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Abstract

In Federated Learning (FL), inter-client heterogeneity causes two types of errors: (i) client drift
error which is induced by multiple local updates, (ii) client sampling error due to partial partici-
pation of clients at each communication. While several solutions have been offered to the former
one, there is still much room of improvement on the latter one.

We provide a fundamental solution to this client sampling error. The key is a novel single-loop
variance reduction algorithm, SLEDGE (Single-Loop mEthoD for Gradient Estimator), which does
not require periodic computation of full gradient but achieves near-optimal gradient complexity in
the nonconvex finite-sum setting. While sampling a small number of clients at each communication
round, the proposed FL algorithm, FLEDGE, requires provably fewer or at least equivalent commu-
nication rounds compared to any existing method, for finding first and even second-order stationary
points in the general nonconvex setting, and under the PL condition. Moreover, under less Hessian-
heterogeneity between clients, the required number of communication rounds approaches to @(1)

1. Introduction

Federated learning (FL) is a paradigm of distributed learning, where each local client has access
to local dataset to train a local model, and periodically local model parameters are exchanged to
update a global model in the server [22, 31, 43]. Avoiding share of local data itself, FL provides
privacy protection and encourages the usage of distributed Big Data [17, 24].

Since clients such as smartphones and organizations are physically separated, the main bottle-
necks in FL are synchronization and communication between clients and the server.

To reduce the number of communication rounds, local update has been adopted [25, 29, 31].
Local update means that, between communication rounds, the parameters of a local model are
updated several times inside each client using only its local data, and then aggregated in the server
at the next communication round. Local update causes client drift error, but if that is carefully
corrected, local update can provably reduce communication rounds, especially when clients have
less heterogeneity [20, 32], which had experimentally been observed [19, 31, 49].

On the other hand, client sampling, meaning that not all but only a part of clients are sampled to
participate in each communication, is also widely used to reduce the communication complexity (the
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total number of parameters communicated). Due to huge parameter size, a large number of clients,
low bandwidth communication, and increase of communication cost for secure computation, which
are characteristics of FL, client sampling has become indispensable in designing FL algorithms [17].

However, while a mass of literature has established treatments for client drift error [19, 20, 32],
client sampling error has not effectively been controlled until recently. In fact, the convergence rate
of FedAvg [31], one of the most famous FL algorithms, can be dominated by client sampling error
rather than client drift error [14], and we can see that this is also true for other FL algorithms. Es-
pecially, in order to reduce communication rounds by taking advantage of less client heterogeneity
with local update, client sampling is not allowed [32] or increasingly larger sampling size is required
as heterogeneity gets smaller [20], due to the client sampling error.

Recently, FedVarp [14] tackled client sampling error applying a variance reduced method of
SAGA [9, 40] to FedAvg [31]. Variance reduction is a technique to construct a gradient estimator
with a smaller variance than vanilla SGD by recursively utilizing minibatch gradients at previously
obtained anchor points [9, 16, 41]. Although we agree that applying variance reduction should be a
right direction, a large part of the problem still remains. In fact, their algorithm requires relatively
large client sample size of O(Pg) to the total number of clients P, and cannot take advantage
of heterogeneity, resulting in sub-optimal communication rounds and complexity compared to the
state-of-the-art FL. methods [20, 32].

We considered that this is because existing variance reduction methods are not suitable for ap-
plying FL. methods. In general, variance reduction methods are measured only in terms of gradient
complexity. However, when applying them to FL. methods, we additionally want single-loop struc-
ture (that is, not to require periodic full or large minibatch gradient since this leads to impractical
full client participation in FL), and fewer gradient complexity under less heterogeneity. From these
perspectives, existing methods are not satisfactory. Indeed, SAGA satisfies single-loop structure,
but not the others. We consider the limitations of the aforementioned work of Jhunjhunwala et al.
[14] came from this point. As for other variance reduction methods, SARAH [35], SPIDER [10],
and NestedSVRG [50] requires periodic full gradient. STORM [7] is sub-optimal in the noncon-
vex finite-sum setting, and its application to FL, MimeMVR [20], requires larger sampling size as
heterogeneity gets smaller as mentioned; ZeroSARAH [28] cannot benefit from less heterogeneity,
and its distributed version does not considers local update. See also Appendix A.1. Thus, we must
design a novel variance reduction algorithm for FL.

1.1. Contributions

We consider FL problems with finite clients, and so variance reduction in the finite-sum setting.
First, we developed a novel single-loop variance reduction method called SLEDGE (Single-
Loop mEthoD for Gradient Estimator) for the nonconvex finite-sum problems. SLEDGE does not
require periodic computation of full gradients, and satisfies the followings: (i) nearly optimal gradi-
ent complexity of O(g) for finding e-first-order stationary points with data size n, (ii) second-order
optimality as the first such single-loop algorithm, (iii) exponential convergence under the Polyak-
Lojasiewicz (PL) condition, and (iv) fewer complexity under the less heterogeneity assumption.
Next, we combined SLEDGE with local updates into an efficient federated algorithm, FLEDGE.
FLEDGE appropriately controls client sampling error, and achieves the followings, with the inter-
client heterogeneity ¢ and the number of local updates K: (i) For first-order stationary points, the
number of required communication rounds is O(ﬁ + 5%), when the number of sampled clients at
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each step p is larger than /P. (ii) Adding small perturbation, FLEDGE also can find SOSPs. (iii)
Under the p-PL condition, FLEDGE exhibits exponential convergence, and the number of commu-
nication rounds depends on p only through KLM + % For finding first and second order stationary
points, our rates are smaller than or equivalent to those of all existing FL. methods across all range
of the inter-client heterogeneity . As ¢ — 0, these rates approach to O(l) under taking p ~ /P,
while previous methods require full client participation [32, 33] or increasingly larger client sample
size [20]. For PL (and even strongly convex) functions, FLEDGE breaks the dependency on the
condition number when ( < L and K > 1, for the first time. For detailed comparison of existing
FL methods and discussion on required local budget, see Appendix A.2.

2. SLEDGE: Single-Loop Method for Gradient Estimator
We formalize the finite-sum problems as follows:

m%é}i {f(x) = 1 Zfz(x)} . (1)
e i

Our goal is to find a solution x that is an e-first-order stationary point (i.e., ||V f(z)|| <

(g, 6)-second-order stationary point (SOSP; i.e., ||V f(z)|| < € and Apin (V2 f (7)) > —9).
Throughout the section, we assume that f; is L-smooth, and f is bounded: f(z°) — f* =

oo with f* = inf, f(x). Moreover, we assume Hessian-heterogeneity: || V2 f;(z) — V2f;(x )H § C

(note: ¢ < 2L holds). For Option I, we suppose ||V f;(2°) — V f(2°)|| < 0. For finding SOSPs, let

IV2i(2) — V2£:(y)]| < pllz — ] hold. The u-PL condition means 2u(f(x) — £*) < ||V f(x)|]>

€), and an

2.1. Algorithm description

We introduce our proposed method SLEDGE for the problem (1). Note that v, v , and y yZ in paren-
theses are auxiliary vanables w1th Wthh Zz L Y} is updated in O(b) time, utlhzmg the following
equatlon 722 lyz = Zz 1Y + Zzé]t( Vfl(xt)_nTibvfl(l‘t_l) yf - t_1+vfil)'
The small perturbation £t is necessary to escape from saddle points and to find SOSPs, see Ap-
pendix D.3.

Algorithm 1 SLEDGE(z2°, n, b, T, )
1: Option I: Randomly sample b data I° and 3 + } > jero Vi) forie
2: Option II: oY « Vf;(20) fori € Iy =1
(@0 <—Oandy <—yl, v <~ O0foriel)

3: Fort—ltono

4: gttt -1 Z i=1 yz —I— & t (¢! follows the uniform distribution on the Euclidean ball in R? with radius r)
5: Randomly sample b data I
(et ; t
6: yf — Yfl(x ) t +—1 forl. ) It
5 2jer (V') = V@) +y forig 1

(vte%Zjejt(vfj(mt)7ij(:pt_1))+v’ Lgt <y, vt ot fori € Tand gt « yit, vf < vl fori ¢ I

2.2. Convergence analysis

SLEDGE is designed so that it inherits the best points of SAGA [9, 40] and SARAH [34, 35]. It
removes periodic full gradient using stored past gradients as SAGA. Since SAGA’s gradient com-
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plexity is suboptimal, we also import SARAH’s recursive update to achieve the near-optimal rate.
The noise ¢ is to guarantee the second-order optimality.
The key observation in the analysis is that, for Option II, the discrepancy between the estimator
and the true gradient is decomposed as
1 - t t 1 d |I | s—1 s s—1
~> v - Vi) = Z > (VAila®) = Vi) = Y _(Vfila®) = Vi)
i=1

el ielt

Here, I' = [n] \ J’_, I' is the set of indexes not sampled between s and ¢. Conditioning on |I%|,

sle

the inside of the large parentheses for each s is roughly ¢ % |z® — . The main technical

difficulty is that the inside of the large parentheses is not independent each other since \I~ | depends
onall I%, ..., I'. However, the correlation can be shown to be sufficiently weak.
Now we state the theoretical guarantee for SLEDGE. For the formal version, see Appendix D.

Theorem 1 We take a step size n and a scale of noise r appropriately, and let . € (0,1). Then,
with probability 1 — v, SLEDGE finds e-first-order stationary points using

5 <A (CvnV 2Lb) + ZU?) (OptionT), O <n+ W) (Option II)

9

stochastic gradients. For finding SOSPs with probability 1 — v, SLEDGE requires b 2 \/n +4 3z > and

A o (1 ¢ . 1 P2 .
O| (LA +07) St b) (OptionI), O (n+ LA + 5 b ) (Option II)

stochastic gradients. Under the u-PL condition, SLEDGE uses

O((M\/Mv ) AJ;UC) (Option 1), O((MVMVn> log§> (Option II)

stochastic gradients for finding e-solutions with f(x') — f* < ¢, with probability 1 — v.
Without periodic computation of full gradient, SLEDGE achieves nearly optimal gradient com-

plexity for first-order stationary points, and can take advantage of less heterogeneity (. We show that

the rate of O(n + W) (option II) is near-optimal, see Appendix F. Moreover, SLEDGE can
finds SOSPs as the first single-loop algorithm, and exponentially converge under the PL condition.

3. FLEDGE: Federated Learning Method with Gradient Estimator

Indexing (finite) clients and data by ¢ and 7, we consider the following FL problem:

P m
;fel%R% {f(x) = ;Zfi(fﬂ)} o file) = %Zfi,j(ﬂf)- (2)
i=1 =1

In addition to the previous assumptions on f and f;, we additionally assume that each f; ; is L-
smooth. We bound the intra-client variance as ||V f; j(z) — V f;(x)|| < o. For finding SOSPs, we
suppose that ||V2f; ;(z) — V2f; ()| < pllz — y| for all i, j and x, y.

We combine SLEDGE with local update into a novel FL. method, FLEDGE. In Lines 4-9, we use
the SARAH-type estimator to control the error from local minibatch sampling. Then, we construct
the estimator of the global gradient V f(x!) using the SLEDGE estimator. Here, we only introduce
FLEDGE with Option II and for the case of ( > 4. For others, see Appendix E.
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Algorithm 2 FLEDGE(2°,n,p,b, T, K, 1)

1: for i € I° = I in parallel do

2 Randomly select minibatch J? with size Kb and let ) < % > e Jo V /(2

3: fort =1to T do

4: Randomly sample one client 7; and Send 5 Zl 1 yf Land !~ from the server to i
5 0 a1 2800

6 for k=1to K do

7 ko ptk=1 _ 77(% Zle yf—l + Zt,kfl) + ft’k

(& follows the uniform distribution on the Euclidean ball in R4 with radius )

8: Randomly select minibatch J; Lk with size b

9: 20k k-1 L Zjejt k(Vth ]( b k) Vfityj(l‘t’k_l))
10: Randomly select p clients I?, send "% from i; to I' and let 2! + 2b%

11: for i € I' in parallel do
12: Randomly select minibatch J! with size Kb

13: Ui i Djesr Viig(at) and Ayj = 5 300 5 (Vij(at) = Vi)
14: Send {(yz, Ayz)}lelt from I' to the server

15: yf < yl —|— Zzelf Ayl for ¢ ¢ It (Practically, we only update B Z _, ! in O(p) time as in SLEDGE)

Theorem 2 We take an appropriate step size n and a scale of noise r and let n € (0,1). Let
b= #252' Then, with probability 1 — v, FLEDGE finds e-first-order stationary points using

L L VP\ A
O(H(K L gv<p>€2)

communication rounds. For finding SOSPs, FLEDGE requires p > \/P + 52 ,b> K, and

o(ea (7o) (5+5))

communication rounds, with probability 1 — v. Under the u-PL condition, FLEDGE uses

¢ L L Q\F P A
O<1+<“ R p>10g5>

communication rounds for finding e-first-order stationary points, with probability 1 — v.

Setting client sample size p > +/P and local minibatch size b > K, FLEDGE requires only
O(KLE2 + 5%) communication rounds for first-order stationary points. Compared to FedVarp [14],
ours require smaller client sample size and can take advantage of less heterogeneity. What is more,
as far as assumptions on the local minibatch size are satisfied, this rate is better than or equivalent
to any existing federated learning algorithm and approaches (:)(1) when ( — 0 and K — oo. In
terms of communication complexity, O(P + C;/f) is near-optimal in a sense that it almost matches
the lower bound of gradient complexity of the finite-sum case. We will show this in Appendix F.
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Moreover, FLEDGE guarantees second-order optimality. To the best of our knowledge, the only
such method is BVR-P-LSGD [33], but that synchronizes all clients at every round.

Furthermore, the algorithm requires O(% log %) communication rounds under p-PL condition.
Thus, even if the condition number ﬁ is bad, the required communication rounds goes to O(%)
when ¢ — 0. On the other hand, even in the strongly-convex case and without client sampling, all
existing algorithms require Q(% log %) rounds regardless of the Hessian heterogeneity (.
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Figure 1: Comparison of the test Figure 2: Comparison of the test accuracy (left) and the gradient
accuracy (SLEDGE, finite-sum) norm (right) (FLEDGE, federated learning)

4. Experiments

Finally, we validate our theories on both SLEDGE and FLEDGE by numerical experiments. We
considered classification of the capital letters using EMNIST dataset [6] for both experiments.

Escaping saddle points with SLEDGE For the finite-sum problem (1), we prepared each f; by
sampling 100 data from one class, employing a four-layer neural network as the training model, and
then defining the average of the cross-entropy loss over the data as f;. We repeated this five times
for each class, and thus n = 130. We compared SLEDGE and its perturbed version with SARAH
[34, 37], SSRGD [26], and ZeroSARAH [28], in terms of the test accuracy. We set b = 12, the
inner-loop length of SARAH and SSRGD to 10, and A = % = 0.092 for ZeroSARAH. For SSRGD
and SLEDGE, we added perturbation of § = 0.15. We tuned the learning rate for each algorithm
individually. The experiment was repeated with ten different random seeds for each method.

Figure 1 shows the result. We can observe that (i) SLEDGE and ZeroSARAH require fewer
gradient evaluations than SARAH to achieve the same test accuracy, owing to avoidance of periodic
full gradient. Similarly, SLEDGE with small noise is faster than SSRGD. (ii) Adding small noise
helps stable convergence; Although SLEDGE with 6 = 0 does not necessarily yield a monotonic
increase in the accuracy (see around 10000-15000 gradient evaluations), SLEDGE with small noise
perturbation makes the accuracy increase almost monotone.

Faster Convergence with FLEDGE For the federated learning problem (2), we again consider
the classification of the capital letters, where each f; consists of 90% data from one class and 10%
data from the other classes. This makes each f; a little less heterogeneous. We used two-layer
neural networks as a training model. We compared FLEDGE with FedAvg [31], SCAFFOLD [19],
MimeMVR [20], and BVR-L-SGD [32]. For each algorithm, we employed P = 104 as the total
number of clients and p = 10 as the number of the clients used at each communication (except
for BVR-L-SGD, which requires P = p = 104). Then, we set b = 16 and K = 10. We tuned
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the learning rate for each algorithm individually. The experiment was repeated with five different
random seeds for each method.
Figure 2 (left) shows that FLEDGE achieves the highest test accuracy with fewer communica-

tion,

compared to FedAvg, SCAFFOLD, and MimeMVR. In Figure 2 (right), FLEDGE achieves

the small gradient norm ||V f(z')| and the linear convergence at the neighborhood of solutions.
Moreover, we observe that FLEDGE performs similarly to BVR-L-SGD, which almost can be seen
as a special case of FLEDGE with p = P. This means that FLEDGE can appropriately correct the
errors from sampling of the clients and is about ten times more efficient than BVR-L-SGD in terms
of communication complexity by allowing sampling of the clients.
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The appendix consists of the following sections. In Appendix A, we provide further literature
review and detailed comparison with existing algorithms. Appendix B describes details of the ex-
periments and additional experiment results. Appendix C formalizes the assumptions and prepares
mathematical tools for later use. Appendix D gives formal statements for theoretical guarantees
on SLEDGE and the complete proofs. We also explain intuition behind SLEDGE estimators. Ap-
pendix E applies SLEDGE into its federated learning extension. Finally, Appendix F shows gradi-
ent complexity lower bound under the Hessian heterogeneity assumption, which proves SLEDGE’s
gradient complexity under the Hessian heterogeneity of ( is optimal up to polylogarithmic factors
1

For those who do not have enough time to read all the contents, we recommend to look over
Appendix D.1. We expect this part gives a flavor of the core concepts of the SLEDGE estimator to
achieve near-optimal complexity and take advantage of less Hessian heterogeneity without periodic
full gradient computation.

