
having length 1.

Let us denote the set of prompt structures in OV as Py;. We consider those sequences that have a prompt structure. We
construct g, such that it is different only on these sequences and equal to p(o1, ..., o) everywhere else.

We can expand g,, on prompt structures via the chain rule

n+1
q”(snvxtestay) = Z qfl(yj|8j—17Ij)QH(Ij‘Sj—l)QH(Odehm|Sj—27xj—layj—l) )
j=1
= G (Y|Sn, Tiest) @n (Trest| S ) @ (0™ | S — 1, T )
n .
+ ZQn(yj|sjfl7xj)Qn(mj|Sj71)Qn(Odehm|ij27xjflzyjfl)v (10
j=1

with notation @, 11 = Tiest, Ynt1 = ¥y and zg = yo = Sp = S_1 = 0 in order to define the endpoints appropriately. For
j7=1,...,nlet
n(|Sj-1) := p(x;]Sj-1)
and
G (0" 82, w51, Y1) = P(0* ™ Sjma, w51, Y1),
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i.e., the same as p. We are only modifying p(y|S,,, Test), and only at its largest and second largest values—as we show, that
is sufficient to change the output of the argmax, thus, changing whether the model has ICL. Denote

a1 = max p(y|Sn, Ties)
Y7 = argmax p(y|Sn, Tiest)
Y

a2 = ma)fp(y‘snaxtest)
Y#Y7

ys = argmax p(y|Sn, Trest)-
y#£Y;

Then, for all y # yi and y # y3 let ¢, be the same as p, i.e.,
Qn(y|5n> xtest) = p(y‘Snv xtest) Vyf #yF /y;

However, on the largest and second largest values we change p as the following

a1+ a 1)
Qn(yﬂsnaxtest) = ! B) z_ 5
a1 +a é
QTL(y;|Sn7Itest) = ! 9 2 57

where § is arbitrarily small. Due to (9), ¢,, is well-defined. Since g, (y| Sy, Ziest) has its maximum at 3,

argmaxp(y|sn7 xtest)) 7é argmax Qn(y|sna xtest)y
Yy Yy

that is, the model ¢,, has a different output when the argmax operator is applied. Since n > ng, from Xie et al. (2022) we
know that p has ICL:

argmaxp(y|sna xtesl) = argmaxpprompt(mxtesl)-
Yy Yy

However, since p and ¢,, do not match, the following holds and ¢,, cannot be an in-context learner:

argmax Qn (y | Sna mtes[) 7& al"gmaX pprompt(ykrtes[)
Yy Yy

To bound KL (p||g, ) in Step 2, we need the following inequality

p(y|Sn,$test) ) ( 2 )
log [ ———"—5 ) <log [ — |- "y
o8 (q"(ysvnxtest) =08 1— 5 ( )

It holds since if ¢y, (y[Sn;s Tiest) = P(Y[Sn, Tiest), then the log equals to 0, otherwise by (11):
p(yﬂsn; xlest) ) < 2@1 ) ( 2 )
10 AT Y = 10 - < < 10 —_— and
g(qn(yﬂsn,ztﬂt) lara—5) =815

p(y;|sn; x[est) ) < 2(12 > ( 2 )
log | —=a—~ ) =log| ———— | <log| — |,
g(Qn(y§|Snaﬂftest) & ar+as+6/) — & 1—6

. 2a2o 2a1 2 . . . o
since 2 < 5 < 175 with equality if as = 0.

Step 2 Now we bound the KL divergence between p(o1, .. .,on) and g, (01, ..., 0N).
p(t) |\ _ p(t)
KL(p(01, - -, 0n)|lgn(01,- - on)) = Y p(t)log o)) = > p(t)log o)
teON dn tePw dn
) (Snaxteshy)
+ Z 10g( = Z p(Smxtesta )IOg Y
t%'P (t) (Sn,mles[,y) QH(Sn; xlesta y)
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where the last equation is due to the fact that g, is defined to equal p on non-prompt structures (O~ \ Py). Expanding
P(Sny Tiest, ¥) and ¢y, (Sp, Tiest, ¥) via the chain rule, we get

n+1 :
1S LT 1S delim| g ST 1, Y
Z (S, Trests ) log H p(y;]Sj—1,7;)p(x;]S;-1)p(0 [Sj—2,Tj—1,Yj-1)

o @n(Yj195-1,25)qn (2518 -1)gn (0%™|Sj 2, 51, 5-1)

(Sn Trest,y)

Sn’ €S
- Z P(Sn;, Trest, ¥) log (p(mxtt)) 7

(S'Inllesny) n (y|Sn, :L‘leSt)

since by the definition of ¢, all the terms inside the log vanish excluding p(y| Sy, Zest) and ¢, (y|Sn, Tiest). Now we use the
bound in Eq (11).

