Improved Bounds for Swap Multicalibration and
Swap Omniprediction

Haipeng Luo* Spandan Senapati* Vatsal Sharan*
usC USC [IN@
haipengl@Qusc.edu ssenapat@usc.edu vsharan@usc.edu
Abstract

In this paper, we consider the related problems of multicalibration — a multigroup
fairness notion and omniprediction — a simultaneous loss minimization paradigm,
both in the distributional and online settings. The recent work of Garg et al. (2024)
raised the open problem of whether it is possible to efficiently achieve @(\/T)
{5-multicalibration error against bounded linear functions. In this paper, we answer
this question in a strongly affirmative sense. We propose an efficient algorithm
that achieves O(T'3) £5-swap multicalibration error (both in high probability and
expectation). On propagating this bound onward, we obtain significantly improved
rates for /;-swap multicalibration and swap omniprediction for a loss class of con-
vex Lipschitz functions. In particular, we show that our algorithm achieves O(Tg)
£1-swap multicalibration and swap omniprediction errors, thereby improving upon
the previous best-known bound of @(T %)_ As a consequence of our improved
online results, we further obtain several improved sample complexity rates in the
distributional setting. In particular, we establish a O(¢~3) sample complexity of
efficiently learning an e-swap omnipredictor for the class of convex and Lipschitz
functions, O(¢~2-%) sample complexity of efficiently learning an e-swap agnostic
learner for the squared loss, and O(e~?), O(¢~2) sample complexities of learn-
ing /1, ¢{s-swap multicalibrated predictors against linear functions, all of which
significantly improve on the previous best-known bounds.

1 Introduction

Recent years have witnessed surprising connections between multicalibration — a multigroup fairness
perspective (Hébert-Johnson et al., 2018) and omniprediction — a simultaneous loss minimization
paradigm, first introduced by Gopalan et al. (2022a). In this paper, we consider multicalibration and
omniprediction in both the distributional (offline) and online settings. We begin by introducing these
two notions, starting with some notation. Let the instance space be X C R9, label set be ) = {0,1},
D be an unknown distribution over X’ x Y, £ : [0,1] x ) — R be a loss function, L be a class of loss
functions, J be a collection of hypotheses over X', and p : X — [0, 1] be a predictor. Multicalibration
(for Boolean functions, e.g., Boolean circuits, decision trees F C {0, 1}X ) was introduced by
Hébert-Johnson et al. (2018) as a mechanism to incentivize fair predictions. For Boolean functions,
multicalibration can be interpreted as calibration (the property that the predictions of p are correct
conditional on themselves, i.e., v = E[y|p(x) = v] for all v € Range(p)), which is additionally
conditioned on set membership. In its most general form, for an arbitrary bounded hypothesis class
F C R*, multicalibration translates to the understanding that the hypotheses in 7 do not have any
correlation with the residual error y — p(x) when conditioned on the level sets of p. On the other hand,
omnipredictors are sufficient statistics that simultaneously encode loss-minimizing predictions for a
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broad class of loss functions £. Notably, omniprediction generalizes loss minimization for a fixed
loss function (agnostic learning (Haussler, 1992)) to simultaneous loss minimization. Since different
losses expect different “types” of optimal predictions (e.g., for the squared loss £(p,y) = (p — y)?,
the optimal predictor p that minimizes the expected risk E[¢(p(z), y)] is the Bayes optimal predictor
E[y|z], where as for the ¢1-loss £(p,y) = |p — y| the optimal predictor is I[E[y|z] > 0.5]), such a
simultaneous guarantee is made possible by a “post-processing” or “type-checking” of the predictions
(a univariate data free minimization problem) via a loss specific function ky, i.e., for each ¢ € L,
k¢ o p incurs expected loss that is comparable to the best hypothesis in F.

Even though multicalibration is not stated in the context of loss minimization, the first construction
of an efficient omnipredictor for the class of convex and Lipschitz functions £ in Gopalan et al.
(2022a) was achieved via multicalibration, thereby representing a surprising connection between
the above notions. However, multicalibration is not necessary for omniprediction (Gopalan et al.,
2022a), thereby raising an immediate question related to the characterization of omniprediction in
terms of a sufficient and necessary condition. Motivated by the role of swap regret in online learning
and to explore the interplay between multicalibration and omniprediction, Gopalan et al. (2023b)
introduced the concepts of swap multicalibration, swap omniprediction, and an accompanying notion
swap agnostic learning, and also established a computational equivalence between the above notions.
Informally, each of the above notions is a stronger version of its non swap variant, and requires a
particular swap-like guarantee (specific to the considered notion) to hold at the scale of the level sets
of the predictor, e.g., for swap agnostic learning, the predictor p is required to have a loss that is
comparable to the best hypothesis in F not just overall but also when conditioned on the level sets of

p.

Despite the qualitative progress in understanding the interplay between swap omniprediction and
swap multicalibration in both the distributional (Gopalan et al., 2023b) and online settings (Garg et al.,
2024), a quantitative statistical treatment for the above measures has a huge scope of improvement
even for the quintessential setting when the hypothesis class comprises of bounded linear functions
Fiin_ In particular, the existing bounds for swap omniprediction and /5-swap multicalibration in the
online setting as derived by Garg et al. (2024) are much worse than the corresponding bounds for
online omniprediction (Okoroafor et al., 2025) and ¢;-calibration (Luo et al., 2025; Fishelson et al.,
2025; Foster and Hart, 2023; Foster and Vohra, 1998) respectively. Even more, the sample complexity
of learning an efficient swap omnipredictor for the class of convex Lipschitz functions £¥* with error
at most ¢ is ~ ¢ 19 (Gopalan et al., 2023b), which is prohibitively large. Along the lines of the above
concern, Garg et al. (2024) devised an efficient algorithm with @(T%) {o-swap multicalibration
error after 7' rounds of interaction between a forecaster and an adversary, and raised the problem
of whether it is possible to efficiently achieve (5(\/? ) £o-multicalibration error against 7|". In this
paper, we answer this question in a strongly affirmative sense by proposing an efficient algorithm
that achieves @(T %) {5-swap multicalibration error against 1", On propagating the above bound
onward, we obtain a significantly improved rate for swap omniprediction for £*. Subsequently,
using our improved rates in the online setting, we construct efficient randomized predictors for swap
omniprediction and swap agnostic learning in the distributional setting and derive explicit sample
complexity rates, which significantly improve upon the previous best-known bounds.

Contributions and Overview of Results. Throughout the paper, we consider predictors p such
that Range(p) C Z, where Z = {0, 1, .. ., %, 1} is a finite discretization of [0, 1] and N is a
parameter to be specified later. Similarly, in the online setting, we consider forecasters that make
predictions that lie in Z. Our contributions are as follows.

* In Section 2, we propose an efficient algorithm that achieves @(T id %) {5-swap multicalibration
error (both in high probability and expectation) against the class of d-dimensional linear functions
Fiin_In contrast to our result, Garg et al. (2024) achieved a (7)(T %d) bound by reducing ¢5-swap
multicalibration to the problem of minimizing contextual swap regret — an extension of swap
agnostic learning to the online setting. Towards achieving this improved rate, we proceed in the
following manner:

1. We introduce the notions of pseudo swap multicalibration and pseudo contextual swap regret
, where the swap multicalibration error (swap regret respectively) is measured via the the
conditional distributions P1, . . ., Pr rather than the true realizations pq, . . ., pr. Subsequently,



in Section 2.2, in a similar spirit to Garg et al. (2024), we establish a reduction from pseudo
swap multicalibration to pseudo contextual swap regret.

2. By not taking into account the randomness in the predictions, the pseudo variants are often
easier to optimize. Indeed, in Section 2.3, we propose a deterministic algorithm that achieves
(’N)(T%d%) pseudo contextual swap regret. In contrast, for contextual swap regret, Garg et al.
(2024) established a O(T% d) bound by using the reduction from swap regret to external regret
as proposed by Ito (2020). To achieve the desired bound for pseudo contextual swap regret, we
use the Blum-Mansour (BM) reduction (Blum and Mansour, 2007) instead. On a high level,

the key to the improvement from Ti (contextual swap regret) to T3 (pseudo contextual swap
regret) is the following: Garg et al. (2024) derived a O(T/N + N+/T') bound on the contextual
swap regret, where the O(1/N) term is accounted due to a rounding operation (additively

accounted for 7" rounds) and the O(N+/T) term is due to a concentration argument, which is
inevitable since the reduction by Ito (2020) is randomized. However, by using the BM reduction
and an improved rounding procedure due to Fishelson et al. (2025), we propose a deterministic

algorithm that achieves @(T/ N2 + N) bound on the pseudo contextual swap regret, where the
O(1/N?) term is due to the rounding operation and the O(N) term is because each of the N'
external regret algorithms in the BM reduction can be instantiated to guarantee (7)(1) external
regret against bounded linear functions. The desired result follows by choosing N = @(T 3 ).

3. Using the reduction from pseudo swap multicalibration to pseudo contextual swap regret,
we obtain a @(T%dg) bound for the former. Noticeably, since the swap multicalibration
error is possibly random and our algorithm for minimizing pseudo swap multicalibration is
deterministic, we derive a concentration bound in going from pseudo swap multicalibration
to swap multicalibration. By performing a martingale analysis using Freedman’s inequality
(Lemma 6 in Appendix B), we show that this only accounts for a @(N ) deviation term, which
does not change the final rate.

* In Section C in the appendix, we explore several consequences of our improved rate for £5-swap
multicalibration. Particularly, in Section C.1, we show that our algorithm from Section 2.3 achieves
O(T'3d3) swap omniprediction error for £ against F2, where F2 is a class of appropriately
scaled and shifted linear functions. This significantly improves upon the @(T%d%) rate of Garg
et al. (2024). In Section C.2, we show that the same algorithm (with a different choice of the

discretization parameter V) achieves @(T%d%) contextual swap regret, which improves upon

the @(T%d) bound of Garg et al. (2024). We summarize a comparison of our results to the ones
derived by Garg et al. (2024) in Table 1.

contextual swap lo-swap £1-swap swap
regret (A) multicalibration (B) multicalibration (C) omniprediction (D)

H t
pseudo contextual £2-pseudo swap
swap regret (E) multicalibration (F)

Figure 1: Path A — B — C — D represents the sequence of reductions followed by Garg et al. (2024),
whereas path E -+ F — B — C — D represents our road-map. To derive an improved guarantee for
B, we establish: (i) a @(T%) bound for E; (ii) a reduction from E to F; and (c) a concentration bound
from F to B. The improved guarantees for C and D follow as a consequence of the improvement in B.
The improved guarantee for A follows due to E and a concentration bound from E to A.

We remark that although relevant ideas for the above steps have appeared in the literature, our
paper successfully unifies them in a novel framework to achieve state-of-the-art bounds for swap
multicalibration and swap omniprediction. Refer to Figure 1 for a summary of our framework. For a
detailed comparison with prior work, refer to the section on related work.

As a consequence of our improvements in the online setting, we establish several improved sample
complexity rates in the distributional setting. Towards achieving so, we perform an online-to-
batch conversion (Cesa-Bianchi et al., 2004) using our online algorithm in Section 2.3 to obtain a
randomized predictor p that mixes uniformly over the 7" predictors output by the online algorithm.



Table 1: Comparison of our rates with the previous best-known bounds. For simplicity, we only
tabulate the leading dependence on ¢, T". The first 4 rows correspond to regret/error bounds (as a
function of T) in the online setting, whereas the last 4 rows correspond to sample complexity bounds
(as a function of ¢) in the distributional setting.

ONLINE (REGRET/ERROR) AND DISTRIBUTIONAL (SAMPLE COMPLEXITY) BOUNDS
Quantity ‘ Previous bound ‘ Our bound

Contextual swap regret O(T'?) (Garg et al., 2024) O(T'?) (Theorem 3)
¢3-swap multicalibration O(T?) (Garg et al., 2024) O(T'z) (Theorem 1)
£1-swap multicalibration @(Té) (Garg et al., 2024) (7)(T %) (Corollary 1)
Swap omniprediction O(T¥) (Garg et al., 2024) O(T'?) (Theorem 2)
Swap agnostic error O(e7%) (Globus-Harris et al., O(e72:5) (Theorem 5)
2023)
¢3-swap multicalibration O(e~®) (Globus-Harris et al., O(e=%®) (Theorem 6)
2023)
¢1-swap multicalibration O(e~19) (Hébert-Johnson O(e7%) (Theorem 6)
et al., 2018; Globus-Harris
et al., 2023)
Swap omniprediction O(e71%) (Hébert-Johnson O(¢73) (Theorem 4)
et al., 2018; Globus-Harris
et al., 2023)

+ In Section D.1 in the appendix, we show that > =3 samples are sufficient for p to be a swap om-
nipredictor for £ against F27 with error at most £. To prove this, we obtain a tight concentration
bound that relates the swap omniprediction errors in the distributional and online settings. Our
arguments in deriving the concentration bound are motivated by a recent work by Okoroafor et al.
(2025), who proposed a similar online-to-batch conversion for omniprediction. However, compared
to their result, an online-to-batch conversion for swap omniprediction poses several other technical
nuances. In particular, unlike Okoroafor et al. (2025), we cannot merely use Azuma-Hoeffding’s
inequality or related concentration inequalities that guarantee concentration to a 4/n factor (n is the
number of random variables). By performing a careful martingale analysis using Freedman’s in-
equality on a geometric partition of the interval [0, 1], we finally establish the desired concentration
bound.