Appendix A. Further Literature review
A.1. Variance reduction

As explained in the main part, variance reduction is a technique in minibatch sampling to construct
a gradient estimator with a smaller variance than vanilla SGD by utilizing gradients at previously
obtained anchor points [9, 16, 41]. It is originally developed for (strongly)-convex optimization
[9, 16, 41, 42], and thereafter extended to nonconvex settings [1, 39, 40].

One of the difficulties in obtaining an appropriate gradient estimator, especially in nonconvex
settings, is that recursive update of a gradient estimator with minibatch gradients easily accumulates
the error and eventually buries the correct descent directions. To address this issue, there have been
two major approaches. The first approach is to explicitly store previously calculated gradients as
in SAGA [9]. However, SAGA requires O(E%) times of updates with minibatch sample size with

O(ng) [40] for solving (1), which is still sub-optimal from the lower bound of [10, 27]. The second
one is to use double-loop algorithms that periodically compute the full gradient or a gradient with
a large minibatch to refresh a gradient estimator. These algorithms include SARAH, SPIDER, and
NestedSVRG [10, 35, 50], which have the optimal rate, i.e., O(a%) times of updates with minibatch
sample size with O(y/n). On the other hand, this approach has an issue that the step of gradient-
refreshing slows down practical computational speed and becomes a bottleneck in the application
to federated learning since this leads to periodic synchronization and communication between the
whole client.

Recent studies have attempted to develop methods that solve this trade-off, or namely that do
not require periodic computation of gradients with a large minibatch size to achieve near-optimal
rates [3, 7, 23, 28, 30, 36, 45]. Among them, Li et al. [28] introduced ZeroSARAH as a single-
loop algorithm with optimal gradient complexity for nonconvex optimization. Here, we say an
algorithm is single-loop when it does not require periodic full or large minibatch gradients. How-
ever, ZeroSARAH’s estimator cannot take advantage of heterogeneity between f;s. (The reason

1. The lower bound is proven under averaged gradient Lipshitzness and averaged Hessian-heterogeneity, while we
assume gradient Lipshitzness of each f; and Hessian-heterogeneity for the upper bounds. We remark that, however,
in order to show the first-order optimality in expectation, averaged gradient Lipshitzness and averaged Hessian-
heterogeneity would suffice.
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Table 1: Stochastic gradient complexity for a nonconvex finite-sum problem (1).

Algorithms Stochastic gradient complexity _ Periodic.
Nonconvex SOSP PL condition full gradient
(Noisy) SGD [11, 13, 18] Ag‘; poly(e=1,671,d, 0, A) :TQE loge~1 Every iteration
SPIDER-SFO [10] n+ 2" n+ACG + L+ 610 ) None Required
SARAH [35] and its variants [26,36] n + A—‘éﬁ n+ A(% ‘F ‘F 35) n+ ”—f loge™?! Required
ZeroSARAH[28] w None None Never required
None None Only at 20
PAGE [27] n+ ‘F None (n+ LT‘/E) loge~!  Required
SLEDGE (Option I) (ours) M (A—i—aQ)(\f—l— )( 62 ) (n+ %) loge™!  Never required
SLEDGE (Option II) (Ours) n+ aym o NG ﬁ o 52 & ge ) (n+ %ﬁ) loge=!  Only at 2°

Note: Here A = f(2°) — inf f(x), o is the variance between f; (x)  is the parameter for PL condition, and ¢ is the Hessian-
heterogeneity.

In nonconvex and SOSP problems, polylogarithmic terms are omitted. Since ¢ < 2L, SLEDGE with Option I has at most the same
complexity to ZeroSARAH, and SLEDGE with Option II does to SPIDER, SARAH, PAGE, and the lower bound, up to log factors.

In PL, polylogarithmic dependency on other than £ ~1 and doubly-logarithmic terms are omitted, thus SLEDGE has exponential conver-
gence.

will be briefly explained in Appendix D.1.) To benefit from less Hessian-heterogeneity, we need a
path-integrated type estimator like Fang et al. [10], Nguyen et al. [34], Zhou et al. [50].

Moreover, these recent single-loop methods have an issue in their versatility. First, while it
is usual to extend an optimization algorithm to ensure second-order optimality [11, 15, 48], and
variance reduction methods also have been applied to this [2, 10, 26], no single-loop algorithm
cannot find SOSPs. Since first-order stationary points can include a local maximum or a saddle point
in nonconvex optimization, escaping them and finding SOSPs are necessary to guarantee the quality
of the solution. In addition, most of the existing single-loop methods have focused on removing full
gradient computation in some specific setting. Thus none of them achieve both optimal complexity
in nonconvex settings and exponential convergence in strongly-convex settings.

Note that he Polyak-Lojasiewicz (PL) condition, which we use instead of strong-convexity, is a
generalization of strong convexity to nonconvex settings [38]. One of the recent lines of research
is to loosen the conventional assumption of strong convexity and to show exponential convergence
under the PL condition [18, 27]. For example, PAGE [27] achieves exponential convergence under
the PL condition and the optimal rate in general nonconvex settings, but it should compute the full
gradient at a certain probability. Thus, we do not regard PAGE as a single-loop algorithm in our
definition.

We summarize the convergence rates of existing algorithms and ours in Table 1. Our gradient
estimator, SLEDGE, satisfies nearly optimal complexity for general nonconvex settings, speedup
under less Hessian heterogeneity, second-order optimality, and exponential convergence under the
PL condition, without requiring periodic full gradient computation. For more details on SLEDGE,
see Appendix D. Also, Appendix F shows that SLEDGE with Option II achieves nearly optimal
gradient complexity under less Hessian heterogeneity of (.

A.2. Federated learining

In Table 2, we compare the required numbers of communication rounds of existing algorithms and
ours.
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Table 2: Comparison of communication rounds and complexity for a non-convex FL (2).

Algorithms Communication rounds Client sampling (other then 2¥)
2
FedAvg (nonconvex) [19] 1% + % + ELQ v
SCAFFOLD (nonconvex) [19] 5%(%)% %
7 2 7
MimeMVR (nonconvex) [20] % + :sCQ + 71(152 4 E% v
BVR-L-SGD (nonconvex) [32] =z + < >
FLEDGE (nonconvex) (ours) =z + ng + 8% v
BVR-L-PSGD (SOSP) [33] (g TO(E +31) X
2
FLEDGE (SOSP) (ours) (£ +OCE + %4) v (requiring p > VP + %2)
. o2 T
MimeSGD (PL) [20] Zor + Fﬁ v
S L 4 ¢vVP L (P
FLEDGE (PL) (ours) i L S dL o dL £ v

Note: P is the number of clients, yu is the parameter for PL condition, o. is the variance between clients, which can
be as large as O(P). ( is the Hessian-heterogeneity between clients and ¢’ in MimeM VR is the Hessian-heterogeneity
between all data (i.e., ||V fi j(x) — V2 f(x)|| < ¢'). ¢’ contains not only the inter-client Hessian-heterogeneity but also
the intra-client Hessian-heterogeneity. Thus, ¢ < ¢’ always holds and moreover it is possible that { < ¢’.

We here choose Option II for FLEDGE, where full participation of clients is conducted only once at 2°. Option I allows
client sampling even at z°, at the cost of additional terms, as we detail in Appendix E.

Since inner-loop complexity is different for each algorithm but it is most usual to compare
algorithms in terms of communication rounds, we listed the complexity by ignoring dependency on
the intra-client variance o. To do so, ours requires b 2> #252 and b > K. Note that this is quite
moderate, since FedAvg [31] requires b = p}‘(—; [19] (, which is larger than #262), MimeMVR [20]
needs at least one local full gradient between communication rounds, and BVR-L-SGD requires
b>Kandb> (YEm A 2)/¢ [32].

We remark that STEM [21] and FedGLOMO [8] do not have advantage in using local updates,
when comparing communication rounds and complexity with centralized algorithms.

Appendix B. Additional experiments
B.1. Details of the experiment for Figure 1

We consider a classification of the capital letters using EMNIST By_Class dataset [6]. The original
dataset consists of 814, 255 images of handwritten uppercase and lowercase letters and numbers 0-
9. Note that the number of data points in each class is not balanced. Since the number of images of
lowercase letters is relatively small, we only used the images of uppercase letters for the experiment.
To balance the number of data points between each class, we took the following procedure. We
repeatedly sampled 100 data points five times per each uppercase letter, which yields 26 x 5 = 130
groups of sampled data. For each group i, we define f; as the average of the cross-entropy loss
between the output of the model and the true class, over the 100 data points belonging to the group.
As a model, we adopted a four-layer fully-connected neural network, following Murata and Suzuki
[33]. We added Lo-regularizer with a regularization parameter of A = 0.01 to the empirical risk.
As competitors, we implemented SARAH [34, 35], SSRGD [26], and ZeroSARAH [28]. We
set the minibatch size to b = 12 = \/n = /130 for all algorithms, the inner-loop length of SARAH
and SSRGD to m = [%] = 10, and A = 2 = 0.092 for ZeroSARAH. Note that [28] adopted

n
A= %, but we found that \ = % was more stable in this setting. The learning rate for each method
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was tuned individually, from {1.0,0.3,0.1,0.03,0.01,0.003,0.001}, so that the test accuracy after
2000 iterations is the highest. For SSRGD and noisy SLEDGE, we added small noise of » = 0.15.
We plotted the mean of the ten trials with different random seeds and the sample variance is also
shown in the corresponding (lighter) color for each algorithm.

B.2. Details of the experiment for Figure 2

We consider a classification of the capital letters using EMNIST By_Class dataset [6] as well. How-
ever, here we divided the images in such a way that f; is a little less heterogeneous, but still more
heterogeneous than i.i.d. sampling, as follows. First, we prepared the same number of data points
for each class, and divided them into each client 7 by the following procedure, setting ¢ = 0.9;
Then, for each class, we distributed ¢ x 100% of the images into four clients, and the rest into
the remaining 100 clients. This yields that we have 4 x 26 = 104 clients, each of which contains
q % 100% of the data from one class, and (1 — ¢) x 100% of the data from the other classes. We call
this grouping as a dataset with the heterogeneity parameter of ¢. Then, we constructed f; ; with the
cross-entropy loss and a two-layer fully-connedted neural network, following Murata and Suzuki
[32]. Ly-regularizer with a scale of A = 0.01 is added to the empirical risk.

We compared FLEDGE with FedAvg [31], SCAFFOLD [19], MimeMVR [20], and BVR-L-
SGD [32]. For each algorithm, we set p = 10 = VP = /104 as the number of the clients used
at each communication (except for BVR-L-SGD, which requires p = P = 104). Then, we set
the local minibatch size as b = 16 and the number of local update to K = 10. We tuned the
learning rate for each algorithm individually from {1.0,0.3,0.1,0.03,0.01,0.003,0.001}, so that
the test accuracy after 2000 outer-loop iterations is the highest. Here we set the global learning rate
of SCAFFOLD to n = 1, as is done in the original paper [19]. MimeMVR adopted a momentum
parameter of a = 0.1 as the authors of the paper reported as the best. We plotted the mean of the
five trials with different random seeds and the sample variance is also shown in the corresponding
(lighter) color for each algorithm.

B.3. Additional experiments for SLEDGE

Comparison with SARAH by changing the learning rate Here we provide comparison of
SLEDGE with SARAH [34, 35], which is one of the most prevailing variance reduction algorithm
with theoretical optimal complexity of O(g)

As is done in the experiment for Figure 1,we prepared f; in the following way. We repeatedly
sampled 100 data points five times per each uppercase letter, which yields 26 x 5 = 130 groups
of sampled data. For each group i, we define f; as the average of the cross-entropy loss between
the output of the model and the true class over the 100 data points belonging to the group. As
a model, we adopted a two-layer fully-connected neural network, following Murata and Suzuki
[32]. We set the minibatch size to b = 12 = /n = /130 for both algorithms, and the inner-
loop length of SARAH to m = [%] = 10. We added Lo-regularizer to the empirical risk with
a fixed regularization parameter of A = 0.01. We compared SLEDGE with SARAH in terms of
the training loss, the norm of the gradient computed by the whole training data, the test loss, and
the test accuracy, under the same number of stochastic gradient accesses. We changed the learning
rate 7 between {0.1,0.03,0.01,0.003,0.001}. We plotted the mean of the five trials with different
random seeds and the sample variance is also shown in the corresponding (lighter) color for each
algorithm.
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Figure 3 shows the result. We clearly observe that the proposed algorithm SLEDGE slightly
faster than SARAH in all range of learning rate 7. The trajectories of SLEDGE are as stable as
SARAH in all settings. This result shows that we can remove the requirement of periodic full
gradient evaluation without hurting the stability during optimization with SLEDGE.

Discrepancy between the gradient estimators and the true gradient Here we compare the
norm between the gradient estimators and the true gradient because this is the most essential mea-
sure that quantify the quality of the gradient estimator. The setting is completely the same as the
previous experiment for Figure 3, thus n = 130. We compared SLEDGE estimator with SARAH
and SAGA [9, 40], taking the minibatch size as b = 12 and the inner-loop length of SARAH to
m = [ 3] = 10. We set the learning rate to 7 = 0.01 for all algorithms, since the larger step size
tend to increase the discrepancy, meaning that it is not fair to compare algorithms with different step
sizes to discuss the discrepancy. We plotted the mean of the five trials with different random seeds
and the sample variance is also shown in the corresponding (lighter) color for each algorithm.
Figure 4 shows the squared norm |[v* — V f(x%)||? between the gradient estimator v’ of each
algorithm and the true gradient V f(2!) at each step t. The discrepancy of the SLEDGE estimator
is clearly smaller than that of SAGA, and close to that of SARAH. Note that SARAH estimator is
refreshed at every m = 10 steps. Remind the discussion in Subsection 3.1. The SLEDGE estimator
is designed to have as small variance as that of SARAH, while removing the need of periodic full
gradient computation. Therefore, this result validates that our strategy actually works well.

B.4. Additional experiments for FLEDGE

Escaping saddle points with FLEDGE Theorem 28 guarantees second-order optimality of FLEDGE.
To validate this theoretical result, we considered the following experiment. We first prepared a
dataset with the heterogeneity parameter of ¢ = 0.7 (see Appendix B.2 for details). Then, we con-
structed f; ; with the cross-entropy loss and a three-layer fully-connedted neural network, following
Murata and Suzuki [33]. Lo-regularizer with a scale of A\ = 0.01 is added to the empirical risk. We
compared FLEDGE with FedAvg [31], SCAFFOLD [19], MimeMVR [20], BVR-L-SGD [32], and
BVR-L-PSGD [33]. Here, we set P = 104, p = 10, b = 16, and K = 10. Note that, according
to Theorem 28, setting p ~ /P theoretically guarantees that the convergence rate of FLEDGE is
not affected by the client sampling and achieves the same number of communication complexity
as that of BVR-L-PSGD to find SOSPs. For FLEDGE and BVR-L-PSGD, we added small noise
of r = 0.015. We plotted the mean of the five trials with different random seeds. We omitted the
sample variance for clearer presentation.

The result is shown in Figure 5. We can clearly observe that FLEDGE with small noise and
BVR-L-PSGD achieve the highest test accuracy. Note that BVR-L-PSGD is almost the same as
FLEDGE with no client sampling (p = P). Thus, this shows that FLEDGE is not affected by the
client sampling with p = \/P, which is consistent with the theory. Ours is as ten times efficient
as BVR-L-PSGD, in terms of communication complexity (the number of gradients communicated
between the clients).

Performance under changing heterogeneity To exhibit how correctly FLEDGE can control the
variance between clients, we measured the performance of FLEDGE under changing heterogeneity.
We changed heterogeneity parameter in the range of ¢ € {0.04 (i.i.d.),0.1,0.3,0.5,0.7,0.9,1.0
(completely heterogeneous)}, and compared FLEDGE with FedAvg, in terms of both train and test
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accuracy. All other settings are the same as that of the experiment for Figure 2. Note that we chose
p = 10 = /P = /104, where the theory says that the convergence is never affected by sampling
of clients. Figure 6 shows the average of five trials with different random seeds.
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Figure 6: Performance under changing heterogeneity

According to Figure 6, while FedAvg decreases the train and test accuracy as the heterogeneity
increases, the performance of FLEDGE with even ¢ = 1.0 is only slightly worse than that with
g = 0.04. The fact that FLEDGE is little affected by the strong heterogeneity in this experiment
supports our theoretical guarantee (Theorems 22 and 34) on the effect from sampling of clients. That
is, setting p > /P, our algorithm does not affected by sampling of clients and finds e-first-order
stationary points within O(ﬁ + 8%) communication rounds.

B.S. Computing infrastructures

¢ OS: Ubuntu 16.04.5

CPU: Intel(R) Xeon(R) CPU E5-2680 v4 2.40GHz

CPU Memory: 512GB

GPU: Nvidia Tesla V100 (32GB)

* Programming language: Python 3.6.13

Deep learning framework: PyTorch 1.7.1

Appendix C. Assumptions and Tools

In this section, we formally restate the assumptions and introduce mathematical tools we utilize in
the missing proofs.

C.1. Assumptions

First, gradient Lipschitzness and boundedness are assumed as usual.

Assumption 1 (Gradient Lipschitzness) Foralli € [n], f; is L-gradient Lipschitz, i.e.,
Vi) < Lljz — yl|,Yz,y € R% For f; ;, we also assume the same.
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Assumption 2 (Existence of global infimum) f has the global infimum f* = inf cra f(x) and

A= f(a®) - f~

Below, (i) inter-client gradient boundedness is assumed for SLEDGE with Option I to remove full
gradient even at 20, as in ZeroSARAH [28]. (ii) Intra-client gradient boundedness is assumed
for FLEDGE. In the main text, we bounded inter-client and intra-client variances uniformly as
[V fi(2%) — V£(2°)| < ocand ||V f; j(z) — Vfi(x)| < o. However, if the variances are small in
expectation, we can loosen the uniform boundedness assumptions into the followings. From now,
we assume Assumption 3 instead of |V f;(z°) — V f(2°)|| < 0. and |V f; j(z) — Vfi(z)|| < 0.

