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Abstract

We study the in-context universal approxima-
tion and compositional generalization of softmax
Transformers. We prove an in-context universal-
ity result: a fixed-weight softmax Transformer ap-
proximates a broad class of continuous sequence-
to-sequence functions. Building on this universal-
ity, we establish a composition theorem: by con-
catenating prompts associated with simple “sub-
programs,” the same fixed Transformer executes
their composition, and thereby synthesizes more
complex programs on-the-fly. These results sup-
port a principled view of prompts as programs
and fixed-weight Transformers as program inter-
preters. Moreover, we provide a concrete mech-
anism by which GPT-style models both execute
and assemble algorithms in context.

1 Introduction

We study the general-purpose behavior of foundation mod-
els via in-context algorithm emulation and composition in
frozen-weight softmax Transformers. We prove two main
results: (i) an in-context universal approximation theorem
for softmax Transformers, and (ii) an in-context function
composition theorem showing prompt-level program assem-
bly and execution of the composite program in the same
frozen model. These results support a principled view of
prompts as programs and Transformers as program execu-
tors. They provide a concrete mechanism for foundation
models to both execute and assemble algorithms in-context.

Foundation models (large pretrained Transformers) show
a striking generality: a single pretrained model does many
tasks through prompt changes alone, with no gradient up-
dates (Radford et al., 2019; Brown et al., 2020; Wei et al.,
2022; Chowdhery et al., 2023). The community often calls
this in-context learning (Brown et al., 2020; Min et al.,
2022), but the term conflates weight-space learning with
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inference-time computation. Pretraining learns the model
weights. Let 0* denote the frozen weights after pretrain-
ing. Inference runs the fixed maps defined by 8* on prompt
inputs. Task specification therefore enters through the in-
put context, not through task-specific weight updates. The
prompt thus becomes the task interface. There is no explicit
learning at all.

To understand better, we present a spectrum of prompt-
conditioned computations organized by where the task pro-
cedure resides. This spectrum captures the majority of the
general-purpose behaviors of foundation models (Figure 1):

* Parametric recall' sits on one end. The prompt acts as
a query. The relevant skill or fact resides in 6*. Several
statistical analyses formalize this regime as fask identifica-
tion: the model matches the prompt to a latent pretrained
task and activates its predictor (Wies et al., 2023; Lin and
Lee, 2024).

+ Amortized in-context inference? sits in the middle. The
prompt supplies examples. The forward pass applies an
implicit inference rule encoded in 8*. Several analyses
formalize this regime as implicit inference: the model
treats the prompt as a dataset and implements an estima-
tor (e.g., implicit Bayes, least squares, or gradient-style
updates) (Xie et al., 2022; Garg et al., 2022; Akyiirek
et al., 2023; von Oswald et al., 2023; Bai et al., 2023; Li
et al., 2023).

+ Prompt-programmed execution’ sits on the other end.

Practical use cases: closed-book factual Q&A / knowledge
lookup (entities, dates, definitions), commonsense completions,
generic completion and editing (paragraph continuation, rewriting,
grammar/style fixes), and high-frequency pattern completion (e.g.,
boilerplate code snippets, common API idioms).

Practical use cases: few-shot classification/labeling (senti-
ment/intent, topic tags, NER), few-shot extraction into a target
schema (forms — JSON), learning domain-specific rubric from
scored examples (grading/triage), light calibration/regression from
demonstrations (ratings, prioritization), and “learn-the-rule-from-
examples” reasoning (the prompt defines the mapping implicitly).

3Practical use cases: multi-step reasoning with explicit scratch-
pads (math/logic, stepwise verification), planning and decompo-
sition (project plans, study plans, experimental protocols), con-
strained generation via explicit templates/DSLs (tables, JSON,
SQL, checklists), iterative refinement loops (draft — critique —
revise), and tool-oriented workflows where the prompt defines an
execution protocol (retrieve — compute — check — report).
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Figure 1. The Spectrum of Prompt-Conditioned Computations. We organize general-purpose behaviors by where the task procedure
resides. (1) Parametric Recall and (2) Amortized Inference (blue/purple) rely on fixed tasks or estimators encoded in the frozen weights
6™, the prompt serves only as a query or dataset. In contrast, (3) Prompt-Programmed Execution (red) encodes the algorithm in the
prompt (Py), treating 0* as a universal interpreter. We address the theoretical gap in (3) by providing constructive proofs for in-context

universal approximation and function composition.

The prompt specifies a program: a procedure and a con-
text layout for inputs, tokens that store intermediate re-
sults, and outputs. Several programmability constructions
formalize this regime as prompt-as-program (Giannou
et al., 2023; Qiu et al., 2025; Hu et al., 2026).

The ultimate goal is to understand the full spectrum and
explain the general-purpose behavior of transformer foun-
dation models. However, most existing ICL theory only
targets the first two regimes. It explains how a frozen model
retrieves pretrained knowledge or applies a fixed inference
rule to in-context examples. These regimes yield generality
only within a task family because they keep the procedure
fixed in 6* and vary only the queried content or the in-
context data. This leaves the opposite end under-specified.
They do not explain prompt changes that specify new proce-
dures under one fixed 6*, or prompt-level modular assembly
of such procedures.

Theory still falls short of explaining this prompt-
programmable regime. A satisfactory theory of this end
should meet three requirements:

¢ It should use standard softmax attention.
* It should use one fixed set of model weights across tasks.

* It should provide a constructive and reusable prompt inter-
face that programs procedures and supports composition.

Existing theory satisfies only subsets. Several statistical
analyses isolate the parametric recall end. They formalize

prompting as task identification under a task distribution,
i.e., similarity-based pattern matching over latent tasks that
activates a pretrained predictor (Wies et al., 2023; Lin and
Lee, 2024). Other analyses target the amortized in-context
inference regime. They treat the prompt as examples and
characterize the implicit estimator executed by the forward
pass, with generalization or stability guarantees within a
task family (Xie et al., 2022; Garg et al., 2022; Li et al.,
2023; Raventos et al., 2023). Complementary construc-
tions expose specific inference rules inside the forward pass
(e.g., least squares or gradient-style updates) (Akyiirek et al.,
2023; von Oswald et al., 2023; Bai et al., 2023). These
results keep the procedure template in #* and vary the
query or the in-context data. They leave the pure prompt-
programmed end under-specified.

Recent work makes progress toward the prompt-
programmed regime and formalizes prompt-as-program be-
havior (Wang et al., 2023; Giannou et al., 2023; Hu et al.,
2024a; Qiu et al., 2025). However, they all take an existen-
tial form and leave the constructions implicit*. They do not
yield a constructive, reusable prompt compiler or modular
composition guarantees for one frozen softmax Transformer.

*The only exception is Giannou et al. (2023). It gives
an explicit construction and establishes a Turing-completeness-
style programmability result. Differed from ours, its prompt-
programmability comes from building a Turning complete One-
Instruction Set Computer (OISC) with Transformer blocks to com-
pute SUBLEQ programs. Such construction require heavy archi-
tecture (13 layers Transformer block) and looped operation.
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Moreover, a shared limitation cuts across these lines: many
proofs replace softmax attention with tractable surrogates
(e.g., linear, ReL.U or hardmax attention) (von Oswald et al.,
2023; Bai et al., 2023; Ahn et al., 2023; Qiu et al., 2025).
Collectively, these gaps leave open systematic prompt pro-
gramming of a frozen softmax Transformer for diverse com-
putations and their modular assembly. We target this gap in
this paper.

We now define our scope. Specifically, we study in-context
algorithm emulation and prompt-level composition of soft-
max Transformer models. Let Tj denote the sequence-to-
sequence map implemented by a Transformer with weights
0. We use function, algorithm, and program to refer to
sequence-to-sequence procedures. A program is a proce-
dure with intermediate results stored and reused across steps.

* We formalize in-context algorithm emulation as follows:
for a target procedure f, a prompt Py induces the frozen
model Ty« to implement f on the non-prompt tokens, us-
ing designated scratchpad tokens for intermediate results.

* We formalize in-context composition as a prompt-level
construction that maps prompts for subprocedures (e.g.,
Py, P,) to a prompt for the composite procedure (e.g.,
Pyor), so that the same frozen model executes the com-
posite program with controlled error.

Contributions. Our contributions are three-fold:

* In-Context Universal Approximation. We prove that a
frozen softmax Transformer acts as an in-context univer-
sal approximator for continuous sequence-to-sequence
functions f. Specifically, we show that for any f on a
compact domain, there exists a specific prompt Py that
induces the frozen model to approximate f to arbitrary
precision (Theorem 3.1 and Theorem 3.2). This estab-
lishes that the softmax Transformer is sufficient for a
general-purpose computer.

* General Prompt-Programmable Algorithm Emula-
tion. We provide an algorithm emulation framework that
maps target function parameters into a prompt. Unlike
existential arguments, we construct the weight-encoding
matrices. These encodings allow the Transformer to in-
stantiate arbitrary feed-forward networks (Lemma 3.1)
and multi-head attention (Lemma 3.4) from the context.
This grounds the view of the prompt as machine code and
the Transformer as an interpreter.

* In-Context Function Composition. We establish in-
context function composition, proving the frozen model
executes sequential subroutines rather than just parallel
tasks. We analyze two regimes: single completion (The-
orem 4.1), which executes m subroutines in one pass
(requiring depth linear in m), and re-prompting (Theo-
rem 4.2), which supports arbitrary function composition
with a fixed-depth model via iterative interaction.

Together, these results extend the scope of provable general-
purpose in-context learning. We move beyond the “attention-
implementable” algorithms of (Hu et al., 2026) to arbitrary
computable functions, and beyond single-task prompting
to multi-step task composition. By showing how a frozen
Transformer serve as a universal and composable in-context
learner, our work takes a step closer to explaining the ob-
served general-purpose ability of foundation models. Ulti-
mately, this line of inquiry lays the theoretical groundwork
for understanding foundation models not just as pattern-
matching engines, but as versatile in-context computers
capable of implementing an unlimited range of algorithms
via prompting.

Organizations. Section 2 covers preliminaries. Section 3
demonstrates how the Prompt-Program Execution perspec-
tive leads to the in-context universality. Section 4 presents
two results of function composition. Section 5 summarizes
the theoretical results and contextualizes the contributions
to in-context learning in more detail. We include the related
work in Section A and detailed proofs in Section D.

Notations. We use N7 to denote the set of positive inte-
gers, and for n € NT, we let [n] = {1,2,...,n}. We
use lowercase letters for vectors, and uppercase letters
for matrices. For X € R?*", X; . denotes the i-th row,
and X. ;.; denotes the sub-matrix consisting of columns
i through j, where ¢ < j and ¢,j € [n]. We write
1, € R for the all-ones vector. For X € R%*" we de-
fine || X ||oo = max;c(q) je[n) | Xi;]- and || X, denotes the
entry-wise £, norm.

2 Preliminaries
In Section 2.1, we lay out the ideas we built on.
2.1 Functions, Algorithms, and Programs

A function f specifies input-output behavior, an algorithm
specifies a procedure that realizes that behavior, program
provides a finite description of that procedure. In this paper,
we focus on the program consist of algorithms and dataset.
We state guarantees at the level of functions because our
metrics compare outputs. We treat the prompt itself as
the program text: after fixing weights 6*, we define the
semantics of a prompt P by fp(X) £ Tp- (P, X), ie.,
the output of the frozen Transformer on the concatenated
sequence (P, X). Our constructions build Py by compiling
a finite description of the target computation into tokens,
so the prompt carries parameters and wiring rather than
serving as an unconstrained continuous parameter vector.
Our composition theorem then supplies a modular assembly
rule: it constructs a prompt for g o f from reusable pieces
Py and P,, and it controls both prompt-length growth and
error propagation.
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2.2 Transformers

This section introduces the Transformer architecture and the
distance metric between two sequence-to-sequence maps.
Part of our notation follows (Kajitsuka and Sato, 2023).

Definition 2.1 (Attention Layer). For =z =
[z1,%2,...,74] € R we define os(-) as the softmax
Sfunction with inverse temperature 3

o ew(Br) ew(B)
#2) [Zj’zlexpmxj)’ ’z;tlexp(ﬁxj)] W

Let X € R¥" be the input sequence. We define an H-head
self-attention layer Attn(-) as

H
Attn(X) =Y WE- WX - o(WiX)TWEX),

h=1

where og applies column-wise softmax as defined in (1),
Wh e Rioxdv Wit e RV*4, and Wi, Wl € R4
are the weight matrices. For an l-layer multi-head at-
tention module, we denote it as Attn;. Finally, we de-
note the attention layer with a residual connection as
Attn™(X) = X + Attn(X).

Definition 2.2 (Feed-Forward Layer). Let X € R?*" be the
input sequence. Then, we define a two-layer feed-forward
neural network as

FF(X) == Wy - ReLUW X + b1 1)) + bo1,)

where W1 € R™% Wy € R¥*" are weight matrices, and
by € R” and by € R are biases. We also define some
notations for later convenience. For j € [r] and k € [d], de-
fine the augmented row vectors wy ; := [(Wh)].; (b1),] €
R and wa i := [(Wa)).; (b2)x] € R™HY, and define
Enc(w) = O-w Lw - (n—~1)w . @

w w DR w
Let W1 j := Enc(wy ;) and Wo j, := Enc(wa ).
We then restate the distance metric between two sequence-

to-sequence functions from (Kajitsuka and Sato, 2023).

Definition 2.3 (Distance between Sequence-to-Sequence
Functions). Let || - ||, (1 < p < 00) be the element-wise £,
matrix norm. We define the distance between two functions
fl;f2 . Rdxn — Rdxn by

d(f1, f2) = ( / 1£2(5) — Fo(3)|2AX)3.

2.3 Two Routes of Transformer UAP

In this work, we establish two ways to achieve constructive
in-context UAP for Transformers under minimal assump-
tions on data or target function:

* Contextual Mapping. Prior works (Yun et al., 2020a;
Kajitsuka and Sato, 2023) establish the theoretical foun-
dation for attention as contextual mappings. Kajitsuka
and Sato (2023) shows that one-layer hardmax attention
does not realize such mappings, while one-layer softmax
attention does.

¢ Attention-as-Selector. In contrast, Hu et al. (2025)
proves the softmax-attention UAP using an interpolation
view. They treat softmax as a hardmax selector over the
interpolation points, allowing the model to approximate
functions without feed-forward networks.

Presenting both routes demonstrates that our results do not
hinge on a single temperature regime of softmax. There exist
several transformer universal approximation results. How-
ever, they impose stronger assumptions beyond the continu-
ous target function we consider here (Takakura and Suzuki,
2023; Jiang and Li, 2024). Takakura and Suzuki (2023) fur-
ther assumes infinite sequences and a shift-invariant input
distribution. See Section A for a detailed discussion.

3 In-Context Universal Approximation

This section proves our in-context universality result: a
frozen softmax attention module approximates any contin-
uous sequence-to-sequence function by changing the in-
put prompt. We present two complementary constructions.
Section 3.1 follows a contextual mapping perspective: by
invoking the transformer universal approximation ability
(Kajitsuka and Sato, 2023), we approximate the two-layer
transformer in context; hence, we obtain an in-context ap-
proximation of any continuous function. Section 3.2 follows
a selection perspective: we approximate an attention-only
universal approximator (Hu et al., 2025) in context, then
obtain an in-context approximation for arbitrary continuous
sequence-to-sequence functions.

3.1 Attention-as-Contextual-Mapping Route

To approximate the target function f, we approximate the
surrogate Transformer structure FF5 o Attng™® o FF; (Ka-
jitsuka and Sato, 2023, Proposition 1, or reference to Theo-
rem C.1). We construct a six-layer attention-only module
that processes the data X alongside a parameter encoding
of FF1, FF5 and Attng™.

While recent work show that attention approximate fixed
FFNs (Hu et al., 2025), in-context learning requires a more
dynamic capability. The model must not merely approx-
imate one function, but must allow the prompt to define
which function is applied. In the following lemma, we
prove that a frozen attention layer approximates a FFN in
context. By encoding the weights Wrp directly into the
prompt, the attention mechanism instantiates the specific
FFN defined by those weights on the fly. We also allow an
auxiliary block Z to flow through module unchanged, since
later composition requires persistent scratchpad tokens.
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Lemma 3.1 (Attention Approximates Feed-Forward Neural
Network In Context). Let X € R**™ be the input sequence,
and let Wrr be the weight of a feed-forward neural network
FF. We assume || X || < Bx and |Wrr|loo < Bw Let
Z € RY2X" be a matrix containing an identity matrix I,
withn < dgz. Assume ||Z| o < Bz for some constant
Bz > 0. Then, for every €1 > 0, there exists a 2-layer
self-attention Attns such that

X
FF(X
Jasena( | Wi ) - |5 1 < e
Z
where Wggp is in the form of Wrygp =

[WlTla e WlTT’ WQTD e W;AT € R2(2dr+d+r)xn
with each W defined in Definition 2.2.