« In Section D.2, we specialize to the squared loss and show that > £~2-5 samples are sufficient for p
to achieve swap agnostic error €. Notably, since the squared loss is convex and Lipschitz, the result
of Section D.1 already gives a (7)(5_3) sample complexity. However, specifically for the squared
loss, we derive a concentration bound that relates the contextual swap regret with the swap agnostic
error. As we show, this bound is tighter than the corresponding deviation for swap omniprediction.
Combining this with an improved O(T %) bound for contextual swap regret compared to swap
omniprediction (@(T 3 )), we obtain the improved sample complexity. Finally, in Section D.3, by
using a characterization of ¢5-swap multicalibration in terms of swap agnostic learning (Globus-
Harris et al., 2023; Gopalan et al., 2023b), we establish a @(5*2'5) sample complexity for £o-swap
multicalibration, and thus O(¢~?) for ¢;-swap multicalibration against F1". We summarize our
results and the previous best-known bounds in Table 1. For discussion regarding the previously
best-known bounds, refer to the section on additional related work (Appendix A).

1.1 Preliminaries

For simplicity, we give formal definitions of several notions considered in the paper in the online
setting, and defer definitions for the distributional setting to Appendix D.

Online (Swap) Multicalibration. Following Garg et al. (2024), we model online (swap) multicali-
bration as a sequential decision making problem over binary outcomes that lasts for 7" time steps.
At each time ¢ € [T]: (a) the adversary presents a context x; € X’; (b) the forecaster randomly



predicts p; ~ P;, where P, € Az represents the conditional distribution of p;; and (c) the adversary
reveals the true label y; € ). For simplicity in the analysis, throughout the paper we assume that
the adversary is oblivious, i.e., it decides the sequence (21,y1), ..., (xT,yr) at time ¢t = 0 with
complete knowledge about the forecaster’s algorithm, although our results readily generalize to an
Zt 1 Ipe=plf(z¢)(ye
thl I[p:=p]
of the correlation of f with the residual sequence {y; — p; }7_; (conditioned on the rounds when the
prediction made is p; = p), the £,-swap multicalibration error incurred by the forecaster is defined as

T
SMCalz, = sup Z <Z Ilp = ) ‘Pp fp = Z (Zﬂpt ) SUP lpp.r|" -
=1

{fpe}—}pezpeg pEZ

adaptive adversary. For each p € Z, letting p,, f : =) be the empirical average

We also introduce a new notion — pseudo swap multicalibration, where the swap multicalibration error

is measured via the conditional distributions P4y, . . ., Pp rather than the true realizations p1, ..., pr.
T
Particularly, letting p,, ¢ : = 2= g(p ”;ﬁx(i)(y* —P) , we define the /,-pseudo swap multicalibration
t=1"1

error incurred by the forecaster as

PSMCalr, =  sup Z (Zpt ) | o, f,, Z <Z Pi(p > sup 1op. % ()

{fpe]:}PGZ PEZ pEZ

As we shall see, by not taking into account the randomness in the predictions, pseudo (swap)
multicalibration is often easier to optimize. Note that, (pseudo) multicalibration ((P)MCalr ;) is a
special case of (pseudo) swap multicalibration where the comparator profile is f, = f forallp € Z:

T T
MCalr = sup 3 (Z pe= ]> 1", PMCalry = sup (Zﬂ(p>> Bpsl® . 3
t=1

pPEZ pEZ

and calibration (Cal,) is a further restriction of multicalibration to F = {1}, where 1 denotes the
constant function that always outputs 1. In this paper, we shall be primarily concerned with the

1, >-(pseudo) (swap) multicalibration errors, which are related as PSMCalr ; < /T - PSMCalr 2,

PMCalyr, < /T-PMCalz,, SMCalr, < /T -SMCalr,, MCalz; < \/T-MCalry. The

proof (skipped for brevity) follows trivially via the Cauchy-Schwartz inequality.

Online (Swap) Omniprediction. Omnipredictors are sufficient statistics that simultaneously encode
loss-minimizing predictions for a broad class of loss functions £. Since different losses expect
different “types” of optimal predictions, the output of an omnipredictor p has to be “post-processed”
r “type-checked” via a loss specific function & : [0, 1] — [0, 1] to approximately minimize ¢ relative
to the hypotheses in F. The post-processing function k; is chosen to be a best-response function,
ie., ke(q) = argming, e o 1] Eyper(q) [¢(p,y)] denotes the prediction that minimizes the expected
loss for y ~ Ber(g). Online omniprediction follows a similar learning protocol as that of online
multicalibration described above, however, we equip our protocol with learners (parametrized by loss
functions) who utilize the forecaster’s predictions to choose actions. In particular, after the forecaster
predicts p;, each ¢-learner (¢ € L) chooses action k¢(p;) and incurs loss £(k¢(pt), y:). The swap
omniprediction error against a loss profile {¢, },c z, comparator profile { f;, } pc z is defined as

SOmni ({gp}pEZ; {fp}pEZ ngt kfp, (pt) yt) gpt(fpt (mt)ayt)~ 4)

t=1

The swap omniprediction error incurred by the forecaster is then defined as a supremum over
all loss, comparator profiles, i.e., SOmniz 7 = supyy cr 7 er},c SOMNi ({{}pez, { fplpez)-
Omniprediction is a special case of swap omniprediction where the loss, comparator profiles are fixed
and independent of p.

In the distributional setting, a computational equivalence between swap multicalibration and swap
omniprediction was established in Gopalan et al. (2023b) via an intermediate notion — swap agnostic
learning, which was extended to the online setting by Garg et al. (2024) as contextual swap regret.



Contextual Swap Regret.  Throughout the paper, we consider contextual swap regret for the
squared loss. Contextual swap regret is a special case of online swap omniprediction when £ = {/¢}
and £(p,y) = (p—y)?, so that k¢(p) = p. Similar to pseudo swap multicalibration, we also introduce
a new notion — pseudo contextual swap regret:

T

PSRegyr = sup > Epp, [(pe — 0)* — (fp (20) —w0)?] - )
{fr€F}pez 1—1

Other Notation. For any m € N, let [m] := {1,2,...,m} denote the index set. We use bold
lowercase letters to represent vectors and bold uppercase letters for matrices. The indicator function
is denoted by I[-], which evaluates to 1 if the condition inside the braces is true, and 0 otherwise.
For any k£ € N, we define Ay as the (k — 1)-dimensional probability simplex: Ay = {z €
R*:z; > Oforalli € [k, Zle x; = 1}. More generally, for a set €, let Ag denote the set of
all probability distributions over 2. A function f : W — R is said to be a-exp-concave over
a convex set W if the function exp(—a.f(w)) is concave on W. The following notation is used
extensively throughout the paper: given a hypothesis class F and 8 > 0, we define the subset
Fz = {f € F; f*(z) < Bforall z € X}. Finally, we use the notations (.), O(.) to hide lower-
order logarithmic terms.

A note on the organization. Due to the numerous concepts considered in this paper and the limited
space available, we focus our detailed discussion on our improved bound for /5-swap multicalibration
and the path E -+ F — B in Figure 1, deferring the discussion of other results to the appendix.
Readers are encouraged to keep the broader context presented in Figure 1 in mind and to note that our
improved sample complexity bounds in the offline setting arise from an online-to-batch conversion.

1.2 Comparison with Related Work

We discuss comparison with the most relevant work, deferring additional discussions to Appendix A.

Calibration. For ¢5-calibration (Cals), Foster and Hart (2023); Luo et al. (2025) showed that
there exists an efficient algorithm that achieves Cal, = O(T'3). The result of Luo et al. (2025)

builds on a recent work by Fishelson et al. (2025), who showed that it is possible to achieve O(T'3)
£o-pseudo calibration (PCals) by minimizing pseudo (non-contextual) swap regret of the squared
loss. Building on the works of Luo et al. (2025); Fishelson et al. (2025), we observe that it is possible
to achieve SMCal Fing = @(T %). In particular, our introduction of pseudo swap multicalibration
and pseudo contextual swap regret is reminiscent of pseudo swap regret by Fishelson et al. (2025).
Furthermore, our Freedman-based martingale analysis in going from /s-pseudo swap multicalibration
to ¢2-swap multicalibration is largely motivated by a similar analysis by Luo et al. (2025) in going
from ¢5-pseudo calibration to ¢5-calibration. Arguably, our result shows that ¢5-swap multicalibration
and /5-calibration share the same upper bounds, despite the former being a stronger notion.

Omniprediction. Very recently, Okoroafor et al. (2025) have shown that it is possible to achieve
oracle-efficient omniprediction, given access to an offline ERM oracle, with O(s~2) sample complex-
ity (matching the lower bound for the minimization of a fixed loss function) for the class of bounded
variation loss functions Lgy against an arbitrary hypothesis class F with bounded statistical com-
plexity. Notably, the class Lgy is quite broad and includes all convex functions, Lipschitz functions,
proper losses, etc. At a high level, Okoroafor et al. (2025) obtain @(ﬁ ) online omniprediction error
by identifying proper calibration and multiaccuracy as sufficient conditions for omniprediction and
proposing an algorithm based on the celebrated Blackwell approachability theorem (Blackwell, 1956;
Abernethy et al., 2011) that simultaneously guarantees @(\/T) proper calibration and multiaccuracy
errors. The result for (offline) omniprediction then follows from an online-to-batch conversion along
with other technical subtleties to make the algorithm efficient (with respect to the offline ERM oracle).
Next, we highlight our comparisons with Okoroafor et al. (2025)’s result and techniques. While
Okoroafor et al. (2025) analyze omniprediction in a more general setting (for the class Lgy against
an arbitrary ), we study the harder notion of swap omniprediction but in a specialized setting (for
L C Ly, against F27). Finally, as mentioned in the introduction, although our online-to-batch
conversion in Section D.1 follows in a similar spirit to Okoroafor et al. (2025), it is substantially
different due to a more involved martingale analysis via Freedman’s inequality.



2 Achieving O(T'3) (,-Swap Multicalibration

In this section, we propose an efficient algorithm to minimize the ¢5-swap multicalibration error. As
per Figure 1, we shall reduce ¢>-swap multicalibration to ¢5-pseudo swap multicalibration, followed
by a reduction to pseudo contextual swap regret. Finally, we shall propose an efficient algorithm to
minimize the pseudo contextual swap regret.

2.1 From swap multicalibration to pseudo swap multicalibration

Lemma 1. Let F C [—1,1]Y be a finite hypothesis class. For any algorithm Asmcal, such that for
each t € [T] the conditional distribution P; is deterministic, with probability at least 1 — § over

Asmcal, s predictions, we have SMCalr o < 384(N + 1) log (6(1\/+51)|]-') + 6 - PSMCalg 5.

The proof of Lemma [ is deferred to Appendix B.1 and is motivated by a recent result due to Luo et al.
(2025) who derive a high probability bound (via Freedman’s inequality) that relates the ¢5-calibration
error (Caly) with the /5-pseudo calibration error (PCaly). Particularly, our proof is an adaptation of
the analysis provided by Luo et al. (2025) to the contextual setting. Note that the assumption that
the conditional distribution 7P, is deterministic is because the algorithm we propose for minimizing
pseudo contextual swap regret is deterministic, therefore the only randomness lies in the sampling
pr ~ Py. In a way, our proposed algorithm in Section 2.3 correctly aligns with the assumption.
However, we remark that this assumption can be relaxed to account for the randomness in P;.

Next, we instantiate our result for the class of linear functions with bounded norm, defined over the set
X={xeBz = %} The requirement that each € X has a constant first coordinate (equal to
1/2) is without any loss of generality. More generally, we only require that each = € X has a constant
i-th coordinate (equal to I" for some ' € (0, 1)) to ensure that the class F'" = {fy(z) = (0, 7);0 €
R?} is closed under affine transformations — a property that shall be required later. Although not
explicitly mentioned in Garg et al. (2024), we realize that they also invoke this requirement. By
definition, Fi" = {f € F'";|f(x)| < 1forall z € X} and the set of all §’s characterizing Fj"
satisfies B§ C {0 € R% |(0,z)| < 1forallz € X} C 2-BS. Since F}" is infinite, the result of
Lemma | does not immediately apply for the choice F = F}". Instead, to bound SMCal Fin 9, We

form a finite sized cover C. of Fi", bound SMCaIJ_-gn’2 in terms of SI\/ICaIC&Q , and use the result of
Lemma 1 to bound SMCalc, , in terms of PSMCalc_ ». Recall that for a function class 7, a function
class G is an e-cover if for each f € F there exists a g € G such that |f(z) — g(z)| < ¢ for all
x € X. For each f € F, we refer to the corresponding function g € G that realizes the condition as a
representative. We use the following standard result (refer to (Luo, 2024, Proposition 2)) to bound
|Cc| in the proof of Lemma 2, whose proof is deferred to Appendix B.2.
Proposition 1. There exists a cover C. C Fi™ of Fi" with |C.| = O (%)d

Lemma 2. For the class F\" and any € > 0, with probability at least 1 — 6, we have SMCaI}-Tn’2 =

O (Nlog & + Ndlog L + PSMCalpyr , +£°T) .

