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Abstract

Sampling from log-concave distributions is a central problem in statistics and machine learning.

Prior work establishes theoretical guarantees for Langevin Monte Carlo algorithm based on

overdamped and underdamped Langevin dynamics and, more recently, some third-order variants.

In this paper, we introduce a new sampling algorithm built on a general Kth-order Langevin

dynamics, extending beyond second- and third-order methods. To discretize the Kth-order

dynamics, we approximate the drift induced by the potential via Lagrange interpolation and

refine the node values at the interpolation points using Picard-iteration corrections, yielding

a flexible scheme that fully utilizes the acceleration of higher-order Langevin dynamics. For

targets with smooth, strongly log-concave densities, we prove dimension-dependent convergence

in Wasserstein distance: the sampler achieves ε-accuracy within Õ(d
K−1
2K−3 ε−

2
2K−3 ) gradient

evaluations for K ≥ 3. To our best knowledge, this is the first sampling algorithm achieving

such query complexity. The rate improves with the order K increases, yielding better rates than

existing first to third-order approaches.
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1 Introduction

Sampling from high-dimensional log-concave distributions remains a central algorithmic primitive in

statistics, machine learning, and scientific computing. Formally, the goal is to generate approximate
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samples from a target density

p∗(x) ∝ exp(−U(x)), x ∈ Rd, (1)

where U : Rd → R is a smooth, strongly convex potential function. Computing the normalizing

constant Z =
∫
Rd e

−U(x)dx directly is infeasible, as numerical integration scales exponentially in d.

This motivates the study of direct sampling algorithms that bypass explicit evaluation of Z.

Beyond the design of such algorithms, a key objective is to characterize their complexity, defined

as the number of oracle queries required to obtain an approximate sample, and to understand its

dependence on the dimension d and the error tolerance ϵ. Throughout, we assume only access to a

black-box gradient oracle, which, given a point x ∈ Rd, returns ∇U(x).

A widely used paradigm is to employ the Langevin diffusion, which is the solution to the stochastic

differential equation (SDE)

dX(t) = −∇U(X(t)) dt+
√
2 dBt. (2)

Under mild assumptions, the Langevin diffusion admits p∗ as its unique stationary distribution

and converges to it exponentially fast, without explicit dependence on dimension. However, in

practice, the continuous-time dynamics must be discretized, e.g., via the Euler–Maruyama scheme,

leading to discretization error that scales poorly with both the dimension and the conditioning

of the problem. (Dalalyan, 2017; Dalalyan and Karagulyan, 2019; Durmus and Moulines, 2019;

Vempala and Wibisono, 2019; Durmus et al., 2019; He et al., 2020). A recurring lesson is that while

continuous-time convergence is rapid and dimension-free, discretization error becomes the main

bottleneck.

One strategy to mitigate this issue is to augment the dynamics, creating smoother trajectories that

are easier to discretize. For example, the second-order (or underdamped) Langevin algorithm lifts

the dynamics from the original d-dimensional space to a 2d-dimensional space, pairing each position

vector X1 with a momentum variable X2:dX1(t) = X2(t) dt,

dX2(t) = −γX2(t) dt−∇U(X1(t)) dt+
√
2γ dBt,

where (X1(t), X2(t)) ∈ Rd × Rd and γ > 0 is a friction coefficient. The target distribution p∗ is

recovered as the marginal over X1. The lift introduces additional smoothness in the trajectory of

X1, which has been exploited to design more accurate discretizations and improve query complexity

(Cheng et al., 2018b,a; Dalalyan and Riou-Durand, 2020; Shen and Lee, 2019; Ma et al., 2021; Zhang

et al., 2023).

Building on this idea, recent work has demonstrated that further lifting can yield algorithmic gains: a

third-order Langevin system augments (X1(t), X2(t)) with an additional auxiliary variable, achieving

sharper complexity bounds than its second-order counterpart under the same smoothness/log-
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concavity assumptions (Mou et al., 2021). In parallel, the probability literature has analyzed

higher-order systems in continuous time via hypocoercivity and Lyapunov techniques (Villani, 2009;

Monmarché, 2023), suggesting a natural family of lifted SDEs. Taken together, these developments

raise the following central question:

Can one develop a principled, scalable framework for K-th order Langevin dynamics

whose discretizations systematically improve query complexity as K grows?

Our starting point is a K-th order generalization of Langevin dynamics that couples the position

variable with K−1 auxiliary variables in a structured way, ensuring exponential convergence to p∗

in continuous time. The main challenge lies in discretization: the difficulty reduces to evaluating

time integrals of the nonlinear force ∇U along the trajectory.

For third-order dynamics, Mou et al. (2021) proposed a splitting scheme in which the nonlinear

force is approximated by a Lagrange polynomial, so that the required values at interpolation nodes

can be read off along a linearized path. However, extending this splitting framework to general

order K appears considerably more involved.

Without splitting, the use of polynomial approximation requires knowledge of the ∇U(.) at the

interpolation nodes. To avoid this limitation, we employ a Picard iteration (see, e.g., Lee et al.

(2018); Shen and Lee (2019); Anari et al. (2024); Yu and Dalalyan (2025)), which iteratively refines

the node values and thereby yields consistent approximations at the interpolation points. This

construction integrates polynomial approximation directly into the Picard framework, leveraging

the smoothness of higher-order dynamics while retaining first-order gradient queries per update.

The resulting discretization is systematic, stable under stochastic forcing, and scalable to arbitrary

order K.

Our contributions are as follows:

1. We introduce the Picard–Lagrange discretization framework for higher-order Langevin dynamics,

which leverages higher-order smoothness without requiring higher-order derivatives, and yields

stable, tractable updates.

2. We show that the query complexity improves with K under higher-order smoothness assumptions,

supported by non-asymptotic bounds on discretization error and mixing time in Wasserstein distance.

Related works. The most closely related work is the recent study of Dang et al. (2025), which

employs a Taylor expansion combined with a splitting scheme under substantially stronger regularity

assumptions. In particular, their method requires access to derivatives of ∇U up to arbitrary

order K, enabling a high-order expansion. In contrast, our framework operates under the standard

first-order oracle model—only evaluations of ∇U are assumed available—yet achieves comparable

convergence and complexity guarantees.

Beyond these higher-order schemes, several alternative directions have been explored. Mirror and

proximal sampling methods modify the geometry or incorporate proximal maps (Wibisono, 2019;
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Chewi et al., 2020; Jiang, 2021; Salim and Richtarik, 2020; Ahn and Chewi, 2021; Fan et al., 2023),

while the Metropolis-adjusted Langevin algorithm (MALA) augments the discretized chain with a

Metropolis correction to ensure exact stationarity (Lee et al., 2018; Dwivedi et al., 2019; Wu et al.,

2022; Chen et al., 2020; Altschuler and Chewi, 2024). In contrast, our contribution retains the

classical Langevin diffusion as the underlying model and introduces new high-order discretization

schemes.

While Langevin-based algorithms are well understood for log-concave targets, their convergence can

deteriorate sharply on non-log-concave distributions, often scaling exponentially with the dimension

or failing to converge altogether. To address such settings, diffusion-based Monte Carlo samplers

have been proposed (Huang et al., 2023, 2024), which construct a forward noising process and learn

approximate score functions to reverse it. Other work (Wu et al., 2024; Li et al., 2024, 2025) develops

diffusion-based samplers that add Gaussian noise via a forward process and generate samples by

simulating reverse-time dynamics. These methods estimate noisy scores from finite samples rather

than assume oracle access to the density or its gradient, and thus fall outside the Langevin MC

framework we study here.

Organization. The remainder of the paper is organized as follows. Section 2 introduces the

notation and assumptions that will be used throughout. We then develop the higher-order Langevin

dynamics in Section 3, and present the discretization scheme in Section 4. Our main convergence

results are stated in Section 5, with a brief outline of the proof strategy given in Section 6. Finally,

Section 7 concludes with a discussion, and technical lemmas are deferred to the appendix.

2 Preliminaries

We denote the standard Euclidean norm by ∥ · ∥ and the inner product by ⟨·, ·⟩. To quantify

higher-order derivatives, we next introduce the notion of a tensor spectral norm.

Definition 1 (Tensor spectral norm). For a vector–valued k-th order tensor T , we define

∥T∥tsr := sup
v1,...,vk−1∈Sd−1

∥∥T · [v1, . . . , vk−1]
∥∥
2
,

where Sd−1 is the unit sphere in Rd, and “·” denotes the natural tensor contraction.

2.1 Assumptions on U

We make the following assumptions on the potential function U in (1).

Assumption 1 (Strong convexity and smoothness). There exist positive constants m ≤ L such

that

m

2
∥x′ − x∥2 ≤ U(x′)− U(x)− ⟨∇U(x), x′ − x⟩ ≤ L

2
∥x′ − x∥2, ∀x, x′ ∈ Rd.
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Assumption 1 is equivalent to mId ⪯ ∇2U(x) ⪯ LId.

Assumption 2 (Higher–order-smoothness). There exist constants L1, . . . , LK−1 such that

∥∥Di∇U(x)
∥∥
tsr
≤ Li, ∀x ∈ Rd, i ≤ K − 1,

that is, the i-th order derivatives of ∇U are uniformly bounded in tensor spectral norm.

The effectiveness of higher-order polynomial approximations relies on higher-order smoothness

of the underlying function. Assumption 2 ensures this by bounding the higher-order derivatives

of U , which in turn controls the Lagrange-interpolation remainder when approximating the drift.

Specifically, time derivatives of ∇U(X(t)) up to order K − 1 expand into higher-order derivatives of

∇U , each bounded by the constants Li.

Assumption 3 (Centered potential). Without loss of generality, assume ∇U(0) = 0 and U(0) = 0,

which can be enforced by shifting U .

2.2 Convergence Metrics and Notations

Consider an iterative algorithm that generates a random vector X̂(nh) at the n-th step, corresponding

to time t = nh with step size h. Let π̂(n) denote the law of X̂(nh). We study convergence π̂(n) → π,

where π is the target measure with density p∗. The distance between two measures is quantified

using the Wasserstein-2 distance:

W2
2 (p, q) = inf

γ∈Γ(p,q)

∫
Rd×Rd

∥x− y∥2 dγ(x, y),

where Γ(p, q) is the set of couplings of p and q, with each coupling γ being a joint distribution whose

marginals are p and q.

We use standard asymptotic notation to express convergence rates: for f, g : Rn → [0,∞), we write

f = O(g) if ∃C > 0 with f(x) ≤ Cg(x), f = Ω(g) if ∃ c > 0 with f(x) ≥ cg(x), and f = Õ(g) if

∃C1, C2 > 0 with f(x) ≤ C1g(x)(log g(x))
C2 , all for sufficiently large ∥x∥.

3 Higher Order Langevin Dynamics

We begin with the family of SDEs of the form

dX(t) = −(D +Q)∇H(X(t)) dt +
√
2D dBt, (3)

where D is a constant positive semidefinite matrix and Q is a constant skew-symmetric matrix. It

can be shown (Shi et al., 2012; Ma et al., 2015) that for any such choice of D and Q, the SDE (3)

admits

p∗(x) ∝ exp (−H(x))
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as the invariant distribution. Notably, both the underdamped Langevin dynamics (Cheng et al.,

2018b) and the more recent third-order Langevin dynamics (Mou et al., 2021) are special cases of

this framework. This naturally raises the question of whether further acceleration can be achieved

by extending to even higher-order dynamics.

For general K ≥ 3, we expand the ambient space as X = (X1, X2, . . . , XK), where Xi ∈ Rd and X1

denotes the variable of interest, define H(X) = U(X1)+
1
2

∑K
i=2 ∥Xi∥2, and introduce the matrices

D =
(
diag(0, . . . , 0, γ)K×K ⊗ Id

)
, Q =



0 − 1 0 · · · 0

1 0 − γ
. . .

...

0 γ 0
. . . 0

...
. . .

. . .
. . . − γ

0 · · · 0 γ 0


K×K

⊗ Id,

for some γ > 0. The resulting K-th order Langevin dynamics on RKd take the form

dX(t) = −
(
D +Q

)

∇U(X1(t))

X2(t)
...

XK(t)

 dt+
√
2D dBt, (4)

and the marginal law of X1 under its invariant distribution is the target measure.

Thus, the framework in (4) provides a unified formulation of higher-order Langevin dynamics,

generalizing both underdamped and third-order cases. In the next section, we turn to the problem

of discretizing these dynamics and developing a practical algorithm.

4 Discretization

To implement the dynamics in practice, we must discretize (4). In this section, we provide an

overview of the approach, with complete technical details postponed to the Appendix B.

To make the process (4) more tractable, we separate the drift into a linear part that can be solved

exactly and a nonlinear part involving the potential.

dX(t) = AX(t) dt + g(X(t)) dt +
√
2D dBt. (5)
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where we define matrix A and g as follows:

g(X(t)) =



0d

−∇U
(
X1(t)

)
0d
...

0d


∈ RKd, A =



0 1 0 · · · 0

0 0 γ
. . .

...

0 −γ 0
. . . 0

...
. . .

. . .
. . . γ

0 · · · 0 −γ −γ


K×K

⊗ Id.

To illustrate the discretization, consider one step from 0 to h. Applying the variation-of-constants

formula to (5) for 0 < τ ≤ 1 yields

X(τh) = eτhAX(0) + h

∫ τ

0
e(τ−s)hA g

(
X(sh)

)
ds + W (τ), (6)

where W (τ) ∼ N (0,Σ(τ)). The Gaussian term arises from the Brownian increment, and its

covariance Σ(τ) depends only on A and D, making it explicitly tractable. Detailed expressions for

Σ(τ) are provided in Appendix B.

The only part of (6) that is not directly computable is the nonlinear integral∫ τ

0
e(τ−s)hA g(X(sh)) ds.

The challenge here is that the drift term g(X(sh)) depends on the entire trajectory of X over [0, τ ],

which is not explicitly available. To address this, we approximate the time–dependence of the drift

by replacing g(X(sh)) with a polynomial surrogate that can be integrated against the exponential

kernel.

Specifically, we construct a degree-(M−1) Lagrange interpolant from a set of collocation nodes in

[0, 1]. For simplicity we take equispaced nodes

c1 = 0, cj =
j−1
M−1 , cM = 1, j = 1, . . . ,M,

and let {ℓj}Mj=1 denote the associated Lagrange basis polynomials. The interpolant is then

P (s; X) :=

M∑
j=1

ℓj(s) g
(
X(cjh)

)
, s ∈ [0, 1].

Moreover, since P (s;X) is polynomial, the kernel integral further simplifies to a weighted combination

of drift evaluations at the collocation points:

∫ τ

0
e(τ−s)hA g(X(sh)) ds ≈

M∑
j=1

αj(τ, h) g
(
X(cjh)

)
.
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The weights αj(τ, h) depend only on A, h, τ , and the chosen nodes {cj}; their explicit expressions
are given in Appendix B. Using this approximation, one obtains the following update:

X̂(τh) = eτhAX(0) + h
M∑
j=1

αj(τ, h) g
(
X̂(cjh)

)
+ W (τ), (7)

This approximation makes the nonlinear integral explicit, but it also introduces a subtle difficulty.

The expression for X̂(τh) now involves the intermediate evaluations of ∇U at {X̂(cjh)}Mj=1 that

appear inside the interpolant P . In other words, the update at time τh depends implicitly on future

points along the same step.

This implicit dependence is the key obstacle: the update of X at time τh requires values at the

collocation nodes that are themselves defined only through the update. To break this circularity, we

adopt a fixed-point strategy based on Picard iterations. Starting from an initial guess for the nodal

values, we repeatedly substitute them into (7) until the iterates converge. The resulting scheme is

both stable and computationally tractable, and its flow is illustrated in Figure 1.

Formally, we initialize the nodal values by setting them equal to the current state X(0):

X̂ [0](cjh) = X(0), j = 1, . . . ,M.

This simple initialization provides a consistent starting point for the iteration.

Using these provisional values, we build the interpolant P (s; X̂ [0]) and plug it into (7), giving the

first update for k = 1, . . . ,M :

X̂ [1](ckh) = eckhAX(0) + h
M∑
j=1

αj(ck, h) g
(
X̂ [0](cjh)

)
+ W (ck).

This produces refined values {X̂ [1](ckh)}Mk=1, which in turn yield a better interpolant P (s; X̂ [1]).

Substituting this improved approximation back into the update leads to the next iterate, for example

X̂ [2](ckh) = eckhAX(0) + h
M∑
j=1

αj(ck, h) g
(
X̂ [1](cjh)

)
+ W (ck).

Iterating in this way steadily improves the approximation, and the procedure is guaranteed to

converge under mild conditions. In practice, we stop after a fixed number ν∗ of Picard iterations,

which balances accuracy and cost. The complete routine is outlined in Algorithm 1. For clarity,

explicit formulas for the weights αj(ck, h), the Gaussian terms Wn(ck), and the covariance ΣC are

provided in Appendix B.
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Figure 1: Schematic representation of Picard iterations. The procedure begins with constant values,
which are used to form a Lagrange interpolant. Applying the update operator T̂ at the interpolation
nodes yields the next set of values, which then feed into the following Picard iteration.

5 Main Results

In this section, we present our main theorem of the convergence guarantee for our Higher-order

Langevin Monte Carlo in Algorithm 1.

Theorem 1. Under Assumption 1–3 and let K ≥ 3 be the order of Langevin dynamics. Let π̂(N)

be the law of X̂1(Nh) ∈ Rd after N steps from Algorithm 1 with the number of Picard iterations

ν∗ ≥ K − 1 and the number of nodes for Lagrange interpolation M = K − 1. Then for any error

tolerance ε ∈ (0, 1) it suffices to choose

h = O

( ε2

dK−1 log d
ε2

) 1
2K−3

 , N = Ω

(
1

h
log

d

ε2

)
,

to guarantee

W2

(
π̂(N), π

)
≤ ε.

Equivalently, the total number of gradient evaluations needed to achieve W2 ≤ ε is

Õ
(
d

K−1
2K−3 ε−

2
2K−3

)
,

where Õ hides polylogarithmic factors in d and 1/ε.

