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Abstract

In this paper, we study the statistical efficiency of Reinforcement Learning in
Mean-Field Control (MFC) and Mean-Field Game (MFG) with general function
approximation. We introduce a new concept called Mean-Field Model-Based
Eluder Dimension (MBED), which subsumes a rich family of Mean-Field RL
problems. Additionally, we propose algorithms based on Optimistic Maximal
Likelihood Estimation, which can return an e-optimal policy for MFC or an e-
Nash Equilibrium policy for MFG, with sample complexity polynomial w.r.t.
relevant parameters and independent of the number of states, actions and the
number of agents. Notably, our results only require a mild assumption of Lipschitz
continuity on transition dynamics comparing with previous works. Finally, in the
tabular setting, given the access to a generative model, we establish an exponential
lower bound for MFC setting, while providing a novel sample-efficient model
elimination algorithm to approximate equilibrium in MFG setting. Our results
reveal a fundamental separation between RL for single-agent, MFC, and MFG
from the sample efficiency perspective.

1 Introduction

Multi-Agent Reinforcement Learning (MARL) is a fundamental model that addresses how multiple
autonomous agents cooperate or compete with each other in a shared environment, and it is widely
applied for practical problems in many areas, including autonomous driving [53], finance [37]], and
robotics control [29]. Although MARL has attracted growing attention in nowadays RL research
[26] 33} 34], when the number of agents is in hundreds or thousands, MARL already becomes
challenging. However, in scenarios where agents exhibit high symmetry, like humans in crowds or
individual cars in the traffic flow, the Mean-Field theory can be employed to approximate the system
dynamics, which results in the Mean-Field RL (MFRL) setting. In MFRL, the interactions within
large populations are modeled by the additional dependence of state density of agents (population
distribution) of the transition function in the Mean-Field Markov Decision Process (MF-MDP). Such
mathematical model has achieved success in various domains, including economics [15} 4], finance
[L1], industrial engineering [18], etc.

Depending on the objectives, MFRL can be divided into two categories: Mean-Field Control (MFC)
and Mean-Field Game (MFG) [36} 28, [10]. MFC, similar to the single-agent RL, aims to find a
policy maximizing the expected return, while MFG focuses on identifying the Nash Equilibrium
(NE) policy, where no agent has the incentive to deviate. Compared with the single-agent RL, one of
the main challenges in MFRL is the exploration in the joint space of state, action, and state density,
especially given that the density belongs to an infinite and continuous space. Due to this challenge,
existing literature primarily focuses on the tabular setting, and most results rely on strong assumptions
like contractivity [24[59]], monotonicity [50, 49, 20], or population-independent dynamics [41, [22].
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MF-MDP with Function Approximation [Theorem 5.2] GM-Inefficient for MFC
[Theorem 5.3] GM-Efficient for MFG

Tabular MF-MDP with
Function Approximation

Function Approximation
with Low MBED

[Theorem 4.1] Sample-Efficient for both MFC and MFG

Figure 1: Highlight of Main Results (Dependence on Lipschitz factors are omitted): “Sample-
Efficient” means the problem can be solved with polynominal samples by Data Collection Process in
Def.[2.2] “GM-Efficient/Inefficient” means the problem can/cannot be solved with polynomial queries
to the Generative Model (GM) in Def.

Recent work [48] considered function approximation in MFC, while they did not study MFG setting
(see Sec.|l.1|for more comparison). Overall, efficiently solving MFRL, especially MFG, with general
function approximation under mild structural assumptions remains an open problem.

In this paper, our goal is to investigate the statistical efficiency of Mean Field RL with model-based
function approximation. We summarize our main results in Fig. [I|and highlight our contributions
in threefold. Firstly, in Sec.[3] we introduce a new complexity measure called Model-Based Eluder
Dimension for MFRL (MBED), and contribute concrete classes of MFRL problems with low MBED,
including (generalized) linear MF-MDP, deterministic transition with Gaussian noise, and etc. To our
knowledge, the understanding of MBED is limited in both single-agent RL and MARL literature.

Secondly, in Sec.[d] we develop efficient model-learning algorithms for MFRL based on Optimism-
Maximal Likelihood Estimation (O-MLE), and prove that, if the model class has bounded MBED,
polynomial sample complexity can be achieved in both MFC and MFG setting. As we will see, the
dependence on state density in transition function causes unique challenges, and we overcome them
by establishing close connections between model class complexity, MLE error, and the learning error
for MFC and MFG objectives. Notably, our results do not require strong structural assumptions like
previous work [24,150, 149, 20]. As a by-product, our results imply sample efficiency for model-based
RL with function approximation in the single-agent setting, which might be of independent interest.

Given the results in Sec. [d where we identify a structural condition under which both MFC and
MFG can be solved efficiently, one natural question arises regarding whether the two objectives share
the same statistical efficiency or inefficiency in general. As our third contribution, in Sec.[5] we
provide evidence for the exponential separation between MFC and MFG given the generative model
(GM) [124, 20]. In tabular setting with function approximation, for MFC, even with access to GM, we
establish an exponential lower bound for finding an near-optimal solution. In contrast, for MFG, by
identifying the special property implied by “local alignment” (Lem.[5.4)), we propose a novel model
elimination algorithm, which can approximate the NE policy with polynomial queries to GM. To the
best of our knowledge, this is the first result indicating the separation between MFC and MFG from
the sample efficiency perspective. In general, finding NE or establishing sample complexity lower
bound for NE is believed to be hard in many MARL/MFRL cases, we believe our results provide
important insights on these directions.

1.1 Closely Related Work

For the lack of space, we only highlight the most related works here and defer the others to Appx.[A.7}
In general, the theoretical understanding of MFRL in the finite horizon setting is still limited,
especially in terms of statistical efficiency. We present and compare with several lines of work.

Finite-horizon MFG. The finite-horizon framework considered here is closely related to Lasry-Lions
games [50) 149, [22]], where continuous-time dynamics were analyzed without exploration considera-
tions under monotonicity assumptions on rewards. While [22] proves discrete time convergence for
rewards admitting a potential, they have not considered exploration. Our work focuses on understand-
ing the fundamental exploration guarantees and bottlenecks associated with finite-horizon MFC and
MFG, hence applies also to MFG and MFC not satisfying restrictive conditions. Working in a similar



setting, [20]] requires a planning oracle that can return a trajectory for arbitrary density, even if it can
not be induced by any policy.

Comparison to stationary MFG equilibrium. Alternative to the finite-horizon formulation, there
exists work on the stationary MFG formulation where one aims to find policies which keep the
population stationary [3} 24,159,163, [16]. In this formulation, results typically require strong Lipschitz
continuity assumptions as well as non-vanishing regularization [24} 3} 16]. In [24], strong Lipschitz
assumptions (like Assump. 1 and 2) are required, which is unclear when it can be true. Furthermore,
they also assume a stronger generator model which can infer the trajectory for arbitrary density
function. Besides, their regret bound will have a dependence on the covering time, which potentially
scales with O(|S||.A]), and their convergence rate scales at O(¢~°), while ours can achieve the
optimal rate at O(¢~2). They also require assumptions on the gap of value functions induced by the
epsilon net of the density. [59] has the same smoothness requirements, which might not be avoidable
[16}163]. Furthermore, the common formalization that the transition and reward function in each step
conditions on the stationary density instead of the density evolved across time could be a limitation.

Comparing with statistical efficiency results for MFC. In terms of statistical efficiency consid-
erations, a similar work in MFC has been [48]]. But our results capture a different learnable function
class, with some overlap. As our advantages, our low MBED can capture multimodal transition
distribution (e.g. by linear setting), while their algorithm and analysis is specified for deterministic
transition with random noise (unimodal transition distribution). Besides, our framework can include
some speical cases in [48]]. For those near-deterministic transition functions modeled by Gaussian
Process with additive uncorrelated Gaussian noise, ours can predict its sample efficiency, as a result
of our Prop. and the equivalence between Eluder Dimension and Information Gain in RKHS
space [32]. As our insufficiency, [48] can handle the cases when the noise is sub-gaussian besides
pure gaussian, as long as they can get access to the full information of the noise, while it is unclear
whether such function class has low MBED. It would be an interesting direction to propose more
general complexity measure and algorithms, which can unify the frameworks in both papers together.

Besides, we also analyze the MFG setting while they only focused on MFC. Furthermore, they
only considers with the deterministic policy class, while in many cases, the optimal policy or the
equilibrium policy can only be stochastic. In contrast, we allow stochastic policy, do not assume the
knowledge of density (this is also reflected in the policy we compete with).

Other MFG/MFC settings. There also exists a variety of different settings in which MFG formal-
ism has been utilized, for instance in linear quadratic MFG [25]] and MFG on graphs [62] 23]]. [5]
studies a unified view of MFG and MFC, however, they do not take the evolution of density into
consideration and do not provide guarantees for the non-tabular setting. Several works on MFC also
work on the lifted MDP where population state is observable [12]. In our work, we do not assume the
observability of the population.

2 Preliminary

2.1 Setting and Frequently Used Notations

We consider the finite-horizon Mean-Field Markov Decision Process (MF-MDP) specified by a tuple
M := (1,8, A, H,Pr,P,). Here p; is the fixed initial distribution known to the learner, S and A
are the state and action space, respectively, which can be discrete or continuous and compact. Besides,
we assume the state action space are the same for each step A, i.e., S, = S and A;, = A for all h.
Pr = {Pr, h}szl and P, := {P, h}hH:1 are the transition and (normalized) deterministic reward
function, with Pr p, : Sp X Ap x A(Sp) = A(Sh41) and Py, + S x Ap X A(SR) — [0, %] To be
concise in analysis, we assume that the reward function is known, but our techniques can be extended
when it is unknown. We use M ™* to denote the true model with transition function P«

In this paper, we only consider the non-stationary Markov policy 7 := {7y, ..., 7y} with 7, : S —
A(Ay), ¥V h € [H]. Starting from the initial state s; ~ 1 until the fixed final state sgr1 is reached,
the trajectory is generated by:

Vh e [H] ap~7h(-[sh), Shi1 ~ PT,h(-ISh,ah,uZ), Th ~ Pr,h(‘|5haahvﬂﬂM7h)v ,L/I{/[,h-i,-l = FﬂM,h(/ﬂITM,h)»



with T/ (un)(-) == I wn(sp)m(an|sp)Prp(-ISh, an, pin), (D

ShyGh

where we use uj, ;, to denote the density induced by 7 in M and I'},;, + A(Sh) — A(Sh+1)
is an mapping from densities in step A to step & + 1 under M and m. We will use bold font
= {p1, ..., ug } to denote the collection of density for all time steps, and use ry, (s, an, pp) to
denote the expected reward at sy, ap, . Besides, we denote Vi |, (+; p) to be the value function at

step h if the agent deploys policy 7 in model M conditioning on u, defined by:

H

V]@7h(8h; ,LL) =E [Z Th! (Sh’7 ap', ,uh’)
h/=h

ap~7y, 85,00 ~Pr 5 Clsyhag.ug), Yh > h‘| .

We use Jpr(m; p) := Es, vy [Vir 1 (s1; )] to denote the expected return of policy 7 in model M
conditioning on p. When the policy is specified, we use pf, := {3 1, .-, 13/ g } to denote the
collection of mean fields w.r.t. 7. We will omit g and use Jj;(7) in shorthand when g = p7,. For

S1~VH1
the simplicity, in the rest of the paper, we use E. p(,[-] := E || Vh21, an~mn(|sn) | as a shortnote
’ Sh1~Pr n (C|Sh,an, n
of the expectation over trajectories induced by 7 under transition P j,(-|-, -, i), and we omit the

conditional density g if g = p7,. As examples, Vi, (sp;p) = Eﬂ,ﬂflp[Zﬁ:h r(Sh, ansy )| Sh]
and Jy () = IEmM[Z,I;I:l 7(Shrs anss g po)l-

Given a measure space (€2, F) and two probability measures P and () defined on (€2, F), we denote
TV(P,Q) (or ||P — Q|l1v):= sup 4 | P(A) — Q(A)| as the total variation distance, and denote

H(P, Q) := \/1 — ¥, V/P(#)Q(w) as the Hellinger distance. In general, we have v2H(P, Q) >
TV(P, Q). When € is countable, TV(P, Q) = 1| P — Q||1, where | - || is the [;-distance.

Mean-Field Control: In MFC, similar to single-agent RL, we are interested in finding a policy %Ek)pt

to approximately minimize the optimality gap Eop () 1= maxz Jar- (75 plye ) — Jar- (5 3y ), i,
Eop(Topt) < € 2)

Mean-Field Game: In MFG, we instead want to find a NE policy s.t., when all the agents follow
that same policy, no agent tends to deviate it for better policy value. We denote A (7, 7) :=
I (5 1w3y) — I (5 15,) given a model M, and denote Eng () := maxz Apg- (7, 7), which is also
known as the exploitability. The NE in M * is defined to be the policy m satisfying Eng(7ig) = 0.
Our MFG objective is to find an approximate NE 7% such that:

ENE (%ITIE) <e. 3)

2.2 Assumptions

In this paper, we consider the general function approximation setting, where the learner can get access
to a model class M satisfying the following assumptions.
Assumption A (Realizability). M* € M.
Assumption B (Lipschitz Continuity). For arbitrary h € [H], s, € S,a € A and arbitrary valid
density pup, 11, € A(S), and arbitrary model M := (Pp,P,) € M, we have:
H(]P)T,h('|shv ap, /Lh)7 ]P)T,h("sha Qap, /1‘;1)) S LT : |‘Mh - M;‘LHTV (4)

1Py (-[shs ans pin) = Prn(Cl8hs an, i) Iy < Ly - |[pn — v ®)

Assumption C (Existence of NE). For any M € M, there exists at least one NE policy.

Although we treat Assump. [C] as an assumption, in Prop. below, we show it is implied by
Assump. [B|for discrete environments, and the proof can be generalized to many continuous cases.

"Here we consider the Lipschitz continuity w.r.t. H just in order to coordinate with our formulation of MBED
in Def.[3.3] In fact, Eq. (@) can be relaxed to | Pr,n (-|sn, ans pin ), Pron (s, ans i) |vv < L - ||pen — pi ||zv
if we only consider TV distance in Eq. (6).



Proposition 2.1 (Existence of NE in MFG; Informal Version of Prop.[E.7). For every MF-MDP with
discrete S and A, satisfying Assump.|[B| there exists at least one NE policy.

We also note that the existence of NE is established in previous literature [52] under the same
conditions as our Prop. Our contribution here is a different proof based on the conjugate function
and non-expansiveness of the proximal point operator. Moreover, [52] studied infinite-horizon MDP
with discounted reward, which is different from our setting.

Besides, we formalize the Data Collection Process in the following.

Definition 2.2 (Data Collection Process (DCP)). We assume the environment consists of an extremely
large number of agents and a central controller (our algorithm/learner), and there is a probe agent
Agt, whose observation we can receive. The central controller can compute an arbitrary policy tuple
(m, m), where m and 7 are not necessarily the same, distribute 7 to Agt but 7 to the others, and
receive the trajectory of Agt following 7 under Py« (-], -, uf ) and Py 5, (-], -, uf ).

Our formulation above is reasonable, since the deviation of one agent only causes neglectable
perturbation on density. Besides, it is much weaker than the assumption in [24}20], which requires a
planning oracle that can return a trajectory conditioning on arbitrary (even unachievable) density.

3 Model-Based Eluder Dimension for Mean-Field RL

We first introduce our definition for Model-Based Eluder-Dimension in MFRL.

