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Abstract

In this paper, we investigate the online allocation
problem of maximizing the overall revenue sub-
ject to both lower and upper bound constraints.
Compared to the extensively studied online prob-
lems with only resource upper bounds, the two-
sided constraints affect the prospects of resource
consumption more severely. As a result, only lim-
ited violations of constraints or pessimistic com-
petitive bounds could be guaranteed. To tackle the
challenge, we define a measure of feasibility &*
to evaluate the hardness of this problem, and esti-
mate this measurement by an optimization routine
with theoretical guarantees. We propose an on-
line algorithm adopting a constructive framework,
where we initialize a threshold price vector using
the estimation, then dynamically update the price
vector and use it for decision-making at each step.
It can be shown that the proposed algorithm is
(1-0(=))or(1— O(gfﬁ)) competitive

*—e
with higﬁ probability for £* known or unknown
respectively. To the best of our knowledge, this
is the first result establishing a nearly optimal
competitive algorithm for solving two-sided con-
strained online allocation problems with a high
probability of feasibility.

1. Introduction

Online resource allocation is a prominent paradigm for se-
quential decision making during a finite horizon subject to
the resource constraints, increasingly attracting the wide
attention of researchers and practitioners in theoretical com-
puter science (Mehta et al.,[2007;Devanur & Jain, 2012; De+
vanur et al.|[2019)), operations research (Agrawal et al.,[2014;
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Li & Ye,2021)) and machine learning communities (Balseiro
et al.,|2020; L1 et al., [2020). In these settings, the requests
arrive online and we need to serve each request via one of
the available channels, which consumes a certain amount
of resources and generates a corresponding service charge.
The objective of the decision maker is to maximize the cu-
mulative revenue subject to the resource capacity constraints.
Such problem frequently appears in many applications in-
cluding online advertising (Mehta et al.,|2007; |Buchbinder
et al.,|2007), online combinatorial auctions (Chawla et al.,
2010), online linear programming (Agrawal et al., 2014;
Buchbinder & Naor}2009), online routing (Buchbinder &
Naor, [2006), online multi-leg flight seats and hotel rooms
allocation (Talluri et al., 2004), etc.

The aforementioned online resource allocation framework
only considers the capacity (upper bound) constraints for
resources. As a measure of fairness for resources expendi-
ture, the requirements for guaranteeing a certain amount of
resource allocation play important roles in real-world appli-
cations (Haitao Cui et al.l 2007; |Zhang et al., 2020) ranging
from contractual obligations and group-level fairness to
load balance. We give several examples in Appendix [A]for
completeness. Recently, some attempts come out to allevi-
ate the difficulties introduced by lower bound constraints.
For instance, |Lobos et al.| (2021)) propose an online mir-
ror descent method to address this new online allocation
problem with O(v/T) asymptotic regret as well as O(v/T)
violation of lower bounds in expectation, where 7' is the
number of requests. Meanwhile, [Balseiro et al.| (2021) con-
sider a more general regularized setting to satisfy fairness
requirements by non-separable penalties, which also leads
to O(v/T) asymptotic regret for the regularized reward.
That is, Balseiro et al.|(2021) only guarantee a gap of the
order O(+/T)) for the sum of the regret of revenues and the
violation of lower-bound constraints. All these studies con-
sider the lower bound requirements as soft threshold, i.e.,
there is no guarantee on the satisfaction of lower bound con-
straints, which remains an open problem for online resource
allocation.

In this paper, we investigate the online resource allocation
problem under stochastic setting, where requests are drawn
independently from some unknown distribution, and arrive
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sequentially. The goal is to maximize the total revenue sub-
ject to the two-sided resource constraints. In the beginning,
the decision maker is endowed with a limited and unre-
plenishable amount of resources, and agrees a minimum
consumption on each resource. The decision maker can
access the information of the current request and requests
that have been processed before, but it is unable to get the
information of future requests until their arrivals. Once ob-
serving an online request, the decision is made irrevocably
to assign one available channel to serve the request, where
we assume there is an oracle that determines the revenue and
the amount of consumed resources depending on (request,
channel) pair for convenience. A formal definition can be
found in Section

To address the challenges brought by two-sided resource
constraints, we first define a problem dependent quantity
v to represent i). the maximum fraction of revenue or re-
source consumption per request, ii). the pessimism about
the satisfaction of lower bound constraints. Generally, large
~ will rule out good competitive ratio across different set-
tings (Mehta et al., 2007; |Buchbinder et al., 2007; |Agrawal
et al.,[2014; |Devanur et al., [2019). Meanwhile, we find that
the margins between lower and upper bounds directly affect
the hardness of the online allocation problem in stochastic
setting. Inspired by the Slater’s condition and its applica-
tions (Slater, 2014; Boyd et al., 2004), we define a measure
of feasibility £* to evaluate the hardness of constraints and
present an estimator with sufficient accuracy. In the end,
the proposed algorithm integrates several estimators to com-
pensate undiscovered information. Our contribution can be
summarized as follows:

1. Under the gradually improved assumptions, we pro-
pose three algorithms that return 1 — O(&=) com-
petitive solutions satisfying the two-sided constraints
w.h.p., if v is at most O (ﬁ), where £* > ¢ is
the measure of feasibility and K is the number of re-
sources. To the best of our knowledge, this is the first
result establishing a competitive algorithm for solving
two-sided constrained online allocation problems fea-
sibly, which is nearly optimal according to (Devanur
et al.,[2019).

2. To tackle the unknown parameter £*, we propose an
optimization routine in Algorithm[5] Through merging
the estimate method into the previous framework, a
new algorithm is proposed in Algorithm [6] with a solu-

tion achieving 1 — O( E*f \/g) competitive ratio when
&* is an unknown and problem dependent constant.

3. Our analytical tools can be used to strengthen the exist-
ing models (Mehta et al.| 2007} |Devanur et al., [2019;
Lobos et al.,2021) for online resource allocation prob-

lems.

2. Related Works

Online allocation problems have been extensively studied in
theoretical computer science and operations research com-
munities. In this section, we overview the related literature.

When the incoming requests are adversarially chosen, there
is a stream of literature investigating online allocation prob-
lems. [Mehta et al.| (2007) and Buchbinder et al.| (2007) first
study the AdWords problem, a special case of online allo-
cation, and provide an algorithm that obtains a (1 — 1/¢)
approximation to the offline optimal allocation, which is
optimal under the adversarial input model. However, the
adversarial assumption may be too pessimistic about the re-
quests. To consider another application scenarios, Devanur|
& Hayes| (2009) propose the random permutation model,
where an adversary first selects a sequence of requests which
are then presented to the decision maker in random order.
This model is more general than the stochastic i.i.d. setting
in which requests are drawn independently and at random
from an unknown distribution. In this new stochastic model,
Devanur & Hayes|(2009) revisit the AdWords problem and
present a dual training algorithm with two phases: a training
phase where data is used to estimate the dual variables by
solving a linear program and an exploitation phase where
actions are taken using the estimated dual variables. Their
algorithm is guaranteed to obtain a 1 — o(1) competitive
ratio, which is problem dependent. [Feldman et al.| (2010)
show that this training-based algorithm could resolve more
general linear online allocation problems. Pushing these
ideas one step further, Agrawal et al.|(2014)) consider primal
and dual algorithm that dynamically updates dual variables
by periodically solving a linear program using the data col-
lected so far. Meanwhile, Kesselheim et al.| (2014) take
the same policy and only consider renewing the primal
variables. Recently, Devanur et al.|(2019)) take other innova-
tive techniques to geometrically update the price vector via
some decreasing potential function derived from probability
inequalities. These algorithms also obtain 1 — o(1) approx-
imation guarantees under some mild assumptions. While
the algorithms described above usually require solving large
linear problems periodically, there is a recent line of work
seeking simple algorithms that does not need to solve a large
linear programming. Balseiro et al.|(2020) study a simple
dual mirror descent algorithm for online allocation problems
with concave reward functions and stochastic inputs, which
attains O(v/KT) regret, where K and T are the number
of resources and requests respectively, i.e., updating dual
variables via mirror descent algorithm and avoids solving
large auxiliary linear programming. Simultaneously, [Li et al.
(2020) present a similar fast algorithm that updates the dual
variable via projected gradient descent in every round for
linear rewards. It is worth noting that all of these literature
only consider the online allocation with capacity constraints.
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3. Preliminaries and Assumptions

In this section, we introduce some essential concepts and
assumptions that are adopted in our framework.

3.1. Two-sided Resource Allocation Framework

We consider the following framework for offline resource al-
location problems. Let /C be the set of K kinds of resources.
There are J different types of requests. Each request j € J
(|| = J) could be served via some channel ¢ € Z, which
will consume a;;, amount of resource £ € K and gener-
ate w;; amount of revenue. For each resource k € K, Ly,
and Uy, denote the lower bound requirement and capacity,
respectively. The objective of the two-sided resource allo-
cation is to maximize the revenue subject to the two-sided
resource constraints. The following is the offline integer
linear programming for resource allocation where the entire
sequence of 7" requests is given in advance:

Wk =max > wirgwi
€L, te(T)
s.t. L < Z AiR(t)kTit < Ui,Vk € K
1€Z,te[T) (1
> wy <1Vt e [T
i€l

zi € {0,1},Vi € Z,t € [T]

where [T] = {1,2,...,T} and the function R(¢) : [T] —
J to record the types of requests, i.e., the type of ¢-th re-
quest is R(t). As a common relaxation in online resource
allocation literature (Agrawal et al., |2014; |Devanur et al.
2019; |Li et al., [2020; Balseiro et al., [2020)), not picking any
channel is permitted in ILP (I)). We denote the no picking
channel option by 1€ Z, where a, j = 0 and w; = O for
allj € Jand k € K.

3.2. Assumptions and Concepts

To facilitate the analysis in following sections, we hereby ex-
plain the detailed assumptions for two-sided online resource
allocation problem.

In practice, it’s impossible to know all incoming requests
ahead of time. We therefore assume:

Assumption 1. The requests arrive sequentially and are
independently drawn from some unknown distribution P :
J — [0,1], where P(j) denotes the arrival probability of
request j € J and we denote p; = P(j),Vj € J.

To demonstrate the performance of our proposed algorithms,
we also need to make some extra requirements about the
parameters, which are widely adopted in literature.

Assumption 2. In stochastic settings, we make the follow-
ing reasonable assumptions:

i. When the algorithm is initialized, we know the lower
and upper bound requirements Lj and U}, regarding
every resource k € K and the number of requests 7.

ii. Without loss of generality, the revenues w;; and con-
sumption of resources a;;;, are finite, non-negative
and revealed when each request arrives, Vi € Z,j €
J,k € K. Moreover, we know w = SUD;e7 jeg Wij
and Gy, = Sup;c7 je s @ijk, Yk € K.

