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Abstract

Langevin dynamics—gradient descent with additive stochastic noise—provides a powerful frame-
work for learning dynamics in deep neural networks, bridging deterministic optimization and statis-
tical inference in deep neural networks. It has been shown to unify two prominent theories for wide
networks: the Neural Tangent Kernel (NTK), which assumes linearized gradient descent dynamics,
and the Bayesian Neural Network Gaussian Process (NNGP), which treats learning as posterior
inference. In this work, we extend the framework to compare lazy and non-lazy learning in linear
networks, analyzing how different parameters affect the learning dynamics of both the predictor
and the kernel in each regime. We show that in the non-lazy case, the network is more resilient to
noise and to small initial condition.

1. Introduction

The success of deep learning has spurred intense interest in understanding the underlying dynamics
of neural network training. A central challenge is to connect optimization algorithms with princi-
ples that govern statistical inference [17]. Langevin dynamics—gradient descent with additive noise
[8, 33]—provides a natural bridge between these perspectives, interpolating between initial learning
dominated by deterministic gradient and convergence to equilibrium equivalent to Bayesian infer-
ence. In this work, we use Langevin dynamics to study neural networks in the infinite width regime.
We previously used this framework to unify two prominent theoretical approaches to the kernel
regime [1]: the Neural Tangent Kernel (NTK) [15], which assumes linearized gradient descent, and
the Neural Network Gaussian Process (NNGP) [7, 16, 22, 34], which describes the long-time behav-
ior dominated by sampling from a posterior distribution. We extend the theory to compare learning
in lazy (kernel regime) and non-lazy (feature learning regime) [35, 36] networks under Langevin
dynamics in linear networks. We analyze how noise, initialization, and network scaling interact to
shape the input-output function dynamics.

2. Notations and Setup for the Dynamical Theory

We consider a fully connected DNN with an input x € R0, I hidden layers. and a single output
f (.e. the predictor). The input-output function is given by:

f(©,x) = N;"a-xl(x), acRM )
x(x) = ¢ (Nl‘_ll/2 Wi x!-! (x)) , x'eRM, (=1...L 2)

N; denotes the number of nodes in hidden layer I, and Ny is the input dimension. a € Rz
denotes the linear readout weights and W' € RV*Ni-1 denotes the hidden layer weights between
layers [ — 1 and [. ¢ is an element-wise nonlinear function of the preactivation vector. The set of all

© .
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network parameters are denoted collectively as © = {W1 WL a}. x! stands for the activations
of the neurons in the [-th layer, and x € R™ represents the input vector to the first layer of the
network (x/=° = x). The training data is a set of P labeled examples D : {x*, y*} p=1, P where
x* € RMo is a training data point, and y* € R is the target label of x*. It is convenient to define
a vector that contains all the label values Y € R” and a vector of the predictor values on all the
training points fiain (t) € RY, such that f. = f(©,x*). Importantly, in this work we consider
the infinite-width regime [16, 22, 34], namely Ny, ... N — oo, but finite P.

The normalization factor N, "7 control the level of feature learning in the network, where v =
1/2 (standard scaling) has been shown to have no feature learning in the infinite width limit [16].

In contrast v = 1 (mean field scaling), has been shown to have strong feature learning, as the
readout weights a and the activations x(x) are forced to align to balance the normalization factor.

We consider the following supervised learning cost function:

T
@t|D Z ftram - )2 + T‘_Q |@t|2 (3)
,u:l

We introduce the parameter 7’02 as controlling the relative strength of the first term (SE loss)
and the regularization term (weight decay) similar to [18, 21]. o2 is equivalent to the variance of
the Gaussian prior in a Bayesian framework and 7" control the level of noise in the dynamics (see
below).

We consider gradient descent learning dynamics with an additive noise given by continuous-
time Langevin equation. The weights of the system start from an i.i.d. Gaussian initial condition
with zero mean and variance o3. The weights evolve under gradient descent with respect to the cost
function above with a noise term &:

L0.=-VoE (0) +£(1) @
where £ (¢) has a white noise statistics (¢ (¢)) = 0, (£ (t) &7 (') = 2IT6 (t —t').

