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Abstract

Large language models (LLMs) achieve
remarkable performance through ever-increasing
parameter counts, but scaling incurs steep
computational costs. To better understand LLM
scaling, we study representational differences
between LLMs and their smaller counterparts,
with the goal of replicating the representational
qualities of larger models in smaller models.
We observe a geometric phenomenon which we
term embedding condensation, where token
embeddings collapse into a narrow cone-like
subspace in some language models. Through
systematic analyses across multiple Transformer
families, we show that small models such
as GPT2 and Qwen3-0.6B exhibit severe
condensation, whereas larger models such as
GPT2-x1 and Qwen3-32B are more resistant
to this phenomenon. Additional observations
show that embedding condensation is not
reliably mitigated by knowledge distillation
from larger models. To fight against it, we
formulate a dispersion loss that explicitly
encourages embedding dispersion during training.
Experiments demonstrate that it mitigates
condensation, recovers dispersion patterns seen
in larger models, and yields performance gains
across 10 benchmarks. We believe this work
offers a principled path toward improving smaller
Transformers without additional parameters.

1. Introduction

The remarkable success of large language models has
fundamentally transformed natural language processing,
with performance consistently improving as parameter
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counts scale from millions to trillions (Kaplan et al., [2020;
Hoffmann et al., [2022; Minaee et al.| 2024). However,
this scaling presents significant practical challenges: larger
models require substantial computational resources (Zhang
et al., [2022; Dubey et al.| [2024; |OpenAlL [2025), making
them inaccessible for many applications. This motivates
a critical question: Can we identify and replicate the key
properties that make large models effective, thus improving
smaller models without simply adding more parameters?

Recent theoretical work on idealized models has shown that
Transformer embeddings tend to cluster toward a single
point as depth approaches infinity (Geshkovski et al., 2025),
but the empirical manifestation of this phenomenon and its
relationship to model performance remain underexplored.
In this work, we provide a comprehensive empirical analysis
of what we term embedding condensation.

Definition 1.1. We define embedding condensation
as the phenomenon that pairwise cosine similarities of
token embeddings in Transformer models concentrate
near 1, implying that embedding vectors point towards
nearly identical directions and therefore condense into
a narrow cone in the representation space (Figure|I).

Through systematic similarity-based measurements of
embedding vector directions across multiple Transformer
families, we demonstrate that smaller models (e.g., GPT2,
Qwen3-0. 6B) exhibit severe embedding condensation,
with embedding vectors concentrated towards nearly the
same direction and therefore undermining representational
diversity. In contrast, larger models (e.g., GPT2-x1,
Qwen3-32B) naturally maintain embedding dispersion.

Definition 1.2. We define embedding dispersion as the
resistance to embedding condensation, with embedding
vectors pointing towards diverse directions, showing
better coverage of the representation space.

This geometric perspective reveals a fundamental insight:
condensation might be a key bottleneck limiting the
expressivity of smaller Transformers. Notably, we observe
that condensation emerges very early in the training process
and cannot be easily resolved by knowledge distillation
from larger models, motivating the need for mechanisms
that explicitly target embedding geometry.
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Figure 1. Ilustration of the embedding condensation phenomenon. In pre-trained language models, embeddings of all tokens from the
same input sequence condense into a narrow cone after being processed by many Transformer layers. This phenomenon is substantially
more pronounced in smaller models than in larger models within the same family, which motivates our hypothesis in Section@

We hypothesize that the embedding dispersion of larger
models leads to their superior performance, suggesting that
counteracting condensation could narrow the performance
gap between smaller and larger models.

To test this hypothesis, we propose a dispersion loss
that explicitly encourages embedding dispersion during
training, serving as an auxiliary objective that promotes
representational diversity. Our empirical evaluations show
that dispersion loss counteracts embedding condensation in
smaller models and leads to performance gains across 10
language understanding tasks when applied to models in the
GPT2 and Qwen3 families during mid-training.

Crucially, when incorporated into full pre-training, the
proposed dispersion loss also yields an +1.17 average
improvement across tasks, which achieves a 3.3% gain over
the baseline trained with the default cross-entropy loss.

The key contributions of this work are listed below.

1. We observe and define the embedding condensation
phenomenon, where cosine similarities between
token embeddings concentrate towards 1 after being
processed by Transformer layers.

2. We show that embedding condensation is more
pronounced in smaller models than in larger models,
emerges at initialization, and is not mitigated by
standard knowledge distillation.

3. We propose a dispersion loss and three alternative
formulations that explicitly regulate embedding
geometry during training, with stable implementations
designed for practical and scalable optimization.

4. We demonstrate that dispersion-aware training
counteracts embedding condensation and improves
model generalization, yielding consistent gains during
mid-training and during full pre-training.

Conflict of Interest Disclosure No conflicts to declare.

2. Methods

2.1. Preliminaries: a theoretical perspective on
embedding condensation

Consider a sequence of N tokens and let Z() =

(20,20 20T € RV denote the token embeddings
after layer [ in a Transformer. These token embeddings are
the contextualized representations at each token position, in
the form of d-dimensional vectors. Z() can be interpreted
as N particles in a d-dimensional space, and Transformer
layers are external impacts on the particle system. A theory
paper (Geshkovski et al.,|2025) has mathematically proven
that, under idealized settings, these embeddings tend to
cluster into a single point as the number of layers approaches

infinity, but limited empirical evidence has been provided.

2.2. Quantifying the layer-by-layer evolution of
embedding vector alignment in Transformers

Let zz(l) € R? denote the embedding of token i
after layer [. Pairwise cosine similarity quantifies the
angle between two embedding vectors, as defined as
OO
0} (l)> _ A F
i 0% [BEE
lie in [—1,1], with a value of 1 indicating complete
directional alignment, —1 indicating opposite directions,
and 0 indicating orthogonality.

cossim (z Cosine similarities

To obtain the embeddings at each layer [, we feed the
input sequence of length IV tokens to the Transformer, and
collect the token embeddings [zy), zgl), ce (l)] after the
sequence has been processed by the model layers 1,2, ..., 1.
We then compute cosine similarities {coss_un(z( ) (l))}
for all N2 pairs. The resulting values form a distribution that
we visualize as a histogram for each layer. By stacking these
histograms across depth, we create a heatmap that highlights
the evolution of embedding vector alignment layer by layer.
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Larger models are more resistant to the embedding condensation phenomenon.

Figure 2. Qualitative and quantitative observations of the embedding condensation phenomenon. a. The cosine similarity heatmaps
demonstrate that smaller models (e.g., GPT2, Qwen3-0. 6B) are susceptible to condensation, since token cosine similarities become
increasingly positive as the embeddings proceed to deeper layers. In contrast, larger models (e.g., GPT2-x1, Qwen3-32B) are more
resistant to embedding condensation. b. Quantifications using Spearman correlation and Kendall’s Tau demonstrate a consistent trend of
“larger model, less condensation” across multiple families of language models. Additional results can be found in Figurel'S_Tl

In this work, every heatmap is created using a population
average over n = 100 randomly selected input sequences
from wikitext—-103 (Merity et al., 2017). We have
experimented with different types of input text corpora,
including pubmed_ga (Jin et al,[2019), imdb (Maas et al.
2011), and squad (Rajpurkar et al., 2016), and the same
trends persist regardless of the dataset (see Appendix [C.2).