Under Assumption we denote the expected Linear
Programming problem with lower bound Lj, + STa; for
every resource k € IC by E(5), i.e.,

Wg —max Z ijwijxij
Y ieTjeg
s.t. Ly + BTa, < Z Tpjaijrzi; < Uk, VE €K
€L, jeT
Z Lij S 1,V] € j
i€l
Tij > 0,vVieZ jeJ
2)
where (5 is a deviation parameter of lower bound con-
straints and W3 is the optimal value for problem E(j3).
Meanwhile, we denote the optimal solution for F(3) as
{z(8)i;,¥i € Z,j € J}. Under Assumption if we
take the same policy for every request j € J in ILP (T)),
ie, z;; = z(B);; when R(t) = j, it can be verified that

*

E [ZieLje[T] aiR(t)kxit} Ziel’7tej ijaijkx(ﬂ)ij

and E {ZiEI,te[T] wiR(t)xit} = Ziez,jej ijwijx(ﬁ)ij'
Therefore, when 8 = 0, we could view the LP @]) as a
relaxed version of the expectation of ILP @) Moreover, W,
is an upper bound of the expectation of the optimal reward
W in ILP (T).

Lemma 3.1. W, > E [Wg].

The proof of the above lemma is deferred to Appendix|[C] As
a result, if an algorithm attains (1 — o(1))Wj, we can infer
that this algorithm also achieves at least (1 — o(1))E [Wg].

We also make an assumption on the margin of resource
constraints.

Assumption 3. (Strong feasible condition)

There exists a £ > 0 making the linear constraints of the
following problem feasible,

*
= ma
& = maxt

sit. Ly + Tay, < Z Tpjaijrzi; < U, Vk € K
1€L,jeT
inj <LvVjeJ
i€l
Tij > O,VZ EI,j eJ.
(3)
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The motivation for adding £7°ay, to the lower bound is to
measure the size of the original feasible space with lower
bound Ly, and upper bound Uy,. Intuitively, it is relatively
easy to satisfy the lower-bound requirements in the wide
feasible space at the end of T-round decisions. Therefore,
we call the optimal £* the measure of feasibility and assume
&* > ¢ for simplicity, where € > 0 is a predefined error
parameter.

Due to limited space, we present some frequently used con-
centration inequalities to predigest the theoretical analysis

in Appendix

4. Competitive Algorithms for Online
Resource Allocation with Two-sided
Constraints

In this section, we propose a series of online algorithms for
resource allocation with two-sided constraints by progres-
sively weakening the following assumptions.

B T]and d.2] With known distribution;
With known optimal objective;
M.4] Completely unknown distribution.

4.1. With Known Distribution

In this section, we assume that we have the complete knowl-
edge of the distribution P. We first propose a high-level
overview of our algorithm and outcomes as follows.

High-level Overview:

1. With the knowledge of P, we could directly solve
the expected problem E(7) and obtain the optimal
solution {z (7 )”,Vz € Z,j € J}, where the deviation
parameter 7 = 1= . For each fixed request j € 7,
if z(7);; > x( )i,;» We tend to assign this type of
request to channel 4; rather than 72. Motivated by this
intuition, we design the Algorithm Pin Algorithm|1 I
which assigns request ;7 € J to channel 7 € 7 with
probability (1 — &)z (7).

2. In the Algorithm P, if we define the r.v. X ,f for re-
source k consumed by one request sampled from dis-

tribution P and r.v. Y for the revenue, it is easy to

. L _ P Ug
obtain that (1-¢e)F teap <E(X;) < (1—-¢)F
and E[Y "] = (1 — &) %=. Because the expectation of
resource consumption about one sample is restricted to

the interval [£&, U], in Theorem 4.3 we could prove

that the Algorithm P generates a feasible solution with
high probability for online resource problem with two-
sided constraints ILP (T} via the Bernstein inequalities
in Lemma This is the reason for enlarging the
lower bound Lj, by 771'ay, and scaling the solution with

Algorithm 1 Algorithm P
P

1: Input: 7 = =,

2: Output: {xi;}icz,jecr)

3: {x(7);Viez,jes = argmax(yy E(7).

4: When a type j € J request comes, we assign this request to
channel ¢ with probability (1 — )2 (7);;. That is, If assigning
the type j request to channel i, we set x;; = 1, otherwise
Ti5 = 0.

a factor 1 — . Meanwhile, we also verify that the
accumulative revenue will be no less than (1 — 22)W..
w.p. 1 — ¢ in Lemma[d.T}

3. Since we have lifted the lower resource constraints
from Ly to Ly + 71T'ay in Algorithm P, it would cause
the change of baseline when analyzing the accumu-
lative revenues. We have to derive the relationship
between W, and W,. By taking a sensitive analy-
sis in Section (4.2 we obtain W, > (1 — &)W, in
Theorem under the Assumption 3] where £* is
the measure of feasibility. Finally, we could prove
the Algorithm P achieves an objective value at least
(1 — O(€))Wy in Theorem |4.3]

Similar to (Devanur et al.,|[2019), we first consider the com-
petitive ratio that Algorithm [T]could achieve for a surrogate
LP problem E(7) with optimal objective W, according to
Definition (2).

Lemma 4.1. Under Assumptzon if Ve > 0 and

v = max (Uk 7Tak oo W ) = O(IH(K/E)) Algorlthm
achieves an objective value at least (1 —2¢)W, and satisfies
the constraints w.p. 1 — €.

The proof is deferred to Appendix [E] From Lemma[4.1] we
have verified the cumulative revenue is at least (1 — 2¢)W,
w.p. 1 — €. Thus, in order to compare the revenue with
Wo, we should derive the relationship between W, and
Wo. However, due to the deviation 771'ay, it is hard to
directly obtain this relationship. We will tackle this sensitive
problem in the next subsection.

4.2. Sensitive Analysis

In this subsection, we demonstrate the relationship between
W, and W,. Before introducing the details, we first notice
the difference between the problem E(7) and the problem
E(0). Specifically, we enlarge the lower bound for every
resource k € KC by an extra amount of 77°ay,.

Through a sensitive analysis, we finally found that the mea-
sure of feasibility £* controls the decline ratio of the (1)
objective value. The result can be summarized by follows.

Theorem 4.2. Under the strong feasible condition in As-
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sumption 3| the optimal objective of E(t) satisfies that

WT > (1 - £>W0a

We prove Theorem [4.2] from a geometrical perspective.

— g
where T = 5.

Proof. Let xlj = (1 - &)z0) + &=, Vi € T
and j € J, then :c; j is a convex combination between the
optimal solutions of E(0) and E({*). According to the
constraint set of problem E(0) and E(&), we can verify that

; is non-negative and satisfies 3,7 .o 7 Tpjaijrtij <

Uk,Vk: e, Y crrij <1LVjeJ.
Meanwhile,
> Tpjaiiz
i€Z,jeJg
* T *\ %
> Y Too (- D00+ Lale)s) |,
€L, jeET ( )
>(1- g)Lk + = & (Lk + " Tay)
> Ly +1Tag,Vk € K.
Thus x/-  is feasible to F(7), and
W, > Z TprUJJ > (1- %)WO.
i€L,jeT §
This completes the proof of Theorem .2} O

In practical problems, the influence of £* on competitive
ratio may be far better than the worst case bound in The-
orem since constraints usually represent different re-
source requirements and only affect a part of requests. It
is worth mentioning that our initial proof of Theorem
was based on analyzing a factor-revealing fractional linear
programming problem motivated by (Jain et al.| 2003)). Al-
though the above geometric proof of Theorem[4.2]is simpler,
the factor-revealing prospective tells more relationship about
the dual value } _, .- axBx, Wo and £*, which plays a key
role in deriving Theorem [£.5](See the end of Lemma|G.T).
We put this analysis in Appendix [D]due to the space limit
and wish to provide more insights.

Combining Lemma4.T| with Theorem4.2] we can show that
the cumulative revenue obtained by Algorithm Pis larger
than (1 —2e)W, > (1 —2¢)(1 — &)Wo > (1 - (2 +
= e )Wo Therefore, we have the following theorem.

Theorem 4.3. Under Assumption|I{3} if e > 0, T = 1=,
and v = O(iln(i(?/s))’ Algorithm || achieves an objective

value of at least (1 — (2 +
straints w.p. 1 — ¢.

gi)a) Wy and satisfies the con-

Although Pisan impractical algorithm owing to the com-
plete knowledge of distribution P, it builds a bridge to the
desired competitive ratio. In the following subsections, we
will release the unavailable knowledge by replacing P in a
constructive way.

4.3. With Known W,

In this section, we only assume the knowledge of the opti-
mal value W and abandon the assumption of knowing the
distribution P. Based on this assumption, we design an al-
gorithm A only using W in Algorithm 2} which achieves at
least (1—(2+ 5% )e) Wo objective and satisfies the two-sided
constraints w.p. 1 — €.

Intuitively, we hope to construct a new algorithm A through
Algorithm P, which performs no worse than P and only
need the knowledge of .. We still use the r.v. X ﬁc for
resource k consumed by the j-th request, which is deter-
mined by algorithm A, and r.v. YjA for the revenue. In
general, the key to our theoretical analysis is bounding
the probabilities of three bad events: i) the violation of
lower-bound constraints, such as, ZT X ;}c < Lyg; i) the

violation of capacity constraints, e.g., Z 1 X f}c > Uy; iil)
the cumulative revenue is less than (1 — O( ))Wo, namely,
Zle }/jA < (1 - O(e))WO

Note that, under the strong knowledge of the distribution
‘P, we have presented a simple yet powerful algorithm P
(Algorithm [T)) and also verified its effectiveness in the Theo-
remf4.3] i.e.,

Z Z B¢ L, Uh))
k=1

Therefore, to devise efficient algorithms with weaker as-
sumptions, a natural idea is to construct a new algorithm A
throughout Algorithm P, which only needs the knowledge
of W.. and performs no worse than P. Next, we demon-
strate how to put this thought into effect. First, we consider
a one-step hybrid algorithm M PT~!, which runs M for
the first request and P for the rest T’ — 1 requests. Due to
the theoretical result of P on T'-round allocation problems,
if selecting an appropriate M, we may expect an excellent
performance of M PT~!. Then, after complicated computa-
tions (see Appendix [F)), the probability of all bad events of
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M PT=1 is bounded by f(MﬁT *1)-

ST— o) 5) v Uk
FMPTY) = (B[ 3 exp (o = 25)

kex
In(1
+ZeXp )(?_Xlk»
ke

—In(1 — 5) (1—2¢e)W. M T—1¢?

Fop(— L (e = YM) ] Je(- T o

Notably, when M = P, F(PT) < (2K +1) exp(——) <e
(see Appendix [E). As aresult, we can conclude that the best
choice M satisfies F(MPT~1) = miny F(MPT-1) <
F (PT) < €. Since we have finite J different types of

Algorithm 2 Algorithm A
Input: ¢, W,

2: Qutput: {.r”}ze;g)Je[T]

3 Seteyy =~ vk € KCand o = —12U=2)

4: Initiate ¢f) = 1,<pk =1,VkeK,andy* =1

5:forj=1,...,Tdo

) 6:  compute the optimal ¢* by
it = argmm Z qu exp (clk(a”k Zf))
kek
+> @l texp (Clk(Lk - aijk))
kek T

. 1—-2e)W,
requests, WS also can show + 7 L exp (62 (% — ww))
min F(MPT-1)

M 7 Set X]’.‘}C = ai*jk,yjA = Wj»j

= (]E[r_nin ( 3 eXP(M(ailk _ %)) 8:  Update ¢, = qu_l exp (c1p(X7, — 98)), Vk € K
€N ek @k 9:  Update ¢ = o7, Lexp (clk(% — “}c)) vk e K

— 1-26)W,
n ZeXp In(1 5)(2 ~ai) 10:  Update ¥7 = 17~ exp (02(% YY)
h ar T 11: end for
ex

—In(l—¢) (1 —2e)W, T—1¢2

+ep(THE = B2 )] exp(- T ).