Definition 3.1 (a-weakly-e-independent sequence). Denote X := S x A x A(S) to be the joint
space of state, action and state density. Let D : A(S) x A(S) — [0, C] be a distribution distance
measure bounded by some constant C'. Given a function class F C {f : X — A(S)},afixeda > 1
and a sequence of data points x1, To, ..., T, € X, we say x is a-weakly-e-independent of =1, ..., x,,
w.r.t. F and D if there exists f1, fo € F such that 31" D?(f1, f2)(z;) < €2 but D(f1, fo)(z) > ae.

Definition 3.2 (Longest a-weakly-e-independent sequence). We use dimE,, (F, D, ) to denote the
the longest sequence {x;}_ , € X, such that for some &’ > ¢, z; is a-weakly-¢'-independent of
{x1,...,x;—1} forall i € [n] w.r.t. F and D.

Definition 3.3 (Model-Based Eluder-Dimension in MFRL). Given a model class M, o > 1 and
€ > 0, the Model-Based Eluder Dimension in MFRL (abbr. MBED) of M is defined to be:

dimEa (M7 E) ‘= MaXpe[H) minDe{TV,H} dimEa (Mh, D7 6). (6)

We only consider D to be TV(P, Q) or H(P, @), mainly because of our MLE-based loss function.
With slightly abuse of notation, the M (or M},) here refers the collection of transition functions of
models in M. The main difference comparing with value function approximation setting [S1} [32]
is that, because the output of model functions are distributions instead of scalar, we use distance
measure to compute the model prediction difference. Besides, we use ac as threshold instead of ¢,
which does not lead to a fundamentally different complexity measure, but simplifies the process to
absorb some practical examples into our framework. Also note that dimE,, (F,&) < dimE,, (F, ¢)
for a1 > e, because any a;-weakly-c-independent sequence must be aa-weakly-e-independent.

Comparison with previous work regarding MBED To our knowledge, only few literature has
focused on Model-Based Eluder Dimension (MBED). [46] requires additional assumption that, given
two transition distributions in the function class, the difference between their induced future value
function is Lipschitz continuous w.r.t. the their mean difference, which is quite restrictive. In a more
recent work, [38]] presented extension of MBED to general bounded metrics, however, their results
still depend on the number of states actions, and concrete examples with low MBED are not provided.

Concrete Examples Next, we introduce some concrete examples with low MBED, and defer
formal statements and their proofs to Appx. The first one is generalized from the linear MDP in
single-agent RL [35]]. In Appx. we also include a linear mixture type model, and other more
general examples, such as, kernel MF-MDP and the generalized linear MF-MDP. However, since
the output of the model function is a probability distribution rather than a scalar, low TV-distance
between predictions does not necessarily imply they are uniformly close for each output dimension,
which causes technical challenges. To overcome it, we utilize data-dependent sign functions to pave
ways to establish the connection between the prediction error and the elliptical potential lemma.



Proposition 3.4 (Low-Rank MF-MDP with Known Representation; Informal Version of Prop. [B.4).
Given a feature ¢ : S x A x A(S) — R? and a function class W, the model class Py =

{Py|Py (|8, a, 1) == ¢(s,a,p) " P(s"), ¥ € U} has dimE,(Py, TV, e) = O(d) fora > 1.

The second example is deterministic transition with random noise, in order to accommodate the
function class in [48]] (see a detailed comparison in Sec. [I.I). Here we consider the Hellinger
distance because given two Gaussian distribution P ~ N (up,X) and Q ~ N(ug,X) with the
same covariance, H(P, Q) = 1 — exp(—g[lup — pgll%-1). Therefore, with the connection between
H(P, Q) and the l5-distance between their mean value, we are able to subsume more important model
classes into low MBED framework, as we state below.

Proposition 3.5. [Deterministic Transition with Gaussian Noise] Suppose S C R%. Given a
function class G C {glg : S x A x A(S) x N* = R} and convert it to Fg := {fq|fo(-,-,") :=
9y 1)y ey g(cy -, d)]T € RY, g € G}. Consider the model class Pg = {P;|Ps(:|s,a,p) ~
f(s,a,p) + N(0,%), f € Fg}, where N(0,X) is the Gaussian noise with 3 := Diag(o, ..., 0).
For e < 0.3, we have dimE 5(Pg,H,e) < dimE(Fg,40¢), dimE ;55(Pg,H,e) < dimE(G,40¢),
where dimkE is the Eluder Dimension for scalar or vector-valued functions [51) 46l].

4 Learning in Mean-Field RL: An Optimistic-MLE Approach

In this section, we introduce our O-MLE based algorithm for MFRL. We highlight the algorithm
design and main results in Sec.[d.1] and introduce key techniques to results in Sec.[d.2]

4.1 Main Algorithm and Results

We provide our main algorithm in Alg.|l} where we omit the rewards in samples to avoid redundancy
in analysis. Similar to previous work for function approximation setting in single-agent RL [32|[19]
or MARL [26], we mainly focus on the statistical complexity and leave the computational efficiency
to future work. Our algorithm is based on Optimistic Maximial Likelihood Estimation. The algorithm
includes two parts: policy selection (Line[8}{14) and data collection (Line[d{7). In each iteration £,

we fit the model with data 21, ..., Z¥ collected so far and construct a model confidence set MF¥. The
confidence level is carefully chosen, so that with high probability, we can ensure M* € MF for all k.

In MFC, similar to the single-agent setting, we pick 7%*1 to be the policy achieving the maximal total
return among models in the confidence set, and then use it to collect new samples for exploration. In
the end, we use Regret 2PAC conversion algorithm (Alg. [3] deferred to Appx. to select policy.

For MFG, the learning process is slightly more corrlElicated. For the policy selection part, we compute
two policies. We first randomly pick M**+1 from M*, and compute its equilibrium policy 7% to be
our guess for the equilibrium of the true model M *. Next, we find a model M**! and an adversarial
policy 7%+, which result in an optimistic estimation for Exg(7%*1). Besides, for the data collection
part, in addition to the trajectories generated by deploying 7**!, we also collect trajectories sampled
by policy 7% conditioning on the density induced by 71, As we will explain in Lem. those
additional samples are necessary to control the estimation error of exploitability. Finally, we return
the policy with the minimal optimistic exploitability among {7*T1} 5 .

We state our main results below, and defer its formal version (Thm.[D.5]and Thm. and the proofs
to Appx.[D] As a side contribution, our results can recover sample complexity in single-agent RL by
letting L1, L, — 0, which is only studied by few literatures.

Theorem 4.1 (Main Results (Informal)). Under Assump.El @and E by choosin K=0 ((1 +

(L) =1\ 2 dimEo (M,e0) ; _ L
LTH)Q(l + LTH)Q( ET ) = €0 )7 with eg = O(aH(l—‘,—LTH)(1+L7;;~EI-I)((1+LT)H—1))’

(i) for the MFC branch, after consuming HK trajectories in Alg. and additional O(s% log2 %)
trajectories in Alg. |3} w.p. 1 — 50, we have Eop(T,,) < €.

(ii) for the MFG branch, after consuming 2H K trajectories, w.p. 1 — 35, we have Enp(Trg) < €

2We omit log-dependence on ¢, §, dimE, | M|, H and Lipschitz factors in 0.
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Exponential Dependence on L7: As we can see, there is an exponential dependence of Lt in
sample complexity, while similar result has been reported in previous literatures [48]. Besides a
trivial observation that the exponential factor reduces to constant when Ly = O(+;), in Appx.
we introduce Assump. [D]about the contraction of I'" operator, which is frequently considered in
previous literature [3,163]. In the full version theorem, we show that with that additional assumption,
the sample complexity only depends on a contractive factor without exponential terms.

Algorithm 1: A General O-MLE Learning Framework for Mean-Field RL
Input: Model function class M; ¢, 6, K.
Initialize: Randomly pick ' and 7'; Z* « {}, Vk € [K].
fork=1,2,..., K do
forh=1,...,H do
Sample 2} := {s}, af, s}F |} with (7%, 7%); ZF « ZF U 2.
if MFG then Sample z}' := {5}, af, s} |} with (7%, 7%); ZF « ZF Uz ;
end
For each M € M, define:

k H . . . i . P i
ZII\C/ILE(M) =) i1 D p=1 08 PT;h(SZ+1|SZv a;L?MM,h) + 10gPT,h(?;i+1\%a2»MM,h) .

MEFG only

M {M € M|l (M) > maxnrem g g(M) — log M}

if MFC then 7" MM < argmax /o v (5 17) 5

if MFG then
Randomly pick M*+1 from M*; Find a NE of M*+1 denoted as " +1
FhAL AIRHL arg max. kL),

end

MEME Ay (7w

end
if MFC then return 75,  Regre2PAC({m* 1}/ | ¢,6);
if MFG then return 7y < " with ki  mingeg) Agpup, (7L, 701

4.2 Proof Sketch

The high-level ideas for proving Thm. f.T|can be mainly divided into two parts. Firstly, we provide
an upper bound for the accumulative model prediction error by the model-based eluder dimension,
which we further connect with our learning objective in the second step.

Step 1: Upper Bound Model Prediction Error with MBED  First of all, in Thm. [4.2] below, we
show that, with high probability, models in MF predict well under the distribution of data collected
so far. We defer the proof to Appx.[C]

Theorem 4.2. [Guarantees for MLE] By running Alg. Iwzth any ¢ € (0, 1), with probability 1 —
forall k € [K], we have M* € ME: for each M € MP with transition Pr and any h € [H]:

P 2IM|KH
ZE i e [H2 (P (- |3haaha,uM 1)y Pren([shs ah, phg- p))) < 2log(f).

Besides, for MFG branch, we additionally have:

k

sioio ~io~i 2M|KH
E%z M* | pT] [H2(PT,h('|shvah7MM,h)7 PT*,h('|Sh7ahnuJV[*,h))] < 210%(T)~
i=1

The key difficulty in Mean-Field setting is the dependence of density in transition function. Since
we do not know 4. 5, in Line |8 in Alg. |I} we compute the likelihood conditioning on 4, 1,
which is accessible for each M. Therefore, in Thm. we can only guarantee M aligns with M*
conditioning on their own density 7, and p7,., respectively. However, to ensure low MBED can
indeed capture important practical models, the MBED in Def. is established on shared density,



which is also the main reason we additional consider Hellinger distance in Assump.[B] To close this
gap, in Thm. 3] below, we present how the model difference conditioning on the same or different
densities can be converted to each other. The proof is defered to Appx.

Theorem 4.3 (Model Difference Conversion; Short Version of Thm.[D.3). Given two model M and

M with transition P and P, respectively, and an arbitrary policy w, under Assump.|B| we have:

H
ET"7M[Z||PTJL('|5h7 Qh, NRI7}L) - ]Pf,h("shr Qh, H‘II‘\-/I,h)HTV]
h=1
H
<(1+ LTH)EW,M[Z P71 (-[80: ans pign) — Pz, Clsns an, w3z ) mvl, (N

h=1

EW7]V[[Z||PT7h('|Sha Qh, /’L%,h) - Pf,h("shv Qh, M?\/‘f’h)”TV]
h=1

H
<Erat[S O+ L) [Prn(-lsns an, 154) — Pry Clsnsans w3 n) el (®)
h=1

In the final lemma, we show if the model predicts well in history, then the growth rate of the
accumulative error on new data can be controlled by MBED. We defer the proof to Appx.[B.3]

Lemma 4.4. Under the condition as Def.[3.1} consider a fixed f* € F, and suppose we have a
sequence { fy }H<_ | € Fand {z}}1, C SXAXA( ) s.t., forallk € [K], Zk 1D2(fk, F)x) <

B, then for any € > 0, we have ZkK 1 D(fi, [*)(xr) = O(\/ BEKdimEL (M, €) + aKe).

Step 2: Relating Learning Objectives with Model Prediction Error First of all, we provide the
simulation lemma for Mean-Field Control setting.

Lemma 4.5. [Simulation Lemma for MFC] Given an arbitrary model M with transition function
Py, and an arbitrary policy m, under Assump.[B] we have:

H

| age (1) = Jag (0] <Enge [ (14 LeH)IPr- w(clsny any e ) = Pron(Clsn, an, nign) o).
h=1

By Thm. and Eq. (7) in Thm. 4.3} with high probability, all the models in ./\/lk will agrees with

each other on the dataset D¥ condltlomng on the same density 7y, ..., 47, M*. On good concentration
events, the condition for Lem. [f-4] is satisfied, and as a result of Thm. @3] and Eq. (8), we can

upper bound the accumulative sub-optimal gap Zszl é’opt(wk’“). With the regret to PAC convertion
process in Alg. 3] we can establish the sample complexity guarantee in Thm. [&.1]

For MFG, we first provide an upper bound for Eug (7%+1). On the event of M* € M*+1, we have:

Eng(rFTh) = max Aps (m, o) < Ay @ 7T < A @ 79 — Appe (79

Mk+1

A g @7 — Apge (7L 7 A pge (7L 7 — A (7w

where the first inequality is because of optimism, and the second one is because 7*+1

birum of M*+1, Next, we provide a key lemma to upper bound the RHS.

is the equili-

Lemma 4.6. Given two arbitrary model M and M, , and two policies w and T, we have:

H
|An (@, 7) = Agg (@, 1) <Ez arjpug, 1D IPTClsns ans 13rn) = Bg, Clsns ans w3z, )llev]
h=1
H
+Q2LeH + DEr i[> Prn(lsn an, 1) — P, Clsns an, n3 vl (9)
h=1

As we can see, to control the exploitability, we require the model can predict well on the data

distribution induced by both 7%+ and #**! conditioning on u}{;j ", which motivates our formulation
of Def.[2.2] By combining Lem. [4.6|and theorems in the first part, we finish the proof.

k+1)

k+1)‘-



S Exponential Separation between RL in MFC and MFG

In this section, we establish the separation between RL in MFC and MFG by investigating the sample
complexity lower and upper bounds in tabular setting with function approximation. Our results
are based on the generative model defined below, which is also frequently considered in previous
Mean-Field [24,20] or single-agent literatures [2]. We show that, under Assump. and identifying
e-NE in MFG is exponentially more GM-efficient than finding e-optimal policy in MFC.

Definition 5.1 (Generative Model). The Generative Model (abbr. GM) can be queried by arbitrary
h € [H], sy € Sp,an € Ap, tn € A(Sy), and return a sample from distribution Pr« 5, (+|sp, an, tin).

5.1 Exponential Lower Bound in Tabular Mean-Field Control

In the following theorem, we establish an exponential sample complexity lower bound for tabular
MFC (with function approximation) given access to both GM in Def. [5.T)and DCP in Def. [2.2] which
indicates a separation with tabular single-agent RL. Intuitively, in the worst case, the agent should
explore the entire S x A x A(S) space to identify the policy achieving the maximal return because
of the dependence on 4 in transition probabilities. We defer the proof for Thm.[5.2]to Appx.

Theorem 5.2. [Exponential Lower Bound for MFC] Given arbitrary Lt > 0 and d > 2, consider
tabular MF-MDPs satisfying Assump. [Bwith Lipschitz coefficient Lt, |S| = |A| = d and H = 3.
For any algorithm Alg, and any £ < Cf—fl, there exists an MDP M™* and a model class M satisfying

M* € M, and |IM| = Q((52)?=1), s.t., if Alg only queries GM or DCP for at most K times with
K <|M|/2 — 1, the probability that Alg produces an e-near-optimal policy is less than 1/2.

Our hard instance can be regarded as representation learning in low-rank MF-MDP generalized from
single-agent setting [1,!42}|56]. In contrast, as we shown in Prop. if the representation ¢ is known
to the learner, the model class has low MBED regardless of the function class of v, and therefore,
can be solved with polynomial samples by Alg.