Remark 5.1. For underdamped Langevin dynamics (K = 2), the best known query complexity

is Õ(d1/3 ε−2/3) (Shen and Lee, 2019). The third-order scheme of Mou et al. (2021), under α-th

order smoothness assumptions, achieves Õ(d1/4 ε−1/2 + d1/2ε−1/(α−1)). Our general result shows
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Algorithm 1 Higher-order Langevin Monte Carlo

Require: ∇U : Rd → Rd; Order K; Initial state X̂(0) ∈ RKd; Total number of steps N ; Step size
h; Number of collocation points M with nodes 0 = c1 < · · · < cM−1 < cM = 1; Number of
Picard iterations ν∗.

1: Precompute matrices {eckhA}, {αj(ck, h)}, and the noise covariance ΣC .
2: for n = 1, . . . , N do
3: Sample the joint Gaussian noise vector [Wn(c1)

⊤, . . . ,Wn(cM )⊤]⊤ ∼ N (0,ΣC).
4: for k = 1, . . . ,M do
5: X̂ [0](nh+ ckh)← X̂(nh).
6: end for
7: for ν = 1, . . . , ν∗ do
8: for k = 1, . . . ,M do

9:

X̂ [ν+1](nh+ckh)← eckhA X̂(nh)

+ h
M∑
j=1

αj(ck, h) g
(
X̂ [ν](nh+cjh)

)
+Wn(ck)

10: end for
11: end for
12: Update X̂((n+ 1)h)← X̂ [ν∗]((n+ 1)h)
13: end for
14: return X̂(Nh).

that for every K > 3, the proposed sampler achieves ε-accuracy within Õ(d
K−1
2K−3 ε−

2
2K−3 ) gradient

evaluations, thereby improving the dependence on the accuracy parameter ε compared to existing

methods. The dimension exponent K−1
2K−3 converges to 1/2 as K →∞, which is suboptimal relative

to the d1/3 scaling achieved by Shen and Lee (2019) for the underdamped Langevin dynamics.

6 Proofs

In this section, we provide the proofs of Theorem 1. This section is organized as follows: Section 6.1

introduces the setting and notation required for the proof. In Section 6.2, we present a roadmap

for the proof by decomposing the error into three components: convergence of the higher-order

Langevin dynamics, the Lagrange interpolation error, and the Picard convergence error. Sections 6.3

deal with three errors separately.

6.1 Settings

Operator for Continuous and Discretized Process. Let C
(
[0, h],RKd

)
be the space of

continuous paths on [0, h] with values in RKd. Recall that ∇H(x) = (∇U(x1), x2, . . . , xK). For an

initial value y ∈ RKd, define the operator Ty : C
(
[0, h],RKd

)
→ C

(
[0, h],RKd

)
by

(
Ty[X]

)
(t) := y −

∫ t

0
(D +Q)∇H

(
X(s)

)
ds+

∫ t

0

√
2D dBs, 0 ≤ t ≤ h.
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With this notation, X solves the higher-order Langevin dynamic (4) on [0, h] if and only if X

satisfies the fixed point equation X = TX(0)[X] on [0, h].

In Algorithm 1, we approximate∇U by Lagrange interpolation P (s;X) :=
∑M

j=1 ℓj
(
s
h

)
∇U

(
X1(cjh)

)
(using normalized time s/h). Given y ∈ RKd and an input path X ∈ C([0, h],RKd), we first define

X̃ = X̃[X; y] ∈ C([0, h],RKd) to be the path on [0, h] solving the following SDE

X̃(t) = y −
∫ t

0
(D +Q)


P (s;X)

X̃2(s)
...

X̃K(s)

ds+

∫ t

0

√
2D dBs, 0 ≤ t ≤ h,

where X̃i(s) denotes the i-th block of X̃(s). We then define the discretized operator T̂y : C
(
[0, h],RKd

)
→

C
(
[0, h],RKd

)
by

T̂y[X] := X̃[X; y].

One can show that the operators Ty and T̂y admit unique fixed points under the uniform norm

∥ · ∥∞ := supt∈[0,h] ∥ · (t)∥ for any y ∈ RKd and sufficiently small h, see Appendix F.1 (Lemma F.1,

Lemma F.2) for the proof of existence of fixed points. We denote the fixed point of Ty and T̂y by

X∗
y and X̂∗

y correspondingly. Note that by definition X∗
y (t) is the exact solution of the Langevin

dynamics (4) on [0, h] initialized at y.

Picard Iterates. Given y, define the Picard sequence on [0, h] by

X̂ [0]
y (t) ≡ y, X̂ [ν+1]

y := T̂y
[
X̂ [ν]

y

]
, ν ≥ 0.

Starting from y = X̂(nh), Algorithm 1 outputs the next state by evaluating the ν∗-th Picard iterate

at the end of the step:

X̂((n+1)h) = X̂ [ν∗]
y (h).

In Appendix F.2 (Lemma F.4), we provide more details to show that this representation is equivalent

to the output of Algorithm 1.

6.2 Error Decomposition

Let ∥ · ∥S be the norm induced by a fixed S ≻ 0, and thus ∥z∥2S ≤ ∥S∥op ∥z∥2. Under synchronous
coupling on each step and X(0) ∼ π (therefore X(t) ∼ π for all t ≥ 0),

W 2
2

(
π, π̂(N)

)
≤ ∥S−1∥op E

[
∥X(Nh)− X̂(Nh)∥2S

]
.

Let En := E∥X(nh)− X̂(nh)∥2S . On the interval [nh, (n+1)h], let X∗
y and X̂∗

y be the fixed–point

paths of Ty and T̂y, respectively, driven by the same Brownian process. Adding and subtracting

12



X∗
X̂(nh)

(h) and X̂∗
X̂(nh)

(h) yields

En+1 = E
∥∥X((n+ 1)h)− X̂((n+ 1)h)

∥∥2
S

≤ 3E
∥∥X∗

X(nh)(h)−X∗
X̂(nh)

(h)
∥∥2
S︸ ︷︷ ︸

(I) Continuous time convergence

+3E
∥∥X∗

X̂(nh)
(h)− X̂∗

X̂(nh)
(h)
∥∥2
S︸ ︷︷ ︸

(II) Interpolation Error

+3E
∥∥X̂∗

X̂(nh)
(h)− X̂

[ν∗]

X̂(nh)
(h)
∥∥2
S︸ ︷︷ ︸

(III) Picard Convergence Error

.

(8)

• Term (I) is the error from running the exact continuous dynamics over one step starting from

two different initial conditions, X(nh) and X̂(nh).

• Term (II) is the error from replacing ∇U by its Lagrange interpolant P .

• Term (III) is the finite–iteration error when approximating the fixed point of T̂
X̂(nh)

by ν∗

Picard steps.

See Figure 2 for an illustration of this one-step error decomposition. We will bound each of the

three error components in Section 6.3. Combining these three terms, we obtain the following result.

Proposition 1 (One–step error bound). There exist constants C0, C1, C2, h0 > 0 (independent of

h, d, n) such that, for all h ∈ (0, h0], ν∗ ≥ K − 1, and integers N ≥ 0,

EN+1 ≤ C0e
−CS(N+1)hd+ C1Nh2K−2dK−1 + C2h

2ν∗d.

The proof of Proposition 1 is provided in Appendix D.2. Choosing h, N and ν∗ so that each term

on the right-hand side is at most ε2/3 yields Theorem 1. We provide more details for the proof of

Theorem 1 in Appendix D.1.

6.3 Bounds for the Three Error Components

Continuous Time Convergence. To bound term (I) in (8), we use the result of continuous-time

convergence of the higher–order Langevin dynamics (4). It is well known that first–order Langevin

dynamics converge exponentially fast to stationarity (see, e.g., Bakry et al. (2013)); a similar

property holds for higher–order dynamics by constructing a suitable quadratic Lyapunov function.

The following lemma shows exponential contraction in the S–norm for some suitable positive-definite

matrix S.

Proposition 2. Let the processes {Xt} and {Yt} follow the Kth-order Langevin process in (4) with

γ ≥ γ0 for some constant γ0, starting from X0 and Y0 ∈ RKd. Then there exists a matrix S ≻ 0

and a constant CS > 0 that only depends on (γ,K,m,L) such that there exists a coupling

ζ̄ ∈ Γ
(
pt(· | X0), pt(· | Y0)

)
,

13



Figure 2: An illustration for one–step error decomposition: Starting from the current iterate X̂(nh),
(a) runs the continuous process (equivalently, the fixed–point flow of T ), yielding X̂(nh)→ X∗

X̂(nh)
;

(b) runs the fixed–point flow of the discretized operator T̂ , yielding X̂(nh)→ X̂∗
X̂(nh)

; (c) is the

algorithmic update, X̂(nh)→ X̂((n+ 1)h). The three labeled distances match the terms in (8): (I)
contraction of continuous process, (II) interpolation error ∥X∗

X̂(nh)
(h)− X̂∗

X̂(nh)
(h)∥2S , (III) Picard

convergence error ∥X̂∗
X̂(nh)

(h)− X̂((n+ 1)h)∥2S . Hence En+1 ≤ (I) + (II) + (III).

for all (Xt, Yt) ∼ ζ̄ and all t ≥ 0,

d

dt
(Xt − Yt)

⊤S(Xt − Yt) ≤ −2CS (Xt − Yt)
⊤S(Xt − Yt).

The proof of Proposition 2 is provided in Appendix C.1. Conditioning on Fnh and applying

Proposition 2 with X0 = X(nh), Y0 = X̂(nh), and t = h yields

E
∥∥X∗

X(nh)(h)−X∗
X̂(nh)

(h)
∥∥2
S
≤ e−2CS h E∥X(nh)− X̂(nh)∥2S ,

which controls term (I) by the contraction of the continuous process.

Interpolation Error. Henceforth, unless otherwise stated, we drop the dependence on the

initialization y = X̂(nh) and simply write X∗ and X̂∗ for the fixed points of the operators Ty and

T̂y, respectively. For the Lagrange interpolation error term (II), we have the following proposition.

Proposition 3 (Interpolation error within one step). Fix a step size h > 0 and an index n. Let γ

be as in the higher–order Langevin process (4) and CS be defined in Proposition 2. Then

∥∥X∗(h)− X̂∗(h)
∥∥2
S
≤ e−CSh

9γ ∥S∥op
CS

h IU ,
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where

IU := sup
s∈[nh,(n+1)h]

∥∥∇U(X̂∗
1 (s)

)
− P

(
s, X̂∗

1

)∥∥2. (9)

Here the subscript 1 denotes the first block (the x1–component) of X̂∗.

The proof of Proposition 3 can be found in Appendix D.3. Proposition 3 implies that

E ∥X∗(h)− X̂∗(h)∥2S = O(h)E[IU ],

where E[IU ] is the Lagrange interpolation error incurred when approximating ∇U along the fixed-

point path of T̂y by a Lagrange polynomial. If we take K−1 nodes for the interpolant, standard

Lagrange interpolation analysis shows that

E[IU ] = O
(
h2K−2

)
· sup
t∈[nh,(n+1)h]

∥∥∥∥ dK−1

dtK−1
∇U

(
X̂∗

1 (t)
)∥∥∥∥2 .

We then control the higher–order derivative term using the higher–order tensor bounds for ∇U in

Assumption 2. Formally, we have the following lemma.

Lemma 4. Fix a step size h > 0 and an integer order K ≥ 2. On each interval [nh, (n+1)h], define

the Lagrange interpolant of t 7→ ∇U
(
X̂∗

1 (t)
)
from the K−1 uniformly spaced nodes {nh+ cjh}K−1

j=1

with cj ∈ [0, 1]. Let IU be as in (9). Under Assumption 1-3 with smoothness parameters {Li}K−1
i=1 ,

there exists a constant CIR > 0 depending only on
(
K, {Li}i≤K−1, {cj}

)
and the parameter γ from

matrices D and Q, but not on h, d, n, or N , such that, uniformly for all n = 0, 1, . . . , N − 1,

E IU ≤ CIRN h 2K−2 dK−1.

Remark 6.1. We take K−1 nodes because, by the definition of D in (4), the Gaussian noise is added

only into the last block; consequently, the first coordinate X1 admits time derivatives up to order

K−1. The higher–order dynamics thus produce a sufficiently smooth path for X1 to mitigate the

nonsmoothness introduced by Brownian motion.

Remark 6.2. The dimension factor originates from controlling the (K−1)-st time derivative of

t 7→ ∇U
(
X̂∗

1 (t)
)
that appears in the error term of the Lagrange polynomial approximation. By Faà

di Bruno’s formula, this time derivative of U(X̂∗
1 (t)) can be expressed in terms of higher derivatives

of U acting on time derivatives of X̂∗
1 . Under Assumption 2, these contributions reduce to bounds

involving moments of ∥X̂∗(t)∥. In particular, controlling derivatives up to order K−1 requires

bounding supt∈[nh,(n+1)h] ∥X̂∗(t)∥K−1, which is of order dK−1 with high probability. See the Proof

of Lemma 4 in Appendix E for more details.
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Picard Convergence Term (III) is the convergence of the finite Picard iteration to its fixed

point. We can show that the operator T̂y is a contraction whenever h is small enough, i.e.,

∥∥T̂y[X]− T̂y[Y ]
∥∥
∞ ≤ ρ ∥X − Y ∥∞

for some ρ = O(h) < 1. We refer the reader to Appendix F.1.2 (Lemma F.2) for more details.

We use the following proposition to control the error from finite Picard iterations.

Proposition 5 (Picard iteration error). Assume the contraction factor ρ of T̂ satisfies ρ = O(h) < 1.

Let En be the one-step error defined in (8). Then, for every ν ≥ 0,

E sup
t∈[0,h]

∥∥X̂∗(t)− X̂ [ν](t)
∥∥2 ≤ ρ2ν

(1− ρ)2
(
O(h2)En +O(dh)

)
.

See Appendix D.4 for the proof of Proposition 5.

Remark 6.3. Let ∥Z∥H :=
(
E supt∈[0,h] ∥Z(t)∥2

)1/2
. Using the identity X̂∗ − X̂ [ν] =

∑∞
k=ν(X̂

[k+1] −
X̂ [k]) and the contraction of T̂y with factor ρ = O(h) < 1, we have ∥X̂∗− X̂ [ν]∥H ≤

∑∞
k=ν ρ

k∥X̂ [1]−
X̂ [0]∥H = ρν

1−ρ ∥X̂
[1] − X̂ [0]∥H. We can further bound the initial increment by ∥X̂ [1] − X̂ [0]∥2H ≲

O(h2)En +O(dh), which yields Proposition 5. See more details of the proof in Appendix D.4.

7 Discussion

We introduced a higher-order Langevin Monte Carlo built on a generalK-th-order Langevin dynamics

and discretized it via a Picard–Lagrange scheme. We established non-asymptotic convergence in

Wasserstein distance and proved query complexity of Õ
(
d

K−1
2K−3 ε−

2
2K−3

)
for K ≥ 3; this improves

the ε-dependence over the existing first-, second- (underdamped), and third-order Langevin Monte

Carlo and continues to improve as K increases.

While the ε-dependence improves as the order K increases, our current bound carries a dimension

factor d1/2+δ (for a small δ > 0) when K is large, which is weaker than the best-known d1/3

for underdamped (second-order). It would be valuable to design an improved interpolation or

discretization scheme whose dimension dependence also improves with K, so that increasing K

improves the complexity in both ε and d.
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Organization of the Appendix

Appendix A recalls the notation and settings from the paper. Appendix B provides additional

details of Algorithm 1. Appendix C establishes continuous-time convergence to the invariant

distribution via a Lyapunov argument. Appendix D contains proofs of the main results (Theorem 1

and Propositions 1, 3, and 5). Appendix E proves Lemma 1 by controlling the interpolation error

IU using high-probability bounds, Faà di Bruno’s formula, and higher-order derivative upper bound.

Appendix F collects technical details: existence and uniqueness of fixed points for Ty and T̂y, and
an equivalent formulation of Algorithm 1. Appendix G gathers auxiliary lemmas.

A Settings

In this section, we recall some of the notations and settings from the paper that are used in the

technical proofs presented in the appendix. Recall that in Section 6.1, we defined the following

operators:

• Continuous time operator Ty : C
(
[0, h],RKd

)
→ C

(
[0, h],RKd

)
:

(
Ty[X]

)
(t) := y −

∫ t

0
(D +Q)∇H

(
X(s)

)
ds+

∫ t

0

√
2D dBs, 0 ≤ t ≤ h. (10)

• Discretized operator T̂y : C
(
[0, h],RKd

)
→ C

(
[0, h],RKd

)
, where for given process X, T̂y[X]

is the solution X̃ to the following SDE:

X̃(t) = y −
∫ t

0
(D +Q)


P (s;X)

X̃2(s)
...

X̃K(s)

ds+

∫ t

0

√
2D dBs, 0 ≤ t ≤ h, (11)

where the Lagrange interpolation is defined by

P (s;X) :=

M∑
j=1

ℓj
(
s
h

)
∇U

(
X1(cjh)

)
. (12)

Equivalently, defining J := diag(0, 1, . . . , 1)⊗ Id ∈ RKd×Kd, e2 = (0, 1, 0, . . . , 0)⊤ ∈ RK and

A := − (D +Q)J , we have the following decomposition:

(
T̂y[X]

)
(t) = X̃(t) = y +

∫ t

0
AX̃(s) ds −

∫ t

0
(e2 ⊗ Id)P (s;X) ds +

∫ t

0

√
2DdBs. (13)

We denote the fixed point of Ty and T̂y by X∗
y and X̂∗

y correspondingly.



Picard Iterates. Given y, define the Picard sequence on [0, h] by

X̂ [0]
y (t) ≡ y, X̂ [ν+1]

y := T̂y
[
X̂ [ν]

y

]
, ν ≥ 0.

Starting from y = X̂(nh), Algorithm 1 outputs the next state by evaluating the ν∗-th Picard iterate

at the end of the step:

X̂((n+1)h) = X̂ [ν∗]
y (h).