Given a distribution of initial weights, the Langevin dynamics defines a time-dependent poste-
rior distribution on weight space, P; (©), which converges at long times to an equilibrium Gibbs
distribution, P.4(©) o exp (—7E(0)).

In the absence of training signal the Langevin dynamics are a random walk with a quadratic
potential (an Orenstein-Ulenbeck process [31]). The induced statistics of © is that of temporally
correlated i.i.d Gaussian variables with zero mean

(©4)y = 0, <®t@}>0 — m(t, )] 5)

mit,t') = o271y (B — g2) =TT 204 (©)

where (), denotes henceforth averagrng over the dynamics induced by the regularization and the
noise. As expected, m(0,0) = o3. Atlong times, the second term of Eq.6 representing the tran51ent

of the dynamics vanishes and the dominant term is o2e =" *It=t' with no dependence on 00

3. Lazy Learning in Nonlinear Deep Network

We present here the results from our previous work [1], which used Markov proximal learning
approach (see SI Sec.B) to show that in nonlinear deep network in the lazy learning setup (y = 1/2),



LANGEVIN LEARNING DYNAMICS IN LAZY AND NON-LAZY WIDE NEURAL NETWORKS

the moments of the predictor obey a set of integral equations. The equations describing the second
moment for a general nonlinearity are complex, and given in SI Sec.D. Here we bring the equations
for the mean predictor for train and test.

The mean predictor on the training inputs obeys the following integral equation

<ftrain (t)> = /dt/Kc% (t, t/) (Y - <ftrain (t/)>) (7)
0

where the average on (fiain(t)) is over all possible trajectories of the parameters, encompassing
both the randomness of the noise and the initial condition. The mean predictor on any test point x
is given by

(F (£, %)) = / dekE (6,8.%) T (Y = wan (£))) ®)
0

The quantities KX (¢,t'),k% (t,',x) appearing in Eq.7, are P x P matrix and P vector, respec-
tivly, such that KCJILW (t,t') = ICC% (t, ¢, %, %), kc%u (t,t',x) = ICCIZ (t,t',x,,x). They are defined
via a time-dependent Neural Dynamical Kernel (NDK) function [1], which is for any two inputs

K5 (4%, %) = e T (Ve f(t,%) - Vo f (X)), ©)

Where ( )¢ denotes averaging over the time-dependent prior distribution, and is described in SI
Eq.59. The NDK has closed-form expressions for some nonlinearities such as ReLU and error
function, which are given in SI Sec.E (inspired by the static expressions for nonlinear kernels [7,
34).

This set of equations has been shown to describe both the NTK theory in the limit of T —
0,t ~ O(1) and the NNGP theory in the limit £ — co. However, as previously discussed, in the
lazy learning regime the leading-order of the representations is not affected by learning, and an
analytical expression for the first-order correction for a general nonlinearity is still unknown.

In addition, characterizing feature learning dynamics in nonlinear non-lazy (mean-field) scaling
regime, v = 1, remains challenging and has yet to be fully solved for Langevin dynamics. There-
fore, we focus on a simpler setting that enables analytical derivation of a broader range of relevant
quantities.

4. Langevin Dynamics in Linear Networks

We describe the dynamics of a linear network with one hidden layer and a single output, learning
with Langevin dynamics (Eq. 4). The dynamics of the vector a(¢) and the matrix W (¢) are given
by

d 1 1 _

£at =P (]\ﬂ_'YWtq — NWtEW;E\t) —To 2at + ga(t) (10)
d 1 .1 i
@Wt =P Watq — Natat Wtz —To Wt + gW(t) (11)
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Where N;, = N. To account for the different normalizations, we rescale dt by a factor N27~1
as was previously suggested [5], and scale the temperature accordingly [32].

We define ¥ = P+Vo 25:1 x#x; € RNoxNo the data covariance matrix, and the input-output

correlation vector q = P\}NT) Zle X,y € R0, £,(t), éw (t) are white noise terms similar to the

ones described in Sec.2. Generalizing methods from [28], we express W, in the eigenbasis of 3.
We construct an orthonormal basis out of the eigenvectors of X, o1 n,, and use the decomposition
W, = Zgil w,,(t)o, . For Simplicity, here we assume that |q| = 1, and that q is aligned with an
eigenvector of ¥, such that o, = q, with eigenvalue )\,. The general case is treated in SI Sec.A.
We note that w, plays a special role in the dynamics, as it is the pair of the task vector q in the
decomposition of Wy.