5) loop similar to Algorithm [2] with the estimate of the opti-

From line 6 in Algorithm A (Algorithm[2) and Equation (3)),
we could check that M is equal to the decision of A for the
first request, so F(APT-1) = F(MPT-1) < F(PT) <
€. Therefore, we ensure that Algorithm APT—1 achieves
an objective value at least (1 — O(e))W) and satisfies the
constraints w.p. 1 — €.

Like the previous policy, based on APT~1, we also con-
struct another two-step hybrid algorithm AM PT~2 which
runs A for the first request, M for the second one and P
for the rest. Similarly, the probability of its bad events is
less than some F(AM PT=2). Moreover, we know the best
M, satisfying F(AM, PT=2) < F(APT-1) < ¢ and M,
is the same with the second iteration of A. Continuing these
iterations, we finally get a T-step hybrid method A sat-
isfying the constraints and attaining an objective value at
least (1 — O(€))Wy w.p. 1 — . This AT is in accord with
all iterations of our Algorithm[2]

Theorem 4.4. Under Assumption ife >0, 7 and vy
are defined as Theorem the Algorithm 2| achieves an
objective value at least (1 — (2+ gi)s) Wy and satisfies the
constraints w.p. 1 — .

The proof is deferred to Appendix

4.4. With Known ¢* but Unknown Distribution

In this section, we consider the completely unknown dis-
tribution setting. Under this setting, we first divide the
incoming T requests into multiple stages and run an inner

mal objective value in each stage. More specifically, the
differences between the inner loop and Algorithm [2] are
three-fold: i). choose the deviation parameter 5 = ¢ instead
of 7, where ¢ is an error parameter defined in Theorem
ii). pessimistically reduce the estimated objective value
from W"~! to Z" in each stage for boosting the chance
of success, where W7”~! is estimated by Algorithm ii).
consider the relative error of objective and the maximum
relative error of constraints as ¢, , and ¢, , separately in
each stage, instead of using the global error parameter €. We
consider that €, , describes the error we care about the most
(objective) and ¢, ,- describes the rest errors (constraints and
objective estimates). Distinguishing these error terms allows
for more refined results, but will lead to the competitive ratio
of the same order in our settings. In Algorithm A we name
the proposed algorithm by A; to facilitate the analysis.

The high-level ideas can be summarized as follows. There
are three types of errors that have to be restrained, 1). the
error |Z, — W,| from estimating deviant objective value,
2). the error ¢, , from guaranteeing the satisfaction of con-
straints, and 3). the error €, , from Algorithm A; affected
by the randomness in the objective. We use an iterative
learn-and-predict strategy to periodically reduce relative
errors caused by insufficient samples. Let W™ be the ob-
jective obtained by Algorithm A; in stage r. According to
the previous sections, if objective Z,. is reachable, we could
prove that the loss ¢, == |WT — Z"| is upper bounded by
O(%e,..Z,) in each stage. We also need Z,. to be a good
> (1 = O(egr—1))We en-

T Cy,r
estimate for the objective. Z"
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Algorithm 3 Objective Estimator({request, },, ., 3)

I: Input: requests from r-th stage {request,},, request
number t,., deviation parameter 3.

2: Qutput: W"

3: Solve E(p) as

t,
W' =max Z Z Wi Ti;
= Jj=1
. t,
s.t. %(Lk + pTay) < Z Zaijkxij
i€l j=1 (6)
—TUk,Vk e

’ﬂ

zi; < 1,Vj € [t,]
ez
zi; > 0,Vi€T,j€t]

sures that the objective is not underestimated, and Z,, < W,
ensures that it is a reachable target and facilitates the proof
forr =0,...,l — 1. Besides the normal stages, a warm-up
stage r = —1 is added to provide an estimate Z_;. Then
the cumulative loss /_; + ZT o £ will be no greater than
O(%WO +3, MWE) The algorithm is de-
signed to balance the relative error €, ,., €, ,» and their impact
on the requests in each stage.

More precisely, Algorithm A; geometrically divides T re-
quests into [ + 1 stages, where the number of requests are
t,=e2"T forr=0,...,l—1andt_; = £T. In the initial
stage r = —1, we use the first t,, = €T requests to estimate
W. and obtain W1, assuming that none of the requests
are served in worst case. In stage r € {0,1,...,] — 1}, the
requests from stage r — 1 are used to provide more and more
accurate estimate W7 ~1 of W.. By Union Bound, we set

the failure probability as 6 = £ and reduce the estimate
Wr—lto Z" = %, which is promised between
[(1—0O(epr—1))We, W] wp. 1 — 2.

Then in each stage r, define the error parameters for ob-

jective and constraints as e, = O (1 / QW) and

Exr = 0( '“Tllt’ff(/‘;)) respectively. We construct a

surrogate Algorithm P, that achieves L(1—ey,)Z" cumu-
lative revenue with the consumption of every resource k& be-

tween [W(Lk + (5 _ _Exr )Tl_lk;), tr(l;sz’r)Uk}

1+eq,r
with probability at least 1 — 4. Similar to previous sec-
tions, the connection between the inner loop of Algorithm
Aj and Algorithm P; is built to minimize the upper bound
of failure probabilities. Finally, with probability at least

1 — 6, the cumulative revenue is at least 3.'_ (1 -

Ey, ~) and the cumulative consumed resource of £ € K
is between Y\t M(L + (e -)Tay,) and

o 1+s
P BMU Letting v, = O(ln(K/E)) we could

keepzr V(4 ep Uy < Uy b lbeen) () 4
(e = 77 )Tar) > Ly and 3,00 BF(1 = y,) >
(1~ 0(=5) W,

The most tricky part of Algorithm A; is estimating W in
Algorithm[3] Since the lower bound L;, cannot upper bound
the mean of X as Uy, does, it brings a great challenge
to the theoretical analysis. To address this issue, we solve
a biased LP problem, uplifting L by eT'ay, at the end of
each stage. It helps the satisfaction of the lower bound in
the next stage, and the influence on the objective can be
determined by Theorem[4.2] This completes the high-level
overview of the analysis of Algorithm A;. The theoretical
result of Algorithm A; is presented in Theorem with
explicit requirements of parameters.

Theorem 4.5. Under Assumption if e > 0

™ = 1{\‘5/5 such that 7 + ¢ < & and v, =
a w _ 52 3

max (U,c A—eTar—Lr° W5+Tl) = O(ln(K/a))’Algorlthm

A, defined in Algorithm M achieves an objective value of
at least (1 — O(==— e ))Wo and satisfies the constraints w.p.
1-e

The proof of the theorem is deferred to Appendix
Remark:

1. It can be shown that the problem dependent parameter
&* restricts the capacity of Algorithm A; by affecting
€, T1, and ;. This is consistent with our intuition that
the problem with two-sided constraints becomes harder
if £* decreases.

2. It is worth noting that the competitive ratio obtained
in this paper reflects the high-probability performance
of the proposed algorithms under a finite 7', so it is
difficult to compare with the regret bound for dual-
mirror-descent methods rigorously due to the different
settings. But if T is given and the linear growth of
lower and upper bound is assumed, i.e. L and U}, are
both O(T), £* turns to be a problem-dependent con-
stant, which leads the proposed algorithm towards an
O(y/T In (KT)) regret w.h.p., where we hide the po-
tential log log-term in 5() In real-world applications
with massive constraints, such as guaranteed advertis-
ing delivery (Zhang et al.| [2020) with hundreds of thou-
sands of ad providers, the proposed algorithm could
exceed existing O (v KT) averaged regrets (Balseiro
et al.,|2020; 2021} [Lobos et al., [2021) with respect to
the number of constraints /. More comparisons can
also be found in (Devanur et al.| [2019).

3. Although an LP is solved at the beginning of each
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Algorithm 4 Algorithm A;

1: Input: g, 1, £*

2: Olltpllt: {xij}ie;c’je[T]

3: Setl =logy(1),t, =e2"T,t_1 =eT and § = &
4: forr =0tol-1do

5. Setwr! =Objective_Estimator({request, }»—1,tr—1,¢€)

. _ Twr—1
6: Set Z = (1+(2+5»«%E)5w,r—1)tr—1

4T~ ln(L{ﬁl) _ 4T1n(#)w
— o ot TN\ Tz
In(ltez,r) _ In(Q+4ey.r)
ay, - 0

7: Seteg,r =

8: Set cik,r = and c2

w
2
7(t7‘71>€x11,
41T ’

*(trfl)sz r *(trfl)s? rZ"
Pp = exp ( T )’wo = exp ( 1T )
10: forj=1,...,t do

9: Initialize 62 = exp (

11: compute the optimal i* by
ko . j—1 _ (1 + Ezcn')Uk
i =arg rzrélg{ Z ¢ exp (clk,r( — T
kEK
+ aijk)) + Z ol hexp (CUW(EL;C — aijk—
keK
(I+eéz)((1 —e)Tar — L)
7 )+
- 1—ey )27
1[1] 1 exp (CQ’T (% — wij)) }
12: Set Xﬁcl = ai*]-k,YjAl = Wi, Zﬁcl = Ak — Qi*jk
13: Update
. . 2
14: 7 = ¢l exp (Clk,r(Xil - 7(1+5§:"')Uk) + :}Jl ),
15: Soi _ ‘Pi_l exp ( . Clk,r((1+5m,1‘)((1;5)Tak7Lk) _
A Eim
Zi) + 7).
. . 2
16: 07 = 97 exp (e (2 ) 4 )
17:  end for
18: end for

stage, according to the proof of Theorem|[G.2} we can
use the revenue obtained from previous stage as a good
approximation of W"~! before Algorithmretuming
it in practice for r = 1,...,l — 1. Thus, the online
property of Algorithm @] will not be hurt severely.

However, sometimes ¢* is inaccessible in practice when
Algorithm ] is initialized. We will address the unknown
measurement £* in the next section.

5. Exploring the Measure of Feasibility

As shown in previous sections, the constant £* measures
the feasibility of the original problem, and plays a central
role in Algorithm A;. £* can hardly be obtained in practice.
Motivated by Algorithm [3] we propose Algorithm [5] for
estimating £* to provide a more complete analysis. In this
section, we investigate the strong feasible condition, i.e.,
Assumption[3] Recalling the definition of E/(3) in Section[3]
we can conclude the following results.

Algorithm 5 Feas Estimator({request;}, t., 72, 9)

1: Input: requests from r-th stage {request ; }r, request number
t,, relative error €, .-, problem dependent quantity o, failure
probability 4.

