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Abstract

Process supervision enhances the performance
of large language models (LLMs) in reason-
ing tasks by providing feedback at each step of
chain-of-thought reasoning. However, even ad-
vanced LLMs are prone to redundant reasoning
due to the lack of effective process supervision
methods. We claim that the effectiveness of pro-
cess supervision significantly depends on both
the accuracy and the length of reasoning chains.
Moreover, we identify that these factors exhibit
a nonlinear relationship with the overall reward
score of the reasoning process. Based on this,
we propose a dual-dimensional nonlinear pro-
cess supervision method, named PSPO*, which
systematically outlines the workflow from re-
ward model training to policy optimization, and
highlights the importance of nonlinear rewards
in process supervision. Based on PSPO*, we
develop the PSPO-WRS, which considers the
number of reasoning steps in determining re-
ward scores and utilizes an adjusted Weibull
distribution for nonlinear reward shaping. Ex-
perimental results on mathematical reasoning
datasets demonstrate that PSPO-WRS consis-
tently outperforms current mainstream models.

1 Introduction

Large language models (LLMs) have shown
promising development in solving tasks that require
complex reasoning, particularly in mathematical
problems (Shao et al., 2024; Li et al., 2024; Yang
et al., 2024¢). Studies have shown that an effec-
tive reasoning process can significantly improve a
model’s performance on downstream tasks. Con-
versely, the unreliable reasoning process can mis-
lead the model and produce incorrect results (Wang
et al., 2023a; Jin et al., 2024). Therefore, quanti-
fying an accurate reasoning process is crucial for
effectively addressing the complex reasoning task.

Current approaches to enhance reasoning ca-
pabilities primarily divide into supervised fine-
tuning (SFT)-based and reinforcement learning

Question "1 can travel at a speed of 39 cm/s in a car and at 2 m/s on a bicycle. Which is slower?"

options bicycle car

[1] To compare the speeds, we should convert both speeds to the same unit 0
[2) Car speed:39 cm/s=39/100 m/s=0.39 m/s, Bicycle speed:2 ms.

Now we can compare the two speeds.

[3] The car traveling at 0.39 m/s is slower than the bicycle traveling at 2 m/s.
[4] Thus, the answer is option 2.

Correct
reasoning
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[1] According to the question, the car travel
at 39cmis, the bicycle travel at 2mis. 5y
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[1] To determine which is slower, we need
to compare the speeds.

[2] The car traveling at 39 cm/s is faster
than the bicycle traveling at 2 m/s.

[4] Thus, the answer is option 1. Oox

Reasoning error [/

ing to the question, the car is traveling at 39 cm/s,
whereas the bicycle is traveling at 2 m/s.

[4] Therefore, we can conclude that the car, moving at 0.39
m/s, is slower than the bicycle, which travels at 2 m/s.

[5] Thus, the correct answer is option 2.

Redundant steps

~

Figure 1: An example from the QQA dataset. The
reasoning error solution has an error in step[2] where
the model confuses the concept of time period and time
point, resulting in a wrong answer. The incomplete
reasoning solution simply jumps to the final answer
after summarizing the problem, which is incomplete
and unreasonable. And the redundant steps generate too
much noise.

(RL)-based methods. Conventional SFT methods
rely on manually curated (Chern et al., 2023) or
knowledge-distillation (Yang et al., 2024a) reason-
ing datasets, yet their effectiveness is fundamen-
tally constrained by the quality and diversity of
training data, often resulting in limited generaliza-
tion capabilities. In contrast, RL-based approaches
have shown remarkable success in developing ad-
vanced reasoning capabilities (Jiang et al., 2024;
Min et al., 2024). The OpenAl ol framework
achieved doctoral-level mathematical reasoning
through large-scale RL training (Lightman et al.,
2024), while DeepSeek-R1-Zero revealed that pure
RL optimization without SFT can produce compet-
itive reasoning performance (DeepSeek-Al et al.,
2025). These breakthroughs establish RL as the
primary method for creating powerful reasoning
capabilities in LLMs.

Recent advancements in process-supervised RL
have demonstrated promising potential for achiev-
ing reasoning alignment through quantitative pro-
cess evaluation (Lightman et al., 2023; Luo et al.,



2023; Liang et al., 2024). This approach typically
involves training a process reward model (PRM)
that aggregates scores from multiple reasoning
chains to produce a unified assessment (Uesato
et al., 2022b; Lightman et al., 2023). However, ex-
isting process supervision methods solely focus on
the accuracy dimension of reasoning chains while
overlooking other critical factors such as reasoning
chain-length (Lightman et al., 2023). As illustrated
in Figure 1, reasoning chains that are inaccurate,
redundant (i.e., excessively long), or incomplete
(i.e., insufficiently short) may result in erroneous
outcomes. These observations motivate the devel-
opment of a multi-dimensional process supervision
framework that jointly optimizes the accuracy and
length of reasoning chains.

In this work, we propose Process-Supervised
Policy Optimization (PSPO*), a novel method for
process supervision in LLMs. In PSPO*, we inno-
vatively propose that the accumulation function F
needs to consider both reasoning accuracy (o) and
reasoning chain length (/) dimensions to compute
reward scores, i.e., F ~ («,!). Furthermore, our
analysis reveals that reasoning steps at different
positions contribute distinctly to the final reasoning
outcome (e.g., initial steps that restate the prob-
lem have a limited impact), and reasoning chains
typically maintain a reasonable range. We pro-
pose incorporating this prior knowledge into the
final reward computation through nonlinear reward
shaping.