Additional Notations. For the Lagrange basis {ℓj}Mj=1 defined on iterval [0, 1], we define the

standard Lebesgue constant

Γϕ := sup
τ∈[0,1]

M∑
j=1

∣∣ℓj(τ)∣∣.
Unless otherwise indicated, we write a ≲ b to mean that there exists a constant C > 0, independent

of n, d, N , and h, such that a ≤ C b. Here, n is the step index, N the total number of steps in

Algorithm 1, h the step size, and d the dimension of the target distribution π ∝ e−U(x). For a vector

x ∈ Rd, we use ∥x∥ and ∥x∥2 to denote its Euclidean norm. For a matrix A ∈ RM×N , we use ∥A∥ to
denote the operator norm induced by the Euclidean norm, i.e. ∥A∥ = supx̸=0

∥Ax∥
∥x∥ . For any positive

semidefinite matrix S and vector x ∈ Rd, we define the S-norm as follows: ∥x∥S :=
√
x⊤Sx. For a

matrix A, we denote by λmin(A), λmax(A), and λ(A) its smallest eigenvalue, largest eigenvalue, and

the set of all its eigenvalues, respectively. The symbols ⪯ and ⪰ denote the Loewner order between

matrices, and ≺ and ≻ denote the corresponding strict inequalities. For two probability distributions

p and q, we denote by Γ(p, q) the set of all their couplings, i.e., the set of joint distributions on

the product space whose marginals are p and q, respectively. For a complex number x ∈ C, Re(x)
denotes its real part.

B Additional Details of Algorithm 1

Recall that the K-th order Langevin dynamics on RKd is defined as followed:

dXt = −
(
D +Q

)

∇U

(
X1,t

)
X2,t

...

XK,t

 dt +
√
2D dBt, (14)
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where Xt =
(
X⊤

1,t, X
⊤
2,t, . . . , X

⊤
K,t

)⊤ ∈ RKd, Bt ∈ RKd is a standard Brownian motion, and

D =



0 0 0 · · · 0

0 0 0 · · · 0

0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · γ


K×K

⊗ Id, Q =



0 −1 0 · · · 0 0

1 0 −γ . . .
...

...

0 γ 0
. . . 0 0

...
. . .

. . .
. . . −γ 0

0
... 0 γ 0 −γ

0
... 0 · · · γ 0


K×K

⊗ Id. (15)

Here D is symmetric positive semidefinite and Q is skew-symmetric. Define J := diag(0, 1, . . . , 1)⊗
Id ∈ RKd×Kd and e2 = (0, 1, 0, . . . , 0)⊤ ∈ RK .With this notation, we can decompose the drift into

linear and nonlinear parts:

A := − (D +Q) J, g(X) := −(e2 ⊗ Id)∇U(X1). (16)

So the higher-order Langevin dynamic in (14) can be written as

dXt = AXt dt + g(Xt) dt +
√
2DdBt. (17)

Fix a step size h > 0 and grid points 0 = t0 < t1 < · · · < tN = T with uniform mesh ti − ti−1 = h.

For n = 0, . . . , N − 1 and τ ∈ [0, 1], conditioning on Xn := X(tn), the variation-of-constants formula

for (17) yields

X(nh+ τh) = eτhAX(nh) + h

∫ τ

0
e(τ−s)hAg

(
X(nh+ sh)

)
ds+Wn(τ), (18)

whereWn(τ) =
∫ τh
0 e(τh−s)A

√
2DdBnh+s ∼ N (0,Σ(τ)) with Σ(τ) := 2

∫ τh
0 e(τh−s)A

√
DD⊤e(τh−s)A⊤

ds.

We now use the Lagrange polynomial to approximate the nonlinear term g. Choose equispaced

collocation nodes 0 = c1 < · · · < cM = 1 (i.e. cj =
j−1
M−1) on [0, 1], and let {ℓj}Mj=1 be their Lagrange

polynomials basis on [0, 1]:

ℓj(σ) =

M∏
k=1
k ̸=j

σ − ck
cj − ck

, j = 1, . . . ,M. (19)

For n ≥ 0, let X̂(nh) ∈ RKd denote the numerical approximation to the exact continuous process

X(nh) at step n. For collocation nodes ck, let X̂n,k ∈ RKd denote the approximations to X(nh+ckh),

k = 1, . . . ,M . Note that at k = M , X̂n,M is an approximation of X((n+ 1)h).

For σ ∈ [0, 1], suppose we have some approximation of the points X̂n,j ≈ X(nh + cjh) for all
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j = 1, . . . ,M , then we can approximate g by

g
(
X(nh+ σh)

)
≈

M∑
j=1

ℓj(σ) g
(
X̂n,j

)
. (20)

Then, we can approximate the first integral in (18) by

h

∫ τ

0
e(τ−σ)hA g

(
X(nh+ σh)

)
dσ ≈ h

M∑
j=1

∫ τ

0
e(τ−σ)hA ℓj(σ) dσ g(X̂n,j) := h

M∑
j=1

αj(τ, h)g(X̂n,j),

(21)

where αj(τ, h) :=
∫ τ
0 e(τ−σ)hA ℓj(σ) dσ. Plug in the approximation (21) to the SDE in (18) and set

τ = ck, we get the equation for unknown points X̂n,k ≈ X(nh+ ckh):

X̂n,k = eckhAX̂(nh) + h
M∑
j=1

αj(ck, h) g(X̂n,j) + Wn(ck). (22)

Notice that the coefficient matrix (αj(ck, h))jk can be precomputed given h and matrix A, then

(X̂n,1, . . . , X̂n,M ) forms nonlinear fixed-point equations, and we can solve (X̂n,1, . . . , X̂n,M ) using the

Picard iterations: we first initialize X̂
(0)
n,k := X̂(nh) for k = 1, . . . ,M , then iterate for ν = 1, . . . , ν∗:

X̂
(ν+1)
n,k := eckhAX̂n + h

M∑
j=1

αj(ck, h) g
(
X̂

(ν)
n,j

)
+Wn(ck).

Since we set cM = 1, we have X̂((n + 1)h) = X̂
(ν∗)
n,M being the update for next step. The joint

Gaussian vector

[
Wn(c1)

⊤, . . . ,Wn(cM )⊤
]⊤ ∼ N (0,ΣC) (23)

has block covariance

Cov
(
Wn(ci),Wn(cj)

)
= 2

∫ min(ci,cj)h

0
e(cih−s)A

√
DD⊤ e(cjh−s)A⊤

ds, (24)

and (Wn(·))n are independent across n.
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C Continuous Time Convergence

It can be shown (Shi et al., 2012; Ma et al., 2015) that the higher-order Langevin process Xt as

defined in (4) admits an invariant distribution with density

p∗(x) ∝ exp (−H(x)) , H(x) = U(x1) +
1

2

K∑
i=2

∥xi∥2.

In this section, we prove that the law ofX(t) converges to p∗ at an exponential rate in the Wasserstein-

2 distance. To establish convergence, we employ a Lyapunov function. Let two processes follow

the dynamics (4), started from the initial distributions p0 and p∗, respectively. For a symmetric

positive definite matrix S ≻ 0, define

Lt := inf
ζt∈Γ(pt,p∗)

E(X(t),X∗)∼ζt

[
(X(t)−X∗)⊤S(X(t)−X∗)

]
.

With the Lyapunov function in place, we now formalize the continuous-time behavior. The following

theorem establishes that the continuous-time dynamics converge exponentially fast under a suitable

Lyapunov matrix S. Although the discretization analysis does not use this main result directly, its

guarantee of exponential convergence to equilibrium serves as the main motivation for constructing

a discrete-time scheme that preserves the same contraction behavior.

Theorem C.1. Let X(0) ∼ p0 and X∗ ∼ p∗. Let {X(t)}t≥0 follow the Kth-order Langevin process

defined in (4) with a sufficiently large damping parameter γ > γ0, for some γ0 > 0 that ensures

contractivity , and started from p0 and p∗, respectively. Then there exist a symmetric positive definite

matrix S ≻ 0 and a constant CS > 0, depending only on m,L, γ, and K, such that for all t ≥ 0,

inf
ζt∈Γ(pt,p∗)

E(X(t),X∗)∼ζt

[
(X(t)−X∗)⊤S(X(t)−X∗)

]
≤e−2CSt inf

ζ0∈Γ(p0,p∗)
E(X(0),X∗)∼ζ0

[
(X(0)−X∗)⊤S(X(0)−X∗)

]
.

Moreover, letting λmin(S) and λmax(S) denote the minimal and maximal eigenvalues of S, inequality

above implies exponential convergence in the Wasserstein-2 distance:

W 2
2 (pt, p

∗) ≤ 1

λmin(S)
inf

ζt∈Γ(pt,p∗)
E(X(t),X∗)∼ζt

[
(X(t)−X∗)⊤S(X(t)−X∗)

]
≤ λmax(S)

λmin(S)
e−2CStW 2

2 (p0, p
∗).

Proof. Let ζ̃ denote the coupling constructed in Proposition C.4. Define

ζ̂t(X(t), X∗(t)) = E(X(0),X∗(0))∼ζ∗0

[
ζ̃(X(t), X∗(t) | X(0), X∗(0))

]
.

Since ζ̂t is a valid coupling between pt and p∗t , Proposition C.4 together with Gronwall’s inequality
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yields

inf
ζt∈Γ(pt,p∗t )

E(X(t),X∗(t))∼ζt

[
(X(t)−X∗(t))⊤S(X(t)−X∗(t))

]
≤ E(X(t),X∗(t))∼ζ̂t

[
(X(t)−X∗(t))⊤S(X(t)−X∗(t))

]
= E(X(0),X∗(0))∼ζ∗0

[
E(X(t),X∗(t))∼ζ̃( · |X(0),X∗(0))

[
(X(t)−X∗(t))⊤S(X(t)−X∗(t))

]]
≤ e−2CSt E(X(0),X∗(0))∼ζ∗0

[
(X(0)−X∗(0))⊤S(X(0)−X∗(0))

]
= e−2CSt inf

ζ0∈Γ(p0,p∗)
E(X(0),X∗)∼ζ0

[
(X(0)−X∗)⊤S(X(0)−X∗)

]
.

This proves Theorem C.1.

C.1 Proof of Proposition 2

To prove this proposition, we follow the approach developed in Monmarché (2023); Arnold and

Erb (2014); Arnold et al. (2020). Our first objective is to identify a matrix S that yields the

desired contraction. For this purpose only, we first introduce a convenient reparametrization of the

dynamics.

Write the state as

X(t) =
(
X1(t), Y (t)

)
∈ Rd × R(K−1)d.

Then the continuous-time process (4) can be rewritten as

dX(t) = P Y (t) dt, dY (t) = −P⊤∇U(X(t)) dt− γ Q̃ Y (t) dt+

√
2γ D̃ dBt, (25)

where Bt is a standard (K − 1)d-dimensional Brownian motion and the matrices P ∈ Rd×(K−1)d,

Q̃, D̃ ∈ R(K−1)d×(K−1)d are defined by

P =
(
Id 0 · · · 0

)
, Q̃ =



0 −Id 0 · · · 0

Id 0 −Id
. . .

...

0
. . .

. . .
. . . 0

...
. . . Id 0 −Id

0 · · · 0 Id Id


, D̃ =



0d 0
. . .

...

0d 0

0d 0

0 · · · 0 0 Id


.

Let b(x1, y) denote the drift of (25), then for x1 ∈ Rd, y ∈ R(K−1)d, (and correspondingly for

x = (x1, y) ∈ RKd),

b(x1, y) = b(x) = −(D +Q)∇H(x). (26)
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We write Jb for the Jacobian of b; explicitly,

Jb(x) = −(D +Q)



∇2U(x1) 0
. . .

...

Id 0

Id 0

0 · · · 0 0 Id


. (27)

To this end, we state the following set of conditions, adapted from prior work (see Monmarché

(2023)), and later show that our dynamics satisfy them.

Condition 1. There exist constants m,L > 0 such that

∀x ∈ Rd, m Id ⪯ ∇2U(x) ⪯ LId.

Condition 2. There exist κ > 0 and a symmetric positive–definite matrix Ñ ∈ R(K−1)d×(K−1)d such

that

ÑQ̃+ Q̃⊤Ñ ⪰ 2κ Ñ.

Condition 3. Decompose Q̃ as

Q̃ =

(
Q̃11 Q̃12

Q̃21 Q̃22

)
,

where the blocks have sizes

Q̃11 ∈ Rd×d, Q̃12 ∈ Rd×(K−2)d, Q̃21 ∈ R(K−2)d×d, Q̃22 ∈ R(K−2)d×(K−2)d.

Require that Q̃22 be invertible and that

E := Q̃11 − Q̃12Q̃
−1
22 Q̃21

is symmetric positive definite. Moreover, set H := Q̃12Q̃
−1
22 .

The following lemma ensures that the higher-order Langevin dynamics (25) satisfies all the above

conditions.

Lemma C.2. The dynamics (25) satisfy Conditions 1–3.

Proof. Condition 1 follows directly from the smoothness and strong convexity assumptions on U

(Assumption 1).
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For Condition 2, write Q̃ = Q̃can ⊗ Id with the (K−1)× (K−1) “canonical” backbone matrix

Q̃can =



0 −1 0 · · · 0

1 0 −1 . . .
...

0
. . .

. . .
. . . 0

...
. . . 1 0 −1

0 · · · 0 1 1


.

Hence λ(Q̃) = λ(Q̃can) (with λ(·) denoting the spectrum, with multiplicities scaled by d), and

eigenvectors of Q̃ are w = v ⊗ ej , where v is an eigenvector of Q̃can and {ej}dj=1 is the canonical

basis of Rd.

Given that Q̃ and Q̃can share the same spectrum, we now show that

min{Re(λ) : λ ∈ λ(Q̃can)} > 0.

Decompose

Q̃can =
Q̃can + Q̃⊤

can

2
+

Q̃can − Q̃⊤
can

2
=: L+M,

where L is Hermitian and M is skew–Hermitian. If Q̃canx = λx for some x = (x1, . . . , xK−1) ∈
CK−1 \ {0}, then by the standard Rayleigh-quotient identity for the symmetric part,

Re(λ) =
x∗Lx

x∗x
=
|xK−1|2

|x|2
.

We claim xK−1 ̸= 0. Indeed, if xK−1 = 0, then the last row of Q̃canx = λx gives xK−2 = 0; iterating

backwards yields xK−3 = 0, . . . , x1 = 0, a contradiction to x ̸= 0. Hence xK−1 ̸= 0 and thus

Re(λ) > 0 for every eigenvalue λ of Q̃can. The same conclusion then holds for Q̃ = Q̃can ⊗ Id.

Given the above result that min{Re(λ) : λ ∈ λ(Q̃)} > 0, the works Arnold and Erb (2014,

Lemma 4.3), Arnold et al. (2020, Section 2.1), and Dang et al. (2025, Appendix A) provide an

explicit construction of a symmetric positive–definite matrix Ñ such that

ÑQ̃+ Q̃⊤Ñ ⪰ 2κ Ñ.

We refer the reader to these references for the complete construction and reproduce the key details

in Appendix C.2 for completeness.

With H := −(Id, . . . , Id) ∈ Rd×(K−2)d we verify directly that H Q̃22 = Q̃12. It follows that

E := Q̃11 − Q̃12Q̃
−1
22 Q̃21 = Q̃11 − H Q̃21 = Id, which is symmetric positive definite. this proves

Condition 3.
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Since E = Id ≻ 0 and Ñ ≻ 0, we can fix constants hi > 0 (i = 1, . . . , 5) such that

ÑP⊤PÑ ⪯ h1 Ñ ,
1

h2
Id ⪯ E ⪯ h3 Id, (28)

and (
Id −H
0 0

)
⪯ h4 Ñ ,

(
Id −H
−H⊤ 0

)
⪯ h5 Ñ . (29)

Note that, here we can take h2 = h3 = 1.

The following theorem is taken from (Monmarché, 2023, Theorem 9); see that reference for the

proof.

Theorem C.3. Define

γ0 := 2

√
h1L

κ
max

(√
h2h5,

√
h4
κ

)
. (30)

If γ ≥ γ0, then under Conditions 1–3 there exist a positive definite matrix S such that the drift of

the process (25) satisfies

∀x ∈ RKd, S Jb(x) + J⊤
b (x)S ⪯ −2Cs S,

with

Cs = min

(
m

3h3γ
,
γκ

6

)
.

Moreover, S is a positive definite matrix such that

1

2

Id 0

0
κ

Lh1
Ñ

 ⪯ S ⪯ 3

2

Id 0

0
κ

Lh1
Ñ

 .

Remark C.1. Based on the construction of Ñ provided in Appendix C.2, both ∥Ñ∥op and ∥Ñ−1∥op
are bounded by constants that are independent of the ambient dimension d. As a result of Lemma C.5,

all constants appearing in inequality (28), as well as the eigenvalues of the associated matrix S, are

dimension-free. In particular, the parameters hi and κ, and consequently the constants CS , λmin(S),

and λmax(S), remain independent of d.

With all these tools in hand, we restate Proposition 2 below for completeness before presenting its

proof.

Proposition C.4. Let the processes {X(t)} and {X∗(t)} follow the Kth-order Langevin process in

(4) with γ ≥ γ0 for some γ0 as defined in (30). Let the initial conditions be X(0) and X∗(0) ∈ RKd.

Then there exists a coupling

ζ̄ ∈ Γ
(
pt(X(t) | X(0)), p∗t (X

∗(t) | X∗(0))
)
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of the laws of X(t) and X∗(t), a symmetric positive definite matrix S ≻ 0, and a constant CS > 0,

depending only on m,L, and K, such that

d

dt
(X(t)−X∗(t))⊤S(X(t)−X∗(t)) ≤ −2CS (X(t)−X∗(t))⊤S(X(t)−X∗(t)), for all (X(t), X∗(t)) ∼ ζ̄.

(31)

Proof. Consider the processes X(t) and X∗(t) in the statement. Under synchronous coupling,

applying (27) yields

d(X(t)−X∗(t)) = −(D +Q)
(
∇H(X(t))−∇H(X∗(t))

)
dt

=
(
b(X(t))− b(X∗(t))

)
dt

=

[∫ 1

0
Jb
(
X∗(t) + λ(X(t)−X∗(t))

)︸ ︷︷ ︸
=:J̃b(t,λ)

dλ

]
(X(t)−X∗(t)) dt,

where b(·) is the drift and Jb its Jacobian (27). Since U is m-strongly convex and L-smooth on Rd,

the (vector-valued) mean-value theorem (fundamental theorem of calculus) on open convex sets

yields the last equality.