In single-agent RL, however, efficient learning is possible no matter the representation is available
or not [35164} 11} 42} 156], although the sample complexity in representation learning has additional
dependence on the number of actions |.A4| [} 42} [56]]. This separation becomes significant after
generalizing to MFRL, where a “uniform cover” over the density space (similar role as the “uniform
cover” over the action space) is required in the worst case.

5.2 Generative Model Efficient Learning in Tabular Mean-Field Game

In the previous section, we showed that MFC is sample-inefficient even when H = 3. In this section,
we show that regardless of computational complexity, there exists an algorithm that can find an
approximate NE policy consuming just polynomial samples from the GM. We state our algorithm in
Alg. [2]and main result in Thm. [5.3] and defer its formal version and the proof to Appx.|[G|

Theorem 5.3 (GM-Efficiency; Informal). Under Assump.[Aland Assump.|B| with appropriate hyper-
parameter choices, w.p. at least 1 — §, Alg.[2| returns an e-approximate NE for M* by consuming at

3
most O( S :Z‘H log2 SAI?M‘ ) queries to GM (dependence on Lipschitz factors are omitted).

Algorithm Design and Highlight of Novelty We first introduce a new notation. Given a model
class M and an arbitrary M € M with transition function Pr, given any h € [H], s;, € Sp,ap €
Ap,pn € A(Sy), weuse B, (M; £) to denote the collection of models in M, whose transition
functions are £-close to M given sy, ap, (. More concretely,

BM (M7§) = {M S M"‘Pf7h('|5haahauh) _PT,h('|5haahauh)”1 < é}

ShyQh;sHh

The basic idea of Alg.[2is to find policies to gradually eliminate out inaccurate models in M. In
order to eliminate as much as possible inaccurate model, in the I f-branch (line E]), we first try to
find a (s, ap, pun)-tuple, s.t., every model in MP* has significant number of models that disagree
with it conditioning on (s, ax, ir,). In this case, by querying GM with O(£2) samples, we can use

. . k _ . .
P#. (~ Pp-) to eliminate models notin B!, (M*; &), which is at least 5| MP"|.

The more challenging part is the E1 se-branch (line , when the models in MP* are not so easy to
distinguish. Technically speaking, the separation between MFG and MFC is reflected by whether
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it is possible to efficiently eliminate models in this case. In the following Lemma, we provide a
perspective to understand the tractability of MFG, where we show that the NE policy of model M is
also the NE policy of M™ as long as they are “locally aligned” at that policy. In contrast, in MFC
setting, such local alignment provides no information about whether the policy has optimal value.

Lemma 5.4. [Implication of Local Alignment in MFG] Given a model M with transition Pr,
suppose M and M™* are locally aligned at policy ™ w.rt. the density induced in M, i.e.
Vhy, Pre n (| 1) = PrnCles s 0y ), if mis a NE in M, then it must be a NE in M*.

As our key technical novelty and contribution, in E1 se-branch, we propose Alg. 4 and prove that,
Alg. can construct a “Bridge Model” M}, based on M¥, such that (i) M}, has at least one NE

policy, denoted as ﬂggk; (i) most of the models in M* are (approximately) locally aligned at wfjgk

w.r.t. the density ,f;f % induced in MPE . As aresult, either we can expect nﬁg’“ is the approximate
NE of M*, or we can eliminate all the models locally aligned at this policy, which is at least %|Mk |

In summary, under good concentration events, either the loop continues but |[M*+1] < %|Mk |, orit
returns an approximate NE. Therefore, we can conclude polynominal sample complexity to GM.

Algorithm 2: Equilibrium Finding by Model Elimination with Bridge Model

Input: Model Class M, £, &, K, N, N, N. Initialize: M' « M.
fork=1,2,...., K do
if 3(h, sp, an, fin), S-1 MaXjre pqk |Bg\ff;h’uh(M;€_)| < 1| MP*| then
Query GM with (h, sy, ap, pp) for N samples, and compute empirical average as
Pf*7h('|shaah7,uh)'
MEF M € MF||[Prp(-|sns ans pn) = Pa. , Clsns an, pn) i < 53
end
else
M, mBeF uNEF  BridgeModel(M*, N). // Alg. in Appx.
For any (h, sp, ap), query GM with (h, sp, an, ugf}f) for N samples, and compute
empirical average as Pz. , (+|sn, an, ,ugf’hk).
if 3h, sy, ap, s.t., IF’TBi’h(-|sh,ah,ugrE,f) — IP’T*’h(-|sh,ah,ugff)||1 > ¢ then
| MEHE (M € MP|[Prn(-lsny an, i) = Pre , (lsn an, e )l < 53
end
else return 705" ;
end
end

6 Conclusion and Open Problems

In this paper, we study the statistical efficiency of function approximation in MFRL. We propose the
notion of MBED and an O-MLE based algorithm, which can guarantee to efficiently solve MFC and
MFG given realizable function classes with bounded MBED. Besides, we provide evidence for the
exponential separation between RL for MFC and MFG from an information-theoretic perspective. In
the future, one important direction is to combine our results with optimization techniques to design
computationally efficient algorithms. Moreover, it remains an open problem whether it is possible to
extend our Alg.2]and its guarantees to more general setting only with access to trajectory samples
like Def.2.2linstead of a Generative Model.

10
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A Extended Introduction

A.1 Motivation for Model-Based instead of Model-Free Algorithms

MFRL methods can be divided into two categories: model-based and model-free methods. Ours is
the former, where we try to explicitly estimate the model. For the latter, it can be further divided into
pure value-based (a value-function class is provided) and policy-based methods (a value function
class and a policy class are provided). Although we can not assert model-based methods are the only
solutions for MFRL, there are some special challenges for value-based methods that seem intractable,
especially in function approximation setting.

For the pure value-based methods: In mean-field RL, the well-defined value function should be a
function mapping from the joint space of states (or states, actions) and population density. Therefore,
if one does not estimate the model, then it is not possible to track the density for each step and
therefore, even if the true optimal value function is provided, one cannot convert it to the optimal
policy since the density information is missing. In contrast, in single-agent setting, we can do that by
simply taking argmax.

For the policy-based methods: Policy-based methods [24! [63]], which repeatedly do the “policy
improvement” step and “policy evaluation” step for the fixed policy, are not rare in MFRL in the
tabular setting. However, one key difficulty is that this approach requires that the value function class
can well approximate the value functions of all the possible policies encountered during the learning
process. This assumption is feasible in the tabular setting because of finite states and actions, but
it can be an extremely strong assumption in the non-tabular setting. Moreover, especially in MFG,
strong assumptions, e.g. contractivity [24, |63]], seems necessary to make sure the evaluated value
function can provide useful information to optimize the policy to NE.

A.2 Other Related Work

Single-Agent RL with General Function Approximation Recently, in single agent setting,
beyond tabular RL [6} 18, [31], there are significant progress on linear function approximation
setting [35) 164, 1, 142} 156, 27] or more general conditions for efficient learning framework
[51L 1301 1551 132, (191 160, 211 [131 167, [7] However, the MFRL setting is significantly different from
single agent RL because of the dependence on density in transition and reward model. The function
complexity measure, especially for value-based function class, and the corresponding algorithms in
single-agent RL cannot be trivially generalized to MFRL.

Besides, the previous literatures discussing Model-Based Eluder Dimension is limited. Besides [38]
which we compared with in Sec. E], [46] considered the function class and their Eluder Dimension
w.r.t. [ distance, which restricted the function classes it can capture.

Multi-Agent RL.  Sample complexity of learning in Markov Games has been studied extensively in
a recent surge of works [3319, 14,165,166, 161]]. A few recent works also consider learning Markov
Games with linear or general function approximation [58, 26,34, 45]]. None of these results can be
directly extended to Mean-Field RL.

Recently, [57,[17] also studied how to “break the curse of multi-agency” by decentralized learning
in MARL setting. Although they consider a more general setting from ours, where they did not
employ mean field assumption and allowed the agents can be largely different, there are still some
restrictions when applying to our mean-field setting. First of all, their algorithm can only guarantee
the convergence to the Coarse Correlated Equilibria or the Correlated Equilibria, while ours can
converge to Nash Equilibrium in MFG. Moreover, and more importantly, their algorithms have sample
complexity depending on the number of agents (although polynominal instead of exponential), which
still suffer from the “curse of multi-agency” when the number of agents is exponentially large.

Other Related Works In this paper, we consider MLE based model estimation algorithm. Similar
ideas has been adopted in POMDP [39] or Partial Observable Markov Games [40]].
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B Proofs for Eluder Dimension Related

B.1 Missing Details of Eluder Dimension Related

In the following, we recall the Eluder Dimension in Value Function Approximation Setting [51].
Definition B.1 (e-Independence for Scalar Function). Given a domain ) and a function class
F C{f|f : Y = R}, we say y is e-independent w.r.t. y1,¥ys, ..., Yn, if there exists fi, fo € F
satisfying \/>i_, [f1(yi) — fo(yi)[2 < ebut|fi(y) — fa(y)] > e.

Definition B.2 (Eluder Dimension for Scalar Function). Given a function class 7 C {g|g : ) — R},

we use dimE(F, €) to denote the length of the longest sequence y1, ..., yn € YV, such that, for any
i € [n], y; is e-independent w.r.t. Y1, ..., Yi—1.

Remarks on Assump. [B| The main reason we require the Lipschitz continuity w.r.t. Hellinger
distance is to handle the distribution shift issue. In Thm.[4.2] we show that MLE regression can only
guarantee the learned model aligns with M* under different density. In order to guarantee efficient
learning, we need to convert it to upper bound for model error under the same density.

Besides, although in general H and TV distance between two distribution can be largely different.
For our example in Prop. given two function fi, fa, we have:

1 1
HPyp,, Br) = O(—5 1 = foll2) = O(— ]I fr = fallv)-
Therefore, Assump. [B|can be ensured when f € F is Lipschitz w.r.t. [; distance, which is reasonable.

Moreover, in fact, if we only consider dimE,, (M, TV, ¢) as model-based eluder dimension in our
framework, we only require Lipschitz continuity w.r.t. /;-distance (or TV distance).

B.2 Concrete Examples Satisfying Finite Eluder Dimension Assumption

B.2.1 Example 1: Linear Combined Model

Proposition B.3 (Linearly Combined Model). Consider the linear combined model class with known
state action feature vector ¢(s,a, i, s') € RY, such that for arbitrary s € S,a € A and arbitrary
g:8S — [0,1], we have || is/es (s, a,p,8)g(s)|l2 < C¢EI

P = {]P’9|P0(~|s7a,,u) = 9T¢(57a7,u>3/)7 ”9”2 < Cy; Vs, a, i, i P(s'|s7a, :u) =1, P("Svanu’) > O}
s'eS

For a > 1, we have: dimE,(P,TV,e) = O(dlog(1 + %)).

Proof. We focus on the case when o = 1 since which directly serves as upper bound for o« > 1. For
arbitrary 61, 05 with ||0; |2 < Cy, ||62]]2 < Cy, we have:

1
T%7(1[])91 ) P92)(Sa a, /”') = bu_p | 2(01 - 02)T¢(87 a, [, Sl)' = 5(91 - GZ)T I ¢(37 Q, b, S/)991792 (37 Q, b, S/)'
S

where we define:
1, if (01 —62)"é(s,a,p,s") > 0;
. ) s Uy oy —Z Y,
Go.02(, - 11, 8') {—1, otherwise.

In the following, for simplicity, we use

V9,0, (8, a, ) = i o(s,a, 11, 5") 96,0, (5, @, 1, 8").
s/

as a short note. Also note that,

||’U91_’92 (57 a, N) HQ < ” I ¢(Sa Q, i, 5/)991,92 (Sa Q, f, 5/) H2 < Ct,ﬁa V?T, H, 91; 0y € 8(05 09)'
s/

3Similar normalization assumptions is common in previous literatures [1} 43} 56]
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Suppose we have a sequence of samples 1, .., 2, with z; := (s*, a’, p*), such that z; is e-independent
of {x1,...,x,_1} for all i € [n]. Then, by definition, for each i, there exists 6%, 6} such that:

4% <A|Py (s, 0, ') — Py (s', o', 1) [y
= ((6} = 82) gy g5 (5" @', ) < 165 — 03]

where we denote

2
A

Voi 07 (s',a, M’)H%Ai),l_

i1
A" =X+ Zveg,og(st,at’ut)Tvegﬁg (s',a", 1),
t=1
Meanwhile,
, . . ) il ) . 2
R A S S (CE N PACINT)
t=1
-1 )
S4)\C§ + Z ((93 - 9%) i (I)(St7 at7 Mt)¢(sl)99§,95 (sta ata /J/ta S/)>
t=1 ,
1—1
:4>\Cg + 42 ||]P>91 (’|St7 at7 ,u't)a ]P)sz‘('lstv a’tv Nt)”']TV (|991,93('7 Ty )| = 1)
t=1

<4NCF + 4.
By choosing A\ = £2/C3, we further have:
4¢? 1

2 A R AN
H%;,a;(s y Ay b )||(A1)*1 > 74/\092 T42 2
On the one hand,
det A" =det(A"™ + vop oy (5", ", p" Yooy 03 (", a”, ™))
=(1+ vop oy (s”,a",p”)T(A”)*lvg?’gg (s",a™, pu™)) - det A
3 3 3
>Zdet A" > (5)"det AL = A=),

On the other hand,

3
/\d(i)” < det AT < (
which implies n = O(dlog(1 + %)). n

Linear Combined Model with State-Action-Dependent Weights In [43], the authors introduced
another style of linear combined model with state-action dependent weights, which can be generalized
to MFRL setting by:

d
Pw (s'ls,a, p) := Z[W(;S(s7 a, i, 8")xPi(s']s, a, p).

i=1

where W € R%*9 is an unknown matrix, ¢(s,a) are known feature class, {P;}¢_; are d known
models to combine. If we further define ¥ (s, a, u, 8') := [P1(8'|s, a, i), ..., Pa(s'|s, a, p)] T € R4,
we can rewrite the model by:

Py (s'|s,a, 1) = ¢(s,a, 1, 8') W (s, a, u,s") = vee(W ) "vee(p(s, a, u, ') p(s,a, u,s') ).

Therefore, by treating & = vee(W ") to be the parameter and vec(¢(s, a, i, s") (s, a, 1, s') ) to be
the feature taking place the role of ¢(s, a, u, ") in Prop. we can absorb this model class into

linearly combined model framework, and O(d?) will be an upper bound for its MBED.
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B.2.2 Example 2: Linear MDP with Known Feature

Proposition B.4 (Low-Rank MF-MDP; Formal Version of Prop.[3.4). Consider the Low-Rank MF-
MDP with known feature ¢ : S x A x A(S) — RY satisfying ||¢]] < Cy, and unknown next state

feature 1) : S — RY. Given a next state feature function class V satisfying Vi) € ¥, Vs' € S, Vg :
S —{-1,1}, | £, ¢(s")g(s") |2 < Cu, consider the following model class:

Py = {Py|Py(-[s,a, 1) = ¢(s,a, p) "¥(s); Vs, a, p, i Py (s'ls,a,u) =1, Py(s']s,a,p) > 0;1p € ¥},
s'eS

fora > 1, we have dimE,(Py, TV, ) = O(dlog(1 + %)).

Proof. Again we focus on the case when o = 1. Suppose there is a sequence of samples x1, ..., T,
(with z; := (s*,a*, u*)) such that for any i € [n], x; is e-independent w.r.t. x1,...,z;—1 w.r.t. Py
and TV, then for each i € [n], there should exists 1, 1" € ¥, such that:

i—1

62 > Z |‘P¢i('|8ta ataMt)apii('|3t7atvut)||’2]l“/'
t=1

and
52 gH]PWHs’,aﬂ/ﬂ) - Pil(‘sz, ainu’i)H%V

= sup ( i o(s',al, )T (Wi(s") — QZZ(S/)DQ

Scs _
s'eS

:i (aﬁ(si’ at, )T I (W () — T )y (s s’))2

s’eS
1 S ) ~. S
< 1os' as ) Y @) = B g (5 a1

I
s’eS

where we define:

) - F st ab T (i) — di(s')) > 0
A= AT+ ) (s al, p)(s'a's i) T gy gi(s,a,p, ) 1:{1_’1 oL 1) ) =) 2 0

P otherwise.