2: Output: E: Emax — 2€4,r

472 T In(£)

tr

w

: Compute €5, =
4: Set

Emax = ngax I3

,T

try1
tr _ tr
s.t. f(Lk +§Tak) < Z ' Z AijkTij < ?Uk, Vk e K
1€ j=tp+1
Z:L’f,j < 1,Vj =t +1,...,tr41

1€T
Tij >0, Viel, J=t-+1,.. .. trt1
@)

Algorithm 6 Algorithm A,

Input: ¢, Ly, Uk, 71,72 = O(ﬁ), ag
Output: {z;;}ici je[r

Setl =logy(2), tr = 2T, t_y =T and § = 57
Seta)=Feas£stimator({requestj},1, t_1, 72, 0)
Execute the Algorithm A (e, 71, on)

AN e

Proposition 5.1. According to the definition of £* in LP (3)),
we have
1. When £ > 0, the problem E(0) is feasible. Otherwise,
it is infeasible.
2. When &* > 0and 0 < £ < &*, the problem E(§) is
feasible.

We omit the proof of the proposition for simplicity. From
Proposition with the knowledge of £*, we could eas-
ily check the feasibility of F(0). Next, we show how to
estimate the £* from served requests in Algorithm 3]

Theorem 5.2. Under Assumption [I}[3]
max ( a

L ; if v =
B ) = O AlgorithmE]with tiid.
requests outputs € such that

EE [5* - 4636,7’75*]

wp. 1 — 26, where €, , = \/@'

The proof is deferred to Appendix

Now ET can be viewed as a good estimate for £* from
stage 0. Based on the estimation of £*, we propose an
algorithm A, in Algorithm[6] Like the previous methods,
we geometrically divide 7" requests into [ + 1 stages for
r = —1,0,...,1 — 1, where the initial stage r = —1 and
the first stage » = 0 have €7 requests. Besides the estimate
W1, the estimate 20 for £* is obtained by Algorithm at
the end of the initial stage » = —1. Then we consider the



Nearly Optimal Competitive Ratio for Online Allocation Problems with Two-sided Resource Constraints and Finite Requests

new expected problem £ (50) and run Algorithm A; defined
in Algorithm 4] for the rest requests.
Theorem 5.3. Under Assumption ife >0, 1 =

1{\5/5 such that 7 + 4y/e + ¢ < & and vy =
2

max(%';’(pe);%ruvwin) = O(In(i(/s))’ Algo-
rithm |§] achieves an objective value of at least (1 -

O(ﬁ)) Wy and satisfies the constraints, w.p. 1 — e.

The proof can be found in Appendix [I}

Until now, we have dropped the knowledge of the entire
distribution P, the objective value W, for problem E(7)
and the strong feasible constant £* step by step. In practice,
the only hyperparameter € can be well approximated by
solving a polynomial approximation of the transcendental
equation between 7, and € in Theorem[5.3] We regard the
proposed Algorithm [6]as a practical algorithm for two-sided
constrained online resource allocation problems.

6. Conclusion

In this paper, we have developed a method for online alloca-
tion problems with two-sided resource constraints, which
has a wide range of real-world applications. By designing a
factor-revealing linear fractional programming, a measure
of feasibility £* is defined to facilitate our theoretical anal-
ysis. We prove that Algorithm 4] holds a nearly optimal
competitive ratio if the measurement is known and large
enough compared with the error parameter, i.e. £* > €. An
estimator is also presented in the paper for the unknown &*
scenario. We will investigate more efficient extensions of
this work in the near future.
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A. The Examples of Resource Lower Bounds

In this section, we give three practical instances showing the necessity of lower bound constraints in real-world applications.

1.

2.1.

2.2.

Guaranteed Advertising Delivery: In the online advertising scenario, the advertising publishers will sell the ad
impressions in advance with the promise to provide each advertiser an agree-on number of target impressions over a
fixed future time period, which is usually written in the contracts. Furthermore, the advertising platform considers
other constraints, such as advertisers’ budgets and impressions inventories, and simultaneously maximizes multiple
accumulative objectives regarding different interested parties, e.g. Gross Merchandise Volume (GMV) for ad providers
and publisher’s revenue. This widely used guaranteed delivery advertising model is generally formulated as an online
resource allocation problem with two-sided constraints (Zhang et al., [ 2020).

Fair Channel Constraints: We consider the online orders assignment in an e-commerce platform, where the platform
allocates the orders (or called packages in logistics) to different warehouses providers. Due to the governmental
regulations and contracts between platforms and providers, the platform usually tends to set lower bounds to the daily
accepted orders for special channels, such as new/small-scale providers or those in developing areas. Besides, it can
be shown that when providers are concerned about fairness, the platform can use a simple wholesale price above its
marginal cost to coordinate this channel in terms of both achieving the maximum channel profit and attaining the
maximum channel utility (Haitao Cui et al., 2007).

Timeliness Achievement Constraints: The delivery time for orders is highly related with the customers’ shopping
experience. Thus, the online shopping platforms also take the time-effectiveness of parcel shipment into account. For
every parcel, platforms usually use the timeline achievement rate ., € [0, 1] to denote the probability of arriving at
the destination in required u days if we assign the order of type o to one channel v, which could be estimated by the
historical data and features of order and channel/logistics providers. As we know, long delivery time will impair the
consumer’s shopping experience, but reducing delivery time means increasing cost. In order to balance the customers’
shopping experience and transportation costs, platforms always set a predefined lower threshold to the average timeline
achievement rate of daily orders, which can be modeled as lower bound constraints in order assignment task.

B. Useful Concentrations

In this section, we present the classical concentration inequalities for completeness.

Lemma B.1. (Bernstein, [1946)

i

ii.

Suppose that | X | < cand E[X]| = 0. Foranyt > 0,
2
E[exp(tX)] < exp (;(etc —1- ct))
where 02 = Var(X).

If X1,Xs,..., X, are independent rv., E[X;] = pand P(|X; — u| <c¢) =1,Vi=1,...,n, then Ve > 0 following

inequality holds
Zr‘;l Xi n82
P(‘ZH—M‘ZE < 2exp —m

where o

The first result, Lemma [B.T]i., is a well-known intermediate result of Bennett’s inequality. We go a few steps further to
construct the algorithm.

C. Proof for Lemma 3.1]
Lemma 3.1. WO > E [WR]

11
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Proof. : We consider two linear programming problem, the linear relaxation of sampled integer linear programming (), i.e.
max Z Wi T55
T ieT,je(T)
s.it. Ly < Z aijnti; < U, Vk € K
i€Z,j€[T] (S.ID
inj < l,Vj S [T]
=
Tij > O,V’L S I,j S [T]

and the linear programming that considers the samples from the type of requests perspective, i.e.

max Z {5'li" € [T), 5" = j}|wijzi;

i€L,jeT
st.Ly< Y [l € T) 5" = j}aijpwi; < Up,Vk € K
€T jeT (S.I1D)
inj <LVvVjeJ

i€l
Lij ZO,VZGI,] Gj

where || denote the cardinality of a given set.We use the Wg, and Wg, to denote the optimal value of Sample Instance (SIT)
and (S.TTI)) respectively. Because the LP (S.IT) is a relaxation version of ILP (T)), we know that Wg, > Wg. For any optimal
solution {x}; Vi € Z, j € [T} of LP (ST1), it’s easy to verify that the solution {z;|z; = E:Jf“[%, VieZjeJ}
/15" €T):5' =)
is feasible for LP (SITI), so that W, > Wx,. Moreover, the average of optimal solution for all possible LP (S.ITI) is a
feasible solution for LP (2)), 5 = 0, whose optimal solution is Wy. Thus Wy > E[Wg,] > E[Wg,| > E[Wg]. O

D. Proof of Theorem 4.2

Theorem 4.2. Under the strong feasible condition in Assumption the optimal objective of E(T) satisfies that

W, > (1 - ;)Wo,

where T =

Proof. The dual problem of the expected instance, i.e., problem E(0), is

min Sl = 3 Bilit Y e

T kek kek JjeT

st > (ak — Br)Tpjain — Tpjwi; + pj > 0, (8)
kek
Viel jeJ,

akaﬁkvpj Z Oak S ’Ca.] € \77
and the dual problem of E(7) is
glgrz Z apUy — Z Br(Li + 1T ay) + Z pj

T kek kex jegJ

s.t. Z(ak — ﬁk)ijaijk — ijwij + Pj > 0, (9)
kel
Viel jeJ,

akaﬁkvpj Zoakelcvjej~

It can be observed that LP () and LP () share the same feasible set, while LP (J) has an extra term — >, - 77ay (3, in the

12
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objective. It is necessary to study the relationship between >, - 7Tax By and ) o axUp — >y cxc BrLlr + Zjej P
under the dual constraints if we want to obtain the ratio of W, to Wj. Motivated by (Jain et al., 2003)), we propose a
Factor-Revealing Linear Programming method for this analysis.

In order to derive the competitive ratio of the cumulative revenue obtained by the Algorithm Pto Wy, we need to find a
number ¢ € (0,1) which makes W, > (1 — ¢)W, always hold. Considering the dual LP (8) and LP (9), if we can show
that 3, i 72T arBr < Qe Uk — D pex BrLln + Zjej p;) for any dual feasible solution, it will give us that
W, > (1 — ¢)Wj. Hence this question can be translated to solving the following linear fractional programming

Zkelc %—ETC_“CB’C

max
8.0 D pere Uk = D e BrLi +2 ¢ 7 P
s.1. Z(ak = Br)Tpjaijr — Tpjwij + pj > 0, (10)
kek
VieZljeJ

Oékak»Pj >0,k€]€,j€j.

Since D, cic Uk — D pcxc Bl + Zjej p; > Wy > 0 for any dual feasible solution, we can do the following
transformation

~ ag
o= Zkelc arUy — EkGIC BrLi + Z]‘GJ Pj
i - -

> kex WUk = D pex Belr + X je.7 P
5 = pj

Yo Uk = X perc Bl + e 7 Pi

1

z

B Dokerc kU = X pexc Bl + X je 7 Pj .

In this way, we transfer the linear fractional programming (T0) into

max c Tdkgk
&P pex €
st. > (@ — Be)Tpjaijn — Tpjwijz + pj; > 0,
kek
VicI,jeT (IT)
S @l =Y Bele+ Y pj=1
ke ke JjeT

akwgkaﬁjaz Z Oak S IC,] S j
We investigate the dual problem of LP (TT)) as follows

min ¢
t,d

s.t. Zd” S t

€T

Z di;Tpja;jr < tUy (12)
i€L,jeT

Z diijjaijk Z th + %T&k
€L, jedg —F
Vdij >0,teRViel jeJ.

By the first constraint of LP (12)), it can be observed that ¢ > 0 holds. With the auxiliary variable z;; which makes

13
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d;j = tz;;,we reformulate LP (I2) into

t* = mint
t,z

i€l

t( Z 2i;Tpjaz i, — Uk) <0 (13)

i€L,jeT
f(jg)zjej 2ijTpjair — Lk-> > 1 i ETC_Lk
Vz; >0, >0,Viel,jeJ.
According to the strong feasible condition Assumption there exists a feasible solution {z,|2}; > 0} to LP (3) such that
Yietjeg Ti TPtk < Uk Yiez jeq TPk 2 L + & Tag and 3, 7 x7; < 1, Vk € K. Therefore, ¢ = & and

zij = aj; Vi € I, j € J is a feasible solution to LP (I3). As a result, we have ¢* < Z. Since LP (I0) has the same
optimum as LP (T3), we have that

Z aUy — Z Br (Lk + lg_eTak> + Z Pj

keKx ke JjeET
9 _
= ZakUk_ZBkLk+ZpJ_ Z l—ETakBk
kex kex jeg kek
T
> (1—£*>(ZakUk_ ZﬁkLk+ij>
kek keK JjeET
under the constraint of LP (§). Therefore, W, > (1 — g%)VVO. O

The factor-revealing linear fractional programming analysis shows the way we develop the definition of £* and enlightens
the design of feasibility estimator in Algorithm[5] Besides, the proof framework is reused in proving Lemma|[G.T]

E. Proof of Lemma 4.1 and Theorem [4.3|

We restate the Lemma[4.1] as follows.