Proof Sketch. To approximate the first hidden layer of the
ReLU neural network in context, we use a one-layer multi-
head attention model constructed from Corollary C.4.1.
Moreover, we introduce an extra attention head to bring
the portion of the input that should remain unchanged to the
next layer. Please see Section D.1 for a detailed proof. [

Note that in the above lemma we allow an auxiliary block Z
to flow through module unchanged, since later composition
requires persistent scratchpad tokens. It is straightforward to
have another version of lemma without an auxiliary block.

Lemma 3.2 (Attention Approximates Feed-Forward Neural
Network In Context). Under the same setting of Lemma 3.1,
for every ea > 0, there exists a 2-layer multi-head self-
attention layer Attng such that

| Attns MiJ) ~FF(X)[| < €.

Proof. Please see Section D.2 for a detailed proof. O

Next, we emulate the single-head attention with a residual
component Attngy®. We first introduce the input format
modified from Hu et al. (2026); see also Definition C.2.
Definition 3.1 (Vectorization). For any matrix W € RP*5,
we define W = vec(W) € RP® such that W ;_y),,; =
Wij foralli € [p] and j € [s].

Definition 3.1 equals stacking the row vectors of a matrix
into a single column vector.

Definition 3.2 (Input Prompt for In-Context Emulation
of Multi-Head Attention). Let X € RIX™ be the input
sequence. Let W}é,Wg € R¥nxd gng Wt € Rivd
be the weight matrices of the h-th head in the target
H-head attention. We define the concatenation wy, =
(Wi Wey; Wy ] € RICUT) and

W), = Enc(wy,) € R24(2dn+dv)xn

where Enc(-) is defined in (2). Then, the input prompt for
the in-context emulation of a multi-head attention specified
by Wk, Wg, Wi is
m . T
xp=[x" w' Wy I .
Now we show that a 2-layer attention emulates single-head

attention with a residual connection in-context. We again
retain an arbitrary auxiliary block Z unchanged.

Lemma 3.3 (In-Context Emulation of Single-Head At-
tention with a Residual Connection and a Flow-Through
Component). Let X € RY*" be the input sequence and
Z € Ri2x7 Let X, € RUH2dCdntd)+0)X1 o the input
prompt from Definition 3.2 with H = 1, and set the free
parameter dy — d. Assume || X |00 < Bx, ||Z]lcc < Bz
and | WX oo, 1WA X oo, [WX [loe < Bicqu for some
Bx,Bz,Bkqv > 0. Then, for any ez > 0, there exists a
two-layer multi-head attention network Attng such that
res
asena(| 7)) - 475 ) 1 < o

Proof Sketch. To propagate Z through the attention mod-
ule, we add an auxiliary head in each layer and exploit the
I,, in X,,. Concretely, we choose the value projection to
read Z, and the key/query projections to read [,,. With an
appropriate choice of 3, the resulting attention weights con-
centrate on the diagonal, so this head propagates Z. Please
see Section D.3 for a detailed proof. O

We now assemble the complete six-layer module by stack-
ing Lemma 3.1, Lemma 3.3, and Lemma 3.2. This yields an
attention-only, in-context universal approximator for contin-
uous functions.

Theorem 3.1 (In-Context Universal Approximation by
Transformer). Let X € RI¥" be the input sequence.
Let Wyp,, Wrr, be the weight encodings for two feed-
forward neural networks ¥¥1,FFs as in Lemma 3.1. Let
Wagtnres be the weight encoding for a single-head self-
attention, as in Definition 3.2 with H = 1. Define W =

T .
[Weg, VVATml;es I, Wgg,] . Let f be any continu-
ous function defined on a compact domain C C R¥", for
any € > 0, there exists a six-layer attention Attng such that

e |y 100 <

Proof. Please see Section D.4 for a detailed proof. O

Remark 3.1 (Explicit Construction of W for Function f).
As in the introduction, a satisfactory theory of the prompt-
programmable regime should provide a constructive and
reusable prompt interface. Theorem 3.1 gives out the spe-
cific structure of the prompt. The parameters of any target
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function is serialized into token embeddings (W) that the
frozen attention reads and executes. We further give the
explicit construction of W that depends on function f at
Remark D.1, based on (Hu et al., 2024b, Theorem G.1, G.2).

3.2 Attention-as-Selector Route

In this section, we refine our strategy by removing the de-
pendence on the feed-forward emulator. We aim to approx-
imate a sequence-to-sequence function f by emulating a
multi-head, pure attention network 7" from Hu et al. (2025,
Theorem G.1, or reference to Theorem C.2).

For that purpose, we extend our single-head emulator (
Lemma 3.3) to the multi-head setting by encoding a multi-
head attention layer’s parameters into the prompt.

Lemma 3.4 (In-Context Emulation of Multi-Head At-
tention). Let X € R9*" be the input sequence. Let
Attn : R¥>*" — RIVX" he an H-head attention speci-
fied by WI’QWg € R4 gnd Wh € R&v>4 Assume
Wi X oo, IWEX oo, WP Xlloe < Brqv for some

Brqv > 0. Then, for any €4 > 0, there exists a two-layer
attention network Attng such that

||Attn2(X;,“) — Attn(X)Hoo S €4,
where X' = (XT, Wi, JWp, 1,]" (Definition 3.2).

Proof. Please see Section D.5 for a detailed proof. O

Corollary 3.1.1 (In-Context Emulation of Multi-Head At-
tention with Flow-Through Component). Let Z € Réz*n
be any matrix satisfying || Z||oo < Bz for some constant
Bz > 0. Under the same setting of Lemma 3.4, for any
€5 > 0, there exists a two-layer attention Attns such that

jasena(| 7 ) - 5 e <

Proof. Please see Section D.6 for a detailed proof. O

We now construct the full emulator. The target surrogate 7'
has four layers. We emulate the first three layers by using
Corollary 3.1.1 (to pass weights forward) and the fourth
layer by Lemma 3.4.

Definition 3.3 (Input Prompt for In-Context UAP via Se-
lector Route). Consider the four-layer attention network T,
for layer i € [4], let H; be the number of heads, and for
each head j € [H;), let Wj’ be the weight-encoding matrix
of the j-th head in the i-th attention layer, constructed as
Wy, in Definition 3.2. Also, let X, be the augmented input

X 0d><1
X,=| I, 0px| € RE@nHDx(+1)
O1><n 1

Finally, we define the full prompt as the vertical concatena-
tion of X, and four layer-wise weight blocks:

.
X, = |xT wk' wz' wg' W;ﬂ :

wehre Wk .= (W) T, | (VV}IL)T7 I T

Finally, the next theorem states that a fixed 8-layer atten-
tion module is an in-context universal approximator for any
continuous sequence-to-sequence function.

Theorem 3.2 (In-Context Universal Approximation by At-
tention-Only Transformer). Let C C R4*™ be a compact
domain of input sequences, and f : C — R¥>™ be a con-
tinuous sequence-to-sequence function. Let X be the input
sequence. Then, for any € > 0, there exists an eight-layer
multi-head attention network Attng such that

dp(Attng(X,): 1, F(X)) <€,
where )?p follows Definition 3.3.

Proof. Please see Section D.7 for a detailed proof. O

Remark 3.2 (Explicit Construction of W for Function f).
Again, we recall the reusable and constructive prompt inter-
face proposed in the introduction. Theorem 3.2 provides the
reusable prompt format W that encodes the weights of the
attention network T'. At Remark D.2, given a target function
f, we restate the explicit weight construction provided by
Hu et al. (2025).

3.3 Discussion

Comparison of Two Routes Results. While both routes
achieve in-context universality, they offer distinct theoret-
ical insights. The first route relies on the contextual map-
ping view, demonstrating that attention emulate the standard
Transformer architecture (FFN + Attention) in-context. The
second route adopts the interpolation view, proving that
even a pure attention architecture without FFNs suffices for
in-context universality.

Comparison with Existing Works. Li et al. (2025) study in-
context universal approximation in the Amortized In-Context
Inference spectrum. We study Prompt-Programmed Exe-
cution. Our setting does not infer a function from exam-
ples, and this setting matches the zero-shot mode of LLM:
the prompt contains instructions or algorithmic steps but
no input-output examples. Secondly, they focus on scalar
prediction R? — R, while we study sequence-to-sequence
functions. Another line of work (Petrov et al., 2024b) proves
that pretrained Transformers approximate smooth continu-
ous functions on a hypersphere via prefix-tuning. In contrast,
we only assume continuous functions on compact domains.
Furthermore, their prompt is an interpolation table, not a
reusable procedure that leads to function composition, as
later shown in Section 4.
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4 In-Context Function Composition

We extend the in-context universal approximation theory to
prove the in-context function composition of attention-only
models. Recent works like (Xiong et al., 2024) characterize
Transformers as parallel processors executing independent
tasks. Algorithmic reasoning, however, demands sequen-
tial composition inherently, passing subroutine outputs to
subsequent inputs.

We move beyond the parallel regime to establish in-context
composition. Specifically, we consider two practical scenar-
ios for the day-to-day use of language models:

* Single completion: prompting a language model with
multiple sub-tasks in a single prompt, and

* Re-prompting: issuing a new prompt after each sub-task,
corresponding to a multi-turn interaction with the model.

These results provide clear mechanisms of the fixed weight
transformer generalization ability on various complex tasks.

4.1 Single Completion

We first formalize a “flow-through” version of Theorem 3.1,
which preserves an arbitrary flow-through block Z we want
it to be unchanged. This is the mechanism that preserves
the scratchpad tokens.

Lemma 4.1 (In-Context Universal Approximation with
Flow-Through Component). Let X € R¥*™ be the input
sequence. Let W be the weight encoding for a sequence-
to-sequence function f as in Theorem 3.1. Let Z € R4z*n
be an arbitrary matrix satisfying || Z||oo < Bz for Bz > 0.

Then, for any € > 0, there exists a six-layer multi-head
attention network Attng such that

d, (Attng( W ), {f(X)}) <e

Proof. Please see Section D.8§ for a detailed proof. O

We now compose m subroutines f1, ..., fi, by stacking the
six-layer emulator for m times. Intuitively, for i € [m],
the i-th stage reads W; from the prompt, applies f; to the
current data tokens, and forwards all remaining tokens for
later stages.

Theorem 4.1 (In-Context Composition: Single Completion).
Let X € RYX™ be the input sequence. Let F be a set of
continuous functions defined on a compact domain

F={f|f:C—C, CcR™"}

Consider a compositional function: fp, 0 fym—10---0f1(X),
where m € NT and f; € F. Let W; be the weight encoding

for f; as in Theorem 3.1. Then, for any € > 0, there exists a
6m-layer attention network Attng,, such that

X
Wh
dp(Attngn, (| W2 |), fm 0 fme1 00 fi(X)) <e.
Wi
Proof. Please see Section D.9 for a detailed proof. O

The depth grows linearly with the number of composed
subroutines (6m layers). This result implies that a fixed
weight and depth transformer has limited expressive power
for long programs in one shot.

4.2 Re-Prompting

We now keep the module depth fixed and instead re-run the
same frozen Attng after each sub-task. This mimics multi-
turn interactions with language models. Each call supplies
a new subroutine prompt W; and uses the previous output
as the next input.

Theorem 4.2 (In-Context Composition: Re-Prompting).
Let X € RI¥*"™ be the input sequence. Let Attng be the
frozen attention module from Theorem 3.1. Let F be a set
of continuous functions defined on a compact domain

F={f|f:C—=C CcR¥".

Consider a function composition of length m: f, o fra_1 0
---0 f1(X), wherem € NT and f; € F. Fori € [m], we
define the intermediate steps as

ci(X) = fi(cim1(X)),

/C\O (X) = X» /C\z(X) = AttnG( |:/C\ZVl[/(le):| )7

co(X) =X,

where W; is the weight encoding for f; as in Theorem 3.1.
Then, for any € > 0, we have
dp(cr(X),a(X)) < e

where t € [m] U {0}.

Proof. Please see Section D.10 for a detailed proof. O

Theorem 4.2 formalizes a common LLM workflow: solve a
hard task by prompting step-by-step. Each round provides
a new instruction and uses the previous output as the new
context. Our result shows that this multi-turn execution
supports arbitrarily long compositions without increasing
model depth. Hence, a fixed-depth model has the ability to
solve arbitrarily complex function compositions.

Comparison with Existing Works. Xiong et al. (2024) rely
on the ReLU-transformer framework from Bai et al. (2023)
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and define tasks via input-output datasets, our results apply
to the standard softmax Transformer and utilize prompts
like rules, code, and algorithmic specifications (our weight
encoding is an abstraction of the program) instead of just
a dataset. Conceptually, whereas (Xiong et al., 2024) em-
phasizes parallel multi-task behavior, our results target the
composition of sequential tasks.

5 Conclusion and Discussion

Section 3 and Section 4 establish two capabilities of a single
frozen softmax Transformer: (i) prompt-programmed uni-
versality, that is for any continuous sequence-to-sequence
function f, different input prompt Py makes the same model
approximate arbitrary f; and (ii) prompt-level composition,
i.e., prompts for subroutines are assembled so the model
executes their function composition either in one-shot (with
depth growth) or across turns (with fixed depth). We now
interpret these theorems through the lens of existing ICL
theory and clarify what conceptual gap they close.

Why existing theory typically satisfies only a sub-
set of desiderata?

To isolate what is missing in current theory, we state three
desiderata for a general-purpose in-context account:

1. Standard Softmax Attention (D1). Theorems and
proofs operate on ordinary softmax attention, not on
analytically convenient surrogates (e.g., linearized or
otherwise simplified attention dynamics).

2. One Frozen Model Across Tasks (D2). A single model
0* supports many different computations. Prompts carry
all task-specific information while weights remain fixed.

3. Constructive, Reusable Prompt Mechanism (D3). An
explicit “compiler” maps each target computation f to a
prompt Py, and a modular rule assembles prompts for
composite programs.

Under these desiderata, we make precise the statement that
“existing work typically satisfies only a subset” by examining
the dominant theoretical strands.

Notation. We write T} for the sequence-to-sequence map
computed by the Transformer with parameters 6. Given a
prompt P and an input X, we abbreviate the model output
on the concatenated sequence (P, X) as Ty (P, X).

Statistical-Learning/Pattern-Matching Analyses. These
works study a fixed learned predictor Tp(-) and analyze
generalization and/or behavior under assumptions on a dis-
tribution over tasks, inputs, or prompts, often in stylized ICL
settings (Li et al., 2023; Garg et al., 2022; Ahuja and Lopez-
Paz, 2023; Bhattamishra et al., 2024). They emphasize
distributional generalization of the learned mapping rather
than programmable re-targeting across arbitrarily specified

functions. As a result, they do not establish (D2)-(D3): they
do not exhibit a single §* that supports prompt-driven re-
targeting across a broad family of functions, and they do not
supply a reusable compilation procedure f — P;. More-
over, for analytic tractability, some mechanistic analyses
adopt simplified attention models (e.g., linear self-attention
(Von Oswald et al., 2023; Ahn et al., 2023)), so they address
(D1) only partially.

Task-Specific ICL as Forward-Pass Algorithm Execu-
tion. This line formalizes in-context learning as algorithm
execution in the forward pass. Typically, these works im-
plement the target algorithm in task-specific weights, while
the prompt supplies instances (e.g., training examples or
datasets) rather than a program description (Bai et al., 2023;
Akyiirek et al., 2023; Von Oswald et al., 2023).

Valgorithma, 36, st Ty, (D,z) = a(D,x),
where D denotes the in-context data/examples. Because 6,
varies with a, this framework violates (D2). It also omits
(D3): its prompts serve as data containers, not as program
encodings with a reusable compiler interface. Moreover,
many proofs again simplify attention dynamics, so they
resolve (D1) only partially (Von Oswald et al., 2023; Bai
etal., 2023).

Expressivity/Universality via Nonconstructive Existence.
Expressivity results often show that Transformers represent
rich function classes, but many rely on existential arguments
(Pérez et al., 2021; Wang et al., 2023; Hu et al., 2024a; Qiu
et al., 2024) or under unrealistic assumption on data or ar-
chitecture (Petrov et al., 2024b) that do not yield reusable
mechanisms. The general-purpose in-context regime re-
quires the reverse quantifier order:

360*, Vf, E|Pf S.t. Tg*(Pf,X) %f(X),
with model 6* fixed and prompts expressing task variation.
This quantifier swap explains why expressivity alone does
not explain prompt programmability with frozen weights.
Moreover, nonconstructive proofs omit a compiler f — Py
and omit a modular assembly rule for composites, so they do
not address (D3). When these results also replace softmax
attention with surrogates, they leave (D1) open (Pérez et al.,
2021; Qiu et al., 2024).

Where Our Results Fit. Our construction meets all three
desiderata. We operate with standard softmax attention
(D1). We fix a single model 6* and show that prompts steer
the model to realize broad function classes (D2). We also
provide an explicit prompt-to-program mechanism (D3).
In addition, our composition theorem strengthens the bare
existence of a prompt for g o f into a modular assembly
rule: it constructs Py, ¢ from reusable components Py and
P, and controls error propagation.
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Impact Statement

By the theoretical nature of this work, we do not anticipate
any negative social impact.
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A Related Work

In-Context Algorithm Emulation. Recently, Hu et al. (2026) take a first step toward the “one fixed model for many
programs” phenomenon by giving a provably correct minimal construction for in-context algorithm emulation with frozen
weights. Their key insight is that softmax attention can be forced, via prompt-induced query—key margins, to follow a
prescribed computation. This allows a fixed Transformer to emulate a library of attention-implementable algorithms by
changing only the prompt. However, that universality is limited to algorithms implementable by a fixed attention head, and it
supports only one program at a time. The present work pushes this frontier in two directions: from attention-implementable
programs to generic functions (via in-context universal approximation), and from one program at a time to program assembly
(via in-context composition).