For simplicity, we use v, =(s, a, 1) := L. (W(s) - ¥(s'))g,,5(s,a, 1, s") as a shortnote. Therefore,
for each 7,

i—1

vai,q}}i (s',a', 1) ?v :)‘H%,i@i (s’ a’, u")|1? + Z (¢(3t’ at, Nt)—rvwiﬂ’/}i(sla al»/ﬂ))
t=1
o il , - S 2
Ao g5l )+ (ostsat, u)T ij(s) — Q())gy (5l i)
t=1 "
i—1
—ANCG 44 [Py (-]s, ', puf) = Py (-|s", ', ) |13
t=1

<4NCF + 462
By choosing A = £2/C2,, we have:

4¢? 1

it 0|12 _
||¢(S y @y )||(Ai)—1 Z W = 5

On the one hand,
det A’ﬂ+1 :det(An + ¢(Sna ana :u‘n)(b(sna ana :U’n)T) = (1 + H(b(sna ana :u‘n)H?A")*l) : det An
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3

2§ det A" > (§)" det AT = 2(2)™.
2 2 2
Therefore,
n ncfQ
/\d(é)" < det A" < (Tr(A ))d < (A4 —2)d
2 d d
which implies n = O(dlog(1 + %)), 0

B.2.3 Example 3: Kernel Mean-Field MDP

We first introduce the notion of Effective Dimension, which is also known as the critical information
gain in [19]:

Definition B.5 (Effective Dimension). The e-effective dimension of a set ) is the minimum integer
deit(Y, €) = m, such that,

Q| =

1 |
sup —logdet(I + = Yiy; ) <
Y1, yn €Y T e ; e

In the next theorem, we show that, the MBED of kernel MF-MDP generalized from kernel MDP in
single-agent setting [32] can be upper bounded by the effiective dimension in certain Hilbert spaces.

Proposition B.6 (Kernel MF-MDP). Given a separable Hilbert space H, a feature mapping ¢ :
S x A x A(S) = H such that || (s, a, p)||ln < Cy forall s € S,a € A, € A(S), and a next
state feature class U C {¢ : § — H} satisfying the normalization property that ¥ i € U and
9:S = {11} [[£, cs¥(sN)g(s)n <1 ijConsider the model class Py 1, defined by:

P‘II,H = {P¢\P¢(s/|s,a,u) = <¢(Sva7.u)v¢(5/)>7'la i P¢(S/|s,a,u) = 17 ]Pw('|8,a,p,) > 07 "/) € \IJ}
s'eS

For a > 1, we have
dimE,, (PW,H7 TV? 5) = O(deﬁ(¢(X)a 5))7
where we use X := S x A x A(S) as a short note, and $(X) := {¢(z)|z € X}.

Proof. The proof idea is similar to the proof of Prop. Again, we only focus on the case when
a = 1. Suppose there is a sequence of samples x1, ..., ,, (with x; := (s*, a’, u*)) such that for any
i € [n], ; is e-independent w.r.t. 1, ..., x;,—1 W.r.t. Py 5 and TV, then for each ¢ € [n], there should

exists 1%, 1)* € U, such that:

1—1
22> 3 Py Cls' at ) — By (st at i) [
t=1

and
452 §4||]P)¢z(|51, ai, qu) - Pai(~|si, ai7 :LL’L)”?JTV

—(to(s"al ). Y ) = TN ')

2

Air

<l6(s" 1) B+ Y0 () = B g a4 )

where we define:

1, if (p(st, at, u?), i (s') — i (s"))n > 0;

i—1
. S A ) i i\ T . _ AN
A= AT+ o(s'al, p) (s a, i) T gwiw(s,a,u,s).—{_L otheruise.

t=1

“To align with [32], we assume 1) is normalized.
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Based on a similar discussion and choice of A = £, as Prop. we have:

(2)" et A? < det A" = det (2T + 3 o(s' 0’ i )o(s' ol 1)),

i=1
Therefore,
3 _ det A"t 1 ¢ ii i i T 1
nlog§ < Tdet Al det(] + ?;é(s a', ph)e(sat put) ) < ;deff(ﬁb()()aé‘),
which implies n = O(deg((X), €)). []

B.2.4 Example 4: Generalized Linear Function Class

In this section, we extend the Generalized Linear Models in single-agent RL [51] to ME-MDP.

Proposition B.7 (Generalized Linear MF-MDP). Given a differentiable and strictly increasing
function h : R — R satisfying 0 < h < h' < h, where I/ is its derivative, suppose we have
a feature mapping ¢ : S x A x A(S) — R? satisfying ||¢(-,-,-)||2 < Cy and a feature class
U C {9l : S — R} suchthat foranyp € U, ||, s¥(s")g(s')||2 < Cy foranyg: S — {~1,1}.
Consider the model class:

Prw = {Py[Py(-|s, a, 1) := h(¢(s, a, 1) "9(5)); Vs, a, 1, [Py (ls,a, )l = 1, Py(s'ls, a, 1) > 059 € W},
For any o > 1, we have dimEo (Ph, v, TV, ) = O(dr?), where r := h/h.

Proof The proof is similar to Prop.[B.4] Suppose there is a sequence of samples 1, ..., z,, (with
(5 a®, u*)) such that for any i € [n], z; is e-independent w.r.t. x1, ..., z;—1 wW.r.t. Py and TV,

then for each i € [n], there should exists 1, 1" € ¥, such that:
i—1

e’ >leﬂj’w (1s',a' 1') =Bz (ls' a0, 1) |1

3 sup ih s at i) TU() — h(6(s" a u) TE(S)))

t=1 Scs ses
_ 2
sup i o(st,al, uh) T (Wi(s') — wl(s’))) . (Mean Value Theorem)
=1 Scs

Besides,
4e? <4|[Pyi([s",a’, p') = Pgi(c]s',a’s pt) |3y

~ 2
4 s s al _ st at uTai(s'
=4sup ih OT) — ho(s',al,u) TE (1)

€S

< sup (Y 066"’ )0 (5) = ()

Scs _
s’eS
~ L 2
(Y o' a )W) - w%s'))gwiﬂ;i(saaw,s’))
s'eS
F0(s', 0!, 1) Py 1||j, (g0 (5" i,

where in the second inequality, we use the mean value theorem and the fact that b’ < h: A and Gyi i

are the same as those in Prop. By denoting v,, (s, a, p) := L. @) - @(s’))gw s(s,a,1,8),
similar to the proof in Prop.|B.4] we have the following upper bound:

g g (sl i) 3 < ANCE, + e /b2,
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By choosing A\ = £2/h*C?%, we have:

S 4¢? 1
R A AN
s,a, i) — 2 = - .
H(b( 2 )”(A )~ h(4)\C§, 452/ﬁ2) 72

By a similar discussion, we have:

1 nC
(1+ )" det A < det A™F! < (A + 74’)‘1.
T

which implies:

hdCyCy

n = 0(dlog(1+ 6

hdCyCy )
— :

)/ log(1 + %2)) = O(dr?log(1 +

]

B.2.5 Example 3: Deterministic Transition with Gaussian Noise

Proposition 3.5. [Deterministic Transition with Gaussian Noise] Suppose S C RZ. Given a
function class G C {glg : S x A x A(S) x N* = R} and convert it to Fg = {fq|fo(-,-,") :=
(9, 1)y g(cy -, d)]T € RY, g € G}. Consider the model class Pg = {P¢|Ps(:|s,a,p) ~
f(s,a,p) + N(0,%), f € Fg}, where N(0,X) is the Gaussian noise with ¥ := Diag(o, ..., o).
For e < 0.3, we have dimE /5(Pg,H,e) < dimE(Fg,40¢), dimE ;55(Pg,H, ) < dimE(G,40¢),

where dimkE is the Eluder Dimension for scalar or vector-valued functions [51) 46l].

Proof. First of all, consider the function h(z) = 1 — exp(—z/8), in general, we have:
% > h(z).
Besides, for z € [0, 1], we have 0 < h(x) < 1 — exp(—1/8) and

() = 1~ exp(~ £) = exp(0) — exp( L) > - PRI OO, L,

Given ¢ < 0.3 < /1 — exp(—1/8), suppose we have a sequence of samples z1,...,z, € X :=
S x A x A(S), with x; := (s, a’, u*) , such that for any i € [n], z; is a-weakly-e-independent w.r.t.
&1, ...,x;_1. Forany i € [n], there must exists g}, g7 € G such that, f,1, f,2 € Fg, and

i—1
62 > ZHZ(P]CQ} ('|5jaajmu])apfgi2 ('|S]7a]7.u’]))

Jj=1

i—1
= Z h(”fg} (sjvaj’ /J'j) - fg72 (Sjv ajvﬂj)”%*)
j=1

i—1
> jeoalfar (s 0l 1) = foa (s 0l )5,
st

d

= - -
~ 1602 SO3 lgi(s?,dd @ 1) — g (s7,al, 1 1),
j=1t=1

and

Oé2€2 <H2(]P>fgll ('|5i7ai7.u“i)alpfgi2 ('|Sia ai,‘ui))

1 A A AN R
Sﬁ”fg.l(s y Ay ) 7fg?(5 y Ay [ )H%
0’ K k2
d

:&7 Z ‘gil(slv a‘la ,ul7t) - g?(sla ala /J’th)‘Q
t=1
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d o
<8021géa5]<|97(5 cat, @t t) = g7 (st et 1)

By choosing a = /2, we know that, for any i € [n], z; is 40e-independent w.r.t. {z1,...,z;—1} on
function class Fg. Therefore,
dimE _ 5(Pg,H, ) < dimE,=,(Fg,40¢).
Besides, considering the sequence t1, to, ..., t,, with
ti = arg max lg; (s, a, p', t) = g (s a’, ' )2,
te

and choosing o = V2d, we have (s%,a’,u’,t;) is 4oe-independent W.r.t.
1.1 1 =1 i—1 i1 g '
) ) ) bR ) ) sy Y1— . b
{(st,at, pt t1), oy (s a7 w1 ¢,21)} for any ¢ € [n]. Therefore

dimE,__5;(Pg, H,¢) < dimE(G, 4o¢).
O

B.3 From Eluder Dimension to Regret Bound

Lemma B.8. Under the condition and notation as Def.[3.1) constder a fixed f* € F, and suppose
we have a sequence { i, }5_, € F and {xyx }_ | with ), := (s, a%, u¥) € S x A x A(S) satisfying
that, for all k € [K], Zk L D*(fr, f*)(x;) < B. Then for all k € [K], and arbitrary € > 0, we
have:

= 8
ZI[ (fr, [) (@) > ag] < ( + D)dimE, (F,¢).
k=1

Proof. We first show that, for some k, if D(fy, f*)(zr) > ae, then z, is e-dependent on at most

3/ disjoint sub-sequence in {z1, ..., zx_1 }. To see this, by Def. [3.3] . 3L if D(fx, f*)(zr) > ac and

xy, is a-weakly-e-dependent w.r.t. a sub-sequence {z, , ..., r, } C {z;}*=}, we must have:

ZD (frr £ () >

Given that Zj.:ll D?(fy, f*)(z;) < B, the number of such kind of disjoint sub-sequence is upper
bounded by 3/£2.

On the other hand, for arbitrary sub-sequence {x, , ..., xx, } C {x;}¥=], there exists j € [«] such that
Ty, is a-weakly-¢-dependent on L := |x/dimE, (]-" s)J disjoint sub-sequence of {zy, ,...tx;_, }.
To see this, we first construct L bins By = {z, }, ..., B, = {ak, }. Then, we start with j = L + 1,
and if zy, is already a-weakly-e-dependent w.r.t. sequences By, ..., By, then we finish directly.
Otherwise, there must exists B3; for some [ € [L] such that x, is a-weakly-c-independent w.r.t.
By, and we set B; <— B; U {xy; } and j < j + 1. Because the MBED is bounded, B; can not be
larger than dimE,, (F, €) if the above process continues. Therefore, the process must stop before
j < L-dimE,(F,e) <k

For arbitrary fixed k € [K], we use {zg,, ...,z } C {x1,...,2x_1} to denote the elements such
that D(f;, f*)(zx,) > e for i € [s]. There must exists j € [«], such that, on the one hand, xy,
is a-weakly-e-dependent with at most 3/ disjoint sub-sequence of {zy,, ..Z,_, },» and on the
other hand, zy, is a-weakly-e-dependent on at least L := [k /dimE,(F, )] disjoint sub-sequence
of {xg,,...xx,_, }. Therefore, we have:

p , .
= > |k/dimEq (F,¢e)] > k/dimE, (F,¢e) — 1.
which implies x < ( + 1)dimE, (F, ¢). []

Lemma 4.4. Under the condition as Def. consider a fixed f* € F, and suppose we have a
sequence { fy}H<_ | € Fand {z}}1_ | C S><.A><A( ) s.t., forall k € [K], Zk LD (fr, f*) (i) <

B, then for any € > 0, we have ZkK 1D(fx, f*)(xr) = O(\/BEKdimEy, (M, €) + aKe).
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Proof. We first sort the sequence {D(f%, f*)(zx)}_, and denote them by ey, ea, ..., e with ey >
es... > eg. Fort € [K], given any € > 0, by Lem. B.8] for those e; > ae, we should have:

t < Z]I ex > ey < (ﬁ2 + 1)dimE, (F, ¢).
€t

k=1

which implies e; < BdimEq (F,e )). Therefore, for any €, we have:

t—dimE,, (F,e

K K
Zek <aKe + Z]I[ek > aceleg
k=1 k=1

K

BdimE,, (F, )
>

k=dimEq (F,)+2 t — dimEq (7, )

(Recall the constant C is the upper bound for D(f, f*)(x))

<aKe+ (dimEy(F,¢e) +1)C +

1

<aKe + (dimE, (F,e) + 1)C + y/BdimE, (F, ¢) ﬁé - dt

t —dimE, (F,¢€)
t=dimEq, (F,e)+1
=0(y/SKdimE,(F,¢) + aKe).

C Proofs for MLE Arguments

In this section, we only provide the proof for the MLE arguments of the algorithm flow for Mean
Field Game, where in each iteration, we collect two data w.r.t. two policies in two modes. One can
easily obtain the proof for the DCP of MFC by directly assigning 7 = 7 and removing the discussion
for data {3, a, '}, so we omit it.

In the following, given the data collected at iteration k, Z* := {{sf,af,s/F M}, U

~] ~ ~ k =k . . oy
{8k, ar, 5k ML}, we use fi; " (£F) to denote the conditional probability w.r.t. model M
with transition function {Pr; }2_, ie.:

k =k k o k
f]Tvr[ . (Zk) = H PT,h(S;zk+1|sﬁv afw #XI,h)PT,h(ythrl'SZv a;gw N?\rmh)'
he[H]

For the simplicity of notations, we divide the random variables in Z* into two parts depending on
whether they are conditioned or not:

Zcond {(SI;L’CLI}CL)h 1 U (§;€17ah)h 1}7 Zprad {(S;Lk—o—l)hH:l U (?hk—o—l)ﬁ:l}'

Note that for different b € [H], (s}, ay, siF, ) or ('5;37 ak,s i Jrl) are sampled from different trajecto-

ries. Therefore, there is no correlation between s¥, a¥ (or 3%, a¥) with s}%, a}% (or 575, @}k) for those
h#H.
Lemma C.1. In the following, for the data Z*, ..., Z¥ collected in Alg. in M*, forany 6 € (0,1):

T 7'r ZZ
( max Zlongz ( ) > log |M‘K)§6, Vk € [K].
e =z J

Proof. We denote By, := E[-|{(n%, 7, Z)}=! U {«*, 7%}, M*]. First of all, for any M € M, we

have:
z L . k

(Z) (27 T (2R
ex lo = ex lo . E.lexp(lo e
p( E g M= - (Z) p( § g M*i(zz)) k[exp( ng*ﬂ (Zk))ﬂ
Tz T (EN
—]E ex lo —
p( E gfﬂ*ﬂl(zv)) K[ 7 (Zk)]]



T 7T Z
=E[exp Z log fi\r{ ﬂl( )

JV[* (Z ))]

=1.