Assumption 3 (Boundedness of Gradient) (i) It holds that E;[||V f;(2°) — Vf(2?)||?] < o2,
where the expectation E; is taken over the choice of i. Moreover, ||V f;(z%) — V f(2°)|| < G.. holds
for all i. (ii) For all i and z, assume E;[||V f; j(z) — V f;(z)||*] < 02, here the expectation E; is
taken about the choice of j. For all i, j and x, |V fi j(z) — V fi(2)||* < G2

In order to give second-order optimality, Hessian Lipschiteness is usually assumed [12, 26].

Assumption 4 (Hessian Lipschitzness) {f;}", is p-Hessian Lipschitz, i.e., | V2 fi(x)—=V2 fi(y)|| <

pllx —yll, Vi € [n] and x,y € R

For federated learning, we solely assume inter-client Hessian-heterogeneity to show the efficiency
of the proposed method in a less heterogeneous setting. It has previously appeared in Mime [20]
(but intra-client Hessian-heterogeneity was assumed at the same time) and BVR-L-SGD [32].

Assumption 5 (Hessian-heterogeneity) {f;}7_, is Hessian-heterogeneous with ¢, i.e., for any
i,j € [n]and x € RY, ||V fi(x) — V2 f(@)]| < ¢

Finally, we explain the PL condition [38]. It is easy to see a u-strongly convex function satisfies this
with .

Assumption 6 (PL Condition) f satisfies PL condition, i.e., |V f(z)||* > 2u (f(z) — f*) for any

x € R,

C.2. Concentration inequalities
Here, we prepare concentration inequalities for later use. We first present Bernstein-type bounds.

Proposition 3 (Matrix Bernstein inequality [47]) Ler X1, .- , X be a finite sequence of inde-
pendent random matrices with dimension dy X do. Assume each random matrix satisfies

E[X;] =0 and |Xi|| <R almost surely.

JQZmaXH }

42
P[ Zt]g(dl—&—dg)-exp((ﬂ_ié?/g).

Define

)

> EXX]

> EX; X))

Then, for allt > 0,

>
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In this paper, we deal only with the vector case. In that case, the inequality is rewritten for bounds
with high probability, as follows.

Proposition 4 (Vector Bernstein inequality) Let x1,--- , xi be a finite sequence of independent,
random, d-dimensional vectors and v € (0, 1). Assume that each vector satisfies

|zi — E[zi]|| < R almost surely.

Define
k

0? =3 Ef||zi — Elzi]|]

i=1
Then, with probability at least 1 — v /poly(n, P, T, K),

k 2

> (zi — E[z])

=1

where C1 = O (log(v™' +n+P+d+ T+ K)) = O(1).

<C?- (04 R?)

Remark 5 Here we do not specify poly(n, P, T, K) to apply different polynomials to later. When-
ever we use this inequality with different poly (n, m,T"), we will reuse C for the notational simplic-
ity. We also use this constant Cy in the following parts to denote constants as large as O(log(v—' +
n+ P +d+ T + K)), with a slight abuse of notations.

Moreover, a similar inequality holds when we consider sampling without replacement. To our
knowledge, Bernstein inequality without replacement for vectors has not been rigorously proven
and we attach its complete proof at the next subsection.

Proposition 6 (Vector Bernstein inequality without replacement) Ler A = (a1, as,--- ,ax) be
d-dimensional fixed vectors, X = (x1,--- ,x;) (I < k) be a random sample without replacement
from A. Assume that Zle a; = 0 and that each vector satisfies

]| < R.
Define

1 k
0'2 = Ez ||6LZ”2
=1

Then, for eacht > 0 and | < k,

l
P [ ZQ?Z
i=1

—42

Moreover, for each | < k, with probability at least 1 — v /poly(n, P, T, K),

2
< C?.(lo* + R?),

l

>

=1

where C; = O (log(n + P+ d+ T + K)) = O(1).
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Finally, we need a high-probability version of Azuma-Hoeffding inequality.

Proposition 7 (Azuma-Hoeffding inequality with high probability [5, 44]) Let {z;} be a
d-dimensional vector sequence and martingale with respect to a filtration {F;}. Assume that each
x; satisfies E[x;|F;—1] = 0 and

|lz:|| < R;  with probability 1 — v;
k

forv; € (0,1) (i = 1,...,k). Then, with probability at least 1 — v /poly(n, P,T,K) — >, v;,
k
>

2 k
2 2
S Cl § Ria
i=1 =1

where C1 = O (log(v™' +n+P+d+ T+ K)) = O(1).

C.3. Proof of Proposition 6

In order to show Proposition 6, we use the Martingale counterpart of Bernstein’s Inequality for
random matrix. The following is a slightly weaker version of Tropp [46].

Proposition 8 (Freedman’s inequality for matrix martingales) Consider a matrix martingale {Y; |
i =0,1,---} with respect to a filtration {F;}, whose values are matrices with dimension d; X da,
andlet {X; | i =1,2,---} be the difference sequence. Assume that each of the difference sequence

is uniformly bounded:

1 X1 < R*  almost surely.

|

P[] > t] < (dy +ds) - < —t*/2 )
- ex —s ] .
W=t =P o2 R

Also, assume that each i satisfies

max { HE[XlXﬂ .7:1;1]‘

E[X;" X;] fiq]”} <o almost surely,

Then, for all t > 0 and for each |,

Proof of Proposition 6  First, we consider the case [ < % Let y; = ZZ x; and consider a

i=1
filtration F; = o (1, - , ;). Then, we have

1 [ : k—i—1
E [yit1 |fi]:yi+m Zaj—zﬂcj == ¥
j=1 j=1

l

This means that {ﬁyz} is martingale with respect to {#;}. We have that this martingale
i=0

satisfies the assumptions of Proposition 8 with R’ 2 = % and 0/% = % In fact, we have

k—i—17 k—i— 17 T Rt h—i—1 ]
2 R2 R2

1
<||l————x; < <
_Hk—i—1%+l Sh—i—12 = k-2
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where the equality follows since x; . . ., x; are F;-measurable, and

8

2
E

.

1 1
— i —E | ——;
Hk_z._lyzﬂ I:k_z._ly—i-l

1
<E m%ﬂ Fi
k i
j=1 j=1
e LIS (ckoizt
U SPTEg

_ 202
ICEDE

Thus, we use Proposition 8 to obtain

—42
P >t < 1)- 5.2 1 pr/a )
ol = 1] < (d+1) - exp (w +Rt/3>

2

What remains is the case of [ > % Since Zﬁzl T = — Zf:l 1 Z; holds, we can apply the above

bound for Zf:l 11 Z;- Thus, we have the first assertion for all [ < k. The second assertion follows
by setting t = O ((lo® + R)log(v™'+n+m+d+T)) =C; - (Io® + R).
[

C.4. Linear Algebraic Tool
The following lemma is due to Murata and Suzuki [33]. We provide its proof here.

Lemma 9 (Murata and Suzuki [33]) Let A be a d x d symmetric matrix with the smallest and

largest eigenvalues Apin < 0 and Amax < 1, respectively. Then, for k = 0,1, - - -, it holds that
1
JACT = M| < =Amin(1 = Jin)* + 1=
Proof Since A is dlagonallzable we write A = ZZ 1 Ai€ie; T where et,...,€eq are normalized
eigenvectors and A\pin = A1 < -+ < Ag = Apax are the correspondmg eigenvalues. Then, it holds
that
d
AT = A)F =" N(1 = \)eie
i=1

Thus, the remaining is to evaluate max; |\;(1 — \;)¥|. After some algebra, we get
“AM1=XNF (ifA<0)

0<A1-=2AX k
( )< L (i) <1f A > 0; the equality holds with X = 1 +k>
- A

k+1 \ k+1

< >\m1n ( mln) ]{3 1 )
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which concludes the proof. |

Appendix D. Missing Proofs for SLEDGE

This section provides the missing proofs in Section 2 about the convergence property of SLEDGE.
First, we divide Theorem 1 into the following three formal theorems.

Theorem 10 Under Assumptions 1, 2 and 5, and 3-(i) for Option I, if we choose n = (:)(
: f) andr < "5 , Algorithm 1 finds c-first-order stationary points using

HH

n 2
O <A (C/n \/gfb) il bac> (Option I),

0, (n + W) (Option II)

stochastic gradients with probability at least 1 — v.

Theorem 11 Assume Assumptions 1, 2, 4 and 5, 3-(i) for Option I. Let b = \/n + g—z, n= (:)(%)
r <O (%), andv € (0,1). Then, Algorithm 1 finds (e, 5)-SOSPs using

5 2
O <(LA + 02) (612 + §4> b) (Option 1),

1 p2 .
O(n+LA 64 b | (Option II)

stochastic gradients, with probability at least 1 — v.

Theorem 12 Assume Assumptions 1, 2, 3-(i), 5, and 6. If n = (:)(% A % A Min), andr <n %",

Algorithm 1 finds an e-solution with f(z') — f* < ¢ using

O<<\/M > g“;”C> (Option T),

W

o (v va)og ) opion

LR

stochastic gradients with probability at least 1 — v. O hides at most 10g5'5(n +u 4+ vt and
polyloglog factors.

Below, we first describe basic idea for designing SLEDGE. Then,appendix D.2 presents the
first-order optimality ( Theorem 10). Then we prove that SLEDGE can escape saddle points and
find SOSPs (Theorem 11) in appendix D.3. Finally, exponential convergence under the PL condition
(Theorem 12) is shown in appendix D.4.
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D.1. Intuitition behind SLEDGE

SLEDGE is designed so that it inherits the best points of SAGA [9, 40] and SARAH [34, 35]. We
first compare gradient estimators of SAGA and SARAH to explain why SAGA is suboptimal. Then,
we also note SARAH’s estimator gets more accurate under less heterogeneity.

According to SAGA’s update rule, the discrepancy of the gradient estimator from the true gra-
dient at a step ¢ can be decomposed as

1 « . 1 .
2 2V = VAT ) = 3 (Vi) = Vi),
i=1 iclt
where I' is the randomly chosen minibatch with size b and T'(¢, 7) is the step when f; is last sampled.
Note that SAGA stores V fl( 1) for each i. Thus, the first term is a change from the referable
gradient of 2 3" | V f; (27T ) and the second term is an approximation of the first term usmg a
mlnlbatch w1th size b. Then, the variance of the gradient estimator is roughly bounded by ¥ ||a: —
o2 < % ZS:T(t)+1 l® — =%, with T'(t) = min; T(t, ).
On the other hand, the difference between SARAH’s gradient estimator, which computes the

full gradient periodically, and the true gradient can be written as

t

s s— sz(acs) - vfi(‘r87l>
> (ViE) -V =) - ).

s=T(t)+1 icls

where T'(t) is the time of the last full gradient evaluation. We can interpret this scheme as it decom-
poses V f(z}) — V£ (zT®) into the sum of V f(x*) — V f(2°~1), and each term is approximated by
an independent minibatch with size b. Then, the variance is bounded by 4 %74 [J2° —2° 1|2

B

meaning that SARAH’s estimator is better than that of SAGA by the ¢t — T'(t) factor, which can be
as large as O(%).

Moreover, in the perspective of application to FL, whether an algorithm can take advantage of
less heterogeneity becomes important. We consider the difference of the probabilistic term fo In
SAGA’s update, the variance cannot be bounded by a factor of ¢, since 27 (%) is different for differ-
ent 7. On the other hand, we can see that, for SARAH’s path-integrated type estimator, the variance
can be bounded by %ZEZT@) 41 l2® — 2°71{|* under the Hessian heterogeneity of ¢. Thus, the
path-integrated estimator of SARAH (, which also appears in SPIDER [10] or NestedSVRG [50]),
is crucial in taking advantage of less heterogeneity. This is also the reason for why ZeroSARAH
[28] fails to utilize less Hessian heterogeneity, since at step ¢ they estimate V f (zf~!) based on naive
application of SAGA.

Based on the above discussion we first decompose SAGA’s approximation target
LS V(filat) — V£i(2T D)) into the sum of V f;(2*) — V f;(2°1), each of which is approxi-
mated in SARAH’s manner. Namely, the decomposed form is written as follows:

ZZfz — fi(z*h).

=T(t)+1ielt

Here I' = [n] \ U._, I', so that I! is the set of indexes not sampled between s and ¢. Then, we

approximate Y 7. (fi(2°) — fi(x5~1)) with |IE‘ Sorers (filz®) = fi(@*~1)). This procedure yields
SLEDGE, and the following error bound on the SLEDGE estimator.
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Lemma 13 (Informal) Ler v € (0,1), T} = O(%) and C = O(1). We have that, ignoring the
initialization error, with probability 1 — v forallt =1,--- | T,

2 CCQ t
< S Z |* _37871”2'

SZl\/(t—Tl—‘rl)

n

IO 9t

i=1

Here, T} is defined so that 7} > ¢ — T'(¢) holds with high probability. This lemma tells us that our
gradient estimator has comparable quality to SARAH without computing full gradient. Moreover,
this lemma explicitly states that the variance of SLEDGE estimator is quadratically bounded with
¢, meaning that we require fewer gradients when { < L, which is later exploited for federated
learning application.

While the development is intuitively straightforward, we have the technical difficulty to evaluate
the error, that ]f ! depends not only on I° but also on I5*1, ... I*. In other words, unlike SARAH,
the discrepancy cannot be decomposed into completely independent terms about I°, which prevents
us from using a usual expectation bound. To address this, we prepared vector Bernstein inequality
without replacement (Proposition 6) to give a high probability bound on the discrepancy.

D.2. Finding First-order Stationary Points (Proof of Theorem 10)

In this subsection, we show that SLEDGE finds first-order stationary points with high probability
(Theorem 10). For the proof of Theorem 10, we use the following classical argument (e.g. Ge et al.
[12], Li [26], Li et al. [27]), which ensures decrease of the function values.

Lemma 14 Let f be an L-gradient Lipschitz function and x* = zt=1 —nut=1 4+ wirh || €171 <
r. Then,

_ _ _ n t—1y(12 1 L t t—1(2 r
fh) < f@Y) 49|V ) =072 = 2|V —<—>x—x + —
(") < f@™ ) + V™) 17 = IV 2772” ||77
holds.
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Proof Starting from the direct result from L-gradient Lipschitzness, we have

f(a")

< flatH + (V@ 2t — 2 + g

t—1 t—1
— (l‘t_l)—l— Vf(xt—l)_vt—1+§n ,:Ut—.l‘t_1>—|—<vt_1—€77 ,xt—xt_1>

||$t . xt71||2

L t t—12
+ St - a7

t—1 1 L
— f(a:t_l) + <Vf(xt_1) _ Ut_l + T?xt _ .Z’t_1> _ <n _ 2) th _ wt_lHQ
t—1 1|2 1 L
= 1 + Vst - ot - AP - (5 - ) bt -
1 L

< I~ = AR - (5= ) -

t—1]|2

Ll
n
t—1 t—1 t—1p2 1 t—1y)12 I L t 12, T

< 4TI - o = IR - (5= 5 ) e -

where we used z' — 271 = po'™! + ¢ and (a — b,0) = L([la — b||? — ||a||* + [|b]|?) for (3),
la+ 0l < 2([la]l* + [[b]]) for (4), and [|€"~ 1| < 7 for (5). u

Our algorithm uses o' = L 3" | y! as an estimator of V f(z"). To apply Lemma 14 for our algo-
rithm, we need to evaluate the term ||v* — V f(2?)||2, the variance of the gradient estimator. The
next lemma provides its upper bound that holds with high probability.

Lemma 13 Let o' = % S y! and all the other variables be as stated in Algorithm 1. Then, by
taking Th = 3 C1,

lo* = V f(z")|]?
1508¢2 ! 12021t < T G2
blC Z |z* — xs—1||2 4= L 1] . (o’? + bc) (Option I)
< s=max{1,t—T1+1}
=) 15082 t
56;15 O (Option II)

s=max{1,t—T1+1}
holds forallt = 1,--- T with probability at least 1 — 3v.

We decompose [[v* — V f(2')]| into three parts to each of which one of the following lemmas is
applied. Below, for each 1 < s < t, we let It = [n] \ |J._, I, which is a set of indexes that are not
selected between s + 1 and ¢.
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Lemma 15 The following holds uniformly for all 1 <t < T with probability at least 1 — v:
2

LY VAE) - VAT - (V) - Vi)

s=max{1,t—T1+1} jeJt
C3¢2 t
< 1b< 2 : ||:ES o QL’S_IHQ.

s=max{1,t—T1+1}

Lemma 16 The following inequality holds uniformly for all 1 < t < T with probability at least
1—vw:

2
¢ ~

1 ; s 5— S ST
Loy S s - AT - (V) - Vi)
s=max{1,t—T1+1} iel® (6)
4082 ! . .
<— R [
s=max{1,t—T1+1}

Lemma 17 The following inequality holds with probability at least 1 — v uniformly over 1 <t <
T:

S - V)

iclt

2 2 2
- % (02 + %) (Option I)
o (Option II)

Proof of Lemma 15  First, we have that
2

t
=] Y VA - VAT~ (Vi) - V)
s=max{1,t—T1+1} ]t
< t—max{l,t—Tl—{—1}—{—1><

n2

> D (Vfie®) = Vfile*™h) = (Vf(a*) = V(1))
s=max{1,t—-Ti+1} ||ielt

<Y S EAE) - VAT - (VR - i) o)

s=max{1,t—T1+1} zefg

where we use || Yo7 a;|? < m Y"1 |la;||? for the first inequality. For each s, from Assumption 5,
IV£ila) = Vi) = (VI (") = V)] < Clle® =27

holds for all ¢ € [n]. By vector Bernstein inequality without replacement (Proposition 6), for each
t > 1 and s satisfying max{1,t — T} + 1} < s < ¢, we have that
2

Y (Vila®) = Vfi(z*™) = (Vf(a*) = V()| < CHLIGI® =277 @)

ielt
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holds with probability at least 1— % Thus, in (7), (8) holds uniformly for all ¢ and s with probability
at least 1 — v. Applying this bound to (7) yields

t

T 20 7t -2 e o Gi¢ : 12
O B D1 T e Ca S N
s=max{1,t—T1+1} s=max{1,t—T1+1}
where the second inequality follows from |It| < n and T} = 2C1. [ |
Proof of Lemma 16  Since || depends not only on I° but also on I®, It ... I, the left-hand
side of (6) is not a sum of martingale variables with respect to the filtration {o (I, - I*)},_;.