2.3. Comparing the layer-by-layer evolution of
embedding vector alignment across models

To provide quantitative comparisons among models, we
compute two metrics to summarize the overall trend of the
embedding condensation phenomenon.

For each Transformer layer [, we summarize the pairwise
cosine similarity distribution by its mean value p() =
&= Y YN cossinm (zfl) : z§l)) , and then quantify the
monotonic relationship between layer depth and embedding
similarity by computing rank-based correlation between
{nW}E | and the layer index sequence {I}%_,. Specifically,
we report both the Spearman rank correlation coefficient
p (Spearman, |1987) and Kendall’s Tau 7 (Kendall, |1938]).

These statistics measure the extent to which embedding
similarity changes monotonically with depth, independent
of absolute scale or nonlinear distortions. Compared to
simpler measures such as average cosine similarity in the
last few layers, these rank-based correlation metrics show
clearer trends (see Appendix [C.3). Large positive/negative
values indicate a monotonic increase/decrease in the
directional alignment of the embedding vectors, while
values near 0 indicate no systematic trend.

3. Key Observations
3.1. Observation of embedding condensation
3.1.1. ANALYSES ON A VARIETY OF ARCHITECTURES

Applying the above analyses to multiple Transformer
families reveals a clear trend that depend on model sizes.
As shown in Figure [2] smaller models such as GPT2 and
Owen3-0. 6B exhibit a sharp upward drift of cosine
similarity distributions with depth. The embeddings become
increasingly aligned, and in GPT2 the distribution collapses
almost entirely near 1, indicating a near-perfect directional
alignment. Qwen3-0.6B shows the same tendency,
though its collapse remains less extreme. We refer to this
degeneracy as embedding condensation (Definition [IT).

In contrast, larger models such as GPT2-x1 and
Qwen3-32B either maintain relatively moderate cosine
similarities across layers or exhibit a gradual decrease
following an initial increase, suggesting a stronger
resistance to embedding condensation. We refer to this
behavior as embedding dispersion (Definition [T.2).

For completeness, we also report a simpler metric, namely
the average cossim over the last few layers. It shows the
same overall trend, although the effect is less pronounced
(see Appendix [C.3). We therefore use Spearman’s p and
Kendall’s 7 for all subsequent analyses.

Takeaway 1: Larger model, less condensation.

Q:
A:

What phenomenon do we observe?

Within the same model family, smaller models
exhibit severe embedding condensation, with
token embeddings collapsing toward near-parallel
directions, while larger models resist this collapse.
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Figure 3. In a highly controlled experiment, we reproduced the observation of “larger model, less condensation”. We pre-trained four
GPT2-like models of varying sizes that differ only in MLP dimension, while keeping all other factors fixed, including the number of layers,
embedding dimension, dataset, and training configuration. The resulting models exhibit consistent trends in embedding condensation,
shown qualitatively (panel a) and quantitatively (panel b). Horizontal dashed lines are added to panel a for easier visual comparison.

3.1.2. CONFOUNDER-CONTROLLED EXPERIMENT

To further isolate the effect of model size from other
confounding factors, we conduct a controlled experiment in
which we pre-train four GPT2-like models for 1B training
tokens, varying only the MLP dimension while keeping all
other components fixed, including the number of layers,
embedding dimension, dataset, and training settings. As
shown in Figure 3] we observe the same trend: larger
models consistently exhibit less embedding condensation.
This controlled study provides stronger evidence that
the relationship between model size and embedding
condensation reflects a genuine empirical phenomenon
rather than an artifact of correlated confounding factors.

3.2. Further investigations on embedding condensation

We perform additional analyses to better understand when
embedding condensation arises and whether it can be
alleviated by common training strategies.

3.2.1. CONDENSATION EMERGES AT INITIALIZATION
AND IS COUNTERACTED DURING TRAINING

We first track the evolution of embedding condensation
throughout the pre-training process using checkpoints of
Olmo-3-1025-7B spanning initialization, intermediate
stages of pre-training, and the final base model (Figure [).

Embedding condensation is the most pronounced at
initialization, with both correlation measures taking strongly
positive values. This empirical observation is consistent
with theoretical results (Geshkovski et al., 2025), which
show that condensation arises in Transformers with
random (@, K, V') matrices. As training progresses, these
correlations decrease and eventually become negative,
indicating that pre-training dynamics counteract, rather than
induce, the initial tendency of embedding condensation.

Takeaway 2: Condensation occurs early on.

Q: At which training stage does the embedding
condensation phenomenon occur?

A: It emerges at model initialization and is gradually
mitigated, not exacerbated, by pre-training.
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Figure 4. Embedding condensation is observed immediately
after model initialization. We analyze checkpoints of
Olmo-3-1025-7B spanning initialization, intermediate pre-
training stages, and the final base model. Each checkpoint is
annotated by its training stage and the number of training tokens.

3.2.2. KNOWLEDGE DISTILLATION DOES NOT
INHERENTLY MITIGATE CONDENSATION

Next, we examine whether knowledge distillation can
transfer the favorable embedding geometry of larger models
to smaller ones and thus provide a simple remedy to
embedding condensation. Using the Qwen?2 . 5 family, we
compare distilled models with their counterparts trained
from scratch across a range of model sizes (Figure [5).

Distilled models exhibit embedding condensation trends
that closely mirror those of non-distilled models, both
qualitatively (Figure [Sp) and quantitatively (Figure Spb).
In particular, distillation neither consistently alleviates
condensation in smaller models nor amplifies the dispersion
behavior characteristic of larger models, indicating that
resistance to condensation is not automatically inherited
from a larger teacher through distillation (in this case, the
teacher model is DeepSeek-R1 with 671B parameters).
These results motivate the need for explicit mechanisms that
directly target embedding geometry during training.

This behavior is expected given the form of the knowledge
distillation objective. In modern LLM distillation, the
student is trained to match the next-token distribution
of the teacher through a logit-level distillation loss. As
described in DeepSeek-R1 (Guo et al., 2025)), the distillation
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Figure 5. Knowledge distillation is not a remedy to embedding condensation, shown qualitatively (panel a) and quantitatively (panel b).

loss (Busbridge et al., [2025)) between the teacher logits Kgi)

and the student logits ﬂg) at token ¢ is given by equation

v (i) (i)
i) (i 14 12
Loty 66) = =73 o | L | log o, | =
a:1£ (])
ra(l) = —XPlba) a=1,...,V.

O exp(h)

The student is trained using a weighted combination of this
term and the standard next-token prediction loss.