To validate the effectiveness of the proposed
methods, we instantiate the PSPO* method with
adjustable Weibull distribution reward shaping
(WRS), termed PSPO-WRS. In PSPO-WRS, to
comprehensively consider the impact of both rea-
soning accuracy and chain length on the overall
reward, we compute the final reward score by
multiplying individual step rewards and normal-
izing them with respect to the number of steps
(eq. 5). Furthermore, we leverage prior knowl-
edge from process supervision to construct an ad-
justable Weibull distribution, which is integrated
into reward shaping to enhance the nonlinear char-
acteristics of reward scores (eq. 6). Experimental
results demonstrate that PSPO-WRS achieves supe-
rior performance across various datasets, validating
the effectiveness of the PSPO* paradigm.

Our main contributions are as follows:

* We propose a dual-dimensional nonlin-
ear process-supervised policy optimization

method, PSPO*, that considers both reasoning
accuracy and chain length in its accumulation
function for reward computation.

* We introduce nonlinear reward shaping to in-
corporate reasoning-related prior knowledge
into reward computation, including position-
dependent step importance and reasonable
chain length constraints.

* We develop PSPO-WRS, a concrete imple-
mentation of PSPO* using Weibull distribu-
tion reward shaping, which achieves superior
performance across multiple datasets and vali-
dates our hypothesis about reward nonlinear-
ity in reasoning alignment.

2 Related Works
2.1 LLM Alignment Techniques

LLMs have demonstrated remarkable reasoning ca-
pabilities (Yang et al., 2023; Dubey et al., 2024a;
Yang et al., 2024b; DeepSeek-Al et al., 2025), yet
they still face challenges such as misunderstanding
instructions, making logical errors, and providing
inaccurate information. This has made LLM align-
ment a critical research focus (Wang et al., 2023b).
The traditional Reinforcement Learning from Hu-
man Feedback (RLHF) framework (Ouyang et al.,
2022) involves reward learning from human feed-
back followed by policy optimization using PPO
(Schulman et al., 2017). To address RLHF’s com-
plexity and instability, Direct Preference Optimiza-
tion (DPO) (Rafailov et al., 2023) was introduced,
simplifying the process through a classification loss.
Recent works like Reinforced Token Optimiza-
tion (RTO) (Zhong et al., 2024) have enhanced the
framework with token-wise rewards, while WPO
(Azar et al., 2024) revealed potential overfitting
issues in both RLHF and DPO due to their reliance
on ELo-score assumptions. In response to these
limitations, we propose the PSPO* method, which
incorporates step-level pointwise rewards and pol-
icy optimization for process supervision.

2.2 Process-based Reasoning Supervision

Recent advances in LLMs have shown signifi-
cant improvements in multi-step reasoning tasks
through approaches like Chain of Thought (CoT)
and Tree of Thought (ToT) (Cobbe et al., 2021;
Wei et al., 2023; Yao et al., 2023). These methods
enhance reasoning abilities by decomposing com-
plex problems into manageable steps, particularly
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Figure 2: Analysis of reasoning chain length on GSM8K
and AwpNLI datasets. Token length analysis on the
GSMSK dataset shows increased verbosity in LLM out-
puts compared to gold standard solutions. Analysis of
reasoning steps on AwpNLI dataset revealing reduced
step count in LLM solutions compared to human anno-
tations.

effective in mathematical reasoning (Kojima et al.,
2023). Research by Uesato et al. (2022a) and Light-
man et al. (2023) introduced process-supervised
reward models, demonstrating their necessity in en-
suring correct reasoning steps and preventing false
positives. Step-DPO (Lai et al., 2024) further re-
fined this approach by optimizing individual reason-
ing steps, though it requires extensive supervised
data. To address this limitation, Zhang et al. (2024)
developed ReST-MCTS*, integrating process re-
ward guidance with tree search for higher-quality
reasoning traces. Building upon these advances, we
propose PSPO-WRS, which implements nonlinear
reward shaping using adjusted Weibull distribution
to better identify and reinforce critical reasoning
behaviors.

3 PSPO*: An Effective Method for
Process Supervision

3.1 Motivation and Overview

Process supervision proposed by Lightman et al.
(2023), aims to improve LLMSs’ reasoning capabil-
ities by rewarding the model for generating accu-
rate intermediate reasoning steps. However, exist-
ing methods focus exclusively on the accuracy of
reasoning steps while overlooking the impact of
reasoning chain length. For instance, redundant
reasoning chains that repeatedly restate previous
steps can still receive high rewards under current
accuracy-focused approaches, despite being subop-
timal. Our empirical studies demonstrate that this
single-dimensional optimization causes models to
generate either redundant or incomplete reasoning
chains.

On the GSMS8K dataset, we observe a signifi-

cant increase in reasoning chain length after train-
ing Qwen2.5 and LLaMA?3.1-8B using traditional
PSM methods. While the gold standard solutions
average 292.9 in chain length, Qwen2.5 generates
longer chains averaging 351.9, and LLaMA3.1-8B
produces chains with 412.9 in length, as shown
in 2(a). Human analysis reveals that this increased
length primarily stems from two patterns: unneces-
sary repetition of the problem statement and redun-
dant restatement of previous reasoning steps.