Lemma 4.1. Under Assumption E if Ve > 0 and v = max (g—i, Ta;?ka_ , Wl) = O(ﬁ), Algorithmachieves an

objective value at least (1 — 2e)W.. and satisfies the constraints w.p. 1 — €.

Proof. We first prove that, for every resource k, the consumed resource is below the capacity Uy, w.h.p..

T
P> Xji>Us
j=1

T ~ ~ ~

-P( (Xj; - E[Xﬁ}) > Uy — TE[X]]
j=1
N2 (14)
(Uk - T]E[X;;])
<exp{ — =
2702 + 2ay, (Uk - TIE[X;.;])
U — TE[X]]
TPy T T 2
Un—TE[xT] ' 37K

14
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52
< e _
R WIS R

k
< e 62
N S
=P - 2oy

€
<
T 2K +1
where the first equality follows from E[X E] = E[Xzﬁj] = ... = E[ij]; the first inequality from Lemma and

< B[(x5)? < aE[XF] < U=l

setting 0° = Var(X},); in the second inequality, it can verified that o

g Uy —TE[XE] U
—TEX > and — L2 < g, 1= i — el [ 5
Uy [ } eUy and . T]E[Xp] > : 2 ToT 25, = 2aniit3ax 20-2e) ik’
Uk T]E[X ]

; the third
inequality from vy > ¢*; the final inequality from vy = O(+== T e / B) ).

Next, we verify that the Algorithm P satisfies the lower resource bound with high probability.

T ~
> X< L
j=1

2To? + 2ay (TE[XS] - Ly) (15)

{ (TE[XP]Lk)}
=exp{ —

To?
2T]E(XJ;C) e T 30k

g2 }
2 a
2(1 —3 )TakkLk

<
T2K+1

where the first inequality from Lemma[B.1|and setting 02 = Var(X P : in the second inequality, we could verify that o2
q y g k) q Y. y
Var(Xh) = Var(a, — X5) <El(@ — X5)? < aEla — X5) < (2800l TRIXE) L, > e(Tay — Lk),

o TEXE - L Ta,—L 2 : :
and — L2 < g, 1=¢ 50 that — ( T[ 21’“] kz)_ < —c@a—ly _ _ s~ the final inequality from
TE[XF,)—Lx e T izg, 2ar 155+ 3an 2(1-3e) ratipy
T]E[Xjk"]ka

7= O(ln(K))

Therefore, from the previous outcomes, the consumed resource k satisfies our lower and upper bound requirements, w.h.p.
Next, we investigate the revenue the Algorithm P brings.

ZYP (1—2e)W,

MH

=P (B - ) = TRV ) - (1 - 2e)W, (16)
Jj=1 ) ,
TE[Y]] - (1 - 25)WT)
<exp{ — —
{ 2T0? + 2w (TE[}/jP] (- 25)WT)
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TIE[YjP] (1—2e)W.

TP # + 2w
TE[Y]—(1-2¢)W, 3w
2
S exp T 2w
2(1 - 3e)w-
€
<
T 2K+1
where the first equality follows from I[-E[Yf3 | = IEJ[YQI5 |]=--= E[YT J; the first inequality from Lemma and setting
= Var(Y;"); in the second inequality, we could easily verify that of < E[(Y)?] < wIE[YP ] < M and
TE[YF]—(1-28)W- W .
IE[YJ ]=(01- s) 2= so that — I < = — > the final inequality follows from
[ SR 201542 2(1-2e) g2’
TEY Pl-(1—20) Wy 3
T= O( In( K) )
From equation (T4)-(T6),
T T
P(Z }/;P < (1 - 25)WT)+ Z P(Z Xjk: ¢ [Lk7 Uk])
Jj=1 kek =1 an
€
< (2K +1 <
] ) @R+ Doy =°
when v = O(5 5)) where v = max(p-, 75 27—, ) O

Theorem 4.3. Under Assumption fe>0,17=1andy= O(ﬁ), Algorithmachieves an objective value of
at least (1 — (2 + Ei)s) Wy and satisfies the constraints w.p. 1 — e.

With Assumptlon Theorem.and LemmaE 4.1} the cumulative revenue is larger than (1—2e)W; > (1-2¢)(1—- &)Wy =
(I-@2+¢ 2 )e)Wo. We finish the proof of Theorem

F. Proof of Theorem 4.4

Theorem 4.4. Under Assumption[I\3] if ¢ > 0, T and ~y are defined as Theorem[d-3| the Algorithm 2] achieves an objective
value at least (1 —(2+ é)g) Wy and satisfies the constraints w.p. 1 — €.

Proof. We consider the good event defined by

ZX Z L <Unvkekyn ZX Z B >Livkek

j=s+1 j=s+1

iyf‘ ZYP (1-2e)W-,
j=1

Jj=s+1
=G1 N G2 NGa,

which means the hybrid Algorithm A PT=5 can achieve at least (1 — 2¢)W.. revenue while satisfying the two-side
constraints. We will show that the probability of the complement event G¢ can be bounded by some moment generating
functions.

16
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For the first bad event G, we have

s T
PO X4+ > XL >Up)
j=1

Jj=s+1
I s T _
: A P
< minE exp(t(d_Xjh+ Y X —Up)
i j=1 j=s+1
= minE (S x4ty tTXﬁ T=sy
= eXP((Z ik T T k) + (‘ F{ %))
L j=1 j=s+1
I T N _ T_s _
—minE |op() exp(t( Y (X[ ~ BxD) + L SHTEIXE] - 0) 1s)
j=s+1
2
. s A T —(T — s)teUy,
< rtn>161E _qbk(t) exp((T — s) 2 (e 1 —tay) + —7 )
. [ T—S(l—e)Uk ta _ € _
< E |¢F A A L - _
< min _(bk(t) exp( T i (e tag tl — Eak))
s, —In(l—¢ 1—¢e)(T — s)U,
<& o =D exp(- S0 (1 (a4 ) < )|
Q. Tﬂk

Cn(1 — _ 2
SE[@(l%g))exp(—T S

where the first inequality follows from exp(t(zjz1 Xﬁ +Z;TF:S+1 Xﬁc —Uyg)) > 1 when 25:1 Xﬁj +ET:3+1 Xﬁ > Uy
in the second equality, we set @7, (t) = exp(t(Z;=1 Xﬁj — 7:Uy)); the second inequality from Lemma|[B.1{and TE[X ﬁc} <

(1 — )Uy; the third inequality from 0% = Var(X ﬁc) < (:_E)%U’“; in the fourth inequality, we set ¢ = %}1_8), n=1=;
then the last inequality from (1 + 7)) In(1 +7n) — n > 21277 and the definition of ~.
3
Next,for the bad event G§, we have
s T
PO_XH+ > X5 <Ly
j=1 j=s+1
[ s T _
<minE |exp(t(Ly — Y X~ Y Xj) (19)
i j=1 j=s+1
= minE L —ZS:XA)H(T_SL - anxﬁ))
TS el 2 A e 2
L j=1 j=s+1
_ . N N . B
=mink | () exp(t > (EBIXS] - X))+ t(Ly — TE[X};]))
j=s+1

< minE | @ (t) exp((T — S)f(etak 1 —tay) — (T = s)e(Tay — Lk))t]

| a2 T

< min B }Dz(t) exp((L=2T —;:(Tak = L) (gtan 1 _ g — . : g‘_l’“))}

< ot =) exp(- LT (1 ) - )
<E {@Z(lnid)exp(—TT & 27(1% %a))
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where in the second equality, we set ¢} (t) = exp(t(F Ly — Zj 1 X ﬁc)) the second inequality from Lemma and
TE[X/.] > (1 — )L + Tay; the third inequality from o? = Var(Xﬁ) = Var(a, — Xﬁ) < axElag — X]k,] <
&km =In(l=c) 7= The last inequality from (1 +n)In(1 +7) —n >

in the fourth inequality, we set t = Fra—

5 + prw and the definition of ~.
Flnally, we bound the probability of event G§ by

ZYA+ Z YP < (129w,

Jj=s+1
_ _
< i B A P
< rtn>1(r)1E exp(t((1 — 2e)W. ZY Z Y;))
L j=s+1
- _
— mi A p
—rtn>1(r)1E exp(t(T (1-2e)W, ZY +t (1—26 Z
i d B B T—s B
o s P P — P 2
= minE |°(t) exp(t Z;lGE[Yj ] =Y) + == t((1 = 2e)W, — TE[Y}))) (20)
j=s
< mink v (1) exp(T - 5) T (7 — 1 =ty + ~L =MW
< min _ exp 8)zale w T
i (L—e)(T = s)Wr , g . )
< E [¢° b0 _ | _ i —
< min _1/) (t) exp( o (e th — 7 tw))
—In(l—¢) (1—e)(T — )W,
<E |y (————= — 1 In(1
<& oD oxp- LR (it 4 0) - )
—In(1—¢) T-s g2
<E {W(_) exp(— )]
w T 2(1-2e)y
where in the second equality, we set ¢*(t) = exp(t(7(1 — ZE)W Z _ A)) the second inequality from Lemma
and TE[YP |=01- E)WT, the third inequality from 0§ = Var(Y; Py < ok [Y; YP) < < U=2)Wz i the fourth inequality, we
sett = %, 1 = 1=; The last inequality from (1 + 77) In(l+n)—n> 2_:_72277 and the definition of ~.
3

With the inequalities @)—@) and union bound in probability theory, we can show that P(G<) < F(A*PT~*) where
F(A*PT=%) is defined by

o - ) . _T—s 2 1_5) ox _T—s g2
F(A*PT%) = [%}Cm — Jep(-—F 21— 2oy +}§C‘Pk T s 2(1—%5)7)
(1—5) T—s e?
+¢(7>GXP(_ T 2(1—35)’7)}

2(1-3e)y
F(As=1PT=s+1) in the Lemma|F.1| Thus, we have that F(AT) < F(PT) < ¢ by induction. Substituting 7 = —=— - and
W, >(1- —)WO in Theorem H we complete the proof of Theorem. O

In Lemma | we have proven that F(PT) = (2K + 1) exp (—5722)) < ¢, and we will show that F(A ‘“ﬁT_s) <