By construction, knowledge distillation primarily constrains
the student at the level of output distributions. It does not
explicitly regulate intermediate token embeddings, their
pairwise relationships, or the layer-wise gradients that
shape the representation geometry. Consequently, while
knowledge distillation can effectively transfer predictive
behavior, it does not inherently control the internal
representational dynamics responsible for embedding
condensation, explaining why resistance to condensation is
not automatically inherited from a larger teacher model.

Takeaway 3: Distillation is not a solution.

Q: Larger models are resistant to condensation. Can
we distill from them to obtain this resistance?

A: No. Knowledge distillation does not transfer the
desired resistance to embedding condensation.

3.3. Our Hypothesis

The observations above highlight an important implication:
condensation reduces the diversity of directions in which
tokens can be represented, effectively narrowing the model’s
expressive capacity. More importantly, we found that it
cannot be easily remedied by distillation from a large model.

These observations motivate the following hypothesis.

Hypothesis: Larger models are better in language
tasks because they counteract condensation.

Embedding condensation reduces the expressivity of
Transformers by collapsing token embedding vectors
into narrow cones, under-utilizing the representation
space. We hypothesize that by dispersing embeddings
during training, smaller models can achieve
representational qualities more similar to larger models,
thus narrowing the performance gap without increasing
the number of parameters.

3.4. Our Remedy: Dispersion Loss

Our hypothesis motivates the design of auxiliary objectives
that explicitly promote embedding dispersion during
training. For this purpose, we propose to augment the
training loss with a dispersion loss as a regularizer. The
dispersion loss is given by equation[2]and the full training
objective is given by equation [3] The pseudocode is
provided in Appendix@ Here, Liin denotes the standard
training loss, which defaults to the cross-entropy loss for
next-token prediction in most language models.

i#£j arccos(cossim(z;,2 ;)
»Cdisp = log Z:jj 674( = i) @
L= Ctrain + )\disp . ﬁdisp 3)
Dispersion loss The dispersion loss is a straightforward
objective that directly counteracts the condensation of
cosine similarities by spreading out all embeddings on the
unit hypersphere (Table[IJrow 1 and Figure [6p). In practice,
we use the inverse cosine to map cosine similarity to an
angular distance for numerical stability. During training, the
loss is computed over the embedding vectors of each input
sequence and aggregated across all layers. The resulting
implementation has a time complexity of O(N2F) per
batch, where N is the sequence length and F' is the feature
dimension. In practice, we can subsample a small number
of tokens over the sequence dimension, and the additional
computational cost becomes manageable.
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dimensions to remain uncorrelated. c. f2-repel loss increases pairwise Euclidean distance, while the norm regularization prevents
unbounded expansion. d. Orthogonalization loss spreads out vectors forming acute angles while leaving obtuse ones unchanged.

Table 1. Our dispersion loss and its alternative formulations. Main implementation differences from (Wang & Hel |2025)) are highlighted in
teal and magenta. Including or excluding diagonal terms yields identical gradients and is therefore cosmetic. For dispersion loss and
£5-repel, we adopt the 1og—sum-exp trick for numerical stability, which differs from log(mean(exp(-))) only by an additive constant.
For ¢5-repel, we include a norm regularization term to prevent unbounded expansion of embeddings. For Orthogonalization, the distance

margin is fixed to % since we use angular distance, where % corresponds to orthogonality and thus serves as the ideal margin.

For generative modeling in
diffusion-based models (Wang & He||2025)

For improving generalization of
Transformer-based language models (Ours)

formulation term definition

formulation term definition

Dispersion loss logE; jlexp(—D(2i,2;)/7)]  Dl(z;,2j) = —cossim(z;, ;) logZ;‘:jj[cxp(fD(zi,zA,,)/T)] D(z;, 2j) = 2recos(cossin(zzy))
Alternative formulations

Decorrelation S COV2 Cov? = 22 z, == ;:‘(L‘Z()Z ) v ZTf"" Cov2,, Cov? = chizl“, Z. = %“‘Z()Z)
Ly-repel log E; j[exp(—D(zi, 2;)/7)] - 2.l log Z:i7 [exp(—=D (21, ) /)] norm | 213 D(zi, 25) = ||Zi,:
Orthogonalization E; j[max(0, ¢ — D(z;, 2;))?] sim(z;, ) ]Eﬁ’ max(0, 5 — D(z,2))?] D(z;, zj) = 2recoske

In addition to the canonical dispersion loss, we implemented
three alternative formulations of the dispersion loss, and
evaluated them in our main experiments.

Decorrelation The decorrelation formulation minimizes
off-diagonal entries of the covariance matrix of
embeddings (Table [T row 2 and Figure [6p). By
construction, this loss reduces the correlations between
feature dimensions, which indirectly promotes more diverse
embedding vector directions in the representation space.

£o-repel The ¢5-repel formulation directly pushes pairs of
embedding vectors apart in the Euclidean space. However,
minimizing this objective can be achieved trivially by
increasing the embedding norms, as larger magnitudes
inflate pairwise distances. To prevent this degeneracy, we
include an explicit norm regularization term that constrains
unbounded growth (Table [T|row 3 and Figure [6f).

Orthogonalization The orthogonalization formulation is
similar to the canonical dispersion loss, except that the
dispersion vanishes when two vectors are orthogonal to each
other (Table[T]row 4 and Figure [6d). The distance margin
€ is naturally set to %, which corresponds to orthogonality
under the angular distance.

3.4.1. POTENTIAL EFFECTIVENESS ON LARGER MODELS

Having introduced dispersion loss as an explicit mechanism
for regulating embedding geometry, we revisit the role
of model size in embedding condensation. As shown in
Appendix D] increased embedding dimensionality provides
a geometric expectation in which randomly oriented vectors
show reduced condensation, but this expectation does
not guarantee that trained representations fully utilize the
available space. As a result, the resistance to embedding
condensation empirically observed in larger models may
reflect an increased representational capacity rather than an
explicit dispersion mechanism. This observation raises the
possibility that our dispersion loss could benefit not only
small models but also large models, which we leave for
future investigations.

4. Empirical Results

We evaluate our proposed dispersion loss under two training
regimes. First, we conduct mid-training experiments (Wang
et al., 2025), in which we continue training pre-trained
GPT2 and Qwen3 models for an additional 200 M tokens
on the wikitext—-103 dataset (Merity et al.,[2017). We
repeat the experiments under three random seeds, and
report the mean and standard deviation for each metric.