2.2 From pseudo swap multicalibration to pseudo contextual swap regret

In this section, we show that the ¢5-pseudo swap multicalibration error is bounded by the pseudo
contextual swap regret. Notably, our result is an adaptation of a similar result proved by Garg et al.
(2024) for contextual swap regret (see also Globus-Harris et al. (2023); Gopalan et al. (2023b) for
a similar characterization of swap multicalibration in terms of swap agnostic learning) to pseudo
contextual swap regret. Our result holds for any arbitrary hypothesis class F satisfying the following
mild assumption:

Assumption 1. F is closed under affine transformations, i.e., for each f € F, the function g(x) =
af(x)+be Fforala,beR.

We remark that the above is quite standard and has been explicitly assumed in Garg et al.
(2024); Globus-Harris et al. (2023), and is implicit in Gopalan et al. (2023b). Clearly, F'" sat-
isfies Assumption 1. This is because, for a f € F that is determined by § € R?, we have



a{0,x) +b = (a-0+2b-ey,2) € F'". Before proving the main implication, we prove the

following converse result.

Lemma 3. Assume that there exists ap € Z, f € Fy such that p, § > « for some o > 0. Then,

Sy Pe@) ((0—y)* = (F (m)—ye)?)
Zthl P+ (p)

The proof of Lemma 3 can be found in Appendix B.3 and is similar to (Garg et al., 2024, Theorem

there exists a ' € F4 such that > a?.

3.2). In particular, we consider the function f’(x) = p + nf(x), where = min (1, %) S =

iy Pep)(f(@))”
Zf:1 Pe(p)

then follows from direct computation that

. Under Assumption 1, f’ € F. Furthermore, since f € Fi, we have f' € Fy. It

S Pue) ((p—y)* = (F (@) —y1)?)
Z?: 1 Pi(p)

we analyze the cases o > v and o < p and derive a common lower bound 2na — n?u > o2, thereby

finishing the proof. Equipped with Lemma 3, we prove the main result of this section.

Lemma 4. Assume that there exists o > 0 such that PSReg]_-4 < a. Then, PSMCalg, 2 < a.

> 2na — n?p. Finally,

The proof of Lemma 4 can be found in Appendix B.4 and follows by the method of contradiction,
using the result of Lemma 3. Particularly, assuming that PSMCalz, o > «, we conclude that there

exists a comparator profile { f,},ez that realizes ) . » a;, > a, where a, = S Pp) (B, )2

By definition of v, there exists a function f;(z) € {fp(z), — fp(2)} such that p,,rx = /%@
t=1"1

forall p € Z. By Lemma 3, for each p € Z, there exists a f, € F that satisfies EtT:l Pi(p)((p —

ye)® — (fp(xt) — y1)*) > cp. Summing over all p € Z we obtain a contradiction to the assumption
that PSRngT4 < a.

Combining the result of Lemma 2 and 4, we observe that to bound SMCal Fin, We only require a
bound on PSReg Fin - In the next section, we propose an efficient algorithm to minimize PSReg Fiin.

2.3 Bound on the pseudo contextual swap regret

Now, we give an algorithm to minimize the pseudo contextual swap regret of the squared loss
{(p,y) = (p — y)? against the hypothesis class F4". Recall that for our choice of X, the set of §’s
that determine F)" satisfies 2 - B C {0 € R%;[(6,2)| < 2forallz € X'} C 4-BJ. We consider
the more general setting when F is arbitrary and then instantiate our result for F4". Our general
algorithm (Algorithm 3) is based on the well-known Blum-Mansour (BM) reduction (Blum and

Mansour, 2007).

Before proceeding further, we first recall the BM reduction (Algorithm 3 in Appendix B.5). Let
Z be enumerated as Z = {zg,...,zn}, where z; = i/N for all i € {0,..., N}. The reduction
maintains IV + 1 external regret algorithms Ay, ..., Axn. At each time ¢, let g; ; € Ay denote the
probability distribution over Z produced by A;. Let Q; = [gy.0, - - - ; g¢,v] be the matrix formed by
concatenating g, o, - - ., g, n as columns. Upon receiving the context x;, we compute the stationary
distribution of @y, i.e., a distribution p; € A, satisfying Q;p; = p;. With p; being our final
distribution of predictions, i.e., P;(z;) = p:;, we sample p, ~ P, and observe the outcome y;.
Thereafter, we feed the scaled loss function p; ;¢(., y;) to A;. Let E?cz =ptils € RN+ be a scaled
loss vector, where £,(j) = £(z;,y:). It immediately follows from Proposition 2 (Appendix B.5) that
PSRegr < Zilio Reg;(F), where Reg,(F) = sup;cr Zthl (0,0, 655) — pei(f () — ye)?. e,
the pseudo swap regret is bounded by the sum of the (scaled) external regrets of the N + 1 algorithms.
It remains to design the i-th external regret algorithm .A; that minimizes Reg;(F). We emphasize
that 4, is required to predict a distribution g ; over Z and is subsequently fed a scaled loss function
pti4(.,y¢) at each time ¢. To implement .A;, we assume the following oracle ALG that solves a
(scaled) external regret minimization problem for the squared loss (which will be later instantiated by
a concrete algorithm for the linear class).

Assumption 2. Let ALG be an algorithm for minimizing the (scaled) external regret against F in the
Jfollowing learning protocol: at every time t € [T, (a) an adversary selects context x4 € X, a scaling
parameter oy € [0, 1], and the true label y;,; (b) the adversary reveals xy; (c¢) ALG predicts w; € [0, 1],
observes oy, yy, and incurs the scaled loss al(wy, yy). We assume that ALG achieves the following

external regret guarantee: | |sup s r Zthl ar(wy —yi)? — au(f(xy) — yt)ﬂ < r(T,F), where



r(T,F) is a non-negative function that captures the regret bound of ALG, and the expectation is
taken over the joint randomness in the adversary and the algorithm.

To instantiate A; (Algorithm 1), we propose using ALG; (an instance of ALG for the i-th external
regret algorithm) along with the randomized rounding procedure of Fishelson et al. (2025). The round-
ing procedure is required because at each time ¢, ALG; outputs w; ; € [0, 1], however, A; is required
to predict a distribution g, ; € A1 over Z. Towards this end, Fishelson et al. (2025) proposed the
randomized rounding scheme summarized in Algorithm 2. In Proposition 3 (Appendix B.6), we show
that the change in the expected loss due to rounding, i.e., the quantity Z;V:o q;l(zj,y) — L(p,y) is at

most

Algorithm 1 The i-th external regret algorithm (.A4;)
1. fort=1,...,T,
2:  Setw,; € [0,1] as the output of ALG; at time ¢ (where ALG, satisfies Assumption 2);
3:  Predict g;; = RRound(w ;) (Algorithm 2);
4:  Receive the scaled loss function f; ;(w) = py:¢(w, y;) and feed it to ALG,.

Algorithm 2 Randomized rounding (RRound(p))
Input: p € [0, 1], Output: Probability distribution g € Ay 1;
Scheme: Let p;,p;11 for some i € {0,...,N — 1} be two neighboring points in Z such that

. __ Pit17P —Pi — :
p; < p < piy1;output g € Ay, where g; = ﬁim pil’jm, and ¢; = 0 otherwise.

> Qi+1 =

Combining everything, we derive the regret guarantee Reg,(F) of A;. It follows from Proposition 3
that at any time ¢, the distribution g;,; = RRound(w, ;) satisfies (g, €;) < l(we;,y:) + ﬁ
Multiplying with p,; ; and summing over all ¢, we obtain

T
Reg;(F) < sup <Zptz We i — y)* = pei(f(ze) — yt)2> Zptz <r(T,F)+ N2 Zpt i

fer \i=1 t=1
where r;(T, F) denotes the external regret bound of ALG; (Assumption 2). It then follows from
Proposition 2 that
N N

PSReg;SZRegl ZmT}' NQZZPHZZHT}-) ];1;2

=0 =0 t=1 =0
When F = F\", we can instantiate each ALG; with the Online Newton Step algorithm (ONS) (Hazan
et al., 2007) corresponding to the scaled loss ¢y ;(0) := py; ({6, x4) — y¢)?, which is =5-exp-concave
and 10-Lipschitz over 4 - B¢ (Proposition 4 in Appendix B.7). We propose to employ ONS over
the set 4 - B¢ since the set of all §’s characterizing Fi" is a subset of 4 - BY. ONS; (Algorithm 4 in

Appendix B. 5) represents an instance of ONS for ALG;. On updating 6, ; via ONS;, ALG; (Algorithm
5) simply predicts wy,; = Projjg 1 ({64, 7¢)), where Projj ;; denotes the projection to [0, 1], i.e.,

Projjo 1] (z) = argmin, ¢ ] |z —y
The following lemma (due to Hazan et al. (2007)) bounds the regret of ONS;.
Lemma 5. The regret of ONS; can be bounded as supgey.ps ¢1,i(01,i) — ¢1,i(0) = O(dlogT).

The regret of ALG; can then be bounded as SUPpe4.Bd Zthl Pri(we; — ye)? — Dri (0, ze) — yt)2 <
SUPgey.Bd 23:1 &13(015) — ¢1i(0) = O(dlogT), where the first inequality follows since
(Proj({6:.:,7¢)) — y¢)*> < ({014, 7¢) — y:)?. The above bound implies that r; (T, Fi") = O(dlog T)
and PSReg Fin < o (N dlogT + %) Combining the result of Lemma 2 and Lemma 4 with the
bound on PSReg Fin, W obtain the following theorem.

Theorem 1. There exists an efficient algorithm that achieves the following bound: SMCal Fing =
O(T3d3 (logT)5 + (ﬁ)% log §) with probability > 1 — §. Furthermore, E [SMCaI}-;iW} =

(’)(T%dg (logT) 3 ), where the expectation is taken over the internal randomness of the algorithm.



Theorem 1 answers the open problem raised by Garg et al. (2024). Compared to our result, Garg et al.
(2024) showed that SMCal Fing = o (dT i +/log %) with probability at least 1 — §. An immediate

corollary of Theorem 1 is an improved @(T %) bound on SMCal Fin 1 (refer Corollary 1 in Appendix
B.8).

3 Conclusion and Future Directions

In this paper, we obtained state-of-the-art regret/error bounds (in the online setting) and sample
complexity bounds (in the distributional setting) for swap multicalibration, swap omniprediction,
and swap agnostic learning. Crucially, our bound for swap multicalibration is derived in the context
of linear functions, and that for swap omniprediction is obtained specifically for convex Lipschitz
functions against a hypothesis class that comprises linear functions. A natural question is whether
it is possible to extend our framework (Figure 1) to arbitrary hypothesis, loss classes and obtain
oracle-efficient algorithms (similar to Garg et al. (2024); Okoroafor et al. (2025)). Moreover, recall
that we obtained O(T'3 ) and O(T'3 ) bounds for pseudo contextual swap regret and contextual swap
regret, respectively, which is in contrast to the non-contextual setting, where both quantities enjoy the
favorable @(T%) rate (Foster and Hart, 2023; Luo et al., 2025; Fishelson et al., 2025). The @(T%)
bound for contextual swap regret is a limitation of our analysis in Section C.2; we suspect this can be
improved by a more sophisticated analysis which can also improve the sample complexity of swap
agnostic learning as a by product. This improvement shall manifest in further improvements in the
sample complexity of swap multicalibration as per the discussion in Section D.3.
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A Additional Related Work and Notations

Downstream decision making. The seminal work of Foster and Vohra (1998) proposed the first
algorithm for online calibration that achieved E[Cal;] = (’)(Tg). For ¢;-calibration (Caly), a

lower bound of Q(\/T) was folklore, and recent breakthroughs by Qiao and Valiant (2021); Dagan
et al. (2024) have made progress towards closing the gap between the lower and upper bounds. In
particular, Dagan et al. (2024) proved that for any online algorithm, there exists an adversary such
that E[Cal;] = Q(70-54389), and also proved the existence of an algorithm (a non-constructive proof)

that achieves E[Cal;] = O(T'3 <), where ¢ > 0. Understanding the limitations of ¢, -calibration, i.e.,

it is impossible to achieve VT {1-calibration, has led to the introduction of several weaker notions
of calibration, e.g., continuous calibration (Foster and Hart, 2021), decision calibration (Zhao et al.,
2021; Noarov et al., 2023; Tang et al., 2025), U-calibration (Kleinberg et al., 2023; Luo et al., 2024),
distance to calibration (Btasiok et al., 2023; Qiao and Zheng, 2024; Arunachaleswaran et al., 2025),
maximum swap regret (Roth and Shi, 2024; Hu and Wu, 2024), subsampled smooth calibration error
(Haghtalab et al., 2024), etc. The above measures are still meaningful for downstream tasks and can
be achieved at more favorable rates. On the contrary, the work by Luo et al. (2025) introduced the
notion of KL-calibration, which is arguably a stronger measure for studying upper bounds than ¢5-
calibration and showed that KL-calibration simultaneously bounds swap regret for several important
subclasses of proper losses while being achievable at (’N)(T%) rate. A recent work by Collina et al.
(2025) (see also Collina et al. (2024)) considered the problem of online collaborative prediction,
where over a sequence of 7" days, two parties, Alice and Bob, each with their context (the context of
Alice is unknown to Bob and vice-versa), engage in a communication protocol to solve a squared
error regression problem defined over the joint context space. Using the bound for contextual swap
regret as derived by Garg et al. (2024), Collina et al. (2025) propose an online collaboration protocol
that achieves (’}(T%) external regret against the class of bounded linear functions. Not surprisingly,
this bound can be improved using our algorithm in Section 2.3 instead.