The issue of shortened reasoning chains be-
comes evident in our experiments on the AwpNLI
dataset. After training LLaMA3.1-8B and Abel-
7B using traditional PSM methods, both models
exhibit reduced reasoning steps. As illustrated
in 2(b), human-annotated solutions contain an av-
erage of 3.7 reasoning steps (113 tokens), whereas
LLaMA3.1-8B and Abel-7B typically generate
only 2 steps (43 and 52 tokens, respectively). Hu-
man analysis shows that models often simply re-
state the problem and jump directly to the answer.
(Detailed experimental settings are provided in Ap-
pendix B)

These findings highlight a critical limitation in
current process-supervised methods: the lack of
consideration for reasoning chain length results in
models producing either excessively long or overly
short reasoning chains. To address these issues, we
propose PSPO*, which explicitly incorporates both
accuracy and reasoning chain length as optimiza-
tion objectives.

3.2 The PSPO* Algorithm
3.2.1 Process Supervision Preliminary

The process supervision based on human feedback
primarily consists of two stages: learning the re-
ward model and optimizing the policy based on the
learned reward model (Azar et al., 2024).

In the process of training the reward model, an-
notators need to determine whether each reasoning
step is negative, neutral, or positive, and corre-
spondingly select from [-1, 0, 1] (Lightman et al.,
2023; Ma et al., 2023). These annotated data are
then used to train the reward model to accurately
classify the quality of reasoning steps. These anno-
tated data are then used to train the reward model,
which will output a reward score R* for the k-th
reasoning step during the PPO training process. A
detailed description of the reward model training
process is provided in Appendix A.



3.2.2 Dual-dimension Accumulation Function

The score Ry, for the current k-th reasoning step
only reflects the quality of that individual step and
not the whole reasoning process. In process super-
vision, the reward for the whole reasoning process
can only be evaluated by accumulating the scores
of all reasoning steps. We define the overall reward
score for the whole reasoning process as R(x,y),
and let F be the accumulation function. In previ-
ous studies, the construction of the reward function
typically only considered the impact of accuracy
for the overall reward score R(x,y) in the reason-
ing chains (Lightman et al., 2023). For instance,
Lightman et al. (2023) proposed that using the prod-
uct of the reward scores for each reasoning step as
the accumulation function F, thereby modeling
the overall reward score for the entire reasoning
process, as follows:

t

R(l‘,y) = HP(yJ = 1|'Tj7y£re)'
j=1

However, when the number of reasoning steps is
not fixed, the overall reward score is influenced
by the number of reasoning steps. As the correct-
ness probability is decimal, the more steps involved
in reasoning, the smaller the product of probabil-
ities, resulting in lower rewards, which leads to a
tendency for the policy to subsequently generate
fewer reasoning steps.

Our contribution lies in proposing that, the ac-
cumulation function F should simultaneously ac-
count for both the accuracy and the length of rea-
soning chains in process supervision. Specifically,
we define the length of reasoning chains by the
number of steps in the reasoning process, then:

R(az,y) :‘F(R17R277Rt)7 (1)

where ¢ denotes the total number of reasoning steps.
Through the accumulation function F in Equa-
tion 1, we calculate the final reward by jointly
considering both the accuracy and length of the
reasoning chain.

3.2.3 Non-linear Reward Shaping

The objective of process supervision is to optimize
the policy function m € A(x,y) through the over-
all reward score R(x,y) of the reasoning process,
thereby maximizing the expected reward. Simulta-
neously, it aims to minimize the KL divergence be-
tween 7 and the reference policy 7. € A(x,y):

J(T[‘) = EW[R(xvy) - BDKL(TF || ﬂref)]a (2)

where [ is a hyperparameter used to limit the dif-
ference between the new and reference policies,
balancing the exploration and exploitation of the
policy.

A key contribution of our work is the introduc-
tion of nonlinear reward shaping to refine the ac-
cumulation function. In process supervision, to
enable the policy to better distinguish critical be-
haviors, we propose to apply nonlinear reward
shaping. Nonlinear functions allow us to assign
different weights to reasoning steps based on their
relative importance. For example, the first reason-
ing step, which typically restates the problem, may
have high accuracy but contributes less to the final
score, thus deserving a lower weight. Conversely,
critical reasoning steps that significantly impact the
final outcome should receive higher weights. The
final policy optimization is:

J(m) = Ex[RsR(2,y) = BDk (7 || Trep)], (3)

where R is a nonlinear function used for re-
ward shaping. Specifically, the method proposed
by Lightman et al. (2023) can be viewed as a sim-
plified version of the PSPO* paradigm. In their
method, the value for reward shaping is specifically
set to 1, and the construction of the accumulation
function does not take into account the impact of
the length of reasoning chains on the reward score.

In the next section, we utilize the prior knowl-
edge from process supervision to perform nonlinear
reward shaping using the adjusted Weibull distribu-
tion, demonstrating the validity of this view.

4 PSPO-WRS: Process-supervised Policy
Optimization with Nonlinear Reward
Shaping

In process supervision, there is a nonlinear relation-
ship between the number of reasoning steps and the
overall reward score. The goal of the CoT reason-
ing is typically to solve the problem while minimiz-
ing computational complexity (Wei et al., 2022).
Fewer reasoning steps imply higher efficiency, but
this does not always correlate with higher accuracy
or correctness. Conversely, a reasoning process
with more steps might achieve greater accuracy,
but at the cost of lower efficiency. Based on this
prior knowledge, we employ the Adjusted Weibull
distribution to shape the rewards for the number of
reasoning steps. The reward shaping function is as
follows:

okt
Ry=Cx5(5)4 e , (4)



The relationship between the number of solution steps and the coefficient
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Figure 3: The adjusted Weibull distribution. Prameter
settings are: C' = 10.735, k = 1.5, and A = 8.0.

where C' is a constant coefficient used to adjust
the overall reward score, A is the scale parameter,
which determines the spread of the distribution, and
k is the shape parameter, which dictates the shape
of the distribution.