Here the last but two step is because:

Iy ﬁ (Z%) far i (Z%)

Ek[ ok Tk k ] IEZ(]:Cond[EZSTEd[ wk 7k k |Z(’fond7u}r\;*7M*]|7rk,%k,M*]
fau (25) fa" (2F)
v(E
=Ezx I Z f thﬁk,M*]
pTPd fM* ( )
7}Ezk vd Z f;\:I = (Zk)|ﬂ-k7%k7M*] = Ezk d[lHﬂka%k,M*] =1.
Zpred

where > zi , means summation over all possible value of Zm cd-

Therefore, by Markov Inequality, for any fixed M € M and fixed k € [K], and arbitrary ¢ € (0, 1),
we have:

k . .
Trj(Zl)>lo ! <4 - Elexp( lo w =J4.
g ) 2 g5) p; e (Zi))]

By taking union bound over all M € M and all k € [K], we have:

() (MK
I\r}lgj)@Zlog W, (2 > log 5 ) <96, VkelK].

L]

Given dataset DF = {(z,7, 2}k, we use D* to denote the “tangent” sequence

{(w%, 7%, ZY)}E_| where the policies are the same as DF while each Z' is independently sampled
from the same dlstrlbutlon as Z' conditioning on 7' and 7.

Lemma C.2. Let | : ITIXIIx (Sx Ax8)H x (Sx AxS)H — R be a real-valued loss function which
maps from the joint space of two policies and space of Z* to R. Define L(D*) := Zle I(wt, 7, Z9)
and L(D*) := Zle I(w%, 7, Z%). Then, for arbitrary k € [K],

Elexp(L(D") — log Elexp(L(D*))[D¥))] = 1

Proof. We denote E* := Ez:[exp(I(n, 7¢, Z%))|n?, 7, M*]. By definition of Z?, we should also
have:

k

Eprlexp()_U(n, 7, 2"))| D] = HE

Therefore,
Epi [exp(L(D*) — log Epx [exp(L(D¥))| D*])]
exp(Yi, U, T, 27))
E pelexp(Y1, 1(n?, 7, 27))| D]

exp(Yi, U, 7, 27))

:EDk—lu{ﬂ-k’%k}[Ezk[ ‘Dk_l U{ﬂ'kJNTk}]]

=Epr-1ufar 70} [Ezr [D*Hu (", 7]

[, B
k—1 i ~i i
exp(d iy Um*, 7, 2Y)) Wmh, 7% Z
oo o CHEE T B (T Z Dt gk )
=1
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exp(Yiy (', 7, 27))
[ oy
g SRS T 2)
=E e Iy
=1

=Epr-1ugar 70y ]

J=..=1.

]

Theorem 4.2. [Guarantees for MLE] By running Alg. || Iwzth any § € (0, 1), with probability 1 —
forall k € [K], we have M* € ME; for each M € MP with transition Py and any h € (H]:

i, 2| M|KH
Z]E i = [HE (P (- |3hvaha,UM 1)y Pre n(:Ish, ah, pige p))] < 2log(f).
Besides, for MFG branch, we additionally have:
k
5io~io i =i, 2| M|KH
ZE%i,M*mX}* [ (P11 (-3, @ i3,0)s P n (185, @y 1ige 0))] < 2log(————).

i=1

Proof. Given a model M € M, we consider the loss function:

log £& I §Z§ if f17(2) #0

0, otherwise

l]\{(ﬂ,%,z> =

Define M ; < argmaxpreaq [y 5 (M). Considering the event £:

. 2| M|K H
£ = (o (Me) — e () < tog U gk e iy

and the event £ defined by:

o MIKH
4]
where we define Ly (D) := ZZ L (7, 7 ZY) and Ly (DY) := Y8 Ly (xf, 7, Z7). By

Lem. we have Pr(€) > 1— 57 . Besides, by applying Lem. on lps defined above and applymg
Markov inequality and the union bound overall M € M and k € [K], we have Pr(&') > 1 — %=

& = {—logEpw[exp Ln (D¥)|D*] < —Lp (D) + log( ), VM e M,k e [K]}.

On the event €N E’, for any k € [K], we have M™* € M\k, and for any M € MF:

_ 2IM|KH
—log Epr[exp Ly (D®)|D*] < — Ly (D) + log(%)
. 2IM|KH
=l e(M*) — ye(M) + 10%(75 )
2\M|KH
<hye(Miie) — We(M) + 10%(75 )
2 KH
<2 log AMIEH
)
Therefore, for any k and any M € MEF,
2 KH TEZE) L
2log(——— 'M' ZlogEg féi ﬂi( )i 7, M)
" (27)

(—logz >1—1x)

k
>3 1 Ezi
im1




—ZEZLM 1= 3 Vi @R @ 7 )

23

pred
For any i € [k] and for arbitrary random variable s},, aj, € Z!,,,and s;/,, € Z! ;. we have:
Ez | Z VI @) @ 7 M
pTed
Pzl i VB bt T Pr (S s aiofn) S0 T @O (20 )
5/}541 Zé7ed\{8h+1}

(Independence between sy’ ; and Z*\ {s}’, ; } conditioning on Z{ , ;)

ZEZZMd [1- i \/PT,h(S;zi+1‘3§wa27/‘71(/},h)PT*,h(3;Li+1|5%waﬁu”ﬂ*,h)hiv%ivM*]
S
(Vab < «£b)
=B i \/]PTh 5h+1|3haahvﬂM BT (sh+1‘8h7a’h7uM* )|t 7, M)
Shi1

:Eﬂ-"’,M* [HQ(PTyh('B;m a;w /~L7jrv;,h)’ ]P)T*,h('|8;m a;’L7 N}Tv;*,h))]'

Similarly, for arbitrary random variable §},, @}, € Z¢,, ,and 5}, € Z!

preds WE have:

Ezl 1 - \/f Wllwl(zi)hi’%i?M ] > E~1 M*mwl [HQ(PT,h('|?;L7aZ’MT]{;,h)v PT*,h('|y}:z7a;:zvuT]{/Z[*,h))]'

cond

pred

Therefore, on the event £’, for any k € [K], M € M\k, and a fixed h € [H], we have:

k
2IM|KH i A

2108 ) > S B B2 BraClsh oo ), B Clsho b i5re )]

i=1

k . -

) 2 E%L ]y[*“ﬂrl [H2(PT7h('|§;wa;w :ug\r/[,h)a PT*,h('|§;wa;w Ng\r/[*,h))]'

i=1
By taking the union bound for all h € [H], we finish the proof for DCP of MFG. The analysis and
results for MFC is similar and easier so we omit it here.

Corollary C.3. Under the same event in Thm. 4.2\ for any k € [K|, M € MPF, and a fixed h € [H],

2IM|KH
2o UK

we have:
P AM|KH
ZEW i 2 (B (lsh 0 5. e Clshoa iy )] <(4+ 813 1og 2R
k
2M|KH

S B pre gt P30T, 150 1), P (153, @ i3y )] S(4+ SL3H?) log(Z2 20,

i=1
Proof. By Assump.[B] for any ¢, we have:
Ers - (B (B ([ ahs 137 ). Pre n(Clsh, @l #37- p)
2B g (B (B (|5} ah 1510)s B Clsho ah ifie n)) + 2L3 ki — iRl

§2E7ri,M* [HQ(PT,h('|S;L= alflw :uT]{/l[,h)ﬂ PT*,h("S;w alflw N?\r/l[*,h))]
h—1
+ALRHE 0 [ B2 (B () @l 15 )s Pre e (ks @l e )]
h'=1
(Lem. Cauchy-Schwarz inequality; ||P — Qv < v2H(P, Q))
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Therefore, on the event &£’, for any k € [K], M € M\’“, and a fixed h € [H], we have:

2|M|KH

ZEﬂ" M* IEDT h( ‘Sh?ahuu’M* ) IPT*,h("SZ;maZvM?\-/;ﬂh))] < (4+ SL%HQ) log( 5 )

Similarly, we have:
Eﬁ",M* ‘NK;* [HQ(PTJL('E’Z’ 6;17 /’G\Z,h% PT*JL('B'Z’ a}w M?\-;*,h))]
<2E§1 M| 7r1 [HQ(PT,h('lglvazvﬂﬂ*,h>v PT*,h('lyilma;mMX/;*,h))] + QL%HM}T\/;,h - M}Tv;*,hH?JI‘V'

By similar discussion, we have:

k
5 =i wt o~ 2M|KH
]EN,. M|t [HQ(PT,h('|Sh7aim#M*,h)v PT*,h('|5ha@hvﬂM*,h))] < (4+8L%H2)10g(f)'
i=1
[]

Theorem C.4. [Accumulative Model Difference] For any § € (0, 1), with probability 1 — 30, for any
sequence { M* 1} ¢ ) with M*TY € M*H for all k € [K], and any h € [H], we have:

K
E Eﬂk+1’M* [
k=1

k+1
T%+1h(‘3h,ahvﬂﬂ4* ) = Pre n(:|8hy an, pig- ) lTv]

2IM|KH
= O((l + LTH)\/KdimEa(M,sO) log % + aKsO)
K okl
ZE;kH M|t ’“+1[||PTk+1 h( |5haahnuM* n) — P« ('|Shaaha/u'M*,h)||TV]
k=1
2 KH
= O((l + LTH)\/KdimEa(./\/l,so) log % + aKEO).

Proof. We first take a look at the data ('svﬁ, ay, sk, ) collected by (7%, 7*) and the Eluder Dimension
w.r.t. the Hellmger distance. On the event in Thm.[4.2]and Lem. [D.4] there exists an absolute constant

ci, s.t, w.p. 1 — 2, forany h € [H], and any MF+1 € MF+1!, we have:

2M|KH

ZHz Pre.p |shaah7:uM* ) Pfk+1,h('|§%aazaﬂ§\r4l*,h)) < CH(l + L%HQ) log S

(10)

By Lem. there exists some constant cj, for any ¢, we have:

o k+1 k+1
ZH(PT*,h('bZH k+1a,U'M* )P et h(|3k+1 k—H,MM* n))

2M|KH
g AMABH

<y ((1 -+ LTH)\/KdimEa(M, H, o) lo ;

+ aK €0> .
B lying L i 1 — 2, we have:
y applying Lem. |D.4|again, w.p. 5. We have:

k+1

k+1
ZE;Hl,M*mﬁjl [P« n(|Shs ans 3+ 1) Ppwsa , C18hs ans Bige )]

SIM|KH
5

S\ M|KH
875

2lM|H
<3¢y ((1 + LTH)\/KdimEa (M, H, &) log M;'

+ aKeo) + log

<(3cj; +1) ((1 + LTH)\/KdimEa(M, H, &) lo + aKso).
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e = [V T ] [

By the relationship that TV(P, Q) < v2H(P,Q), on the one hand, the above implies an upper
bound for the accumulative model difference measured by TV-distance; on the other hand, we can
conduct similar discussion for the Eluder dimension dimE(M, TV, g() and derive another upper
bound. Combine them together, for some constant ¢, we have:

K
+1

k k+1
Eciin age gt IPT n(lshs ans g 1)y Prnsn (s ans g ) o]
k=1

<(3c+1) ((1 + LTH)\/KdimEa(M, £0) log M

where we use that dim,, (M, g9) = min{dimE, (M, H, ), dimE, (M, TV, eo)}.

+ OZK€0).

Then, we can conduct similar discussion for the data (s}, al, szﬂ) collected by (7*+1, 7#+1) and
for some constant ¢’, we have:

K

k+1 k41
> Eorrr are IPre (-1shy ans ihse 1) Pawsn , Clsny ans 3 ) llov]
k=1

2AM|KH
5

We finish the proof by noting that the total failure rate can be upper bounded by §+§/2-2-2 = 34. []

<3¢ +1) ((1+LTH)\/KdimEa(./\/l,eo)log +aK50).

D Proofs for Mean-Field Reinforcement Learning

D.1 Missing Details

Assumption D (Contraction Operator). For arbitrary h, and arbitrary valid density pp,, pj, € A(S),
and arbitrary model M := (Pp,P,.) € M, there exists L < 1, such that,

T8 (1n) = T p (i) llrv < Lollpen — i llrv-

where L'}, 5 (1n) is defined in Eq. (). According to [63]], Assump. @is implied by some Lipschitz
continuous assumption on the transition function w.r.t. the Dirac distance d(s, s') := [[s # §'] (at
least when S and A are countable). As we will see later, although Assump. [D]is not necessary to
derive sample complexity bound, it can be useful to get rid of exponential dependence on L.

Algorithm 3: Regret to PAC Conversion

Input: Policy sequence 7', ..., 7%; Accuracy level ¢; Confidence level 4.
N < [logs 1.
Randomly select N policies from m
for n € [N] do

Sample ;—S' log % trajectories by deploying 7"~ .

L., 7%, denoted as k1, ...tkN .

Compute empirical estimation Jare (m*n) by averaging the return in trajectories.
end

Fop

return 7 := 7" with n* < argmax, e[y Ju- (7).

D.2 Proofs for Basic Lemma

Lemma D.1. [Density Estimation Error] Given two model M and M and a policy m, we have:
h
48 hr = Bg gy TV Bt 1P (lsnrs ane, g pr) = B g (5w, ans, wiz ) vl

h'=1
(11)
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Besides, under Assump. [B| we have:

h
iiensr = Hig g lv S Emoar[D (L4 L) NP (L, anes uig ) = P Clsnrs anes i) o]
h'=1
(12)
Moreover, under Assump. [Bland Assump. D] we have:
h
h—h'
I8 h1 = 157y [lT7 < B[ Y LR Pronr Clsns ans s ) = P g (lsnrs ane, g o)l
h'=1
(13)

Proof. In the following, we will use S or &’ to denote a subset of S.
Proof for Eq. (TT)

||M7J1\-4,h+1 - MEM’}L+1 ||’]I‘V
=sup | i ( I s, n(8n)m(an]sn)Pr n(Shetlsh, an, phy ) — I ﬂg/j,h(sh)ﬂ(ah‘sh)Pf’h(5h+l|3haahaﬂT’r]\/j7h))|
scs Sh+1€c§ Sh,Qh Sh,Qh
=sup | I I (Warn(sn) = 13z, (s))m(anlsn)Pron(shvilsn, an, pir )]
SCS ’
< Sh+165 Sh,Qh
bsw | N Y (om(anlsn) Bralonilsnsan. 1) — Brp (nealonan 15, Dl

§'cs _
Sh+1ES’ Sh;Qh

For the first part, we have:
sup | I i (Whr,n(sn) = 3z, (sn))m(an|sn)Prn(sniilsns ans i)l

Scs -
Sh+1ES Shy0h

< sup | Yo i) = 5 ) Yo wlanlsn) X Prontonsalsn,ans i)
SCS ’
c Sh ap Sh+1€g§

<sup | Y warn(sn) — 15z, (sn)l
Scs _ ’
spES
=llpdsn — nghHW-
For the second part, we have:
sup | Zi I wizp (sn)m(anlsn) (Prn(snyilsn, an, g ) = P, (Sntalsn, ans n3z )]

§'cs ~
Sh41 €8’ Sh,ah

< Zi 17 5, (sn)m(anlsp) sup | Z: (Pr.n(sht1|sns an, when) — Pg g, (Sht|sny an, 137 ,)]
: Scs :
ShyGh . Sh+1€c§l
:EShNM%yh,ahNﬂ(-‘Sh) [HPT,’L('|Sha Qh,s //]{/[,h) - Pf7h('|8h7 Qh, M‘EM»h) HTV]'
Therefore,
i nr1 = 157 lov <Uihen = 157, 19 + Bsyonz, anmnlsm IPTRClshs ans g n) — B Clsn, an, n3z , )linv]
h

<o B[ D P (s anss i) — P Clsnrs anss w3 ) vl
h'=1
(14)

Proof for Eq. (I2) ~ Starting with the first inequality of Eq. (I4) and applying the Assump.[B] we
directly have:

It nr1 = 13z o v QA Lo)llphgn — w3z, lev + By cpp anmn (P Clsny any whi n) = P g, Clsny ans pig )]
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h

<Ec[ > 1+ L) [Prop (|sns ans g ) = Py Clsnes anss g o)),
h'=1

Proof for Eq. (13) Under Assump. [D] we can use a different way to decompose the density
difference.