Thus, we consider E[|I%|] instead of |I*| and validate the difference between them later. We decom-
pose (6) as

t

Loy B e - vae) - (960 - v )

s=max{1,t—T1+1} iels
t = 2
E t
<2l v RIS @se) - v - s + i)
s=max{1,t—T1+1} i€l
2
volll S (IR -EIED) Y (VAG) - VA — (V) + Vi)
s=max{1,t—T1+1} iels
t = 2
<l v RIS @se) - v - s + Vi) ©
s=max{1,t—T1+1} i€l
2T : . o2 |1 1 i
tor 2 (IE-EIED) ||g (V) - VAET) ~ (V) + V)
s=max{1,t—T1+1} iels
(10)

First, we bound the term (9). We can see that EHZ;” Siers (Vfi(@®) =V f; (257 = (V f(2®) +
Vf(z*~1))) is a martingale difference sequence. Moreover, by the vector Bernstein inequality
without replacement (Proposition 6) and Assumption 5, we have

B[] :

SO S (V) - Vi) - (V@) - V)
iels

e e

with probability at least 1 — 75 for each ¢ and s in (9). This allows us to use the Azuma-Hoeffding
inequality with high probability (Proposition 7). Consequently, with probability at least 1 — =7 —
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T sm=1- g—; it holds that
. . 2
1 EH ;H s s—1 s s—1
DY y 5 2 (VA = VAT = (V) = V)
s=max{1,t—T1+1} i€l®
012(2 : s s—112
<= Y. =2l an

s=max{1,t—T1+1}

for each ¢ € [T]. Therefore, (11) holds for all ¢ with probability 1 — 2.
As for the term (10), by the Bernstein inequality without replacement (Proposition 6) and As-
sumption 5, we have

2
LN (V@) - Vi@ — (V) + Vf<x8—1>>>H <

b -
1€l

cie

po Il = a)

- N2
for all s with probability at least 1 — . We move to bound the difference (|I§| - EHI};H) . For

this purpose, we regard this as a function of (at most) T} variables I*,--- | I® and prepare a “re-
verse” filtration F = {ﬁﬁ}?jf{l’tfﬂﬂ} with 7! = o(I;,I;_1,--- ,I,). Then, the sequence

{|I~§|}é:max{1,t7T1 41y is @ measurable process with respect to F. We consider the conditional

expectation of |I!| — |I!_ | with respect to F. When samples in I, | are not chosen between ¢ to
s + 1, each of them is chosen with probability % for the first time at step s. Thus, we have

_ I b
B, (1Tl - 12 Fo| = 21T,

which leads to E, [|f§|

]}ﬁﬂ] = (1— 2)|It,,|. Hence, the process {u! = |It|— (1 — ) [I', | |

t > s >1t—T; + 1} is a martingale with respect to F and satisfies E, [ug

Fi,1] = 0. naddition,
let A={1,---,1,0,---,0} and A= (@1,--- ,ap) be arandom sample without replacement from
\“../_/ \"‘,—/
|I£+1| n—\fﬁﬂl
A, Then, u!, conditioned on F ¢ 1 follows the same distribution as that of Z?Zl a; —E [Z?:1 EL,} .
This means that, using Proposition 6, we have ||u%|| < C;v/b with probability at least 1 — #

Finally, we apply Proposition 7 to bound |It| = 377, (1 - 2) (=) ub +n(1- %)(t_sﬂ), which
yields that

174 - BO 1

9 s (t—s)
<cry Cf <1 - z> b < CT = Con (13)
T=t

with probability atleast 1 — g7 — T+ g7 = g—;
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Combining (12) and (13), with probability 1 — £, we get

t 2

oo (i -Enm)

s=max{1,t—T1+1}

% > _(Vhila®) = Vfila®™h) = (Vf(a®) + V(=)

1els

t

. ai¢ s s
D Y o

s=max{1,t—T1+1}

14

by letting 77 = 7C;. Finally, we get the assertion by combining (11) and (14), and applying

b 2 b
|
Proof of Lemma 17  As for the Option II, the assertion directly follows from the definition y) =
V£i(z%) (i = 1,--- ,n). Henceforth, we prove the bound
2
1 ACY G?
LY 0f-vae)| <23 (24 )
iel}
2
when we use Option 1. To this end, we decompose |1 >~ _ If( — V fi(zo)) H as
2 2
1 1 ]I |
S W - VAEE))| = > (V@) = VF@ED) + 3 _(VF@E") - V")
iell ielt el
3 2 2
1|1 1
571 Z Vfi(a®) = V)| +2| = (Vi) = V)|
ent iclt
(15)

where we use the inequality ||a + b||> < 2||a||? + 2||b||?. For the first term in (15), Proposition 6
and Assumption 3 imply that

2

1|7 _ Gz _ ¢t Ge
SRS (VG0 - 9| < §b201b( +b>§b1<az+b>’ 1o

iell
holds with probability at least 1 — & for all £. For the second term in (15), we have

2

1 G2 CQ GQ
CSVAE) - V)| < O] ( o utr> <= ( T b>

iclt

from Proposition 6 and Assumption 3, with probability at least 1 — o7 for each ¢ and at least 1 — §
uniformly over all £.
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Substituting (15) and (16) to (14), we obtain the desired bound.

Proof of Lemma 13 We first observe that v* — V f (') is written as

ot = V(2
_ %Z (”{)' S (Vfila®) = Vi ™) = > (Vi(z®) - VfoS‘l))) + % > W) = Vfi(a).
s=1 i€l® il iel}

We can ensure that if ¢ — s is sufficiently large, every f; is sampled at least once between s + 1
and t with high probability. Indeed, for each f; and v > 0, the probability that f; is not sampled
between s + 1 and ¢ is bounded as

1 zi:max{l,tfsﬁ»l} b 1 EZ:max{l,thlﬁ»l} b 1 nCh
(1 — > < <1 - > < (1 - n> <exp(-=C1), (17)

n n

where we use ZZZmaX{IJ_Tl +1} b < T1b = nC] in the second inequality. By taking C; =
Q (log ™T), the right-hand side of (17) is bounded by -%. In other words, I} = () with proba-
bility at least 1 — v for every ¢t and s < ¢t — T1. Henceforth, we assume f§ = () and focus on the
errors between max{l,t —T1 +1} < s <t.

When I = () holds for s < ¢ — T, the variance term [[v* — V f(z!)||? is decomposed as

lo* =V f(=")|?

t

ft
> | bs’ D (Vfila®) = Viila™™) = Y (Vfilz®) = Vfi(z* 1)
s=max{1,t—T1+1} i€l i6f§
2

HEET S0 g0

1
n

n =
iel!
1 ! ?
<3| > > (Vfila®) = Vi@ = (Vf(z®) = V("))
s=max{1,t—=T1+1} je]t
(a)
Lo :

3= D 2 O (Vhi(a*) = Vi) = (Vf (@) = V(@)

s=max{1,t—T1+1} iels

(b)
2

+3 wiTﬂZ(y?—Vfi(wo)) , (18)

iclt
()

by the inequality |ja + b + ¢||> < 3(||a]|*> + ||b]|> + |l¢]|?). Then, we give the bound of (18) for
Option I and Option II, respectively.
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Option I According to Lemmas 15 to 17, we have

[vf =V f (=)
3C3¢2 d . . 1208¢2 : . .
< g > l® — 27+ bl > lz* — 2>~
s=max{1,t—T1+1} s=max{1l,t—T1+1}
(a) (b)
120% (a,? + %2) 1[t < Ty]
_l’_
b
(c)
, o (2 t oy 12C% (02+%5) 1)t < T
< (3C% +12C%) > > |2 — 257 H)% + ;

s=max{1,t—T1+1}
with probability at least 1 — 3v uniformly over all ¢.

Option IT  Almost as well as the previous case, we have

oy — V£ (2)]1?
3C§C2 : S s—12 120§C2 d s s—1(2
< > lo* — 271 + == > z® — 252+ 0
s=max{1,t—T1+1} s=max{1,t—T1+1} (c)
(a) (b)
¢ :
3 8 s s—1112
< (CPr1ch) s Y lo* — 2|

s=max{1,t—T1+1}

with probability at least 1 — 2v uniformly over all £.
By replacing C; with C; V 1 and applying 3C5 + 12C% < 15C%, we obtain the desired bound

for both cases. |
Now, we are ready to prove the first-order convergence of SLEDGE.
Proof of Theorem 10
Summing up (5) overallt = 1,2,--- T and arranging the terms, we get
T
Y oIVEETHIP
t=1
T T
2 1 L _ _ _ 2T'r?
<210 - 1) = 3 (5 - 5 ) I =P IV = o R 4
t=1 t=1
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Applying Lemma 13 to this, we obtain that

£l 2
D IVAEHI §727 [(f(xo) — fah) - (1 B g 15C) nC ) Z |zt — 212
t=1

n 2712
2n

,,72

212nCn (5,  G? :
D S o. + e (Option I)

0 (Option II)

with probability at least 1 — 3v.

~ 902
Option T We take n = min { g7, b b = © (k7 ) which implies o — § — PG >

0. We have 2?;”2 < TTEQ by letting r < . Also, we have f(zo) — f(z') < A by Assumption 2.
Summarizing these, we get

T
e 20 120%n o2 G. T52
<=+ — —.
;:1 V)" < " 2\t 5

2
5 (S a+ ( 2+%)
Thus, by setting 7' > (% + 125;1” (ag + GT%)) E% =0 <( ) EQ ’ , we obtain

+ Z;‘FZI [V £(zt=1)]|? < &% with probability at least 1 — 3v, which implies that there exists some ¢
suchthat 0 < ¢ < T — 1 and ||V f(2!)||* < £2. From this, the desired conclusion is obtained.

Option IT  As well as Option I, we take = min {ﬁ, m} =0 (W) which implies
% —%—m > 0. In addition, by letting 7 < £, we obtain 3.7, |V f(z!1)|? < QA + I
Then, by taking 7' > ;‘;? = O (£2), there exists some ¢ such that 0 < ¢ < T'—1 and HVf( )|? <
€2, with probability at least 1 — 3v. Accordingly, we get the assertion for Option II.

|

D.3. Finding Second-order Stationary Points (Proof of Theorem 11)

The goal of this subsection is to show that SLEDGE is the single-loop algorithm with theoretical
guarantee for finding second-order stationary points.

The argument follows that of [12, 15, 26]; Let ™ be a point such as Apin(Vf(2™)) < —6.
Around that point, we consider two points 1 and z2 such that (z1,e) ~ (x2,e), where e is the
eigenvector of Apin(V f(27)). Then, two coupled sequences that SLEDGE generates from the two
initial points (x; and x2) will be separated exponentially, as long as they are in a small region around
the initial points. This means that if we add some noise to the sequence around a saddle point, then
with a certain probability, the algorithm can move away from the saddle point.

We again emphasize that, although this proof outline has been popular, we face the difficulties
arising from the single-loop structure of the algorithm. Many existing algorithms compute periodic
full gradient and can refresh their gradient estimators around saddle points. In contrast, our single-
loop algorithm does not use full gradient, meaning that we have to deal with the error accumulated
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before that point, and it is not trivial whether such errors can be sufficiently small so that the direc-
tion of the negative eigenvalue can be found by the gradient estimator. This is the first difficulty, and
we found that taking minibatch size as large as b > /n + g—z is sufficient. When 6 = O(/¢), g—z is
about O(/n + %), which is usually assumed in existing literature [12, 26]. Secondly, our estimator
is more correlated due to the |f§| term, thus requiring more delicate analysis than that for SSRGD
[26], which is based on SARAH [34, 35].

We formalize the exponential separation of two sequences in the following lemma.

Lemma 18 (Small stuck region) Let {x'} be a sequence generated by SLEDGE and suppose that
there exists a step Ty such that —y = Apmin(V2f(2™)) < —§ holds. We denote the smallest
eigenvector direction of Amin(V2f(2™)) by e. Moreover, we define a coupled sequence {Z'} by
running SLEDGE with 70 = 20 and share the same choice of randomness, i.e., minibatches and
noises with {x'}, except for the noise at some step (> 19): £ =& — ree withre > -2~ Let

TVd
wt=at — 3ot =150 oyt gt =150 gt and gt = vt — Vf(2!) — (30 — Vf(3")). Here §i!
is the counterpart of y! and corresponds to {z'}.

Then, there exists constants Co = O(1),C3 = O(1), such that if we take b > /n +

c2¢?
62 )
~ Cslog —%— -
n=0 (%) and Ty = % <0 (%) with probability at least 1 — % (v € (0,T)), it holds
that

5
t_ T st T > )
Ldax {flat — 2T |27 -2} = Cop

In order to show Lemma 18, we need the following lemma, which is analogous to Lemmas 15 to 17.

Lemma 19 Under the same assumption as that of Lemma 18, we assume max,,<i<,+1,{||z" —
7|, |2t — 27|} < C%p' Then, the following holds uniformly for all t < T + T4 with probability at
least 1 — %:

T

el
0 (t<T)
Cip (=)
<
— ) Cylre C t _ C4d t
47%: + %\/Zs:max{7+l,t7T1+l} st —w? 1H2 + ﬁ\/Zs:max{T,th1+l} stHQ
(otherwise),

where Ty = 2C4. Here Cy = O(1) is a sufficiently large constant.

Proof of Lemma 19  As for the case ¢t < 7, the assertion directly follows from the definition of
{#'}. For the proof of the rest cases, we use notations as follows:

H = V2f($7—0)>
HZ' = V2fi(x70),

1
dH' = / (V2f(@' + 0(z' — 2%)) — H)d#,
0

dH! = /1(V2fi(9~ct +0(z' — 2%)) — H;)d6.
0
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Moreover, to simplify the notation, we denote
uf == (Vfi(2®) = V(7)) = (Vfila*™) = Vfi(z*™)
= (Vf(@@*) = V(@) + (Vf(*h) = V@ ).

We have that E;[uf] = 0, where the expectation is taken over the choice of i. Furthermore, for
s > 7 + 1, by using the Hessian-heterogenity (Assumption 5) and the Hessian Lipschitzness (As-
sumption 4), we have that

il = 1(V fi(2®) = V£i(3)) = (V") = Vfi(z*71))
— (Vf(z®*) = VF(@) + (Vf(2*h) = V(@)

- /1 V2 fi(# - 0(a® — 7°))(a® — #°)d0 — /1 VIS 02— 2 ) (@5 - 7
0

1

/ V2f(#5 —0(z® — 7)) (2* —is)dﬂ—l—/ V2f(E =0z — 7)) (2 —:%51)d0H
0

= |(H; + dH})w® — (H; + dH;™ D™t — (H + dH®*)w® + (H + dH* Hw* |

< ||H; = H|l|w® —w ™| + (1| + B Dlw|| + (IdH ™+ ldE D llw® ™|

< s __ .51 9 75 _ (xS — 78 7 s
< Cllw® = w20 max {[2° — (2" — 2%) — 27}’
2 ~s—1 0 s—1  ~s—1\ .7 s—1

+2p e {7 = 0! = &) a7}

= (llw® = w ™t + 2pmax{f|a® — 7|, |2° — 27[|} [’
+2pmax{f|a* — 27|, |75 — 2| Hw |

20 20
s _ .51 = s = s—1 1
< Cllw® = w4l (19)

where we use max,, <;<-+1{ ||zt — 27|, [|Z" — 27|} < C for the last inequality. For s = 7, by
Assumption 5, we have [[u7|| = [|(V fi(a™) = V f:(37)) = (V f(a) = Vf@)|| < 2™ — 37 =
2C7e.
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Recall the discussion in Lemma 13, we have

g =v' = Vfa') -0 + V(I

L t I | . . -
Ly By @) - Vi) - SAe) - VA
s=max{r,t—T1+1} USs ielt
1 : ’iy ~8 ~s—1 ~8 ~s—1
DY 2 D (VAE) = VHETY) = Y (VA@E) = VHET)
s=max{r,t—T1+1} iels ielt
t ~
1 IH s s
Loy (s
s=max{7,t—T1+1} i€l ielt

Sl
3
g
o
|
g
=3
=
I
2

el ielr
- ¢ ~ t

R L T R U B
T T s s s
n\ b - ! ~ n b - ! n «

iel™ i€l s=max{7T+1, i€l s=max{7+1, jet

t—T1+1} t—T1+1}
(t>7+1).