Additionally, for the accumulation function F,
to eliminate the linear trend and account for the
number of reasoning steps, we standardized the
step count based on the method proposed by Light-
man et al. (2023), specifically:

t
F=[]]PW =127,93, 1" (5
j=1

Finally, we propose process supervision based
on adjusted Weibull Reward Shaping (PSPO-
WRS):

J(m) = Ex[RsF — BDg (7 || Trep)].  (6)

The PSPO-WRS introduces nonlinear reward shap-
ing, integrating both the accuracy and the length
of reasoning chains into process supervision. In
the experimental section, we will demonstrate the
effectiveness of PSPO-WRS.

5 Experimental Results

5.1 Experimental Setups

Datasets For training the Reward Model, we uti-
lize the PRM-800K dataset (Lightman et al., 2023).
Upon analysis, we observe that the dataset is pre-
dominantly composed of steps labeled as "1". To
address this data imbalance, we employ an over-
sampling strategy where steps labeled as "0" and "-
1" are duplicated 2-3 times to ensure a balanced dis-
tribution. For comprehensive evaluation of model
capabilities, we employ GSM8K (Cobbe et al.,
2021), MATH (Hendrycks et al., 2021b), AIME24,
and GPQA (Rein et al., 2023), CEval (Huang et al.,
2023), MMLU (Hendrycks et al., 2021a) datasets.

Metrics and Parameters setting We systemat-
ically evaluated the performance of our proposed
approach across all benchmark datasets through
the OpenCompass (Contributors, 2023) evaluation
framework. We employ Llama3.1-8B (Dubey et al.,
2024b), Qwen2.5-7B (Yang et al., 2024b) and
DeepSeek-MATH-7b-base (Shao et al., 2024) as
the backbone models. The reward model is trained
on the BERT-large (Devlin et al., 2019) due to its
proven efficacy in classification tasks (Gao et al.,
2023). We trained the reward model over 3 epochs
with a learning rate of 2e-5, a warmup rate of 0.05,
and a maximum sequence length of 1024. PPO
training uses Lora (Hu et al., 2022) with a learning
rate of 1.41e-5 and a maximum of 1024 tokens. On
5000 entries, each epoch averages 55 hours on four
NVIDIA A100 GPUs. In our PSPO-WRS method,
the parameters are set as follows: C' = 10.735,
k = 1.5, and A = 8.0. The function distribution is
illustrated in Figure 3.

5.2 Overall Results

Main Results. We present our main experimen-
tal results in Table 1, where we evaluate our pro-
posed PSPO-WRS method across three different
backbone models (Llama3.1-8B (Dubey et al.,
2024b), Qwen2.5-7B (Yang et al., 2024b) and
DeepSeek-MATH-7b (Shao et al., 2024)) on six
diverse datasets. The evaluation datasets consist of
four mathematical reasoning benchmarks (GSM8K,
MATH, GPQA, and AIME24) and two general
knowledge benchmarks (CEval and MMLU).

As shown in Table 1, our PSPO-WRS method
demonstrates consistent improvements, particularly
on the MATH benchmark across all backbone mod-
els. Taking DeepSeek-MATH as an example, our
method achieves a 16.24% absolute improvement
(from 11.10% to 27.34%) on MATH compared to
the backbone model. Similar substantial gains on
MATH are observed with Llama3.1 (11.16% im-
provement) and Qwen2.5 (17.82% improvement
from base model), demonstrating the effectiveness
of our approach in enhancing complex mathemati-
cal reasoning capabilities.

When compared to the process-supervised
method (PSM) Lightman et al. (2023), PSPO-WRS
shows competitive results across different bench-
marks. While both methods demonstrate improve-
ments over their respective base models, PSPO-
WRS exhibits particularly strong performance on
complex mathematical reasoning tasks, especially
the MATH benchmark. For instance, DeepSeek-



Models MATH AIME24 GSM8K GPQA CEval MMLU Average
Llama3.1-8B 7.56% 0/30 56.41% 8.08% 455% 27.6% 24.19%
Llama3.1-PSM 16.06% 1/30 70.89% 9.09% 48.6% 28.7% 29.45%
Llama3.1-PSPO 18.72% 1/30 71.19% 10.10% 47.4% 27.8% 29.76%
Qwen2.5-7B 8.98% 3/30 79.68% 20.20% 67.2% 61.8% 41.31%
Qwen2.5-PSM 23.51% 4/30 7438% 20.71% 482% 422% 37.06%
Qwen2.5-PSPO 26.80% 4/30 72.78% 21.21% 49.7% 442% 38.00%
DeepSeek-MATH-7B 11.10% 0/30 76.42% 16.16% 52.0% 27.8% 30.58%
DeepSeek-MATH-PSM 21.50% 1/30 81.73% 8.59% 52.0% 27.7% 32.48%
DeepSeek-MATH-PSPO 27.34% 2/30 7817% 12.12% 521% 269% 33.88%

Table 1: Performance comparison on mathematical reasoning benchmarks. PSM denotes models trained with the
process-supervised reinforcement learning method proposed by Lightman et al. (2023), while PSPO represents
models trained with our PSPO-WRS method. Both methods are built upon their respective base models. All
experimental results are obtained using OpenCompass prompts in our independent evaluation.