In-Context Universal Approximation. Prior work by Li et al. (2025) develop a in-context universal approximation theory in
the example-conditioned regime. Their approach represents each target function as a linear combination of universal features,
then recovers the coefficients by a fixed transformer approximating the Lasso algorithm. This still fall into the “Amortized
in-context inference” setting in our introduction. We study the opposite end of the spectrum: prompt-programmed execution.
We do not infer a function from examples. The prompt encodes a procedure and the frozen model executes it as an interpreter.
This framing matches a common zero-shot mode of LLM usage: the prompt contains instructions, constraints, or algorithmic
steps but no input-output demonstrations, yet the model still performs well. Our function class and outputs also differ.
They focus on scalar prediction R? — R, while we study sequence-to-sequenc function. Finally, the prompt-programmed
viewpoint also makes functions/tasks composition natural as describe in Section 4, which match common LLM usage
patterns for multi-step tasks. A related line of work studies universality via prefix tuning. Petrov et al. (2024b) prove
pretrained transformer approximate smooth continuous function on a hypersphere through prefix tuning. Their construction
treats attention as kernel interpolation. The prefix encodes reference inputs and corresponding values (u;, f(u;)). The model
interpolates these values at a query point by similarity. In contrast, we consider continuous functions on general compact
domains and use a different prompt interface. Furthermore, their P is a interpolation table, not a reusable procedure related
to target function that naturally lead to functions/tasks composition as shown in Section 4. Specifically, the need to rebuild
the prefix vector containing (u;, g o f(u;)) that doesn’t reuse Py and P, as modular components as we do. Petrov et al.
(2024a) further extend the universal in-context approximation result to recurrent architectures.

In-Context Multi-Tasks/Functions Composition. Prior work by Xiong et al. (2024) study pretrained Transformers under
mixed-task demonstrations. One prompt contains input-output examples from several tasks, and the model solve multiple
tasks by different head of attention in one forward pass. They use the ReLU-transformer framework by Bai et al. (2023) as

12
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theoretical background. We address a different mechanism that reflects how LLM are used: frozen softmax Transformers
is in-context universal approximator when the prompt provides procedure descriptions like rules, code, and algorithmic
specifications (our “weight encoding” is a clean abstraction of this program text) instead of just dataset. We then extend to
show fixed transformer approximate arbitrary function composition in-context. This also mimics and explains the practical
multi-step workflows of LLM. Conceptually, whereas Xiong et al. (2024) emphasizes parallel multi-task behavior elicited
by mixing demonstrations in a single prompt, our results target sequential tasks composition.

Why Two In-Context UAP Routes? The distinction matters for how one should think about softmax. The first Transformer
UAP results view self-attention as a contextual- mapping and use feed-forward networks (FFNs) to map out function value.
Yun et al. (2020a) prove that standard Transformers approximate continuous permutation-equivariant sequence-to-sequence
functions on compact domains. With positional encodings, they extend universality beyond permutation equivariance.
Building on this view, Kajitsuka and Sato (2023) refine the contextual-mapping construction by analyzing softmax (rather
than as a hardmax proxy), showing that a single softmax attention layer with low-rank weight matrix suffices for contextual
mapping under their design, while one-layer hardmax attention does not. This reduces the depth needed in UAP constructions.
In contrast, the softmax-attention UAP by Hu et al. (2025) uses an interpolation view where softmax serves as a near-argmax
selector over interpolation points. Presenting both routes demonstrates that our results do not hinge on a single temperature
regime of softmax. Section 4 only needs an in-context emulator. Beyond existence-type universality, several works derive
quantitative approximation rates by restricting the target class. Takakura and Suzuki (2023) study sequence-to-sequence
function on infinite-length inputs and assume a shift-invariant input distribution together with shift-equivariant targets of
mixed/anisotropic smoothness. They obtain dimension-free rates under these regularity conditions. Jiang and Li (2024)
stablish Jackson-type approximation rates for single-layer, single-head Transformers by assuming finite measured complexity
on the target function to enable approximation rates analysis. Several works study Transformer expressiveness theory
beyond the standard architecture such as sparse transformer (Yun et al., 2020b) or probabilistic transformer (Kratsios, 2023).
Complementary lines study what self-attention can or cannot represent, not limited to generic seq-to-seq function classes
(Bhojanapalli et al., 2020; Likhosherstov et al., 2023; Edelman et al., 2022).

13
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B Notation Table

Table 1. Notations and Symbols

Notation

Description

A

a
0,

52

A
A
A

4,41

Lowercase letters for vectors
Uppercase letters for matrices

i-th row of A

i-th column of A

Sub-matrix of columns 7 through j
d dimensional all-ones vector

Set of real numbers
Set of positive integers
[n] ={1,2,...,n}
Compact domain

Token dimension
Length of input sequence
Number of attention heads

X =[21,...,2,]

Ti

Matrix of input sequence
i-th token (column) of X

[l]]2
1 X[l
X oo

dp(f1, f2)

{5 norm of =
Entry-wise £, norm of X
[ X|loc = max; ; | Xij]

([ I1(X) = fo(X)|2dX) 7

1 {condition}

The indicator

op
ReLU
FF
Attny
Attnr®

Softmax with inverse temperature

ReLU activation

Feed-forward layer

l-layer self-attention

Single head self-attention with a residual connection
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C Supplementary Theoretical Backgrounds

C.1 Universal Approximation of Transformer and Attention-Only Model

We state the universal approximation result from (Kajitsuka and Sato, 2023; Hu et al., 2025; Su et al., 2025).
Theorem C.1 (Transformers Universal Approximation, Corollary G.2.1 of (Su et al., 2025)). Let T2 denote the class of
two-layer Transformers with self-attention and positional encoding:

To = {g : R>" 5 R" | g(X) = FFy 0 Attn™ o FFy(X + E,), E, € R},

where FF1, FFy and Attn.* are feed-forward neural network layers and a single-head self-attention layer as defined in
Definitions 2.1 and 2.2, respectively. For 1 < p < oo, let distance d,(-,-) be defined as in Definition 2.3. Then, for any
continuous function f defined on a compact domain C € R**", and e, > 0, there exists a Transformer g € T such that

dp(fa g) < €u-

Theorem C.2 (Sequence-to-Sequence Universal Approximation of Multi-Head Softmax Attention, Theorem G.1 of (Hu
etal., 2025)). Let 1 < p < oo. Let C C R4*™ be a compact domain of input sequences. Let f : C — RI¥*™ be a continuous
sequence-to-sequence function. Let X, € R+ X(+1) be the augmented input

X 0d><1
Xo=| In  Opxi| € REFFDx(HL),
len 1

Then, for any € > 0, there exists a network T' composed of four multi-head attention layers such that

dP(T(Xa):,lzm f(X)) < €.

C.2 In-Context Emulation

We state the approximation of a single-head self-attention from (Hu et al., 2026).

Definition C.1 (Vectorization). For any matrix W € RP*5, we define W = vec(W) € RP® such that Wiiitysr; = Wij
foralli € [p|and j € [s].

Definition C.2 (Input Prompt for In-Context Emulation of Attention, Definition 4.1 of (Hu et al., 2026)). Let X € R4*x"

be the input sequence, and let Wi, W € R¥*4 Wy, € R *4 be the weight matrices of the target attention head to be
emulated. Define the vectorizations

Wy = vec(Wi) € R¥" W, = vec(Wg) € R¥"| W, = vec(Wy) € R*V,
and
w = [EK;EQQEV] c Rd(thﬁ.dv)’

where w is the concatenation of W e, W o, Wy, Finally, define the extended input X, for the in-context emulation of the
attention head specified by Wi, Wq, Wy, as

X
Xp = VVYI Wlth Win = Ow 1 " w 2w T (n_ 1) "w c RQd(th-'rdv)Xn.
n

Theorem C.3 (In-Context Emulation of Attention, Theorem 4.1 of (Hu et al., 2026)). Let X € R%*™ be the input sequence,
and let Wi € R¥*4 W, € RUXd Wy, € R ¥4 be the weight matrices of the target attention head we wish to emulate
in-context. Assume |WikX| oo, [WoX | o, [WvX|loo < Bxgv where Bixgv > 0. Then, for any €. > 0, there exists a

two-layer attention network — a multi-head attention layer Attn followed by a single-head attention layer Attng — such
that

|Attng o Attn(X,) — Wy X - o5(WrX) TWoX)|eo < €,

where X, is the prompt defined in Definition C.2.

15
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C.3 In-Context Approximation of Truncated Linear Model

We first define the truncated linear function and the truncated linear model.

Definition C.3 (Truncated Linear Function). We define the truncated linear function as follows:

z < a,
Rangey, ;) (z) = (2 a <z <b,
b b

Intuitively, the truncated linear function is a segment of a linear function, with the output value ranging from a to b.

Definition C.4 (Truncated Linear Model). Define a truncated linear model as Range, ;) (w'x +t), where w € RYis a
learnable weight and t € R is a bias.

Then, we restate the in-context approximation of the truncated linear model from Hu et al. (2026).

Theorem C.4 (Multi-Head Attention Approximates Truncated Linear Models In Context, Theorem B.1 of (Hu et al., 2026)).
Let X € R¥™ be the input. Fix real numbers a < b, and let the truncation operator Range, 3 (+) follow Definition C.3.
Let wg denote the linear coefficient of the in-context truncated linear model. Define W as

W, = |:0w5 Trws -+ (n71)~ws €R2d><n.
W Wg e Wg

For a precision parameter p > n with e = O(1/p), number of head H = p/(n — 2) there exists a single-layer, H-head
self-attention Attn with a linear transformation A : R — RGAXn - gyeh thar Attn'? o A : RIXn — Rdoxn
satisfies, for any i € [n)],

X

b —
||Atth o A( |:W§:| ):,i - Range[a,b] (w;r ;

zi)e, lloo < max{lal, I} - o+ v
—

interpolation error

finite-3 softmax error

Here ez is the one-hot vector with a 1 at position k;-th index and O elsewhere, and

ki = G(k;) € [d,), with k= argmin (—2x; w; — 2t; + Lo + L) - k,
ke{0,1,,p—1}

where G : [p| — [d,] denotes any set-to-constant function sending each selected interpolation index k; into an appropriate
integer k; € [d,)] fori € [n].

Proof. For completeness, we restate the necessary step for later modifications. Define A : R¥*" — RBd+n)xn for the
input sequence X as

X
A(X) — I34 X + 03daxn = |W,| € R(SdJrn)Xn.
On x3d Ws In T
token-wise linear positional encoding

Thus, A is a token-wise linear layer augmented with positional encoding, as it applies a linear projection to each token and
then adds a unique per-token bias. Please refer to the original proof for the remaining details. [
We extend the above theorem as follows for later use.

Corollary C.4.1. Let X € R**™ be the input. Fix real numbers a < b, and let the truncation operator Range, (+) follow

Definition C.3. For total l truncated linear models,let w; denote the linear coefficient of the j-th in-context truncated linear
model. Define W; as

W 0O-w; 1wy -+ (n—1) wj c R2dxn

16
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where j € [l]. For a precision parameter p > n with ¢ = O(1/p), number of head H = p/(n — 2) there exists a single-layer,
H-head self-attention Attn® such that Attn® : R(AO+20+n)xn _ Rdoxn sarisfies, for any i € [n] and j € [l],

X
Wy
Wa b—
H T a
At (|7 )~ Ramer (0] a2)e, oo < max{lal, ) - co + 7"
. _/_/
finite-3 softmax error S——
Wl interpolation error
L In -
Here e is the one-hot vector with a 1 at position Ei-th index and 0 elsewhere, and

ki = G(k;) € [d,), with k= argmin (—2x; w; — 2t; + Lo + L) - k,
ke{0,1,-,p—1}

where G : [p| — [d,] denotes any set-to-constant function sending each selected interpolation index k; into an appropriate
integer k; € [d,)] fori € [n].

Proof. Modify the affine linear map A in the original proof to a linear one A; : R(A+20)+n)xn _y R(Bd+n)xn gych that

X X
W1 Wl
Wo Iy Ogx(2di4n) W, X y
Aj- | .| = |Odxag-1)+d) T2d Oax@da—g+n) | = | . | = |W; € RBd+n)xn_
: Onxdi+1) In : I,
Wl Wl
_In_ _In_

That is, A; picks out W.

Note that since the input already contains I,,, the linear transformation A, is just a linear projection instead of an affine map
used to add I,, to the output. This linear transformation A; is combined with the linear projection of the key, query, and
value matrices of attention.

Then, we follow the same proof of Theorem C.4 to complete the proof. O

17
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D Proofs of Main Text
D.1 Proof of Lemma 3.1

Lemma D.1 (Lemma 3.1 Restated: Attention Approximates Feed-Forward Neural Network In Context). Let X € RX"
be the input sequence, and let Wgr be the weight of a feed-forward neural network FF. We assume || X ||oc < Bx and
|Werlloo < Bw Let Z € R¥*2*" be a matrix containing an identity matrix I,, with n < dz. Assume ||Z|| o < By for
some constant Bz > 0. Then, for every €1 > 0, there exists a 2-layer self-attention Attny such that

X
FF(X
Jasena( | Wi ) - [*F5Y] 1 < e
Z
where W is in the form of Wyp = [Wy, - W Wy, ,W;d]T € R2Qdr+dtr)xn yyith oach W defined in

Definition 2.2.

Proof. The proof consists of three steps: (1) We rewrite W7 x; + by as an inner product by augmenting each token, and we fix
a truncation range using (By, B,,) to obtain ReLU activation. (2) We apply Corollary C.4.1 and sum over j € [r] to obtain
an in-context approximation of the first hidden layer of the ReLU neural network h; := ReLU(Wjx;+b;). We further use an

extra single-head attention to plus the part of matrix we want to flow through this first layer attention ([Wg,l, ceey /V\V/Qd, Z)).
(3) We repeat the same in-context construction for the affine map Wh, 4 ba (with another augmentation), then we propagate
the stage-1 error through Ws.

For the convenience of presentation, we use Attns.o o Attns ; to denote the two layers of Attns.

Step 1. We first denote the j-th row of Wy as wy ; € R<. For each token i € [n], define the augmented input

7, {aﬂ ERML X o= []fi;] € RU+Dxn

and for each hidden row j € [r], define

Ty o= | Wl d+1
w1,] — |:(b1)j:| S R .
Then oy ;T; = w{ ;z; + (b1);.

We use elementwise || - || . Hence for u, v € R™ we have |17 v| < m||u]|so||0]|sc. With [|24]|ce < Bx. [|Zillee < Bx :=
max{Bx, 1}, and |1 j|lcc < Bw, we get for all 4, j,

@) 7| < (d+ D)]|@5]l0l|Filloo < (d+ 1)Bx By
Define
By := (d+ 1)BxBy.

Then ReLU(w] ;7;) = Rangey, p,) (@, ;7;) for all 4, j.
Step 2: Approximate The Hidden Activation ReLU(W;x;+b;) In-Context. For each j € [r], define the weight-encoding
block (same pattern as Corollary C.4.1, with dimension d + 1)

~ 0-wy,; 1l-wy,; - (n—1)-w,
W, = »J 1,5 1,5 2(d+1)xn
1,5 -— o D W1 . €R ’
’LUL] ’(1)1’] U)LJ

By Corollary C.4.1, With a = 0 and b = By, for each j € [r] there exists an H;-head module Attnf ' o A; such that for all

18
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1 € [n],

T By
Attn!r (| 2]y, — T 3)ell <B S S
H n; ( o ), Range[oﬂgl](wl,jx )e]HOO < Bieg + (n—

WQ,T
Z

Summing over j € [r] yields a (H; - r)-head attention module that satisfies

X
Wia

B,

o < ith =B —
oo <m  with 1 1€0 + (n —2)H,

H ZAttnfl( Kl,r L RQLU(Wlxl + bl) (3)
Jj=1

Wor "™ | O@der+1)+dz)xn
Wa.q

VA

This completes the in-context approximation of the first hidden layer. However, we still need to build another attention into
this layer’s multi-head attention module to flow the [/V‘[?QJ, cee Wg)d, Z] for later layer use. In the proof of Lemma 3.3 in
Section D.3, we know there exist an attention layer exactly copy the identity matrix I,, (see Equations (18) to (25)), and
also exist an attention layer approximate Attn(Z) = Z (see Equations (26) to (29)). Since Z contain I,,, we represent Z as
Z = [Z1, I, Z3]. We use singel-head attention to copy I,,, another head to flow [WQJ, cee WZ,d; Z1], and another head to
flow Zs.