(Swap) Multicalibration. Since its inception, starting with the work of Hébert-Johnson et al.
(2018), multicalibration has found surprising connections with several domains, e.g., computational
complexity (Casacuberta et al., 2024), algorithmic fairness (Hébert-Johnson et al., 2018; Obermeyer
et al., 2019; Devic et al., 2024; Gopalan et al., 2022b), learning theory (Gopalan et al., 2022a, 2023a;
Gollakota et al., 2023; Globus-Harris et al., 2023), conformal prediction (Bastani et al., 2022), online
learning (Gupta et al., 2022; Jung et al., 2021; Haghtalab et al., 2023), cryptography (Dwork et al.,
2023), etc. However, the literature on multicalibration has differed in the concrete definition, thereby
leading to some confusion. In this paper, we primarily adopt the definition given by Globus-Harris
et al. (2023); Gopalan et al. (2023b) in the distributional setting and its extension by Garg et al. (2024)
to the online setting. The previously best-known sample complexity bounds as mentioned in Table 1
are with respect to these definitions.

For /..-multicalibration, Haghtalab et al. (2023) derived a O(¢~2) sample complexity when random-
ized predictors are allowed, and a O(¢~*) sample complexity for deterministic predictors. Notably,
since /1, /oo-multicalibration errors are related as /; < |Z| - o, their result implies a O(~2)
sample complexity for ¢;-multicalibration (the bound for ¢.,-multicalibration has a logarithmic
dependence on | Z|, therefore | Z| can be chosen to be O(1)). However, Haghtalab et al. (2023)
use a bucketed definition of multicalibration which is different from that considered in this paper,
where we enforce our predictor to predict among | Z| possible values. For swap-multicalibration, the
multicalibration algorithms of Hébert-Johnson et al. (2018); Gopalan et al. (2022a) were shown to be
swap-multicalibrated in Gopalan et al. (2023b), thereby establishing a (7)(5*10) sample complexity
for ¢1-swap multicalibration. For ¢5-swap multicalibration, Globus-Harris et al. (2023) proposed an
algorithm that achieved £»-multicalibration error at most ¢ given > > samples. However, we realize
that their algorithm is in fact swap multicalibrated, thereby establishing a O(¢~%) sample complexity
for £5-swap multicalibration. Since /1, {>-swap multicalibration errors are related as £; < /fs,
their result also implies a @(5*10) sample complexity for /;-swap multicalibration matching that of
Gopalan et al. (2023b), albeit with a remarkably simpler algorithm. Since € ¢;-swap multicalibration
error implies O(e) swap omniprediction error for £ (Gopalan et al., 2023b), the above discussion
implies a (7)(5_10) sample complexity for swap omniprediction for £L*. As mentioned, although
the multicalibration algorithm of Haghtalab et al. (2023) requires fewer samples, their considered
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definition of multicalibration is different and it is not clear whether they achieve the stronger swap
multicalibration guarantee, therefore, we do not portray a comparison to their results in Table 1.

Omniprediction. For the class of convex and Lipschitz functions, Gopalan et al. (2022a) proposed
the first construction of an efficient omnipredictor via ¢;-multicalibration. However, as shown by
Gopalan et al. (2022a), multicalibration is not necessary for omniprediction. Several follow-up works
(Gopalan et al., 2023a; Okoroafor et al., 2025) have investigated weaker notions of multicalibration
that suffice for omniprediction. Particularly, Gopalan et al. (2023a) identified calibrated multiaccuracy
to imply omniprediction for more general classes of loss functions (beyond convexity) and proposed
an oracle-efficient algorithm (given access to an offline weak agnostic learning oracle) that required
> ¢~ 10 samples. Subsequent work by Hu et al. (2024) proposed an efficient construction of
omnipredictors for single index models, requiring > =% samples. Very recently, Okoroafor et al.
(2025) have shown that it is possible to achieve oracle-efficient omniprediction, given access to an
offline ERM oracle with O(£~2) sample complexity (matching the lower bound for the minimization
of a fixed loss function) for the class of bounded variation loss functions Lgy against an arbitrary
hypothesis class F with bounded statistical complexity, thereby settling the sample complexity of
omniprediction.

In the context of swap omniprediction, a recent work by Lu et al. (2025) proposed a notion of decision
swap regret for high-dimensional predictions in the regression setting, i.e., Y = [0, 1]. However,
compared to swap omniprediction, the loss function is not indexed by the forecaster’s prediction, and
notably, the techniques in our paper are considerably different than those proposed by Lu et al. (2025)
who impose a relaxation of calibration called decision calibration (Zhao et al., 2021; Noarov et al.,
2023; Tang et al., 2025) to achieve low decision swap regret.

Additional Notations. For a set Z, its complement is denoted by Z, representing all elements not
in Z. We denote conditional probability and expectation given the history up to time ¢ — 1 (inclusive)
by IP; and E, respectively. A loss £ : [0,1] x {0,1} — R is called proper if Ey ger(p) [£(p, y)] <
EyBer(p) [£(p', y)] for all p, p" € [0, 1], e.g., the squared loss £(p, y) = (p — y)2, log loss £(p,y) =
—ylogp — (1 —y)log(1 — p), etc.

B Deferred Proofs and Discussion in Section 2

B.1 Proof of Lemma 1

Lemma 6 (Freedman’s Inequality). (Beygelzimer et al., 2011, Theorem 1) Let X4, ..., X, be a
martingale difference sequence where |X;| < B forall i = 1,...,n, and B is a fixed constant.
Define V := "7 B;[XZ]. Then, for any fixed pu € [0, %] ,6 € [0, 1], with probability at least 1 — 5,

we have
n

S

i=1

log 2

< pV+

Proof of Lemma 1. Fixap € Z, f € F. We first bound |p,, s — pp, r|. To achieve so, we consider
the martingale difference sequences {X;}, {Y;}, {Z:}, where

Xt =y f(2)(Pe(p) — Lpe = pl), Yi = f(x)(Pe(p) — lUlpe = pl), Z¢ = Pi(p) — llpr = p].
Clearly, | Z;| < 1 for all t € [T]. Furthermore, since f € F C [—1,1]*, we have | X;| < 1,]Y;| < 1
forall ¢ € [T]. Fix a p, € [0, 1]. Applying Lemma 6 to the sequences X, Y, Z and taking a union
bound (over X,Y, Z), we obtain that with probability at least 1 — § (simultaneously over X, Y, Z),

1
Zytf 20)(Pu(p) — Il = pl)| < pVix + 055 ©)
P
T 6
logg
Zf(:vt)(ﬂ(p) —1Ipr = p)| < ppWy + (7)
t=1 Hp
log%
Zﬂ ~llpe =l < ppVz + = ®)
P
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where Vx, V3,V are given by

T T T
Vi = X = 3wl @)l Po)(1 = Pie) < 3P
T T
V= ZEt = 2 (F@)P )1 = Pulp)) < 3P

T
VZ:ZEt[ZQ Zpt (1 =Pu(p)) < Pulp).

t=1 t=1

To bound |pp, ¢ — pp, £, we first upper bound p,,  — pp. ¢ as per the following steps:

Pp.f — Pp.f =
N1 P @)y Yo e = plf @
S Pulp) S Tpe = p)
) (z& Ipe = plf () iy ﬂ(p)f(act))
iy Ilpr = p) > =1 Pi(p)

_ X Pp) + g log 3+ S e = plf @y ST 1lp, = p) flady
- S Pip) S Ilpe = 1]

(zt Ilpr = plf (o) P o1 Pelp) + - log § — S0, Tlpr = p]f(a%))

Zt 1 I[p: = p] Z;f 17)15( )

_ logg 23:1 Ipe = p]f(xe)ye < . )
ST P Y Tl =1l zf m( 2.l =2 = Pip) |+

log § Ztl Ilp: = Py(p) — I[p; = ))
g </‘p ' Hp Zthl Pi(p) " Zt:l [pe = p] - Zt 1 Pt <Z e

log & T

;ga Jr‘ th:ﬂl[])t plf(xs)ye ( pzpt +log§>+
tp D1 Pe(p) Y1 lpe = pl - Zt 1 Pe(p ) =

4log $

Si Tl = ) (upZPf +log§>>
fp St Pelp)’

Et:l [pt =pl- Zt 1 Pt
where the first inequality follows from (6), (7); the second inequality follows from (8); the final
inequality follows since f € F.

< pp +

25
D pp+
< Hp 23:1 Pi(p)

<dp, +

Proceeding in a similar manner, we can upper bound p,, r — pp, r. We have,

Pp.f — Pp,f
_ S e =l @y i Pep)f ()
>y Ipe = ) o1 Pilp)
) (z?_l Pip)fe) i Ilpe = p]f(:m))
Sr, Pilp) Sy Iipe = p)

_ S Up = ) (@) L o1 Pilp) + - log § — S Tlpe = p}f(wt)yt+
T X I =pl > 1=y Pi(p)

) <Mp S Pip) + i log § + S Ilpe = plf () B S Tpe = p]f(xt)>

Zthl Pi(p) Zthl I[p: = p
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= logg Zthl I[ps = plf(ze)y: ( T P s )
N Hp Yoy Pe(p) ’ ST Ipr=p- -, Pi(p) > Pilp) —llpe =] | +

T
e TR erne ] POEE R )

fip 3 y—1 Pe(p) Zt 1 Ipe = pl - 3241 Pe(p)
log § ‘ i H[Pt plf (@e)ye

Hop Et 1 Pe(p Zt pe =] Zt:l Pi(p)

Zt:l I[p: = plf(z+)

Yt llpe =9l X0, Pilp)

< pp +

g 5
D\ pp+ T
( Hp Zt:l Pt(p)
4logg

Hp ZtT:l Pi(p) .

Combining both the bounds obtained above, we have shown that |pp, ¢ — pp, r| < 4, +

< dpp +

4log g
tp iy Pe(p)”
Taking a union bound over all p € Z, f € F, with probability at least 1 — §, we have (simultaneously
forallpe Z,f € F)

T
> Pi(p) —Ilp: = pl

t=1

6(N+1)|F| 6(N+1)|F|
5 g

T

log SOVHDIF|

<pp Y Pilp) + ———
t=1

Hp
)

Consider the function g(y) == p + i, where a > 0 is a fixed constant. Clearly, min,,e(o,1) 9(1) =

4log

Hp Zthl Pi(p) 7

|Pp.f — Pp.gl < 4pp +

2y/a when a < 1, and 1 + a otherwise. Minimizing the bound in (9) with respect to 1, we obtain

log SN UIZ1 6(N + 1) |F| _
lop.f = Pp.sl <8 > if log <> Pilp)
Zthl Pi(p) t:zl

Moreover, since f € F, by definition we have |p, ¢| < 1,|pp ¢| < 1 and thus |p, 5 — pp | < 2.

However, when ZL P:(p) is quite small (e.g., — 0), the bound on |p,, s — pp, r| obtained above is
much worse than the trivial bound |p,, y — pp, r| < 2. Therefore, we define the set

7= {p € Zs.t.logw < ZPt(p)}

t=1

and bound |, 5 — fp, f| as

8 w if c T
Pp.t = Pp,fl < i1 Pe(p) p ’ (10
2 otherwise.
Similarly, by minimizing (9) with respect to (1,,, we obtain the following bound:
T SINADIF|
—1I[p; =p]| < 2\427:1 Pi(p) 10g6(N+16)|f| ifp e l.', an
> =1 Pi(p) +log === otherwise.