We derive scalar equations by projecting the vectors onto one another A(t) = +(a?(t)),
Wam(t) = % (Wn(t) - Wi (1)), vn(t) = 5 (Wn(t) - a(t)). We note that A(t) and Wyn(t) are
self-averaging and do not fluctuate, while v, (¢) fluctuates in standard scaling (v = 1/2) but not in
mean-field scaling (v = 1), similar to the predictor in each case. We can write the equations for
all O(N@) variables (see SI Sec. A). However, under the simplified assumptions we stated above,
N > Nj and Gaussian initial conditions, only three variables participate in the dynamics: A(t),
Wyq(t), and v,y (t). Moreover, A(t) and W,,(t) follow the same dynamics with identical initial
conditions, allowing us to solve for just for one of them (see SI Sec. A for details). As a result, the
system is reduced to two nonlinear scalar ODEs:

%vq (t) = 2PA(t) (1 — Ay (1)) — 2T v, (1) (12)
%A (t) = 2aN?""1o, () (1 — Agvg (£)) + 2T (1 — 0 2A (1)) (13)

With initial conditions .A(0) = 03, v,(0) = 0.

4.1. The Predictor and Representations

The predictor on a general point x is dependent only on v(t)

P
(F(x,1)) = vg(t) PlNo S @ 2 | = Agig() feg (14)

p=1

Where f.q is the usual predictor given by the equilibrium solution in linear networks, k:(—)r Ky ly
or ¢' ¥~ 'x, depending on the ratio between P and Ny. Thus analysis of the dynamics of v,(t) is
sufficient to understand the dynamics of the mean predictor.

In addition, we can look at the dynamics of the kernel as a means to understand the representa-

tions in the model:
K(t) = Kom(t,t) + A2YY T (A(t) — m(t, 1)) (15)

As was predicted before by equilibrium calculations [10, 19], there is a low rank learned com-
ponent, and it is dependent upon the deviation .A(¢) from its prior dynamics. In the lazy regime, the
change in A(t) due to learning is proportional to P/N, and thus small in the infinite width limit.
However, in the non-lazy case, the deviation is controlled by P, and thus not small in general.
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4.2. Lazy Regime

For v = 1/2, the factor N?7~! disappears. « = P/N — 0 in the infinite width limit, and thus the
equation for A(t) decouples from v,(t). Solving it yields A(¢) = m(t,t) Which is the usual prior
for lazy networks. We can substitute A(¢) in the equation for v,(t) and get a solution in terms of
an integral (see SI Sec.D.2), which recovers the solution for linear NDK of Eqs.7,8. In the limit of
T — 0, we get the NTK solution v,(t) = 1 — exp(—2X\,08t).

(a) Non-lazy dynamics are less affected by noise (b) Non-lazy dynamics are less affected by small og
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Figure 1: Lazy and Non-Lazy Dynamics: (a) Comparison between lazy and non-lazy dynamics
for T = 02, P =100, 0 = 09 = 1, and N = 10%. In the non-lazy network, the
equilibrium depends on the ratio between P and 7', leading to only a small deviation
from the zero-temperature equilibrium (v; = 1 in this case). In contrast, in the lazy
network, the deviation is governed by the ratio between oy and 7', and is therefore more
strongly influenced by the temperature. (b)7' = 0.001, P = 100, ¢ = 1,09 = 0.3. In
non-lazy dynamics, only the initial slope is controlled by oy, while the time constant is
related to P. In contrast, in the lazy regime, the time constant scales with o, resulting in
slower dynamics.