2
KL(P(Oh e 70N)||Qn(017 sy ON)) <log (1_5) Z p(Sn7 Ltests y)

(Svuw!esny)

Step 3 We now show that > (S rteast) P(Sn, Tiest; ¥) — 0 as n — 0o exponentially fast.
Z P(Sn, Ltest y) = Z / P(Sm Ltest y|9)P0(9) (12)
(Snw']fleslyy) (Sna-'ll'teshy) 0€0
- / S p(Su, tes y10)p0(6). (13)
€6 (S7z7z!es!7y)

Let us fix # € O. Consider the HMM with output distribution p, conditioned on . We wish to focus on the property of
prompt structures that delimiter output states occur at every (k 4 1) token. Bounding the probability of delimiter output
states occurring at every (k + 1)™ token allows us to bound the probability of prompt structures.

From Assumption B.1 of Xie et al. (2022), we know that a delimiter hidden state generates the delimiter output state with
probability 1, and non-delimiter hidden states do not generate the delimiter output state. Hence it is equivalent to bound the
probability of the hidden Markov chain being at delimiter hidden states exactly at every (k + 1)™ step.

Let us consider those latent concepts 6, where it is possible to reach a delimiter hidden state. Without loss of generality,
assume that our HMM hidden state Markov chain is at a delimiter hidden state (a state in D), otherwise, we reach D in some
steps. For two, possibly equal pdelim:¢ pdelim.j e D define

pf’]ﬁ = Z p(hdelim7iv hkv hk*lv ) hlv hdelim,j |0) (14)
hi,....h€H

as the probability of the hidden Markov chain going from state h%i™J to h9¢1im:# in k41 steps (it may pass through delimiter
hidden states in the meantime). For those latent concepts 6, where it is not possible to reach a delimiter hidden state, it is
possible to define pfjfa accordingly, but its value is zero. As this does not affect our upper bound, we may neglect these cases.
Let p* = supyce\ o~} MaX; ; pfjfe, where the maximum is under all pairs of delimiter hidden states in D. We show that

p* < 1. Forall § € © \ §*, by Assumption B.2 of Xie et al. (2022), for all h%i™ € D and h € H, p(h*™ |k, 0) < cp < 1.
Hence for all ¢, j,

Pl = Y (™ by by, by R G) (15)
hi,...;hkx€H
= Y p(r* ™, O)p(hilhg—1, oo ha, K™ 0)p(hg 1, ...y by, ™I |0) (16)
hi,....,hx€H
< Ccg Z p(hk‘hk—la"'7hlahdelim,jaa)p(h’k—la"'7h17hdelim,j|0) (17)
hi,...,hixk€H
<. (18)
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Thus, p* < co, and the probability of generating a prompt structure, which has n instances of this pattern of a delimiter
hidden state appearing after £ non-delimiter hidden states, is upper bounded by c5.

Hence

[ Y olSumesiOm®) < | (maxpl)po(0) -
0€6 (g

geo BJ

n :zleslvy) (19)
- / (masx pi?)"po (6) + / (max g5 po(6) < ( sup  maxpE)" = (") < of,
oe{o=} “J oeco\{o*}y I 0eo\{6*} “J

where the second inequality is because the integral over 6 € {6*} is zero, since {6*} has 0 Lebesgue measure. Therefore
2 (S0 e V) p(Sn, Tiest, y) decays exponentially. Hence

2
K01+ o)l 01, o) < log (125 )

From this, we obtain that defining n; = log,, (@) + 1 and § = min {al +as,1— 267@} ensures
KL(p(o01,...,0n)|lgn(01,...,0n)) < eforalln > ny. O
D. Identifiability

Definition D.1 (Set of probability measures). We denote the set of probability measures on domain X as M (X).

Definition D.2 (Property). Let M(X) be the set of distibutions on X and let p € M(X). A property A is a binary function
M(X) — {0;1}. We say that p has property A, if A(p) = 1 and that it does not if A(p) =0

Definition D.3 (Property equivalence classes). A property .4 partitions a set of distributions M (X') into two equivalence
classes, M 4 and M such that

1 (20)
0 1)

Vi # 4, pi,pj € Ma : A(pi) = A(pj)

such that M(X) = M4 U M and M4 N M5 = 0.

Definition D.4 (¢ —non-identifiability of distributional properties). Let M(X') be a set of distributions with an equivalence
class structure, given by property A and denoted as M 4, M. We say that property A of a distribution is e —non-identifiable
if there exists a distribution p € M 4 such that 3¢ € M such that KL [p||q] < e.

E. Experimental details
Reproducibility and codebase. We use PyTorch (Paszke et al., 2019), PyTorch Lightning (Falcon & The PyTorch

Lightning team, 2019), and HuggingFace Transformers (Wolf et al., 2020). Our code and experimental logs are publicly
available at https://github.com/rpatrik96/1lm-non-identifiability.