Method Avg Steps  ASteps | Avg Length ALength
(Steps)  (vs. Gold) | (tokens) (vs. Gold)
Gold 3.7 292.9 -
Baseline 4.8 +1.1 351.9 +59.0
PSM 4.7 +1.0 920.6 +627.7
PSPO 4.3 +0.6 365.6 +73.0

Table 2: Comparison of reasoning chain steps and length
across different method variants on GSM8K. A repre-
sents the absolute difference from the Gold standard.
Lower values indicate better alignment with Gold.

MATH-PSPO achieves 27.34% on MATH, out-
performing DeepSeek-MATH-PSM’s 21.50%. On
GSMSK, while PSM shows slightly higher scores
in some cases, PSPO-WRS maintains competitive
performance while generating more concise and
reasonable-length reasoning chains (which will be
empirically demonstrated in the following exper-
imental analysis). This suggests that our dual-
dimensional optimization strategy effectively en-
hances mathematical reasoning capabilities while
promoting more appropriate reasoning processes.

On general knowledge benchmarks (CEval and
MMLU), PSPO-WRS maintains performance com-
parable to the baseline models, with slight varia-
tions across different backbones. This indicates
that our method’s focus on optimizing mathemat-
ical reasoning does not significantly impact the
model’s general knowledge capabilities.

Analysis of Reasoning Chain Length. To ana-
lyze whether PSPO-WRS helps models generate
more reasonable-length reasoning chains, we exam-
ine the reasoning chains produced by Qwen2.5-7B
(baseline), Qwen2.5-PSM (PSM), and Qwen2.5-

-PSM - Baseline

Percentage (%)

T 2 3 4 5 6 7 8 9

Number of Steps

(a) Distribution of number of reasoning steps.

-PSM - Baseline

Percentage (%)

175 275 376 475 575 6/5 7/5 8756 975 1075

Chain Length (tokens)

(b) Distribution of reasoning chain lengths.

Figure 4: Distribution analysis of reasoning steps and
reasoning chain lengths.

PSPO (PSPO) on the GSM8K dataset '. We com-
pare their reasoning chains with the standard solu-
tions from the dataset in terms of the number of
reasoning steps and chain length.

As shown in Figure 4(a), the distribution of rea-
soning steps reveals that PSPO generates solutions
with step counts more closely aligned with the
standard solutions. The baseline and PSM mod-
els both show tendencies toward generating redun-
dant reasoning chains, though to different degrees.

!The standard solution is provided in the GSM8K dataset
from OpenCompass.
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Figure 5: Performance comparison on numerical under-
standing benchmarks. Our PSPO-WRS method, built
upon Abel-7B, consistently outperforms baseline mod-
els across all six datasets that test LLMs’ numerical
sensitivity. See Appendix C.3 for detailed numerical
results.

Figure 4(b) demonstrates the length differences
between generated chains and standard solutions,
where PSPO shows the most similar distribution
to the standard solutions, indicating its generated
chain lengths consistently match the standard solu-
tions more closely across all problems.

The quantitative results in Table 2 further sup-
port these observations. PSPO generates chains av-
eraging 4.3 steps, differing by only 0.6 steps from
the gold standard solutions (3.7 steps), while base-
line and PSM models show larger deviations of 1.1
and 1.0 steps, respectively. In terms of chain length,
PSPO’s reasoning chains (365.6 tokens) show a
moderate deviation of 73.0 tokens from gold stan-
dard solutions (292.9 tokens), significantly better
than PSM which deviates by 627.7 tokens, and
comparable to the baseline’s deviation of 59.0 to-
kens. Notably, although the baseline model appears
to have a closer average length to the gold standard,
its length distribution tends to skew towards shorter
chains, indicating that the baseline model is more
prone to generating incomplete reasoning steps.

These comprehensive analyses confirm that
PSPO effectively guides the model to generate rea-
soning chains with more reasonable lengths.

5.3 Extension to Numerical Reasoning

To further validate the effectiveness of PSPO-WRS
beyond mathematical reasoning tasks, we extend
our evaluation to a broader range of tasks that re-
quire numerical understanding. We conduct ex-
periments on six datasets that focus on numerical

sensitivity in natural language understanding pro-
posed by Chen et al. (2023): AwpNLI, NewsNLI,
RedditNLI, RTE-Quant, StressTest, and QQA. De-
tailed descriptions of these datasets and experimen-
tal settings can be found in Appendix C.

Figure 5 presents the performance comparison
between our PSPO-WRS and several strong base-
line models. Building upon the Abel-7B (Chern
et al., 2023), PSPO demonstrates superior perfor-
mance on AwWpNLI, NewsNLI, RedditNLI, RTE-
Quant, StressTest, and QQA benchmarks. The con-
sistent improvements in these six datasets demon-
strate that our process-supervised optimization ap-
proach is effective not only in mathematical logical
reasoning tasks but also in numerical sensitivity
related reasoning tasks.

These results demonstrate that PSPO’s benefits
extend beyond traditional mathematical reasoning
tasks to broader numerical understanding scenarios,
suggesting its potential as a general approach for
enhancing models’ numerical reasoning capabili-
ties.