Dispersion Loss Counteracts Embedding Condensation and Improves Generalization in Small Language Models

a
- step 0 "ensty” step 306  "Beny’ step 612 g step 918  gann step 1224 "y step 1526  "Sasy
2 F === glo - §10 - ml0 - §i0 = 1 <
© 075 1 1f8s 075 8 075 8 075 8 075 8 075 8
£ os 1 “le os " e os ol os ol os * ol os il B
g (- - — - — - — - i - -
o 025 _—___ 1l o025 4 025 4 025 4 025 4 025 4
% 0 2 0 2 0 2 0 2 0 2 0 2
o , il i} u l il
O02% 02 04 06 08 1 ° %% 02 04 06 08 1 ° *%% 02 04 06 08 1 ° 2% 02 04 06 08 1 ° 2% 02 04 06 08 1 ° 2% 02 04 06 08 1 °

Layer Fraction Layer Fraction Layer Fraction Layer Fraction Layer Fraction Layer Fraction

- step 0 ety step 306  ‘Been’ step 612 ‘B’ step 918 gy’ step 1224 "y step 1526 gy’
Z 1 === gl 7o To 1 1o To
=
© 075 1 1f8s 075 8 075 8 075 8 075 8 075 8
E os :__-.- s os * e os * Ve os ® s os ® s os il B
£ o 1 - — - . : - - ™ : ™
ﬂ 025 _— 1la o025 4 025 4 025 4 025 4 025 4
£ o 2 0 2 0 2 0 2 0 2 0 2
o] Uy s Ly | U, U, . 17 i
O02% 02 04 06 08 1 ° *%% 02 04 06 08 1 ° *2% 02 04 06 08 1 ° 2% 02 04 06 08 1 © 02% 02 04 06 08 1 © 2% 02 04 06 08 1 °

Layer Fraction Layer Fraction Layer Fraction

Layer Fraction Layer Fraction Layer Fraction

Figure 7. Dispersion loss counteracts the embedding condensation phenomenon. a. Starting from condensed embeddings (gray dashed
box), mid-training with the default loss has a limited impact (green box). b. In contrast, mid-training with our dispersion loss as a
regularizer substantially mitigates embedding condensation (blue box).

This setting provides a computationally efficient proof of
concept, feasible on a single NVIDIA A100 GPU, enabling
controlled ablations and systematic hyperparameter studies.

We then perform full pre-training from scratch to examine
the effects of incorporating dispersion loss on the formation
of representational geometry. Qwen3 models are trained on
the allenai/c4 dataset (Dodge et al.,2021) for 156 B
tokens using 640 GPUs.

Experimental details, including training protocols and
hyperparameters, are provided in Appendix [B.I] The
evaluation benchmarks are described in Appendix

4.1. Dispersion loss counteracts the embedding
condensation phenomenon

First, we examine whether dispersion loss can directly
counteract the embedding condensation phenomenon.

Using the same heatmap visualization, we observe that pre-
trained GP T2 exhibits severe embedding condensation, with
pairwise cosine similarities rapidly collapsing toward 1 in
deeper layers (Figure [/| column 1). Continuing training
with the standard cross-entropy objective provides minimal
relief, leaving the overall condensation pattern largely
intact (Figure[7p). In contrast, incorporating dispersion loss
substantially alters the geometry of token representations.
As training progresses, the cosine similarity distributions
become more spread out (Figure[7b). These results indicate
that dispersion-aware training can restore representational
diversity even when applied during mid-training.

4.2. Dispersion loss is effective in mid-training

Next, we evaluate whether the geometric improvements
induced by the dispersion loss translate into better
downstream performance. We report zero-shot and few-
shot results on 10 language understanding benchmarks for
models before and after mid-training. Results for the GPT2

and Qwen3 models are reported in Table 2] Besides our
dispersion loss and alternative formulations, we compared
against other simple ways that could potentially counteract
the embedding condensation phenomenon, namely “noisy
embedding” which adds noise to the embedding vectors
during training, inspired by (Jain et al., [2024), and
“active forgetting” which resets the token embedding layer
periodically during training, inspired by (Chen et al., 2023).

Models mid-trained with dispersion loss consistently
outperform those trained with the default loss, yielding
improvements across most tasks and model sizes. Although
the absolute gains are modest, they are systematic and
consistent, further supporting the link between reduced
condensation and improved generalization. Among all
compared methods, the proposed dispersion loss delivers
the strongest and most stable performance across tasks,
achieving the highest average improvement across multiple
model sizes (Table[2). Interestingly, active forgetting (Chen|
et al., [2023) is also fairly competitive, despite not being
originally designed for this purpose.

The three alternative formulations of dispersion loss also
yield gains in some settings, but are generally less stable
or slightly weaker on average, motivating our focus on the
canonical dispersion loss in subsequent experiments. {o-
repel is the most volatile, likely due to the fragile balance
between pairwise dispersion and norm regularization: if the
former dominates, the norm explodes; if the latter dominates,
the result is collapse rather than dispersion. Decorrelation is
less effective than dispersion loss likely because it penalizes
feature-channel correlations and is less direct than reducing
angular alignment. Orthogonalization is also less flexible, as
it does not incentivize angular separation beyond 90 degrees.

Differential effect on early and late layers To further
examine whether dispersion loss improves performance
via counteracting embedding condensation, we analyze
its layer-wise impact. Motivated by the observation that
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Table 2. Using dispersion loss during mid-training improves performance on language tasks. For each base model, the best single-
benchmark metrics are displayed in bold, whereas the best average ranks and best average performances are boxed and in bold. We also
perform the Student’s ¢-tests on the average performances and report the significance level with respect to “Liin + Dispersion loss”.