Consequently, using Theorem C.3 we obtain

d

dt
(X(t)−X∗(t))⊤S(X(t)−X∗(t)) = (X(t)−X∗(t))⊤

(
S

∫ 1

0
J̃b(t, λ) dλ+

∫ 1

0
J̃b(t, λ)

⊤ dλS

)
(X(t)−X∗(t))

=

∫ 1

0
(X(t)−X∗(t))⊤

(
SJ̃b(t, λ) + J̃b(t, λ)

⊤S
)
(X(t)−X∗(t)) dλ

≤
∫ 1

0
−2CS (X(t)−X∗(t))⊤S(X(t)−X∗(t)) dλ

= −2CS (X(t)−X∗(t))⊤S(X(t)−X∗(t)).

This finishes the proof of Proposition C.4.

C.2 Construction of Matrix Ñ

We briefly outline here the construction of Ñ , which satisfies Condition 2. The full details can be

found in Arnold and Erb (2014, Lemma 4.3), Arnold et al. (2020, Section 2.1), and Dang et al.

(2025, Appendix A).
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We begin by observing that Q̃ can be written in the Kronecker product form

Q̃ = Q̃can ⊗ Id, Q̃can :=



0 −1 0 · · · 0

1 0 −1 . . .
...

0
. . .

. . .
. . . 0

...
. . . 1 0 −1

0 · · · 0 1 1


.

This representation implies that Q̃ and the (K−1)× (K−1) matrix Q̃can share the same spectrum.

Let µ = min{Re(λ) : λ ∈ λ(Q̃)} > 0. Furthermore, if vi (1 ≤ i ≤ K−1) are the eigenvectors (or

generalized eigenvectors) of Q̃can and ej (1 ≤ j ≤ d) are the standard basis vectors in Rd, then

wij = vi ⊗ ej , 1 ≤ i ≤ K−1, 1 ≤ j ≤ d,

form the eigenvectors (respectively generalized eigenvectors) of Q̃.

Case 1: Q̃ is non-defective 1 (diagonalizable).

We first consider the simpler case where Q̃ is non-defective (diagonalizable), in which case we can

define

Ñ =
∑
k

wkw
†
k, k ∈ {(i, j) : 1 ≤ i ≤ K−1, 1 ≤ j ≤ d},

where † denotes the conjugate transpose. Since {wk} forms a basis of Cd(K−1), the matrix Ñ is

symmetric and positive definite. If any wk is complex, its conjugate wk is also an eigenvector

corresponding to the conjugate eigenvalue λk. Noting that each λk is an eigenvalue of Q̃, we obtain

Q̃Ñ + ÑQ̃⊤ =
∑
k

(λk + λk)wkw
†
k ⪰ 2µ Ñ.

Hence, the desired inequality (Condition 2) holds in the non-defective case.

Case 2: Q̃ is defective, with a trivial Jordan block corresponding to the eigenvalue of

minimal real part.

Let us now move on to the defective case. If at least one eigenvalue of Q̃ is defective, we include the

generalized eigenvectors and proceed as follows. Let A−1Q̃A = J = diag(J1, . . . , JN ) be the Jordan

normal form, where each Jn is of length ℓn with eigenvalue λn. For now, let us assume that all

Jordan blocks corresponding to eigenvalues with Re(λn) = µ are trivial, i.e., ℓn = 1.

Define a block-diagonal positive matrix

B := diag(B1, . . . , BN ), Bn := diag(b ℓnn , . . . , b 1n),

1An eigenvalue is defective if its geometric multiplicity is strictly less than its algebraic multiplicity. Equivalently, a
matrix is non-defective if it is diagonalizable over C.
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whose entries are given by

b 1n = 1, b jn = cj (τn)
2(1−j), j = 2, . . . , ℓn, (32)

where c1 = 1, cj = 1 + (cj−1)
2, and τn := 2(Re(λn)− µ) ≥ 0. For ℓn = 1, Bn = 1 and

JnBn +BnJ
†
n = (λn + λn)Bn ⪰ 2µBn.

When ℓn > 1, one checks via the principal-minor test and recursion that

JnBn +BnJ
†
n − 2µBn ⪰ 0,

so that JnBn +BnJ
†
n ⪰ 2µBn for all n. Therefore, in total we have,

JB +BJ† ⪰ 2µB.

Multiplying by A and A† on both sides yields

A−1Q̃AB +BA†Q̃T (A−1)† ⪰ 2µB,

which implies

Q̃ABA† +ABA†Q̃T ⪰ 2µABA†.

Finally, setting Ñ := ABA† gives

Q̃Ñ + ÑQ̃⊤ ⪰ 2µÑ.

Case 3: Q̃ is defective, with a non-trivial Jordan block corresponding to the eigenvalue

of minimal real part.

In the case where there exists a nontrivial Jordan block Jñ corresponding to an eigenvalue with

Re(λñ) = µ, we modify the construction (32) by choosing (instead of τn),

τñ := µ > 0.

Hence,

JñBñ +BñJ
†
ñ ⪰ µBñ, (a slightly weaker inequality)

and Condition 2 follows.

Lemma C.5. All constants appearing in inequality (28), as well as the eigenvalues associated with

the matrix S, are independent of the ambient dimension d.

Proof. (The case where Q̃ is non-diagonalizable is treated analogously.) From the Kronecker
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representation

Ñ =

(
K−1∑
i=1

viv
†
i

)
⊗ Id,

it follows that both ∥Ñ∥op and ∥Ñ−1∥op are independent of the dimension d.

Next, note that E = Id and P = (Id 0 · · · 0), yielding h1 = ∥ÑP⊤P∥op; hence h1, h2, and h3 are

dimension-free. To control h4 and h5, consider H = −(Id, . . . , Id). Then one can easily show that

(1 + (K − 1)/2) I(K−1)d −

(
Id −H
0 0

)
⪰ 0.

Which implies that choosing h4 = (1 + (K − 1)/2)∥Ñ−1∥op is sufficient. A similar argument, based

on the decomposition (
Id −H
−H⊤ 0

)
=

(
Id −H
0 0

)
+

(
0 0

−H⊤ 0

)
,

yields h5 = (1 +K)∥Ñ−1∥op.

Finally, by construction of S,

1

2

Id 0

0
κ

Lh1
Ñ

 ⪯ S ⪯ 3

2

Id 0

0
κ

Lh1
Ñ

 .

Since the spectrum of Ñ does not depend on d, the minimum and maximum eigenvalues of S are

likewise dimension-independent.

D Proof of Main Results

D.1 Proof of Theorem 1

Recall the synchronous coupling bound

W 2
2

(
π, π̂(N)

)
≤ ∥S−1∥op E

[
∥X(Nh)− X̂(Nh)∥2S

]
, (33)

where π is the stationary law of the continuous dynamics as defined in (4), π̂(N) is the law of the

output of Algorithm 1 after N steps of size h, and both processes are driven by the same Brownian

path on each step. Throughout we assume X(0) ∼ π and X̂(0) = 0, so the initial continuous process

is stationary. We provide the formal version of Theorem 1 below.

Theorem D.1. Assume that U satisfies Assumption 1-3, fix K ≥ 3, and run Algorithm 1 with

Picard iterations ν∗ ≥ K − 1 at each step and K − 1 equispaced collocation nodes {cj}K−1
j=1 (i.e.,

M = K − 1 in Algorithm 1). Let CS > 0 be the S-contractivity constant from Proposition C.4, and

let C∗
0 , C

∗
1 , C

∗
2 be the constants from Proposition D.2. There exists a constant h0 > 0 (depending
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only on γ, m, L and K, and the collocation nodes {cj}, but independent of d, N , and ε) such that

if, for a target accuracy ε ∈ (0, 1),

h ≤ min

 h0,

[
CS ε2

3C∗
1 d

K−1 log
(3C∗

0 d
ε2

)]
1

2K−3

,

[
ε2

3C∗
2 d

] 1
2K−2

 , (34)

and

N ≥
⌈

1

CS h
log
(3C∗

0 d

ε2

)⌉
, (35)

then the Wasserstein-2 distance after N steps satisfies

W 2
2

(
π, π̂(N)

)
≤ ∥S−1∥op ε2. (36)

Proof. From Proposition D.2, for h > 0 small enough so that ρ := 2LhΓϕ ≤ 1
2 , there exist constants

C∗
0 , C

∗
1 , C

∗
2 > 0 (independent of h, d,N) such that

EN+1 := E ∥X((N+1)h)− X̂((N+1)h)∥2S ≤ C∗
0 e

−CS(N+1)h d + C∗
1 N h 2K−2 dK−1 + C∗

2 h
2ν∗ d.

(37)

Using (33) and (37),

W 2
2

(
π, π̂(N+1)

)
≤ ∥S−1∥op

(
C∗
0e

−CS(N+1)h d+ C∗
1Nh2K−2 dK−1 + C∗

2h
2ν∗ d

)
.

We now bound each contribution under the choices (34)–(35).

By (35), e−CS(N+1)h ≤ exp
(
− log

3C∗
0d

ε2

)
= ε2

3C∗
0d
, hence

C∗
0e

−CS(N+1)h d ≤ ε2

3
.

Using (35) we have N ≤ 1
CSh

log
(3C∗

0d
ε2

)
, so

C∗
1Nh2K−2dK−1 ≤ C∗

1

CS
log
(3C∗

0d

ε2

)
h2K−3dK−1.

By the second term in the minimum of (34), the right-hand side is ≤ ε2/3. By the third term in

the minimum of (34), and using ν∗ ≥ K − 1 we have C∗
2h

2ν∗d ≤ ε2/3.

D.2 Proof of Proposition 1

In this section, we focus on the one–step update and establish the corresponding discretization

bound. The formal statement of Proposition 1 is given below.

Proposition D.2. Let En := E ∥X(nh)− X̂(nh)∥2S and assume the step size h > 0 is small enough
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so that h ≤ h̄ with

h̄ := min
{
(3γ(L ∨ 1))−1, log 2

3γ , (4LΓϕ)
−1, h1

}
,

where h1 is the stepsize upper bound (independent of d, n) from Lemma E.9 and Γϕ is defined in

Lemma F.2. Then there exist constants Ca, C1, C2 > 0 (independent of h, d, n) such that, for all

n ≥ 0,

En+1 ≤ ahEn + ch, ah := e−2CSh + Ca h
2ν∗+2, ch := C1Nh 2K−1dK−1 + C2 h

2ν∗+1 d.

(38)

Moreover, there exists h0 := min

{
h̄, 1

4CS
,
(

CS
2Ca

) 1
2ν∗+1

}
such that for all h ∈ (0, h0] and any

ν∗ ∈ N,
ah ≤ 1− CS h,

and hence, for all N ≥ 0,

EN+1 ≤ C∗
0 e

−CS(N+1)h d + C⋆
1 N h 2K−2 dK−1 + C⋆

2 h
2ν∗ d, (39)

for some constants C∗
0 , C

⋆
1 , C

⋆
2 > 0 that do not depend on h, d,N .

Proof. One–step recursion. From the error decomposition in Section 6.2,

En+1 = E
∥∥X((n+ 1)h)− X̂((n+ 1)h)

∥∥2
S

≤ 3 E
∥∥X∗

X(nh)(h)−X∗
X̂(nh)

(h)
∥∥2
S︸ ︷︷ ︸

(I) Continuous time convergence

+3 E
∥∥X∗

X̂(nh)
(h)− X̂∗

X̂(nh)
(h)
∥∥2
S︸ ︷︷ ︸

(II) Interpolation Error

+3 E
∥∥X̂∗

X̂(nh)
(h)− X̂

[ν∗]

X̂(nh)
(h)
∥∥2
S︸ ︷︷ ︸

(III) Picard Convergence Error

.

For (I), by Proposition 2 (or see Proposition C.4 for a formal version),

E
∥∥X∗

X(nh)(h)−X∗
X̂(nh)

(h)
∥∥2
S
≤ e−2CS hEn.

For (II), by Proposition 3 and Lemma 4 (or see Proposition D.3, Lemma E.2) gives

(II) ≤ e−CSh
9∥S∥op
CS

hE IU,n ≤ C1Nh2K−1dK−1.

For (III), Proposition 5 (or Proposition D.5) with ν = ν∗ yields

(III) ≤ ρ2ν∗

(1− ρ)2
C∆(h), C∆(h) = 54h2(L2 + 1)e3h

2∥A∥2 En +∆(h),

with ∆(h) = O(dh) from Lemma D.4. Since ρ = Θ(h), we have ρ2ν∗ = Θ(h2ν∗); multiplying by

∥S∥op gives

∥S∥op(III) ≤ Ca h
2ν∗+2En + C2 h

2ν∗+1 d,

for suitable Ca, C2 > 0. Combining the three terms proves (38). All bounds above are valid for h
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smaller enough such that h ≤ h̄, which ensures the contraction of operators Ty and T̂y (Lemmas F.1,

F.2) and the applicability of Lemma E.2.

Global bound. Use e−2CSh ≤ 1 − 2CSh + 2C2
Sh

2 to get ah ≤ 1 − 2CSh + 2C2
Sh

2 + Cah
2ν∗+2.

For any fixed ν∗ ≥ 1, with h0 := min

{
h̄, 1

4CS
,
(

CS
2Ca

) 1
2ν∗+1

}
we have 2C2

Sh
2 + Cah

2ν∗+2 ≤ CSh

for h ≤ h0; hence ah ≤ 1 − CSh. Solving the recursion En+1 ≤ ahEn + ch yields EN+1 ≤
aN+1
h E0 + ch(1− aN+1

h )/(1− ah). Since 1− ah ≥ CSh and aN+1
h ≤ e−CS(N+1)h,

EN+1 ≤ e−CS(N+1)hE0 + (CSh)
−1 ch.

Since we initialize the algorithm with X̂(0) = 0 and by Lemma G.4, E∥X∥2 = O(d) for X ∼ ρ(dx) ∝
e−U(x1)− 1

2

∑K
k=2 ∥xk∥2dx, we have E0 = O(d). Finally, insert ch = C1h

2K−1dK−1 + C2h
2ν∗+1d and

absorb constants to obtain (39).

D.3 Proof of Proposition 3

We provide the formal version of Proposition 3 below.

Proposition D.3 (Interpolation error within one step). Fix a step size h > 0 and index n, and set

y := X̂(nh). Let X∗ and X̂∗ be the fixed points of Ty and T̂y on [0, h] (as defined in (10) and (11)),

driven by the same Brownian motion (synchronous coupling). Then

∥∥X∗(h)− X̂∗(h)
∥∥2
S
≤ e−CSh

9γ ∥S∥op
CS

h IU , (40)

where

IU := sup
s∈[nh,(n+1)h]

∥∥∇U(X̂∗
1 (s)

)
− P

(
s, X̂∗

1 (s)
)∥∥2.

Here the subscript 1 denotes the first block (the x1–component) of X̂∗.

Proof. Let δX(t) := X∗(t) − X̂∗(t) for t ∈ [0, h]. Under the fixed-point representations and

synchronous coupling, δX solves

d

dt
δX(t) = − (D +Q)


∇U

(
X∗

1 (t)
)
−∇U

(
X̂∗

1 (t)
)

δX2(t)
...

δXK(t)

 − (D +Q)


r(t)

0d
...

0d

 , (41)

where

r(t) := ∇U
(
X̂∗

1 (t)
)
− P

(
t, X̂∗

1

)
. (42)

By the mean-value theorem, ∇U(X∗
1 ) −∇U(X̂∗

1 ) = Ht (X
∗
1 − X̂∗

1 ) with mId ⪯ Ht ⪯ LId. Define
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Jb := −(D +Q) diag(Ht, Id, . . . , Id) and R(t) = (r(t), 0d, . . . , 0d)
T . Then

d

dt
δX(t) = Jb δX(t) − (D +Q)R(t). (43)

Define E(t) := ∥δX(t)∥2S . Differentiating and using the contraction SJb + JT
b S ⪯ −2CSS in

Theorem C.3,

d

dt
E(t) =

〈
δX(t), S

d

dt
δX(t)

〉
+

〈
d

dt
δX(t), S δX(t)

〉
=
〈
δX(t), S

(
Jb δX(t)− (D +Q)R(t)

)〉
+
〈
Jb δX(t)− (D +Q)R(t), S δX(t)

〉
=
〈
δX(t),

(
SJb + J⊤

b S
)
δX(t)

〉
− 2

〈
δX(t), S(D +Q)R(t)

〉
≤ − 2CS ∥δX(t)∥2S + 2 ∥δX(t)∥S

∥∥∥S1/2(D +Q)R(t)
∥∥∥.

Apply Young’s inequality with any η > 0:

∥δX(t)∥S
∥∥∥S1/2(D +Q)R(t)

∥∥∥ ≤ η

2
∥δX(t)∥2S +

1

2η
∥S1/2(D +Q)R(t)∥2.

Since ∥S1/2(D +Q)R(t)∥2 ≤ ∥S∥op∥D +Q∥2 ∥r(t)∥2, we get

d

dt
E(t) ≤ (η − 2CS)E(t) +

∥S∥op∥D +Q∥2

η
∥r(t)∥2.

Lemma G.1 implies that ∥D + Q∥ ≤ 3γ. With E(0) = 0, Grönwall’s inequality implies, for any

θ ∈ [0, 1],

E(θh) ≤ e(η−2CS)θh
9γ∥S∥op

η

∫ θh

0
∥r(t)∥2dt ≤ e(η−2CS)θh

9γ∥S∥op
η

θh sup
t∈[0,h]

∥r(t)∥2,

which is (40) with IU = sups∈[nh,(n+1)h] ∥∇U(X̂∗
1 (s))− P (s, X̂∗

1 )∥2 and η = CS .

D.4 Proof of Proposition 5

Now we consider the Picard iteration convergence when the number of iterations ν →∞. Fix h > 0

and a step index n. Let y := X̂(nh) ∈ RKd and consider the operator T̂y on [0, h]. Initialize the

Picard sequence with the constant path

X̂ [0]
y (t) ≡ y, t ∈ [0, h],

and for ν ≥ 1 set X̂
[ν]
y := T̂y

[
X̂

[ν−1]
y

]
. Recall the contraction ratio from Lemma F.2,

ρ := 2LhΓϕ with ρ ≤ 1
2 .
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Before starting the proof of Proposition 5, we introduce the following lemma.