PSPO-WRS exhibits exceptional performance
even when compared with ultra LLMs. We
conducted a comparative analysis of PSPO-WRS
against mainstream ultra LLMs, as detailed in Fig-
ure 6. Across all evaluated datasets, the PSPO-
WRS significantly outperformed GPT-3.5 (Ouyang
et al., 2022). Relative to GLM4 (Zeng et al., 2024),
our model showed slightly weaker performance on
the NewsNLI dataset, yet exhibited superior perfor-
mance on other datasets. Against the more robust
reasoning capabilities of Qwen2-72B (Yang et al.,
2024a), PSPO-WRS also showed its strengths in
the AWPNLI dataset and demonstrated compara-
ble performance on additional datasets. Notably,
although the baseline model Abel-7B (Chern et al.,
2023) of PSPO-WRS is far outperformed by these
ultra LLMs in terms of raw performance, our pro-
cess supervision method effectively bridges this
gap, showcasing its efficacy.

5.4 Ablation Analysis

It is necessary to incorporate the length of rea-
soning chains into process supervision through
nonlinear rewards. Our ablation study confirms
that process supervision depends not only on the ac-
curacy of the reasoning chain but also on its length,
and introduces nonlinear rewards accordingly. Fur-
ther analysis of Figure 7 and Figure 8 reveals that
without nonlinear rewards, the probability of the
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Figure 6: The results compared with ultra LLMs. It is
noteworthy that our model outperforms ultra LLMs in
most scenarios with only 7B parameters.

policy generating a particular reasoning process
significantly decreases as the number of steps in-
creases. Additionally, the reward scores for higher
reasoning steps also diminish. However, the incor-
poration of nonlinear rewards mitigates this phe-
nomenon.

Figure 7 demonstrates that without nonlinear
rewards, the average reward score for reasoning
chains declines once the number of steps exceeds
three. This decline suggests that overlooking step
count in process supervision can reduce overall
reward scores, even when each step is accurately
executed, due to simple multiplicative effects. Con-
sequently, models may favor generating shorter
reasoning processes.

Conversely, as shown in Figure 8, after intro-
ducing nonlinear rewards, although the model still
tends to generate multiple three-step reasoning pro-
cesses, the proportion of reasoning processes with
more steps has significantly increased. This phe-
nomenon aligns with the prior knowledge incorpo-
rated during the reward shaping process. Further-
more, the model consistently yields high-scoring
reasoning processes across different step counts,
demonstrating its adaptability to tasks with vari-
able reasoning lengths.

Process supervision is nonlinear. To understand
the impact of our nonlinearity module, we con-
ducted an ablation study by comparing PSPO with
process-supervised RL, as shown in Table 1. Note
that PSPO degenerates to PRM when the nonlin-
earity module is removed since process-supervised
RL (Lightman et al., 2023) can be viewed as a spe-
cial case of our method. The comparison demon-
strates that incorporating nonlinear rewards con-
sistently improves performance across all evalu-
ated datasets. For instance, on the MATH dataset,
the nonlinearity module brings improvements of
2.66%, 3.29%, and 5.84% for Llama3.1, Qwen2.5,
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Figure 7: The relationship between the length of reason-
ing chains and rewards when nonlinearity is not incor-
porated into the reward scores of the reasoning process.
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Figure 8: The relationship between the length of rea-
soning chains and rewards when nonlinearity is incor-
porated into the reward scores of the reasoning process.

and DeepSeek-MATH respectively. These results
highlight that nonlinear reward modeling plays a
crucial role in effective process supervision.

6 Conclusion

In this paper, we substantiate the critical role of
accuracy and length of reasoning chains in enhanc-
ing process supervision and show that reasoning-
related prior knowledge can benefit the reasoning
chains. Inspired by these insights, we propose a
novel process supervision method, PSPO*, which
incorporates both accuracy and length into pro-
cess supervision computation through accumula-
tion functions, while leveraging nonlinear reward
shaping to encode reasoning-related prior knowl-
edge. As an instantiation of the PSPO* method, we
introduce PSPO-WRS, which leverages an adjusted
Weibull distribution for nonlinear reward shaping.
The experimental results confirm our hypothesis
and demonstrate that our method enables various
LLMs to generate more accurate reasoning chains
with appropriate lengths and shows consistent ef-
fectiveness across different reasoning tasks.



Limitations and Future Works

Alternative Constructions of Nonlinear Func-
tions The current implementation of PSPO uti-
lizes an adjusted Weibull distribution function as its
instantiation, which has demonstrated promising re-
sults across various reasoning tasks. However, this
represents only one possible formulation among
numerous potential mathematical functions. The
choice of instantiation function is critical as it di-
rectly influences the optimization dynamics and the
resulting reasoning behavior. Future research could
systematically explore alternative functional forms
to potentially discover more optimal implementa-
tions of PSPO.

Automatic Data-Driven Prior Knowledge Mod-
eling Another limitation lies in our current ap-
proach to incorporating prior knowledge about rea-
soning step importance. While we recognize that
reasoning steps at different positions contribute
differently to the final outcome (e.g., problem re-
statement steps having a limited impact) and that
there exists a reasonable range for chain length,
our current method relies on manually designed
prior distributions. This manual design process
may not generalize well across diverse reasoning
datasets, as different tasks may exhibit distinct pat-
terns in terms of optimal reasoning step distribution
and importance. Future work should explore au-
tomated methods to learn and model these prior
distributions directly from specific datasets to cap-
ture dataset-specific reasoning patterns more effec-
tively.