Mid-training Training time Zero-shot

Few-shot

Model Rank| Averagef t-test
Train Loss A100 hours ANLIg,T LAMBADA,penaiT OpenbookQAt PIQAT TruthfulQAt WinoGrande? ARCeasyT ARCchallengel MedMCQAT MMLUT
GPT2 X — — 344 308 156 61.6 403 524 420 162 254 48 6l 3435 p<0.0001
V' Luin 1122 (1.00x) 340+ 03 324+06 164401 622+07 43.6+02  528+31 41.6+£00 174406 242+38 248404 62 3495+0.11 p<0.0l
V' Liin + noisy embedding 1.122 (100x) 343+ 0.1 330403 169404 61107 439+02  536+20 437404 180406 21.6+25 254404 43 3515+£006 p<0.0l
V' Loyan + active forgetting  1.127 (1.00x) 350 03 338+ L1 166403 61000 440+0. 522408 443+£04 186+ 11 224417 257402 3536+0.15  ns.
V' Lyun + Decorrelation 1221 (109x) 350 £ 0.0 33.6+ 05 170406 608+£06 43903  520+17 438405 I180+13 244423 25602 36 3541006  ns.
V' Lain + larepel 1175 (105%) 346+ 03 328402 166402 608+03 439402 542408 434+02 176408 24.6+20 257+0. 35420101 s,
V' Liain + Orthogonalization 1210 (108x) 344 +0.1 3124 L1 168+£07 616+00 442+04  S534+08 442410 180403 248+33 256+02 24019 ns
V' Liin + Dispersion loss  1.176 (1.05x) 348 £0.0  34.0 + 0.4 166400 624+03 442+0.1 51.6+0.0 426404 180+£08 266+23 254402 £0.02  ref.
GPT2-m x — — 33 404 18.6 663 40.1 54.8 502 19.9 29.1 253 54 3780 p<0.0001
V' Lun 2.541 (1.00x) 33,1 £0.6  43.2+0.3 191400 67704 405+13 555+ 10 542+27 189407 282£23 251403 45 3855+0.8 p<0.0l
V' Luin + noisy embedding 2.580 (1.01x) 33.3 £0.1  44.0 £ 0.3 186406 667+0.1 445+06 521416 SIL7+£16 195418 255+0.0 258403 48 38164025 p<0.0l
V' Loan + active forgetting 2.580 (101x) 334+ 03 43.0+06 189401 667+01 443+£0.0  S08+14 518425 198414 265+01 261+£00 44 3813£029 p<00l
V' Lyun+Decorrelation 2760 (1.09x) 334+ 00 454+ 13 189408 66.6+0.1 422+0.1 562+04 538+33 180+08 282+30 254+02 40 3881012 p<00l
V' Lasin + Larepel 2.675(1.05%) 336 £0.8  44.2+0.8 185406 662+0.1 424+0. 544+ 11 540420 186+06 289+21 253+04 47 3861003 p<00l
V' Luin + Orthogonalization 2.692 (1.06x) 33.0+ 04 452404 186406 681+04 414+02 551406 53.6+27 184404 29.0+04 250+0.1 3874+ 030 p<0.05
V' Luun + Dispersion loss  2.673 (105x) 33.6 0.1 452408 192402 67.5+0.0 434202  564+11 S538+L1 201+£09 286+0.1 257403 [22] +£015  ref
GPT2-1 X — — 336 478 19.6 716 389 584 540 24 262 256  — 39.81 —
GPT2-x1 x — — 364 49.4 22 718 380 572 580 236 270 52— 40.89 —
Qwen3-0.6B X — — 350 430 195 665 40.7 605 675 325 265 494 57 4411 p<0.0001
V' Luin 4676 (1.00x) 325+ 03 520403 215405 67.5+14 443+09  610+08 680+28 330413 295+09 500401 41 4593+£037 p<0.0l
V' Luan + noisy embedding 4.839 (1.03x) 340+ 0.7 488+ 04 205407 660+0.7 4940l 575407 672+ 1.1 345+07 350+ 14 488+£00 53 46.17+028 p<001
V' Liin + active forgetting 4.829 (1.03x) 35.0£0.7  49.0+4.2 200421 672404 486+09 588+ 18 690+ 14 342+ 11 368+04 493400 40 46794027 p<0.05
V' Luin + Decorrelation  4.939 (1.06x) 35.0£0.0  50.5+ 0.4 195418 67.5=1.1 470+23 595+ 18 685+32 350418 340+04 498402 35 46.62+£025 p<00l
V' Loain + Carepel 4864 (1.04x) 335+ 00 460421 190+£07 66004 47402  595+14 690+32 350418 40004 46902 48 46.23+004 p<0.001
V' Luin + Orthogonalization 4.936 (1.06x) 35.5 = 1.1 50.0 % 0.7 20407 655+£04 49.1+0. 565+2.1 715432 330+ 11 36007 489+£02 42 4680 +020 p<005
V' Lin + Dispersion loss  4.878 (1.04x) 355+ 08 495408 225406 650+1.6 498+11 585+ 16 725423 345408 375413 492402 4745]+0.16  ref
Quen3-1.7B X — — 395 53.0 29.0 715 47.6 60.5 720 50.0 455 63.1 5.1 5318 p<0.0001
V' Loin 9.148 (1.00x) 400+ 0.9 60.7+03 285409 74306 491402  613+03 TI3L14 477412 497£12 631400 43 S5457+£0.17 p<0.0l
V' Liin + noisy embedding 9345 (102x) 350+ 00 60.5+28 280400 70.5+£07 503+09  608+32 732+£04 485400 485+21 625406 50 5378007 p<0.0001
V' Lyan + active forgetting 9.298 (102x) 352+ 04 595+ 1.4 275407 725400 499402 605+ 14 742+£04 472+ 11 490+ 14 632402 50 53894007 p<0001
V' Lyun+ Decorrelation 9535 (1.04x) 395+ 1.5 607+ 1.0 283412 T48+1.0 497405 615409 T27+15 497408 497+1.0 635402 3.1 5501+£0.13 p<0.0l
V' Lusin + larepel 9.440 (103%) 335+ 00 478406 230400 67.8+12 421+02 575405 683+£19 413418 38526 423405 80 4622+057 p<0.0001
V' Liain + Orthogonalization 9.565 (1.05x) 408+ 1.3 610405 2902403 748+13 495402 613408 723L19 482416 495+13 637400 30 55044026 p<0.05
V' Liin + Dispersion loss  9.455 (1.03x) 402 £2.0 622+ 0.8 200410 752+08 502404 627412 730+13 493408 SLOE18 64.1+02 55.68]+021  ref
Quen3-4B X — — 415 60.5 275 75.0 528 67.0 80.0 585 555 731 — 59.14 —
Quen3-8B X — — 495 675 330 715 547 710 86.0 635 56.0 782 — 63.68 —
Quen3-14B X — 540 655 355 770 547 745 86.0 685 62.0 817 — 65.93

Table 3. Dispersion loss is more effective when applied to deeper layers, where embedding condensation is more pronounced. Experiments

are performed under the GP T2 mid-training setting.

Zero-shot Few-shot t-test
Average?
Dispersion location ANLIg;T LAMBADAjpena:T OpenbookQAT  PIQAT  TruthfulQAT WinoGrande? ARCeasyT ARCenaliengeT MedMCQAT — MMLUT
Layers € [1, %] 34.6+0.3 33.0£04 16.7 + 0.6 60.9 + 0.4 433+05 524+03 43.74+0.3 179+13 2194+ 1.0 253+06 3496+020 p<0.05
Layers€ [, L] 349+04 333106 16901 613+08 439:+0.1 522+ 1.1 438+12 17.8+09 237424 25801 [3537]£006 ref.

Table 4. Effect of hyperparameters on the dispersion loss. Ablation
experiments are performed under the GPT2 mid-training setting.

Loss Coefficient  Temperature Average (same 10 tasks) 1

Adisp T

Lirain + Dispersion loss 0.1 1.0
0.01 1.0
0.5 1.0
1.0 1.0
0.1 0.1
0.1 0.5
0.1 2.0

condensation becomes more pronounced in deeper layers,
we apply dispersion loss selectively to either the first half
or the last half of the model. We find that applying the loss
to the later layers yields greater performance improvements
than applying it to the earlier layers (Table [3). This result
provides additional evidence that the empirical benefits
of dispersion loss arise from mitigating the embedding
condensation phenomenon.