4.3. Non-Lazy Learning

For v = 1, we get the equations

%vq (£) = 2PA (1) (1 — Aoy (8)) — 2T 20, (1) (16)

%A (t) = 2Pv, (t) (1 — Mg (1)) + 2T (1 — 0 2A(2)) (17)

In general, this set of nonlinear ODEs needs to be solved numerically. However, for T' = 0, the
solution for A(vg) yields A (v) = 4 /v2 4 0§, and thus at low T', we can conclude that the deviation

of A(t) from the prior is O(1), and the kernel has significant low rank feature learning component
(see Eq.15). We note that o3 determines the timescale of convergence in the lazy case. However, in
the non-lazy case, the time scale is related to vy, where o only determines the initial slope. Thus, if
o9 is small, the lazy dynamics would be slow, while the non-lazy dynamics would be only slightly
affected as can be seen in Fig. 1a. In addition, if we consider a finite 7', v, = 1 is no longer the
equilibrium solution as the two terms of Eq.16 need to be balanced, and the ratio between them is
proportional to the ratio between A(t) and T'. In the lazy case, the ratio between o and 7' would
determine the equilibrium solution, where in the nonlazy case, the ratio between P and 1" would
determine the equilibrium. Thus, the non-lazy dynamics are less affected by finite noise.
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5. Summary

This work introduces a dynamical theory of Langevin learning in wide neural networks, for both
the lazy and non-lazy learning regimes. We extend current works on lazy nonlinear deep models,
and utilize simpler linear models to study how noise, initialization, and network scaling affect both
the predictor dynamics and kernel structure. We aim to extend the theory to study the temporal cor-
relations in the non-lazy regime. In the lazy regime, analyzing these correlations at equilibrium has
shed light on brain phenomena such as representational drift [1, 26]. Understanding how different
regularization schemes affect such phenomena remains an open question.
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Supplemental Information

Appendix A. Langevin Dynamics in Linear Networks

In this section, we derive the ODEs for a general data covariance matrix, which the results in Sec.4
are a special case. In linear networks with one hidden layer, the predictor is given by

1 (Wx,\ '
- 1
= < m) ™ W
Taking the gradient of the cost function (Eq.3) w.r.t. a, W, we get
d 1 _9
—ar=P (7= Wia- Nwtzwt ay | —To %a; +&(t) 2)
d 1 + 1 4 _9
aWt matq — Natat Wtz —To Wt + SW (t) (3)
The dynamics of a and w,,
Where
1 < 1 &
— T —
=P 2 9 g e “

>’ is a real symmetric matrix and thus can be diagonalized with real eigenvalues and orthonormal
eigenvectors. We denote its eigenvectors o1, N, and eigenvalues Ay .4 (s), and the rest are zero.
We a scalar overlap k, = 0, - q

We can span the Ny dimension of W on the eigenvectors

W, = %0: wy, (t) o) )
n=1
The dynamics of a, w,, are
d P 9
7 n (t) = N (NTkp — Ap (A - Wy (t))) ag — To “wy(t) + &w,, (t) (©6)
p p rank(s) rank(s)
AT N7 Z Fon Wi, ( Z Mo (ar - W (0) Wa(t) | —To2a; + &) (D)

where &, (t) = op - Ew(t), and because oy, are orthonormal, follow white noise statistics
(Eq.4).

We define new scalar variables, A(t) = +(a?(t)), Wun(t) = % (Wp(t) - Wi (1)), vp(t) =
+ (Wy,(t) - a;), The equations for these variables are

rank(X)
%A (£) =2aN?""" 3" vy () (ki — Anvn (1) + 27 (1 — 0 2A(t)) 8)

n=1
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d
%an (t) = aNP" (v, (t) (R — A (1)) + vn () (K — Amvm (£)))+2T (5nm - O'_2an(t))
©)
d rank(X)
—vn ()= D Wam () + 6umA () (5m — Amtm () | —2T0 v, (t)  (10)
dt —
Where we averages over the noise.
We consider the initial condition in the infinite width limit N > N
Wam (0) = 6pmod,  A0) =08 v, (0) =0 (11)