Ethics Statement

This work focuses on improving the reasoning pro-
cess of large language models through process su-
pervision and does not present any increased risks
of harm beyond the existing norms of language
model research. The associated risks include the
potential for models to generate inaccurate reason-
ing chains, which we explicitly address through our
multi-dimensional supervision approach. While
our method aims to enhance reasoning capabili-
ties, we acknowledge that the underlying language
models may still contain inherent biases from their
pre-training data. However, such concerns are miti-
gated in our work as we primarily focus on quan-
titative reasoning tasks with verifiable solutions,
rather than open-ended generation tasks that could
potentially produce harmful content.
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A Detailed Process of Reward Model
Training

In the process of training the outcome-supervised
reward models (ORMs), annotators are required
to distinguish between human-preferred and non-
preferred responses in the candidate responses for
a given input (Ouyang et al., 2022). Based on this
annotated data, researchers typically employ the
Bradley-Terry model to construct a classification
model and subsequently train the reward model
using pairwise loss (Wang et al., 2023b; Rafailov
et al., 2023). For a given context z and action y,
the Bradley-Terry model represents the preference
function p(y., > y;) as a sigmoid of the difference
of rewards:

p(yw =Y ’ x) - U(?“(.%',yw) - T(mvyl))v

where o (-) denotes the sigmoid function and plays
the role of normalization, r(z,y) denotes the
pointwise reward of y given z, y,, denotes the
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stocks nifty future call today: Sensex Weak and Nifty flat, Today best stock trading call on 3 Sept,

statementl £ oo ity future stock tips, BHEL , Tata motor gain

Sensex and Nifty up, 2 sept Nifty stock market trading tips and top nifty gainers and losers on

statement2
Monday, Indian stock market tips today ~ stocks nifty future call today

options [ Entaiment | [ Contradiction | | Neutral |

[1] . In statement 1, it mentions that Sensex is weak and Nifty is flat, and provides trading tips for BHEL and Tata
Motors, while in statement 2, it says that Sensex and Nifty are up and gives trading tips for the stock market, but
no specific mention of BHEL or Tata Motors is made.

[@IoI)] @ Notsure? []

[2].. Given the differences in the information presented, we cannot determine if the information in statement 2
can be inferred from statement 1.

@ @ @ @ notsure? [

[3] . Therefore, the answer is option 3: neutral, as the hypothesis cannot be determined based on the given
premise.

@ @ @ @ nNotsure? [

Figure 9: The data annotation approach for PRM. Un-
like ORM, the annotation approach of PRM cannot
generate pairwise preference data, thus precluding the
use of the Bradley-Terry method for training the reward
model.

human-preferred responses and y; denotes the
non-preferred responses. Given the dataset D =
(i, Yw,i > ym)f\;l one can learn the reward func-
tion by optimizing the following logistic regression
loss:

L(z) = =By y)~plog(p(yw = v | )]

In the process of training the PRMs, annotators
are required to assess the correctness of each step
in the model-generated solutions. Specifically, as
illustrated in Figure 9, annotators typically need
to determine whether the current reasoning step is
negative, neutral, or positive, and correspondingly
select from [-1, 0, 1] (Lightman et al., 2023; Ma
et al., 2023). These annotated data are subsequently
used to train the reward model, thereby enhancing
its capability to distinguish and classify negative,
neutral, and positive steps. However, due to the
absence of pairwise comparison data regarding hu-
man preferences in this process, the Bradley-Terry
model cannot be employed to construct a classifica-
tion model. Here we redefine the training process
of PRM.

In light of the coherence of reasoning steps, eval-
uating the accuracy of the k-th reasoning step y*
necessitates the simultaneous consideration of the
input x and the preceding k reasoning steps y}’,fre
as context. The reward model maps these inputs to
an n-dimensional vector z, which encompasses the
scores or raw outputs for each category. Formally,
this can be represented as:

(N

where 6 denotes the parameters of the reward
model, and r(-) denotes the reward model. We em-
ploy an activation function to transform the model

2 =1(x, Yhe, v 0),
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Abel-7B (Chern et al., 2023) 55.82% 50.75% 47.20% 56.67% 30.87% 48.14%
Llama3.1-8B (Dubey et al., 2024a) 66.18% 62.91% 39.60% 48.93% 13.04% 50.62%
Qwen2-7B-chat (Yang et al., 2024a) 54.90% 54.93% 40.00% 21.13% 27.32% 46.30%
CN-PPO (Liang et al., 2024) 82.35% 61.97% 63.20% 63.52% 46.30% 48.77%
PSPO (Ours) 86.76 % 64.91% 67.60 % 71.57 % 52.29% 54.70 %

Table 3: Performance comparison on numerical understanding benchmarks. Our PSPO method, built upon Abel-7B,
consistently outperforms baseline models across all six datasets that test LLMs’ numerical sensitivity.

outputs into a probability distribution:

p(zi) = o(2), (8)

where p(z;) denotes represents the probability that
the current step belongs to category i, and o(-)
denotes the activation function, which is typically
the softmax function:

e
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where n denotes the total number of categories.
The training of reward models typically employs
the cross-entropy loss function to quantify the di-
vergence between the predicted probability distri-
bution and the true labels. Let z denote the one-hot
encoded vector of the true labels. The training
process is then formulated as follows:

softmax(z;) =

€)

N
L(0) = ~E(yy)~pl > _ zlog(p(z:))].