PCFG. We generate data from the a™b™ PCFGs up to length 256. Besides the tokens a (0) and b (1), we use SOS (2),
EOS (3), and padding (4) tokens. We define our test prompts as all possible sequences of length 8 (prepended with SOS),
which we split into in-distribution, and OOD test prompts, based on whether they can be completed in the form of a™b™.
The training set includes all unique sequences up to length 256.

Table 2. PCFG parameters

PARAMETER VALUES
NUMBER OF TOKENS 5 (SOS, EOS, PAD, 0,1)
MAXIMUM SEQUENCE LENGTH 256
TRAINING DATA MAXIMUM LENGTH 256
TEST PROMPT LENGTH 8
BATCH SIZE 128
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Model. We use a Transformer decoder (Vaswani et al., 2017) in flavor of the decoder-only GPT models (Radford et al.;
2018; OpenAl et al., 2023). We apply standard positional encoding, layer normalization, ReLU activations, the AdamW
optimizer (Loshchilov & Hutter, 2019) with inverse square root learning rate schedule (Xiong et al., 2020). For prompt
prediction, the model can predict up to length 300. We train for 50, 000 epochs with the standard cross entropy (CE) loss for
the next token prediction task. For the adversarial and oracle training versions, we add an additional loss term which we
detail below.

Table 3. Transformer parameters

PARAMETER VALUE (NORMAL)
MODEL TRANSFORMER DECODER
NUMBER OF LAYERS 5
DROPOUT PROBABILITY 0.1
MODEL DIMENSION 10
FEEDFORWARD DIMENSION 1024
NUMBER OF ATTENTION HEADS 5
LAYER NORM € 6e—3
ACTIVATION RELU
OPTIMIZER ADAMW
LEARNING RATE SCHEDULER INVERSE SQUARE ROOT
BATCH SIZE 128
LEARNING RATE 2e—3
PROMPT PREDICTION CUTOFF LENGTH 300
NUMBER OF EPOCHS 50,000

Metrics. We monitor training and validation loss, and the adherence to the grammar’s two rules (R1),(R2). We measure
the accuracy of each separately and simultaneously (i.e., to check whether the generated sequence is grammatical). For a
deeper understanding, we calculate these metrics for different scenarios:

1. For the in- and out-of-distribution test prompts and
2. For a batch of SOS tokens.

For each of the above, we re-calculate the accuracies for the subset of prompt completions which have an EOS token to
avoid false conclusions (e.g., if the model wants to finish aaa as a longer sequence than the cutoff length, the unfinished
sequence would lower the accuracy). Since for the OOD prompts, it is by definition impossible to fulfil (R2) (that a’s
are before b's), we separately calculate this rule on the completion: e.g., if the OOD abbb is completed as abbbaa, then
it is considered correct for this metric, but abbbabaa is not, as it has an a after a b in the completion. We also monitor
the accuracy of next token prediction via greedy decoding (i.e., using the token with the largest probability). We report
additional numerical values in Tab. 4, supplementing Fig. 2.

Adversarial training. For adversarial training, we generate OOD sequences such that the number of a’s and b’s is not
equal, there is one more from one symbol. Then, we treat the first 8 a and b tokens (i.e., the same as the test prompt length)
as the prompt, and the rest as the completion. During training, we add a CE loss on the OOD prompt completions. The
rationale of only optimizing on the OOD completions is to keep the prompts OOD, since our claim in § 3.1 is about different
behavior for OOD prompts.

Oracle training: enforcing rule extrapolation. This scenario is very similar to adversarial training, with the difference,
that we generate additional OOD training samples, where the prompt is still OOD, but here the completion is generated such
that the number of a’s and ’s is equal over the whole sequence. Then we add a CE loss on the OOD prompt completions.
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Table 4. Comparison of the extrapolation performance of MLE, adversarial, and oracle training for OOD prompts. For (approximately)
the same validation loss, the extrapolation of (R1) for OOD prompts differs enormously, showing that the loss alone cannot distinguish the
extrapolation property

ACCURACY OF (R1)

NAME VALIDATION LOSS MEAN+STD. RANGE
MLE 0.0215+0.0011 0.437+0.047  [0.339;0.629]
ADVERSARIAL 0.0223+0.00094 0. [0.;0.]
ORACLE 0.0199+0.00025 0.83+0.122 [0.634;1.]
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F. Acronyms

CE cross entropy

AR autoregressive

DNN Deep Neural Network
EOS end-of-sequence

FSM Finite State Machine
HMM Hidden Markov Model

i.i.d. independent and identically distributed
ICL in-context learning

KL Kullback-Leibler Divergence
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LLM Large Language Model

MLE maximum likelihood estimation
NTK Neural Tangent Kernel

OOD out-of-distribution

PCFG Probabilistic Context-Free Grammar

RASP Restricted-Access Sequence Processing Language
RLHF Reinforcement Learning from Human Feedback
RNN Recurrent Neural Network

SOS start-of-sequence
SSL Self-Supervised Learning