In summary, there exists a 3-head attention Attn® such that

X
Wl,l -N 0d><n
. W2710'g2(fn)
(3) Wl,r — |~ :
Attn' ( /VV2,1 ) Wa.q0p,(I,) |
. 210/32(In)
- I,
WQ,d L Z2052 (In) h
L Z ]
and the error is, by (55)
- X’_ -
Wi
: Qii/xn
T e (n—1)
At [y | e <m By, Bw)——— ) — o, 4
H n ( Wg’l ) e || =N max( Z> W)eﬁ2—|—(n—1) Yt ()
) Wa 4
o Z
Wa 4
L Z ]
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Combining with (3), there exists an (H; - r + 3)-head attention Attny ; such that

ReLU(W, X + by)
X W2,1
| Attng.; (| Wer | ). — : Moo < max (11, Naow)-
Z Wo.a
Z

Step 3: Second-Layer Attention and The Three-Term Error Bound. We write h; := ReLU(Wjz; + b;) and keep
h; € R" for the output of the ReLU-approximation heads from Step 2. We construct Attns 5 to implement the in-context
affine map on input h;.

Denote the output of the first-layer Attns.; as Uinpus and define the ideal input as Ujgeal

h h
Wa,104, (In) Waa
Uinput = , Uideal := :
Wa,a0g, (1) Waa
Zog,(In) Z
From (4), we have
U, U < Bw, B n-t 5
|| input — idcal”oo = nmaX{ W Z}m =: Mfow- ( )
Assume Attng o is L-Lipschitz under element-wise || - ||o: for any two inputs U, V' of matching shape,
[[Attng o (U) — Attng o(V)|loo < LU — V| o- (6)
Apply (6) with U = Usyput and V' = Ujgea) and combine with (5):
| Attno.o (Uinput) — Attnoo(Uideal) |loo < L Now- @)

Again like in step 2, we implement by by augmenting the hidden state with a constant 1. We achieve this through the Wy,
matrix in the attention to extract constant from Z (the I,, sub-block). Define the augmented hidden vector

711' = E1:| S RT—’_I.

Now we bound the linear model for later choose the a,b in truncated linear model properly. From Step 1 we have
[[2i]loo < Bi, and from (3) we have ||h; — h;||oo < 71. Hence

[hilloo < Bi+m = ||hilloe < max{B; +m,1} =: By.

For each k € [d], define ws . := [(W2),; (b2)r] € R™H1, so @;kﬁi = (Wah; + ba)i. With elementwise || - ||oo and
w2,k|loc < Bw,

(@3 hil < (r+ 1)@,k lloo[[Billoo < (r+1)Bw B
Set

By = (7‘ + 1)ng1.
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Apply Corollary C.4.1 with dimension (r 4+ 1), ] = d, and [a, b] = [—Ba, B2] to the input Ujge,. We obtain a multi-head
attention module Attns.o such that for all ¢ € [n],
Wah; + by) 2B,
Attng o (U .'—( 274 2 < =B _— 8
[|Attns.o (Videal): i [ Oy loo < 12, P 2€0 + (n— 21, 8)
For each i € [n],
[Wa(hi — hi)llse < 7|[Walloo i — hillse < rBwm. )
Using triangle inequality and (7), (8), (9), we get for all i € [n],
Wah; + b
||Attn2_2 OAttHg_l([X;WFF;Z]):,i — |:( (2) 2):| ||c>o
dz Xn
§||Attn2-2(Uinput):,i - Attn2-2(Uideal):,i||oo
Wah; + b Wo(hi — h;
+ ||Attn2—2(Uideal):,i - |:( (2) + 2):| ||oo + H |: 2(5 ):| ||oo
dz Xn zZzXn
< Lniow + n2 + 7Bwn. (10)

Finally, as in Step 2, we add three extra heads in Attns o that copy the Z block into the last dz coordinates of the output.
Hence the Z-block after two-layer attention equals

Zlaﬁl (In)aﬂ2 (In)
Z = I, ’
22051 (In)gﬁz (In)

where I,, can be exactly copied.

We invoke the two-layer flow analysis (see (52) — (61)). For any €1 > 0, choose 31, 32 as in (61). Then

‘ <o, 4 L (11)
o= ' By

2412y (06, (B (1) - 1) .

Combined with (10), we finally have

X 2
HAttnz-z o Attng.y (| Wer |) — [FF(X)] H < max {Lnﬂow + 12 + rBwin, 261 + 6—1}
Z Z e Bz
Choose parameters so that the right-hand side is at most ¢;. This completes the proof. O

D.2 Proof of Lemma 3.2

Lemma D.2 (Lemma 3.2 Restated: Attention Approximates Feed-Forward Neural Network In Context). Under the same
setting of Lemma 3.1, for every ea > 0, there exists a 2-layer multi-head self-attention layer Attny such that

| Attns( {MZF]) —FF(X)|w < €.

Proof. We follow the proof of Lemma 3.1 and keep the same constructions and notation for the two attention layers. The
only change is that we remove the auxiliary heads that copy Z.

After this removal, the two-layer attention output contains only the FF(X) block. Hence, the final error bound contains
only the F'F approximation error terms and does not include any Z-flow term. Therefore, for any €5, by choosing proper
parameters, we obtain
X
[[Attng( W ) — FF(X)||oo < LNfow + n2 + rBwm < €.
FF
This completes the proof. ]
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D.3 Proof of Lemma 3.3

Lemma D.3 (Lemma 3.3 Restated: In-Context Emulation of Single-Head Attention with a Residual Connection and a
Flow-Through Component). Let X € R¥*™ be the input sequence and Z € R2*", Let X,, € R(@+2dQ2dnt+d)+n)xn po e
input prompt from Definition 3.2 with H = 1, and set the free parameter dy — d. Assume || X ||s < Bx,||Z||cc < Bz and

[WEX || o, |\W£X||oo, Wi X || < Biqy for some Bx, Bz, Bxkgv > 0. Then, for any 3 > 0, there exists a two-layer
multi-head attention network Attny such that

Iasena(| 7)) - 475 ) 1 < o

Proof. To keep our proof clean, we define dj, == (d + 2d(2d}, + d) + n) and express the input dimension as
Xp
Z
~——
(dp erz) Xn

For the convenience of presentation, we use Attng o o Attng g to denote the two layers of Attns.

Step 1. In this part of the proof, our goal is to construct an Attn,_; such that

Attn(X,)
Attna ( [);P} ) ~ IZ" , (12)
N—— X
(dp+dz)><n
((2dn+d)+n+dz+d)xn

where Attn is the first layer emulator from Theorem C.3, and the (2dp, +d) dimension follows from the proof of Theorem C.3
in Hu et al. (2026). Besides, we insert an identity [,, in the middle of the matrix for use by our construction of Attns_s in
the second step of the proof.

To achieve (12), we construct Attns.; to be an (H + 3)-head attention. The first H heads reconstruct Attn(X,). The
(H + 1)-th head outputs the middle I,,, and the (H + 2)-th head outputs the approximation of Z. The last 1 head outputs an
approximation of X.

To keep our proof clear, we denote the h-th head from Attns_; as Attng}_”l) and the weight matrices from the h-th head as

W, Wyt Wit and Wi
Now we are ready to construct the heads in Attng ;.

We construct the weight matrices of the first H heads as follows:

124,44

0
Wl,h — nx(2d,+d) 13
o Od x (2dp, +d) (13)
Odx (2dn+d)

((th,—‘rd) +n+dz +d) X (th +d)

Wi = Wl 0y tayxds] (14)
(2dp+d)x(dp+dz)

W' = [Wh  Os1)xay] (15)
(d+1)x(dp+dz)

W = [Wh 0gar1)xaz ], (16)
(d+1)x(dp+dz)

where W}, Wg and W{} denote the weight matrices of the first-layer emulator, and their dimensions follow from the proof
of Theorem C.3, and we set dyy — d.

22



Universality, Function Composition, and Algorithm Emulation All In-Context

The construction provides us with

1,h [X,] X
Wy, ZP = W O@dptd)xdy] - [Zp = W X,
—— L £ ] —~ =~
(2dp+d) x (dp+dz) ~—~— (2dp+d)x (dp+dz) N~ (2dp+d)xd, dpXxn
(dp+dz)><’rl (derdz)Xn
h [X,] X
Wll( . Zp = [W]}é 0(d+1)><dz]' [Zp = Wi - X,
d+1)x (dptdz) S~~~ d41) x (dp+d —— (d+1)xd, dpxn
( P (dprd )X (D) (dptdz) iy xn v
(X,] X
Wcl?’h . Zp = [Wg 0(d+1)xds] - {Zp} = W(S - X,
—~— d+1) X (dp+d —~— d+1)xd, dpxn
(d+1)x (dp+dz) (dy gy xn (d+1)x(dp+dz) (dy+dgyxn (d+1)xd,
Thus, for h € [H], we have
B, X 1,h 1,h | X 1,h | X 1,h | X,
A (g =wst wit ] s v w2
Loy 14
Onx (2dp +d) h by \T1irh
= - WoX, cop (WrX,) WX
Odzx(th-',-d) VAp Bh(( K p) Q p)
0d><(2dh+d) (2dp+d)xn nxn
((2dn+d)+n+dz+d)x (2dn+d)
W\éXp ) UB;L((WI%XP)TI/V&XP)
J— 07L><71
Odzxn ’
0d><n
((2dp+d)+n+dz+d)xn
where (3}, denotes the temperature of the h-th head in the first-layer emulator.
Then, we have
H
X
> aefl(|7))
h=1
H
Zh:1 W\}/LXP : Uﬂh((WI%Xp)TWSXp)
— On)(’ﬂ
Odzxn
0d><n
Attn(X,)
— OTLXTL
Odzxn
0d><n
—_————
((2dp+d)+n+dz+d)xn
Secondly, we construct the weight matrices of the (H + 1)-th head of Attng as
Wt = [0nxd  Onx2ddn+d) In  Onxdz]s
nXx(dp+dz)
LvéJ¥+l;::[0nxd Opx2d@dpt+d) Mnxn Onxdy],
nX(dP+dz)

23
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Wyt = [0pxd Onxza@dntd) Amkn Onxdz)s (20)
nX(dp-‘rdz)
O2dy+d)xn
I
whHFL . " , 21
o OdeTL ( )
den
| N —
((zdh+d)+n+dz+d)><’ﬂ
where
1
M::ﬁ—ln(A), for some (51 > 0, (22)
1
A::(l—a)]n—ng, for some 0 < a < 1, (23)
n
1 11 --- 1
1 1 1 ...
Je= [ e A= (24)
L SY——— : . . .
1 xn 11 1
nx1 nxn
and A1 is
1
Al = L——2% g

The construction provides us with

X X
Win Win
U | = [Onxd Onx2ddn+d) In  Onxds] I =1, (By (18))
i 7 ] nX(dp+dz) 7
(dp+dz)><n
F X ¥
Win Win \
Wé’H+1 I - [Onxd On><2d(2dh,+d) Man Onxdz} I = Man (B)’ (19)>
L A4 ] nXx(dp+dz) 7
(dp—‘rdz)XTL
F X ¥
Win — VVin _
I/Vxl/’H+1 | = [0nxd  Onxoa@dn+d) Anxn Onxds] I =AL (By (20))
L Z ] nX(dp+dz) Z
(dp+dz)><n
such that
1,H+1 | X 1,H+1 | X,
an (v ey )
= 0p,(I, M)
=0p,(M) (By I/ M = I,M = M)
and each entry in o, (M) is
exp{ﬂl Ahn(l-a+ %)}
o, (M) = o =1l—a+ g, (By (1) and (22))
exp{ﬁ1 . éln(l—a)} —I—n-exp{ﬂl . éln(%)} n
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exp{ﬁl . éln(%)} a
op(M)ij = 1 1 e\ n
exp{ﬁl " In(1 — a)} +n- exp{ﬂl "5 ln(g)}
Thus,
s, (M) = (1 — )L, + %J — A,
and

Wttt o v T [ ))

Z 7 7
0(2d), +dyxn 0(2d), +dyxn O2d), +d) xn
1 1 1,
= n CATIA = n I, = n
Oden 7)(’7:/ Odzxn Oden
den ) den 0d><n
((2dp+d)+n+dz+d)xn

where the last equality follows from (21).

Thirdly, we construct the weight matrices of the (H + 2)-th head as follows:

O2d), +d)xdz
1LH+2 Onxdy
WwhH+? =
14,
Odxd,

—_—
((2dn+d)+n+dz+d)xdz

W‘1/7H+2 = [Odzxdp Idz}

dz % (dp+dz)
Wll(’HJr?, Wé’H” = [Onxd Onx2d@dpt+d) In Onxdyz] -
nX(dp+dz)
The construction provides us with
LH+2 | X 2!
W ] = a1l (7] =2
dzxXn
daxldptdz) iy xn
e [ X T
W Wia
WL = [Onxa  Onxza@dy+d) In Onxdz] - I,
7 nx(dp+dz) Z
L . -R/__/
(dptdz)xn
" x ] [ X
W W,
Wé,H+2 Inn = [Onxd On><2d(2dh,+d) In OnXdz] ' Inn
A nx(dp+dz) Z
L - \_w__/
(dptdz)xn

Thus, we have

A Z

Atmgﬁ“)([pr = WhHT {Xp] o, (W2 [Xp})TWclz’HH

(By (1) and (22))

(25)

(26)

27)

(28)

(By 27))

(By (28))

(By (28))
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02dy +d)xdz
O‘nXdZ T
- 4 -0 I,)' I,
I, d\ Xn, ﬂz(( ) )
dedz Z nxn

—_—
((2dh +d)+n+dz er) Xdgz

[0(2a),+d)xn

0n><n

Zop,(In)

den

—_—
((2dp+d)+n+dz+d)xn

Lastly, we construct the weight matrices of the (H + 3)-th head as follows:

1,H+3
Wy

The construction provides us with

1,H
W’+3

1,H+3
Wy

1,H+3
Wa

Thus, we have

At [XP} )=

1,H+3 |
whis

1L,H+3 . _
WhHTS =

1LH+3 ._
) WQ A

O(2d, +d)xd
nxd
0d,xd
I

N—————
((2dn+d)+n+dz+d)xd

[Ia Odx2d2dp+d) Odxn Odxdy]

dx(dp+dz)

[Onxd 0n><2d(2dh+d) In Onxdz] .

nx(dp+dz)

X
Win
[Ia Oax2d2dp+d) Odxn Odxds] - 7
dx(dy+dz) 7
(derdz)X’ﬂ
F x ]
Wi
= [Onxd Onx2d@dp+d) In Onxdy] - I
nx(dp+dz) A
L 4 |
(dp—‘rdz))(’n
Fx ]
Win
= [Onxd Onx2ddn+d) In Onxdy] - I
nX(dp+dz) L Z ]
(dp-‘rdz)xn

wyr s ) ov w7

Z Z
O2dy +d)xd
Onxa X 'Uﬁs(frjfn)
Odzxa ~ —
Id dxn nxn

N———
((2dn+d)+n+dz+d)xd
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(29

(30

(31)

(32)

= X (By (31)
~~
dxn

=1, (By (28))

=1,. (By (28))
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02d) +d)xn

OTLXTL
= ) 33
Odzxn ( )

Xog, (In)

((2dh +d)+n+dz er) Xn

Finally, all of the heads from Attny ; give us

H
Attngy ( F;P] )= 3" Attnd)( EP] ) + Attn$T {XP] ) + AttngT ) ( [XP} ) + Attn$T ) [Xp} )

Z Z Z
h=1

Attn,, (X)) 0(2d,+d)xn O(2dn+d)xn O(2dp+d)xn

Onxn I, Onxn Onxn
= + + +
Ode’n Oden ZUBz(In) OdZXn
den 0d><n 0d><n XU,Bg(In)
| — | —

((2dp+d)+n+dz+d)xn  ((2dp+d)+n+dz+d)xn ((2dp+d)+n+dz+d)xn ((2dp+d)+n+dz+d)xn
(By (17), (25), (29) and (33))
Attn,, (X,)
I,
Z(‘)’ﬁ2 (In)
Xog, (In)

—_———
((th+d)+’n+dz+d) Xn

Step 2. In this part of the proof, our goal is to construct an Attns o such that

Attng.s o Attng_l( {ép} ) ~ [X + AttHSZO AttIl(Xp) ’ (34)

where Attng is the second-layer emulator from Theorem C.3.

To achieve (34), we construct Attns.o as a three-head attention layer. The first head reconstructs Attng o Attn(X,,). The

second head outputs an approximation of Z. The third head outputs an approximation of X.
Again, to keep our proof clear, we denote the h-th head from Attns_o as Attngg) and the weight matrices from the hA-th head
as W' W' Wi and W3".