481 — M?thﬂ [lv

—swp| Y (3wt CsntantsPratsnislonani) = Y u% nmanlsn) P snarlsn iy, ))
scs sh41E€S  ShiQh Sh,Qh

—sw | Y (Y whentonnanlsn e nlsnan i) = Y nranlsnBr Gl an iy )

ScSs

sp41E€S  ShiQh Sh,ah
+ sup | Z I s,k (SR)T ah\Sh)(E”T n(Sht1l8hs an, Wirp) — Pih(sh+1|5haahaﬂ7j\r/[,h))|
scs

Sh41 €8 Sh,an

<IT% , Whnn) = Uiz, (0 ey + Esyonz, anmr[IP7n Clsns ans i n) = P, (lshs an, ph ) o]

SLFHNM,h - MﬂhHW + Eswu;j,ahwrﬂ IPT,h(’|Sha Qhs #WM,h) - Pih('|3ha Qh, M%,h)”W]

h

’
SB[ Y LE " 1P (lsnr ane, g ) = B gy (lsnrs ansy i ) o).
h'=1

As implied by Lem. [D.1] we have the following corollary.
Corollary D.2. In general,

H H

D Mifen = 37 v <Erns Z (H = W)|[Pr.n(-[sn, an, phsn) — P (lsn, ans 3z, )llovl-
h=1 h=1

Besides, under Assump.[B| we have:

h—1
Z ||MM h MM h||1rv < ZEn M Z (1+ LT)h_h _1”PT,h'('|5h’aahHU;\r/[,h’) - Pf,h’('\shu ah',ﬁw,h')HW]
h'=1

(1+ Lp)H=h -1 . .
:Z o Er v l[Prn(:Isn, an, then) — Pr, (lsns an, phgp)llTv]
h=1

Moreover, with additional Assump.|D| we have:

H h—1

Z e = 137 llmv < Bt D LE TP (s anes 1) = P (s anes i1 ) ]
h=1 h=1 h'=1

1
<> 1 Ir Er mIPr,n(-|5n, ans #3g,n) — Py, (lsh, ans i p)[lTv)-
h=1

(Lr <1
Theorem D.3 (Transition Difference Transformation; Full Version of Thm.[d3). Given two arbi-

trary model M = (S, A, H,Pp,P,) and M = (S, A, H,P%,P,.), and arbitrary policy wr, under
Assump. [B| we have:

H
EW,M[ZHPTW("Sha Qh, ,U‘I]‘\-/I,h) - Pf7h('|5ha Qh,s ,uﬂM,h)”TV}
h=1
H
<+ LoH)Br s IPrn(lsh, an, tiign) — P, (Isn, an, g vl (15)

h=1
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and

H
EW,M[ZHPT,’L('|S}M Qp, ,u71‘\-/[,h) - Pf7h('|8ha Qp, ’u%,h) HTV]
h=1
H
SB[ (1 + L) Pron(lsn, an, phen) = Pz (lsny an, piep)llrvl. (16)
h=1

Moreover, additionally under Assump. D} we have:

H
B s [ Y _IPrn(-Isn, an, wir1) = Pr  Clsns an, P ) llTv]
h=1
I H
T T T
<1+ 1= LF)E”’M[Z IPrn (Ishs an, phen) = P, Clsns an, phgp)llevl. (A7)

h=1

Proof. By Assump.[B] we have:

H
Er o[> IPrn(lsn, ans whr0) = Pr Gl ans 3 0) l7v]
h=1

H H
—Er (Y IPra(lsns ans 1irn) — By, (lsn, an, M%’h)HTV]‘ < Lr Yy b — 155, llnv.
h=1 h=1
(18)

Then, by applying Corollary and plugging into the above equation, we can finish the proof. ]

Lemma D.4 (Concentration Lemma). Let X1, Xo, ... be a sequence of random variable taking value
in [0, C|] for some C' > 1. Define Fi, = 0(X1, .., Xp—1) and Yy, = E[X|Fy] for k > 1. For any
0 > 0, we have:

Pr(ﬂnZXk < 325@ + C'log 5) <4, Pr(EInZYk < 32)@ +01ogg) < 4.
k=1 k=1 k=1 k=1
Proof. Define Zy, := Elexp(t Zle X,; — 3Y;)]. By taking ¢ € [0, 1/C], we have:
k—1
E{Zx| 7] = exp(t 3" (X; — 3Y:))Elexp(t(Xs — 3Y0))| il
i=1
k—1
<exp(t Y (X; — 3Y;)) exp(—3Yi)E[L + Xy + 2t* X7 | F]
i=1
k—1
<exp(t Y (X; —3Y;)) exp(—3Y) - (1 + 3tYy) 0>1X, <1)
i=1
k—1
<exp(t Z(Xz —3Y;)) - exp(—3Y} + 3tY%) (142 < exp(z))
i=1
k—1
< exp(tZ(Xi —3Y3)) = Zp_1.
i=1

We augment the sequence by set Xy, = Yy = 0, which implies Z, = 1. Therefore, {Z}, }r>0 is a

super-martingale w.r.t. {F} }x>1. Denote 7 to be the smallest ¢ such that Ele (X; —3Y;) > Clog %,
we have:

kAT

Zinr <Elexp(t 3 (X; — 3Y:))]
i=1
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T k

k
:E[Z exptz )] + E[I[r > k] exp tz
j=1 i=1

\]
V
o
]
%
Mw

k _
<exp(tC)E Z]I jlexp( Z )] + E[I]
Jj=1 =1

(exp(t(X; — 3Y)) < exp(tC))

M=

<exp(tC + tC'log %) E[l[r = j]] + exp(tC log %)E[H[T > k]

<.
Il
-

1
<exp(tC + tC'log 5)

which is upper bounded. Therefore, by the optimal stopping theorem, and choosing ¢t = 1/C, we
have:
u 1 1
Pr(3k < K, Y X) —3Y; > Clog 5) =Pr(r < K) <Pr(Zipr > exp(tilog <))
i=1

E[Zk -] < Zo
“exp(tClog §) ~ exp(tClog 3)

Since the above holds for arbitrary K, by setting K — 400, we have:
n n 1
Pr(d X <3)» Yi+Clog=) <6
r( n’; k< ’; k+Clog 5) <

The other inequality can be proved similarly by considering Z; = E[exp(t ZZ L (Y — 3X3)]. ]

D.3 Proofs for RL for Mean-Field Control

Lemma 4.5. [Simulation Lemma for MFC] Given an arbitrary model M with transition function
Py, and an arbitrary policy w, under Assump.[B| we have:

H

| Tage () = Tng ()] <Bong=[Y (1 + LoH) [P (s ans thge ) = Pron(lsn, an, why ) llov]-
h=1

Proof. We first prove the value difference for the general case. The lemma can be proved by directly
assign M = M™* and 7 = 7.
| I (75 i) — J37 (T 137)|
=By (Vi (52 151) — VE (527
:|]E51~;1,17a1~% [Tl (517 ag, /L7J1\-4,1) - (81, a, :U’T]’(‘/I”I)

+ IPT,1(82|317 a1, war1)Vara(s2s wiy) — Ipﬁl(sﬂslaalau?\z,l)vﬁz(sz; Il

S2 82

<Lllufry — 1l v+ |Esl~m,aw%[§§ (Pra(salst, a1, w30) = Py (salsn, an, wy ) ) Vi (52 w5

S2

By armr (3 Pra(salsn,an, i) (ViaGons ) = VE (o2 5) )|

52

<Lrllpdry = 37 1y + Bsiopr o~z [P (s, ar, g ) — Pr g Clsis ax, p3y )llov]

+ |E81~M1,a1~%,S2NPT,1('|817a17u}{1) [VJ\T/rI72(82; IJ’?M) - Vﬁ’g(s% IJ‘E]\Z)H

H
< Z Lollwhen = 137 p llev + Ba arjpg, [Z P71 (:|sns ans when) = g, Clsny an, p3z ) )llrv]-
h=1 h=1
19)
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we finish the proof by applying Corollary U]

Theorem D.5 (Result for MFC; Full Version of Thm. [4.1). Under AssumplA][B| by running Alg. ]|
with the MFC branch, after consuming H K trajectories in Alg. and additional O(Si2 log? %)
trajectories in the policy selection process in Alg. 3} where K is set to

1+ Lr)H — 1)2dimEa(M, 80))
LT g2

K= 6((1 +LH)(1+ LTH)2((

with
LTE
aH(1+ L H)(1+ LyH)((1 + Lr)? - 1) s

EOZO(

or set to the following under additional Assump. D}

Kzé((1+L,.H)2(1+LTH)2(1+ Lr )2dimEa(M,€o)>’

1-— LF 62
with
€ Ly |
= 1 .
=0 O(aH(1+LTH)(1+LTH)( +1—LF) )
with probability at least 1 — 56, we have Eop(75,,) < €.
Proof. On the event of Thm.[4.2} by Lem. £.3] we have:
K K .
Zeoptw’““) < Z Tapeen (PP = Ty (511 (M* € MFH)
1 k+1 k+1
< ZE et ar [ (L4 LeH) |Pre 4 (sns an, iy p) = e gy (Isn, ans whgeir )l
h=1

Next, by applying Thm.[d.3]and Thm. [C.4} w.p. 1 — 34, for any £ > 0, we have:

K
1+ L - KH
> Eop(nt ) = o((1 + LrH)(1+ LTH)(JF+ \/KdlmE (M, 0) log 'MJS + aHK50>).
- T
Now take a look at Alg.[3} for each n € [N], by Markov inequality, with probability at least %:
Eop(m*) = Jar (mop) — Jar+ () (20)
1 1+ L — 2 KH
<3 = 0((1 +LrH)(1+ LTH)H+ \/KdlmE (M, e0)lo % + aHKsO)).
(21)
1+ L — KH
:O((l + LyH)(1 +LTH)(++ \/dlmE (M, g0) log 'MJS +aHso>).
(22)
Since 71, ..., 7"~ are i.i.d. randomly selected, by choosing:
~ 14+ Lp)7 —1\2dimE, ,
K =0((1+ LrH)(1+ LTH)2(( * L) )= M ’50))
LT 62
with g9 = O(aH(1+LTH)(1+LLT31)((1+LT)H—1))’ to make sure the RHS of Eq. (22) is less than 5.

Therefore, in Alg. 3] with probability 1 — &, we have
3n € [N), Eon(n™) < =
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Then, by Hoeffding inequality, and note that the total return is upper bounded by 1, on good events of
concentration, with probability 1 — ¢, we have:

Vn € [N], [T (7)) — Jpge ()] <

>~ m

which implies

~x € *
I (Top) = max I () — 5 = Jue (o) — e

Combining all the failure rate together, the above holds with probability at least 1 — 54.

The analysis is similar with additional Assump.|D] where we have:

K
L 2IM|KH
3 Eop(rt1) = 0((1 + LeH)(1+ L H)(1+ 1= )(\/KdimE(M, e0) log % + aHKso>),
—Lr
k=1
and we should choose
~ L 2dimE
K =0((1+ LrH?(1+ LHP (14 ) dim “(M’SO)),
1-— LF 52
with g9 = O( 2 (14 £z)-1) ]
0 aH(A+LrH)(A1+L,.H) 1—Lr :
D.4 Proofs for RL for Mean-Field Game
Lemma 4.6. Given two arbitrary model M and M , and two policies ™ and T, we have:
H
|AM(%a 7T> - AM(%7 77)' SE%,]W\H’I{/I [Z ||PT,h('|Sha Qh, M}Tw,h) - Pf7h("8h7 Qp, /’LEM’h)”TV]
h=1
H
+Q2LeH + DEr i[> IPrn(lsn an, 1) — P Clsn an, piz vl 9)
h=1
Proof. First of all,
A (7, m) = Agp(7, m)| =|Jne (T i) — Jna (75 i) — J7(T5 m75) + Tz (s piy)|
<[Jn (75 m3s) — Tz (T w3+ | ae (5 iy ) — Tz (ms g
From Eq. (I9) of Lem. 3] we have:
|Jae (705 1) — (75 077)|
H H
<> Lellpien - g pllmy + Bz g, D PzwClsns ans e p) = Py (lsn, an, g ) vl
h=1 h=1
By choosing ™ = 7, the above implies
|Jna (75 mg) — (s n37)|
H H
<D Lellufn — 15z llrv + B (Y IPrn(clsns an w3 n) = P Clsns any il )iz
h=1 h=1
Therefore,
H
Ay (7, m) — Agp(F,m)| <2 Lollphyp — wiz pllrv
h=1
H
+ Ez mu7, [Z P71 |8k, an, /fl{/[,h) - Pf7h('|5ha Qh, M%’h)HW]
h=1

H
+ Bt Y IPron(Clsn, an, 1) — Py, (lsn an, piz ) ) llv].
h=1
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where we have:
H H
D Mudn = 1oz ey < HEwa [ 1Pz (lsn, an, idy n) = By Clsn, an, iy )llzv].
h=1 h=1
As aresult of Corollary. and we finish the proof. ]

Theorem D.6 (Result for MFG; Full Version of Thm. @1). Under Assump. [A|and [B] by running
Alg.[I|with the MFG branch, after consuming 2H K trajectories, where K is set to
1+ LT)H — 1>2dimEa(M, 80))

LT g2 ’

K= 5((1 + LrH)2(1+ LTH)2<(

Lre

where £ = O( AT LT LT LT =1) ); or set to the following with additional Assump. @

Ly >2dimEa(M,50)>’

— 0 2 2
K—O((1+LTH) (1+ L,H) (1+ - =

where g9 = O(aH(l—i-LTIiI)(l-i-LrH)(l + 1ffr)_1), with probability at least 1 — 56, we have
gNE(%;}E) <e.