As for the first term in both cases, we have

1 |I~£| Z T T 1 ‘Lt" T 1 T |I~7t'|201C748 2CICT6

s ] | <[y ] | 3] < 20 260

n\ta& @ nb it noovb Vb
(20)

by using Proposition 6 and ||u] || < 2(r., with probability at least 1 — ;7 for all £.
For the second term in the case ¢t > 7 4 1, we follow the same line as the proof of Lemma 16.
We just replace V f;(2%) — V f;(z°71) — (Vf(2®) — Vf(2*~1)) by uf and use (19) to obtain that

t

1 It .
TR L

s=max{r+1,t—T1+1} els
204 i < 25 25 2
<IAL Y (e et Dl 2 e
Vb s=max{1,t—Ty+1} % %
204 i < 25 25 2
< — > Cllw® = ws=H 4+ Z-llwsll + = [lw =] ) 2D
\/B s=max{1,t—T1+1} 02 02

with probability at least 1 — ;7 for all ¢.
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Finally, we bound the last term in the case ¢ > 7 + 1. By using Proposition 6, we obtain

S Y

s=max{7+1,t—Ti1+1}jc]t

7 !
R >

s=max{r+1,t—T1+1} z’ef§

1

1
Ci t 25 2
< O S o (cuws—ws ) 2ol + 2 - 1H)
\/7%\ s=max{7T+1,t6—T1+1}
o: ! 20 2
< L ws — ws—1 + ws + ws—1 > 22
. 3 <<|| || || I+ 2t 22)

s=max{T+1,t—T1+1}

with probability at least 1 — 4% for all ¢.
Combining (20), (21), and (22), we have

3
201(re 204+ C? é ( 26 25 2
| < + 1 1 wS — ws—1 4+ —ws|| + =— ws—1
lg'll < 7 7 S:max{%:tﬂﬂ} q I+ g el + g s
t t
< e > e 2 > el

T Vb Vb

s=max{r+1,t—T1+1} s=max{r,t—T1+1}

with probability at least 1 — % for all £ > 7. Here we take Cy = O(1). For t = 7, (20) directly
implies the desired bound. n

Now, we move to prove Lemma 18.
Proof of Lemma 18  We assume the contrary, i.e., max,,<t<r+1, {||z" — 27|, [|Z* —27||} < %p,
and show the following by induction: for 7 < t < 7 4 15,

1 _ _
() S (L4m) e < [lw'l] < 2(1+my)" e
B fw — wt71|| o e (fort =1)
T B3y(L+ ). (fort > 1+ 1)
1
3CE Cyy

(c) lg'll < (L+n7)" Tre.

Co

)

1 9
Then, (a) yields contradiction by takingt — 7 =15 = O <Og§§’”e> since it holds that

1 0
T _ T > - t_ ~t — t >
mg%’iy’{”x — ||, 7" =T} > Slle” =2l = IIw =5 s
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It is easy to check (a) and (b) for ¢ = 7. As for (¢), by taking b > g—z, llg* |l < Cydre < Cyy(1 +
177)!"Tre holds with probability at least 1 — 7 by Lemma 19.

Now, we derive that (a), (b), and (c) are true for ¢t + 1 if they are true fort = 7,7 + 1,--- ,¢t
Fort > 7 + 1, we can decompose w' as

wt

I
888

n
Pl (V@) = ViE) 4o = VT = V)

n /1 V2f ~t—1 + G(l‘t_l _ .i't_l»(wt_l _ i't_l)de + Ut—l _ Vf(.%'t_l) _ ’L~Jt_1 + Vf(.fft_l)>
0
1 _

((dHt 1 + H) + vt—l o Vf(xt—l) _ @t—l + Vf(i't_l))
= (I —npH)w' ™" —n(dH" "™ + ¢
t—1

:wt

=T —nH)"Tw" —n> (I —nH)"'*(dH*w* + ¢°)
1
= (L+m)" Tree—n > (I —nH)" 'S (dH w® + ¢°), (23)

where we use the same notation as the proof of Lemma 19. According to this decomposition, we
verify (a), (b), and (c).

Verifying (a) The first term of (23) satisfies
(L +77) el = (14 99) T

Thus, it suffices to bound the norm of 1 S L (I —nH) = 1=%(dHws + ys) by T(1+n7y)re. We
have

t t
N> (I —nH)"*dHu,|| < nZ 1= nH || || dH || s |

n(1+n7)"" TBZ |[dH|| 24)
5
<n(1+ m)“rena (25)
onT.
< 2 (14 gy (26)
Cy
1
1(1 + )" (27)

For (24), we used the facts that the maximum eigenvalue of nH is at most n. < 1 when n < %
and that the minimum eigenvalue is —7y, which imply || I — nH|| < 1 + 7. (25) follows from the

39



REDUCING COMMUNICATION IN FL WITH A NOVEL SINGLE-LOOP VARIANCE REDUCTION METHOD

assumptions on ||ws||. For (26), we use t < 7 + T5 and

jae = [ (V2@ 40— ) - )

< ] (xS — 35 — g0
_Orggglpllfv +0(z® — %) — 27|

o _ 9
Cop  Co’

_ S T0 - T0
= max pmax{||z® — 2™, 2% — 2™} < p

where the first inequality follows from the hessian Lipschitzness (Assumption 4). The final inequal-
ity (27) holds when we take C5 as Cy < 4C3log %pre (this is satisfied by taking Co = O(C3) =
o(1).

In addition, we have

t t
ny (I—nH)'"g*| <nd |1 —nH|"" g’
S=T S=T

t—1 304
<n) (1+ 777)“702 (L4 77)" re (28)
30 .

=T 027(1 +7)" e

3C,C5log %
< 0T (1 4 )T (Cad + ) e

Co

1

< Z(l + 7). (29)

Note that (28) can be checked by the same argument as (24) and the inductive hypothesis. (29)

) 3C4Cslog 55— 1
holds when we take C5 sufficiently large such that ——~—2*= < 7 holds.

Combining (27) and (29), we can bound the second terél of (23) as desired, which concludes (a)
holds for ¢t > 7 + 1.

Verifying (b) Fort¢ > 7+ 1, we have

W41 — W

t
= (149" e —n Y (I —nH)"*(dH*w® + g°)

S=T

- <(1 +i) e — 1) i(l —nH)" T (dHw® + gs))

S=T
t—1

= my(1+m)" Tree—n > nH(I —nH)" 'S (dH w® 4 ¢°) — n(dH'w' + g").

S=T

As for the first term, we can bound its norm as

Iy (L4 ny)' " Treel] < py(1 4 n)" Tre.
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The norm of the second term can be bounded by using (a) and (b) for7+1,--- ,£—1 and Lemma 9
as follows:
t—1
n Z nH(I — nH)t_l_S(stws + s)
§=T
t—1
< n|lnH = nH) 0 ([AHws]| + [lys])
§=T
a 3020y
< nlnHI = H) 0 A (U4 m) e+ =5 (14 )
S=T 02 02
! 5 3CECHr
< H(I —nH t—1—s v bt St 1 S—T
_;an (=) | G+ =5 | A+
= 1 5 3CECH
< 1 t—1-s e 1 1 §—T
_;n(m( +m) +t_8) ot | aEm)T
1
1) 3CEC _
< n(nTe +logTy) | = + L) (14 ) r
Cy Cy

Since Ty = O (%) and v > 4, setting Co, = O(1) and n = O (1) with sufficiently large hidden

1
constants yields (nyT + log Ts) (C‘EQ + 30125‘”) < ~. Thus, the second term is bounded by

ny(L+nv) " Tre

Finally, we consider the third term. We have || dH'w!|| < C%re(l + 1Y) "re and [|gt]] <

1
3012# (14 n7v)"""re by the inductive hypothesis. Thus, taking Cs sufficiently large, the third term

is bounded by ny(1 + 7)) "re
Combining these bounds, we get (b) for ¢ + 1.

Verifying (c) By using Lemma 19 and the inductive hypothesis, we have

t t

Calre | Cu( C4d
lg™ I < +— > lw® —wsH> + > [[ws][>
\/5 \/B s=max{7,t—T1+1} 02\/5 s=max{7,t—T1+1}
1
C4C 30104@\/57]’}/ t— CE 04\/5(5 t—
1 Tre + ———(1 "re
< et , (L) Tre + = — (L m)™r
1
ots 07046 .
< 1 T
\ + 3C1CaCny + o (L4+n9v)""r

with probability at least 1 — % for all ¢. Taklng b> 52< ,n=0 (1).and Cy = O(C1Cy) = O(1)

C 045 SC 04

<

gives C\"‘/C + C1CyCny +

~. Thus, we obtain that (c) holds for t 4 1.
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Thus, we complete the induction step, and hence, the assertion follows. |

From Lemma 18, we can ensure that SLEDGE escapes saddle points with high probability.

Lemma 20 Let {x'} be a sequence generated by SLEDGE and 1o(> 0) be a step where —v :=
Amin(V2f(27)) < —§ holds. We denote the eigenvector with the eigenvalue \yin (V2 f(2™)) by e.

o C3log 702‘;%

We take b > /n + g—z, n=0 (%), and Ty = —— 2= <0 (%) with a constant C3 = O(1).
Then, for arbitrary T > Ty, it holds that

J
P t .70 > _ IO I 1 . T >1- 2=
|:TOSI?§8;'}§FT2 Hx v H — Cap ‘ ’ e &)= T’
Proof
Let A be a subset of B(0, ) such that each a € A satisfies
1%

1)
P t__ .70 _ IO IT ... T T+1: <1-——.
|:TO§Itn§aT}iT2 ||.’13 T H > 02[) ‘ ) ) 75 ) 75 75 al > T

TV

TV’ can be elements

Then, no two elements, £, and ETH such that &1 — §T+1 = ree withre >
of A at the same time since by Lemma 18, it holds that

)
t .70 ~t .70 >
e et =2 17 =2y = 72
with probability at least 1 — %. Let V;(r) be the volume of Euclidean ball with radius r in R?. Then,

we have

N|=

Te\/a <

v
< i
T T

—+1
2—l—

Va(r) = Va(r) Vrrl(g+3) = wr

This means that A occupies at least 1— 7 of the volumes of B(0, 7). From this fact and the definition
of A, we have

Vol(A) _ reVaa(r) _ rel'(4 +1) _Te (d )

) vV 2v
P Cpmoll> — | [0 .. Tl T > 2 =12 22
e e =l 2 Gl N D I & 2= = T

which gives the conclusion. |

Then, we move to the proof of the main theorem of this subsection, which guarantees that the
algorithm finds (e, §)-second-order stationary point with high probability.

Calog =2
Proof of Theorem 11  Since 75 = % depends on 2™ (since y depends on V2 f(2™)),

C logL X .
we take Tp = % instead from now. Note that this replacement does not affect whether
Lemma 20 holds.

We devide {t = 0,1,---,T — 1} into [55] phases: PT = {27y < t < 2(7 4+ 1)Tp}

T=0,---, [l] — 1. For each phase, we define a” as a random variable defined by
2Ts

a” =

1 (if Yo pr LIV > €] > To),
2 (if there exists ¢ such that 277y < ¢t < (27 4+ 1)T%,
3 (if there exists ¢ such that 27T, < t < (27 + 1)T%,

VA < ¢ and AV (@) < —5)
V(Y| < eand Apin (V2 f(2?)) >
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Note that Pla™ € {1,2,3}] = 1 for each 7. This is because if there does not exist ¢ between

27Ty < t < (27 + 1)T% such that [|[Vf(z!)|| < € (i.e., neither a™ = 2 nor 3), then we have
274+1)To—1 .

Siep- UVt > €] > Zg ;Tz TV S(2Y)| > €] = Tk, meaning ™ = 1. We denote

%*1 2T2 -1 T %71 T
Ni=> "7 1la™=1,No=3> "% 1la" =2],and N3 =) "% 1[a” =3|.
According to Lemma 20, with probability 1 — 2v over all 7, it holds that if a” = 2 then that
phase successes escaping saddle points; i.e., there exists 2775 < ¢t < (27 + 1)T5 such that

0
s __ .t -
tﬁgéati(TQ = a7l > Cap (30)
holds. (30) further leads to
2(r+1)To—1 5 \2 2(r+1)Te—1 52
T, > a2t > () = > | =2 > 5] @D
t=2rT} Cap t=2rT} LChp

On the other hand, in Theorem 10, we derived that

L 2 1 L 15C9n¢? 2Ty
IDIZE T n[(f(iﬂo)—f(wt))—<2n—2— o )Znt s+ 2
n 20; 1( +CZ2) (Option I)

0 (Option II)

with probability 1 — 3v. By taking n = © (7). applying b > /n and f(z°) — f(z') < A, and
rearranging terms, we obtain

ZHW THIE+ lefc a7

2 12 2 272
— [A + 77?1” <O’? + GC)] + 7; (Option 1),
<) b b n

=) 2A 2772

n U
From the definition of ™ = 1 and (31), that the left-hand side is bounded as

(Option II).

52N,

T
t 1 2 tfl 2 2

Thus, it holds that

2 12nC3 G? 272
[A—I— U Ll <a§+c>}+ nr (Option 1),

52 b2 b 2
maX{N1T252 NoTs - 2222} <q4 D
’ 2A 2T
2Ty Cop —+ ; (Option II).
n n
(32)
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By the parameter settings, we have 2772%2702%2 0] (gé). From this, (N1+N3) Ty < 0) (5% + %Z) X
(the right-hand side of (32)). Taking 7" > 2(NN1 4 N2 + 1)T5, there exists 7 such that a™ = 3, which
concludes the proof. |

Remark 21 Although our main interest in this paper is to develop a simple algorithm with conver-
gence to second-order stationary points, it can be easily shown that adaptive selection of minibatch
size can reduce the gradient complexity In Lemma 18, if we carefully check the proof, we can

see that the condition b 2 /n + 2 is needed only for the step T. On the other hand, for all
To<t<Tt+1T5 exceptfort =71, b = \/n is sufficient.

If we take b = \/n + & Zonlyatt = (21 + 1)1 (7’:0,"- T3 1) and b = \/n at the
other steps, the above argument still holds with a slight modification. Then, the gradient complexity
is reduced to

. G2\ (Vi AV |
2 c
O((LA—i-Uc—i-b ) <52 + 5 +L€25+ L(55>> (Option 1),

B ¢2 2 2
O(n—FLA(\F—Fp(S\[—FLez&—FCL;)) (Option II).

In the classical setting 6 = O(\//Ts), this bound is no worse than SPIDER-SFO™ (+Neon2) [2, 10],
no matter what n. and § are.

Finally, we note that if § is too small, & 62 can be as large as n. In such case, it is more efficient
to replace sampling such number of samples is replaced by full gradient computation. Then, the
complexity gets

O<<LA+0—3+G) (‘F+p[++np>> (Option 1),

b 54 Le?  L&3

. Vo pPvn np’ .
O(n—i—LA( + 54 +ﬁ+ﬁ (Option II).

When § = O(\/p 5), this bound is no worse than NestedSVRG+Neon2 [2, 50]. However, it is
unusual to assume 52 = n in the first place. In fact, carefuléy looking the proof of SSRGD [26], we
find that they implicitly limits their analysis to the case of {;—2 <n.

D.4. Convergence under PL condition (proof of Theorem 12)

In this subsection, we provide the proof of the convergence under Assumption 6, i.e., PL condition
holds for the objective function.

Proof According to the descent lemma (Lemma 14) and PL condition (Assumption 6), we have
that

Flat)
< @)+ al9A) o = TP - (5 - E) et - et
= g 2 o 2 1
,,,,2
<+ IV = P - ) - fa) - (5 - 5 ) I -+
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Rearranging the terms yields
f) = f
<(1— t—1y _ ox V(b1 — ot 12 - 1 L t =12 ﬁ
S R L R e e L

By applying Lemma 13 to this, we obtain that with probability at least 1 — 3v,

fh) = f*
< Q=) (f ) = 1) - <21,7 B g) ot ot S
150577(2 i |2 — 25 Y2 + 120127711)[75 <h (ag + G;g) (Option I)
s=max{1,t—T1+1}
150577@ Zt: l2® — 25| (Option 11)

s=max{1,t—T1+1}

holds for all + = 1,---,7. Multiplying both sides by (1 — nu)”~! and summing up over all
t=1,2,---,T and arranging the terms, we get

fla®) = f*
T 7“2
< Q=)' (f@°) = )+ D (L —np)
t=1 n
T 1 L 15C9¢2n(1 — np)~h
S <2n L n¢*n 1()2 i) >th_xt_1”2

t=1

12 z
n (1 =)™ " 7(;; 7 <U§CZC> (Option I)
0 (Option II).

Note that 71 = 7 C1. According to this, we take 7 as

=0 l/\ b A b
T=\z C{o¢y/n " pCin

9 2 _ —T
so that ﬁ - % _ 15Cm¢ nb(21 DR > (0 holds. Then, we have that

T 2
flah) = f* < (1 =nu) " (f( +Zl—77MTt%
o 12C3nn G? ,
_ T-T 1 Ge
N (1 —np) 7 ol + b) (Option 1)
0 (Option II)
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The first term (1 — nu)”(f(2) — f*) is smaller than § if we take T = O <# log %) The second

term is bounded by %, which is smaller than § if we take r < 7, / %" The third term for Option I,

C37]7L G’g
T-Ty 120080 2 Gy c - _ 1 G (UEJFT) _
(1—np) == (02 + ). isalso bounded by £, if we take " = T1+0O glog ———+%) =

O (3C1 + St log L2620,
Thus, for Option I, taking

L O A
T:o*@q+01fv01“%va”1% toet Gl
b 7 ub b €

yields the desired bound with probability at least 1 — 3v.
And for Option 1II, taking

4.5
T—0 E\/Cl C\/ﬁva logé
I b b €

yields the desired bound.
Note that 7’ depends on ! only logarithmically, which means that C; depends on ¢! in only
log log order and C; = O*(log(n + p~* + v~1)), where O* suppresses log log factors. [ |

1

Appendix E. Missing Statements and Proofs for FLEDGE

This section provides the missing information of FLEDGE that we abbreviate in section 3 and
gives the proofs of the theorems on FLEDGE about the convergence property of FLEDGE. First,
we provide the full version of FLEDGE in the following, including Option I. Note that B(0, ) is
the uniform distribution on the Euclidean ball in R? with radius r. As the case of SLEDGE, we
divide Theorem 2 into Theorem 22 (first-order optimality), Theorem 28 (second-order optimality),
Theorem 34 (exponential convergence under the PL condition), each of which will be presented in
one of the following subsections in order.

E.1. Finding First-order Stationary Points (Proof of Theorem 22)

In this subsection, we show that Algorithm 2 finds first-order stationary points with high probability.
First, we describe the formal statement of Theorem 22.