We construct the first head of Attns.o as

I
w2l | la 35
© I:Odzxd 32
———
(d+dz)xd
Witi= W5 Oasn Odxas Oaxal (36)
dx((2dp+d)+n+dz+d)
W' = (Wi Odaxn  Odxd, Odxd] (37)
dp X ((2dp+d)+n+dz+d)
Woti= W5 Oaxn Odxd, Odxd), (38)
dhX((2dh+d)+n+dz+d)

where the dimensions of Wi, W¢, and Wy, follow from the proof of Theorem C.3, and we set dy — d.
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The construction provides us with

[Attn(X,)] [Attn(X,)]
2,1 In _ s In _ S .
WV 20_52 (In) = [WV 0d><n de dz ded} Zdﬁ2 (In) - WV Attn(X:D)
Xog,(In) dx ((2dp+d)+n+dz-+d) Xog,(In) dx(2dn+d) (2dn+d)xn
L J L J
((2dh+d)+n+dz+d)><n
[Attn(X,)] [Attn(X,)]
2,1 In _ s In _ s .
WK ZO',(;Q (I’n,) = [WK Odxn 0d><dz ded} ZUBQ (In) = WK Attn(Xp)
| Xop, (In) | dn x ((2dp+d)+n+dz+d) | Xog, (1) ] dn X (2dp+d) (2d,+d)xn
| —
((Zdh,—‘rd)—l-n—l-dz +d)><n
[Attn(X,)] Attn(X,,)
2,1 In _ s I" — S .
_X053 (In>_ dp X ((2dp+d)+n+dz+d) Xo'ﬁg (In) dp % (2dp+d) (2dp+d)xn
—_——
((th-‘rd)-‘rn-‘rdz +d) Xn

Thus, we have

Attn(X,)
I
Attnl) n
2—2( Zaﬂg(ln) )
Xog,(In)
Attn(X,) Attn(X,) Attn(X,)
I I I
— 2l 2l n ) 2,1 n Trrr2,1 n
© v ZUﬁz(In) Uﬁ(( K Zaﬁz(jn) Q Zaﬁz(In) )
Xog,(In) Xog,(In) Xog,(In)
7

= o, d]~W€‘,Attn(Xp)-og((W;‘(Attn(Xp))TWgAttn(Xp))
LYaz X

S—— dxn nxn
(d+dz)xd

(W Attn(X,) - op (Wi Attn(X,)) T W5 Attn(X),))
Odz Xn

[Attng o Attn(X,)
Odz Xn ’
where § denotes the softmax temperature of the first layer emulator in Theorem C.3.
Next, we construct the second head of Attns.o as
2,2 |Odxdy
——
(derZ ) Xdz

Wyt = [0dyx(2dn+d) Odzxn Lay Odyxd)

dz X ((2dp+d)+n+dz+d)

WIQ(’Q = [OnX(th+d) In Onxdz Onxd]

W5? = [Onxan+a) In Onxdy Onxdl,

nx ((th+d) +n+dz er)
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(By (36))

(By 37))

(By (38))

(By (35))

(39)

(40)

(41)

(42)

(43)
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such that
[Attn(X))] Attn(X,)
2,2 I, I
W™ zog(ny) | = Laexeatay Oawxn Loy Oagxal |y Ny v = Z o8, (In)
_Xgﬁs(‘[n)_ dz x ((2dp+d)+n+dz+d) Xaﬁg(In) dzXn  nxn
((2dn+d)+n+dz+d)xn
_Attn(Xp)_ -AttH(Xp)_
2,2 I, I,
WK ZO',@Q (In) - [OnX(Zdh+d) In Onxdz Onxd] ZO'/BZ ([n) — In
[X o, (In) nx((2dptd)bntds-+d) [ X0, (Ln)]
((2dn+d)+n+dz+d)xn
[Attn(X,)] [Attn(X,)]
2,2 1, _ I -
|05 Zog,(I,) | ~ [Onx(2dptd) In Onxdy Onxd Zos, (In) =1,.
[ Xos, (1n)] nx (2 +d)+ntdz+d) | Xog, (1) ]
N———
((2dn+d)+n+dz+d)xn

Thus, we have

Attn(X,,)
I
Attn$) n
22 204, (1,) |
Xop, (1)
Attn(X,) Attn(X,) Attn(X,)
T, 1, T,
— W2,2 . W2,2 n - W2,2 n TWQ,Z n
© v Zo—ﬁz(‘[n) /64(( K ZUﬁz(In) ) @ ZUﬁz(In) )
XUﬁB(In) X053(In> XUﬁB(In)
0
= [ C}Xdz] Zog,(In) - op, (IJIn)
dz ————r N——
dz xXn nxn
(derz) Xdgz
_ |: den :|
Zaﬁz (I’ﬂ>054 (In>
(d-‘rdz)Xn
Thirdly, we construct the third head of Attns 5 as
1
W2,3 — d
o [Udz xd
——
(d+dz)xd

W‘z/’3: [de(gthrd) Odxn  Odxdy Id]

dx ((2dp+d)+n+dz+d)

W}%g = [OnX(th+d) In Onxdz Onxd]

W5 = [Onxdntd) In Onxdy Onxdl,

nx ((th +d) +n+dz er)
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(By (41))

(By (42))

(By 42)

(By (40))

(44)

(45)

(40)

(47)

(43)
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such that
[Attn(X,,)] Attn(X,)
2,3 I, I,
Wy, Zoa, ()| = [Oax(2dp+d) Odxn Odxd, 1d] Zou (1) = X op,(I) (By (46))
| Xog, (1) ] dx((2dn+d)+n+dz+d) Xog,(I,) dxn pxn
((2d;,+d)+n+dz+d) Xn
[Attn(X,)] [Attn(X,)]
2,3 In In
WK ZO_B2 (In) = [OnX(Zthrd) I, Onxdz Onxd] ZO’ﬁz (In) =1, (B)’ (47))
Xog,(In) nx((2dy+d)+n+dz+d) Xog, (1)
L J L J
((th-‘rd)-‘rn-‘rdz +d) Xn
[Attn(X,)] [Attn(X,)]
2,3 I, I
WQ Zaﬁ;(]'n) = [OnX(Qd;L-i-d) I, Onxdz Onxd] Zo'ﬁ:(fn) =1,. (By (48))
Xogs,(In) nx((2dp+d)+n+dz+d) Xoga, (1)
L J L J
((2dh+d)+n+dz+d)><n
Thus, we have
Attn(X,)
I
Attn) "
22} Zo, (1,)
X053 (In)
Attn(X,) Attn(X,) Attn(X,)
_ 23 23 I, _ 2,3 I 2.3 I,
=W W o) | YKz ) R | 2o |)
XUBS(ITL) XUﬁa(Iﬂ) XUﬁs(Iﬂ)
— ot |- Xon ) anrT 1) (By 45)
Od, xd —_——— —— \
N—— dxn nxn
(d+dz)xd
Odz Xn
(d+dz)><7l
Finally, all of the heads from Attny o give us
Attn(X,)
T,
Attng. "
222U Zo4, (1)
X0'53 (In>
Attn(X,)
. (n) I
= Attn "
; 2-2( 20'52(In) )
Xaﬁs (In)
Attng o Attn(Xp)} { Odxn } [XU/} (In)ops (In)
= + + 3 5 By (39), (44) and (49)
|: 0dZ><n 2052 (In)054 (In) Odz Xxn ( ! e )
(d+dz)><n (d+dz)><n (d+dz)><’n
_ |:XO'53 (In)ops (1) + Attng o Attn(Xp)}
ZJﬁQ (In)aﬁ4 (In)
(derz) Xn
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Step 3. In this part of our proof, our goal is to compute the error between the outputs of Attns o o Attny.; and the target.
Specifically, we compute

, T
| Attna. OAttnz_l([X”}) _ {X + Wy X - og(WkX) WQX)} e

Z Z
.y [ Xop,(In)0s,(I,) + Attng o Attn(X X +WyX-os(WgX) T WoX) I
I Zop, (In)op,(In) Z =
| [ Xos,(1,)os, (In) + Attng o Attn (X, X + Attns o Attn(X,) H
- Zaﬁz (I )0,34 (I ) >

o [X + AttnsZO Attn(Xp)] _ [X +WYX oy (Z(WKX) WQX)} e (By riangle inequality)
_ i [Xos(In)os, (In) — |
=I | Z0p, Un)”&;( n) = ”OO te (By Theorem C.3)
< ”Z(Jﬂi’ (In)054 (In) - n)”oo + ||X(053(In)055 (In) - In)Hoo + €e, (50)

and (50) follows from the triangle inequality.

In the following proof, we treat the two error terms associated with X and Z using identical computations. We analyze the
one associated with Z to demonstrate our procedure and provide the result of the one associated with X directly.

To proceed with our proof, we define

Ey =0p,(1,) — In,
Ey :=0p,(1) — In,

such that

08, (In)0'54 (In) - I,
=F-Ey+ E| + Es. (51)

Thus, we have

1Z(0p,(In)op,(In) — In)lleo

=[|Z(Er - E2 + E1 + Eb) |l (By (51))
< [[ZE1Es|loo + || ZEr|loo + | Z Eall oo, (52)
=(I) =(IT) =(I11)

where the last line follows from triangle inequality.

As a result, our goal is to bound each of (I),(II) and (/II), and then aggregate the results to obtain the error bound
associated with Z. We treat term (/) and term (I11) with identical computation, and our analysis of term (I) relies on the
results from (I7) and (I17).

We start with the term (I7). To bound the term (1), we analyze each entry (4, j) from (I1)

|(ZE1)ij|
< Z | Zik| - |(E1) k,‘]| (By triangle incquality)
< Z 12100 | Bl (BY |Zit] < 1 Z1oc and [(B1)s| < | B loc)
k=1
=n|Z]|ool| Er o
< nBz| E1llco. (By [1Z]| < Bz)
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Therefore, nBz || E1 ||~ bounds every entry from (I7) and gives us
(1) < nBz| E1 co- (53)

To further analyze (53), we examine each entry from E;. By definition, 2, has all diagonal entries equal to the same value,
and similarly for off-diagonal entries. Therefore, to examine each entry from E;, we consider two cases: the diagonal and
off-diagonal entries. We start with the diagonal ones.

|(E1)uil

= [(o8,(In) = In)il
eP2 L . .
= |m — 1| (By the definition of og(-). i.e. (1))
—(n-1)

=l mon
B (n—1)

ef2 4+ (n—1)

Concerning off-diagonal terms, we have

= |eﬁ2 n (ln ) -0 (By the definition of o'5(-). i.e. (1))
1
- |652 +(n71)|
_ 1
CeP2 4 (n—1)
(n—1)
eb2 4 (n —1)

= [(0p,(In) — In)jj!-

Therefore, the magnitudes of all E; entries are no greater than the diagonal ones, and we obtain

(n—1)
1Bl < =5 Fye— (54)
As aresult,
n(n — 1)Byz
U < B3 1) (55)

where (55) follows from (53) and (54).

Next, we treat term (/1) with the same proof steps as those for (17), and we have

n(n —1)By
II) = | ZEo|o0 < —— 22 56
( ) || 2” = €B4+(’I’L—1) ( )
As for term (I), we analyze each entry (i, j) from (1)
(ZE\E2)5
< Z | Zik| - |(E1 E2) k5] (By triangle inequality )
k=1
n
<D 120l Er Bl (BY |Zis] < |Z]|o0 and |(B1B2)is| < || B B2 o)
k=1
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=n|Z|| o0 | E1 B2l oo
< nBz||E1E2||oo- (By | Z||ls < Bz)

Therefore, nBz || E1 E||« bounds every entry from (I) and gives us

To further analyze (57), we examine each entry from E; Es

[(EvE2)i4
n
< Z [(Ev)ik| - [(E2)kjl (By triangle inequality)
k=1
<D 1B llo | E2lloo (By [(E1)ik| < || Erlloo and [(E2)k;| < [ Ezl|oo)
k=1
(n—1) (n—1)
<n- . . By (54
SRy (n—1) Pt (n—1) (By (54))
The above bound on |(E4 E5),;| holds for all (4, j). Therefore, we have
(n—1) (n—1)
E1Bs||00 <n- . , 58
R o R R O ) o
and
n(n—1) n(n —1)
I)<By- . 59
(I) < Bz P2+ (n—1) e+ (n—1) (59)
where (59) follows from (57) and (58).
Combining the analysis results of (I), (IT), and (I1T), we have
(I)+ (II)+ (II1)
n(n —1) n(n —1) n(n —1)Byz n(n — 1)Byz
< By - . 60
=77 b2+ (n—1) eba+(n—1) efPo+(n—1) ePr+(n—-1) (60)
from (1) from (I7) from (I11)
and (60) follows from (55), (56) and (59).
For any €1 > 0, we take
n
B2, fa > ln((n - 1)(325 - 1)), (61)
then we have
(II) < gla
(II1) <%,
and
(1)
n(n—1) n(n —1)
<By- -
=P ek (n—1) ePi+(n—1)
-1 -1
<Bz- n(n—1) : n(n — 1) (By (61))

(- 1)(BzZ -1 +n—-1) (n-1Bz2 1)+ (n—1)
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€& €
p— B [ —
"By By
G
=5,
Thus,
€}
1Z(0p, (In)op,(In) — I)]leo < 261 + B, (62)

As for the error associated with X, we treat the error using the same analysis steps as those for Z. For any €; > 0, we take

637 65 Z hl((n - 1)(BX% - 1))7

and we have

~2

. €
X (08, (In)ogs (In) — I)[lec < 2€2 + i (63)
Finally, we have
. T ~2 ~2
Attng s 0 Attng (|57 ) — [X T VA sl WX WXy o b+ L+ L e,

Z Z Bz  Bx
(B)’ (50), (62) and (63))
Since we are able to make each e arbitrarily small, this completes the proof. [

D.4 Proof of Theorem 3.1

Theorem D.1 (Theorem 3.1 Restated: In-Context Universal Approximation by Transformer). Let X € R%*™ be the input
sequence. Let Wgy, , Wrr, be the weight encodings for two feed-forward neural networks F¥1,FFq as in Lemma 3.1.
Let Wagtnres be the weight encoding for a single-head self-attention, as in Definition 3.2 with H = 1. Define W =

T . . .
[WFTFl WATtm;es I, WFTFQ] . Then, for any € > 0, there exists a six-layer attention module Attng such that

X
|| < e
where f is a continuous function defined on a compact domain C C RI¥*™,

Proof. In the scope of this theorem, we aim to achieve the in-context approximation of a continuous sequence-to-sequence
function f. Our strategy is to approximate the surrogate map FF5 o Attn;®® o FF; from Theorem C.1, and apply Theorem C.1
to approximate f. This strategy rests on a simple rationale. If we obtain an in-context approximation of FF5 o Attn*® o FFy,
then we also obtain an in-context approximation of any continuous sequence-to-sequence function f. To approximate
FF3 o Attn*® o FFy in context, we design a six-layer multi-head attention module Attng. The module Attng receives the
weights of FFy, FFy, and Attn:* as part of its input and approximates their combined action in the end. We build Attng
by stacking the multi-head attentions from Lemma 3.1, Lemma 3.3, and Lemma 3.2. In more detail, we use Lemma 3.1 to
approximate FF;; we use Lemma 3.3 to approximate Attn;*>, and we use Lemma 3.2 to approximate FF5. Finally, we
compose these in-context approximations to approximate the overall map FF5 o Attn.*® o FF; and apply Theorem C.1 to
approximate the target function f at the end.

Step 1. In this part of our proof, we aim to approximate FFy o Attn’*® o FF;(X). First, we approximate FF; by applying
Lemma 3.1. Then we approximate Attn.*® o FF; by applying Lemma 3.3. Finally, we approximate FF5 o Attn;* o FF;
by applying Lemma 3.2.
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We start with Lemma 3.1 to approximate FF';. From Lemma 3.1, we have

X
Wo FF;(X)
1 W At ipres
A3 (| Waeenres |) = | A7 | oo < €1 (64)
I,
Wer Wer,
2

Here Attn} denotes the two-layer attention constructed from Lemma 3.1.

Next, we aim to approximate Attn.*® o FF;(X). Our strategy is to stack the multi-head attentions from Lemma 3.3 and
(64). Specifically, we compute

X
WFF] res
||Attn%oAttn%( Wattnres | ) — Attng™ o FF1(X) lloo
I Wrr,
| Wrr, |
WX FF(X) FF(X)
FF, %% nres W nres Att res FF (X
< lAttnd o Attnd( | Waanre ) — Acend(| "4 )+ faeen(| Ve |) - (At 8 TR es)
1, n n FF,
L VVFF2 ] WFF2 WFFz

where (65) follows from the triangle inequality, and Attng denotes the two-layer attention constructed from Lemma 3.3.

To keep our proof clean, we define

X

FF(X
WFF1 W 1( 1_92
Py = Attng( | Wagenres | ), Py o= A
I n
Wn Wrr,
FFo N’
(d+ds+n+drr,)xXn
(d+ds+n+dpp2)><n

where we use ds and dpr, to denote the dimensions of WAtmges and Wgp, respectively. The actual dimension is at
Lemma 3.1 and Lemma 3.3.

Then, (65) becomes

Attn:™ o FF;(X)

[Attn3(Pr) — Attn (Py)] o + [|Attn3 (Pr) — Wer, lloo - (66)
=(A) e
Therefore, to bound the approximation of Attn;* o FF;, we need to bound (A) and (B).
To bound (A), we assume Attn3 to be L;-Lipschitz
|Attn3(G) — Attn3(H) oo < L1]|G — Hl|oo, (67)

where G, H € R(d+dstntder,)xn denotes any input of matching shape. L; > 0 is a constant and depends on the parameters
of Attn3.