Lemma D.4 (Picard convergence). Under Assumption 1 and the condition for step-size h in

Lemma F.2 (so that ρ ≤ 1
2), with y = X̂(nh), for all ν ≥ 2,

E sup
t∈[0,h]

∥∥X̂ [ν]
y (t)− X̂ [ν−1]

y (t)
∥∥2 ≤ ρ 2ν−2

[
54 γ h2(L2 + 1) e3h

2∥A∥2 E ∥X̂(nh)−X(nh)∥2 + ∆(h)
]
,

where

∆(h) := e3h
2∥A∥2

{
54 γ h2

(
E ∥∇U

(
X1(nh)

)
∥2 + E ∥X(nh)∥2

)
+ 24 d h

}
.

Moreover, using the moment bound for E∥∇U(X1)∥2 and E∥X∥2 in Lemma G.4, and let x⋆ ∈
argminU , then we have

∆(h) ≤ e3h
2∥A∥2

{
54 γ h2

(
L2

m d+ 2∥x⋆∥2 + 2
md+ (K − 1)d

)
+ 24 d h

}
= O(dh). (44)

Proof. By the contraction property of T̂y in Lemma F.2,

sup
t∈[0,h]

∥∥X̂ [ν]
y (t)− X̂ [ν−1]

y (t)
∥∥ ≤ ρ sup

t∈[0,h]

∥∥X̂ [ν−1]
y (t)− X̂ [ν−2]

y (t)
∥∥ ≤ ρν−1 sup

t∈[0,h]

∥∥X̂ [1]
y (t)− X̂ [0]

y (t)
∥∥.

Taking squares and expectation yields

E sup
t∈[0,h]

∥∥X̂ [ν]
y (t)− X̂ [ν−1]

y (t)
∥∥2 ≤ ρ2ν−2 E sup

t∈[0,h]

∥∥X̂ [1]
y (t)− X̂ [0]

y (t)
∥∥2. (45)

It remains to bound the initial increment X̂
[1]
y (t) − X̂

[0]
y (t). With X̂

[0]
y (t) ≡ y = X̂(nh), the

interpolation satisfies P (s; y) ≡ ∇U
(
X̂1(nh)

)
. By the decomposition of T̂y in (13),

X̂ [1]
y (t)− X̂ [0]

y (t) =

∫ t

0
A
(
X̂ [1]

y (s)− X̂ [0]
y (s)

)
ds−

∫ t

0
(D +Q)


∇U

(
X̂1(nh)

)
X̂2(nh)

...

X̂K(nh)

 ds+

∫ t

0

√
2DdBs.

By the Cauchy–Schwarz inequality, we obtain

E sup
t∈[0,h]

∥X̂ [1]
y (t)− X̂ [0]

y (t)∥2 ≤ 3h ∥A∥2
∫ h

0
E sup

u∈[0,s]
∥X̂ [1]

y (u)− X̂ [0]
y (u)∥2ds

+ 3h2∥D +Q∥2
(
E ∥∇U(X̂1(nh))∥2 + E ∥X̂(nh)∥2

)
+ 3E sup

t∈[0,h]

∥∥∥∫ t

0

√
2DdBs

∥∥∥2. (46)
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For the last term we use Doob’s L2 inequality and the Itô isometry:

E sup
t∈[0,h]

∥∥∥∫ t

0

√
2DdBs

∥∥∥2 ≤ 4E
∥∥∥∫ h

0

√
2DdBs

∥∥∥2 = 4 tr(2D)h = 8 tr(D)h = 8dh.

Next, control the second X̂-terms in (46) by adding and subtracting the continuous process X at

time t = nh:

E ∥∇U(X̂1(nh))∥2 ≤ 2L2 E ∥X̂(nh)−X(nh)∥2 + 2E ∥∇U(X1(nh))∥2,

E ∥X̂(nh)∥2 ≤ 2E ∥X̂(nh)−X(nh)∥2 + 2E ∥X(nh)∥2.

Plugging these into the (46) and applying Grönwall’s inequality to s 7→ E supu∈[0,s] ∥X̂
[1]
y (u) −

X̂
[0]
y (u)∥2 gives

E sup
t∈[0,h]

∥X̂ [1]
y (t)−X̂ [0]

y (t)∥2 ≤ e3h
2∥A∥2

{
6h2∥D+Q∥2

(
L2E∥X̂(nh)−X(nh)∥2+E∥∇U(X1(nh))∥2

)
+ 6h2∥D +Q∥2

(
E∥X̂(nh)−X(nh)∥2 + E∥X(nh)∥2

)
+ 24dh

}
. (47)

Collecting the E∥X̂ −X∥2 terms yields the stated 6h2(L2 + 1)∥D +Q∥2e3h2∥A∥2E∥X̂ −X∥2, and
the remainder is ∆(h) as defined. Lemma G.1 shows that ∥D +Q∥ ≤ 3γ. Combining with the (45)

proves the lemma.

Now the following is the formal statement of Proposition 5.

Proposition D.5 (Picard iteration error). Fix h > 0 and the step n. Let y := X̂(nh) and let X∗
ϕ[y]

be the fixed point of T̂y on [0, h]. Define the Picard sequence X̂
[0]
y (t) ≡ y and X̂

[ν+1]
y := T̂y

[
X̂

[ν]
y

]
.

Assume the step-size condition of Lemma F.2 holds so that ρ := 2LhΓϕ ≤ 1
2 . Let

C∆(h) := 54h2(L2 + 1) e3h
2∥A∥2 E

∥∥X̂(nh)−X(nh)
∥∥2 + ∆(h),

with ∆(h) as in Lemma D.4. Then, for every ν ≥ 0,

E sup
t∈[0,h]

∥∥X̂∗
y (t)− X̂ [ν]

y (t)
∥∥2 ≤ ρ2ν

(1− ρ)2
C∆(h). (48)

Proof. Work in the Banach space
(
H, ∥ · ∥H

)
with ∥Z∥H :=

(
E supt∈[0,h] ∥Z(t)∥2

)1/2
. Since,

X̂∗
y − X̂ [ν]

y =
∞∑
k=ν

(
X̂ [k+1]

y − X̂ [k]
y

)
,
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by the triangle inequality in ∥ · ∥H,

∥X̂∗
y − X̂ [ν]

y ∥H ≤
∞∑
k=ν

∥∥X̂ [k+1]
y − X̂ [k]

y

∥∥
H.

Lemma D.4 gives, for each k ≥ 0,

∥∥X̂ [k+1]
y − X̂ [k]

y

∥∥
H =

(
E sup

t∈[0,h]
∥X̂ [k+1]

y (t)− X̂ [k]
y (t)∥2

)1/2
≤ ρ k

√
C∆(h).

Therefore

∥X̂∗
y − X̂ [ν]

y ∥H ≤
√

C∆(h)
∞∑
k=ν

ρ k =
ρ ν

1− ρ

√
C∆(h).

Squaring both sides yields (48).

E Proof of Lemma 4

First we recall the definition of the Lagrange interpolation operator used in our scheme.

Definition 2. Let X : [0, h] → Rd denote a given flow. For a fixed integer M ≥ 2, define the

equispaced interpolation nodes

si =
i− 1

M − 1
h, i = 1, 2, . . . ,M.

The The Lagrange interpolation operator P is defined for t ∈ [0, h] by

P (t;X) =
M∑
i=1

∇U
(
X(si)

) M∏
j=1
j ̸=i

t− sj
si − sj

. (49)

Remark E.1. This definition is equivalent to its reparameterized form on [0, 1]: with s = t/h and

ui = si/h, the basis polynomials satisfy ℓi(t) = ℓ̃i(t/h) and hence P (t;X) = P̃ (t/h;X).

The following lemma provides a standard error estimate for the Lagrange interpolation with

equispaced nodes:

Lemma E.1 (Stoer et al. (1980)). For a curve (xt : 0 ≤ t ≤ ℓ) in Rd, let (Φ(t;x) | 0 ≤ t ≤ ℓ) be the

(α− 1)-order Lagrange polynomial defined at the α nodes. Then the interpolation error is bounded as

sup
0≤t≤ℓ

∥xt − Φ(t;x)∥2 ≤
ℓα

α!
sup
0≤t≤ℓ

∥∥∥∥ dα

dtα
xt

∥∥∥∥ . (50)

With this definition and error bound in place, we now turn to Lemma 1, which we restate below.

Lemma E.2. Let h′′ be defined in Lemma E.9. Fix a step size 0 < h ≤ h′′ and an integer order
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K ≥ 2. On each interval [nh, (n+ 1)h], define the Lagrange interpolant of t 7→ ∇U
(
X̂∗

1 (t)
)
from the

K−1 uniformly spaced nodes {nh+ cjh}K−1
j=1 with cj ∈ [0, 1]. Let

IU := sup
s∈[nh,(n+1)h]

∥∥∇U(X̂∗
1 (s)

)
− P

(
s, X̂∗

1

)∥∥2. (51)

Under Assumption 1-3 with smoothness parameters {Li}Ki=1, there exists a constant CIR > 0

depending only on
(
K, {Li}i≤K , {cj}

)
and the parameter γ from matrices D and Q, but not on

h, d, n, or N , such that, uniformly for all n = 0, 1, . . . , N − 1,

E IU ≤ CIRN h 2K−2 dK−1. (52)

Proof. Suppose we use (K−1) nodes to construct the polynomial interpolant. By Lemma E.1, the

approximation error IU satisfies

√
IU = sup

t∈[nh,(n+1)h]

∥∥∇U(X̂∗
1 (s)

)
− P

(
t, X̂∗

1 (s)
)∥∥ ≤ hK−1

(K − 1)!
sup

t∈[nh,(n+1)h]

∥∥∥∥ dK−1

dtK−1
∇U

(
X̂∗

1 (t)
)∥∥∥∥ .

We use two auxiliary Lemmas whose proofs are deferred to Part I (Subsection E.1) and Part II

(Subsection E.2) below. Part I (Lemma E.4) provides an inductive bound on higher–order time

derivatives of ∇U along the flow; Part II (Lemma E.9) provides high order moment bound for

supt∈[0,1] ∥X̂∗(nh+ th)∥.

Using the bound for higher-order derivatives of ∇U from Part I (Lemma E.4) and squaring both

sides, we obtain

IU ≤
h2K−2

(K − 1)!2
C2
K−1

[
2 + 2 sup

t∈I
∥X̂∗∥2K−2

1{supt∈I ∥X̂∗∥≥1}

]
.

Taking expectations and using the high–moment bound from Part II (Lemma E.9),we obtain

E IU ≤
h2K−2

(K − 1)!2
C2
K−1

[
2 + 6N (Cfd)

K−1 (K − 1)!
]

≤ h2K−2dK−1N
C2
K−1

[
2 + 6CK−1

f (K − 1)!
]

(K − 1)!2
.

This establishes the desired bound and completes the proof.

E.1 Bounding IU : Part I

Our first step uses Assumption 2 to control the higher–order derivatives of U . Here we reinstate

Assumption 2.
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Assumption 2. Let T be an m-th order tensor. Its tensor norm is defined as

∥T∥tsr = sup
vi∈Sd−1

∥∥T · [v1, v2, . . . , vm−1]
∥∥,

where Sd−1 denotes the unit sphere in Rd. We assume that for all 2 ≤ i ≤ K,

∥∇(i)U∥tsr ≤ Li.

The following lemma is a direct consequence.

Lemma E.3. For any vectors ∆1, . . . ,∆k ∈ Rd,

∥D(k+1)U [∆1, . . . ,∆k]∥2 ≤ Lmax

k∏
i=1

∥∆i∥2, (53)

where Lmax = max1≤i≤K Li.

With this multilinear control in hand, we now derive bounds on the time derivatives of ∇U along

the trajectory X̂∗
1 (t). For brevity, we write X̂∗

1 := X̂∗
1 (t), suppressing the dependence on t. We

further use X̂∗ to denote the entire Kd-dimensional trajectory vector.

Lemma E.4. Let C1 = L. Then, for each n ≤ K − 1, the n-th time derivative satisfies

sup
t∈I

∥∥∥∥ dn

dtn
∇U(X̂∗

1 )

∥∥∥∥ ≤ Cn

[
1{supt∈I ∥X̂∗∥<1} + sup

t∈I
∥X̂∗∥n 1{supt∈I ∥X̂∗∥≥1}

]
, (54)

where I denote the interpolation interval [nh, (n + 1)h]. The constant Cn depends solely on the

preceding constants {Ci}i<n and on Lmax.

Proof. We use induction to prove the statement.

For n = 1,

sup
t∈I

∥∥∥∥ d

dt
∇U(X̂∗

1 )

∥∥∥∥ ≤ sup
t∈I

∥∥∥D(2)[U(X̂∗
1 )]
∥∥∥
tsr

∥∥∥∥∥dX̂∗
1

dt

∥∥∥∥∥
≤ Lmax sup

t∈I
∥X̂∗

2∥

≤ Lmax sup
t∈I
∥X̂∗∥.

Here C1 = Lmax. Assume that for n ≤ K − 2, the bound (54) holds. Let us try to bound the

(n + 1)-th derivative. Using Faà di Bruno’s formula (Lemma E.11) together with the bound on
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multilinear operations (Lemma E.3), we obtain

sup
t∈I

∥∥∥∥∥dn+1∇U(X̂∗
1 )

dtn+1

∥∥∥∥∥ ≤ sup
t∈I

n+1∑
k=0

∑
ji

(n+ 1)!

j1!1!j1j2! . . . jn+2−k!(n+ 2− k)!jn+2−k
∥D(k+1)(U)∥tsr

n+2−k∏
l=1

∥∥∥∥∥dlX̂∗
1

dtl

∥∥∥∥∥
jl

≤ Lmax

n+1∑
k=0

∑
ji

(n+ 1)!

j1!1!j1j2! . . . jn+2−k!(n+ 2− k)!jn+2−k
sup
t∈I

n+2−k∏
l=1

∥∥∥∥∥dlX̂∗
1

dtl

∥∥∥∥∥
jl

≤ Lmax

n+1∑
k=0

∑
ji

(n+ 1)!

j1!1!j1j2! . . . jn+2−k!(n+ 2− k)!jn+2−k

n+2−k∏
l=1

(
2 l−2γl−1 sup

t∈I
∥X̂∗∥+ γl−1

l−2∑
i=0

Cp,i sup
t∈I

∥∥∥∥ di

dti
∇U

(
X̂∗

1

)∥∥∥∥
)jl

.

In the last inequality, we used Lemma E.16 to control the higher-order derivatives of the fixed point.

If supt∈I ∥X̂∗∥ < 1 then

sup
t∈I

∥∥∥∥∥dn+1∇U(X̂∗
1 )

dtn+1

∥∥∥∥∥ ≤ Lmax

n+1∑
k=0

∑
ji

(n+ 1)!

j1!1!j1j2! . . . jn+2−k!(n+ 2− k)!jn+2−k

m−k+1∏
l=1

2 l−2γl−1 +

(l−2)∑
i=0

Cp,iCl

jl

= Cn+1.

If supt∈I ∥X̂∗∥ ≥ 1, then

sup
t∈I

∥∥∥∥∥dn+1∇U(X̂∗
1 )

dtn+1

∥∥∥∥∥ ≤ Lmax

n+1∑
k=0

∑
ji

(n+ 1)!

j1!1!j1j2! . . . jn+2−k!(n+ 2− k)!jn+2−k

m−k+1∏
l=1

2 l−2γl−1 +

(l−2)∑
i=0

Cp,iCl

jl

sup
t∈I
∥X̂∗∥l·jl

≤ Lmax sup
t∈I
∥X̂∗∥n+1

n+1∑
k=0

∑
ji

(n+ 1)!

j1!1!j1j2! . . . jn+2−k!(n+ 2− k)!jn+2−k

m−k+1∏
l=1

2 l−2γl−1 +

(l−2)∑
i=0

Cp,iCl

jl

≤ Cn+1 sup
t∈I
∥X̂∗∥n+1.

In both these cases we define

Cn+1 = Lmax

n+1∑
k=0

∑
ji

(n+ 1)!

j1!1!j1j2! . . . jn+2−k!(n+ 2− k)!jn+2−k

m−k+1∏
l=1

2 l−2γl−1 +

(l−2)∑
i=0

Cp,iCl

jl

,
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which is only dependent on Ci, Cp,i for i ≤ n and Lmax. Note that this quantity is independent of

d. Combining these two results, we have∥∥∥∥ dn+1

dtn+1
∇U(X̂∗

1 )

∥∥∥∥ ≤ Cn+1

[
1{supt∈I ∥X̂∗∥<1} + sup

t∈I
∥X̂∗∥n+1

1{supt∈I ∥X̂∗∥≥1}

]
.

E.2 Bounding IU : Part II

In this subsection, we derive moment bounds for supt∈[0,1] ∥X̂∗(nh+ th)∥. Before proceeding, we

first introduce the following uniform bound for Brownian motion.

Lemma E.5. Let (Bt)t≥0 be a d-dimensional standard Brownian motion, h > 0 denote the stepsize

and N ≥ 1 be an integer denoting the maximum number of iterations. For Cb ≥ 0 define the events

Gn(h,Cb) :=
{

sup
0≤t≤h

∥Bnh+t −Bnh∥ ≤ Cb

}
, n = 0, 1, . . . , N − 1.

Then

P

(
N−1⋂
n=0

Gn(h,Cb)

)
≥ 1− 3N exp

(
−

C2
b

6dh

)
.

Equivalently,

P

(
max

0≤n≤N−1
sup

0≤t≤h
∥Bnh+t −Bnh∥ ≥ Cb

)
≤ 3N exp

(
−

C2
b

6dh

)
.

In particular, for any δ ∈ (0, 1), choosing

Cb =

√
6dh log

3N

δ

ensures P
(⋂N−1

n=0 Gn(h,Cb

)
≥ 1− δ.