Our next goal is to bound SMCal z 3 in terms of PSMCal £ 5. By definition,

SMCalrs = sup Z (Z I[p, = ) Pp, fp = Z (Zﬂ[pt ) sup ppf,

{fr€F}tpez peZ peZ

PSMCalre =  sup Z (Zpt > ﬁi,fp = Z (Z Pe(p ) sup ppf

{fr€Ftpez pez peEZ
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Therefore,

T
SMCalrz <2y ( I(p: =p]> (sup(pp,f — )’ + sup ﬁi,f>v
1 feF feF

pEZ \1=

where the inequality follows by the sub-additivity of the supremum function and since (u + v)? <

2u? + 202, Equipped with (10) and (11), it is easy to express SMCal x 5 in terms of PSMCal x 2. To
achieve so, we define two terms TERM1, TERM; as

TERM; =Y (Z Ip; = ) (sup(pp = Peg) + Jilelgﬁf»,f> )

pEL

TERM, = > (Z Ip: = ) (sup(pp,f —ps)’ + sup ﬁfm)

p€T
and bound TERM;, TERMj, separately. We begin by bounding TERM; as

T T
6(N +1)|F N y
TERM; < E § Pi(p) +2 <§ Pt(p)> 10g7( 5 )71 (;ug(pp,f—pp,f)2+]§ugp§,f>
t=1 € €

peZ \t=1

T T 6(N+1)| 7]
6(N +1)|F 64 log ——1
<D | DPilp) +2 <Z7%(p)>10g( 5)| | ( . +suppp,f>
t=1

peT \ t=1 211 Pe(p) fer

T 6(N+1)|F|
64 log —+—
o (S (M )
)

peL > =1 Pe(p) fEF

N—|—1 F
=192|Z]|log ( )| —l—SZ(Z’Pt )bupppf,

peEL
where the first inequality follows from (11); the second inequality follows from (10); the third
inequality follows since log w < Zthl P:(p) as p € Z. Next, we bound TERM;, as

T
6(N +1)|F i i
TERM, < ) (2 > " Pilp) +log 5>|> (;gg(pp,f — Pp.p)? ;ggﬂi,f>

pEL t=1
T
6(N+1)|F
< Z (227%(10) + log (5)|> (4 + sup pj,, f>
pel \ t=1 fer

< 13|Z]log WHWHZ(ZH )supppf,

pel
where the first inequality follows from (11); the second inequality follows from (10); the final inequal-

ity follows from the definition of Z and since |5, f| < 1. Combining the bounds on TERM;, TERM,
to SMCalr o < 2(TERM; + TERM;), we obtain

6(N +1)
SMCalz» < 384 |Z|log SV +1) 7] + )11 +6) <Z7>t ) sup pr s+
peT

26’1‘1 (N+ |]:|+4Z<Z7Dt )supppf

peT
6(N+1)|F
< 384(N +1)log 6( + )| |+6Z<Z73t )supppf
pEZ
6(N +1)|F
= 384(N + 1) log % + 6 - PSMCal £ 5.
This completes the proof. O
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B.2 Proof of Lemma 2

Proof. To bound SMCaI}-gn o interms of SMCalc, ,, we realize that for each f € Flin letting f. € C.
be the representative of f, we have

|ztﬂm pI(f(xe) — f-(22)) (v — p)

|Pp.f = Pps| = <e.

Zt 1 Ipe = ]

Therefore, SUp f ¢ Fin pf)’f < 2supgee, pp7f + 2¢2 and

SMCal zin 5 = Z (Zﬂ[pt ) sul?_ ppf <2 Z (Z I[p: = ) sup ppf +2e2T

peZ " peZ
= 2SMCalc, 5 4 262T.

Using the result of Lemma 1 to bound SMCalg_ 2, we obtain

6(N+1)|C
SMCal zyr 5 < T68(N + 1) log % + 12PSMCal o, -+ 262,
where we have also used the inequality PSMCalc_ 2 < PSMCalzin 5 since C. C Fiin. Using
Proposition 1 to bound |C.| finishes the proof. O

B.3 Proof of Lemma 3

Proof. Consider the function f'(z) := p + nf(z), where

o
1 Pe(p)(f (1))
23;1 P+ (p)
Under Assumption 1, f’ € F. Furthermore, since f € F1, we have (f'(x))? < 2p? +2n*(f(z))? <

4, therefore, f' € F,. For convinience, we define A == S"7_ P,(p) (0 — v)? — (f' (1) — 2)?).
By direct computation, we obtain

7 :=min | 1,

T

T
A=>"Pp) ((p—v)* = 0+ nf () —v)°) = D> Pip) (—n*(F(@0))* + 20f (1) - (g — p)) -

t=1

Therefore, the desired quantity can be lower bounded as

T T
A SLPWUED? LS PG,
T =N Ppf - T Zana—n T = N0 — 1",
Zt:l Py (p) Zt:l P (p) Zt:l Pt(p)
where p == W. Next, we consider two cases depending on whether or not 1 realizes
t=1 "1

the minimum in the expression defining 7. If & > i, 7 = min(1, %) = 1. Therefore, 2na — n’u =
200 — > a > o2, where the last inequality follows since p, y < 1 as f € Fi, and py, y > « by
assumption, thus a < 1. Otherwise, if o < p, we have n = % and 2na — n?p = %2 > o? since

w < 1as f € F;. Combining both cases, we have shown that > a2, which completes the

A
ZZ:] Pt (p)
proof. O

B.4 Proof of Lemma 4

Proof. We shall prove the desired result by contradiction. Assume that PSMCalz, o > «. Therefore,
there exists a comparator profile { f,, € F1},ecz such that

T
> (Z Pt(p)> (Bp.s,)" > o (12)

peEZ
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For each p € Z, define o), == (Zthl Pi(p )) ﬁi s,- Thus, there exists a function f7 (z) which is

either f,(z) or — f,(x) such that pp, = /ZT XL Clearly, f; € Fi. It follows from Lemma 3
that for each p € P, there exists a f, € F, such that

T
Zpt(p) ((P — )’ — (f;/;(xt) - yt)2) 2 Qp.

Summing over p € Z, we obtain that the comparator profile { le> € Fu}pez realizes

T
Z Zpt(l)) ((p - yt)2 - (f;/;(xt) - %)2) > Z ap > @,

peZ t=1 peEZ

where the last inequality follows from (12). This is a contradiction to the assumption that PSReg , <
«. This completes the proof.

B.5 Deferred algorithms

Algorithm 3 Generic BM algorithmic template

Initialize: A; fori € {0,..., N} andsetqi; = |57, > 77 |5
fort=1,...,T,

Recelve context Tt}

1:
2:
30 SetQ: =q0,---,qtN];

4:  Compute the stationary distribution of Q, i.e., p+ € Ay that satisfies Q:p: = p+;
5.

6

7

Z
+

Output conditional distribution P;, where P;(z;) = p:(¢) and observe y;;
fori=0,...,N
Feed the scaled loss function ¢ ;(w) = py :¢(w, y¢) to A; (Algorithm 1) and obtain g;41 ;.

Algorithm 4 Online Newton Step (ONS;) with scaled losses

1: Set = 6710,w =
2. fort=2,...,T,
3:  Update 0, ; as

T 52 , and initialize 6, ; € 4 - ]B%d arbitrarily;

Ap 1. _
O = H4,Bgl <9t—1,i - ﬁAt 1iVi-1 7> ,

where V,; = Vé,i(05.:) = 2pri (Oriy ) —yr), A1y = o) 1 ViV, + wly, and

Hi@l"" is the projection operator with respect to the norm induced by A;_1 ;, i.e.,
At—1, )
T2 (0) = axgmin(0 — )T A, _1,:(0 — 0).
6ca-BY
Algorithm 5 ALG;
cfort=1,...,T,

2: Obtaln the output 0;; of ONS; and predict w; ; = = Projyg 1) (0.5, x1)).

Proposition 2. For Algorithm 3, we have PSReg » < Zﬁv:() Reg; (F).

Proof. Foreachi € {0,...,N}, fixa f; € F. By definition of Reg,(F), we have

T N T
Zpt,i ZQt,i,j(Zj —u)? | - Zpt,i(fi(xt) —y1)” < Reg,(F).
t=1 =0 t=1
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Summing the equation above for all ¢ € {0,..., N}, we obtain

T N N T N N
Z Z Zpt,i(h,i,j(zj - yt)2 - Z Zpt,z‘(fi(ft) Z eg;(F (13)
t=1i=0 j=0 t=1i=0 i=0

Simplifying the first term on the left-hand side of the equation above, we have
T N N

T N T T
SO prigrig(zi— v =D prilaei b = > pIQIL =Y plb,
t=1 t=1

t=1 i=0 5=0 t=1 i=0

where the last equality follows since p; is chosen such that Q;p; = p;. Therefore, (13) simplifies to

Zzptz - (fz(xt Z Regz

t=1 i=0
Taking the supremum over all f;’s completes the proof. O

B.6 Expected loss of randomized rounding

Proposition 3. Let p € [0,1] and p~, p* € Z be neighbouring points in Z such that p~ <p < pT.

Let q be the random variable that takes value p~ with probablllly L and pT with probability

L= Then, for all y € {0,1}, we have E[((q,y)] — £(p,y) < =

Proof. Let A == E,[(q — y)?]. Substituting p; = £, p;41 = =L and by direct computation, we
obtain

S(p—y)z—f—ﬁ,

where the inequality follows by dropping the negative term, and since p < % This completes the
proof. O

B.7 Exp-concavity parameter of the scaled loss

Proposition 4. Letx € BY,y € {0,1}. The function ¢ : 4-BS — R defined as ¢(0) = ({0, z) —y)*
for some a € [0,1] is g5-exp-concave and 10-Lipschitz.

Proof. Fora~ > 0,let g(0) := exp (—y¢(#)). The first derivative of g is given by

Vy(0) = —2ya((f,z) — y) exp (—ya((f,z) —y)*) «
Differentiating with respect to 6 again, we obtain

V2g(0) = —2yaexp (—7&((9,x> - y)2) . (1 — 2ya((0,z) — y)2) A
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Choosing v = the expression above simplifies to

50’

V2g(0) = — g exp (—5 (0.2 = 9)?) - (1= 2 ((0,2) =9)?) - 2T <0,

where the inequality is because ((9, z) —y)? < 25 since |(0, z)| < ||9|| lz]| <4 by the Cauchy-
Schwartz inequality, therefore [0, z) —y| < 5; thls implies that 5 ((0,z) — y)* < 1. Hence,
the function exp ( 50 (9)) is concave, thus ¢ is % exp-concave by definition. To bound the

Lipschitzness parameter, we note that since Vo(0) = 2a((0,x) — y)x, we have ||[Vo(0)| =
2a (0, z) — y| - ||z|| < 10. Therefore, ¢ is 10-Lipschitz. This completes the proof.

B.8 Proof of Theorem 1

Proof. We have,

N 1 T
SMCal g, = O <Nlog 5 +Ndlogg + NdlogT + e +52T>

N T
O(Nlog 5 +NdlogT+N2>

L 2 . T O\7. 1
_O< T3d §(logT)§ <W) 10g6>7 (14)

where the first equality follows from combining the result of Lemma 2 and Lemma 4 with the bound
T
PSReg]_-gn =0 (NdlogT + N2) ;
the second equality follows by substituting ¢ = ﬁ; the final equality follows by substituting

1
N = (ﬁ) * . Tobound E [SMCaI;\IinA’Q], we let £ denote the event in (14). Then,

E [SMCan} —E [smcmﬂw\e] P(E)+E [smcmﬂngﬂ P(E)

1
1 2 2 T 3 1
= T3d3(logT)3 log — + T
( rd*(logT)* + (dlogT) %85 " )
= O( T3d g(logT)%) ,
where the second equality follows by bounding E[SMCal zn 5 |€] as per (14), P() < 1, P(€) <6,

and E[SMCal ]:Ilin;2|g] < T by definition; the second equality follows by choosing § = 1/T. This
completes the proof. O

Corollary 1. There exists an efficient algorithm that achieves

SMCal i = O ( T3d5(logT)5 + T3 (dlogT) "% /log (15>

with probability at least 1 — 0. Furthermore, E [SI\/ICaI}-gnJ} =0 ( T3d3 (log T)%), where the

expectation is taken over the internal randomness of the algorithm.

Proof. The high probability bound follows since SMCal Fing < 4T SMCal Fing. The in-

expectation bound is because E |:SMCa|]:\1in’1:| < \/T -E |:SMC3|]:I1in72:| by applying Jensen’s in-

equality. This completes the proof. O

C Bound on Swap Omniprediction and Contextual Swap regret

In this section, we derive substantially improved rates for (a) swap omniprediction for the class of
bounded convex Lipschitz loss functions, and (b) contextual swap regret.
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C.1 Bound on swap omniprediction

Let £ denote the class of bounded (in [—1, 1]) convex 1-Lipschitz loss functions, i.e., L°* com-
prises of functions that are convex in p for a fixed y € {0, 1}, ¢(p,y) € [—1,1], and |04(p, y)| < 1 for
all p € [0,1],y € {0, 1}, where the subgradient is taken with respect to p. We first state a result that
bounds the (swap) omniprediction error in terms of the (swap) multicalibration error. The following
result holds for any hypothesis class F; subsequently, we instantiate our result for an appropriate
choice of F.