We mention specifically the case described in Sec.4. In this scenario, x,, = 6, 4. We can see that

any vy, (t) with k,, = 0 won’t participate in the dynamics, as there is a trivial solution of v, (¢) = 0

for all times. Thus, the only vy, (¢) that has any dynamics is v, (). For the same reasons, only Wy, (t)

has dynamics, the other diagonal W,,(t) depends only on the prior, and the non diagonal are zero.
We get the equations:

d

s () = (A (L) + Wyq (1)) (1 — vg (£)) — 2T v, (t) (12)
%qu (t) = 2aN*"g () (1 —vg (t)) + 2T (1 — 0> Wyq (¢)) (13)
%A (t) = 2aN?""lo, () (1 —vg (1)) + 2T (1 — 0 2A(t)) (14)

But since the equations for W,,(t) and A(t) are the same with the same initial condition, we
can infer that A(t) = Wy,(t), and get Egs. 12, 13 from the main text.

Appendix B. Markov Proximal Learning

We introduce a Markov Proximal Learning (MPL) framework for learning dynamics in fully con-
nected Deep Neural Networks (DNNs). This method allows us to construct a dynamical mean field
theory for Langevin dynamics in the infinite width limit, and is a novel way to discritize Langevin
dynamics and formulate out-of-equilibrium statistical mechanics. We formally write down the
moment-generating function (MGF) of the predictor. We then use the well-known replica method in
statistical physics [12, 20], which has also been shown to be a powerful tool for deriving analytical
results for learning in NNs [3, 6, 13, 14, 27]. We analytically calculate the MGF after averaging
over the posterior distribution of the network weights in the infinite width limit, which enables us to
compute statistics of the predictor.

B.1. Definition of Markov Proximal Learning

We consider the network learning dynamics as a Markov proximal process, which is a generalized
version of the deterministic proximal algorithm ([23, 24]). Deterministic proximal algorithm with
Lo regularization is a sequential update rule defined as

@t (@tfl,p) = aI'g m@in <E (®|D) + % ‘@ — ®t1|2> (15)
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where A is a parameter determining the strength of the proximity constraint. This algorithm has
been proven to converge to the global minimum for convex cost functions [9, 30], and many opti-
mization algorithms widely used in machine learning can be seen as its approximations [2, 4, 25].
We define a stochastic extension of proximal learning, the Markov proximal learning. This method
was also inspired by continual learning methods [29] and Franz-Parisi potential [11]. The process
is characterized by the following transition matrix

T (6¢|0¢-1) = Z(ét—l) exp <—;5 <E (©) + % |©; — @t1|2>> (16)

where Z (©;_1) is the single-time partition function, which imposes normalization throughout the
Markov process, Z (0;_1) = [ d©' exp (—%ﬂ (E O +3510 — @t,1|2)) B is an inverse tem-
perature parameter characterizing the level of ’uncertainty’ and 5 — oo limit recovers the deter-
ministic proximal algorithm. We note that in the large A limit, the difference between ©; and ©;_;
is infinitesimal, and ©; becomes a smooth function of continuous time, where the time variable is
the discrete time divided by .

The joint probability of the parameters is given by (g, ©1, ..., ©y).

t
P(0©g,01,...,04) = [H T (©+/6+-1)| P (©o) 17)

T=1

where P (©g) is the distribution of the initial condition of the parameters.

B.2. Large )\ Limit and Langevin dynamics:

We prove that in the limit of large A and differentiable cost function this algorithm is equivalent
to Langevin dynamics. We define 60, = ©; — ©,_; . In the limit of large A, we can expand the
transition matrix around 6©; = 0:

d
A8\ 2 A 1 2
T(det‘@t—l) ~ £ exp —76 00, + -—VE (@t—l) (18)
47 4 A
00¢|0;_1 is a Gaussian random variable with the statistics:
1
(00¢|0;_1) = _XVGE (©¢-1) (19)
2
var (5@@@} \@t_l) =0t (20)
which is equivalent to Langevin dynamics in It6 discretization:
(5@,5 = (—V@E (@t—l) + T]t_l) dt (21)
with oT
<?7t77tT/> = Edt’tlj’ (ne) =0 (22)

1 _ _ 1
where § = dt, = .
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Appendix C. The Statistics of the Predictor

C.1. Replica Calculation of the Moment-Generating Function of the Predictor

The transition density can be written using the replica method, where Z =1 (©;_1) = lim,,_,o 2" ! (60;_1),:

. e 1 A
T(G)t‘@t—l) = 7111m A 1 (@t—l) exp <—2,3 <E (®t) + = ‘Gt — @t—1|2>> (23)
:T{%H/d@texp<—<2E@ Z|@ ))
Here o = 1,--- ,n — 1 are the ’replicated copies’ of the physical variable {62}7:1,---,# To

calculate the statistics of the dynamical process, we consider the MGF for arbitrary functions of the
trajectory g({©7}, o ;)

Ml = <exp (i leg ({@’:}T:o,...,t))> 24)
t=1 e
= f[/d@T P (©0) exp (i lig ({@?‘}T:o,...t))

t=1
:iiﬂ)HH/d@a/d@” P (00

H T(®T|®T*1)

exp ( 53 (ZE 0%+ 5 [es - @?ﬁ) >l ({@2}720,..0)
=1 a:l t=1

We apply this formalism to the supervised learning cost function introduced in Eq.3 in the main
text.

v

T
E(0/D) = 5> (f (x*,0;) —y")? T‘2|@t|2 (25)

pn=1
and the predictor statistics at time ¢, g({©7},_, .,) = f (x,©07) ,yielding

_ii%H H/d@o‘/d@oexp (—ZZ (furain (©%) — +ZZ€txf (x,0¢)

L\DM—~

a=17=1 T=1a=1 t=1 x
(26)
1 [e.9] n 9
=33 (1 Ao — ) + S e @7
T=1a=1
Where we define fiain (05) = [f (x1,02),---, f (x”, @Z)]T € RY a vector contains the

predictor on the training dataset, and Y € R¥ such that Y* = y*. S, [0] denote the Gaussian prior
on the parameters including the hidden layer weights and the readout weights.

[®]>
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To perform the integration over a2, we use Hubbard-Stratonovich (H.S.) transformation and
introduce a new vector field v® € R”

_}Ji%H H/d@o‘/dv /d@o (28)

a=171=1
exp ( Iyy ( feain (6) = ) o IS S P Y s (x.0F) — o [@})
7=1a=1 7=1a=1 t=1 X

Averaging over the readout weights:
We integrate over aZ. For convenience, we denote the set of all hidden layer weights collectively
as Wy = {W{=1 ... W[}, similar to the main text.

= lim H H /dv /dWO‘ exp (=S [v, W] = Q[l,v, W] — S5 [W])  (29)

n—0 et
B = 8
Sl W=7 SN et aﬁK“‘ﬁ (W) of +ZZ @ _ 23y’ (30)
a,f=171=1 a=171=1

and the source term action

Qlt,v, W] :ig Zn: i > 02Tk (W x) b — Z S omPp K" (WX, %) bxly i

a=1tr=1 x tt—lxx
€2y
Where mfé , is a scalar function independent of the data, and represents the averaging w.r.t. to

the replica dependent prior Sy [©], such that <(6$) ; (95,) > = 5ijmf_‘f_,
I/ s, ’

mt_, =52 (A=l +75\T+T/) {a=8,7=7}u{a=n1<7}IU{B=n,7>7}

aﬁ T

m_ .= ToT ’ v ’
o mg’T, =G (NN AT ) otherwise
(32)
Where we have defined new functions of the parameters for convenience,
~ A A4 To~?2 o}
A:77~2_ 27’ :70—1 33
N+ To? A+ 1Te 2 T 5 9

The time-dependent and replica-dependent kernels K~ Laf ¢ RPxP kL o% (x) € R, K9 (x,%)
defined as:

ICf”TOfB (x,x") = ]\2 (xf (x, Wo) . xL, (X',Wf,)) (34)

And K TL’TO,‘B € RP*P, kTLTOfB (x) € R are given by applying the kernel function on the training
data and test data, respectively.
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Averaging over the hidden layer weights:

In the infinite width limit, the statistics of W is dominated by its Gaussian prior (Eq 27) with
zero mean and covariance (W“Wﬁ T) aﬁ ,I .Thus the averaged kernel function K ~, (Eq.34)
over the prior yields two kinds of statistics for a given pair of times {7, 7'}, which we denote as
Kyh (x,x), and K0T, (x,x') :