Proof. In the following, we use EXL () := maxz A/ (7, 7) to denote the exploitability in model
M. Recall M**! denotes the model such that 75! is one of its equilibrium policies satisfying
5{}%“1 (7F*+1) = 0. On the event in Thm. Vk € [K], we have M* € M*, which implies
Enp(m) <& ()
Aﬁk+1 (NIchl7 7rkJrl)
SAMMJ( k—i—l’ 7rk—i—l) _ AMk+1 ('ﬂ:k-&-l’ 7Tk+1)
(7*+1 is an equilibrium policy of M**+1 s0 A es1 (7R, 7FH1) < 0)

Aﬂkﬂ(%k-&-l’ﬂ_k-&-l) A FEFL TR0 b | A (R, 78 — A (FEHL 7))

By applying Lem. .6] Coro.[D.2] and Thm.[C.4] under Assump. [B] we have:

k+1
E gNE k+1 <Z M k?+1

<

1+L — KH
—0 ((1 LrH)(1 + L,.H)(++ \/KdlmE (M, o) log % + aKHeO)).
T
For the choice of 7y, since
k+1 K k+1
Ene(Me) < kmln]EM A ; ENTT (mh Y
Ene(TEE) < € can be ensured by:
~ 14+ Lp)" —1\2dimE, (M,
K:O((1+LTH)2(1+LTH)2(( + Lr) ) imEq (M 50)),
LT g2
L
where g0 = O(Grmrrrmar o, Mo 1)
Given additional Assump. D] we have:
K Koo
oSty <Y &E T ()
k=1 k=1
2IM|KH
—0 ((1 + LoH)(1+ L H)(1+ 5 )(\/KdimEa(M, £0) log % + aKHaO)).
—Lr
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Ene(TiE) < € can be ensured by

Ly )2dimEa(M,6o)>,

— 0 2 2
KfO((lJrLTH) (1+ L, H) (1+ I :

3

L _
where ¢ = O(aH(1+LT;I)(1+LTH) (1+ 17{F) b,

We finish the proof by noting that the total failure rate would be 1 — 34, and the total sample
complexity would be 2H K. ]

E Questions Concerning Existence and Imposed Conditions

In this section, we analyze the existence of MFG-NE in the game described and discuss when
the presented conditions might be satisfied. For clarity in notation, we fix the model M =
({Prp L, {P, 1} ) and the initial distribution p;, and also for simplicity denote the deter-
ministic expected rewards

Th(87 a, /’L) = ETNIP’Twh,(-|s,a,,u) [T] P

since the probabilistic distribution of rewards will not be significant for existence results. In the
presented MFG-NE problem, the goal is to find a sequence of policies 7 := {Tl'h}thl and a sequence
of population distributions & = {y, }L | such that

Consistency: iy, +1 = Lpop n(ptn, m),Vh=1,...,H — 1,
Optimality: J (7, ) = max Jas (7', )

where p is fixed and for any p = {up}L |, 7 := {7, }1L |, with pj, € A(Sy) and 7, € Ty, :=
{mn : S — A(Ap)}. We define:

Cpop,n(ftn, Tn) = I I tn(sn)mh(an|sh)Prop(-|Sh, an, tn),

ShESh apn€AR
H
L S1~vp1, QR TR
Jjw(ﬂ-’“) =E Zrh(sh’ah’/’éh) Sh+1~PT,h,('|;hvahalth,)7 Vh>1].
h=1

As a general strategy, we formulate in this section the two MFG-NE conditions above as fixed point
problems. Throughout this section, we will assume the following:

Assumption E (Continuous rewards and dynamics). For each h € [H], (s, an, Sp+1) € Sp X Ap X
Sh+1, the mappings
= mh(snyan, p); = Prop(snyilsn, an, )

are continuous, where A(S) is equipped with the total variation distance TV.

E.1 MFG-NE as a Fixed Point

We use the standard definition of Q-value functions on finite horizon ME-MDPs, for any h, s, a, 7, it
given by

H

@ (sp, a5, 1) =E lz Th(Shy Qn, pn)

h=h

ap ~ 7Th(sh)ash-‘rl ~ PT,h('|ShaahaMh)a vV h > B .

(23)

Observe that the set of policies and A(S) are both convex and closed sets (in fact, polytopes), given
by {A(Sh) }nern)s {11n } hepr)- We equip these sets with the metrics

Vi, n' e {Ipbhem), di(m,n’) = Sl}llp ln — 7 ||2

Ve, ' € {AS) b heim),  da(p, 1) = sup ([t — i ]l2-
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We also define the operators T'yop @ {IIn}hen) — {A(Sk)}heim and T'py 0 {Iln}pem) X
{A(SK) nerm — {Hntnepm as

Lpop(m) = {p1} U{ptns1 = (Cpop(Th, - - - Tpop,2(m2, Tpop,1 (1, p11))) {::117
from 1 to h
Cpp(m, ) = {m}, (-|sn) := arg max QF (sn, -, ) "u — ||[wn(-|sn) — ull53 3,

UEA 4

where Q7 is the Q-value function defined in Eq. (23). The motivation for these operators is given by
the following lemma:

Lemma E.1 (MFG-NE as fixed point). The tuple *, p* is a MFG-NE if and only if the following
conditions hold:

1. 7 =Ty (7%, Tpop (1)), that is, 7 is a fixed point of T ng(+) := Tpp (-, Tpop(+))-
2. p* =T ppp(m™).

Proof. First, assume (7*, u*) is a MFG-NE, i.e., it satisfies the consistency and optimality conditions.
By consistency, we have Iy, (7*) = p*, and since this implies '), (7*, p*) = 7%, the optimality
condition implies for each h, s,

75 (|s) = argmax QF (s, -, pu*) .
UEA 4
which implies that
mi(-]s) = arg max QF (s, u*) "u — ||y (-|s) — ul3,
UEA 4

that is, FNE(’IT*) =x*.

Conversely, assume 7* = I'yg(7*), that is, 7* is a fixed point of the operator Iy . We claim that
(m*, p* = Tpop(m*)) is a MFG-NE. For this pair, the consistency condition is satisfied by definition,

and the fixed point condition reduces to I, (7%, u*) = 7*. Writing out the definition of the I,
operator, we obtain for each h and s,

i (s) = argmax QF (s, -, ") Tu — ||} (-[s) — ull3,
UEA 4

7 (-]s) = argmaxQZ*(s, . u*)Tu,
UEA 4

by the first-order optimality conditions of the term QF (s, -, #*) "u — ||7(+|s) — u||3. Then, by the
optimality conditions of MDPs, 7* is also the optimal policy with respect to p*, that is, Jas (7%, u*) =
max, Jp (7', u*).

In the lemma above, the second condition is trivial to satisfy/compute once 7* is known, hence the
primary challenge will be in proving that the map I' y g admits a fixed point.

E.2 Existence of MFG-NE

We use the Brower fixed point method to prove the existence of a MFG-NE, and Assump. [E] is
sufficient. The strategy will be to show that I' ;¢ is a continuous function on the compact and convex
policy/population distribution space.

We will prove several continuity results, in order to be able to apply Brouwer’s fixed point theorem.
Lemma E.2 (Continuity of Q}). For any s,a, h, the map
= Qh(s,a,p) €ER

s continuous.

Proof. The proof follows from the fact that )7 is a function of sum and multiplications of continuous
functions of the policies and population distributions {7 }ne(m), {#tn }rhe ). The compositions,

additions and multiplications of continuous functions are continuous. O]
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For the next continuity result, we will need the following well-known Fenchel conjugate definition
and duality.

Definition E.3 (Fenchel conjugate). Assume that f : R? — R U {oo} is a convex function, with
domain X C R?. The Fenchel conjugate f* : R? — R U {oc} is defined as

[ (y) = sup(z,y) — f(z).
reX

For further details regarding the Fenchel conjugate, see [44]. The Fenchel conjugate is useful due to
the following well-known duality result.

Lemma E.4. Assume that f : R? — RU {oo} is differentiable and T-weakly convex and has domain
X C R% Then,

1. f* is differentiable on R,
2. Vf*(y) = argmax, ey (z,y) — f(x),

3. f*is L-smooth with respect to | - Vi) = VW) < 2Hly—y |2 Vy, ¥ € R

2, i.e.,

Proof. See Lemma 15 of [54] or Lemma 6.1.2 of [44]. ]

Finally, we will also need the non-expansiveness of the proximal point operator, presented below.

Lemma E.5 (Proximal operator is non-expansive [47]). Let X C R? be a compact convex set, and
[+ X = R be a convex function. The proximal map prox; : X — X defined by

prox;(z) = argmin f(y) + ||z — y|3
yeX
is non-expansive (hence continuous).

With the presented tools, we can prove the following statement.

Lemma E.6 (Continuity of I'y,p,, I'pp,). With the metrics dy, da, the operators I pop, I'pp are Lipschitz
continuous mappings.

Proof. The continuity of I, w.r.t. 7 is straightforward by definition, as multiplications and additions
of continuous functions are continuous.

For the continuity of I',;,, we can either explicitly write the solution of the arg max problem in
terms of an affine function and a projection of terms ()", 75, or more generally use Fenchel duality
combined with the non-expansiveness of the proximal point operator. By Lemma[E.5| the map

u— argmaxq ' u' — |ju— /|3 = — prox_gr(.(u)
u' EA 4

is a continuous map for any ¢ € RI4!. Similarly, by LemmalE.4} the map

g — argmax g u — |[u — o3
UEA 4

is differentiable hence continuous for any ug € A 4, as the map ||ug — -||3 is weakly convex. By the
continuity of Q7 (see Lemma , we can conclude that I',, is also a continuous map, as it is the
composition of continuous functions. ]

With this continuity characterization, we invoke Brouwer’s fixed point theorem to prove existence.

Proposition E.7 (Existence of MFG-NE; Formal Version of Prop.[2.1). Under Assump.[E](which is
implied by Assump. @) the map T N g has a fixed point in the set {1y },cim), that is, there exists a T*
such that Ty g(7*) = 7%, and the tuple (7*,T o, (7*)) is a MFG-NE.

Proof. With the continuity of I',,p, I'yp, the know that the composition I' v is continuous. It maps

the closed, convex polytope {11, } 5¢[#] to a subset of itself, hence by Brouwers fixed point theorem
it must admit a fixed point. By Lemma this fixed point must constitute a MFG-NE. ]
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F Proofs for Lower Bound for Mean-Field Control in Tabular Setting

We first introduce the notion of Strong Query Model (SQM), which is a strictly stronger notion than
both GM and DCP, since it can return the entire conditional distribution for any policy or arbitrary
density sequence. Our lower bound will be established based on SQM, which directly implies an
lower bound for GM or DCP setting.

Definition F.1 (Strong Query Model (SQM)). The Strong Generative Model (abbr. SGM) either can
be queried by a policy 7 and return the entire transition distribution of the true model conditioning
on piss, i€l {Pr« p (|, s ) tre(m)s or can be queried by an arbitrary sequence of density
w = {1, ..., oy } and return the entire transition distribution of the true model conditioning on g,

e, {Pr n(-|' s tn) b nea-
o O
I o

“ 9

Figure 2: Construction of Lower Bound

Theorem 5.2. [Exponential Lower Bound for MFC] Given arbitrary Lt > 0 and d > 2, consider

tabular MF-MDP:s satisfying Assump. [Blwith Lipschitz coefficient Ly, |S| = |A| = d and H = 3.
For any algorithm Alg, and any £ < dL—fl, there exists an MDP M™* and a model class M satisfying
M* € M, and |M| = Q((£2)4=1), s.t., if Alg only queries GM or DCP for at most K times with

K <|M|/2 — 1, the probability that Alg produces an e-near-optimal policy is less than 1/2.

Proof. Our proof is divided into three parts: construction of hard MF-MDP instance, construction of
model class M, and the proof of lower bound.

Part 1: Construction of Hard Examples We construct a three layer MDP as shown in Fig. 2} The
initial state distribution is fixed to be 111 (s1) = 1, and we have S states and A actions available at each
layer with S = A = d. The transition at initial state is deterministic, i.e., P(s}|s1,a}, 1) = 1. At
the second layer, given L1 < 1, there exists an optimal state density p3, such that, Vi € [S],j € [A]
and Yo € A(S):
o 1 Ly +

P 1.0 0 _ = 2% .11 — == ok i|

(s3]s2, 0z, p12) = 5 + 2¢ 2e Iz = mall) 5
where [z]* = max{z,0}. As for the reward function, we have zero reward at each state action in the
previous two layers, and for the third layer, we have only have non-zero reward at r3 (s3,+,-) =1and
r3(sh,-,-) = 0forall ¢ # 1.

As we can see, for arbitrary policy 7, we have uJ (s4) = m(a}|s;). Besides, the optimal policy should
be taking action to make sure 5 = p3, which can be achieved by setting 7*(a! |s1) = p5(s}), and
then take arbitrary policy at the second layer. Even if the agent just wants to achieve e-near-optimal
policy, it at least has to determine the position of set {u : || — pill1 < é—i} The key difficulty here

is to explore and gather information which can be used to infer 5.

We further reduce the difficulty of the exploration by providing for the learner with the transition
at initial state and the third layer (or equivalently, the available representation function for the first
and third layers is unique) and all the information of reward function. All the learner need to do is to
identify the correct feature for the second layer and use it to obtain the optimal policy (at the initial
state) to maximize the return.
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Next, we verify the above model belongs to the low-rank Mean-Field MDP. For h = 1, it’s easy to

see P(sh|s1,a, 1) = d1(s1,al, p1) 1 (sh), where ¢1(s1,al, 1) = e; and ¢y (s}) = e;, and e
is the one-hot vector with the (-)-th element equal 1. For the second layer, given a density u € A(S),
we use ¢, 1., to denote the following feature function class that, Vi € [S],j € [A], 1’ € A(S),

. 1 L + 1 Lt +
butn (shyah ) = (5 +2¢ - (1= T = ulh] 5 —2¢- [1= ZZI = uli] 10,007 e R

and the next state feature function is ¢(s}) = e, Vi € [d]. It’s easy to verify that the transition can
be decomposed o0 ¢z 1., (-, -, pi2) " ¥(s%), and the above feature satisfies the normalization property:

1)~ w(sh)g(sh) < Vad, Vg:8—{-1,1}.
i€[d]
Besides, we verify that for any choice of u, the induced transition function is Lp-Lipschitz:
Py, (15, @3, 1) = Ppupr (5, a3, 1) |1

= Z |¢H»LT(83’ CL%', MI)Tw(Sé) - QSM,LT (Sév a%v M”)d}(séﬂ

Ly + Ly +
:2 ’ 2 |:1 T 4e N ! :| N |:1 T 4e N / :|
el " e — w1 " e —wlla] |
<Lp|llp— 'l = lp— 1" l1] < Le|lp" — 1|y

Part 2: Construction of Model Class Given an integer ¢, we denote N¢ = {u|u(sy) =
N(s)/¢, N(sb) € N, > iels] N(s%) = ¢}. In another word, N; includes all state density with
|- For each u, p € NLLJJ , we should have:

5e

resolution 1/¢. Now, consider NV, L,

Ly 10e 8¢
=2/ > == s =2
= w2 2/ 122 > T2 > 2
Therefore, if we consider the set B(u,f—i) ={y € AS)||lp — ' < £} we can expect
(5T J+a-1)t _
(LE D) d—1)!

Q((£z)4-1), we can find N — 1 different elments {3, ..., b} C N 1Lz | and construct (here we

only specify the representation at the second layer, since we assume the other layers are known)

M[N] = {Mn = (d)[l.g,LT?,l/})|n € [N]}

B, + 7o)NB(, e =) = Oforany u, ' € N, Lz - Given arbitrary N < |V, LTJ\ =

For analysis, we introduce another model M which shares the transition and reward function as M"s
but for the transition of second layer, it has:

P(sd]sh, a3, o) = P(s3]sh, ad o) = 5, Vi €[], € [4], o € A(S)
We define:
o(y-) = (% %) € R%
and define:
M= MU {(4,9)}.
Note that M = (¢,v) € M.