Lemma 7. (Garg et al., 2024, Theorem 4.1) Let F C [0,1]* be an arbitrary hypothesis class. We
have SOmnichxJ: < 6 - SMCB']:J, Omni£5vx7]: < 6 - MCaI}-J.

Note that Lemma 7 does not immediately apply to the choice F = F|" since the hypotheses in
Fiin can take negative values. To align with Lemma 7, we consider the hypothesis class F2f =

{fg(x) = H0.0) . ¢ Rd} and its restriction Faff = {fg(iE) = w; 0] < 1} instead. 2

2 res

satisfies Assumption | since

1 0 1
afo(z) +b= 3 (a+ % + 2b+ a<$2;d,92;d>> =3 (140, x)),

where 6 € R? is such that §] = 2a + af); +4b — 2 and 0 = af; for all 2 < i < d. For this choice of
Fof, F2ff is determined by the set € of all §’s that satisfy ’# < 1forall x € X, where recall
that ¥ = {z € B; 21 = 3}. Clearly, 72t C 77 by the Cauchy-Schwartz inequality. Furthermore,

it is easy to verify that oy - BS C Q C ay-BY, where a1, ap = O(1). Therefore, the entire analysis in
Section 2 can be extended (with only a multiplicative change in the constants, which does not affect

the final rate) to bound SMCal zsr 1, and thus SMCal zar 3, since Faff € 73 Since F2ff C [0, 1)%,

we can finally use Lemma 7 to bound SOmni zew, Far. We skip the exact derivations for the sake of
brevity; however remark that the above discussion was implicitly skipped by Garg et al. (2024), who
used the result of Lemma 7 to bound SOmni zcx Fin.

Using Corollary 1 to bound SMCal zzr ; in Lemma 7, we obtain the following theorem.

Theorem 2. There exists an efficient algorithm that achieves

2 1 1 2 1 1
SOmNigow Fair = (’)(T?»dS(logT)3 +T5(dlogT) " 54/log 6)

with probability at least 1 — 6. Furthermore, E [Somniﬁcvx’ffefsf} =0 (T%d% (log T)%), where the

expectation is taken over the internal randomness of the algorithm.

Theorem 2 significantly improves upon the o (T% (d?1og %) %) high probability bound of Garg et al.
(2024).

C.2 Bound on the contextual swap regret

In this section, we derive an improved high probability bound on SReg Fin- Similar to Lemma 1, we
first obtain a high probability bound that relates SReg » and PSReg » for a finite hypothesis class.
Lemma 8. Let F C [—1,1]* be a finite hypothesis class. For any algorithm AsReg - such that for

each t € [T] the conditional distribution Py is deterministic, with probability at least 1 — 0 over
AsReg . s predictions py, . . ., pr, we have

2(N +1) | F|

2(N +1) | F|
3 _.

+8(N +1)log 3

SRegr < PSRegr + 8\/(N + 1)T log

Proof. The proof follows by an application of Freedman’s inequality, similar to Lemma 1. Fix a
f € F,p € Z and define the martingale difference sequence {X;}_; as

X, = (Ulpr = p ~ Pe0) - (0 0e)? — (Fle) —)?) -
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Since f € [~1,1], | X;| < 4 forall t € [T]. Fixa y, € [0, 1]. Applying Lemma 6, we obtain
T

Z(E[Pt =p| —Pi(p)) - ((P - yt)2 = (f(z) — yt)z)

t=1

d 1.2
< 164y ZPt(p) + — log 5
t=1 Hp

where the inequality is because the total conditional variance can be bounded as

T T
DB [XF] =3 (Mo =5 = Pi@))?] - (0 = ) = (Flwe) = 90))°

< 1627% )(1 = Pi(p)),

and we drop the negative term. Taking a union bound over all p € Z, f € F, we obtain that with
probability at least 1 — ¢ (simultaneously over all p € Z, f € F),

T

Z(H[pt =p| —Pe(p)) - ((p - Z/t)2 = (f(ze) - yt)2)

t=1

20N +1)|F|

T
1
< 1641 Zpt (p) + " log 3

t=1 P

Next, we minimize the bound above with respect to p,. If p € Z is such that ZtT:1 Pi(p) >

log 2(N+1)

1 2(N+1)
71 the optimal choice of 1, is TS

ST ; otherwise, the optimal /4, is §. Therefore,

T
7= {pe Z st ZPt(p) > logz(]v—;l)lﬂ}

we deﬁne the set

t=1
and bound the deviation as
T

> e =0l =Pe) - (0 = 9)* = (F(22) = 0)°)

t=1

<

15
\/(Zt L Pup) ) Tog 2T igp e 7, )

4 (Zt:l Pi(p) + log w> otherwise.

Equipped with (15), we can bound SReg ~ in the following manner:
SRegr =
T

sup > Y Tpe=pl (P —90)* = (fo(x) —01)?)

{fpe}-}pez pez t=1

= Z sup ZH[Pt ((p—v0)® = (f(@) — 1))

pEZfEJ:t 1

< Z sup Z Pi(p)) - ((P —y)® = (f(ze) — :%:)2) + PSReg ~

pez f€F o1

T T
2(N +1)|F 2(N +1)|F
= SZ <Z7’t(p)> IOg%)'l +4Z (ZPt(p) + log (6)||) + PSReg ~
pET t=1 pel 1
T
2(N +1)|F _ F
< 82 Zpt(]?)> 10g%+8|f| log% + PSReg »
pET t=1
T
20N +1)|F - 2(N +1)|F
<8 ||Z| ZPt(p) log%+8}l|log%+PSReg}-

peT t=1
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+8(N +1)log

N+1)|7|
A + PSReg 7,

< 8\/(N + 1)T log 2 M

where the first inequality follows from the sub-additivity of the supremum function, and by a similar
reasoning as the first two equalities above, we have

PSRegr = Z sup ZPt(p) ((P —y)? = (f(xe) — yt)z) ;

the second inequality follows from (15); the third inequality follows since log w >
Zle P:(p) for all p € Z; the fourth inequality follows from the Cauchy-Schwartz inequality.
This completes the proof. O

Equipped with Lemma 8 and by a covering number-based argument, we bound SRegFHn in the
following theorem.

Theorem 3. There exists an efficient algorithm that achieves

3 2 3 1 1
SRegzim = O (Ts(dlogT)5 +T5(dlogT)"104/log 5)

with probability at least 1 — J. Furthermore, E [SRengn] =0 (T% (dlog T)%) where the expec-
tation is taken over the internal randomness in the algorithm.

Proof. First, we bound SReg]_-Lin in terms of SRegg_, where S. C Finis an e-cover of F}". Let
f € Finand f. € S. be its representative. Then, for any ¢ € [T], we have

(fe(me) = ye)® = (f(@e) = we)® = (fe(ae) = f2))(fel@e) + f(ae) — 24¢) < 6e.
Therefore, SReg zin can be bounded in terms of SReg,_ as

T

SRegzim = Z sup Z]I[pt =p] ((p—w)> = (f(m¢) — yt)?) < SRegg, + 6¢T.
pez FEFP =1

Since |S.| is finite (Proposition 1), using Lemma 8 to bound SReg_, we obtain

2(N +1)IS] S, gy
)

2(N +1
SRegzin < PSRegs_ + 8\/(1\7 + 1)T'log +8(N +1)log %

/ NS NS
=0 (PSRegﬂm + 1/ NT'log % + Nlog % + 5T>
T N
:(’)<N2+NdlogT+\/NTlog§+ NdTlogT>
S 2 1 1
:O<T§(dlogT)5—&—Tg(dlogT)_loulog6>

with probability at least 1 — §. The first equality above follows since PSRegs_ < PSReg Fin; the
second equality follows by substituting € = % and bounding |S;| as per Proposition 1, dropping
the lower order terms, and since PSReg Fin = @ (% + Ndlog T); the final equality follows by

1
substituting N = (@) * . The in-expectation bound follows by repeating the exact same steps to

bound E [SMCaI ﬂng] in the proof of Theorem 1. This completes the proof. O

For SReg Fin, Garg et al. (2024) proposed an algorithm that achieves SReg Fin = o (dT i +/log %)

Clearly, our result in Theorem 3 is strictly better, with an improved dependence in both d, T'.
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Remark 1. Note that in Theorem I we set N = ( é, which is different from the choice of N

ey
in Theorem 3. Substituting the former value yields a leading dependence of @(T%) in the bound on
SReg Fin- Therefore, even if not the best achievable bound on SReg Fin, the algorithm guaranteed by
Theorem 1 achieves an improved dependence on T’ compared to Garg et al. (2024)’s result.

D From Online to Distributional

In this section, using our improved guarantees for contextual swap regret (Theorem 3), swap multical-
ibration (Theorem 1), and swap omniprediction (Theorem 2), we establish significantly improved
sample complexity bounds for the corresponding distributional quantities. For swap omniprediction
and swap agnostic learning, we shall perform an online-to-batch reduction using the corresponding
online algorithm that achieves the improved guarantee. The sample complexity bound for swap
multicalibration shall follow from that of swap agnostic learning. Before proceeding to the details,
we first give formal definitions of the above notions in the distributional setting.

Distributional (Swap) Multicalibration. For a bounded hypothesis class F, the predictor
p is perfectly multicalibrated if sup;czE[f(x) - (y — v)|p(z) = v] = 0 for each v €
Range(p). Since perfect multicalibration is both information theoretically and computation-
ally infeasible, the above requirement is quantified via the objective of minimizing the mul-
ticalibration error, where the predictor p has {;,-multicalibration error (¢ > 1) at most ¢ if
DMCalr , = sup;czEy [[Ep [f(2) - (y — v)|p(z) = v]|] satisfies DMCalx , < e. Motivated
by the role of swap regret in online learning and to explore the interplay between multicali-
bration and omniprediction, (Gopalan et al., 2023b) introduced the notion of swap multicali-
bration, where the predictor p has ¢,-swap multicalibration error at most ¢ if DSMCalr , =
Ey [supjer [Ep [f(z) - (y —v) |p(z) =0]|] < e. Since DMCalr, < DSMCalr 4. a swap-
mutlicalibrated predictor is also multicalibrated.

Distributional (Swap) Omniprediction. A predictor p such that DOmnig =
supye . Sup e 7 E[€(ke(p(z)), y) — £(f(x),y)] < € is referred to as a (¢, £, F)-omnipredictor. In
a similar spirit to swap multicalibration, Gopalan et al. (2023b) introduced the notion of swap
omniprediction, where the predictor is required to outperform the best hypothesis in F not just
marginally but also when conditioned on the level sets of the predictor, even when the losses are
indexed by the predictions themselves. In particular, the predictor p has swap omniprediction error at
most € if

Dsomniﬁ,f = sup E’UNDP [E wv(kéu (U)a y) - gu(fv(m)ay”p(‘r) = U]] S €. (16)
{Zvec-,fvef}uez

Notably, omniprediction corresponds to a special case of swap omniprediction when the loss,
comparator profiles are fixed and independent of p € Z. Therefore, we have the trivial relation
DOmniL]: < DSOmniL]:.

Swap Agnostic Learning. Swap agnostic learning is a special case of swap omniprediction when
L = {¢}and { = (p — y)?, so that ky(p) = p. We define the swap agnostic error as

SAErrr = sup  E[(p(z) —y)* — (fom) (@) —9)°] . (17)
{fv€EF}vez

D.1 Sample complexity of swap omniprediction

We first derive the sample complexity of learning a (¢, £, F2ff)_swap omnipredictor. As already
mentioned, we perform an online-to-batch reduction using our online algorithm in Theorem 2, which
we refer to as Agwap for brevity. The reduction proceeds in the following manner: given 7" samples
(x1,%1), .-, (xr,yr) sampled i.i.d from D, we feed the samples to Asyap to obtain predictors
P1,...,pr, Where p; : X — Z for each ¢t € [T]. Subsequently, we sample a predictor p from the
uniform distribution 7 over py, ..., pr. To obtain the number of samples 7" sufficient to drive the
swap omniprediction error to be at most €, we shall derive a concentration bound (tailored to the
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choice of F = F2ff £ = £°) that relates the distributional version of the swap omniprediction

error with its online analogue, i.e., we bound the deviation A defined to be the supremum of

Sup ‘ E(vay)"’Dvl’Nﬂ' {é ('E)(kep(q‘)( ( ))v y) - gp(r) (fp(z)(x)v y)}
{(Zvva)ELX}-}uez

T

1
Z |: pe(xt) kfpf(m,)(pt(xt))vyt) - Ept(acf,)(fpt(xt)(mt%yt)} ‘
t=1

Since 7 is the uniform mixture over p1, ..., p7, we have

E(11y)~9727~77 [Ep(l’) <k€p(.’1¢) (p(x)), y) - gp(:b)(fp(a:) ($)7 y)] =
T
1
T > By~ [ﬁpxw)(’%(m (0e(2)),y) = Lo, (2) (fpi () (@), y)} :
t=1

Using the Triangle inequality and sub-additivity of the supremum function, we obtain A < %(7’1 +
T2), where T1, Ts are defined as

T
7—1 = sup ngt(lt) k/m(lt) pt xt yt ZE z,y)~D |: e ( i)(kfp,(m)(pt( ))ay):| )
{f EL"}UEZ t=1 t=1
T
’TQ = sup Zept (z+) fpt (z¢) xt yt Z]E (z,y)~D pt(w)(fpt(a:)(z)7y)] .
{( vva)eﬁx]:}vez t=1 t=1

In the next two lemmas, we bound 77, 7.