Under the L;-Lipschitz assumption, we have

(4)
= ||Attn§(P1) — Attng(Pl*)Hoo (By the definition of (A) from (66))
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< Li|Py - Pl (By (67))
< Liey, (68)
and (68) follows from (64).

To bound (B), we note that P = [FFl(X); W attnres; In] has the same form as X, in Lemma 3.3, so we utilize
Lemma 3.3 as follows

(B)
FF(X)
= ||Attn3( WAI‘“:LI‘SS ) — Attng VI;iFl(X) [l oo (By the definition of (B) from (66))
Wrr,
< es, (69)

where (69) follows from Lemma 3.3.

Combining (68) and (69), we have

X
WFF1 res
AtEn2 o Attnd( | W |) — [A000 OFF1OT o p o4 e (70)
7 Wer,
Wrr,

Next, we aim to approximate FF5 o Attn.*® o FF;(X). Our strategy is to stack the multi-head attentions from Lemma 3.2
and (70). Specifically, we compute

X
Wrr,
|Attn3 o Attn3 o Attny( Wagtnres | ) — FF3 0 Attng™ o FF1 (X)|

L,
L Wrr, |

X
WrF,
< ||Attn3 o Attn3 o Attnj( | Wagenzes | ) — Attn3(

I’ﬂ
| Wrr, |

Attn*® o FFy (X)
Wrr,

Attn*® o FFy (X)

O()+
won DI

| Attnd( ) — FF3 0 Attn™ o FF; (X)|| oo, (71)

where (71) follows from the triangle inequality, and Attng denotes the two-layer attention from Lemma 3.2.

Again, to keep our proof clean, we define

X

WFF1 res

Py == Attn3 o Attn)( | Wagenres | ), Py = Attn” o P (X) ,

I, Wrr,

WrF,

such that (71) becomes
|Attnd (Py) — Attn3 (Py)||leo + ||Attnd (Py) — FF5 0 Attn™® o FF1(X)||oo (72)
::(C) ::(D)
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Therefore, to bound the approximation of FF3 o Attn.* o FF, we need to bound the terms (C') and (D).

S

To bound (C'), we assume Attnj to be Ly-Lipschitz
[Attn3(G) — Attn3(H)||oo < L2||G — H||oo, (73)

where G, H € R(4+drr2) X1 denotes any input of matching shape. Lo > 0 is a constant, and it depends on the parameters of
Attn3.

Under the Lo-Lipschitz assumption, we have

(©)
= ||Attn§(P2) — Attng(Pz*) Hoo (By the definition of (C') in (72))
< Lo|| Py = Pyl (By (73))
< Lo(Lyer + €3), (74)

and (74) follows from (70).

To bound (D), we utilize Lemma 3.2, so we have

(D) < e (75)
Combining (74) and (75), we have
X
Wrr,
[[Attn3 o Attn o Attn( | Wagenres | ) — FF2 0 Attnl™ o FFy (X)||oo < La(Lier + €3) + €. (76)
I,
WFF,

res
S

Up to this point, we are capable of approximating FF5 o Attn;*® o FF; arbitrarily closely.

Next, to prepare for the approximation of f, let i, € R¥*" be the positional encoding matrix, and we define

X +E,
Wrr,
h(X) = Attn o Attn3 o Attnj( | Wagenzes | ),
I,
WFF,

g(X) =FF3 0 Attn;" o FF1 (X + E,),
such that
(X)) = 9(X)|loo < La(Li€1 + €3) + €2, (77)
where (77) follows from (76).

Step 2. In this part of our proof, we aim to utilize (77) and Theorem C.1 to derive the approximation of f.

Specifically, we compute

dp(h, f)
<dp(h,9) +dy(g, f) (By Minkowski inequality)
<dp(h,g) + €u, (78)
where (78) follows from Theorem C.1.
As for d,,(h, g), we have
dy(hyg) = ( / Ih(X) — g(X)|EdX)3. (By Definition 2.3)

37



Universality, Function Composition, and Algorithm Emulation All In-Context

Therefore, to bound d,,(h, g), we need to analyze the quantity [|h(X) — g(X)|}.

For the simplicity of presentation, we define
E = h(X) — g(X),
o)
[1(X) = g(X)I; = 1Bl

Then, we have

=13
d n
= Z |Eqij|P (By the definition of £, norm)
i=1 j=1
d n
<2 2 I (By | 2| < [1E]l0)
i=1 j=1
= dn||E|[%
< dn<L2<L1€1 + 63) + eg)p, (79)

and (79) follows from (77).
Thus,

dp(ha g)
= ([ 110 - (0003

=

< (dn(Lg(Llel + 63) + 62)p/dX) . (By (79))

In Theorem C.1, the authors require the function f to take values on a compact domain, so the quantity [ dX is finite. Then,
we have

dp(h,g) < dvnv (La(Lier +e3) + €2)C, (80)
where C' == (de)%
Thus, we have
dy(h, f) < Cd%n%(Lg(Llel +e3)+e2)+ ey (By (78) and (80))
Since we are capable of making each e arbitrarily small, we complete the proof. O

In the introduction, we propose three requirements that a satisfactory theory of the prompt-programmable regime should
meet. The third one requires a constructive and reusable prompt interface. Here, we modify the construction of W given by
(Hu et al., 2024b, Theorem G.1, G.2).

Remark D.1 (Explicit Construction of W Given Function f). Let C := [—b,b]*" be the compact domain. They first
discretize the compact domain by forming a uniform grid with granularity g

1
T, =—b+ 5{0, 1,...,2bg},

and

Gy ={C eR™™ | Vie[d],j€n], Ciy €Ty}
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That is, the number of elements in G, is (2bg + 1)dn,

Then, for the input sequence X € R*¥*™, they define the following R — R function to map each entry of X to discrete values

—b, z<—=b
b1, —b<z<-btl
quant(z) = q . )
b, h— 1 <2
g

They extend quant,, to an entry-wise map quanth”(X ) i RIXn 5 RAX7™ by
quanth"(X)ij = quant,(X;;) foralli€ [d], j € [n].
. . d . .
That is, the function quant gX" maps X to the grid points defined by G,,.

Next, for X € R4\ [—b, b|**", they define the following R — R function to indicate out-of-domain inputs

—2b, z< b
penalty(z) = < 0, z € [=b,b]
—2b, z>b.

Again, they extend the penalty function to an entry-wise map penaltde"(X ) : REIX™ 5 R \where they apply penalty (z)
in an entry-wise manner.

Lastly, they let B € R4*™ be a matrix with all entries equal to b, and they define hy : R¥*"™ — RI*" py
hi(X) = quantgxn(X) + B+ dn - penalty*™(X) (81)
(A) (B)

To implement (81), they design the following functions to approximate (81). In addition, these functions are implementable
with a feed-forward layer. Thus, they encode the weights of these functions into the first feed-forward layer to form the
explicit construction of FF.

For the first term in (A) of (81), they design

bg—1
~ 1 z t z t

where § > 0 determines how quickly each summand goes from 0 to 1, and then they design

z2_0b oz b _z b

_ b
fi(2) = Fi(z) = b+ (ReLU(S = 5) = ReLU(g ~ 5~ 1) +b- (ReLU(— — =) — ReLU(~ ). (83

For term (B), they design
fa2(2) = —2b(ReLU(Z 5 by L ReLU(Z 5 b 1)) = 2b(ReLU( _25_ by £ ReLU( _25_ by, (84)

Then, they implement (81) by encoding the weights of (83) and (84) into the following feed-forward neural network FF
FFy == Wi ReLU(Wi1 - X +b111,) + 121,

where
1 1

e o X

Wi bii 0
Wiq = Ol b= S, Wig = W1(12) W1(22) Wl(flg) s b=,

(d d dxd(4bg+8 :

W b xd(dbg+8) 0
~—— dx1

d(4bg+8)xd d(4bg+8)x 1
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and they set

'%00 0] '0%0 0] [0 0 0 %
s 00 0 0 5 0 0 00 0 3
% 0 0 0 0 % 0 0 0 0 0 %
1 0 0 0 0 1 0 0 00 0 1
L 00 0 0 L o 0 00 0 L
1 ._ @ ._ (d) ._
W1,1—§OO 0’W1,1—0§0 0> W1,1'—000 %
—% 0 0 0 0 —% 0 0 00 0 —%
-3 00 0 0 —5 0 0 00 0 —3
% 0 0 0 0 % 0 0 00 0 %
5 00 0 0 5 0 0 00 0 5
—% 0 0 0 0 —% 0 0 00 0 —%
-5 0 0 0] 0 —5 0 0] 00 0 -3
(4bg+8)xd (4bg+8)xd (4bg+8)xd
with
_ b }
)
b
b1
:
A
f,,]_+i
. 5_9 dg
bz _ )
1,1 ,%fl
_b
o
b
_3_1
_b
o
b
_3_1
_b
o
b
L 51
(4bg+8) x1

That is, Wl(zf has all-zero columns except for the i-th column. The entries are 1/6 in the rows corresponding to ReLU(% —-)
terms in (83) and (84), and —1/§ in the rows corresponding to ReLU(—% — -) terms.

Then, for all i € [d], they construct Wl(l% as

1 1 1

W - @ L1 1
1,2 i [g g g
dx1

-b b b —-b —2bdn —2bdn —2bdn —2bdn].

1% (4bg+8)

That is, Wl(lz) has only one non-zero row 1.

Next, to prepare for the construction of the attention layer, we need to describe the properties of the output from term (A) in
(81). For this purpose, we restate two helper definitions from (Hu et al., 2024b).

Definition D.1 (Vocabulary, Definition G.1 of (Hu et al., 2024b)). For each i € [N, define the i-th vocabulary set by
V= | X8 cr,
ke(n] ’

and define the whole vocabulary set by
V=) VW cRr

1E[N]
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Definition D.2 (Tokenwise Separateness, Definition G.2 of (Hu et al., 2024b)). Let X W XN e RAX7 e embeddings.
We say that XV ... XN) are tokenwise (Vinin, Ymax, €)-Separated if the following three conditions hold:

(i) Foranyi € [N] and k € [n],

X(’Zk)HQ > Ymin-
(ii) Foranyi € [N] and k € [n), ||X(lk)||2 < Ymax-
(iii) Foranyi,j € [N]and k,l € [n], le(zk) #* X:(j) holds, then ||X:(fk) — XS?HQ > €.

Note that when only conditions (ii) and (iii) hold, we denote this as (7, €)-separateness. Moreover, if only condition (iii)
holds, we denote it as (€)-separateness.

They use G to denote the set of all possible output sequences from term (A) in (81). Also, let Qvg be
@, ={G e, |G.;#G.; forall i,j € [n] and i # j}.

By construction, gN_q is finite, and the sequences in §g are tokenwise (1/g,2b\/d, 1/g)-separated.
Besides, let V be the set of all tokens from ég. Since Qvg is finite, V is also finite.

Again, to prepare for the construction of the attention layer, we restate a helper lemma from (Park et al., 2021).

Lemma D.4 (Lemma 13 of (Park et al., 2021)). For any finite subset X C R%, there exists at least one unit vector v € R?
such that

1 8
W\/@Hm—x’llz < ful(z—a')| < Jla—a'||2 (85)

forany x,x’' € X.

Since V is a finite set, by Lemma D.4, there exists at least one unit vector u € R® such that (85) holds for any two tokens
from V.

Now, we restate their construction of the attention layer.

1. We state the dimension first. They let Wy, Wq, Wy € R**4 gnd Wy € R4*s,
2. Then, set the rank of the weight matrices to be p. Any choice of p that satisfies 1 < p < min{d, s} works.

3. Next, for each i € [p], pick vectors a;,b; € R® such that

d
jaj bl = (V] + 1) -2

where they set k = (41nn)/B. Also, € = Vi = 1/ g here.

4. Then, for each i € [p], choose u;,w; € R? to be unit vectors. Moreover, they require that there be at least one index
i* € [p] such that u;» = uw and w;~ = u. For [p] \ {i*}, any unit vector in R? works.

5. Then, they construct the key and query weight matrices as follows

p p
Wi = Zaiu;r e R, Wo = Zblw;r e R5¥4,
i—1 i=1

6. Next, for each i € [pl, pick an arbitrary non-zero vector c¢; € R® and o; € RY, except for 01, where they set 0, = u.
Then, they construct the value weight matrix as

p
Wy = ZCiOiT S RSXd.

i=1
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7. Finally, they require W to satisfy the following constraint

IWocill2 = (86)

)
4 max

where € = 1/g and Ymax = 2b,/g. They provide one explicit way to achieve (86). For each i € [p], they pick a vector
d; € R? such that

€

dill2 = 5—=
’ 4027maXHCi”§

with the same € = 1/g and ~ymax = 2b\/g. Then, they construct
P
Wo = ZdiCiT € R¥*s,
i=1

This completes the construction of the attention layer.

Regarding the construction of FFo, they first consider a fixed C € _CZ,, and they define

U = Attn™(0),

where Attn.” is the single-head attention with a residual connection, specified by the weight matrices constructed in the
previous steps.

Additionally, they define
S = Attn® o FF (X).
For a fixed C, they define hy : R¥*™ — R¥*"™ where
ha(S)ij = f(C = B)ij - ly,=s,;,  forallie[d],j € [n],

and f is the target function.

Then, they use a bump function bumppg, : R4*™ — RIX™ 1o achieve the indicator in hy:
bumpp(S)i; == ReLU(Rpr(Si; — Ui;) — 1) — 2ReLU(Rpr(Si; — Ui;)) + ReLU(Rpr(Si; — Usj) + 1),
and they choose Ryg to scale like Rpp = O(exp (640ﬂ (bg)*+242 In n)) This bump function is implementable by a

feed-forward layer.
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Next, for a fixed C and U = Attn’**(C), they use part of FFy to implement hy. Specifically, they construct

[Rpp 0O 0 0 —Rpr - U1
Rpp 0 0 0 —Rpp U1 — 1
Ryprp 0 0 0 —Rpp - U1 +1
0 Rpp O 0 —Rpy - Uy
0 Rypp 0 0 —Rpp - U21 -1
0 Rpr 0 0 —Rprp -Us1 + 1
0 0  Ryp 0 —Rpp - Usy
0 0  Rpp 0 —Rpp - Usz1 — 1
0 0 RFF 0 _RFF . USl +1
0 0 0 --- Rpr —Rypr - Uat
0 0 0 RFF _RFF'Udl_1
0 0 0 -+ Rpp —Rpp -Ug1 +1
wil=1 Dl b= :
RFF 0 0 0 —RFF . Uln
RFF 0 0 0 —RFF : Uln -1
Ryprp 0 0 0 —Rpp - Uy, + 1
0 RFF 0 0 _RFF : U2n
0 RFF 0 0 _RFF . Ugn -1
0 Rpr O 0 —Rpr - Uzp + 1
0 0 Rpr 0 —Rpy - Usy,
0 0  Rrr 0 —Rpr - Uszp — 1
0 0  Rpp 0 —Rpr - Uszn +1
0 0 0 -+ Rpp —Rpr - Ugn
0 0 0 RFF _RFF'Udn_1
L 0 0 0 s RFF_ __RFF “Udn + 1_
3dnxd 3dn
That is, they repeat the first 3d rows of Wl(i) for n times.
Then, they construct W2(12) to be
Wi =y ),
dx3dn
where
-2f(C-=B)u f(C-B)u f(C-Bu 0 0
Wéfé) = : : : : . : )
0 0 =2f(C=B)an f(C—DB)an f(C— B)an
dn x3dn
and
Wy =1[la I. - Ia].
dxdn

Note that the above construction is for a specific C, so it stacks the construction for all C' € G to obtain the final FF5

FFy(S) = Was - ReLU(Wa - S + by 11,)),
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where
1 1
W2,1 b2,1
R b3
) ’ 1 q2
Waq = , b= |, Waai= [W2,2 Wio W, 2],
.qg tig dx3dngqz
W2,1 b2,1
N—— ——
3dngz xd 3dngz X1

and they set ga = (2bg)?" /(n!). That is, they set bs o as a zero vector.

This completes the construction of the entire network.

D.5 Proof of Lemma 3.4
We state a helper lemma from (Hu et al., 2026).

Lemma D.5 (Attention Preceded by a Linear Transformation Is Still an Attention, Lemma B.3 of (Hu et al., 2026)). Ler
Wi, Wq € Rénxd 1, € RVX4 and Wy € RI¥0XV pe the weight matrices of a single-head attention Attng. Let

AR RIXM pe q linear transformation. Then, Attng o A is still an attention.

Proof. Let D € R4X™ denote any input. Then, we have
Attng o A(D) = Wo - Wy AD - 05((Wx AD) T (W AD)),
and this is a new attention mechanism with parameters Wx A, WA and Wy A. O

Definition D.3 (Definition 3.2 Restated: Input Prompt for In-Context Emulation of Multi-Head Attention). Let X € R4*X"
be the input sequence. Let W Wg € RInxd gnd Wh € R >4 pe the weight matrices of the h-th head in the target

H-head attention. We define the concatenation wy, := [Elfo wh ,EQ,] € RICdntdv) gnd
W), = Enc(wy,) € R24Zdn+dv)xn,
Then, the input prompt for the in-context emulation of a multi-head attention specified by W}é, WC%, W& is
Xre=[XT oWy o oWy L]

Lemma D.6 (Lemma 3.4 Restated: In-Context Emulation of Multi-Head Attention). Let X € R%*™ be the input sequence.
Let Attn : R>*" — RIVX" be an H-head attention specified by W1, WCS € Rxd gnd Wh € RW>4 Assume
WX || o, HW5X||OO, |WhX oo < Brgv for some Brqy > 0. Then, for any €4 > 0, there exists a two-layer attention
network Attng such that

[Attny (X) — Attn(X) oo < e,

where X' = (XT, Wi, WS, L,]" follows Definition 3.2.