Lemma F.1. ]-'(ASﬁT—S) < ].‘(As—lﬁT—s-tﬂ)
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Proof. By the definition of F(A*PT~*), we have that
~ In(1 — U
F(A'BT) = ( [Z o ( =029 (= - T
kerx
n(1 — s) In(l—¢), Lg A
+]§C<ﬁ ool )7 — X)) @h
1, —In(l—¢) —In(l—¢), (1 —-25)W; A T-—s g2
rr e = R vy et )
According to algorithm A in Algorithm 2] we allocate the s-th request to the channel i* where
n(l—e) In(1 —¢) Uk
i* *argmm];sﬁ T)QXP(*T(aisk - ?))
s W) exp(f$(% ~ aier)) (22)
ke
N ¢5*1(—ln(lj €) ) exp ln(lwf 5)((1 - ;&?)WT — i)
which means that
~ In(1 — 5 U
PP < (2] 3 o (D exp((- 20y - )
kek k
@
s—1 _ln(l —e€) . _1n(1 —e€) Ly B
D A s ) o
@
1, —In(l—¢) —In(l—¢), (1 —-25)W; B T-5s g2
—  ex -Y. X .
T () ep(— ) (o D) exe (- =5 )
©)
For the term (I), we have
©=E |exp (- 20U ((x] —mIxT) + EXE] - D)
- | p ax sk sk sk T
[ ’ (o —m-e eUy
<E _exp (c‘zi(e n(l-e) _ 1+ln(1—5)) + T—kl (1—€)>:|
[ 1—-¢e)U, 1
<E |exp <(Ta€]3k<1_€—l+ln(1—5)+1igln(1—5)>)] 24)
I —e)U,
=E -eXp (— (IT%(O +n)In(1 +1n) _77))]

- ( 1 g2 )
exp( —=———-—
=P T2(1 - 2e)y

where the first inequality follows from Lemma and E[X jc] < (1 — &)Uy /T, the second from o2 = Var(X i) <
U_S)%Uk. Next setting 7 = = I4+n)In(l+n) —n> 2+2 and the definition of +.
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For the term (2), we have

©=F |exp In(1—¢) Ly,

- =2 (®Ix5] - X5) + (F* — EIx5, W

g

— (e*m(l 9 —1+1In(1 - 5)) + M In(1 — 6))]

[\v]

Tak
E)(T@k - Lk) 1 €
o (1_5—1+1n(1—s)+1_81n(1—e))>} (25)

- B (1 a4 ) )|

where the first inequality follows from Lernma and E[X] P el < M the second from 0% = Var(X SC) <

a % Next setting 77 = 1=, the last inequality follows from (1 4 7)In(1+7) —n > 575 1,  and the definition

ag
of 7.
For the term 3), we have
[ In(1 —¢ 5 5 1—2)W, -
@k [ow (- 202 (e - vD) + L2 - m)) )|
i w T
2
01 ( —In(1—e) eW-
< Z1 _ _ _
E _exp (1?}2 (e 1+1In(1 5)) To n(l—e)
[ (1—e)W, ( 1 € )
< _ _ _
E_exp( T T—; 1+In(1 €)+1_€1n(1 €) (26)
- 1 :
=E _exp < - %((1 +n)ln(l+7n) — n))}
1 g2
< - =
_exp( T2(1—g )fy)
where the first 1nequahty follows from Lemma and E[YP |= % the second from o = Var(YP ) < %
Next setting 7 = 7=, the last inequality follows from (1 +7)In(1+1n) —n > 3 +22 and the definition of . According to

the inequality @ @ we can show that
n(l—e¢)
F(aPT) <(E
( > e +> o ——)
kek kek
2

1 —1n(1—5) T—s+1 € 27)
+v <—>})exp<— T

:]_-(As—lﬁT—s-ﬁ-l)

which completes the proof.

G. Proof of Theorem (4.5
G.1. Concentration of Z"

In the first step, we study the relationship between Z” and W.

Lemma G.1. UnderAssumption if 1 + e < & and v, = max (U—k =) %’;k e Wa+71 ) = O(%),for given

measure of feasibility £* , we have
t W,
W< (1 + (2 e )ea r>

with probability at least 1 — §, where the predefined parameter e>01m = NG d=qg,1= logz(%) and €5, =
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4T~ In( 2K5+1 )
tr .

Proof. We consider the definition of W™
W' = mfux Z Wi Tij
1€L,jES,

t, B t,
s.t. T(Lk + eTak) < ' Z AijpTi; < TUk,Vk ek
i€L,jES, (28)

inj < I,Vj €S,
i€l
Lij Z O,VZ €I7j S Sr
where we use S, to denote the request set in stage . The dual of LP (28) is

W' = mﬁu}) Zakak— Zﬁk* Lk+ETak + Z Pj

keK keK JES,
s.t. Z(ak — Br)aijk —wij +p; >0Vi eI, j €S, (29)
ke

akvﬁk?ﬁj > Oak € ICy] € Sr
Comparing to the dual of LP (28)) with the dual of problem E(g), which is

min Z apU, — Z Br(Ly + eTay) + Z Tpip;

e kek jeT
st Y (o — Br)ain —wij +p; > 0Vi€e T,j €T (30)
ke

O‘kaﬂk:ﬂj ZO,]‘CGIC,] ej

we can observe that the constraints of LP (29) is a subset of those of LP (30). We denote the primal and dual optimal solution
of E(e) as {x};} and {ay, By, py }- So {ay, By, pj,} is feasible for LP (29).

Hence,
WT<ZO¢ Z,B (L +Tax) + > p}

ke ke JES,
* * * tT —
= Z Oék Uk - Z aijkxij) + Z ﬁk( Z AijkTij — ?(Lk + ETak))
ke jES,i€T kel JES, €T 31
) )
30+ Y (ah = Bayal)
JES, i€L,ke

We have divided the equation (31)) into three parts. Next, we will derive the relationship between W™ and W, by controlling
these three parts. To facilitate the analysis, we first present the KKT conditions(Boyd et al.,[2004) for the problem E'(¢) as
follows

> (0f = Bi)asgkaly — wial; + piay; =0V € T, j €S,
kel
r; wa =0,Vj e,
i€l
a,*q(z Tpjaijrz; — Ux) = 0,Vk € K
ij
BI:(LI@ +eTay — Zijaijk«T;kj) =0,Vk € K.

j

(32)
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For part (I), according to the KKT conditions, if Zi eI e Tp; a,;jkx;*j < Uy, then o = 0. Thus we only consider the

resource k making >, 7 ;e 7 T'pja;j,;; = Uy. According to the Assumption we have E(Y s icq aijrtl;) = FUs
Vj € S,.. Thus, we can show that

t
P | Z aigrry; < (1 - 5r,r)%Uk
JES,IET

t
=P | > el —El 3 aal] < —er U
JES, €T JES, i€
< tTUin,r/TQ
<exp|— _
2var(2j65r,i62 aijkx;‘kj)/tr + %ak’UkEaﬁ,r/T

2
€z,

ty
< __ TrTzr
=P ( 2(1+ 3T)U,’z>

b2
< exp _Tigﬁv’“
B 21+ =5

0
2K +1
where the first inequality follows from the Bernstein inequality in Lemma the second inequality from
Var(X:jeSM’EZ aijk:v;?‘j)/tr < akE[ZjEST,iEZ @ijkTij+]/tr = Gk %, the third inequality from the definition of ~; and the
last from the definition of €, ..

(33)

<

For part @), we only consider the k£ making EieI,jeJ Tpjaijrr;; = Ly + €T'ax, which means E[Zjesr,iel(dk —

a/ijk;w?j):| =k ((1 —e)Tay, — Lk>. Using Bernstein inequality, we have

_ X 13 _
P Z (ak — aijkxij) < (1 — Ex77-)%((1 — s)Tak — Lk)
JES, €T

_ « B . t, )
=P ' Z (Clk — az‘jkxij) - E[ _ Z (ak — aijkxij)} < _EI”'T((l — €)T% _ Lk)
JESr i€l JES,IET
2
(0= Ta - 1) 2,7

2vaT(ZjGST,ieI(ak — aijkxjj)>/tr + %Ezk<(1 —e)Tay — Lk)sz,r/T G4

t

Fes
Sexp | — Cor T
2(1+ =5 )(1—5);2,9—%

<
2K +1
where the second inequality from VaT(ZjESr,iGI(a’k - aijkx;‘j))/tr < @B es, ier(@ — aiexy;)]/tr =
ar O_E)T+_L’“, the third inequality from the definition of +; and the last from the definition of €, ..
For the last part @), from KKT conditions, it’s easy to verify that >, 7, o (ag — Bp)aijn®y; — X ier wisri; +
* * * * * * * * * * * *
P52 ier Tij = Diez ker(Oh—Br)@ijr®i; = ez Wi x+p; = 0,50 37 e (0 —Br)aijuai;+p; = X ier Wigti; €

2
Eiez,jeyijwiﬂJij W.

[0, w]. Moreover, E[p} + > ;7 pexc(af — Bi)aijrry;] = T = =# Vj € S,. Therefore, following the
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similar analysis as equation (33)), we have

tr
P (i Y (ah = Basealy) = ZWell +e0r)
JES, i€Z, ke
* % (2%
Z wijmij - E[ Z w’bsz]] > EI/I‘TW&‘)
JES €T JES €T
t,W2et /T
Sexp|— - 2
2Var(Yes, ier Wijti) /tr + 5axWeeg /T (35)
b2
<exp(—— T %"
= p( 2(1+ 537)%)
tr -2
Te2
<exp|-——=L20
< 2(1+ 6%")’71)
)
<
—2K+1

where the first inequality follows from the Bernstein inequality in Lemma [BI] the second inequality from

Var(Yes, ier Wiii)/[tr < WE[Yjcs ez wisti]/tr = @ V% ,
the last from the definition of ¢, ..

Based on inequality (32)-(34), we have shown that the following inequalities holds with probability at least 1 — §
tr
Z a”kx >(1- Ew,r)?Uk,Vk‘ e

JES- €T
_ . t,
> (@ — agrryy) > (1 - ear) 7 7 (1= e)Tar — Ly), Vk € K (36)
JES €T
* * * * tT
Z (P + Z (o — Bp)aijrzy;) < TWE(l +epr),Vk € K.
JES, ieZ,kek

Therefore, with probability at least 1 — J, we have

OD+D+0O
tr _ *
= Z QZ(TU}C — 4 Z aijkx Z 61@ 1 — 5)Tak — Lk) Z (ak — aijkazij)) + @
ke JES, €T ke JES,ET

<Car Y ( Uk+ﬁk( ((1—6)Tak—Lk))>+@

kek

(37)

<eor Y. ( U+ 5k( (1 - &)Ta — Lk))> + %’“Wsu +enr)

kek
<gm(t We+ > Bitean) + =We(l+cqr)

kek

<(+@+ by,
< (1+( +§*_ )ax,r)? E

where the first inequality from ZJ€S ez QighTi; > (1—e, r)t—TUk and EJES zez(fk azjkmfj) >(1—e, T) ((1-
g)Tay — Ly); the second inequality from 3o (p] + 2 iezrer (@ = Bplaijrai;) < LW, (1+4&,,); the third inequality
from W = 3, cxc iUk — D ek Bk(Lk + eTay) + dej Tpip; > D pex iUk — Zke’C B (eTay + Ly); the final
inequality from ), B;Tax < 7= ~We, which can be shown if we follow the proof of Theorem Hll‘l Appendix |§| and
O

regard the problem E'(¢) as an LP w1th &* — ¢ measure of feasibility.