Lemma9. Forad < % with probability at least 1 — 0, we have T, = O (% + 41/ NTlog %) .

Proof. We begin by upper bounding 77 as

T =
sup Zzﬂpt xt) =] - Ly(ke, (v), ) = P(pe(2) = v) - E[ly(ke, (v),y)|pe(x) = v]
{tv€L}vez [yez t=1
< Zsup Z]Ib% (w¢) = v] - £(ke(v), y2) = Ppe() = v) - E[l(ke(v), y)|pe(x) = v]
veZ
<> sup D dlpe(we) = o] - L(v, ye) = Plpe(x) = v) - E[L(v, ) |pe(x) = 0], (18)
vez LELT =1

where the second inequality follows since the loss £(p, y) defined as £(p, y) = £(k,(p),y) is proper;
we replace the sup e Lorover with Supec gpoper. It follows from (Kleinberg et al., 2023, Theorem 8) that
there exists a basis for proper losses in terms of V-shaped losses £, (p,y) = (v —y) - sign(p — v), i.e.,

Up,y) = / 1e(v) - 0 (p, y)do,

where y14 : [0,1] — R>( and fo we(v)dv < 2. To avoid overloading the usage of v for both £, (p, y)
and v € Z, we replace the v in (18) w1th p for all the subsequent steps. Furthermore, as shown in
(Okoroafor et al., 2025, Lemma 6.4), for each V-shaped loss £,,, setting v' = % [Nv] € Z ensures
the following bound for allp € Z,y € {0,1}:

1o (p,y) — Lo (p,y)| = [(v —y) - sign(p — v) —

(v" —y) - sign(p —v')]
= |(v =) - sign(p — v)| <

1
5 (19)
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where the second equality is because for all p € Z, we have sign(p — v) = sign(p — v’). Using this
to bound 77 further, we obtain

T <
T 1 1
;e:ﬁ%ﬂe, 2 I[pe(z+) :p]/o pe(v) - Lo (P, ye)dv — P(pe(z) = p)/o te(v) - Efly (p, y)|pe(2) = pldv
T

=y ,Sip / (Zﬂpt i) = pl - bo(p,ye) = P(pe() = p) - Ellu(p, y)lpe(2) = p]) dv

pez LM t=1

1

<> S / fe(v) Zﬂ[pt(xt) =pl - Lo(p,y) — P(pe(2) = p) - E[lu(p, y)|pe(2) = p]| dv.

pez LeLrr —

In the next step, we bound the term inside the absolute value. It follows from (19) and the Triangle
inequality that the term can be bounded by

1 & 1 &
N ;H[Pt(ﬂct) =p|+ N ;P(pt(x) =
T

> lpe(we) = pl - Lor (p, 1) — Ppe(x) = p) - Ellwr (p, y)|pe () = p]| -

t=1

Fix av’ € Z,p € Z. Observe that the sequence X1, ..., X1 defined as
Xy =1[pe(ze) = p] - Lo (p, yt) — Ppe(x) = p) - E[lwr (p, y)|pe(2) = p]

is a martingale difference sequence with | X;| < 2 for all ¢ € [T]. Furthermore, the cumulative
conditional variance can be bounded by

T T T
ZEt [X7] < ZIP’(pt(x) =p) - (E[lw(p,y)lp:(z Z
t=1 t=1 t=1
Fixap € [0, %] By Lemma 6, we have

4 1. 2
< NZP(}%(‘T) =p)+ plog 3

Since ZL P(pi(x) = p) is a random variable, the optimal y# = % min (1 Z?ﬁ?mm) is

also random. Therefore, we cannot merely substitute the optimal p (51mi1ar to our proofs in Lemmas

2
1 and 8). However, note that the optimal choice of y € [; 10%“ , 4 . For the subsequent steps,

TR . . log 2
for simplicity in the analysis we assume that there exists a n € Zx such that °§5 = %, and

2
partition the interval Z = {é 105;,5 , é} asZ=71,U---UZ; UZy, where I, = [2k+1 ) Qk) for all

k € [n] and Zy = {1 }. Each interval corresponds to a condition on 23:1 P(p:(x) = p) for which
the optimal y lies within that interval. In particular, for each k € [n], the interval Zj, shall correspond
to the condition that

1 log 2t 1 e, 2(n+1) . 2(n+1)
— < < ——=4"Tog 2 <) P(pi(z) = p) < 4¥log 2.
2k >imi P(pi(w) =p) — 2¢7 0 ; 0

(20)

However, Z shall represent the condition that 0 < Zle P(p:(z) = p) < log 2("%:’1). For each
interval Zj,, we associate a parameter pi = 2,6% Applying Lemma 6 and taking a union bound over
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all k € {0,...,n}, we obtain
2(n+1)
X < P(p.( )+ — 1 D T
3| < 3RO =) + o 2
with probability at least 1 -4 (s1multaneously for all k). Next, we prove an uniform upper bound on
‘Zthl Xt‘ by analyzing the bound for each interval. Towards this end, let & € [n] be such that (20)

holds. Then,

2(n+1) 9 2(n+1)
k+1
p)+ 2 log == < <le>pt >1og6,

where the second inequality follows from (20). Note that the choice of u; = W is not necessarily

optimal, however, since the optimal 11 € |37, 5% ) for Z, the bound on ‘23:1 Xt‘ obtained above
is only worse than the optimal by a constant factor. Similarly, for £ = 0, we have

T

1 2n+1
x| <y prt p) +2log 20 FD 5y, At D)
t=1

1) -2 1)
Combining both bounds, we have shown that

2n+1) 5. 2(n+1
(Z]Ppt >1g(5)+210g(5)

1
=0 <ZIP’pt >10g5+10g5 ,

where the second equality follows since n = O (logT)) and log 2 = O(log %) since § < .
Taking a union bound over all v' € Z,p € Z, and substituting back to the bound on 77, we obtain

T <

T

D X

t=1

M\@

T
1 N N
22 ZH[Pt ) ]+sz(pt(x):p)+0 Z]P’pt p)log — 5 +log?
peEZ t=1
T N N T N
= — N P( p)log — + N1 = — NTlog —
=0 ~v ;; (pe( og§+ g & O(N—H/ og5>,

where the first equality follows from the Cauchy-Schwartz inequality. This completes the proof. [

For T3, we specifically tailor our analysis to the case £ = £ and F = F2ff. Since £ is infinite,
we cannot merely apply Freedman’s inequality and take a union bound over all ¢ € L. Furthermore,
L does not have a finite-sized cover with respect to the ¢, metric (Guntuboyina and Sen, 2012),
thereby rendering our covering number-based arguments futile. However, a recent result (Lemma
10) due to Gopalan et al. (2024) gives a tight (up to logarithmic terms) bound on the approximate
rank of convex functions. Therefore, to obtain a high probability bound for 75, we shall express the
supremum over £ € L% in terms of a supremum over the elements of the basis and subsequently
apply Freedman’s inequality to bound the latter quantity.

We first define a notion of approximate basis, following Gopalan et al. (2023b); Okoroafor et al.

(2025).

Definition 1 (Okoroafor et al. (2025)). Let T be a set and F C [—1,1]'. Aset G C [~1,1)" isan

€ > 0 approximate basis for F with sparsity s and coefficient norm A, if for every h € F, there exists

a finite subset {g1, .. .,gs} C G and coefficients c1, . .., cs € [—1, 1] satisfying

— Zcigi(x) <eforallz €T and Z lei] < A
i=1

i=1
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In the special case when G itself has s elements, we say G is a finite e-basis for F of size s with
coefficient norm .

4
Lemma 10 (Gopalan et al. (2024)). For all € > 0, LY admits a finite e-basis of size O (W(El))

€

i)

with coefficient norm 2.

In the following result, we bound 75 when F is finite. Subsequently, we bound 75 for F2f by a
covering number-based argument.

Lemma 11. Let F C [—1,1]% be a finite hypothesis class. For a § < X, with probability at least

1— 0, we have Ty = O <]7\; +1/NTlog lef)'

Proof. Observe that £(p, y) can be written as £(p,y) = (1 —y) - £(p,0) + y - £(p, 1). We begin by
bounding 75 as

IB:

sup ZZM (@) = 0] - Lo (ful@s)s o) — P(pe(@) = ) - E[6,(f(2), y)|pi(2)

{(ly, fo)ELYX Flyez peEZ t=1

ST [Tt = o] ) ) = Bl(e) = ) B ).l (o) =

=Y
pez (LHELVXF

+ Z sup

pez (LHELVXF

t=1

t=1

The two terms above can be bounded in an exactly similar manner. For the sake of brevity, we
only provide details for bounding the second term. We begin by bounding the absolute value
accompanying the second term. Since the function £(p,1) is convex in p, it admits a finite e-
basis G with coefficient norm 2 (Lemma 10), i.e., there exist functions gy, ..., el such that for

each £ € L% there exist constants ¢;(£),...,c|g|(£) € [—1,1] satisfying Zﬁll lei(€)] < 2 and
’E(p, Zlg‘l ¢ (0) 1(p)’ < e for all p € [0,1]. Bounding ¢(f(z:),1) in terms of its basis

representation and applying the Triangle inequality, we obtain the following upper bound on the
absolute value accompanying the second term

[ [
Zyt [pe(x:) =] - Zcz-(f)gi(f(wt)) — P(pi(2) = v) - ZE[y-Ci(f)gi(f(w))lpt(x)
+6Zyt () = 0]+ > P(pi(z) = v)
t=1

Wthh can be further bounded by

191

ZI%(@I sup Zyt [pe(1) = o] - g(f (1)) = P(pi(2) = v) - Ey - g(f (@) pe(x) = v]| +

. T
Eny [pe(x) = +5ZIP’pf =v).

Therefore, the following expression upper bounds the second term:

0 (Z sup

veZ 9c€gG,feF

Zyt Ipe(2e) = o] - 9(f (21)) = P(pe(x) = v) - Ely - g(f(2))|pe() = 0]

t=1

31

Zyt [pe(z) = v] - £(f(20),1) = P(pe(z) = v) - E[y - €(f (), 1)|pe(x) = v]] .

:1}]

D (= ye) - Lpe(e) = 0] - £(f (20),0) = Plpe() = 0) - E[(1 = y) - £(f (), 0)|pe ()

:’U]

+6T> .




Fixag € G, f € F,v € Z and define the martingale difference sequence X1, ..., X, where

Xi = yo - Ulpie(ze) = 0] - g(f (21)) = Ppe(z) = 0) - Efy - (f (@) |pe(x) = 0]
Repeating a similar analysis as in the proof of Lemma 9, we obtain,

ET:X =0 Z]P’ log + + log =
2 t| = (pe(x €5 €5

Taking aunion bound overall g € G, f € F,v € Z, we obtain that with probability at least 1 — 4,

Zyt [pe(1) = o] - g(f (21)) = P(pi(2) = v) - Ely - g(f (2))|pe(x) = v]

- N |F NI|F
o (E:Mpt(x):m) mWHOg%
t=1

Combining everything, we have shown that the second term can be bounded by

o Z (ZP(pt(x):v)>lg #1161 Nlogw-i-eT =

pPEZ t=1
T / N |F|
O (N + 1/ NT log 5 >

on choosing ¢ = %, bounding |G| as per Lemma 10, and using the Cauchy-Schwartz inequality.
Repeating the steps above, we obtain the same bound for the first term. Adding both the bounds
yields the desired result. O

Using the result of Lemma 11 and by a covering number-based argument, we bound 75 for F = }'fe‘csf
in the following lemma.

Lemma 12. When F = F2ff,
O (% +/aNTlog ¥ ).