Part 3: Establishing Lower Bound Now, we consider the following learning setting: the environ-
ment randomly select one model M from M and provide the entire representation feature class M
(which is also the entire model class) to the learner; then, the learner can repeatedly use gathered
information to compute a policy 7% and query it with SQM for each iteration, and output a final
policy after K steps. We want to show that, for arbitrary algorithm, there exists at least one model in
M which cost number of queries linear w.r.t. N before identifying the optimal policy.
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In the following, we use & ps» to denote the event that in the first k trajectories, there is at least one
policy (or equivalently, density p3) used to query SQM resulting in ||u5 — p™|); < g—;. The key
observation is that, given arbitrary algorithm Alg, for arbitrary fixed n e [N ], if Alg never deploy a
policy 7 (or equivalently, query an density 13 satisfying ||uf — p™||1 < L , the algorithm can not

distinguish between M ™ and M, and should behave similar in both M™ and M. Therefore,

Prare g (EFan) = Pryg g (E8 apn), Wk € [K].

which also implies:
PrMn,Alg(é’k,Mn) = PrM,Alg(glc,M")a Vk € [K]

We use Alg(K) to denote the policy output by the algorithm in the final. Besides, we use II(p, by) :=
{7||lp5 — pll < bo} to denote the set of policies, which can lead to a density u3 close to . Then,
we have:

n e n 4e
Z Prasn alg(Alg(K) € I(p 77)) = Pryz arg(Alg(K) € (", f))
e T T

= 3 Prarn s ({AlE() € TGr", 7)) 0 {Excar}) = Prag g ({AT() € U™, 7)) 1 {Excare)
n€e[N]

de de
+ D P aig({Alg(K) € (", 70} 0 {ER arn}) = Prag aip ({Alg(K) € (", )} 0 (R arn })
n€([N]

= 3 Praeag({Alg(K) € H(u”,j—;>}m{sK,wfn}> — Prypag({Alg(K) € H(u",j—*;nm{sk,m})
n€e[N]

4e 4e
<> PrM",Alg(gk,Mn)(PrMn,Alg(Alg(K) € I(u", —)|€x,nn ) — Pryz ap(Alg(K) € TI(1", TT)|5K’M"'))

ne[N] Lr
< Z PrM",Alg(gk,M") = Z Pr]\?I,A]g(gk,JVI") < K.
n€[N] n€[N]

where the last step is because,

K

Z Prz atg(Ek,nim) Z ZPrIMAlg HNQ —ph < Z Z Pryz alg( Hﬂz —ph < %) < Zl =

n€e([N] ne[N] k=1 k=1ne[N] k=1
<B(w,i§;)ﬂ3< 7, 42) = Dforalli # j)

Therefore, the average success probability would be:

Pe(M = M)+ 3 Pr({M = M"} 1 {Alg(K) € TI(", = )})
L
n€([N] B
(Each policy is optimal in M)
1 4e
- Prasn a(Alg(K) € TI(u", —
| | ‘Ml Z v Alg( g( ) (M LT))
n€[N]
KL
M|
As aresult, even if K = % — 1= O(N), there exists n € [IV], such that, the failure rate

4e

. 1
PrMn7A]g(A1g(K) ¢ B(ﬂ_Mn, TT)) 2 5
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Algorithm 4: Bridge Model Construction

Input: Model Class M; Integer N.
for h € [H],Sh € Sp,ap € A, do
for up € Uy do
ME:“;‘;{M «— argmax e m Bm(M;E)[sh, an, pin]-
Fonan (n) < Preaw A ([8hy an, pin).-
/I Here Prees denotes the transition function of Mg
end
Construct transition for sy, ay, by:
Vi € AL, Fry nClsman i) = S etin 30 = Nk, = sl fonan (1n)
) Br,/t L9 L) T .
S ncun 22 = I, — palla]*
end

Define Mg, to be the model with transitoin {Pz;, 1 }rem-
Compute an equilibrium policy 2%, for Mp, and its induced density in Mg, denoted as puir.
return Mg, 7ot piE.

G Learning Mean Field Game with Generative Model in Tabular Setting

We first introduce the algorithm for bridge model construction, where [z]T = max{0,z}. In this
section, given an integer [N, we define the set:

s
L - Xr1 T2 Trs S ] . -
Uy ={u= (5 5 ) ERIVi€[S ,xzeN,Z;xl_N} (24)
First we show that I/,y forms an %—cover for the density space.

Lemma G.1. For any u, € A(Sy,), there exists at least one p € Uy, s.t. ||un(sn) — p(sp)]1 < %

Proof. We make the proof by construction, and we only consider the case when pj, & Uy . First of
all, we define 11" to be the density vector, such that, uy,(sp)* = |pn(sn) - N|/N for any s, € Sh.
We should have ju,(sp) — g (s) > 0 for any sy, and > sy Hu(sn) — 1) (sn) = i/N for some
i€{1,2,...,5—1} since 5, & Un. Then, we can construct fiy, by assigning i, (sp,) < 5} (sn) + +

for arbitrary i states s, € S. Easy to check fi, € Uy, and ||fir, — pinlli <52, =2
Lemma G 2. When the E1se-branch in Lme[?]zs activated, for any h € [H], sy, € Sp,an € Ap,

and any )., i3 € A(Sy), there exists at least one model M € M s.t.,
M € Bu(ME7 13 )[sns an, ] 0 Baa (MG 5 €)[sn, an, piz],

ShQh /J. Sh,Qp /l
which further implies:
||HDTC“’Z11 n (L8, s pi1,) — Prpcena AGETS an, i)l < &+ Ly, — pillh-
ShaGp iy,

ShoGp BT

Proof. When the E1se-branch in Line is activated, we have:
Ba(Memet 5 €)[sny any ]| + [Ba(MEEE 25 8)[sn, an, pi]] > | M.

ShyQh; ;l, ShyQh s

which implies that those two sets share at least one common model denoted as M. Let’s use P to
denote the transition function of M, we have:

[Pocens 5 (-lsns ans i) = P 5 (-|sny ans i) |1 <28 + [IPra(-|sn, an, 1) = Proa(-lsn, ans g7) 1
ShyapsHy Shy@h K,
(Definition of Ba,)

<2& + L ||y, — pij -
(by Assump. [B)

]
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Lemma 5.4. [Implication of Local Alignment in MFG] Given a model M with transition Prp,
suppose M and M* are locally aligned at policy m w.r.t. the density induced in M, i.e.
Vh, Pre i (-, .’M”Mﬁ) =Pr (| -,,uhh), if mis a NE in M, then it must be a NE in M*.

Proof. Note that 7, ; = 7« ; = p11, by inducation, for any h € [H], we have:
Prn(sn+1lsn, ans pign) =Pre n(sns1lsn, an, 1 1)

P ns1(Sne1) = Z: 7h(an|sn)Prn(shr1lsh, ans iy )

ShyQh
= i mn(an|sn)Prs n(shi1lsn, an, wige )
Shyan
=tiar h1 (Shta)-
Therefore, if 7 is the NE of M, for any 7, we have:
0 <Jni(m i) — I (75 mag) = Jaa= (5 i) — I (75 - ),
which implies 7 is also the NE of M*. O]

Theorem G.3. [Formal version of Thm.[5.3] [5.3]] Under Assump [A]and|B| and hyper -parameter choices
K = [logyIM[], £ = 5,N = N = O(; log SAHE) N = O(5; log SALK) yigh

T0L7S"
probability 1 — 6, by choosing
QL) -1,
eE=—=0B+2(L,+L e —
and consuming number of queries to GM at most:
- ~ S3AH lo 1+ L) —1 SAH|M
K-(N+SAHN) = 0(Z252%(1 4+ (L, + LT)¢)2 log? #);
g2 LT )
or under additional Assump. D} by choosing
E= l(3+2(L + Lr) ! )t
- q T T 1_ LF €,
and consuming number of queries to GM at most:
- ~ S3AH 1 SAH
—Lr

Alg. | can return us an e-approximation NE within K iterations.
Proof.

Concentration Events Considering the random variables:
X* .= T[If-branch] - (]P’T*,h(-\sh,ah, ) — Pf*ﬁh(-\sh,ah,uh)),
and
Vit ap 1= TElse-branch] - (Pr- a(-lsn, an, 1) = Pr. , (lsns ans iprid) ).

where I[If-branch| equals 1 if the algorithm does not terminate at step k and enters the if-branch,
otherwise equals 0; the definition for I[Else-branch] is similar. For our choice of & and &, consider the
events E.,,, defined by:
5
1< 5]’)

K =
3
wi= () (1IX*I < 530 M ¥ o

k=1 he€[H],s;, ESh,an€Ap
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Let’s first focus on X*. Note that the samples from generative models are i.i.d. from the distribution
,, is computed by empirical mean. Therefore, no matter I[If-branch]

]P)T*,h('|sh7ah7.u“h)’ and IP R
equals O or 1, by Hoeffding inequality, w.p. 1 — &y, we have:
/1 S
ki
[1X"l —S}ZH |T[If-branch] (IPT* (Sht1lSh, an, ) — PT*7h(sh+1|sh,ah,uh)>\ <S8 ﬁlog %
Similarly, for Y*, for any fixed h, sj,, as, we have ||th73h,ah|| < S, /ﬁ log % By choosing

S0 = 6/(2SAHK) to take the union bound for all steps K and all h, sy, ap, for Y*, Pr(Eeon) > 16
- 52 SAHK ~ S? SAHK

N = O(—= log 3 ), N= O(glog T)

Next, we separately analyze the If and E1se branch in Alg.[2]on the event E,,,. Obviously, on the
event of E.op,, we have M* € MF for all k € [K].

The I£-branch Llnel In this case, there exists h € [H], sp, € Sp,an € Ap, in, € A(Sh)

can be satisfied by:

1
max [Bag(M; €)[sn, an, pin]| < §|M|-

With our choice of N, we have: |Pr« 1, (:|sn, an, pn) — Pz, Cshyan, pn)l[1 < g Therefore, for
those M & Bag(M*;&)[sh, an, pn), we must have:

Pz 1, Clsny an, pn)|ln >
which implies [MF ] < [Ba(M*;8)[sn, an, ]| < 2| MPF].
The Else-branch: Line[7] If the If-branch is not activated, then for any fixed h € [H], s}, €
Sh,apn € Ap, un € A(Sy,), there exists a “Central Model” M € M, such that,

DO | O

||PT,h('|5h,ah7Mh) -

1
|BMm(M;€)[sh, an, pin]] > §|M\-

Now, consider a fixed h € [H], sp, € Sp,an € Ap. As described in Alg. for each up € Uy, we

. .
to denote the “Central Model” model has the most number of £-similar models in M with
n}he[r]- Besides, we introduce the function fs, 4,

use M,
transtion function Prpcena = {Prpcena
L Sho%hokh Shr@hsHh’
defined on the density space A(Sp,):
: 7h('|8h7a/h7/’6h>

Vﬂh € A(Sh)7 fSh;ah (/’Lh) = PT-SZ"’[Z‘I;Lv#h
In the following, let’s use gs, q, () as a short note of Py, 1, (-|sp, an, p1},) constructed from the values

of fs, a, ONUy in Alg.
Vi € A(SK),  Gonan (1h) = Lpmen [ ”“h pla ] o (1)
EpheuN[ ||Mh ]t
By Lem.(G.1| there always exists a y1, € Uy such that (25— \\wh — pnll]) T > % > 0, so g is always
well-defined. Therefore, we have:
Vin € A(Sh), Isnan (1) = Fsnan (0 )11

_quheuN[ — ek, = pnll] (o an (1) —fSh,ah(u’h))H
- pcun 158 — iy, = palli]* 1
<Z,MeuN[ — ek, =l fnan (1) = oy ()12
- S neun 5 — ik, — pnlh]*
e~ il 0 Ll =)

B > heuN[ — [lph, = pnll2]*
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S
<2+ 2L (25)

where the last step is because [2> — ||u}, — pup|[1]T > 0 implies ||u), — pn]]1 < 2. We can conduct
similar discussion for for any h € [H], sp, € Sh,an € Ap.

As stated in Alg. I 2l We use M} and 7y to denote the bridge model and its equilibrium pohcy
at iteration k if the Else-branch is activated. Since both [-]* and || - ||l1 are continuous, g is

continuous w.r.t. 1, € A(Sy). By Prop. the equilibrium policy 7 should always exist.

The Else-If-branch: Line @ If Line [10]in Alg. [2]is activated at some h, s, aj, for any

M € B (M, 5€)[sh, an, uBr h] where M, denotes the Central Model, we have:

NE,k NE,k
1Pz, ([5h, ans tige gy ) — P, (lsny an, pige )1
NE,k NE,k NE,k
> P s Clsns ans e ) = P g Clsns ans g 1 = Pz aClsns ans g ) = P o (-lsn, an, e n) |11
_ S 26 € :
>z — (28 + 2LTN) > 5 > 7 (Eq. (23); Our choice of N and &)

which implies | ML < [MF] — [Buge (M, :8)[sn, an, iy n]| < 3[MP].
The Else-Else-branch: Line@ If this branch is activated, we must have:

NE, k NE,k
[Pren(-[shs an, gy, ) = Ps i (Isn, ans by, )1
NE, k NE, k NE, k
<[Pre s (-[sns @y iy ) = P gy Clsns @ i) 11 + [P, Clsny ans e ) = Prs s Clsn, an, o)l
<9z, (26)
In the following, we use EL(7) := maxz A/ (7, ) to denote the exploitability in model M. As a
result:

Ene(mug’)
Mk
=ENE (ng:k) ENET (Wfﬁak)

=max Jag- (w5 i) — Tar- (mgg's ) —

, r,k k
(mEXJM;(F;Mgf ) — Tk (7T1}\3115 a“grE )
§2max|JM*( ,y,?if*% JMk( MﬁgrEk)‘

H
NEIc NE,k k NE, k
<2maX(ZL [l pear ~ Mg I +E, M| hE P Z”PT* |Shﬂaha,uM* ) — PT,;f_,h('|5haahal‘Br,h)Hl])

h=1
(Eq. (T9) in the proof of Lem. {.3)

m

NEk NE,k NE,k
<2max (3 (Lr + Lol uBrhnwE,r,MH,LgmZHPT* Clinsans i) = Prg i Clsns ans iyl

h=1
(Assump. [B)

For any fixed 7, the second part can be upper bounded by Eq. 26), while for the first part, by
Coro. under Assump. [B] we have:

NE, k NE, k < (1+ Lp)A="—1 NE, k NE, k
}z:lﬂu = b 11 Shz; Ly Bk pgp [P ([5ny ans gy i) = Prog n ([8ns any ey )]
(2 =

H _
copeLHLn)" —1
Lt
which implies Exg (7op") < HE(3 + 2(L, + L) - %) Therefore, by choosing
(4L -1,
e=—=0B+4+2(L,+L —_
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we can ensure wﬁg’“ is an e-approximation NE for M*.
Similarly, with additional Assump. [D] we have: 341, ([N, — phrir |l < 2HE—, which
implies Exg(mon") < HE(3 + 2(Ly + L) - ﬁ), and by choosing

1

—1
1—L1“) €,

1
e=—=0B+2(L,+L7p)-
&= 73 +2(Lr + Lr)
we can also ensure 771]\31;:’}“ is an e-approximation NE for M*.

Summary From the discussion above, we know that, on the event of £.,,,, either we have \/\/lk +1 | <
1|MP], or the algorithm can return an -approximate NE. Therefore, by choosing K = [log, |M|],
with probability 1 — 4, after consuming number of queries to GM at most:

N ~ SAH 14+ Lr)7 -1 AH
K- (N + SAHN) :O(L(l—&-(LT—i-LT)( + L) )2log25 ‘M|),
g2 LT 1)
or under Assump. [D] at most
. ~ SAH AH
K-(N+SAHN):O(S 5 (1+(LT+LT)1 7 )%ongT'M‘L
—Lr
Alg.|2|can return us an e-approximation NE. L]
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