Ablation studies on hyperparameters We then conduct
ablation studies to assess the sensitivity of the proposed

dispersion loss to its main hyperparameters, namely the
weighting coefficient Agisp and the temperature parameter
7, using mid-training experiments on GPT2 (Table[). The
average score across the same 10 language understanding
benchmarks is reported.

In general, we find that the dispersion loss is relatively
robust to the choice of \gsp and 7. Based on these results,
we adopt Agisp = 0.1 and 7 = 1.0 as default settings in
subsequent experiments.

4.3. Dispersion loss is effective in pre-training

Finally, we evaluate the effect of dispersion loss when
incorporated throughout full pre-training. Following the
insights obtained from the mid-training experiments, we
perform pre-training from scratch using the Qwen3-0. 6B
model on the allenai/c4 corpus with 640 GPUs.
Pre-training with dispersion loss leads to an average
improvement of +1.17 points in downstream evaluation
metrics, including +-4.0 points on PIQA, and +7.4 points
on TruthfulQA, indicating that encouraging embedding
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Table 5. Using dispersion loss during pre-training improves performance on language tasks. Experiments are performed under the

Qwen3-0. 6B pre-training setting.

Zero-shot

Few-shot

Average?
Loss ANLIg;T LAMBADAgpenai? OpenbookQAT PIQAT TruthfulQA? WinoGrande? ARCeasy? ARCchalienge? MedMCQAT MMLUT
Lirain 34.0 24.0 155 64.5 37.8 58.0 41.5 22.0 26.5 24.6 34.84
Lyrain + Dispersion loss 32.0 275 13.5 68.5 45.2 54.5 40.0 24.5 29.5 249 [36.01| .7

dispersion during representation formation is beneficial as
we anticipated. These gains are achieved over a diverse
set of language understanding tasks without any task-
specific post-training, suggesting improved generalization.
These results demonstrate that incorporating dispersion loss
throughout pre-training provides a principled and effective
mechanism for counteracting embedding condensation.

We observe that dispersion is generally more helpful
for knowledge-heavy or long-context reasoning tasks like
TruthfulQA and MedMCOQA. In these tasks, we expect the
models to benefit from less collapsed, more distinguishable
contextual token directions. In contrast, tasks such as
WinoGrande rely more on common sense inference and
might benefit less from representation dispersion.

5. Related Works

Analyses of condensation Phenomena consistent with
what we term embedding condensation have appeared
in prior analyses of Transformer representations, though
typically in indirect or task-specific forms. Existing studies
have characterized related behaviors using a variety of
measures, including output matrix rank (Shi et al., [2022]),
covariance matrix rank (Li et al.l 2025), distance to rank-1
subspaces measured by the Frobenius norm (Dong et al.|
2021), spectral bias between high- and low-frequency
components (Wang et al.| 2022)), singular values (Zhang
et al., 20235)), entropy (Liao et al., 2024} Tokarchuk et al.,
2026)), spherical variance (Tokarchuk et al., |2026)), and
the proportion of variance explained by the principal
components (Ethayarajh, 2019). These metrics offer
complementary views of representation collapse across
layers. In this work, we used the layer-by-layer dynamics
in pairwise cosine similarity between token embeddings as
a direct and interpretable measure for tracking embedding
condensation during training. For a broader overview of
related representation degeneration phenomena, we refer
readers to the survey of (Dovonon et al., 2024)).

Previous work has attributed this phenomenon to several
factors: oversmoothing induced by layer normalization
under analogies between Transformers and graph neural
networks (Shi et al) [2022); the effects of specific
components such as self-attention and MLPs (Dong et al.,
2021); the distribution of embeddings at the infinite depth
limit (Geshkovski et al. [2025); and the eigenspectrum of
the Transformer update (Dovonon et al., 2024).

Prior attempts to mitigate these effects have largely focused

on architectural or parameterization changes, such as
aggregating representations across layers (Shi et al.| |[2022),
reparameterizing updates via eigendecomposition (Dovonon
et al.|2024), or rebalancing frequency components (Wang
et al) 2022). In contrast, our work targets embedding
condensation directly through an explicit representation-
level regularization objective.

Representation shaping via embedding regularization
In representation learning, training objectives are often
designed to shape the latent space toward desirable
geometric or relational properties. For instance, contrastive
learning structures representations by enforcing similarity
between positive pairs and separation between negative
pairs (Oord et al.| [2018; (Chen et al., [2020a; [Liu et al.|
2024; |Sun et al., 2025 |He et al.,[2019; |Chen et al., [2020b}
Liu et al., 2025aib; |Givechian et al.l 2025); geometry-
aware regularization methods promote well-behaved latent
structures through explicit geometric constraints (Wang &
Isola, 20205 [Liao et al., 2025; |Sun et al., [2024; Verma et al.|
2018); REPA (Yu et al., [2024)) improves generative quality
by aligning representations learned by generative models
with those of pretrained understanding models. Closest
in spirit, the “diffuse and disperse” framework (Wang &
He, 2025)) and |Tokarchuk et al.| (2025)) introduce dispersive
objectives. In a concurrent work, Li et al. (Li et al., [2026)
study model-level dispersion among hidden representations
in language models, and train with objectives that increase
dispersion to reduce language model perplexity. Our work
instead centers on layer-wise embedding condensation as
depth and scale evolve and evaluates dispersion-aware
training for models on broad understanding benchmarks.

6. Conclusion

We presented an empirical study of embedding geometry in
Transformer models and identified embedding condensation
as a pervasive phenomenon that disproportionately affects
smaller models. By introducing a dispersion-aware training
objective, we showed that embedding geometry can be
directly regulated during training, leading to more diverse
embedding vector directions and consistent performance
improvements in small language models without scaling
up the model size. Our findings suggest that geometric
properties of representations are an important and previously
underexplored axis for understanding and improving
Transformer models. We hope that our work will motivate
further investigation into geometry-aware objectives as a
complementary approach to scaling in areas including but
not limited to language modeling.
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Impact Statement

This paper studies the geometry of token representations
in Transformer-based language models and introduces
a dispersion-based regularization objective to counteract
embedding condensation. The proposed method is a
training-time modification that improves generalization in
small language models without changing model architecture
or increasing parameter count.

As a representation-level technique, this work does
not introduce new application domains or deployment
mechanisms. Its potential impact is indirect and mediated by
downstream use of language models trained with dispersion-
aware objectives. While improved generalization in smaller
models may reduce reliance on larger models, the societal
implications of such improvements depend on the specific
tasks, data, and deployment contexts chosen by future users.