Proof. By stationary increments, for each n, sup0≤t≤h ∥Bnh+t − Bnh∥
d
= sup0≤t≤h ∥Bt∥. The one-

interval tail bound P
(
sup0≤t≤h ∥Bt∥ ≥ Cb

)
≤ 3 exp

(
−C2

b /(6dh)
)
(See, i.e., Chewi et al. (2024, lemma

34)) then implies, by a union bound over n = 0, . . . , N − 1,

P

(
N−1⋃
n=0

Gn(h,Cb)
c

)
≤

N−1∑
n=0

3 exp

(
−

C2
b

6dh

)
= 3N exp

(
−

C2
b

6dh

)
,

which yields the claim.

Given a starting point y, we analyze the first Picard iterate on [0, h]. On the event where the

Brownian increment is suitably bounded (the “nice” event), the following lemma provides an explicit
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upper bound on its deviation from y.

Lemma E.6. Let y ∈ RKd and y1 be the first K element of y. Define the Picard iterates on [0, h]

by X̂
[0]
y (t) ≡ y and X̂

[1]
y := T̂y

[
X̂

[0]
y

]
. Then, on the event

⋂N−1
n=0 Gn(h,Cb), the following bound holds:

sup
0≤t≤h

∥∥X̂ [1]
y (t)− y

∥∥ ≤ e∥A∥h
[
h ∥D+Q∥

(
L∥y1∥+ ∥y∥

)
+
√
2γ Cb

]
,

where A is the matrix defined in (13). In particular, if h ≤ (log 2)/∥A∥ (so e∥A∥h ≤ 2), then

sup
0≤t≤h

∥∥X̂ [1]
y (t)− y

∥∥ ≤ 2
[
h ∥D+Q∥

(
L∥y1∥+ ∥y∥

)
+
√

2γ Cb

]
.

Proof. For t ∈ [0, h],

sup
0≤u≤t

∥∥X̂ [1]
y (u)− y

∥∥ ≤ ∥A∥∫ t

0
sup

0≤r≤s

∥∥X̂ [1]
y (r)− y

∥∥ds
+ h ∥D+Q∥

(
L∥y1∥+ ∥y∥

)
+
√
2γ sup

0≤u≤h

∥∥Bu

∥∥.
Applying Grönwall’s inequality at t = h gives

sup
0≤u≤h

∥∥X̂ [1]
y (u)− y

∥∥ ≤ e∥A∥h

[
h ∥D+Q∥

(
L∥y1∥+ ∥y∥

)
+
√
2γ sup

0≤u≤h

∥∥Bu

∥∥] .

We now establish a high-probability bound that controls the discrete evolution of the algorithm

across steps.

Lemma E.7. For h ≤ h′, where h′ := min

{
CS

18γ2L2 ∥S∥∥S−1∥ ,
(

CS
5184γ4∥S∥∥S−1∥(1+L)2(1+2LΓϕ)2

)1/3}
,

define the event
⋂N−1

n=0 Gn(h,Cb). Then the following bound holds:

∥X̂((n+ 1)h)∥2S ≤
1152hγ3C2

b ∥S∥(1 + 2LΓϕ)
2

CS
+

4γC2
b ∥S∥

hCS
, (55)

Proof. At each algorithmic step, we focus on the final Picard iteration ν∗. Note that at the start of

each algorithmic step we initialize the Picard iterations at the current state, i.e., set y := X̂(nh)
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(For notational convenience, we omit y in the proof.) Then the following relation holds:

X̂((n+ 1)h) = X̂ [ν∗](h) = X̂(nh)−
∫ h

0
(D+Q)


P (s; X̂ [ν∗−1])

X̂
[ν∗]
2 (s)
...

X̂
[ν∗]
K (s)

ds+
√
2

∫ h

0
D dBs

=

(
X̂(nh)−

∫ h

0
(D+Q)


∇U(X̂1(nh))

X̂2(nh)
...

X̂K(nh)

ds

)

︸ ︷︷ ︸
(I)

+

(
−
∫ h

0
(D+Q)


P (s; X̂ [ν∗−1])−∇U(X̂1(nh))

X̂
[ν∗]
2 (s)− X̂2(nh)

...

X̂
[ν∗]
K (s)− X̂K(nh)

ds

)

︸ ︷︷ ︸
(II)

+
√
2

∫ h

0

√
D dBs.

(56)

Consider these two terms separately (first term in the S-norm):

(I) =

∥∥∥∥∥X̂(nh)−
∫ h

0
(D+Q)


∇U(X̂1(nh))

X̂2(nh)
...

X̂K(nh)

ds

∥∥∥∥∥
2

S

=

∥∥∥∥∥X̂(nh)−
∫ h

0

∫ 1

0
Jb(λX̂(nh))dλ


X̂1(nh)

X̂2(nh)
...

X̂K(nh)

ds

∥∥∥∥∥
2

S

= ∥X̂(nh)∥2S + 2h

∫ 1

0
X̂(nh)⊤SJb(λX̂(nh))X̂(nh)dλ+ h2∥S∥∥Jb∥2∥X̂(nh)∥2

≤ ∥X̂(nh)∥2S − 2hCS∥X̂(nh)∥2S + h2∥S∥∥S−1∥∥Jb∥2∥X̂(nh)∥2S .

Here we apply the same mean-value theorem argument as in Proposition C.4, using the two endpoints

X̂(nh) and 0, to obtain the final inequality.
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Let us deal with the second term now (in l2 norm):

(II) =

∥∥∥∥∥∥∥∥∥∥
∫ h

0
(D+Q)


P
(
s; X̂ [ν∗−1]

)
−∇U

(
X̂1(nh)

)
X̂

[ν∗]
2 (s)− X̂2(nh)

...

X̂
[ν∗]
K (s)− X̂K(nh)

 ds

∥∥∥∥∥∥∥∥∥∥
2

≤ LhΓϕ ∥D+Q∥ sup
[0,h]

∥∥X̂ [ν∗−1](s)− X̂(nh)
∥∥ + h ∥D+Q∥ sup

[0,h]

∥∥X̂ [ν∗](s)− X̂(nh)
∥∥ (57)

≤ ρ ∥D+Q∥ sup
[0,h]

∥∥X̂ [ν∗−1](s)− X̂(nh)
∥∥ + h ∥D+Q∥ sup

[0,h]

∥∥X̂ [ν∗](s)− X̂(nh)
∥∥ (58)

≤ ρ ∥D+Q∥1− ρν
∗−1

1− ρ
sup
[0,h]

∥∥X̂ [1](s)− X̂(nh)
∥∥ + h ∥D+Q∥1− ρν

∗

1− ρ
sup
[0,h]

∥∥X̂ [1](s)− X̂(nh)
∥∥
(59)

≤ 2

[
ρ ∥D+Q∥1− ρν

∗−1

1− ρ
+ h ∥D+Q∥1− ρν

∗

1− ρ

][
h ∥D+Q∥

(
L∥X̂1(nh)∥+ ∥X̂(nh)∥

)
+
√
2γ Cb

]
.

(60)

We now explain each inequality in detail:

• (57) follows from the Lipschitz continuity of ∇U and the definition of the interpolant

P (s; X̂ [ν∗−1]).

• (58) applies the definition of ρ = 2LhΓϕ.

• (59) uses the Picard contraction property established in Lemma F.2 with rate ρ = 2LhΓϕ,

and then applies a geometric-sum argument to accumulate the iterates.

• (60) follows from Lemma E.6, which bounds the first Picard increment.

Next, we express (II) in terms of the current state X̂(nh), noting that with ρ := 2LhΓϕ ≤ 1
2 we

have

(II) ≤ 2h ∥D+Q∥2(1 + L)

[
ρ
1− ρν

∗−1

1− ρ
+ h

1− ρν
∗

1− ρ

]
∥X̂(nh)∥

+ 2
√

2γ Cb∥D+Q∥
[
ρ
1− ρν

∗−1

1− ρ
+ h

1− ρν
∗

1− ρ

]
≤ 2h ∥D+Q∥2(1 + L)(2ρ+ 2h)∥X̂(nh)∥ + 2

√
2γ Cb ∥D+Q∥(2ρ+ 2h) (∵ ρ ≤ 1/2)

≤ 4h2 ∥D+Q∥2(1 + L)(1 + 2LΓϕ)∥X̂(nh)∥ + 4
√

2γ Cb ∥D+Q∥(1 + 2LΓϕ)h. (∵ ρ = 2LhΓϕ)

We now proceed to analyze the recursion in the S-norm. Combining (56) with the bounds for terms
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(I) and (II) (Converting into S-norm), we obtain

∥X̂((n+ 1)h)∥2S ≤ ∥X̂(nh)∥2S − 2hCS ∥X̂(nh)∥2S + h2∥S∥∥S−1∥∥Jb∥2∥X̂(nh)∥2S
+ 32∥S∥∥S−1∥h4∥D+Q∥4(1 + L)2(1 + 2LΓϕ)

2∥X̂(nh)∥2S
+ 64∥S∥γC2

b h
2∥D+Q∥2(1 + 2LΓϕ)

2 + 2γC2
b ∥S∥

≤
(
1− 2hCS + h2∥S∥∥S−1∥∥Jb∥2 + 32h4∥S∥∥S−1∥∥D+Q∥4(1 + L)2(1 + 2LΓϕ)

2
)
∥X̂(nh)∥2S

+ 64∥S∥γC2
b h

2∥D+Q∥2(1 + 2LΓϕ)
2 + 2γC2

b ∥S∥

≤
(
1− CSh

2

)
∥X̂(nh)∥2S + 576h2γ3C2

b ∥S∥(1 + 2LΓϕ)
2 + 2γC2

b ∥S∥.

Here the last inequality follows from the bounds on ∥D+Q∥ and ∥Jb∥ (Lemmas G.1 and G.2), and

by enforcing the bound(
1− 2hCS + 9h2γ2L2∥S∥∥S−1∥+ 2592h4γ4∥S∥∥S−1∥(1 + L)2(1 + 2LΓϕ)

2
)
≤ 1− CS

2 h,

by choosing a sufficiently small stepsize h such that

h ≤ min

{
CS

18γ2L2 ∥S∥∥S−1∥
,

(
CS

5184γ4∥S∥∥S−1∥(1 + L)2(1 + 2LΓϕ)2

)1/3}
.

Starting from the initialization X̂(0) = 0, the recursion yields for all n,

∥X̂((n+ 1)h)∥2S ≤
1152hγ3C2

b ∥S∥(1 + 2LΓϕ)
2

CS
+

4γC2
b ∥S∥

hCS
.

Fix n ∈ {0, . . . , N−1}. On the high–probability event
⋂N−1

n=0 Gn(h,Cb) (which occurs with probability

at least 1− δ), next we bound the Picard fixed point initialized at the current state X̂(nh).

Lemma E.8. For any k ∈ N and any stepsize

h ≤ min

{
h′,

1

768 γ
,

(
CS

20736 γ3 ∥S∥ ∥S−1∥ (1 + 2LΓϕ)2

)1/2
}
,

where h′ is from Lemma E.7, the following bound holds with probability at least 1− δ:

sup
t∈[0,1]

∥X̂∗
y (nh+ th)∥ ≲

[
d log

3N

δ

]1/2
, (61)

where y = X̂(nh).

Proof. For notational convenience, we suppress the subscript y, though we emphasize that the
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Picard fixed point is initialized at y = X̂(nh). Under the event
⋂N−1

n=0 Gn(h,Cb), we have

sup
t∈[0,1]

∥X̂∗(nh+ th)∥2 ≤ 2 sup
t∈[0,1]

∥X̂∗(nh+ th)− X̂(nh)∥2 + 2∥X̂(nh)∥2

≤ 2

(1− ρ)2
sup
t∈[0,1]

∥X̂ [1](nh+ th)− X̂(nh)∥2 + 2∥X̂(nh)∥2 (consequence of Lemma F.2)

≤ 2

(1− ρ)2

[
8h2∥D +Q∥2(L+ 1)2∥X̂(nh)∥2 + 16γC2

b

]
+ 2∥X̂(nh)∥2 (by Lemma E.6)

≤
[
16h2∥D +Q∥2(L+ 1)2

(1− ρ)2
+ 2

]
∥S−1∥∥X̂(nh)∥2S +

32γC2
b

(1− ρ)2
,

where in the second inequality, we applied the Picard contraction at rate ρ ≤ 1/2 (consequence of

Lemma F.2). Noting that ρ ≤ 1
2 and assuming 576h2γ2(L+ 1)2 < 1 (absorbing ∥D +Q∥ using the

bound from Lemma G.1), we deduce from Lemma E.7 that

sup
t∈[0,1]

∥X̂∗(nh+ th)∥2 ≤ 3∥S−1∥∥X̂(nh)∥2S + 128γC2
b

≤
3456hγ3C2

b ∥S∥∥S−1∥(1 + 2LΓϕ)
2

CS
+

12γC2
b ∥S∥∥S−1∥
hCS

+ 128γC2
b . (62)

Recall that C2
b = 6dh log

(
3N
δ

)
. Define

K1 :=
γ3∥S∥ ∥S−1∥ (1 + 2LΓϕ)

2

CS
, K2 :=

∥S∥ ∥S−1∥ γ
CS

.

Then the right-hand side of (62) rewrites as

3456h γ3C2
b ∥S∥ ∥S−1∥ (1 + 2LΓϕ)

2

CS
+

12 γC2
b ∥S∥ ∥S−1∥
hCS

+ 128 γC2
b

= d log
(
3N
δ

)(
20736K1 h

2 + 72K2 + 768 γ h
)
.

Choose the stepsize

h ≤ min

{
1

768 γ
,

1√
20736K1

}
.

Then

d log
(
3N
δ

)(
288K1h

2 + 72K2 + 768h
)
≤ d log

(
3N
δ

)(
72K2 + 2

)
.

Consequently,

sup
t∈[0,1]

∥X̂∗(nh+th)∥2 ≤
3456h γ3C2

b ∥S∥ ∥S−1∥ (1 + 2LΓϕ)
2

CS
+
12 γC2

b ∥S∥ ∥S−1∥
hCS

+128 γC2
b ≤ Cf d log

3N

δ
,

for a constant Cf := 72K2 + 2 that is independent of h and d. Since P
(⋂N−1

n=0 Gn(h,Cb)
)
≥ 1− δ, it
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follows that

P

(
sup
t∈[0,1]

∥X̂∗(nh+ th)∥ ≤
[
Cf d log

3N

δ

]1/2)
≥ 1− δ.

Lemma E.9. Assume h ≤ h′′, where h′′ := min{H1, H2, H3, H4} and

H1 :=
CS

2 ∥S∥ ∥S−1∥ ∥Jb∥
, H2 :=

(
CS

5184γ4 ∥S∥ ∥S−1∥(1 + L)2(1 + 2LΓϕ)2

)1/3
,

H3 :=
1

768 γ
, H4 :=

(
CS

20736 γ3 ∥S∥ ∥S−1∥ (1 + 2LΓϕ)2

)1/2

.

Let

Z := sup
t∈[0,1]

∥∥X̂∗
y (nh+ th)

∥∥,
for y = X̂(nh). Then for every integer k ≥ 1,

E
[
Z2k

]
≤ 3N (Cfd)

k Γ(k + 1) = 3N (Cfd)
k k! .

In particular, E
[
Z2k

]
≲ N dk, with a constant independent of d, h, and N .

Proof. For k ≥ 1,

E
[
Z2k

]
=

∫ ∞

0
P
(
Z2k > t

)
dt =

∫ ∞

0
P
(
Z > u

)
2k u2k−1 du.

By the tail estimate of Lemma E.8, we obtain

E
[
Z2k

]
≤ 2k · 3N

∫ ∞

0
u2k−1 exp

(
− u2

Cfd

)
du.

Let a := 1/(Cfd). The standard integral
∫∞
0 u2k−1e−au2

du = 1
2a

−kΓ(k) yields

E
[
Z2k

]
≤ 2k · 3N · 1

2
a−k Γ(k) = 3N (Cfd)

k k Γ(k) = 3N (Cfd)
k Γ(k + 1),

as claimed.

E.3 Supporting Lemma for Interpolation Error

E.3.1 Faà di Bruno’s Formula

In this section, we introduce Faà di Bruno’s formula for composite functions. Our primary interest

lies in the setting where

f : Rd → Rd, g : R→ Rd,
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so that we study higher-order derivatives of the composition f ◦ g : R→ Rd. General multivariate

formulations of Faà di Bruno’s formula can be found in the existing literature (Constantine and

Savits (1996); Mishkov (2000) etc). For completeness, we provide here a short proof by induction

tailored to this special case.

Lemma E.10 (Faà di Bruno formula for the composition f ◦ g). Let f : Rd → Rd be Cm, and let

g : R→ Rd be Cm as well. Then for each m ≥ 1, the m-th derivative of the composition t 7→ f(g(t))

is given by

dmf

dtm
=
∑

D(k)(f) ·

dgdt , . . . , dgdt︸ ︷︷ ︸
b1 times

,
d2g

dt2
, . . . ,

d2g

dt2︸ ︷︷ ︸
b2 times

, . . . ,
dmg

dtm
, . . . ,

dmg

dtm︸ ︷︷ ︸
bm times

 , (63)

where D(k)f(g(t)) denotes the k-th derivative tensor of f at g(t), i.e. the symmetric k-linear map

D(k)f(g(t)) : (Rd)k → Rd,

which acts on vectors v1, . . . , vk ∈ Rd as D(k)f(g(t)) · [v1, . . . , vk]. Here the dot “·” represents the

natural tensor contraction, and the summation runs over all partitions of {1, 2, . . . ,m}. Each

partition is represented by integers b1, . . . , bm, where bi is the number of blocks of size i. These

satisfy
m∑
i=1

i bi = m,

m∑
i=1

bi = k,

with k denoting the total number of blocks in the partition.

Proof. We proceed by induction on m.

For the base case m = 1, we have

d

dt
f(g(t)) = D(1)f(g(t)) ·

[
g′(t)

]
,

which agrees with the claimed formula.

Now assume that the statement holds for some m ≥ 1. Consider the case m+ 1. Every partition

of {1, 2, . . . ,m + 1} can be obtained uniquely from a partition of {1, 2, . . . ,m} by adjoining the

element m+ 1.