Proof. We modify the proof of the single-head emulation theorem from Hu et al. (2026).
We use Attn") to label the h-th head from the target Attn, and we use W}, W5, Wi for the weight matrices in Attn™).

The proof consists of 4 steps. We first write out the details of the weight encoding of target Attn for later use. Then we use
the first layer of Attns to reconstruct the key, query, and value matrices of Attn from the input weight encoding. Thirdly, we
use the second layer of Attny to assemble the reconstructed matrices into the attention form. Finally, we compute the error.

For the convenience of presentation, we denote Attns as Attns.o o Attng .
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Step 1: Weight Encoding. For the convenience of presentation, we define
k= (Wh)! e RY, (87)
q = W) eRY, (88)
o = (W) e RY, (89)
and we define the vectorizations of the weight matrices by Definition 3.1
ky a vy
h h Ky h @ h h vy
Wh = vec(Wg) = S| W= vec(Wg) = S| Wy o= vec(Wy) = :
ddh,Xl ddh,Xl ddel
Also, we define the concatenation
- k{l -
kg
wh q?h
L e
wp= |\ Wo = || (90)
h
Wy, qgh
vl
Lvg, |
d(2dh +dv) x1
To keep our proof clean, we define d,,, = d(2d}, + dv).
We define Wy, Wiy to be
W), = O-wp 1-wp 2-wp --- (n—l)-wh’ 91)
Wh, W, Wh, s Wp,
2d“’h, Xn
Wy
Wa
WAttn - . (92)
W
——
(i 2duy, ) xn
Thus, our input prompt is
X
X = Wattn 93)
I,
——

(d+3F, 2dw, +n)xn

Step 2: Reconstruction of Target K,, Qy, V},. Again, for the convenience of presentation, we define
Q= Wh X, V= W} X
~~

K,=WL. X,
S~~~ M N~~~
dpxd dxXn dy, xd dy xd
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In this part, our goal is to build approximators for the target K}, Qp, V3 from the input prompt via Attns ;.

We note that each row of K}, Qp, Vi, has the inner product form: (k)7 X, (¢")T X, (v})T X. Therefore, we construct
Attng 1 by applying Theorem C.4 to each row separately, and Attns 1 consists of the heads from Theorem C.4.

We state our parameter choices for Theorem C.4 to approximate each row. Firstly, let a;, and by, be the minimum and
maximum among the inner products (k) "z,., (¢*) "z, and (v2) "z, over all i € [d}],m € [dy] and r € [n]

ap = min{(k}) "z, (') "@r, (vp,) "ar} and by = max{(k]") "ar, (a) 2, (v7,) 20}

,m,T m
That is, aj, and b, denote the minimum and maximum of the inner products in the A-th head of Attn.

Next, for any €, > 0, we choose the number of heads H 5, in Theorem C.4 to be

~ 2(bh — ah)
Hy = [———F4],
ni=l eo(n — 2) W
such that the interpolation error in Theorem C.4 is no more than %" Here H, 1, denotes the number of heads we use for each
row of K, Qp, and Vj,. Since K}, @, each has dj, rows and V}, has dy rows, we need a total of Hy,(2d), + dy ) heads to
approximate the h-th head of the target Attn. As a result, we use ZhH:1 H},(2dy, 4 dy ) heads in total to approximate all the
key, query, and value matrices from Attn.

Thus, we view Attns_ 1 as groups of Hj,-head attentions, and we label each group as Attng_’{ . Here h € [H] still identifies
the h-th head of our target Attn, and j € [2d, + dy/] identifies the rows in K}, @, and Vj,.

Finally, all H), heads in Theorem C.4 require a shared linear mapping A : R4*" — RG4+7)X" Here, we construct this
common mapping with head-specific ones Aj, : R0, 2wy, +n)xn _y R(3d+n)xn T} 1abels the heads in Attns. 1, and
thus b € [Zthl H n(2dp, 4 dv)]. We use A; to project the input to the required dimension REd+n)xn and to select the
target kI, ¢! or v/ to approximate the desired linear transformation (k) " X, (¢")" X or (v}) T X.

To that end, we construct A;L to be

Is  Ogxa Odaxa Odxn
O S wy 0 wy 0 Id dezle de} Oan
X dxd h dXdy, dxn j2 v
ATL = g - OQdW xXd T OQdW Xn | (94)
Odxa  Odxd,, 7 Odxn S 7
nx 2d., n
Onxd Onxdwﬂ Onxdwg In XY h

(3d+n) X (d+2du, +7) (A2 n) X (A4 3250 2wy, +7)

where
B H
Uh) = Zh Ly, <hony
h=1
with

h
)\h = ZHl(Zdl +dv), )\o =0.

i=1
Thus, £(h) € [H] identifies the target head in Attn.
We define F; as

Fy = [00d,,x¢ s T2du,  O2d,, x(cu—co)» (95)

2dw, XCH

with
4
Co= Zdem Co:=0.
h=1
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Thus, Fﬁ picks out the W, from Wayy,.
We define S, as

S}NL =

[ded(j—l) Id de(dwz_d'j)]’

where

Thus, S;, picks out k¥

£, ¢t or vf from W

Then, we have

dxdy,

X
Az | Wattn
ITL
M1 0 0 Ogxn] T
d ddek ddee dxn Id OdXZH 2d, 0d><n
Oixa S5 Odxd,, Odxn B
= 024, xd F; 024, xn
Oixd Odxd,, S5  Odxn 0 0 I
nx 2d. n
_On><d Onxdu% Onxdwe I, L XU 2y,
H
(3d+n) x (d+2d., +n) (d42dw, +n) X (d+375—, 2dw, +n)
[ Ia Oaxd,, Odxd,, Odxn] x
_ |{Oaxa S5 Odxd,, Odaxn F Wi
= 5 - N
LXa L w
ded ded Sh den
¢ [n
_On><d Onxdwz Onxde In 1 —
(d+2dw£+n)><n
(3d+n) X (d+2dw, +n)
[ X
5% Oaxda,] - Fy - Wastn
[0dxd., S7] - Fj - Watn
L n
(3d+n)xn

and (97) follows from matrix multiplication.

F5 - Wagen in (97) expands as

(96)

X
WAttn
L,
—_——
(d+>7, 2dy,), +n)xn

(By (94) and (93))

(By matrix multiplication)

o7)

Wi
Ws
FE - Wattn = [OQdW xCo—1 I2d,,,( Odez X(CH_CZ)} : . (B)’ (95) and (92))
2, X Crr Wy
——
CaXn
= W, . (F; selects Wy from Hl\““)
—~—
2de xn
Then, [S;L dede - I - Wagen in (97) expands as
(95 Oaxan,] - We
O-we 1-wy 2-w n—1)-w
— [S7 Ouxda,]- ¢ ‘ ‘ (= 1)-we (By 91)
Wy Wy Wy Wy
d><2dw
2dw£ xXn
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= [0 . Szwg 1- Sﬁu}g 2- Sﬁwg o (n=1)- S’flwe] . (By matrix mu]tipliculion)
dxn
55wy expands as
- k{ -
kS,
ai
S;we = [ded(j—l) I; de(dwe—d.j)] o (By (96) and (90))
4
dxXduw, qdf
U1
¢
LVdy, 4
W—/
dwe x1
kS, when j € [d/]
= q]e—d[’ when j € [2dy] \ [d/] . (S5 selects k5, g5 _ g, or v _o, from wy)

’U‘ffzdg’ when j € [2d, + dy] \ [2d]

Thus, acting A; on our input yields

X
Az - | Wattn
I,
X
0-k 1-k% ... (n—1)~k‘7
J J 7, tel[H], jeld
kS kG K [H], j € ldd]
L,
(3d+n)xn
[ X
0-¢°_ 1-¢4 o (n=1)-¢t )
e g T telH] e Rd\[d]
= qudg qudg e qudg
L L,
(3d+n)xn
[ X
0-vt_ 108 o (n=1) -0t .
SR T R J T e [H], je(2d+dy]\ [2dy]
Vj—2d, Vj—2d, 77 Vj—2d,
L L,
(3d+n)xn
To keep our following proof clean, we define
¢
&= (2dn+dv), & =0,
h=1
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Then, for each ¢ € [H] and j € [dy], by Theorem C.4, there exists an Hy-head attention Attny ; such that

(3d+n)xn
—_——~
X €
0
| Attme (A7 | Wasen | )i = e6) - (6) Tailloc < max{acl, bel} - co + -
——
In Euax1
Erx1
Thus, we have
X €
0
| Attng (A5 - | Wasen | ) = e (K)T X |lao < maxc{agl. be]} - eo + 5
I W—/
n Erxl Ixn
EaXn
and
Od1 Xn
dy X . €
0
1D Attng(Az - |Waeen |) = | Ko | lloo < max{lacl, [bel} - €0 + 5
j=1 L, :
Emxn Odv xn
———
EaxXn
Similarly, together with (), and V;, we have
—Odl XTL-
2de+dv X Ky c
0
| Z Attné,j(ATL' Wagen |)— | Qe lloo SmaX{|a£|,|bg|}'€0+5
j=1 n Vi
g xXn :
_Odv Xn_|
———
Eaxn
Finally, we have
KL
Q1
H 2d;+dy X Vi H c
. 0
||Z Z Attng,j(A,;~ WAttn )_ : Hoo Sﬁozmax{\ae|7|bé|}+§-
=1 j=1 1, Ky =1
EgXn QH
_VH_
——
EaXn

By Lemma D.5, Attny ; o A,~L is still an attention, so we define

0
Attny? = Attng j o A;.
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Then, we have

K;
Q1

H 2d+dy , X Vi H .
HZ Z Attng’_jl( Wattn )— ||oo§€OZmaX{|af‘7‘bé|}+50'

=1 j=1 I, Ky =1

Eaxn QH
Vu

—_——
EaXn

For the convenience of the following presentation, we define

_Ki_
/
;
‘/1 H 2dy+dy ) X
: = Z Z Attng’_]l( Wattn )>
K =1 j=1 I,
7
H
Vi

H
~ €
€= coy_ max{lac, [bel} + 5
(=1

Step 3: Assemble the Approximated Maps. In this part of our proof, our goal is to reconstruct the attention mechanism
V- op, (K}) T Q}) from the approximated maps via Attna.o.

To that end, we construct Attna o as an H-head attention, with each head recovering one of the heads V- o, ((K}) T Q}).
We label the h-th head in Attns.o as Attngg , and we use WIQ(’h, Wé’h, W‘%’h for the weight matrices in Attnég) .

Specifically, we construct the h-th head in Attns o as

2,h .
Wi = [0g,xa, -+ lan Odpxdp Oduxdy -+ Odyxdy ],
dn XEH
wg" = [0 0 I, 0 0 ]
Q o dthl dh th dh dthv dthv 9
dn X&H
Wl = [0 0 0 Iy, - 0 ]
\Va — dy Xdy dy Xdp dy Xdp, dy dy Xdy | -
dv X&x
The construction provides us with
- 77 B /7]
K K
K} K,
2,h / _ / _ !
WK : h| — [Odthl e Idh Odh xdp Odthv o Odthv] : h| — Kh )
v %4 Y
h dn XEH h dpxn
/ /
LV Vi
——
EaXn
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K1 [ K]
K, Kj,
WE" Q| = [Oduxar - Oawxdr Tan Oanxay - Oawxav]- |Qh| = @i
%4 %4 2
h dpX&m h dpxn
Vi ] Vi
——
ﬁH Xn
(K] [ K]
Ky, Ky,
W‘2/7h . ;L = [Odv X dy e Odv Xdp, Odv Xdp Idv T Odvxdv] . /h = ‘/}; .
%4 P %4 ~
v X&H dy xn
|V | Vi ]
——
g xXn
Thus, our h-th head of Attng.s is
h
Attnd) = Vi -op, (K;)TQh).
dy Xn nxn
Then, all of the heads from Attns .o give us
H
Z Attn Z o5, (K;)TQ)).
Step 4: Error Bound. To bound the error, we compute
HZVh o5, (K1) " Q) — ZVh o, (K Qn) oo
h=1
H
Z Vi - 05, (K3 TQ) — Vi - 0, (K Qn) oo (By triangle inequality )

For each ||V} - a5, (K}) T Q},) — Vi - 05, (K;] Q1) || 0, We utilize the error analysis result from Hu et al. (2026), and we
have

Vi - 05, (K1) T Q) = Vi - 03, (Kn) " @Qn)llso < €+ nBrqve,
where 0 < € < 2 and

(1 - §)

0 < € <min{l,
- { Brdn(2Brqv + 1)

}.
Thus, we have

H H
D Vi 0s, (K7) QL) = Vi - 06, (Kn) T Qn)lloo < ) (€+ nBrqve).
_ h=1

Since we are able to make € and € arbitrarily small, we complete the proof. O
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D.6 Proof of Corollary 3.1.1

Corollary D.1.1 (Corollary 3.1.1 Restated: In-Context Emulation of Multi-Head Attention with Flow-Through Component).
Let Z € R42*" be any matrix satisfying || Z||oo < Bz for some constant Bz > 0. Under the same setting of Lemma 3.4,
for any €5 > 0, there exists a two-layer attention network Attng such that

facena([ % ) - |25 1 < e

Proof. Our proof consists of two major steps.

Step 1. We follow the proof of Lemma 3.3. That is, the heads in Attns consist of two parts. In the first part, we incorporate
the emulator from Lemma 3.4 into Attns. In the second part, we construct auxiliary heads within Attns to copy the matrix
Z.

Thus, in this step, the error comes only from the Z-copying behavior, and we have
Xm Attng (XM
||Attn2({Zp}) { QZ( p)] [
n(n —1) n(n—1) n(n —1)By n(n — 1)By

< By - .
7 Pt (n—1) efr+r(n—1) e+ (n—1)  ePr+n—1)

(By (60))
where 35 and (3, are the Softmax temperatures in the auxiliary heads of Attns (these two temperatures are up to our choice),
and Attn; denotes the two-layer emulator from Lemma 3.4.

For any €1 > 0, by choosing 32, 84 as in (61), we have

Xxm Attn, (Xm)] g
Attn Py — 2P oo <260+ —. 98
Iasena(| 7)) - M) 1 <2 4 L %)

Step 2. In this part of our proof, we use the emulator Attn’ as a proxy to approximate our target Attn(X). Specifically, we
compute

Isena(| 7 )= |25 e

VA Z
Xxm Attn)y(X™) Attny(X™M) Attn(X)
P ) — 2\p 2\%p ) s triancle i
< |Attn2(|: 7 ]) |: 7 HOO + || 7 7 Iloo (By triangle inequality)
~2
<2e + A + €4. (By (98) and Lemma 3.4)
By
Since we are able to make each e arbitrarily small, we complete the proof. O

D.7 Proof of Theorem 3.2

Definition D.4 (Definition 3.3 Restated: Input Prompt for In-Context UAP via Selector Route). Consider the four-layer
attention network T, for layer i € [4], let H; be the number of heads, and for each head j € [H;], let W; be the weight-
encoding matrix of the j-th head in the i-th attention layer, constructed as Wy, in Definition 3.2. Also, let X, be the
augmented input

X Od><1
Xa = In On><1 S R(d+n+1)><(n+1).
01><n 1

Finally, we define the full prompt as the vertical concatenation of X, and four layer-wise weight blocks:
- T
%= [x] owpT owzT owiT owiT|

wehre Wi = [(Wi) T, -+ (Wi )T, L] T
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Theorem D.2 (Theorem 3.2 Restated: In-Context Universal Approximation by Attention-Only Transformer). Let C C R?*"
be a compact domain of input sequences, and f : C — R**™ be a continuous sequence-to-sequence function. Let X be the
input sequence. Then, for any € > 0, there exists an eight-layer multi-head attention network Attng such that

dp(Attn8(Xp):,1:n7 f(X)) <€,
where X, » follows Definition 3.3.

Proof. In the scope of this theorem, we aim to achieve the in-context approximation of a continuous sequence-to-sequence
function f. Our strategy is to approximate the surrogate map 7" from Theorem C.2 and apply Theorem C.2 to approximate f.
To approximate 7" in context, we design an eight-layer multi-head attention module Attng. The module Attng receives the
weights of 7" as part of its input and approximates its combined action in the end. We build Attng by stacking the attention
network from Corollary 3.1.1 three times and the emulator from Lemma 3.4 once. In more detail, we use Corollary 3.1.1
three times to approximate the first three layers of 7', and we use Lemma 3.4 to approximate the last layer. Finally, we
compose these in-context approximations to approximate the overall map 7" and apply Theorem C.2 to approximate the
target function f at the end.