We do not anticipate new ethical risks arising specifically
from the proposed loss formulation beyond those already
associated with language model training and evaluation.
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A. Pseudocode for Dispersion Loss

Algorithm 1 Dispersion Loss

# z: Token embeddings

# tau: Temperature

# eps: Numerical stability constant

# thr: Clamp threshold

# [batch size, sequence length, feature dimension]

B, L, F = z.shape

# normalize embeddings along feature dimension
z_norm = z / (linalg_norm(z, dim=2, keepdim=True) + eps)

# cosine similarity matrix with shape [B, L, L]
cossim = z_norm @ transpose(z_norm, diml=1, dim2=2)

# Clamp to avoid negative inf gradient at the two extrema.
# Also saturate the gradient at the boundary to avoid large gradient.
cossim_clmp = clamp(cossim, - 1 + thr, 1 - thr)

# Clamp gives 0 gradient beyond the boundary.
# We force same gradient as the boundary instead.
cossim_clmp = cossim + (cossim_clmp - cossim) .detach ()

# distance matrix with shape [B, L, L]
D = arccos(cossim_clmp) / pi

# mask out diagonal entries
mask = eye (L) .bool ()
D = DJ[:, ~mask]

# compute logit

logit= - D / tau
# log-sum—-exp trick for ‘log(mean (exp(logit)))’
loss = logsumexp (logit + eps, dim=1l) - log(L = (L - 1))

# dispersion loss
loss = mean (loss)
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B. Experimental Settings

B.1. Settings and hyperparameters for training and evaluation

The settings and hyperparameters are summarized in Table [ST]

Table S1. Settings and hyperparameters for training and evaluation.

Highly controlled experiment

GPT2 mid-training GPT2-m mid-training Qwen3-0.6B mid-training Qwen3-1.7B mid-training Qwen3-0. 6B pre-training

(Section (Section (Section (Section (Section (Section
Training
Optimizer AdamW (Loshchilov & Hutter}2019]
Learning rate scheduler Cosine decay with warmup (Loshchilov & Hutter||2017} Linear decay with warmup
Learning rate 1x107° 5x107° 5x107° 2x107° 5x 1076 5x107°
Dataset codelion/fineweb-edu-1B Salesforce/wikitext allenai/c4
GPU count per job 1 1 1 1 1 640
Training duration (tokens) 1B 200 M 200 M 200 M 200 M 156 B
Batch size per device 32 32 16 4 2 2
Gradient accumulation step 16 4 8 8 16 1
Context length (tokens) 1024 1024 1024 4096 4096 4096
Effective batch size (sequences) 512 128 128 32 32 1280
Effective batch size (tokens) 524288 131072 131072 131072 131072 5242880
Evaluation
Zero-shot examples — 0 0 0 0 0
Few-shot examples — 1 1 5 5 5
Max generation length (tokens) — 256 256 1024 1024 1024

B.2. Evaluation benchmarks

ANLIgn,

The Adversarial Natural Language Inference (ANLI) (Nie et al.| [2020) (https://huggingface.co/datasets/
facebook/anli) is a new large-scale NLI benchmark. The dataset is collected via an iterative, adversarial human-and-
model-in-the-loop procedure.

LAMBADA penai

The LAMBADA benchmark (Paperno et al.l 2016) (https://huggingface.co/datasets/EleutherAl/
lambada_openai) is a collection of narrative texts sharing the characteristic that human subjects are able to guess
their last word if they are exposed to the whole text, but not if they only see the last sentence preceding the target word.
To succeed on LAMBADA, computational models cannot simply rely on local context, but must be able to keep track of
information in the broader discourse.

OpenbookQA

The OpenBookQA benchmark (Mihaylov et al, 2018) (https://huggingface.co/datasets/allenai/
openbookga) is a question-answering dataset that contains questions that require multi-step reasoning, use of additional
common and commonsense knowledge, and rich text comprehension.

PIQA

The PIQA benchmark (Bisk et al.,[2020) (https://huggingface.co/datasets/ybisk/piga) introduces the
task of physical commonsense reasoning, a major challenge on the road to true Al-completeness, including robots that
interact with the world and understand natural language.

TruthfulQA

The TruthfulQA benchmark (Lin et al., 2022) (https://huggingface.co/datasets/domenicrosati/
TruthfulQA) is a benchmark to measure whether a language model is truthful in generating answers to questions.
The benchmark comprises 817 questions that span 38 categories, including health, law, finance and politics.

WinoGrande
The WinoGrande benchmark (Keisuke et al. [2019) (https://huggingface.co/datasets/allenai/
winogrande) is a collection of 44k problems formulated as a fill-in-a-blank task with binary options.

ARCeasy and ARCchallenge

The ARC benchmark (Clark et al., 2018) (https://huggingface.co/datasets/allenai/ai2_arc) consists
of 7,787 genuine grade-school level, multiple-choice science questions, assembled to encourage research in advanced
question-answering. The dataset is partitioned into a Challenge Set and an Easy Set, where the former contains only
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questions answered incorrectly by both a retrieval-based algorithm and a word co-occurrence algorithm.

MedMCQA

The MedMCQA benchmark (Pal et al.,[2022)) (https://huggingface.co/datasets/openlifescienceai/
medmcga) is a large-scale, Multiple-Choice Question Answering (MCQA) dataset designed to address real-world medical
entrance exam questions. It contains more than 194k high-quality AIIMS & NEET PG entrance exam MCQs covering 2.4k
healthcare topics and 21 medical subjects are collected with an average token length of 12.77 and high topical diversity.

MMLU

The MMLU benchmark (Hendrycks et al., 2021bfa)) (https://huggingface.co/datasets/cais/mmlu)is a
multitask dataset consisting of multiple-choice questions on 57 tasks. It spans subjects in the humanities, social sciences,
hard sciences, and other areas that are important for some people to learn.
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C. Additional Results on Embedding Condensation
C.1. Embedding condensation results on wikitext-103

We found consistent trends on embedding condensation across the following model families: GPT2 (Radford et al., 2019),
Qwenl (Bai et al] 2023), Qwen2 . 5 (Hui et al} 2024), Qwen 3 (Yang et al} 2023 and B1oom (Workshop et al.} [2022), as

shown in Figure[ST} This figure shows the raw results we used in Figures 2]
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Figure S1. Additional quantitative and qualitative evaluations on GPT2, Qwenl, Qwen2 .5, Qwen3 and Bloom families all demonstrate
consistent trends that within each model family, larger models are less susceptible to the embedding condensation phenomenon.
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C.2. Embedding condensation results on pubmed_qga, imdb, and squad
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Figure S2. The embedding condensation effect is consistent regardless of the input text dataset. Results are shown for four datasets,
namely (a) wikitext, (b) pubmed_ga, (¢) imdb, and (d) squad.

C.3. Embedding condensation results on wikitext—-103, evaluated using average cossim of last few layers
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Figure S3. The average cosine similarity of the last few layers is also an effective metric that captures the embedding condensation
phenomenon. However, the Spearman correlation and Kendall’s Tau that we use in this work are able to show the trend more clearly.
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D. Embedding condensation and embedding dimension

It is widely known that when the dimension increases, random vectors are more likely to be orthogonal to each other (Cai
et al.Ll 2013). As a result, we ask the following question.

Q: To what extent does increased embedding dimensionality alone account for the reduced embedding condensation
observed in larger models, independent of training dynamics?