Theorem 22 Let r < % and PKb > Q (%22 + g) Under Assumptions 1 to 3 and 5, if we

choose

a1, Vb 1 Vb
n_®<LAgTKACKAL\/E>’
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Algorithm 3 FLEDGE(2°, 1, p,b, T, K, ) (formal)

10:
11:
:fort =1to7T do
13:
14:
15:
16:

12

17:

18:
19:

20:
21:
22:
23:
24:
25:

26:

27:
28:

1
2
3
4
S:
6
7
8
9

: Option I:

Randomly select p agents I°
for i € I° in parallel do
Randomly select bK samples JZ»0
v i Zjejf V fii(2°)
Communicate {y) };c o0 between I°
y? — % Zz cIo y? (’L =1,---, TL) /I we do not need to explicitly communicate this between all the clients

: Option I1:

for i € I° = [ in parallel do
Randomly select bK samples J?

v o Ljeso Viii(a?)

Randomly sample one agent 7;

Communicate {5 S°7 | y/~1}, and '~ between I*~! U {i'} and the server
bV — $t_1, 2800

for k =1to K do

P
1
.’Et’k . mt,k—l . F 2 :yffl + Zt,k—l) + ft’k (é-t,k ~ B(O,T))
i=1

randomly select b samples Jitt’k
R %ZjeJ;f(an,j(ﬂ«“t’k) — Vfi, j(@1))
wl b K
Randomly select p agents I*
Communicate x! between I U {i;}
for i € I' in parallel do
Randomly select b samples J!
Vi ok Djest Viig(a')
Ay} g Djest (Vfig(ah) = fig(z'=h)
Communicate {Ay! };c between I and the server
yf — yfil + % Zielt Ayf (fOI' ) §‘é It) // Practically, we update only % Zlil y! in the server in O(p) time.

Algorithm 2 with Option [ finds an e-first-order stationary point for problem (2) by using

o

0

Iy (VPK y ¢VPK

V(K V \%
¢ Vb 2 p2b  p3KDb? P2 3 22

LVK \ Apb (0‘2Pv PG? PKaszKG§>pb
p pVb

stochastic gradients and

L, WP /P L)A (02P PG? PagvPGg)1>

ViV — \ \
S o2 p2Kb  p3K22 | p2 PP

K p VKb VKb

2

communication rounds

with probability at least 1 — 8v.
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Moreover, under the same assumptions, Algorithm 2 with Option Il finds an e-first-order sta-
tionary point for problem (2) by using

, SYPK  (VPK LVK \ Apb
O<PKb+< . " CKV\/B>52

O (1 + (K 4[ pC\/\/; Y \/I;> A) communication rounds

) stochastic gradients and

with probability at least 1 — 8v.

Let vbF—1 = 5 ZZ 1 ?/¢ !4 2t*=1 and K (t) be the last inner loop step in the ¢-th outer loop as
stated in the algorithm. The descent lemma (Lemma 14) also works here: as was discussed for
Algorithm 1, foreachtand k (1 <t < T,1 < k < K(t)), it holds that

Fat) < Fah ) 4 V) - ot h

n L1712 1 L> ik k12, T2
~ vt —<— ) (33)
2|| ( i o2 | | 7

Our strategy is to bound the variance term |[v"* — V7 f (25¥)||? with high probability, as summarized
in the following lemma.

Lemma 23 LervbF = 4 Zl 1 yl L4 2t% and all the other variables be as stated in algorithm 3.
Then, with taking T3 = 501’ we have

Hvt,k _ Vf(xt’k)HQ
120C8¢2K 320110C2 = i1
s( 2 ) DI

b
p s=max{1,t—T3} [=1
2 2 2 G2

AC212\ &
+ <4<2K + ll)) Z th,l _ l’t’l_IHQ
=1
o G o

29 c c .
+ ]if(%b (02 4 p(ib) . 96CT1[t < T3] (pr 2R + + 1)2) (Option I)
0 (Option II)

forallt,k (1 <t<T,0<k<K — 1), with probability at least 1 — 8v.
For the proof of Lemma 23, we utilize the four following auxiliary lemmas. Below, we define 3}? by

o _ [ 35X ien Vfia®)  (OptionT),
e V fi(2%) (Option II).

As well as the previous section, we define I* := [n] \ [J'_, I* for 1 < s < t. In addition, for each
s, t (s <t)andi € [P], welet Ty(t,i) as Tu(t,i) == max{s | s =0orl1 < s < ¢t withs € I°},
i.e., the last step when y; is updated before ¢. We remark that the setting 73 = %C’l gives f; =0
with probability at least 1 — v for all t and s < ¢ — T5.
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Lemma 24 With probability at least 1 — v, the following holds forallt =1,--- T

t

D

s:max{l,t—T3+1} 26[5 ]GJS

3 (2%) = Vij(z*7h) = (Vfi(z®) = Vfi(z*™1))

t

4010 2
e n D S e
p s=max{1,t—T3+1}

Proof First, we decompose the left hand side as

t
2 PK 5 2 (Vi) = Vi (@™ = (Vfia™) = Viie*™)

s=max{1,t—T3+1} i€ls jed;?

2
t
<2 > —Vfi (@) = (Vi) = V"))
s=max{1l,t— 3+1} lEI ]EJ5
: |74 - B[ . .
+2 > PokE DS S (Vi) = Vs ) = (Vi) = Vi)
s=max{1,t—T5+1} icls jeJ?
2
t t
<2 S RS S (W) - V) — (VA - Vi)
s:max{l,thngl} ZGI JjeJ?
2
¢ Ts (1% — B[ IE)]) s s—1
+2 > P22 K22 Z D (V@) = Vi (@) = (Vie®) = Vi(a*1))
s=max{1,t—T5+1} iels jeJ?
2
t t
I S S—
=2 > S S (96 - Vet - (VA - Vi)
s=max{1,t—Ts+1} i€ls jeJ?
2
i ¢y (114 - E[IL)])
+2 > 1('P;3K2b'2 YD (Viig(a®) = Vi@ ™) = (Vfi(@®) = Vfi@™™)
s=max{1,t—T3+1} i€l® jed?

(34
To bound the first term, by applying Proposition 4 to the choice of /® and J;, we have

2

DD (Vfig(a®) = Viii(*h) = (Vi(e®) = Vi(z*")|| < CiCpKblja® — a7,

€l® jed;

(35)
with probability at least 1 — ;7. Then, we use Proposition 7 to obtain
2
t
> = Vi@ ™) = (Vfila*) = Vi@ ™)
s=max{1, t7T3+1} 1619 jGJS
2
< C Flla® =2 (36)
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with probability atleast 1 — ;7 — T+ 775 = 1 — 7. )
For the second term, following the same argument in Lemma 16, we can show that |I —

E[IY]|> < C}P with probability at least 1 — 7= for each s,t. Combining this with (35), we
have

2

: ||Tt] - E[|IL]]2Cy ,
) Pty || 2 2 (Vi) = Viig@ ™) = (Vfi(a*) = Vi ™))
s=max{1,t—T5+1} icls jeJ?
t 10 42
P
< Y G e a7

p? Kb
s=max{1,t—T5+1}

with probability atleast 1 — T+ ;75 — T - z75 = 1 — of.
Finally, substituting (36) and (37) for (34), we obtain the assertion. |

Lemma 25 With probability at least 1 — v, the following holds forallt =1,--- T
2

P C? G?
g [T(t,i) >t —Ts] Y (Vi@ ED) = fi(a™09)) Sp[éb<02+PKb>'

jEJT4(t ,1)

Proof We condition the events on {74(4,s)} and apply the Bernstein’s inequality to obtain the
desired bound. |

Lemma 26 With probability at least 1 — v, the following holds forallt =1,--- ,T:

9 C?1[t < Ty ( , G? ) .
R R— + ——] (OptionI)
1t <T 3 Kb 7 T Kb

Lt = 7o) S - < P P

p - i (5, G° .
ielt 2 <O’ + PRL (Option II)

Proof Recall the definition of g]?:

Option I By conditioning I°, Proposition 4 yields that

) 2
ﬂt<T ~ I ]lt<T
[Ps]Z(y?—y?) _ | [ o ZZ Vfigla’) = Vi)
et 7,6[0]6]0
- pKb pKb

with probability at least 1 — 7 for each .
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Option II In this case, Proposition 4 directly yields that

2 2

MBS — )| = [HESB LS~ 5 (97,6 - VA6)

i€l icl jeJ?

= PKb < PKb)

with probability at least 1 — 7 for each .

Lemma 27 With probability at least 1 — v, the following holds for allt = 1,--- ., T — 1 and
k=1,--- K —1:

k
th_ (7 (PR — (N2 < (202K 207 L? 0 =12
B2 (Vf(@@") =V fE)II" < [ 2¢ t—y ZHUC |
=1

Proof We decompose the 2% — (V f(zt*) — V f(2"0)) as

1% = (Vf(a"*) = V£ (2"9))]|?
<202 = (Vfi, (@) = Vi, (2D P + 2|V fi, (2F) = V£, (20) = (Vf(2"*) = V(@)

2
k
1 _
<2|3 5 Y (V@) = Vi@ )|+ 27| — 2802
=1 jesi!
2
k 1 k
<203 3 2 (V@) = Vi @) +2CK Y Jlatt = 212, (38)
=1 et =1

where we use Assumption 5 for the second inequality.
We apply Proposition 4 to 4 Zjle;l (V fi, j(zt) — V i, j(24~1)) and obtain that

2

S (Vg™ = Vi) <

.t
]EJit

C2L?

t1—112
} 21

”xt,l

with probability at least 1 — o K2 for each (¢,1). Using Proposition 7, with probability 1 — K -
—QTlKQ - W =1- TlK, we have
2

2
Z Z Vf“] tl Vfit,j(xt7l_1>) ClL ZH tl _ t,l—lHQ (39)

- jeJ
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for each (t, k).

By substituting (39) to (38), we obtain the desired bound

|
Proof of Lemma 23  First, we observe that
1< ’
F Zy;f—l + Zt,k o vf(xt,k)
i=1
1< ’
= |5 Do u T = VAT + 2 (V) - V) (40)
i=1
1 <& ? 2
<2|| 53y - VA 2| Va2 - (V) - 96|
i=1
WeﬁrstboundH— iy =Vt H
Slmllarly to Lemma 13, with probability at least 1 — v, I = () holds for all s < t — T3 and we
can expand % 21:1 yl — Vf(zh) as
1 L
P Z yf Vf(z)
i=1
1 t 14|
5 2 o 2 (VAGE) = Vi) = 3 (V") = Vi)
s=max{1,t—T3+1} 1€ls zefé
(a)
1[t < Ty] -0 0
= 20~ VAE")
ielt
(a)
1 ~
+5 D 2 2 2 (Viig(a®) = Viig(@*™h) = (Vfila*) = Vi)
s=max{1,t—T3+1} 'LE[S JjeJ}
(b)
T
Ty (t,i) Tu(t,i)
+ mzl[ﬂ(t =t—Ts] > (Vi 10Dy — v fi (2T D))
=1 GJT4(f ,1)
(c)
1[t <T3] 0_ -0
+ P Z(yz —Y; )
iel}
(d)
for all ¢.
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The norm of the part (a) can be bounded by using Lemma 13, just replacing n by P, i.e.,

15C3 ¢ s . 12C21[t < T a2
[(a)|* < pl Z |lz* — 21|12 + 11[)] <02 4 >

c
s=max{1,t—T3+1}

for Option I and

1505 ¢2 s s
I@PFs—= > -

s=max{1,t—T5+1}

for Option II, with probability at least 1 — 3v for all ¢. For the bound of (b), (c) and (d), we apply
Lemma 24, Lemma 25, and Lemma 26, respectively.

Then, by summarizing all these and using [|z* — 2°~1||> < K Y1 | [la5! — 2541

2 we get

2

1 L
P Z yi — Vf(z")
i=1

< Af[@)I7 + 4l B)]* + 4l (©)I* + 4/l(d)]?

60C8¢2  16C10¢2 ! e AC2 L, GP
< S _ S
—< Kb > le* ==+ 5rp \ 7 * Prw
s=max{1,t—T3+1}
o2 G2 o2 G2
48C21[t < T — £ 4 £
+ 48C21[t < T3] <pr+p2K2b2+ . +p2)

60CSC2K  16C10¢2 ! N i 4C? [, G?

< St .S,

—< p T ) {;T ZH% I pre 7 PRp
s=max{1,t—T3+1} [=1

2 2 2 2
for Option I and
P 2
S
=1
60C8¢2 160102 ! 402 G2

K

60C3CPK  16C19¢? : L a1 A0, @GP

< S, S, I O

< p T ) 2. Z_ la* =2+ 5 \ 7+ Prw
s=max{1,t—T3+1} [=1

for Option II, with probability 1 — 7v for all ¢.
272
Also, we have Hzt,k _ (Vf(xt’k _ Vf(a:t’o))HQ < <2C2K + QC%,L ) 2211 th,l _ mt’FlHQ by
Lemma 27, with probability 1 — v over all ¢, k.
By substituting these bound to (40), we obtain the desired bound.
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Now, we are ready to prove the first-order convergence of FLEDGE.
Proof of Theorem 22  Summing up (33) over all ¢ and k and rearranging the terms, we get

T K
IV £ (1) 2
t=1 k=1
T K T K
2 2T Kr?
<21 = £aM) =00 (5~ 5 ) It = Y S IV A — ol 2T
n t=1 k=1 t=1 k=1 77
Applying Lemma 23 to this, we have that
T K 9
DD IVEEEYIP < 2 (£(°) - fT))
t=1 k=1 g
T K
2 1 L 120C{¢2PK? 128C1'(?PK 4C2L2K
_22(2_2_77( 12 4 12b +4C2K2+1b>>”l‘t’k t,k 1H2
= k= N1 p P
N 16C3T 2 G? 2T Kr?
Py \7 T PKb 2
N 1920{’( 5y T Ssz + PKU + PKG ) (Option I)
0 (Option II)
with probability at least 1 — 8v.
Option I We set 7 as
1
.| 1 /480CY¢2P  604CH(PPK 5. o  16CZL2K\ 2
= — 16" K* 4+ ———
n mm{zL,( e + T3 + 16¢ + b
-9 1 p A p\[ AV Vb
" (VPK (VP CK VK
so that & — £ — (w FACK? M) > 0 holds. By taking r < ;= and PKb >
12856;1202 + 8\/5801@ , we obtain QTnIgT < T{is and IGSbT ( + PKb) < Tif , respectively.
Moreover, we apply f(2°) — f(x!

) < A. Summarizing these, we get

T K

2A TK 2P PG? PKo? PKG?
S Y IV < 2R TS et (T ¢ o+ g+ )
= n 2 p*b  p’Kb p p
Hence, taking

TK
4A 384()1 ( PG? N PKo? PKGE)
— 7752 62 Zb pSKbQ p2 p3
_5 ((L (VPK C\/PT(VCKVL\/E> A <a2P PG?  PKo? PKG3> 1)
P /b NG 2 2 3 K2 P2 p3 )
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results in

1 T K
=SSV < 2,

t=1 k=1

which implies that FLEDGE can find e-first order stationary points with probability at least 1 — 8v.
Thus, the gradient complexity and the communication complexity are bounded as stated.

Option I  We set 7) as the same as that for Option I, so that % - % —n (1520}2& +4C2K? + %)

> 0 holds as well. We take r < % and PKb > 12856;%02 + SﬂflG. Then, we get

L& iy < 28 | TEZ

S I < 22 L TR
t=1 k=1 7]

Therefore, by the similar argument to Option I, taking T'K > 72]?2 =0 ((L \% M% \% %%{ V(K

\/%) ?2) ensures that FLEDGE finds e-first order stationary points with probability at least

1—8v. |

E.2. Finding Second-order Stationary Points (Proof of Theorem 28)

Here, we show that FLEDGE can efficiently find second-order stationary points. With a slight abuse
of notations, we sometimes identify (¢, k) with (¢, k") when tK + k = t'K + Kk holds. Moreover,
we say (t1, k1) > (t2, ko) when t1 K + ki > to K + ko.
First, we state the formal theorem as follows:

c2L2
Kbé2
C3=0(1),b> K K=0(£).n=06(1).r=0(3), PKb>0 (% +S) andv & (0,1),
Then, FLEDGE with Option I finds (g, 6)-second-order stationary points using

2 GP KG? 1 2
O ((LA + (U + + Ko? + = >> < + 2 > pK b> stochastic gradients and
p

1

Theorem 28 We assume Assumptions 1 to 5, and § < z with

b pKb? Ke2 ' K&t
o2 G? KG? 1 0?
LA Ko? c icati
10) << + < 5 + VKD + Ko. + » >> <K52 + K<54>> communication rounds,

with probability at least 1 — 12v.
Moreover, FLEDGE with Option Il finds (e, §)-second-order stationary points using

1
O (PK b+ LA ( g ) pK b) stochastic gradients and

~ 1 p2 Lo
O(LA (5 = communication rounds,

with probability at least 1 — 12v.
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Similarly to the previous section, the key argument is the exponential separation of two coupled
trajectories with different initial values.

Lemma 29 (Small Stuck Region) Assume d < % Let {x%*} be a sequence generated by FLEDGE
and (19, ko) (0 < ko < K) be a step where — := Amin(V2f(27050)) < —§ holds. We denote
the eigenvector with the eigenvalue iy (V2 f(x7050)) by e. Moreover, let {3**} by a coupled se-
quence that is generated by FLEDGE with 3° = 2% and shares the same choice of randomness with
{xt} i.e., client samplings, mmzbatches and noises, except for the noise at a step (7'0, K ) > (7'0, /@0)
gro.K 570’ —Treewithre > TKf Let wh* = gtk — gtk ot = ot — 3t bk = =5 ZZ 1Y

Zt’k’ P Z'L 1 yz + Zt k’ g = P Zi:l yzt - Vf(.%'t) (P Zz 1 yz (xt))’ and

Rtk = (2bk — (V f(2b%) — V f(280))) — (36K — (V f(34%) — V £(340))). Using these notations,
bk — Vf($t’k) _ ({]t,k _ Vf(i‘t’k)) — gt—l 4 htF holds.