Case 1: m+ 1 forms a new singleton block. In this case, the number of blocks of size 1 increases

by one, and the total number of blocks increases by one. On the analytic side, this corresponds to

differentiating the factor D(k)f(g(t)), yielding D(k+1)f(g(t)), and adding one more factor of g′(t) to

the multilinear map:

D(k+1)f(g(t)) ·
[
g′(t), . . . , g′(t)︸ ︷︷ ︸

b1+1 times

, g′′(t), . . . , g′′(t)︸ ︷︷ ︸
b2 times

, . . . , g(m)(t), . . . , g(m)(t)︸ ︷︷ ︸
bm times

]
.
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Case 2: m+ 1 is added to an existing block of size i. In this case, the number of blocks of size i

decreases by one, while the number of blocks of size i+ 1 increases by one, and the total number

of blocks remains unchanged. If we started with bi such blocks, there are bi possible ways to add

m+ 1. Analytically, this corresponds to differentiating one of the g(i)(t) factors to produce g(i+1)(t):

D(k+1)f(g(t)) ·
[
. . . , g(i)(t), . . . , g(i)(t)︸ ︷︷ ︸

bi−1 times

, g(i+1)(t), . . . , g(i+1)(t)︸ ︷︷ ︸
bi+1+1 times

, . . .
]
.

In both cases, each partition of {1, . . . ,m} corresponds uniquely to a partition of {1, . . . ,m+ 1},
and the combinatorial coefficients are preserved. Therefore the summation in (63) holds for m+ 1,

completing the induction.

For convenience, Faà di Bruno’s formula can also be expressed in terms of Bell multi-tuple polyno-

mials, as follows.

Lemma E.11 (Bell Multi-Tuple Representation of Faà di Bruno). For integers m, k ≥ 0, define

Bm,k(∆1, . . . ,∆m−k+1) :=
∑ m!

j1! 1!j1 j2! 2!j2 · · · jm−k+1! (m− k + 1)!jm−k+1

×
[
∆1, . . . ,∆1︸ ︷︷ ︸

j1 times

, . . . ,∆m−k+1, . . . ,∆m−k+1︸ ︷︷ ︸
jm−k+1 times

]
, (64)

where each ∆i ∈ Rd, and the sum runs over all tuples (j1, . . . , jm−k+1) of nonnegative integers

satisfying

j1 + j2 + · · ·+ jm−k+1 = k, j1 + 2j2 + · · ·+ (m− k + 1)jm−k+1 = m.

Then Faà di Bruno’s formula for the composition f ◦ g can be written equivalently as

dm

dtm
f(g(t)) =

m∑
k=0

D(k)f(g(t)) · Bm,k

(
g(1)(t), g(2)(t), . . . , g(m−k+1)(t)

)
. (65)

E.3.2 Derivatives of the Lagrange Polynomial

We now provide conservative bounds on the n-th derivative of a Lagrange polynomial. Let f = f(t)

be the function of interest, and let Pt denote its Lagrange interpolating polynomial, which serves as

an approximation of f . We consider k+1 interpolation nodes

t0, t1, . . . , tk, tj = t0 + jh, j = 0, . . . , k,

with constant step size h > 0.
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In the Newton form (Stoer et al., 1980), the interpolating polynomial Pt can be expressed as

Pt = a0 +
K∑
i=1

ai

i−1∏
j=0

(t− tj), (66)

where the coefficients ai = [f(t0), f(t1), . . . , f(ti)] are the finite divided differences of f . These

coefficients satisfy the recursive identity

[f(t0), f(t1), . . . , f(ti)] =
[f(t1), f(t2), . . . , f(ti)] − [f(t0), f(t1), . . . , f(ti−1)]

ti − t0
. (67)

Having expressed the interpolant in the Newton form, we now establish a few useful lemmas that

will be instrumental in the proof. In particular, we next derive a more general recursive relation for

finite divided differences.

Lemma E.12 (Order-reduction of divided differences). Let tr = t0 + rh for r = 0, 1, . . . , k be

equally spaced nodes with step size h > 0 and let D
(k)
r = f [tr, tr+1, . . . , tr+k], be the k-th order

divided difference starting at point f(tr). For i ≤ k, let gr = Di
r = f [xr, . . . , xr+i], be i-th order

finite divided difference starting at point f(xr). Then for m = k − i,

D
(k)
0 =

i!

k!hm

m∑
j=0

(−1)m+j

(
m

j

)
gj . (68)

This lemma expresses k-th order finite divided difference in terms of i-th order finite divided

differences.

Proof. We will prove this by induction over m. For the base case m = 1, i.e. i = k − 1, we have

D
(k)
0 = [f(t0), f(t1), . . . , f(tk)] =

1

kh
(−f [t0, . . . , tk−1] + f [t1, . . . , tk]) . (69)

This is true by the recursive relation (67).
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Let us assume that the relation is true for m = l, that is, i = k − l. Then

D
(k)
0 =

(k − l)!

k!hl

l∑
j=0

(−1)l+j

(
m

j

)
Dk−l

j

=
(k − l)!

k!hl

l∑
j=0

(−1)l+j

(
l

j

)(
Dk−l−1

j+1 −Dk−l−1
j

(k − l)h

)

=
(k − l − 1)!

k!hl+1

l∑
j=0

(−1)l+j

(
l

j

)(
Dk−l−1

j+1 −Dk−l−1
j

)

=
(k − l − 1)!

k!hl+1

 l∑
j=0

(−1)l+j

(
l

j

)
Dk−l−1

j+1 +
l∑

j=0

(−1)l+j+1

(
l

j

)
Dk−l−1

j


=

(k − l − 1)!

k!hl+1

(−1)l+1Dk−l−1
0 +

l∑
j=1

(−1)l+j+1Dk−l−1
j

[(
l

j + 1

)
+

(
l

j

)]
+ (−1)2lDk−l−1

l+1


=

(k − l − 1)!

k!hl+1

(−1)l+1Dk−l−1
0 +

l∑
j=1

(−1)l+j+1

(
l + 1

j

)
Dk−l−1

j + (−1)2lDk−l−1
l+1


=

(k − l − 1)!

k!hl+1

l+1∑
j=0

(−1)l+1+j

(
l + 1

j

)
Dk−l−1

j .

Thus, the expression also holds for m = l + 1, which completes the proof.

To analyze the derivatives of the Newton form, we first record following useful identity.

Lemma E.13.

dn

dtn

i−1∏
j=0

(t− tj) =



0, if n > i,

n!, if n = i,

n!
∑

0≤j1<···<jn≤i−1

i−1∏
j=0

j /∈{j1,...,jn}

(t− tj), if n < i.

(70)

Consequently, for (k + 1) equally spaced points t0, . . . , tk, with difference h, if t ∈ [t0, tk], we have

∣∣∣∣∣∣ d
n

dtn

i−1∏
j=0

(t− tj)

∣∣∣∣∣∣ ≤

0, if n > i,

n!, if n = i,

n!ki−nhi−n
(
i
n

)
, if n < i.

(71)
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Proof. We apply the general Leibniz rule for the n-th derivative of a product:

dn

dtn

i−1∏
j=0

(t− tj)

 =
∑

k0+···+ki−1=n
kj≥0

(
n

k0, . . . , ki−1

) i−1∏
j=0

dkj

dtkj
(t− tj).

Note:

dkj

dtkj
(t− tj) =


(t− tj), if kj = 0,

1, if kj = 1,

0, if kj ≥ 2.

Only terms with kj ∈ {0, 1} contribute, and the sum is over all subsets of size n from {0, . . . , i− 1},
with those positions differentiated once and the rest undifferentiated. Therefore:

dn

dtn

i−1∏
j=0

(t− tj) = n!
∑

0≤j1<···<jn≤i−1

i−1∏
j=0

j /∈{j1,...,jn}

(t− tj).

This completes the proof.

Lemma E.14 (Mean Value Theorem: Divided Differences). For any i+ 1 pairwise distinct points

t0, . . . , ti in the domain of an i-times differentiable function f , there exists an interior point

ξ ∈ (min{t0, . . . , ti},max{t0, . . . , ti})

such that:

f [t0, . . . , ti] =
f (i)(ξ)

i!
. (72)

Finally, we derive bounds for the derivatives of the Lagrange polynomial:

Lemma E.15. The n-th derivative of the Lagrange interpolating polynomial, constructed on (k + 1)

equally spaced nodes t0, . . . , tk with spacing h, admits the following bound in terms of the n-th

derivative of the underlying function f :

∥P (n)
t ∥2 ≤ Cp,n sup

t∈[t0,tk]
∥f (n)(t)∥2 (73)

where Cp,n is a constant only depending on k, n.

Proof. Taking the n-th derivative of the Newton form (66) gives

P
(n)
t =

k−n∑
i=0

an+i
dn

dtn

n+i−1∏
j=0

(t− tj). (74)
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Here an+i is the (n+i)-th order divided difference of f . To express this in terms of n-th order

divided differences, we apply Lemma (E.12), yielding

∥P (n)
t ∥2 ≤

k−n∑
i=0

 n!

(n+ i)!hi

i∑
j=0

(
i

j

)
∥D(n)

j ∥2

∣∣∣∣∣∣ d
n

dtn

n+i−1∏
j=0

(t− tj)

∣∣∣∣∣∣ . (75)

By the mean value theorem for divided differences (Lemma (E.14)), each term ∥D(n)
j ∥ is bounded by

Mn := sup
t∈[t0,tk]

∥f (n)(t)∥.

Substituting this bound and invoking Lemma (E.13), we obtain

∥P (n)
t ∥ ≤

k−n∑
i=0

 n!

(n+ i)!hi

i∑
j=0

(
i

j

)
Mn

n! kihi

≤Mn

(
(n!)2

k−n∑
i=0

(2k)i

(n+ i)!

)
.

This completes the proof.

E.3.3 k-th Derivative of X̂∗
1

We next establish a bound on the derivatives of the fixed-point trajectory X̂∗
1 within a single

interpolation interval.

Lemma E.16. Let I ⊂ R be an interval on which the Lagrange interpolant P (t; X̂∗
1 ) of X̂∗

1 is

constructed (using any fixed set of nodes in I). Fix an integer 2 ≤ k ≤ K − 1. Then∥∥∥∥∥dkX̂∗
1

dtk

∥∥∥∥∥ ≤ 2 k−2γk−1 ∥X̂∗(t)∥+ γk−1
k−2∑
i=0

Cp,i sup
t∈I

∥∥∥∥ di

dti
∇U

(
X̂∗

1

)∥∥∥∥ , (76)

where the constants Cp,i > 0 depend only on the number of interpolation nodes and the derivative

order i.

Proof. We proceed in four steps.

Step 1: Parity decomposition. Write Pt := P (t; X̂∗
1 ) for the Lagrange interpolant built from

X̂∗
1 . Direct differentiation of the chain {X̂∗

i }i≥1 (See Lemma F.3) yields the initial identities∥∥∥∥∥dX̂∗
1

dt

∥∥∥∥∥ =
∥∥∥X̂∗

2

∥∥∥ , ∥∥∥∥∥d2X̂∗
1

dt2

∥∥∥∥∥ ≤ γ
(
∥Pt∥+

∥∥∥X̂∗
3

∥∥∥) ,
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∥∥∥∥∥d3X̂∗
1

dt3

∥∥∥∥∥ ≤ γ2
(∥∥∥∥ d

dt
Pt

∥∥∥∥+ ∥∥∥X̂∗
2

∥∥∥+ ∥∥∥X̂∗
4

∥∥∥) ,

∥∥∥∥∥d4X̂∗
1

dt4

∥∥∥∥∥ ≤ γ3
(∥∥∥∥ d2

dt2
Pt

∥∥∥∥+ ∥Pt∥+ 2
∥∥∥X̂∗

3

∥∥∥+ ∥∥∥X̂∗
5

∥∥∥) ,

∥∥∥∥∥d5X̂∗
1

dt5

∥∥∥∥∥ ≤ γ4
(∥∥∥∥ d3

dt3
Pt

∥∥∥∥+ ∥∥∥∥ d

dt
Pt

∥∥∥∥+ 2
∥∥∥X̂∗

2

∥∥∥+ 3
∥∥∥X̂∗

4

∥∥∥+ ∥∥∥X̂∗
6

∥∥∥) ,

∥∥∥∥∥d6X̂∗
1

dt6

∥∥∥∥∥ ≤ γ5
(∥∥∥∥ d4

dt4
Pt

∥∥∥∥+ ∥∥∥∥ d2

dt2
Pt

∥∥∥∥+ ∥Pt∥+ 5
∥∥∥X̂∗

3

∥∥∥+ 4
∥∥∥X̂∗

5

∥∥∥+ ∥∥∥X̂∗
7

∥∥∥) , . . .

Ignoring the factor of γ for the moment, one can verify by induction on k that the expansions

naturally split according to parity: for even indices k = 2r,

∥∥∥∥ d2r

dt2r
X̂∗

1 (t)

∥∥∥∥ ≲
r∑

s=1

a2r,2s+1

∥∥∥X̂∗
2s+1(t)

∥∥∥+ r−1∑
i=0

∥∥∥∥ d2i

dt2i
Pt

∥∥∥∥ , (77)

and for k = 2r + 1,

∥∥∥∥ d2r+1

dt2r+1
X̂∗

1 (t)

∥∥∥∥ ≲
r+1∑
s=1

a2r+1,2s

∥∥∥X̂∗
2s(t)

∥∥∥+ r−1∑
i=0

∥∥∥∥ d2i+1

dt2i+1
Pt

∥∥∥∥ , (78)

with integer coefficients ak,j , bk,i depending only on k.

Step 2: Coefficient relations and boundary terms. From the recursion of the chain (and the

antisymmetry of the matrix Q) we have, for r ≥ 1,

a2r+1,2s = a2r,2s−1 + a2r,2s+1, a2r+1,2 = a2r,3, a2r+1,2r+2 = 1,

a2r,2s+1 = a2r−1,2s + a2r−1,2s+2, a2r,2r+1 = 1,
(79)

and a1,2 = a2,3 = 1, with ak,j = 0 outside their index ranges. Define the parity–sums

Er :=
r∑

s=1

a2r,2s+1, Or :=
r+1∑
s=1

a2r+1,2s.

Step 3: Summation identities Or = 2Er and Er ≤ 2Or−1. Using (79),

Or = a2r+1,2 +
r∑

s=2

a2r+1,2s + a2r+1,2r+2

= a2r,3 +

r∑
s=2

(
a2r,2s−1 + a2r,2s+1

)
+ a2r,2r+1

=

r∑
u=1

a2r,2u+1 +

r∑
u=1

a2r,2u+1 = 2Er,
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so Or = 2Er. For Er,

Er =
r−1∑
s=1

a2r,2s+1 + a2r,2r+1

=
r−1∑
s=1

(a2r−1, 2s + a2r−1, 2s+2) + a2r−1,2r

=
r−1∑
s=1

a2r−1, 2s +
r−1∑
s=1

a2r−1, 2s+2 + a2r−1,2r

= Or−1 +Or−1 − a2r−1,2

≤ 2Or−1.

Finally, O0 = a1,2 = 1 and E1 = a2,3 = 1.

Step 4: Growth bounds and the derivative estimate. From Or = 2Er and Er ≤ 2Or−1 we

obtain

Or ≤ 4Or−1, Er ≤ 4Er−1 (r ≥ 1),

whence by iteration

Er ≤ 4 r−1 = 22r−2, Or ≤ 2 · 4 r−1 = 22r−1 (r ≥ 1).

Let Ak :=
∑k+1

j=2 ak,j , so A2r = Er and A2r+1 = Or. Then, for all k ≥ 2,

Ak ≤ 2 k−2.

Then the triangle inequality applied to (77)–(78) yields, for every 2 ≤ k ≤ K − 1,

∥∥∥ dk

dtk
X̂∗

1 (t)
∥∥∥ ≤ γk−1

(
Ak max

2≤j≤k+1
∥X̂∗

j (t)∥ +
k−2∑
i=0

∥∥∥ d i

dt i
Pt

∥∥∥) ≤ γk−1

(
2 k−2 ∥X̂∗(t)∥ +

k−2∑
i=0

∥∥∥ d i

dt i
Pt

∥∥∥) .

Finally, for t ∈ I, Lemma (E.15) implies∥∥∥∥∥dkX̂∗
1

dtk

∥∥∥∥∥ ≤ 2 k−2γk−1 ∥X̂∗(t)∥+ γk−1
k−2∑
i=0

Cp,i sup
t∈I

∥∥∥∥ di

dti
∇U

(
X̂∗

1

)∥∥∥∥ . (80)
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F Technical Details

F.1 Existence of Fixed Point

In this subsection, we provide the proofs of the existence of fixed point for operators Ty and T̂y as

defined in Section 6.1 (or see (10), (11)).

F.1.1 Operator Ty

Lemma F.1 (Existence and uniqueness of the fixed point). Under Assumption 1, let LH :=

max{L, 1} be the Lipschitz constant of ∇H. There exists

h∗ :=
1

3 γ LH
> 0,

such that for any 0 < h < h∗ and any y ∈ RKd, the operator Ty admits a unique fixed point in

C
(
[0, h],RKd

)
.

Proof. Work on the complete metric space
(
C([0, h],RKd), ∥ · ∥∞

)
with ∥X∥∞ := supt∈[0,h] ∥X(t)∥.

Let X,Y ∈ C([0, h],RKd) and set ∆(t) := (Ty[X])(t)− (Ty[Y ])(t). The additive noise cancels, so

∆(t) = −
∫ t

0
(D +Q)

(
∇H(X(s))−∇H(Y (s))

)
ds.

Taking norms and using the Lipschitzness of ∇H,

∥∆(t)∥ ≤
∫ t

0
∥D +Q∥ ∥∇H(X(s))−∇H(Y (s))∥ ds ≤ ∥D +Q∥LH

∫ t

0
∥X(s)− Y (s)∥ ds.

Thus, for t ∈ [0, h],

∥∆(t)∥ ≤ ∥D +Q∥LH t ∥X − Y ∥∞ ≤ 3 γ LH h ∥X − Y ∥∞,

where in the ast inequality we use ∥D+Q∥ ≤ 3γ in Lemma G.1. Taking the supremum over t ∈ [0, h]

yields the contraction

∥Ty[X]− Ty[Y ]∥∞ ≤ ρ ∥X − Y ∥∞, ρ := 3 γ LH h.