To answer this question, we provide the following theoretical results on the expected values of cosine similarity between two
vectors , y € R if the dimension increases from d to D. We consider two idealized mechanisms for increasing embedding
dimension, which serve as geometric reference cases rather than models of actual training dynamics.

-
Note that the cosine similarity between 2 and y at dimension d is cossimg(z,y) = m Assume cossimg(z, y) > 0.

1. If the dimension growth is achieved by repeating vector entries, the cosine similarity stays the same[E.1]

2. If the dimension growth is achieved by padding random entries from the standard normal distribution, the expected
cosine similarity is cossimg(z,y) - a(]|z||) - «(||y]|), which is strictly between

]l - Iyl _aly ]l - llyll
VIzlZ+D —dy/yl2+D—d =l -yl /2> + D —d/|yl2+ D —d
_ zly
VIzl?+ D —dy/[yll>+ D —d

cossimg(z, y)

and

) ] - llyl _ o aly - llyll
VIElP+D—d—1/ylP+D—d—1 |-yl =[P+ D —d—1/[y[?+ D —d—1
.Z'Ty
VIeE+D—d—1/[ylP+D—d—1

cossimg(z, y

cossimg (z,y)
D—d+1

cossimg (z,y)
and Dy

If z and y are unit vectors, this implies that the new cosine similarity is between

Taking the GPT2 family as an example, the smallest model GPT2 has an embedding dimension of 768, while the largest
model GPT2-x1 has an embedding dimension of 1600. The theoretical results above imply that if the average cosine
similarity in GPT2 is cossim(GPT2), then the corresponding value in GPT2-x1 would be

1. equal to cossim(GPT2) if assuming repeating entries, or

cossim(GPT2) cossim(GPT2) and cossim(GPT2) cossim(GPT2)

2. between {55 —res11 = 33 T600—68 = 32 if assuming isotropic Gaussian noise entries.

("A:In high-dimensional spaces, random vectors are nearly orthogonal, implying that increased embedding dimensionality\
defines a geometric upper bound on achievable dispersion under isotropy. However, this effect reflects a property of
isotropic randomness rather than a guarantee of how trained representations utilize the space.

Implication: While larger models benefit from a higher-dimensional geometric baseline, embedding dimensionality
alone does not ensure well-dispersed representations. This observation raises the possibility that explicit dispersion
\regularization could further improve embedding geometry even in large models, which we leave for future investigationj
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E. Proofs of Propositions

Proposition E.1. Let z,y € R be nonzero vectors. Let D = kd for some integer k > 1, and define the repeated vectors
T =(z,2,...,7) € RP and § = (y,y,...,y) € RP. Then cossimp(Z,§) = cossimy(x,y). Consequently, if (z,y) are
random and satisfy E[cossimg(x, y)] = ¢, then E[cossimp(Z, §)] = ¢

Proof. Let 2,y € R? be fixed. Then each of the repeated vectors #, 7 € RP consists of k£ concatenated copies of = and 7,
respectively.

We compute the inner product:

Next, compute the norms:

k k
1212 =D llll® = k- =l 171° =Y llyl® = k- lyl*.
i=1 i=1
Thus:
1 = V&-llzll, 17l = V- llyl.
Plugging into the cosine similarity:

cossimp (Z,§) = (. 9) — k-(z,y) — {,y) = cossimg(x, y).

IzI-lgll Ve V- llyl) - el -yl

The identity thus holds pointwise. If (x, y) are random vectors with E[cossim(z, y)] = ¢, then by linearity of expectation:
E[cossimp(Z, )] = E[cossimg(z, y)] = c.
O

Proposition E.2. Let v,y € RY be nonzero vectors, let m > 1, and define D = d-+m. Construct padded vectors X = (z, )
andY = (y,n) € RP, where e,n ~ N(0, I,,,) are independent standard Gaussian noise vectors, also independent of (z,y).
Define:

T
o) =Eomss, | ]

Then:
E[cossimp (X, Y)] = cossimg(z,y) - a(||z]) - a(||y|)- )

Moreover, for all v > 0, the function «o(r) satisfies the strict bounds:

U N P — )

2 +m ) vVri4+m—1

with both inequalities strict. As a consequence, the expected cosine similarity after Gaussian padding obeys:

[yl
V2l +m)(lyll* +m)

cossimg(x,y) - < E[cossimp (X, Y)] (6)

|l
VIzl? +m =D (ly[> +m 1)

< cossimy(z,y) -

(N

again with strict inequalities.
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Proof. We first compute the cosine similarity in D dimensions. By definition:

(X,Y)

COSSimD(X, Y) = W

The inner product expands as:
(X,Y) = (z,y) + (e,m).
Since ¢ and 7 are independent standard Gaussian vectors in R™, their inner product (¢, ) has mean zero. Specifically:

m

E[(e,m)] = Y Elem] =0,

i=1
since each ¢; and 7; are independent with mean zero.

For the denominator, we write:
IX0Z = llzl® + llel®, 1Y12 = llyli® + [0l

Denote U = |||? and V' = ||n||. Since &, ~ N(0, I,,,), we know:

U,V ~x2, independently.
Taking expectation of the cosine similarity:

(z,y) + (e,m)
Vizl?+U- Iyl +V

By linearity of expectation and the independence of ¢, 77, we obtain:

Elcossimp(X,Y)] =E l

1
VielP+U-lyl?+V

Now observe that (z, y) = cossimg(z,y) - ||z|| - ||y||. So we substitute:

Elcossimp(X,Y)] = (z,y) - E [

1
VizlP+U-lyl?+V

) |

Elcossimp (X, Y)] = cossimg(z,y) - ||z] - ||y|| - E [

Since U and V are independent, the expectation factorizes:

el

Viel?+U

E[cossimp (X, Y)] = cossimy(z,y) - (E [

el vl
VIl +v
This yields the desired expression with

T
o) =R | 7w

To prove the lower bound, we consider the function:

fu) =

r
We compute its second derivative:
' (u) = %(TZ +u)™%2 >0 forallu > 0.
Hence, f is strictly convex on (0, c0). Applying Jensen’s inequality:
T T
- V2 +E[U] - V2 tm

a(r) =E[f(U)] = f(E[U])
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Because f is strictly convex and U is not constant (since Var(U) = 2m > 0), equality cannot occur. Therefore the

inequality is strict:
r

a(r) > ——.
) > o —

To establish the upper bound, observe that f(u) is strictly decreasing:

f(u) = —g(r2 +u)7%2 <0.
This implies that for any constant a < E[U], we have f(U) > f(a) with positive probability and f(U) < f(a) with positive
probability, since U ~ x?, is supported on (0, 00) and not almost surely equal to any fixed value.

Choosing a = m — 1 < m, and noting that f(U) < f(m — 1) almost surely with strict inequality on a set of positive
measure, we conclude:

r
a(r) =E[f(U)] < f(m—1) = Nk
This completes the proof of both strict bounds. O
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