=1

(10)

Ultimately, the reward model r(z,y%, ., y*) pre-
dicts the probabilities of the current reasoning step
y belonging to various categories. The probability
assigned to the positive category is then used as
the reward score for the current reasoning step, as
follows:

RE = p(ziz1), (11)

where R¥ denotes the reward score of the k-th rea-
soning step.

B Detailed Analysis on Reasoning Chain
Length

For GSM8K experiments, we trained Llama3.1-
8B (Dubey et al., 2024b), Qwen2.5-7B (Yang et al.,
2024b) using the process supervision method pro-
posed by Ma et al. (2023) with the PRM-800K
dataset. The models were then evaluated on the
GSMSK dataset for reasoning chain generation.
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We used the original step-by-step solutions pro-
vided in the GSMS8K dataset as our ground truth ref-
erence for length comparison. The reported lengths
are averaged across all samples in the test set.

For AwpNLI experiments, we trained the Abel-
7B (Chern et al., 2023) using the process super-
vision method from Ma et al. (2023) with the an-
notated data detailed in Appendix B. To facilitate
the quantitative analysis of reasoning steps, we re-
quired the model to explicitly number each gener-
ated reasoning step (e.g., [1], [2], ...). The standard
solutions were generated by GPT-4 and underwent
manual verification of reasoning steps.

C Experimental Details on Numerical
Reasoning

C.1 Human-data Collection for Training
Reward Model

Training a robust reward model requires a balanced
label distribution. While the steps generated by
GPT-3.5 predominantly feature positive labels, we
included additional reasoning step candidates from
other LLMs, such as Abel-7b, to provide more neg-
ative examples and achieve label balance. Human
labelers would evaluate the given steps by their cor-
rectness, and correct answers to the question are
provided as a reference. The statistics of datasets
are shown in Table 4.

Step Labelling Criteria Each reasoning step is
evaluated and assigned a label based on its correct-
ness: ‘positive’ (score of ‘1’), ‘neutral’ (score of
‘0’), and ‘negative’ (score of -1’). A step receives
a positive score if it accurately meets logical and
computational requirements, correctly interprets
the task, and contributes to deriving the correct
answer. A neutral score is awarded if the step is
correct but does not aid in reaching the correct
conclusion. Conversely, steps that contain logical,
computational, or factual inaccuracies, or are irrele-



Human labeled

Datasets  Cases Pos. Neu. Neg. Steps
AwpNLI 1622 4334 822 1669 7109
NewsNLI 1643 3358 910 2870 7502
RedditNLI 1152 3074 507 958 4674
RTE_Quant 1324 3363 290 914 4817
StressTest 1369 2598 723 1921 5696
QQA 1394 3937 184 1778 6424

Table 4: The step data labeled by human annotators.
"Cases" is the number of solutions generated by models,
"Pos.", "Neu.", and "Neg." are the number of positive,
neutral, and negative labels after labeling, respectively,
"Steps" is the total number of reasoning steps taken to
solve all the questions in the dataset.

vant to the given context and question, are assigned
a negative score of -1.

C.2 Experimental Setups

Datasets We adopt the MATH dataset, which
includes AwpNLI, NewsNLI, RedditNLI, RTE-
Quant, StressTest, and QQA datasets as reported
by Chen et al. (2023). These datasets are further
expanded using the GPT-3.5 API, as detailed in
Table 4. The training dataset for the reward model
is primarily composed of data labeled as ‘1’. To
ensure a balanced dataset, steps labeled ‘0’ and ‘-1’
are replicated 2-3 times, yielding a final count of
16,587 positive, 11,072 neutral, and 16,236 nega-
tive steps. For evaluation, 20% of the dataset is
designated as test sets.

Metrics and Parameters setting The evaluation
metric utilized is the average micro-F1 score on
the test dataset because it balances precision and
recall, providing a more comprehensive measure
of model performance. We employ Abel-7B as the
baseline model, which has been fine-tuned on a
substantial portion of the MATH dataset for gener-
ating chain-of-thought reasoning in mathematical
problem-solving (Chern et al., 2023). The reward
model is trained on the BERT-large (Devlin et al.,
2019) due to its proven efficacy in classification
tasks (Gao et al., 2023). We trained the reward
model over 10 epochs with a learning rate of 2e-5,
a warmup rate of 0.05, and a maximum sequence
length of 256.PPO training uses Lora (Hu et al.,
2022) with a learning rate of 1.41e-5 and a maxi-
mum of 512 tokens. On a dataset of 5470 entries,
each epoch averages 55 hours on four NVIDIA
A100 GPUs. In our PSPO-WRS method, the pa-
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rameters are set as follows: C' = 10.735, k = 1.5,
and \ = 8.0.

C.3 Overall Results

Table 3 presents the performance comparison be-
tween our PSPO and several strong baseline mod-
els. Building upon the Abel-7B (Chern et al.,
2023), PSPO consistently outperforms all base-
lines across all six datasets. Notably, on the Aw-
pNLI dataset, PSPO-WRS achieves 86.76% accu-
racy, surpassing the previous best result (82.35%
by CN-PPO (Liang et al., 2024)) by 4.41%. Similar
improvements are observed across other datasets,
with particularly substantial gains on RTE-Quant
(71.57% vs. 63.52%) and RedditNLI (67.60% vs.
63.20%).
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