If h < h∗ = (3 γLH)−1, then ρ < 1, so Ty is a contraction. By Banach’s fixed point theorem, Ty has

a unique fixed point in C([0, h],RKd).
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F.1.2 Operator T̂y

For the Lagrange basis, we use the standard Lebesgue constant

Γϕ := sup
τ∈[0,1]

M∑
j=1

∣∣ℓj(τ)∣∣.
Lemma G.3 shows that Γϕ ≤ 2M−1 (M−1)M−1

(M−1)! which only depends on the number of collocation nodes

M . Then we have the following lemma:

Lemma F.2. Under Assumption 1 and let ∥ · ∥∞ := supt∈[0,h] ∥ · (t)∥ be the uniform norm. Then,

for

h ≤ min

{
log 2

3γ
,

1

4LΓϕ

}
,

the operator T̂y is a contraction on C
(
[0, h],RKd

)
with respect to ∥ · ∥∞.

Proof. Let X̃ = T̂y[X] and Ỹ = T̂y[Y ]. Let A := −(D +Q)J with J := diag(0, 1, . . . , 1) ⊗ Id and

e2 = (0, 1, 0, . . . , 0)⊤ ∈ RK , then from (13),

(
T̂y[X]

)
(t) = X̃(t) = y +

∫ t

0
AX̃(s) ds −

∫ t

0
(e2 ⊗ Id)P (s;X) ds +

∫ t

0

√
2DdBs. (81)

Since ∥e2 ⊗ Id∥ = 1,

∥X̃(t)− Ỹ (t)∥ ≤
∫ t

0
∥A∥ ∥X̃(s)− Ỹ (s)∥ ds +

∫ t

0
∥P (s;X)− P (s;Y )∥ ds.

By Lipschitzness of ∇U and the definition of the Lagrange iterpolation P in (12),

∥P (s;X)− P (s;Y )∥ ≤ L
M∑
j=1

∣∣ℓj(s)∣∣ ∥X1 − Y1∥∞ ≤ LΓϕ ∥X − Y ∥∞,

and hence

∥X̃(t)− Ỹ (t)∥ ≤
∫ t

0
∥A∥ ∥X̃(s)− Ỹ (s)∥ ds + LΓϕ t ∥X − Y ∥∞.

Applying Grönwall’s inequality, taking t ≤ h and applying Lemma G.1,

∥X̃(t)− Ỹ (t)∥ ≤ e∥A∥t LΓϕ t ∥X − Y ∥∞ ≤ e3γh LΓϕ h ∥X − Y ∥∞.

Choose h ≤ log 2
3γ so that e3γh ≤ 2, and h ≤ (4LΓϕ)

−1 so that the product is at most 1/2. Taking

the supremum over t ∈ [0, h] yields

∥T̂y[X]− T̂y[Y ]∥∞ ≤ 1
2 ∥X − Y ∥∞,

which proves the contraction claim.
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The following lemma identifies the unique fixed point of T̂y (proof of existence in Lemma F.2) with

the unique solution of the interpolated SDE on [0, h]. Moreover, the Picard iterates generated by T̂y
converge uniformly on [0, h] to this fixed point.

Lemma F.3. Assume the stepsize condition of Lemma F.2 so that T̂y : C([0, h];RKd)→ C([0, h];RKd)

is a contraction in ∥ · ∥∞. Let X̂∗
y denote its unique fixed point. Then X̂∗

y is the unique solution on

[0, h] of

dX̂(t) = AX̂(t) dt− (e2 ⊗ Id)P
(
t; X̂

)
dt+

√
2DdBt, X̂(0) = y, (82)

equivalently, for all t ∈ [0, h],

X̂∗
y (t) = y +

∫ t

0
AX̂∗

y (s) ds−
∫ t

0
(e2 ⊗ Id)P

(
s; X̂∗

y

)
ds+

∫ t

0

√
2DdBs. (83)

Proof. Define the Picard sequence

X̂ [0](t) ≡ y, X̂ [ν+1] := T̂y[X̂ [ν]], ν ≥ 0.

By the definition of T̂y, each X̂ [ν+1] satisfies, for all t ∈ [0, h],

X̂ [ν+1](t) = y +

∫ t

0
AX̂ [ν+1](s) ds−

∫ t

0
(e2 ⊗ Id)P

(
s; X̂ [ν]

)
ds+

∫ t

0

√
2DdBs. (84)

By Lemma F.2 there is ρ < 1/2 such that

∥X̂ [ν+1] − X̂ [ν]∥∞ = ∥T̂y[X̂ [ν]]− T̂y[X̂ [ν−1]]∥∞ ≤ ρ ∥X̂ [ν] − X̂ [ν−1]∥∞.

Thus {X̂ [ν]}ν≥0 is Cauchy sequence in C([0, h];RKd) and converges uniformly to some X̂∗
y . By

completeness and the Banach fixed point theorem, X̂∗
y is the unique fixed point of T̂y.

To identify the limiting equation, fix t ∈ [0, h] and pass to the limit ν →∞ in (84). For the linear

drift we use uniform convergence and linearity:

sup
u≤t

∥∥∥∫ u

0
A
(
X̂ [ν](s)− X̂∗

y (s)
)
ds
∥∥∥ ≤ t ∥A∥ ∥X̂ [ν] − X̂∗

y∥∞ −−−→ν→∞
0.

For the interpolated term we use the Lipschitz property of P from Lemma F.2: there exists LP <∞
such that ∥P (s;X)− P (s;Y )∥ ≤ LP ∥X − Y ∥∞ for all s and X,Y , hence

sup
u≤t

∥∥∥∫ u

0
(e2 ⊗ Id)

(
P (s; X̂ [ν])− P (s; X̂∗

y )
)
ds
∥∥∥ ≤ t LP ∥X̂ [ν] − X̂∗

y∥∞ −−−→ν→∞
0.

The stochastic integral
∫ t
0

√
2DdBs is independent of ν and remains unchanged. Taking limits in

(84) yields (83). Hence X̂∗
y is a solution on [0, h].

For uniqueness, let Z be any strong solution of (82). Then Z satisfies Z = T̂y[Z], so Z is a fixed

point of the contraction T̂y. By uniqueness of fixed points, Z = X̂∗
y a.s.
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F.2 Alternative Representation of Algorithm 1

Algorithm 1 can be interpreted as performing Picard iterations of the discretized operator T̂y on the

interval [0, h], initialized at y = X̂(nh). The next lemma formalizes this equivalence by showing that

the outputs of Algorithm 1 at Picard index ν coincide with the ν-th Picard iterates of T̂y evaluated

at the nodes {ckh}Mk=1.

Lemma F.4 (Equivalence of Algorithm 1 and Picard iterates). Fix h > 0, and nodes 0 < c1 < · · · <
cM = 1. For a fixed time step n, let X̂ [ν](nh+ ckh) denote the stage iterates produced by Algorithm 1

at Picard index ν and stage k ∈ {1, . . . ,M}, initialized by X̂ [0](nh+ ckh) = X̂(nh) for all k. Let an

initializer y = X̂(nh) ∈ RKd and let T̂y be the discretized operator defined in Section 6.1 (or see

(11)), and define the Picard sequence on [0, h] by

Ŷ [0]
y (t) ≡ y, Ŷ [ν+1]

y := T̂y
[
X̂ [ν]

y

]
, ν ≥ 0.

Then, for every ν ≥ 0 and every k = 1, . . . ,M ,

Ŷ [ν]
y (ckh) = X̂ [ν](nh+ ckh). (85)

In particular, with cM = 1,

Ŷ [ν∗]
y (h) = X̂ [ν∗](nh+ h) = X̂

(
(n+ 1)h

)
.

Proof. For any path X ∈ C([0, h],RKd), define the interpolant P (s;X) =
∑M

j=1 ℓj(s/h)∇U
(
X1(cjh)

)
as in (12). The decomposition in (13) shows that X̃ := Tϕ,y[X] solves, on [0, h],

dX̃(t) = AX̃(t) dt − (e2⊗ Id)P (t;X) dt +
√
2DdBnh+t, X̃(0) = y.

By variation of constants, it satisfies

X̃(t) = etAy −
∫ t

0
e(t−s)A (e2⊗ Id)P (s;X) ds + Wn(t/h), t ∈ [0, h]. (86)

Set t = ckh. Using P (s;X) =
∑

j ℓj(s/h)∇U(X1(cjh)) and the definition

αj(τ, h) :=

∫ τ

0
e(τ−σ)hA ℓj(σ) dσ, θ ∈ [0, 1],

we obtain from (86) that

(
T̂y[X]

)
(ckh) = eckhAy − h

M∑
j=1

αj(ck, h) (e2⊗ Id)∇U
(
X1(cjh)

)
+ Wn(ck). (87)

Recall the decomposition of the dynamics dX = AX dt+ g(X) dt+
√
2DdBt with g(X) = −(e2⊗
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Id)∇U(X1). Then (87) is equivalently

(
T̂y[X]

)
(ckh) = eckhAy + h

M∑
j=1

αj(ck, h) g
(
X(cjh)

)
+ Wn(ck). (88)

Next we prove (85) by induction. Base case ν = 0: by definition, Ŷ
[0]
y (ckh) ≡ X̂ [0](nh+ ckh) ≡ y.

Assume Ŷ
[ν]
y (cjh) = X̂ [ν](nh+ cjh) for all j. Apply (88) with X = Ŷ

[ν]
y :

Ŷ [ν+1]
y (ckh) = eckhAy + h

M∑
j=1

αj(ck, h) g
(
Ŷ [ν]
y (cjh)

)
+ Wn(ck).

By the inductive hypothesis, g(Ŷ
[ν]
y (cjh)) = g(X̂ [ν](nh+ cjh)), hence

Ŷ [ν+1]
y (ckh) = eckhAy + h

M∑
j=1

αj(ck, h) g
(
X̂ [ν](nh+ cjh)

)
+ Wn(ck).

This is exactly the update in Algorithm 1 (Line 9), so Ŷ
[ν+1]
y (ckh) = X̂ [ν+1](nh+cjh). This completes

the induction. Taking k = M with cM = 1 gives Ŷ
[ν∗]
y (h) = X̂ [ν∗](nh+ h) = X̂((n+ 1)h).

G Auxiliary Lemmas

Lemma G.1. Let D,Q be as defined in (15) with γ > 0, and let K ≥ 2. Let ∥ · ∥ denote the

operator norm (induced by Euclidean norm) for a matrix. Then√
1 + γ2 ≤ ∥D +Q∥ ≤ ∥D∥+ ∥Q∥ ≤ γ +max{ 1 + γ, 2γ } = max{ 1 + 2γ, 3γ },

and, moreover,

∥(D +Q) diag(0, 1, . . . , 1)⊗ Id∥ ≥
√
1 + γ2 (with equality when K = 2).

Proof. By construction D = diag(0, . . . , 0, γ) ⊗ Id, hence ∥D∥ = γ. Also Q = Tγ ⊗ Id, where

Tγ ∈ RK×K is the (skew–symmetric) tridiagonal matrix

Tγ =



0 −1 0 · · · 0 0

1 0 −γ . . .
...

...

0 γ 0
. . . 0 0

...
. . .

. . .
. . . −γ 0

0
... 0 γ 0 −γ

0
... 0 · · · γ 0


.
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Kronecker structure gives ∥Q∥ = ∥Tγ∥. For any matrix A, ∥A∥ ≤
√
∥A∥1∥A∥∞; we now compute

∥Tγ∥1 and ∥Tγ∥∞. Calculating the row sums (in absolute value) of Tγ yields: ∥Tγ∥∞ = max{1 +
γ, 2γ}. By the same pattern for column sums, ∥Tγ∥1 = max{1 + γ, 2γ}. Therefore

∥Q∥ = ∥Tγ∥ ≤
√
∥Tγ∥1∥Tγ∥∞ = max{1 + γ, 2γ}.

Finally, by the triangle inequality,

∥D +Q∥ ≤ ∥D∥+ ∥Q∥ ≤ γ +max{1 + γ, 2γ} = max{1 + 2γ, 3γ}.

For the lower bounds, note first that ∥B ⊗ Id∥ = ∥B∥. Write D + Q = (D̃ + Q̃) ⊗ Id with

D̃ = diag(0, . . . , 0, γ) and Q̃ = Tγ . For any matrix M , ∥M∥ ≥ maxj ∥Mej∥2. Reading off the second

column of D̃ + Q̃ gives

(D̃ + Q̃)e2 =

− e1 + γe2, K = 2,

− e1 + γe3, K ≥ 3,

hence ∥(D̃ + Q̃)e2∥2 =
√
1 + γ2 for all K ≥ 2, and therefore ∥D +Q∥ ≥

√
1 + γ2.

Let P := diag(0, 1, . . . , 1). Since ∥(D+Q)P ⊗ Id∥ = ∥(D̃+ Q̃)P∥ and P leaves column 2 unchanged,

the same column calculation yields

∥(D +Q)P ⊗ Id∥ = ∥(D̃ + Q̃)P∥ ≥ ∥(D̃ + Q̃)Pe2∥2 =
√
1 + γ2.

Lemma G.2. Let b(x) = −(D +Q)∇H(x). Assume

mI ⪯ ∇2U(x) ⪯ LI for all x ∈ Rd,

for 0 < m ≤ L <∞. Then, for all x,

∥Jb(x)∥ ≤ Lmax{ 1 + 2γ, 3γ }, where Jb(x) := ∇b(x) = −(D +Q)∇2H(x).

Proof. Taking operator norms and using Lemma G.1 yields

∥Jb(x)∥ = ∥(D +Q)∇2H(x)∥ ≤ ∥D+Q∥ ∥∇2H(x)∥ ≤ Lmax{ 1 + 2γ, 3γ },

since ∥∇2U(x)∥op ≤ L by assumption. This proves the upper bound.

Lemma G.3. Let M ≥ 2 and take uniform nodes cj = (j − 1)/(M − 1) for j = 1, . . . ,M on [0, 1].

Let {ℓj}Mj=1 be the associated Lagrange basis and Γϕ := supτ∈[0,1]
∑M

j=1 |ℓj(τ)| the Lebesgue constant.

Then

Γϕ ≤
2M−1 (M − 1)M−1

(M − 1)!
.
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Proof. Fix τ ∈ [0, 1] and j ∈ {1, . . . ,M}. Using the product form,

|ℓj(τ)| =
M∏
k=1
k ̸=j

|τ − ck|
|cj − ck|

≤
M∏
k=1
k ̸=j

1

|cj − ck|
.

For the uniform grid, |cj − ck| = |j − k|/(M − 1), so

∏
k ̸=j

|cj − ck| =
( 1

(M − 1)

)M−1∏
k ̸=j

|j − k| =
( 1

(M − 1)

)M−1
(j − 1)! (M − j)!.

Hence

|ℓj(τ)| ≤
(M − 1)M−1

(j − 1)! (M − j)!
.

Summing over j and using
∑M

j=1

(
M−1
j−1

)
= 2M−1,

M∑
j=1

|ℓj(τ)| ≤ (M−1)M−1
M∑
j=1

1

(j − 1)! (M − j)!
=

(M − 1)M−1

(M − 1)!

M∑
j=1

(
M − 1

j − 1

)
=

2M−1 (M − 1)M−1

(M − 1)!
.

Taking the supremum over τ ∈ [0, 1] gives the claim.

Lemma G.4 (Stationary moment bounds). Let H(x) = U(x1) +
1
2

∑K
k=2 ∥xk∥2 and ρ(dx) ∝

e−H(x)dx be the stationary law of the dynamics, with U satisfying Assumption 1. Let x⋆ ∈ argminU

and X = (X1, . . . , XK) ∈ RKd. Then:

Eρ

[
∥X1 − x⋆∥2

]
≤ d

m
, (89)

Eρ

[
∥∇U(X1)∥2

]
≤ L2 Eρ

[
∥X1 − x⋆∥2

]
≤ L2

m
d, (90)

Eρ

[
∥X∥2

]
= Eρ

[
∥X1∥2

]
+

K∑
k=2

Eρ

[
∥Xk∥2

]
≤
(
2∥x⋆∥2 + 2d

m

)
+ (K − 1) d. (91)

Proof. Bound for E∥X1 − x⋆∥2. Write πU (dx1) ∝ e−U(x1)dx1 for the marginal stationary law of

X1; under ρ we have the factorization ρ(dx) = πU (dx1)⊗
(
⊗K

k=2N (0, Id)
)
. Because U is m-strongly

convex, U(x1) ≥ U(x⋆)+
m
2 ∥x1−x⋆∥2, so e−U has Gaussian tails. Thus, for g(x1) = x1−x⋆ (whose

divergence is ∇· g ≡ d), integration by parts yields∫
Rd

⟨∇U(x1), x1 − x⋆⟩ e−U(x1) dx1 =

∫
Rd

∇· g(x1) e−U(x1) dx1 = d

∫
Rd

e−U(x1) dx1,

where the boundary term vanishes since e−U has tails. Normalizing gives

EπU

[
⟨∇U(X1), X1 − x⋆⟩

]
= d.
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By strong convexity and ∇U(x⋆) = 0, ⟨∇U(x1), x1 − x⋆⟩ ≥ m∥x1 − x⋆∥2. Taking expectation,

d ≥ mEπU ∥X1 − x⋆∥2. Since the X1-marginal of ρ is πU , the same bound holds under ρ, proving

(89).

Bound for E∥∇U(X1)∥2. First, by L-smoothness and ∇U(x⋆) = 0, ∥∇U(x1)∥ ≤ L∥x1 − x⋆∥.
Squaring and taking expectations then using (89) gives E∥∇U(X1)∥2 ≤ (L2/m) d.

Bound for E∥X∥2. Under ρ, Xk ∼ N (0, Id) for k ≥ 2, hence E∥Xk∥2 = d. For X1, ∥X1∥2 =

∥X1 − x⋆ + x⋆∥2 ≤ 2∥X1 − x⋆∥2 + 2∥x⋆∥2. Taking expectations and applying (89) gives E∥X1∥2 ≤
2(d/m) + 2∥x⋆∥2.
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