Theorem G.2. Under Assumption ifmn +e <& and v7 = max (;7’;, (1—5)?’3;@7%’ W“i ) = O(ln K/a)) with
: i
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probability 1 — 26, we have

t.We 1 r o e We 1
T (1—(2+€*5)gw)gw <5 (1+(2+§*€)gm)

4T~ In( %{rl)
tr :

NG

where the predefined parameter ¢ > 0, 71 = e

§=2%.1=logy(L)ande,, =

Proof. RHS: we have proven the right hand side in Lemma|[G.1] N N
LHS: For every request in stage r, we consider to imitate Algorithm to design an algorithm P;. In Algorithm P;, we
first solve the LP problem E(c + ——2"-) to get the LP solution x};‘ and then assign request 7 € J to channel ¢ € Z with

l—eg,r

probability (1 — ex,,.)a:}j*. Following the similar analysis in the proof of Lemma , we can prove that , with probability
1-46,

ty 2
~ t tr€
P XF]:ZI > 21U | <exp| —25
; ik =T 2(1 - Se0, )T
ty 2
p 1 t, trey
P Vi< (1= @24 —)ewr) 7 We | <exp | - YT (38)
; J g _g/cmr)p e 2(1 — %51’:T)TW71+E
tr _ ¢ t 82
p ZX%glLk Sexp(— 5 LD )
= J T 2(1 - ggxfr)Tg(lfaf‘rla)kTﬁkak

where the second inequality from the truth that the problem E(¢) is satisfied with the strong feasible condition with the
measure parameter £* — e and W _eo.r > W, .. Therefore, we have that

T—ewr T
ty _ 1 t tr > t t
Py T Py T T
P ZYJ < (1 -2+ 37—5)5“)?% +> P ZXjk # [ Lk 7 Ukl
j=1 ke Jj=1
o2 (39)
< (2K +1 — T or
< (2K + exp(—720)
<49,
which means that W™ > (1 — (2 + ﬁ)a”)%wﬂ w.p. 1 — 4. This completes the proof. O
G.2. Proof with £* but without the Knowledge of Distribution
Theorem 4.5. Under Assumption if e > 0mnp = 11(8/5 such that 71 + ¢ < & and v =
max (g—’z, (1—e)?‘2k—Lk7 Wﬁi ) = O(ﬁ) Algorithm A, defined in Algorithm W] achieves an objective value of
v v € Tl

at least (1 — O(g*%g))WO and satisfies the constraints w.p. 1 — .

Now, we prove that, at each stage r, Algorithm A; returns a solution whose cumulative revenue is at least tTTZ - (1-— 5y,r).

Meanwhile, the consumed amount of every resource k is between % (L, + (¢ — =) Ta)(1 + &z,,) and LU (1+e,,)
with probability at least 1 — 4. '

First step: We design a surrogate Algorithm P, that allocates request j to channel ¢ with probability z(¢)7;.
Lemma G.3. In the r-th stage, if v1 = O(%) and Z7 < W., the Algorithm Py returns a solution satisfying the
Z?:tlrJrl YJ'E > (1 _5y,T)%Z7‘ and E;T:tlﬁl X]]'SQ € {% ((1 +€xr) L+ (e(1+€2p) — Ex,r)Tdk)7 %U’C} w.p.

AT, In(2E+L 4T In(2E+Ly g
1— 6, where § = £, e, = I n(T57) wd e = AT In(=5—)w
3l 5 ty Y, Zt,

Proof. Following the same technique in the proof of Lemma4.1] we use Bernstein inequality to bound the probability of
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upper bound violation as follows

For the lower bound,

try1
P. 128
Pl Xji = (I enr) U
j=trt1

<eX _ x,r
= 2(1+2%5)m
)
<
“ 2K +1
trt1
P XP2< L - Tag) (1 + ey
}Z < (k+(5 T em) ar)(1+ ez
J=1+t, ’
try1
=P Z(ak—Xﬁj) (1+€zr)T((1—£)Tak—Lk)

j=1+t,

< Tl
< exp
201+ Ezr)m

tr o2
< _ TCa,r
= eXp 2(1 + 6;?3,7,)/71

)

2K +1°

For the accumulative revenue in r-th stage,

b
— syyr)?Z

> (E[Yf?] - Yf?) > %’"(TE[Y].E] (1 few)zﬂ

I 2
(TE[Yj 2] (1 EW)ZT) t,
<exp | — —
T(2Ta% + %w(TE[YJ_P2] —(1- gw)zr))
& (TELY,) - (1 - 2,,)27)
=CXp |~ Taf 2 _
TEY P - (1-2e, )2 | O
~ 2
t, (gy,rTE[YjPﬂ)
< exp = =
T<2TIE[YjP2]zD + %sy,erE[ifjpz])

tyel .
Pl =
o1+ o) T 2
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where the second inequality follows 0% = Var(Yj}SZ) < u’)E[Yfz] and TE[Y]P?] —(1—ey)Z" > eyJTIE[YjISZ], the
third inequality follows Z" < W, = TE[Yjp 2] according to the condition of the lemma, and the last inequality from

. 4T1n(2K+1)w
Ey,r = Z"ty

Therefore,

try1

DP| Y Xud [ ((1+sm DLk — (e(1 4 €20) —51’T)Tak)’WUT:|

kel j=tr+1

Second Step: Applying the same techmque in the proof of Theorem[4.4], we derive a potential function to bound the failure
probability of hybrid Algorithm ASP2T ® for request in stage 7.

We begin with the moment generating function for the event that the consumed resource k € K is larger than (1+¢, ) %TU k-
It can be shown that

s+t tri1
1+ e,.)t-U
P> x> xfp e Bl

) T
Jj=1+t, j=s+t,
[ s+t try1
: Aq P (1 + Ew,r)trUk
grtn>161]E exp(t(lz X+ Z X — #))
Jj=1+t, j=s+t,
< minE _ N A (1 + £0,r)sUs S xP: (1 +eur)(tr —5)Ug
ST S I LR S L
j=1+4t, j=s+t,
. i . try1 " 5, t—s 5, 40)
< minE | o (1) exp(t( > (X —EXE)) 7 HTERXGE] = (14 €00)U))
L j=s+t,
[ Var(XE) _ —(t, — 8)teg U
< mi s o\ gk tar _ 1 _ 4z Z\br T )%k
7rtn>151]E o5 (t) exp((t, — 5) 2 (e 1—tag) + T )

<8 ot (M=) exp(- 22 (1t 4 - )

ln(l + Ex r) tr — S E?:,r
o (ak ) exp(— T E)

<E

where ¢ (1) = cxp(t(Z;Jr; p.¢ A1 — (Hmir)) It should be noted that most of the above analysis is similar as the

derivation of inequality (I8) except that Var(X; P 2) < apE[X Z%] <apl.

Next for the lower bound, we set Z JP,j =ar— X sz and Z j‘f}; =ap — X ﬁgl, then we have

s+, b (L4 ens )t ((1 — )Tay, — Lk)

A P, ’

P E Zj ! E Z 2> 7
J=1+t, Jj=s+t, (41)
sty tri1 (1+e, r)tr((l —)Tay, — Lk)
< E Ay E P2 — :
< rtn>1(r)1E exp t( ZJ Z T )
Jj=1+t, j=s+t,
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sttr 1 + &z 7-)8((1 - €)T@k — Lk>
. A k)
< 12[1>161E exp ( Z Z o T )
J=1+t,
b (1 enn) (b — s)((l —)Tay — Lk)
5 :
+t< > ozl - T )
Jj=s+t,
[ tri1
. s P P tr—s P _
< mink | g} (t) exp t( | z;t (Zi — E[Zjﬁ])) + Tt(TE[ZjE] — (I +eer)((1—e)Tax — Lk))
j=s+tr

—(t, — s)tsmm((l —)Tay — Lk)
T

<'1n<1 ) g (=M T8 (1))

In(1+e,.,) t, —se2,
< E I S St L — >
B [@% ( aj > o < T 4m

where the third inequality follows from setting ¢} (t) = exp (t(z

2
o°, -
< . s tay =
Itn>161E ort)exp | (¢ —s) = a2 (e'" — 1 —tag) +

SE[w

EYS

;iiltr A _ <1+ez,r)s<(1T—e)Tak—Lk))); the fifth

inequality from TIE[ZJ%] <(1—¢)Tay — Ly and 02 = Var(Zf,j) < &kE[Zﬁf].

Then we consider the revenue and have that

s+t tr41
A P by T
25 SRR SURLENRELS
j=1+t, j=s+1+t,
[ " s+t trg1 _
. T 77 Ay P,
< minE | exp t((l—%,r)?z - Z Yt = >y, 2))
L Jj=1+t, j=s+1+t,
[ s S+t tri1
. A r P
grtn>1(r)1E exp t(f(l—lsyr Z Y; 1) +t< (l—syy,«)Z - Z Y; 2>
L J=l+tr j=s+1+t,
- -
: s P> P> tr —s T P> (42)
<minE [v*(ep (¢ Y B -+ T2t - 5,02 —EY))
L Jj=s+1+t,
<minE -z/Js(t) exp | (¢ — S)U—%(et"f’ —1—tw) — (tr — s)te E[YPQ]
= %50 | P r 02 r Y, j

< v (M0 ey B (1)

s (In(14¢,,) t, —sey A"
v ( w PN T

where the third inequality follows from 1°(t) = exp(t(5(1 — y)Z" — Zjﬁ e, YA1 )); the fourth inequality from
zZ" < TIE[YjPQ] the fifth inequality from 0% = Var(YPQ) < wE[YP2]

<E

With the inequalities (#0)-@2), we can bound the failure probability of hybrid Algorithm A$P{"~* in stage r by
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}}(A{ﬁgt”‘_s) which is defined as
~  (In(1+e4.) t, —sE2, In(1+4¢,.) t, — SE2,
i ASPtr 5\ —F | 3 > _ > s > _ >
Fr(ATPy ) [¢k ((_lk >eXP< T v + ¢k . exp T iy
. 43)
—&-Eyr o t, —sep, 2"
<o [ — Zyr?
P\TTT T

Lemma G.4. F,. (AS_PQT—9 < Fo(AS™ 1Ptr—s+1)

Proof. By the definition of F,.(A* PY ~*), we have that
Fo( AP )

In(1+ey,) t, 8692”  (In(1+¢e,,) t,—se2,
—F o s 5 _ 5
o (FT ) e ( T i) T e )T my

(14 5y) b=,

Y ( w P T 4w

1 (In(1+ez,) In(1+epr) fon, A4epr)Us t, — sEa,
=E|&° 1 ; ; (X 1 > ) _ >
{k ( ar )m% ax o T P\TTT

o (In(1+¢e,,) In(1 +ez.) (1+¢e,.,)((1 —e)Tay — Ly) t, —se2,
s—1 3 3 A1 _ 3 . )
+ ¥ (ak > exp ( (ZS,C T ) exp T iy

In(1 In(1 1—e,,)2" t,—se 2"
e (B0} (O ) (425

According to algorithm A in Algorithm we allocate the s-th request to the channel ¢* which minimize the F,. (A$ 152”78).
Thus we have

Fr(ATPy )

_ 1n1+5rr ln1+€t7~ P 1+€’E7" U t?"75627‘
SE{¢ZI< (@k ,))exp( (@k 7)(X§“2_( Ty) k)>exp<_ r 41)