Then, there exists a sufficiently large constants Cs = O(

>

) and Cs = O(1) with which the
KK = O(%) n = 6(%) and

following holds: If we take p > /P G b
Cs 1
Ts = % <0 ( ), with probability 1 — 7% (v € (0,1)), we have
0
max {la7F = aTomo | &7 — aTomo|} > ——
(T(),fio)g(t,k‘)<(7'()+1,T5) C ,0

In order to show Lemma 29, we prepare the two following lemmas, which bound the difference
between gradient estimation errors of the two sequence.

Lemma 30 Under the same assumption as that of Lemma 29, we assume max ;)< (t,k)<(ro+1,T5)
{l|lz™F — xTomo||, ||E™F — xR0 ||} < C%p. Then, the following holds uniformly for all (19, ko) <
(t,k) < (70 + 1, T5) with probability at least 1 — %

0 (t < 7'0),

¢ L _

—= + Corre (t=10)

VP  \/pKb ’

HgtH S ¢ Z WE | L t K 5k s, k—1]2
e ) et U Y U C7\/Zs:max{fo+1,t—T3+1} = [l —w
t
+C§i§ﬁ \/Zs:max{ro,thﬁ»l} ”wst (t > T+ 1)7

where T3 = %C’l, and Cy = O(1) is a sufficiently large constant.

Lemma 31 Under the same assumption as that of Lemma 29, the following holds uniformly for all
t > 19 + 1 and k > 0 with probability at least 1 — 7%—1”(

k
26 26
ht,kH< wh — b1 1 whF|| + 22 |1t
i) < <X I+ g 1+ 2 ]

2| 25 2
+ == L wtl wtl 1 + wtl + wtl 1 >
NG z§=1< | | || | || |

Fort < 9+ 1, we have Hht’kH =0.
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Proof of Lemma 30 As for the case ¢ < 7, the assertion directly follows from the definition of
{#b*}. For the proof of the rest cases, we use notations as follows:

H = V?f(z™"0),
H; = V2 fi(a™"0)
H;j = V2 f; j(a™"0),

1
dH"" = / (V2F(@EF + 0(a* — 550)) — H)de),
0
1
dH" = / (V2£i(@" 4 0(a"* = 2)) = Hy)do,
0
1
Bt = [ (92 4 0t 7)) )
’ 0

Moreover, we denote

uf = (Vfi(2*) = Vfi(#*) = (Vfi(z""") = Vfi(#° 1))
—(Vf(@®) = V(@) + (Vf(a* 1) =V (@)
and
uf ;= (Vfij(@®) = Vi j(#°) = (Vi (@) = Vi ;@)
—(Vfi(z") = Vfi(#)) + (Vfi(2> 1) = Vf(2°7).

Note that E;[u] = 0 (expectation with respect to the choice of 9) and E;[u; ;] = 0 (expectation with
respect to the choice of j) hold. Using Assumptions 1, 4 and 5 and max -, )< (t,k)< (ro+1,T5)1 |27 —
ZTORO || || Z7F — 270k ||} < %ﬂ, we can derive that

_ 20 20 o
gl < Cllw® —w* =t + o vl =+ g e ' and
_ 20 20, o
g 51| < Lljw® —w* =] + os vl + gl i

for s > 79 + 1, by similar argument to the proof of Lemma 19. For ¢ = 79, we have ||u;"|| =
[(Vfi(z™)=V fi(27)) = (V[ (2™) =V f(Z7))|| < (lla™—=Z™| = (re and [Ju;} ]| = [|(V fi;(z™)—
Vi (@) = (Vf(@™) = V@) < Lljz™ — 2™ = Lre.
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As we did in Lemma 19, for ¢ > 7 + 1, we have

1 E  SRTID i) RR AL ol SRTIED Sl DRt

1€I™0 Ep 1€l EJTO Zeﬂ_’g jeJZ'O

(a) (b)

ooy (Bye)p oy oy

s=max{ro+1,t—T1+1} iels s=max{7o+1,t=Ti+1} jet

(c)
t t

bom 2 Byyu) e X YXu

s=max{ro+1,t—T1+1} i€ls je? s=max{ro+1,t—T1+1} i€f§ JeJ?
(d)

with probability 1 — 77 for all . For t = 79, g7 = (a) + (b) holds.
Recall the argument in Lemma 19. We have that

()] < 26} and
b
3
204+C§ 25 26 2
@< ==+ S (et B+ Ze)
p s=max{ro+1,t—T3+1}

hold with probability at least 1 — 8T 7 forall ¢.
Moreover, observe that (b) and (d) are obtained just by replacing v} in (a) and (c) by % > jest ug ;.

Note that % > im0 u ; 1s mean-zero and its norm is bounded by (’:}%e for s = 19, with proba-
bility 1 —

JjeJ;
Thus, Proposmon 7 yields that

8T2K
o)) < || L 1! =D IRt E3 LD DI SRt 1] ity | VWRICEEre  20pLr,
i€I70 je JTo ielt jeJd[© - P VpKb PVEKD - Vpr,
TO k3

7.1 __—1_

TR where we use \1:$0| < P and p < P for the last

with probability 1 — e
inequality.

For the ﬁrst term of (d) we first observe that Kb Yicrs Do et u; ; 1s mean-zero and its norm is
s—1 QCléf s 2016f s—1
I+Z || |+ Hw | (for s > 70+ 1) with probability

1
8TK

at leastl — Then we apply the same argument as Lemma 16. This yields

8T2K
t
1 I4]
TS D IPILF
s=max{ro+1,t—T1+1} iels jeJ?
201 g L 26 20\’
< ) Llwr = w |+ 2l + & o)

s=max{To+1,t—T1+1}
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with probability 1 -7 1—

Proposition 6, we get

P —
8T?2K 8TK ~— 4TK

t

1 S
PKbD Z Z Z Wi

s=max{To+1,t—T1+1} jeJt J€J;

2

VT t 1

<5 > I
s=max{7o+1,t—T1+1} ielt J€J}

o3 t C2p 26 26 ?
< 2 ) <Lst — w4 = [lw ] + st‘l”>

\/Pip s=max{7To+1,t—T1+1} Kb s C5

Clg : s s—1 20 B} 20 s—1 i
<Ol 2 (e Dl + 2

s=max{ro+1,t—T1+1}

with probability 1 — 1" o727 — 57
By combining all these, we have

1< (S5 + g ) Crine+ (S + o) © J S e w2

s=max{1o+1,t—T3+1}
(&) :
+ J S e

s=max{71o,t—T5+1}

L \/> t - :c—11|2
(o (el E

s=max{To+1,t—T5+1} k=1
&) :
+ ws||?
& ﬁJ >

s=max{7o,t—T3+1}

zl—ﬁforallt.

with probability at least 1 — 7 for all ¢ > 79 + 1. Here we take C7 = O(l), which is independent
of C'5. Thus, we get the assertion for ¢ > 79 + 1. For ¢t = 79, the bounds on (a) and (b) imply the
desired bound. |

Proof of Lemma 31 Let

= (Vfi(a"!) = Vfi(3")) — (V£i(a"0) = V £i(3"0))
— (V@) = VfE) + (V) = VF(E))

and

ufl =(V i@t = Vi (@) = (Vi (a7 = V@)
— (Vfi(a™) = V(@) + (Vfula™™h) = Vi@EH)
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By their definitions, h'* = u byl El 12 jeli, u“ j holds. We can bound the norm of them as

t,k t,k t,0 20 t,k 20 t,0
7 < v ’ P ) R ’
) < Gl =t + 2w \+05uw H

k
26
< tl o tl-1 tk t,0 41
< ¢t - w T+ I+ 2] @
and
26 26 _
lug! || < Lfjw™* — wh| +*||wt’l\| +*5||w“ -
Thus, applying Proposition 4 and Proposition 7 to 3 Zl 1 de 7, Wi, j, we get
k 2
26 26
ZZ i _ﬁ Z(Lllw” wht= 1|!+*||w”||+*Hw” 1H) (42)
l 1jed;, =1
with probability at least 1 — i for all ¢ and K.
Substituting (41) and (42) to htk —u byl Zl 12]6 Zt],we get the desired bound. M

Now, we are ready to prove Lemma 29.
Proof of Lemma 29 We assume the contrary and show the following by induction, for (79 +
1,0) < (t,k) < (10 + 1, T5):

(a) %(1 o) T IE e < R < 2(L 4 gy TR
(b) Hwt,k wh k— 1” < Te o (fOl’ (ta k) = (TO + 170>)
3ny(1 + ny) o= DE+ ke (for (¢, k) > (10 + 1,0))

2Csy o
(¢) |lg" ' +hbF|| < o 28V (1 gy oK

Here Cg = O(l) isa sufﬁciently large constant independent of C'5. Then, (a) yields contradiction

)
by taking (t, k) — (10 + 1,0) =15 = O <1 + o2 02”5 > to break the assumption.

It is easy to check (a) and (b) for and t = 7 —|— 1 and £ = 0. As for (¢), checking the initial
condition at (¢,k) = (7o + 1,0) requires assumption on the size of p. According to Lemma 30,
taking p > % + 557;@, lg™| < 2C76r. < 2C77re holds.

Now, we derive that (a), (b) and (c) are true for (¢, %k + 1), assuming that they are true for all
(10 +1,0),---, (t, k). To this end, we consider the decomposition of w* as follows:

whktl

— whk (Ut,k _ 1~}t,k>
(t.k)
_ (1 + n’y)(t_TO_l)K+k+1T€e - Z (I _ nH)(t—s)K—l—(k—l) (st,lws,l + gs—l + hs,l)’
(s,0)=(70+1,0)
(43)

for (t,k+1) > (10 +1,1).
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Verifying (a) The first term (1 4 7py) (=70 —DE+k+14 o of (43) satisfies
”(1 + n’)/)(t_TO_l)K—i_k—i_lreeH _ (1 + nV)(t_TO_l)KJ’_kJ’_lre.

Then, focus on bounding 1 Zz’skl):( (I —nH)tE=)EK+E=D (g st + g5=1 + b3l by 11+

n,y)(t—To—l)K-‘rk-i-l

7‘0+1,0)
.. We have

thk
n (Z) (I N ,’,,H)(t—s)K-l-(k—l)st,lws,l
(s,l)=(70+1,0)
(t:k)
<n Z HI_T]H||(2578)K+(kfl) Hst,l
(s,)=(10+1,0)

I

t,k
< 2?7(1 + n,y)(tfs)K+(kfl)+(szo71)K+lre Z Hst,l
(s,l)=(10+1,0)

)
< 277(1 + UV)(tiToil)KHCTeTBK?
5

< 2?75T5(1 Fapy) =T~ DE 4k
Cs
1
< S(L4 )t DR, (44)

4

. . . Cslog =
The last inequality follows from the definition of 75 = ——35=

In addition, we have

and sufficiently large C’.

(t,k)
n Z (I _ 77]-T[)(z‘,fs)KJr(kfl) (gsfl + hs,l)
(8,)=(70+1,0)
(t:k)
<n Y - gH| IR |
(s,l)=(70+1,0)
(t:k) C
<n Z (1 + 77,,y)(tfs)KJr(kfl)278’)/(1 + nfy)(S*TO*l)K+l
(s:D)=(r0+1,0) s
2 T5s
Cs

1
< (U)o DE ey 45)

gs—l + hs,l

S (1 +777)(t_70_1)K+k

Ce log =9 —
For the final inequality, we again use 15 = Z8 % Gaore with sufficiently large Cs.

Combining (44) and (45), we get (a) for (¢, k + 1) as desired.
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Verifying (b) For (¢,k) > (10 + 1,0), we have

W otk
(t,k)
_ (1 + n,y)(t—ro—l)K-i-k-i-lree - Z (I _ nH)(t—s)K-ﬁ-(k—l)(st,lws,l + gs—l + hsJ)
(s,1)=(10+1,0)
(t,k—1)
o (1 + 7),7)(1&77'071)K+kree - Z (I _ nH)(tfs)K+(k7l) (st,lws,l + gsfl + hs’l)
(s,1)=(70+1,0)

= 1y(L )T e
(t,k—1)
- Z 7713—(1— _ T]H)(tfs)K+(k7l)(st,lws,l _’_gsfl + hs,l) _ TI(dHtwt _’_gtfl + ht’k).
(s,)=(70+1,0)

As for the first term, we can bound it as
(L) I e < gy (14 ) 70 DR
Evaluating the second term requires (a) and (b) for (79 + 1,0),---, (t,k — 1) and Lemma 9:

(t,k—1)

n nH(I _ nH)(tfs)KﬁL(k:fl)(st,lws,l + gsfl + hs7l)

(8,)=(70+1,0)
&y K4 (k-1 l l 1 l
< X u|nHE SN an ) gt + b))

(s,0)=(70+1,0)

(t.k—1)
-9 - 5 s—To— 2C, oo —
< Z 77H77H(Ian)(t VK +(k l)H (@(1+n7)( 0 1)K+lr6+07857(1+m)( 0 1)K+lre>
(s,0)=(10+1,0)
< <t§1) (14 ) E=OE+G=D) 1 82087 () - DEH
< n | (1 +my ) &t e . .
(s,1)=(10+1,0)

5 20 o
<0 (/T +log Ts) (C—5+ C§7)<1+m)<t oD

Since T5 = O (%) and v > 4, setting C5 = O(1) with sufficiently large Cs yields

(nyTs +logTs) (C% + 22?) < 7. Thus, the second term is bounded by nfy(l—i-nfy)(t—To—l)K-FkTe.
| < &re( +my) 77K oy and

Finally, we consider the third term. We have ||dH**w""
gt + BbF| < 2g—iv(l + 1y)(t=T0—DE+ky  Thus, by taking C sufficiently large, the third term

is bounded by 7y(1 + ny)t—To-DE+k.
By combining these bounds, we get (b) for (¢, k + 1).
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Verifying (c) Using Lemma 30 and assumptions, we have

gl

<C\\? n \/») s Zt: i l[wsk — wsk=1|2

s=max{ro+1,t—T3+1} k=1

(st

t

075 <112
e AN

s=max{70,t—T3+1}

1 1 1
C LC C7C(KT? C;LK2T}
¢ T T (KT 7LK2T; Siy(1 4 ppy)E 0 DEHK |

vP  VpKb VP Vpb
1
1 (t TO 1)K+K
05\/})7( + 77'7) TE
1 1 1
L 2 P2 K 2C7 LV PK
_ | ¢¢r n Cr n CEC7¢P?2 n CiCr Sy (1 4 gpy) 0 DEHK |

VP VpKb D pVb

1

I 207 C?\/TJ5(1 gy T DEHE
Csp
with probability at least 1 — =7 for all £. Taking p > f—i— 52 —|— 52Kb, n= @(%), b> K, K =

@) (f) and ||g"|| < 087( + 17y) =™K with sufficiently large constant Cg, that only depends
on C1, C7, and sufficiently small = (:)(%)
Moreover, Lemma 31 states that, for £ < K,

Hht,k-i-lH
k+1
20 20
tl o ti-1 20tk 20 140
S P T = P
k+1 2
2 < 2 25
+ — L|jwbt — whi= 1H—i-wa >
i\ &

holds with probability at least 1 — . If (a) and (b) hold for all (s, 1) < (¢, k + 1), then we have

80
Hht,k—HH B—— m)(t—m—l)KJrkH + 204 777)(15—70—1)K+k+1

Cs
VK 2VKs
4 Cif\l)/»anl 4 nfy)(t—m—l)KﬁLkﬂ + SC% (1+ n,y)(t—m—l)KJrkﬂ_
Taking b > K and K = O (%), with sufficiently large Cs and sufficiently small 7, we have

”ht,k—&-l” < %(1 +77’}’)(t_T0_1)K+k+1.
— (s
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Thus, we obtain that (c) holds for (¢, k + 1).
Therefore, we have completed the induction step and have (1 + nry) B0 DRy <t |

Cs 1
forall (1o + 1,0) < (t,k) < (10 + 1, T 5) with Ty = % Taking Cg sufficiently large, we

have 3 5(1+ 77’y)(70Jrl o= K+Ts . > o ThlS yields contradiction against the assumption and the
desned assertion follows.
|

From Lemma 29, we can show that FLEDGE escapes saddle points with high probability. We
have the following lemma, and the proof is essentially the same as that of Lemma 20.