For the convenience of presentation, we use 7; to denote the ¢-th layer of T, and we express the map T" as Ty o T5 0 T5 o T7.

Step 1. In this part of our proof, we aim to approximate 7'(X,). First, we approximate 75 o T o T7(X,) by applying
Corollary 3.1.1 three times, and then we approximate 7y o T3 o T» o T7(X,) by applying Lemma 3.4.

We start with Corollary 3.1.1 to approximate T3 (X, ). By Corollary 3.1.1, there exists a two-layer attention Attné such that

X,
wi [
W,
[Attny (| W2 D) = | b | lleo <ces. (99)
W3 T
W Wi
T

Here Attn% denotes a two-layer attention constructed from Corollary 3.1.1, and the superscript 1 identifies the target 7} in
this step.

To keep our proof clean, we define

Xa
Wl Tl (Xa>
T WQ
Py = Attnj( W% ), Pr= ch
wh )
Wi 7

Next, we aim to approximate T5 o T (X,). Our strategy is to stack the multi-head attentions from (99) and Corollary 3.1.1.
Specifically, we compute

Ty 0 T1(X,)
|Attn3 (Py) — Wi oo
Wi
Ty 0 Th(X,)
< [|Attn3(Pr) — Attnd (Pf)l|o + [[Attn3(P) — | Wi | lec, (100)
Wy

where (100) follows from the triangle inequality, and Attng is another two-layer attention constructed from Corollary 3.1.1.
We remind the reader that Attn? differs from Attny since the dimensions to be copied are different.

Then, to bound the approximation of T5 o T3 (X,), we need to bound (100).

To bound the first term in (100), we assume Attn3 to be Lz-Lipschitz in || - ||

|Attn(G) — Attna(H)||oo < L3||G — H oo, (101)
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where GG, H denotes any input of matching shape. L3 > 0 is a constant and depends on the parameters of Attng.

Under the L3-Lipschitz assumption, we have

||Attn§ (Py) — Attng (P{) oo (Thc first term in (100))
< Ls||Py = Pl (By (101))
< Lges, (102)

and (102) follows from (99).

To bound the second term in (100), we use Corollary 3.1.1, and we have

Ts 0 T1(X,)
|AttnZ(P}) — w3 oo < €s. (103)
Wi
Combining (102) and (103), we have
Ty 0 T1(X,)
|Attn3(P;) — w3 loo < €s5(L3+1). (104)
Wi
Again, to keep our proof clean, we define
T2 o T1 (Xd)
Py = Attni(Py), P = w2

Thirdly, we aim to approximate T3 o T5 o T1(X,). We utilize the same techniques as those for T o T} (X,). That is, we
stack the multi-head attentions from (104) and Corollary 3.1.1, and we utilize the Lipschitz assumption together with
Corollary 3.1.1 to derive the following bound

T3 o} TQ e} Tl (Xa)

] lloo < €5(La(Ls+1)41), (105)

where Attn3 is another two-layer attention constructed from Corollary 3.1.1. We remind the reader that Attn3 differs
from Attng since the dimensions to be copied are different. L4 > 0 is the Lipschitz constant of Attng and depends on the
parameters of Attnj.

Again, to keep our proof clean, we define

Py = Attnd(Py), P = {Tg oTh OTl(Xa):l .

Wi
Finally, we aim to approximate T o T5 o T o T1(X,). Our strategy is to stack the multi-head attentions from (105) and
Lemma 3.4. Specifically, we compute
||Attn§(P3) — T4 o T3 o TQ o T1 (Xa)Hoo
< ||Attn3(Ps) — Attn3(P5)| e + [|Attn3(P) — Ty o T 0 To 0 T1(X,) [l oo, (106)

where (106) follows from the triangle inequality, and Attng denotes the two-layer attention constructed from Lemma 3.4.
Therefore, to bound the approximation of Ty o T3 o Ty o T (X, ), we need to bound (106).

To bound the first term in (106), we assume Attng to be Ls-Lipschitz

|Attns (G) — Attng (H)|loo < Ls||G — H|so, (107)
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where GG, H denotes any input of matching shape. Ls > 0 is a constant, and it depends on the parameters of Attng.

Under the L5-Lipschitz assumption, we have

|Attng(Ps) — Attns(P5)]]oo (The first term in (106))
< Ls||Ps — P3|l (By (107))
< Ls-es(La(Ls+1) + 1), (108)

and (108) follows from (105).

To bound the second term in (106), we utilize Lemma 3.4, so we have

| Attng(Py) — Ty 0 Ty 0 Ty 0 Ty (Xy)||oo < €4 (109)

Combining (108) and (109), we have

|Attng(Ps) — Ty 0 T3 0 Ty 0 T1(Xa)||oo < €5 - Ls(La(Ls + 1) +1) + ¢4. (110)
We note that X, depends on X as in Theorem C.2 (Thus, Ps also depends on X)), so we define the following notation for the
convenience of our presentation

(X)) = Attng(Pg);,l;m
\IJ(X) = T4 o T3 o TQ o T1 (Xa):,l:nv

such that

[(X) = W(X)[loo < €5 Ls(La(Ls+1)+1) + es, (111)
and (111) follows from (110).
Up to this point, we are capable of approximating 7 arbitrarily closely.

Step 2. In this part of our proof, we aim to utilize (111) and Theorem C.2 to derive the approximation of f.

Specifically, we compute

dp(®, f) <dp(P,T) +d,(T, f) (By Minkowski inequality)
<dp(®, V) + ¢, (112)

where (112) follows from Theorem C.2.
As for d,(®, ¥), we have

d,p(®, ) = (/ |1B(X) — U(X)|[2dX)5. (By Definition 2.3)

Therefore, to bound d,(®, V), we need to analyze the quantity ||®(X) — W(X)|[.
For the simplicity of presentation, we define
E=d(X) - ¥(X),
sO
[@(X) = W(X)[5 = £}

Then, we have

£
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d n
= Z Z ‘Eij |? (By the definition of £, norm>

i=1 j=1
d n
<> S IEIR (By |Ei;| < [|E]|oo)
=1 j=1
= dn||E||%,
dn(es - Ls(La(L3 4+ 1) + 1) + €4)?, (113)
and (113) follows from (111).
Thus,
()
1
/M@ X)[a)3
< (dn(es - Ls(La(Ls +1) +1) + 64)1’/(1)()%. (By (113))

In Theorem C.2, the authors require the sequence-to-sequence function f to take values on a compact domain, so the quantity
J dX is finite. Then we have

dy(®,T) < drnv (es - Ls(Ly(Ls + 1) + 1) + €4)C, (114)
where C = (de)%
Thus, we have
Ay (@, f) < Cdrnv (es- Ls(Ly(Ls + 1)+ 1) +€) + € (By (112) and (114))
Since we are capable of making e arbitrarily small, we complete the proof. O

The following remark details how to explicitly construct the weights of a ReLLU neural network for a given function f.
Since Hu et al. (2025, Theorem G.1) provides an explicit approximation of ReLU networks via attention, we can combine
that result with the construction below. This yields the explicit prompt Py, consisting of the weight blocks Wi fori € [4]
required by Theorem 3.2.

This remark is modified from (Hu et al., 2025, Lemma 3.1). We only keep the construction necessary to demonstrate the
weight dependency on f. For detailed explanation please refer to the original paper.

Remark D.2 (Example of Explicit ReLU Network Parameters and the Dependence on f). Let C C R¥*"™ be the compact
domain. Pick B > 0 such that C C [~ B, B]™™. Fix an integer g > 2 and a margin parameter 6 € (0, 1). Define the grid

GD:{—B@—l)—Bw—3> B@—D}N

ge ey

g g g
Layer 1: Bumps Functions. For each v € G and each coordinate © € [N|, introduce four ReLU units

+ 1 9
Ul = — 2o
h, ;(x) = ReL (63%—&— 5 (1 Bm)),

o 1 g
ReLU( Lz, + = (1-5— 2o,
i) = Re 5Bx’ 5 (1 ’ BU2)>7
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Define

N
Gu() = hl(@) = Bl (@) + by (@) = ho (@) = 1, Rolw) = 3 dule).

All Layer-1 weights and biases depend only on (B, g,0) and v.

Layer 2: Grid Gating. For each v € G p, introduce one ReLU unit
Uy () = ReLU(R,(z) — N +1).

Equivalently, since R, (x) = Zil (hqfz — EL +h,,; — fz;z) — N, the pre-activation of u,, is an explicit affine map of the
Layer-1 outputs with bias —2N + 1.

Output Layer (Dependency on f). Define the scalar-output network

FFN;,s(x) = Z Oy Uy (), ay, = f(v).
veGp

Hence the dependence on the target function is explicit: f enters the parameters only through the output coefficients
{av}veap = {f (V) }veay- All remaining weights depend only on (B, g,0) and the fixed grid G p.

Network Size and Depth. The construction uses two ReLU hidden layers: Layer 1 has 4AN|Gp| ReLU units, Layer 2 has
|G p| ReLU units, and the output is linear.

Vector-Valued Outputs. For f : C — RY*", apply the same gates {u,(x)}veq,, and set output weights c,, € R¥*™ with

ay, = f(v).
D.8 Proof of Lemma 4.1

Lemma D.7 (Lemma 4.1 Restated: In-Context Universal Approximation with Flow-Through Component). Let X € R4*"
be the input sequence. Let W be the weight encoding for a sequence-to-sequence function f as in Theorem 3.1. Let
Z € R92*" pe an arbitrary matrix satisfying ||Z|| s < Bz for Bz > 0. Then, for any ¢ > 0, there exists a six-layer
multi-head attention network Attng such that

d (Attng( W ), [f(;)})ge.

Proof. We follow the proof strategy of Theorem 3.1 and modify only two places in the proof. We modify the input and the
last two layers of attention. We modify our input to

X
Wrr,
W attnres
I, ’
Wrr,
Z

and we change the last two layers of attention to the ones in Lemma 3.1. Thus, after the modification, the error is

X
Wrr,
( V[/AttngeS ) _ FF2 o Attn;es o) FFl(X)
I, Z
Wrr,
A

|Attn3 o Attn3 o Attng lloo < L7(Lger + €3) + €1, (By (76))
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where Attnj and Attnj are the two-layer attentions constructed from Lemma 3.1, and Attng is the one constructed from
Lemma 3.3. Also, L7, Lg are the Lipschitz constants of Attn% and Attng, respectively.

Next, following the same analysis as in the proof of Theorem 3.1, we have

X
Wrr,
VVAttn;CS ) f(X) )

I, |
Wrr,

A

< C(dg +d)sn7 (L7(Leer + €3) + €1) + €u

d,,(Attn3 o Attn3 o Attny(

Since we are able to make each e arbitrarily small, this completes the proof.

D.9 Proof of Theorem 4.1

Theorem D.3 (Theorem 4.1 Restated: In-Context Composition: Single Completion). Let X € R¥*™ be the input sequence.
Let F be a set of continuous functions defined on a compact domain

F={f|f:C—C, CcR™"}.

Consider a function composition of length m: fp, o fm_10---0 f1(X), where m € NT and f; € F. Let W; be the weight
encoding for f; as in Theorem 3.1. Then, for any € > 0, there exists a 6m-layer attention network Attng,, such that

X
Wy

dp(Attngm (| W2 |), fm 0 frme1 0+ 0 fi(X)) <e.
W

Proof. To approximate a function composition of length m, our strategy is to stack m — 1 attention modules constructed
from Lemma 4.1 for the first m — 1 functions, and we utilize Theorem 3.1 for the m-th function. The rationale is to
approximate each step and, at the same time, pass the weight encoding to the next layer for subsequent functions. For
the m-th function, since there is no weight encoding need to be passed, we utilize Theorem 3.1 rather than Lemma 4.1 to

approximate the last layer.
In the following proof, we provide the error bound for those m — 1 intermediate steps as well as the final length m

composition.

To that end, for i € [m — 1], we define the intermediate steps as

X
W fz'o"'ofl(X)
Wl W’LJr]
C()(X) = 2 5 C; (X) = . s
Wi

G(X) = | W2 |, &(X)=Attni(ci_1 (X)),

where Attng is the attention module constructed from Lemma 4.1 for the i-th step.
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For t € [m — 1] U {0}, we define the error as

€t == dP(Et(X)vct(X))a
and this definition leads to ey = 0.

To provide an error bound for ¢ € [m — 1], we expand e; as

er = dp(Attng (61 (X)), e (X))

< dy(Attng(€—1(X)), Attng(c,—1 (X)) + dp(Attng(c,—1 (X)), et (X))

< dp(Attné(Et,l(X)), Attng(ct,l(X))) + €,
and (115) follows from Lemma 4.1.

For the first term in (115), we assume Attn{; to be L;-Lipschitz in || - ||,

| Ating (@) — Attnb(H)ll, < LG — H]l,.

where G, H denotes any input of matching shape, such that

Attnﬁ(ct 1( )) Attna(ct I(X)))

/ At (-1 (X)) — Attnd (e (X)) [2X)

< (1 / 1Bt (X) — cor (X) [2AX) 5

=Li- e 1.

Combining (115) and (116), we have
For t = 1, we have

For t = 2, we have
es < Loe + €.
For t = 3, we have
e3 < L3Loe+ L3e + €.
By induction, for ¢t € [m — 1], we have
t ot
= I

where szt 41 Li = 1 by convention.

Up to here, we are able to approximate the first m — 1 steps arbitrarily closely.

For the final m-th function, we utilize Theorem 3.1. Specifically, we compute

X
Wi

dp, (Attng' o--- o Attng( W2 )s fm o0 fi(X))
W
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X
Wy
< d, (At o -0 Attmy(| W2 |), Avengr(| 0500 )
Win
+ d, (Attng'( Fm—1 OI./[./I ° h(X) ), fmo-o f1(X)) (By Minkowski Inequality)
[ X
Wi
< dp(Attnf o Attn -+ o Attnd (| W2 |), AttnZ( Jm—1 OW ° filX) ) +e. (118)
_Wm

where Attng" is the attention module constructed from Theorem 3.1, and (118) follows from Theorem 3.1.

For the first term in (118), we assume Attng" to be L,,-Lipschitz in || - ||,
[Attng* (G) — Attng"(H)|l, < Lm[|G — Hllp,

where G, H denotes any input of matching shape, such that

X
441

dp(Attng” o Attnglil ...0 Attné( Wy )7Attn76"( fm—1 OI'}['/' o fl(X) ))
W

= (/ | AtNE (@1 (X)) — Attng! (1 (X)) [[BdX) 7

< (@ [ 11X = enaa (X))

= Lm *€m—1

m—1 m—1

<Lmo (e ] Lo (119)

s=1 i1=s+1

where (119) follows from (117).
Combining (118) and (119), we have

X
W1 m—1 m—1
dp(AttngLo~-~oAttné( Wy )y fmo- 0o fi(X)) < Ly - (€ L) +e
N s=1 i1=s+1
Wi

Since we are able to make e arbitrarily small, this completes the proof.

D.10 Proof of Theorem 4.2

Theorem D.4 (Theorem 4.2 Restated: In-Context Composition: Re-Prompting). Let X € R¥*" be the input sequence. Let
Attng be the frozen attention module from Theorem 3.1. Let F be a set of continuous functions defined on a compact domain

F={f|f:C—C, CcCR¥™"}.
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Consider a function composition of length m: fp, o fru_10-+-0 f1(X), where m € NT and f; € F. Fori € [m], we

define the intermediate steps as
co(X) =X, c¢(X):= fi(ci—1(X)),

(X)) =X, &X)= Attnﬁ([a—ééf()]),

where W, is the weight encoding for f; as in Theorem 3.1. Then, for any € > 0, we have

dp(ct<X)’Et(X)) < €

where t € [m] U {0}.
Proof. Our goal is to provide an upper bound on the error between ¢; (X ) and ¢;(X).

For ¢t € [m] U 0, we define the error after ¢ steps as
e 1= dp(¢i(X), er(X)),
and expand e, as follows

e; = d,p(Attng( _Et}/lv(tX)_ )s fr(ci—1(X)))

< ay(aemma(| 18 ) Avena |1 4 ayavena 1) e ()
Ct_l(X)
4%

t

< d,(Attng( :A :),Attne([ })) + ¢,

where (121) follows from Theorem 3.1.

As for the first term in (121), we assume Attng to be L-Lipschitz in || - | »
1AtinG(G) — Attng(H)|l, < LG — H]p,

where G, H denotes any input of matching shape, so we have

d, (Attng( |:Et_V1V(X )] ), Attng( [CH(X)} )

= ( / || Attng ( Ft%/(tX)]) — Attng( [Ctvlv(tX )} )[EdX)

= L(/ ” {Ctvlv(tX)] - [Ctvlg/(ﬂ 2dX)7
=L dp(@-1(X), e-1 (X))

=L- €t—1,

Combining (121) and (122), we have
Fort = 1, we have

For t = 2, we have

eQSZe+e.
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(By Minkowski incqualily)

(121)

(By Definition 2.3)

(122)

(By eo = 0)
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For t = 3, we have
€3 SZQe—I—Ee—i—e.

By induction, for ¢ € [m], we have
t ~
€t S € Z Ll_l .
i=1

Since we are able to make e arbitrarily small, this completes the proof.
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