Proof. Let C. be an e-cover for 2. Fora f € Faff,
1-Lipschitzness of £, we have

[6(f (), y) — €(fe(), y)| < [ f(2) — fe(a)| < €

Therefore, 75 can be bounded as

Tz

< Z sup

pez (LIELYXF

forad < %, with probability at least 1 — 6, we have To =

let f. be the representative of f. By the

Zﬂpt ) - €(f (1), y) — P(pe(z) = v) - E[E(f (), y)|pe(z) = v]

t=1

T

<y s Z pe(we) = v] - £(f (21), ye) = P(pe(2) = v) - E[L(f (2), y)|pe(2) = v]| + 2T
pez (Lh)eLexce |35

B T / N|C.| B T / N

O<N+ NTlog 5 4+l | =0 NJr dNTlogK

on choosing € = % and bounding |C.| as per Proposition 1. This completes the proof. [

Combining the result of Lemmas 9 and 12, we have the following high probability bound on
A — the deviation between the distributional and online swap omniprediction errors: A =

@ % + 14/ dTN log {}’) Combining this with a bound on the online swap omniprediction error

(Theorem 2), we obtain the following theorem, which bounds the swap omniprediction error of the
predictor learned via the online-to-batch reduction.
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Theorem 4. With probability at least 1 —46, the randomized predictor p learned via the online-to-batch

reduction satisfies
. S ((d\F (d\® [ 1
Somnlﬁcva:raefo =0 ((T) + (T) \/@) .

Consequently, Q(d5’3) samples are sufficient for p to achieve a swap omniprediction error at most €.

Proof. The swap omniprediction error of the predictor can be bounded as

SMCal zin ¢ SMCal zin 1 INd. N
71 ? < 71 ! = - —— T~ .
* T SA+ \/ T © NNVT log J

Setting N = (%) 3, we obtain the desired result. O

D.2 Sample complexity of swap agnostic learning

For the squared loss, the result of the previous section already gives a @(ds*) sample complexity

for swap agnostic learning. However, in this section, we improve the bound to @(d5_2'5). Similar
to Section D.1, we perform an online-to-batch reduction using our online algorithm in Theorem 3,

which we refer to as Agyap—ag for brevity. Given T instances (21, y1), . . ., (x7, yr) that are sampled
i.i.d from D, we feed the instances to Asyap—ag to obtain predictors pi, . .., pr. Subsequently, the
predictor p is sampled from the uniform distribution 7 over pq, ..., pr.

To derive the improved sample complexity rate, we show an improved O (1\}2 44/ % log 1(\57)
bound on the deviation between the swap agnostic error and the contextual swap regret. Notably,

our bound on the deviation is stronger than the O <1{[ + 4/ % log 13’) bound obtained in Section

D.1. Comparing the two bounds, in the latter, we incur a % term due to an approximation of proper
losses in terms of V-shaped losses ¢, (p,y) = (v — y) - sign(p — v), and subsequently, we replace the
supremum over v € [0, 1] with v" € Z, which incurs an additive % error. However, for the squared
loss, this step is no longer needed since we can directly apply Freedman’s inequality. This enables
us to get an improved ﬁ dependence. Finally, on combining this with the O(T%) bound on the
contextual swap regret (which is better than the @(T%) bound on the online swap omniprediction
error), we obtain the improvement from £~ to £ =25, thereby saving a e ~°° factor. To formalize the
above discussion, we define the deviation as

A= sup By pnr [(0(2) = 9)° = (For) (@) — )] =
{fve]:}vez
1T
T Z ((Pt(xt) - yt)2 - (fpt(arf,)(mt) - yt)2) :
t=1

Since p is sampled from 7, we have
E(Ivy)’VD,pNﬂ' [(p(.%‘) - y>2 - (fp(x) (l‘) - 9)2] =

T
% D Eyynn [(0:(@) = 9)* = (fp. ) (@) —9)*]

The expectation on the right hand side of the equation above can be rewritten as ) | - P(p;(z) =
v) - E[(v—19)? = (fo(z) — y)?|pe(z) = v]. Therefore,

A-T= sup
{f'ue}—}vez

T
> (ZP(M(%) =) E[(v —y)* = (fo(x) = y)?|pe(2) = v]—

vEZ t=1

Ipe(we) = o] - (v = 52)* = (fulwe) — yt)2)> ’
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T

Y Plpila) =) -E[(v-y)* = (f(z) = y)*Ipe(x) = v] -

t=1

Lpe(ze) = 0] - (0 — ye)® — (f(ze) —1)%) |, 1)

where the inequality follows by Triangle inequality and sub-additivity of the supremum function.
In the next lemma, we bound A when F is finite. Subsequently, we bound A for F = Fi" by a
covering-number based argument.

Lemma 13. Let F C [—1,1]% be a finite hypothesis class. For a § < X, with probability at least
1—06, wehave A = O (\/ N log NF)

Proof. Fixav € Z, f € F, and consider the sequence X1, ..., X7, where X, is defined as
Xy =P(pi(z) =0) - E[(v—9)* = (f(2) —y)*[pe(ar) = 0] —
I[pe(z¢) = v] - ((U —y1)® = (f(ze) — yt)Q) :
Observe that the above sequence is a martingale difference sequence. Furthermore, since f € [—1,1],
we have | X;| < 8 for all ¢t € [T']. Applying Lemma 6, we obtain ‘Zthl Xi| < pVx + ilog% with

probability at least 1 — ¢, where u € [0, é] is fixed and the cumulative conditional variance Vx can
be bounded as

<Y B(pi(a) = v) - (E[(v =) — (F@@) = y)?Ipila) = v])" < 162?%

Repeating a similar analysis as in the proof of Lemma 9, we obtain

1 1
=0 (Z]P’pt >log5~¥—log5

Taking a union bound over all v € Z, f € F, we obtain that with probability at least 1 — ¢

?22 ZP pe(x) =v) - E[(v—9)* = (f(x) —y)*|pe(z) = v] -
Ipe(xe) = v] - ((U - yt)2 — (f(x¢) — yt)z) =
o (ZP pe(x ) log N(‘f' + log N(‘f' (22)

holds simultaneously for all v € Z. Therefore, we can finally upper bound A as

A=0 % N(ZZP(pt(w)=v)>lg i 1 NJ;H :O< ]zYlogN('sf»

t=1veZ

where the first equality follows from (22) and the Cauchy-Schwartz inequality, while the second
equality follows by dropping the lower order term. This completes the proof. O

Using the result of Lemma 13 and by a covering number-based argument, we bound 73 for F = Fj"
in the following lemma.

Lemma 14. When F = Fin, forad < %, with probability at least 1 — §, we have A =
0 <N1 + ,/dglogg).
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Proof. Let £ be the squared loss and C. be an e-cover for Fi". Observe that the squared loss is
6-Lipschitz in p for p € [-1,1]. Fora f € F, letting f. be the representative of f, we have
[0(f(x),y) —l(fe(z),y)| <6|f(x) — fe(x)] < 6eforallx € X,y € {0,1}. It then follows from
(21) that

1
A< T Z sup
Q)EZfe‘F

t=1

> P(pi(a) = 0) - El(v,y) = £(f (2),y)|pe(x) = v] -

t=1

S%Z sup

vEZ fece

6 6= |-
+ DD Pul@) = v) + o0 > D lp(a) = o]

t=1veZ t=1veZ

B N Nle]\ (1 AN, N
O(” 78— >O<N2+ T10g6>’

where the second inequality follows by bounding ¢(f(x),y) in terms of £( f-(z),y); the first equality
follows from Lemma 13, while the final equality follows by choosing € = &z and bounding |C.| as
per Proposition 1. This completes the proof. O

Combining the result of Lemma 14 with the bound on SReg i (Theorem 3), we bound the expected
swap agnostic error incurred by p.

Theorem 5. With probability at least 1 —46, the randomized predictor p learned via the online-to-batch

reduction satisfies
~((d\®  (d\F [ 1
AErr zin = = = log - | .
SAErT £ O((T) —l—(T) 0g5>

samples are sufficient for p to be achieve a swap agnostic error at most €.

Consequently, )(ds=2)

Proof. The expected swap agnostic error incurred by p can be bounded by

SReg zi» 1 AN . N\ =(/d\? [d\? [ 1

1
on choosing N = (%) ®. Note that in the first equality above, we have used the bound

T / N
SReg;ﬂan = <N2 + NdlogT + dNTlog5>

which follows from Theorem 3. This completes the proof. O

D.3 Sample complexity of swap multicalibration

In this section, we establish O(e =), O(e~27) sample complexities for learning £1, f2-swap multical-
ibrated predictors respectively. We first establish the sample complexity of /o-swap multicalibration
by using a characterization of swap multicalibration in terms of swap agnostic learning. Subsequently,
we utilize the sample complexity result derived from the previous section.
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Lemma 15. (Globus-Harris et al., 2023, Theorem 3.2) Fix a predictor p and assume that there exists
av € Range(p), f € Fi such that E[f(x)(y — v)|p(x) = v] > «, for some a > 0. Then, there exists
f' € Fy such that

E [(p(z) = 9)* = (f'(2) = 9)*Ip(z) = v] > .

The above result was concurrently obtained by Globus-Harris et al. (2023) and Gopalan et al. (2023b),
and subsequently extended to the online setting by Garg et al. (2024) (see also Lemma 3). Using
Lemma 15, we establish the following result that relates the ¢5-swap multicalibration error and the
swap agnostic error.

Lemma 16. Fix a distribution w over predictors, and assume that there exists o > 0 such that

sup E(x,y)ND,pwﬂ [(p(ﬂf) - y)2 - (fp(;c)(m) - y)Z] § Q.
{fv€Fs}vez

Then,

sup By, [E[fole) - (y = v)lple) = o)’] < a
{fve]'—l}vez

Proof. The proof follows a similar approach to that of Lemma 4. Assume on the contrary that

s1p EpurEy [E[fula) - (v — 0)lple) = v’ > o
{fv€F1}vez

Then, there exists a comparator profile { f,, € F1 },cz such that

Epr lz P(p(z) = v) - E[fo(x)(y — v)[p(z) = vF] > a.

veZ
For simplicity, define av, := P(p(x) = v) - E[f,(x)(y — v)|p(z) = v]?. Then, for all v € Z, we have
aU
[E[fo(2)(y — v)|p(z) = ]| = Pool) = o)
Clearly, there exists a function f which is either f, or — f, such that E[f(z)(y — v)|p(z) = v] =
\ /W. Furthermore, f) € Fi since F satisfies Assumption 1. As per Lemma 15, for each
v € Z there exists a f], € Fy4 such that
P(p(x) = v) - El(p(z) —y)* = (fi(z) = y)*|p(z) = v] > o,
)

for all v € Z. Summing over v € Z, we obtain E,E [(p(z) — y)* — (f/(z) — y)*|p(z) = v] >
> vez Q. Taking expectation over p ~ m, we obtain

Epmr [EoE [(p(z) — 9)* = (f1(2) — v)?[p(x) = v]] > Epern

which contradicts the assumption
sup  Egy)nppor [(0(2) = 1) = (fro) (@) —9)°] < e
{fv€Fatvez
This completes the proof. O

Since > £72-5 samples are sufficient to achieve a swap agnostic error at most ¢ (as per Theorem 5),

we obtain a @(5_2'5) sample complexity of learning a /5-swap multicalibrated predictor with error
at most €. Therefore, we have the main result of this section.

Theorem 6. With probability at least 1 — 0, the randomized predictor p (Section D.2) learned via the

online-to-batch reduction satisfies
- d d 1
DSMCalzin o = O ((T) + (T) 1/log 5) )
1\ 1
(log 6) ) .

~((d\*  (d

Consequently, Q(de=2°), Q(de=5) samples are sufficient to achieve {y, (1-swap multicalibration
errors at most €, respectively.

SN
SN

o=
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paper’s contributions and scope?

Answer: [Yes]

Justification: Justifications to the claims made in the abstract and introduction are either
provided in the main body or in the appendix.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.
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much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
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Justification: Limitations are discussed in the section on Conclusion.
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* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.
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only tested on a few datasets or with a few runs. In general, empirical results often
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* The authors should reflect on the factors that influence the performance of the approach.
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* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
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judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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Answer: [Yes]
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Justification: Assumptions are explicitly written in the main body and proofs can be found
in the appendix.
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» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
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4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: The paper is theory work and does not include experiments.
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* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [NA]
Justification: The paper is a theory work and does not have any experiments.
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* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
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¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
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* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details
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parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: The paper is a theory work and does not have any experiments.
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* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: The paper is a theory work and does not have any experiments.
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» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources
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puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: The paper is a theory work and does not have any experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

 The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The research abides in every respect with the Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: The paper is a theory work and does not have any immediate societal impact.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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(e.g., deployment of technologies that could make decisions that unfairly impact specific
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to point out that an improvement in the quality of generative models could be used to
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generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper is a theory work and doesn’t poses any such risks.
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* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
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Justification: The paper is a theory work and does not use any existing assets.
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» The answer NA means that the paper does not use existing assets.
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 The authors should state which version of the asset is used and, if possible, include a
URL.
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* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
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Justification: The paper is a theory work and does not release any new assets.
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* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
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limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
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Justification: The paper is a theory work and does not involve crowdsourcing nor research
with human subjects.
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guidelines for their institution.
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Answer: [NA]
Justification: The paper is a theory work and the core method development in this research
does not involve LLMs as any important, original, or non-standard components.
Guidelines:
* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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