Lemma 32 Let {2Y*} be a sequence generated by FLEDGE and (T, /10) (0< /<a0 < K) be a step
where — 1= Amin(V2f(27050)) < —§ holds. We take p > /P + S Kbég,b > VK and,

- Cglog =9 — -
=0 (%) and Ty = % <O (%) with sufficiently large Cs, CG = O(l). Then,

0
P max l‘t’k . x‘ro,noJrl > IO N Q0 L0 0,0 . ¢70,k0
(To,Ko)S(t,k)<(To+1,T5) H || - 05[) | 9 9 9 ) 9 7‘075 9 75
4dv
>1—
TK

Finally, we show the main theorem of this subsection, which guarantees that the algorithm finds
(e, 9)-second-order stationary point with high probability

[
- Co lo8 gopre 7o 6108 o pre
Proof of Theorem 28 Since 75 = ——22= depends on z7°, we take 75, = ——2= from

my no
now instead. This change does not affect whether Lemma 32 holds. Also, we let T = [1 + %1
We divide {t = 0,1,---,7 — 1} into the following L%J phases: PT = {2715 < t <
2(r + 1)Ts} (T =0,-- Lﬁj 1) For each phase, we define a” as a random variable taking
values

1 (if Liepr SIS UIVS @) > €] > KTy)

if there exists ¢ such that (2775,0) < (t,k) < (27 + 1)T3,0), [V f(zbF)| < e
a" = and Apin (V2 f (2%)) < =6
if there exists ¢ such that (277%,0) < (¢, k) < (27 4+ 1)T;,0), |V f(zF)] < e
and Apin (V2 f(2F)) > —4§

Note that Pla™ = 1,2,3] = 1 for each 7. This is because if there does not exist ¢ between
(27T%,0) < (t, k) < ((27 + 1)T5,0) such that ||V f(2"*)|| < € (i.e., neither a” = 2 nor 3), then

K @r+D)To—1 ~K
we have Yo,cpr SIS L[IVF@)| > €] > ST S 1|V > €] = Tok,
T
meaning a” = 1. We denote N1 = zgfﬁj 1la™ = 1], Ny = ZLQZTOGJ 1[a™ = 2], and N3 =
T
¥ e = 3)
According to Lemma 32, with probability 1 — 4 over all 7, it holds that if a” = 2 then that
phase successes escaping saddle points; i.e., there exists (2775,0) < (¢, k) < ((27 + 1)T%,0) and

! — 2] >

46
(t,k)g(s,l)rga§7+2)T6,O) Csp (46)
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holds. Eq. (46) further leads to

2r+1)Ts—1 K

1)
T K I't’k _ xt,kfl 2 > <
Y S > (2

>2 2(r+1)Ts—1 K
t=271T¢ k=1

52
Z Z th k=12
H.Z' v H - ZGKC52/72.

t=27T§ k=1
47)

On the other hand, in Theorem 22, we derived that

2
S UCORICY)
T K
9 1 L 12009¢*PK?  128C1'C*PK 5.5 , ACIL’K th_ tk—1)2
335 (5 g (P B e O gt oty
t=1k=1
2
. 161€l1>T o2y G2 ¢ 2TK7‘ 419203 (a%’ i 3Kb2 4 PKoZ | PKG ) (Option I)
2
16%T o2 1 Pszb +277L2 (Option II)

with probability 1 — 8v. Taking = © (%) sufficiently small, applying p > v/P, K = O (%),
K <band f(z") — f(2!) < A, and arranging terms yields

va t,k—1 H2 ZZthk t,k—1H2 (48)

M=
] =

t=1 k=1 t=1 k=1
2 2
o [ (o ) - (5 o2+ ) (opion
S — 2
1 16}%T o2 1 Pcﬁb 4 2T;§r2 (Option II)

49)
From the definition of ™ = 1 and (47), We know that (48) is bounded as

T K 52N2
v tk} 1 2 tk t,k‘—l 2>NTK2 )

Thus, NyTpK < & x (the RHS of (49)) and NoTyK < 2G2S o (the RHS of (32) holds,

Here, 2772%25% =0 (54 + ”2K2) <0 (g’;), when K = O <%) <0 (%) From this,
(N1 + No)Ts < O (rgz + W) « (the right-hand side of (49)). Taking T > 2(Ny + No + 1)T¢,
there exists 7 such that a” = 3, which concludes the proof. |
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E.3. Finding Second-Order Stationary Points When Clients are Homogeneous ({ < %)

In the previous subsection, we assumed that { > %. Here, we introduce a simple trick to remove
this assumption and give its convergence analysis.
LetT7 = © (L ) with a sufﬁciently large hidden constant. In line 18-19 of FLEDGE, when

k = T, we randomly select 2~ + b (not b) samples J *and update zbF as zbF  ZBEL 4
| Jt,k‘ Zj etk (V iy j (b my -V fzt,]( LR=1Y), This i 1ncreases the number of gradient evaluations in
it it

each inner-loop by O(K/(L/8)) x O(L?/6%) = O(KL/§) < O(K?) < O(Kb). Thus, this does
not affect the inner-loop complexity more than by constant factors.
Then, the following lemma holds, which stands as generalization of Lemma 29.

Lemma 33 (Small stuck region) Let {2"*} be a sequence generated by FLEDGE and (19, ko) be
a step where —vy := Apin (V2 f(27%0)) < —6 holds. We denote the smallest eigenvector direction
of Amin (V2 f(27050)) as e. Moreover, we define a coupled sequence {Z"*} by running FLEDGE
with 7° = 20 and the same choice of all randomness i.e., client samplings, minibatches and noises,
but the noise at some step (T, k) > (70, ko), satzsfymg K= T7, We let £77 = fT r ree with 7, >

T}Z/&‘ Let whh = gtk — gtk gt = gt — 3¢, ytk = L LS~P gl gtk gt = 1 LS P gty bk,
P P -
g = S0yt -Vt~ ($ L0 5 - VF@E)) and hE = (24— (Vf(at*) - V f(80))) -
(2% — (V (&) — VF(E0))). Then, vt — Vf(et%) — (555 — Vf(34)) = g1 + ht*,
There exists a sufﬁciently large constants Cs = O(1),Cs = O(1), with which the following

holds: If we take p > \er 52 + KbéQ,b > VK and, n = ) ( ) with probability 1 — #% (v €
(0,1)), we have

max R e [ e e ) 0
(10,50)<(¢,k)<(70,K0+3T7) Csp’

Proof of Lemma 33 We assume K is at least as large as 377. When K — 277 < kg < K — 1,
taking 77 > Tj yields the assertion, considering the two coupled sequence initialized at (xg, K),
according to a slight modification of Lemma 29.

Otherwise, we let (7, k) as the first step after (79, ko) with k = T%. Then, it suffice to show that,
with probability at least 1 — =%

TK’
max {7 amom|| |7 - gomey > 0 (50)
(1,8)<(t,k)< (T,5+T%) C

Since K > 3T~ and kg < K —2T% imply g'~! = Oforall (7, x) < (t,k) < (1, +T%), gL +
B = 1 . Then, 7] = |+ g e

< (re+ %re < 207, using

175"
Proposition 4. Moreover, for (7,k) > (7,x), when we assume max ;. o)<t k)<(rx +T7){H9:T’k -
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a3 — |} < o,

k
[R5

_ 7.k 1 7,0
= |+ 7 > ul

<O = w4 2 w4+ o
k 2
C? 20
+ LS (Ll = et 22 k] + 2 ot
Vb
=1

Assuming that (a) 1(1+ ny)F%re < ||wbF| < 2(1 + ny)*Fre and (b)  [JwbF — whFL| <
3ny(1 + ny)*F=Fr, for (1,k5) < (t, k) < (7,5 + T¥), we get ||h"F| < Zg—?(l + 1y)*~*. Thus,
following the discussion in Lemma 29 and taking 7% similarly to 75, we have (50). |

Previously, we only focused on the noise at the last local step (kq, K ). Thus, if the number of steps
required to escape saddle points 75 = O(%) is smaller than the local steps K = O(%) the algorithm
sometimes have to wait more than O(75) steps for the last local step. Therefore, taking K > T5 was
useless to reduce the number of communication rounds. On the other hand, based on Lemma 33,
when FLEDGE comes to a saddle point, FLEDGE does not need to wait next communication, and
can escape the stack region within 277 local steps, even if T < K. This allows to us to take
larger than O(%), and leads to removal of the assumption § < % from Theorem 28.

E.4. Convergence under PL condition

Theorem 34 Under Assumptions I to 3, 5 and 6, if we choose PKb > () ( + %> and r <

E\f, n=0 ( A C\p/\L A ;U'#K A e A L%) Algorithm 3 with Option I finds an e-first-order

stationary points for problem (2) usmg

Lpb VPKb Kb Lpv Kb A ¢ c
O Pry+ (120 N YKL ppey p SPED Lp log 2t tG oG
H K €
stochastic gradients and

o(P (L, &P P ¢ L log 27+ G+ o0t G
P pK pp o pop VKb €

communication rounds
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with probability at least 1 — 8v. Moreover, under the same conditions, algorithm 3 with Option 11

finds an e-first-order stationary points for problem (2) using

Lpb VPKDbD Kb  LpvKb A
O | PKb+ e Cf ANPKbA cp g log — stochastic gradients and
I [ I I £
~ L vP P L A
Oll+|—A wh AN—A ¢ A log — communication rounds
pp Pk uVKD £
5P+ K+ pt+vl) and

with probability at least 1 — 8v. Here O hides only at most log

polyloglog factors.
Proof According to eq. (33) and PL condition,

Fa)
_ _ _ 1 L _ r
< FEH) 4 V) = R = LTI - (5 - §) et - et

< @) 4 VA oA e
1 L) ath—L = gtk ﬁ
n

_n tk—1y2 _ 1K th—1\  pxy
s 1P - Lt - 1) - (5 3
Rearranging the above yields that

(5D

F*) = £ 4+ FIV F )
1 L
< (1= B GG = 1)+l ) = o (= ) a2

holds forall ¢,k (1 <t < T,0 < k < K — 1) with probability at least 1 — 8v
T with probability at least 1 — 8v,

Applying Lemma 23 to this, forallt =1, - |

K
Fah) = f@*) + Z (L= ) TP

=1
77:“ K k < 1 _ L> ||xt,l _xt,lleQ

N\ Kk 1
§(1—7) (f='h k:1 w2

K t—1
%)ka <1200§<2K 320 0<2> Z Z HxSZ 5,171”2

Mw

+ny (1-

k=1 2 p pb s=max{1,t— T3}l 1

4C3 L2
i <4CZK+ Cy ) Z thl t,l—1”2>
K 2 2 2
77# K k 8CTn 2 G
+; ( T P <‘7 +PKb>>
2 2 2 2
77:“’ K k o G O Gc .
9601 [t < Tg] <pr + m + ? 2> (Opthl’l I)

(Option II)

68



REDUCING COMMUNICATION IN FL WITH A NOVEL SINGLE-LOOP VARIANCE REDUCTION METHOD

By using this bound repeatedly, we get

T K
n W
f=") +ZZZ Y THHD=R |7 f (R 1)|12
t=1 k=1
nu .
§(1—7)TK(( ) — f(z")
T K L & 12008¢2nK? 3201002 K
M\ (T—t+1)K—k L —(s+1)K 1¢°n 1¢m
=220 Z +
t=1 k=1 : 2 = p pb

4Ol tk tk 1”2

|l
1=
T K 2 2
_ BN (r—t41) K~k 8Cin G
3= g (4 m( i

=1
— - 2 o2 G2 .

. 77th Zk (1 %)(T HDE=k96C21[t < Ts) (pr + 2%1,2 + 5+ p—f) (Option I)

0 (Option II).

We take 7 as

77=®<1 p pVb p LW )

A A N —
L" c35¢VPK " C35¢/PK = nCiPK " (K" CiLVE

L T _ 120C8¢2n K2 32010¢2nK _
sothati S Loy gy (s+1)K< 1¢ UL 1t n ) N YK (1 mykeK

(462K + 292 > 0 holds. We also take 7 < =47 and PIb > 252 4 GGG, ihep

i Zk:l(l — Iy(T—t+1K—k ( +3 P ((72 + PG—;,)» < % holds.
Then, we have that

T K
FaT) = @)+ DD (1 = ) TR Tt |

2
t=1 k=1
2
€ k
< S+ (1= TR (F@E) - f)
2 2 2 2
MHA(T—t11-T)K—kque3 (O LGP 0:PK  G.PK .
- = ’ Option I
n ( 2) 96C} <p2b +p3Kb2 pe + P (Option I)
0 (Option II)

For Option I, the first term (1 — %)TH(f ( 0) — f(z*)) is smaller than & 1f we take TK =

(0] (L log 2 ) The third term is bounded by 5, if we take T = T3 + O(nu 7

2 2pK G2PK
Cg(a P+ dez"‘a 7+ )

log ) = O( Ch + WK log M) Moreover, note that f(z1)—
Fa)+ 3 1Zk L (L= T=HDR T f (@512 < g8z ming, [V f (251> holds when

2p
we take T' = O (WK>
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Thus, for Option I, if we take

T =0 <PC’1
D

4.5 5.5
) i & C\ﬁ C} C\F/\CEP/\CACHL o
uK Hp ppVOK P r pvK

e

A+U+G+UC+GC>

we obtain the desired bound with probability at least 1 — Sv.
For Option 11, taking

L 045g\F 055Q\F c,\P ¢ CL A
T=0|[—= 1 1 log
((uK : 1p upf p N I : ur> )

yields the desired bound.
Note that 7" depends on £+

only logarithmically, which means that C'; depends on e~ i
log log order and C =

in only
O*(log(P + K + p~! 4+ v~1)) (where O* suppresses log log factors). W

Remark 22 In order to find e-solutions (i.e., f(z"*) — f* < ¢), the same statement holds, except
2
for slight change on the assumptions on PKb and r: PKb > () ( et fli> andr < n\é@'
In fact, we can derive

ft*) - £

< (1= ) (F@1) — %) + [V F 1) — oth=1)2 (1 - L) ot

tk—1p2 , T

similarly to (51), and using this, we have

T K T3 8 2, 12 10 -2
1 L 120C K 32C K
ZZ (1 _nﬂ)(T t+1)K—k _E Z(l _nu)—(s-&-l)K ( 16°n + 16n )
t=1 k=1 277 2 s=1 p pb
K 40212
—n § 1 1 _ n/fz l K <4C K + ) ) thyk _ xt,k—l”Q

K 2 2 2
8Cin G
1— (T—t+V)K—k [T 1 2
D (1= ) 7 T Pry \7 T PR
2 2
L S (= ) TR TROGC 1 < T (ﬁ + o + %) (Option I)
0 (Option II)

+ C1G

Taking n similary to the previous theorem, r < n\ﬁ and PKb > ) ( W) yields
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Z?:l Zle(l — nu)(T_tH)K_k(% + %(02 + PC}‘jb)) < 5. Thus, we finally have the following:

f@) = f(=")

9 *
<=0 () = )
’p  G*P ¢’PK G?PK
1 _ (T—t+1—T3)K—k9603 a C C 0 t I
( 77#) 1 p2b + p3Kb2 + p2 + pg ( ption )
0 (Option II).

Now it is trivial to see that the desired bound holds.

Appendix F. Lower bound

In this section, we provide the gradient complexity lower bound of O(n + W) under Hessian
heterogeneity, which recovers the usual lower bound for L-smooth functions by setting ( = 2L.
Note that the gradient complexity, or the total number of gradient communicated, of FLEDGE is
O(P + CE@) Thus, this almost matches the lower bound of gradient complexity of the finite-sum
case if we identify P with n.

Note that the lower bound is proven under averaged gradient L-Lipshitzness and averaged Hes-
sian (-heterogeneity, while we assume gradient L-Lipshitzness of each f; for the upper bounds.
However, we expect that averaged gradient L-Lipshitzness and averaged Hessian (-heterogeneity
would suffice for deriving the first-order optimality in expectation.

First, we give a definition of the linear-span first-order algorithms.

Definition 36 (Linear-span ﬁrst order algorithm) Fix some 1°. Let A be a (randomized) algo-
rithm with the initial point z°, and x* be the point at the t-th iteration. We assume A select one
individual function i; at each iteration t and computes V f;,(z). Then A is called a linear-span
first-order algorithm if

a! € span{:ro, :Blv T 7xt_17 vfio(xo)a vfu (xl)a M) vfit71 (xt)}
holds for all t with probability one.
Note that this definition includes minibatch updade, by letting 250 = b+ = ... = g(s+1)b—1
with the minibatch size b.
We also define problem classes .7-"757 A and .7-'7];4 ’g for (1), as follows.

Definition 37 (A class of finite-sum optimization problems) Fix some z. For an integer n, L >
0, we define a problem class FE as

deN 30, IV fi(e) = VE? < L2z — y|? for all
]:L ‘A= f= Z fi: R 5 R| z , Y (averaged gradlem‘ L-Lipschitzness), and

= f(a?) —infy f(z) =

Moreover, for an integer n, L > 0, and ( > 0, a problem class FECis defined as

del. 5 5 i IV file) =V i(y)|I? < L2z — yl? for all
Fut = fZ*Zfz RY 5 R| 2,9, & S0 [V2i(x) = V2Fw)|? < ¢ (averaged
Hessian (-heterogenity), and f(z") — inf, f(x) =
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We now state our lower bound theorem as follows.

Proposition 35 Assume Assumptions 1, 2 and 5. For any L > 0, A > 0, and ¢ > 0, there exists a
function f € ]-"Tf ’i such that any linear-span first-order algorithm requires

stochastic gradient accesses to find e-first-order stationary points of the problem (1).

Proposition 35 can be derived by using the bounds of Carmon et al. [4], Fang et al. [10], Li et al.
[27].
Carmon et al. [4] proved the following lower bound.

Proposition 38 (Carmon et al. [4]) Fix 2°. Forany L > 0, A > 0, and ¢ > 0, there exists
a function f € ff A such that any linear-span first-order algorithm requires §) (%) stochastic
gradient accesses in order to find e-first-order stationary points.

Fang et al. [10], Li et al. [27] extended this to the lower bound on the finite-sum optimization
problem.

Proposition 39 (Fang et al. [10], Li et al. [27]) Fix 2°. Forn > 0, L > 0, A > 0, ande > 0,

there exists a function f € .Frﬁ A Such that any linear-span first-order algorithm requires <) (n + =2

stochastic gradient accesses in order to find e-first-order stationary points.

Based on these, we give the lower bound under the additional assumption of (-Hessian-heterogeneity.

Proof It is easy to see that the lower bound of Proposition 38 also applies to .7-"71;4’ A» by letting
fi= fo=---= f, = f* where f* is the function that gives the bound of Proposition 38. On

<
the other hand, we have F? , C .7-"75 ’g. Thus, Proposition 39 yields that there exists a function

¢
fe ]-;i A C Fi ’g that requires {2 (n + A%ﬁ) stochastic gradients to find e-first-order stationary
points. Therefore, by combining these two bounds, we have the desired lower bound. |
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