~ — a —_— " — 2 '
Lo (111(1 a+:£)> o (ln(l t ) (23— (1 + e0.0)((1 — &)Ta Lk)>) oxo (_t, s 5)

Qg T T 4’71

(Il +ey,,) In(l+e,,) /(1 —e,)2" 5 ty —sen, L"
s—1 YT YT YT vk W YT
T ( @ )eXp< @ ( T Y ) PN 4w

Following the similar analysis in the inequality (40)-(2), we can show that

~ 1 (In(l+e,.) t.—s+1€2,
. ASPT s <E s—1 s _ s
F(12 )7 [k (ak >6XP< -7 o
post (MO ten)\ e —s+1en,
P an P T  4m
. 2 Zr

- ln(lJtsyyr) exp iy s+1¢gy, :

w T 4w

<EAT P,

which completes the proof. O

In Lemma|G.3| we have proven that F,.(P.") < & and we will show that F,.(A3 Pir—=*) < F, (A3~ Pl —*1)in Lemma
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Thus we have F,.(Al") < F, (155 ) < ¢ by induction. Meanwhile, according to Theoremwe have that

2
(1—(4+€ Yewr—1)We < Z, < WL
—¢
with probability 1 — 24. During the stage r, the Algorithm A; return a solution satisfying
tr+1
1 x,T tT‘
Y oxp < %”)UT,Vk ek
J=tr+1
by
1 x,r tr _
> (@ - X5 < %((1 —&)Tay, — Ly), Yk € K
j=tr+1
s t t 2
Z YAl > (1—¢y P2 > (1_5ym)l(1_ 4+ —)ewr1)W:
PP T T & —e” 7

with probability at least 1 — 34, since

$° x 1 Ly — (=(1 Ta), Ll ] Gy e
{J;l jk €|: (( +€zr) k_(( +Ez,r)_5x,r) ak)a# ’I“:|7 S }

trg1

N8 0ol b1 e [ 0 i) 2 o ()]}

j=t,+1
>(1-6)(1—-26)>1-30

Now considering all the stages, for the upper bound, we have

-1 trg1 1+E )
A x,r
S 3 xp ey By,
r=0j=t,+1 =
For the lower bound, we have
try1 — try1
G-ata-Y 3 Xk -3 3 @-x
r=0j=t,+1 r=0j=t,+1
-1
1 z,r)tr
S;)( = S (1~ e)Tay — L)
< (1 —E)T@k — Ly
which is equivalent to
-1 trg1
X4 > Ly.
r=0j=t,+1
And for the revenue, we have
— tra1 (1_ 4+ *2 )Emr—l
S IRAES WIEEEL
r=0j=t,+1
— tr(l—(4+%)5z r—1) c
&—</C=
> 1 - r 1 - — W
_g o) < (1= EWo
€
>(1-0 W.
> (1= 0(z—2)Wo

(44)

(45)

(46)

since 6 = 7, the inequalities (#4)-(@6) hold with probability at least 1 — ¢, which completes the proof of Theorem [4.5]
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H. Proof of Theorem 5.2

Theorem 5.2. Under Assumption if 72 = max(
§A such that

w.p. 1 — 26, where €, , = \/@.

ag aj
Uk’ Tar—Ly,

)= O(ﬁ), Algorithm@with t, i.i.d. requests outputs

~

§¢€ [5* - 4€w,7'7£*]

Proof. RHS: This side takes the same techniques as in Lemma|G.1] First, the dual of LP (3) in Section[3.1]is

min Z apUy — Z BrLy + Z Tpjp;

s kek jeT
s.t. Z(Oék — Br)aijk +p; 20VieL,jeT
kek 47)
Z TapBr =1
kek

akaﬂkapj > ka € IC,_] eJ.
We denote the optimal solution of LP (3] in Sectionand LP @7) as (mfj, ¢*) and (o, 85, pr) respectively.

According to the KKT conditions(Boyd et al., 2004}, we have that
> (g = Bhagral; + pjas; =0

kel

Z Tappy, =1

ke

p;(O a5 —1)=0 (48)
1€L

ag( E Tpjairei; — Ug) =0
ij
/BZ(Lk + & Tay, — E ija,-jka:fj) =0
ij

Similarly, the dual of sampled LP (7)) in Algorithm [3]is

min Z ak%Uk - Z Bk%Lk + Z Py

L kek jES,
s.t. Z(Oxk — Bk)aijk +p;j >0 Viel jes,
kek (49)
Z tragfBe =1
kek

akaﬁkvpj Z Oakj € ]Ca.] EST
where S, denotes the request set in stage r. Since (a}, 55, p;) is a feasible solution to the LP ([@7), the solution
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(To‘2 L8 %) is feasible for the dual of sample LP ({#9), we have that

tr 7ty
£A+2ex,r—* Zo‘k Uk = ZﬂkTLk+Zp’

kek kek JES,
t
(5 SPY LD ST EE0 31 B S
" keK jES, ieT " kek JES €T (50)
@ )
T
DN R D G AL
" jes, 1€, ke
©)
T . t,.U N t,.L
_Ezak T k—_z QijkTi; Zﬁk Z ijnTi; = 7L
kel JES €T " kek JES, €T
O] @)

where the final equality follows from the KKT conditions @I) ie. Yo pexclag —Br)aijras; +pio; i = =0and p} (3 ;cr o} —
1) =0, so that Zzel,kelc(ak 5k)awk$zg +Dier p;T; Zzel,kel(:(ak ﬂk)azgkwm +p; =0.

For those k such that Ly, + £*Tax, < ZlGI Jeg Tpjaijrx;; < Uk, we know that they have no effect to 2 following the

complementary slackness in {8)). For part (), we only cons1der the resource k making ), jeg Tpjaijrx;; = Uk. By
LemmaB.1] it is easy to get that
t Le?
P( Y aigray; < (1—ear) 5 Us) Sexp | — s— e (51)
= T 201+ =57) g~
jeltr] i€ 3 /U,

where E(> ;7 aijrz};) = Y vjed.

Similarly, for part (2), we only consider the constraints k£ making €T jed Tpjaijrx;; = Li + £ Tay. Before that, we
redefine the r.v. Yy, = (1 +&%)ax — >, o7 asjrxj;. Since £ € [0, 1] from Assumption 3, we know that [V | < (14 &*)ag
and E(Yj;) = %Lt Therefore, by Lemma

te Feor
P( Z Y}k < (1 - nyr)f(Tak - Lk)) < exp <_2(1 1 67»4) (1+€%)an ) (52)
JES, 3 Tap—Ly

Since yo = max([;—’;, Ta;?iLk) = O(lngz) ), and both lower and upper bound are achieved only if Uy, = Tay, — Ly, we
have that ’ ,

HE;EI%MZ} > (1-— 69:,7‘)%(]16

= (53)

S+ &)ar— > airr;) > (1—eay) T(Tak — L)

JES, i€l

w.p. atleast 1 — 6.
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Therefore, with probability at least 1 — § we have that

O+®
ai DL CEURD SRR B DA (I SIS 22
t, T ) _ _ ‘ T
ke JES, IET ke JESET
_ > o by - S agray )+ > B &(T@k — L) = Y (14 &ar — ) aipy;)
t, T ) _ T : .
ke JES, IET ke JES, €L
s ﬂzg*trak>
keK (54)
T *tr *tr — * kg —
S ? €x,r Z ak?Uk + €x,r Z ﬂk?(Tak - Lk) + Z ﬂkﬁ trak
T keKk kek kek
T * tT’ * t?” * * —
= g ex,r(z akak - Z kaLk) + (e.’c,r +& ) Z 5ktrak
ke keK ke
T t t
< * T *) T
=1, <€x,r§ T + (ex,r +§ )T)

=&+ (6* + l)em,r
<& F 2,
where the first inequality from 3, 5 ;o7 aijrz]; > (1 — €x,r) Uy and djes, (L +E&9)ay — > icramray;) > (1 -

€x,r) % (Tay,— Ly); the second inequality from Y, i 85 Ta, = land &* =3, c afUn—> ek BiLlk+> 5c7 Trip; =
Uy — D ek BiLx; the last inequality follows from the fact £* < 1.

ij>
is the optimal solution for LP (7). Following the very similar proofs in Section |4.1|and letting 72 = max(&k, %),

Ur’ Tar—Ly
Exr =1/ M, we have that

tr 2
p. t tre T 1)
P § x> T < o rwrl? )« 2

LHS: We design an algorithm Ps by allocating request j to channel i with probability (1 — €x,r)x};, where (z7;,£")

— 3%y,

where the second inequality follows from the definition of ¢, and v, = O(ﬁ), which result in €, , < 1. Defining
Yj% =(1—¢€, )1 +Eag — Xﬁf, we have that E(YJ}ZS) < %TTE’FL’C) and |Yji| < (1 — €z,)(1 + £*)ax, since

|Xﬁf| < (1 — €4, )ay. Therefore, we have

tr 2
5t tres /T )
Ps3 r = _ Trx,r v
P(Z}/]k > T (T@k Lk:)) < exp ( 2(1 2 (1—ep. ) (1+E€%)ar ) < 2K

j=1 §6I77‘) Tar— L

Thus, with probability at least 1 — &, we could find a solution whose consumed resource for each k is in [’;: (L + (& —
2¢y ) Tay), %’“U k} by Algorithm ]53. According to the definition of E in Algorithm we have that {A > —dey .

In conclusion, we have that £* — 4e, , < §§ &, wp. 1 —26.

Now 5: can be viewed as an good estimate for £* from 0, if we have enough data.
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1. Proof of Theorem 3.3

Proof. We mainly consider two events, namely,

T T

G1 = Z}/—JA2 Z (1 - O(f*_:ﬁ))WO’ZX‘}AkZ S [Lk7Uk]vk S IC P
j=1 j=1

Go={¢ -ai<bh ¢y,

Step 1.

When initializing Algorithm 6, we use the first 7" incoming requests to estimate the optimal measure of feasibility £*. From
the Theorem we have that P ({&* — 4/ < & < £*}) > 1 — 26, choosing § = -

Step 2.

We investigate the conditional event G1|G2. Under the assumption 1{\5/5 +4ye+e < EFifEF —4y/e < a), we have
§o>& —4/e>

Ly + &Tay, < Z Tpjaijrri; < U, Vk € K
i€L,jeT

Yy <1VieJg
i€l
Tij ZO,VZ EI,j Ej,

is feasible under the assumption.

When 73 = O (%), according to the Theorem we have

3 v > (1-0(== X432 €L, Ukl p | > 1315,
{Z_: §o—¢€ }m{z }

where | = log, (). Due to Go> & — 4./e, we also could derive that P(G1]|G2) > 1 — 3l4.
Step 3.

Now we can verify that
P(G1) = P(G1|G2)P(G2) + P(GY|G3)P(GS)
P(G1|G2) + P(G3)

<
<3l0+2) =e.

Therefore, P(G1) > 1 —¢,ife > 0and 74 = 1l/g such that 71 + 4y/e + ¢ < £ and 73 = O(=%x) <

B

ak w
maX( Uk’ (1 F)T(Lk Ly’ W€+7—1 )
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