{IC;T, {a=p,7=7}U{a=n17<7}U{B=n,7>7}

K, =
lC? . otherwise

T,T

(35)
And they obey the iterative relations:

| S (x,x') =F (m KL= (%, %), ml 3 ) S (x',x') ,m1 JCHE (x,x’)) (36)

7,7’ T, 7T, T 7'l T, 7T

ng:f, (x,x') =F (m KLE=1 (%, %), LJ/ICi}’LTTl (x',x) ,mgT/ICS”ffl (X,X')) 37)

T,T T,T
K0 (x, %) = K950 (x,%) = K™ (x, %) (38)
Kin (x,x) = 5=, Z XX (39)
where F' ((2?) , (2'?) , (2z')) is a nonlinear function of the variances of two Gaussian variables

z and 2’ and their covariance, whose form depends on the nonlinearity of the network [7]. As we see
in Eqgs.36,37 these variances and covariances depend on the kernel functions of the previous layer
and on the replica-dependent prior statistics represented by m]L 0,

The MGF can be written as a function of the statistics of one of these kernels, and their dif-
ference, which we will denote as AL o (xx) = & (ICLL (x,x) — ICO’L (x, X’)) It is useful to
d, L

define a new kernel, the discrete neural dynamical kernel K = limp_,0 2 o5 E o1 mn'B K f 'f} )

which controls the dynamics of the mean predictor. It has a 51mple expression in terms of the kernel
ICO - - (x,x’) and the kernel difference AL ,

0 <7
KLk (X X') = { ~ _ (40)
T ) 1 L 7—7'|+1§0,L

nr mT,T/AT,T/ (X7 X/) + A I+ ,CT,T’ (X’ X,) T>7

We integrate over the replicated hidden layers variables W2, which replaces the W2 dependent
kernels with the averaged kernels. We thus get an MGF that depends only of the v variables

—g%HH/dv exp (=S [v] = Q[£,v]) (1)

a=171=1

ii )OI DIV AZHS Zv”Ki‘TwT 42)

a,f=171'=1 a=17'=1

)\ Z UO‘TKgT vy + Z 02T (v — 2ZY)>
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Q¢,v] :% SN lml KL (x) 0 + < Z Z&xk” o, (43)

p=1t,7'=1 t T'=
i o= 1
dT 5 1 1 /
IS S Sk 00 - 53 bbbt (20
ﬁ 1t=171'=t+1 x t=1 x,x’

C.2. Integrate Out Replicated Variables v

We define a new variable u, = /\6 Yoo, v%, and integrate out vﬂé We obtain a simpler expres-
sion of the MGF which is no longer replica dependent (after taking the limit n — 0).

= H /dvT/duT exp (=S [v,u] — Q[¢,v,u]) (44)
T=1
L 1( 0 40 2 1 d
N KO~ 25 (145K » 4
S[U’u] 22 et Ur <m‘r,7 T,T ,35’ ( + AT u ( 5)

N O L

T'=1

@l v,u] %ZZ&X (thr'kw% + Z’f 0r! +* > ktu> (46)

t=1 x T'=1 T'=t+1
oo
1
E E 1 1
- iet’xet/’x/mt7t/ kt,t/ (X, X)
t,t'=1x,x’

C.3. Detailed Calculation of the Mean Predictor

To derive the mean predictor we take the derivative of the MGF w.r.t. {; x:

oM (]
f(t,x)) = 47)
(Fx) = 55— -
which yields
1 t
(F(t3) =5 Dk (%) (—ive) (48)

t'=1
Furthermore, from the H.S. transformation in Eq.28, we can relate (v;) to the mean predictor on the
training data fiin (¢)

V¢ = firain (t) -Y (49)

For all moments of fi,in (£). On the other hand we can get the statistics of iv; from the MGF in
Eq.44.

() = (I KE9) S S (Y (fuunl®) (50)

t'=1
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t

1 d,LT
(F(Ex) =5 D ki (0 (Y = {(fuain)r)) (51)
t'=1
where K¢ t, is a P x P dimensional kernel matrix defined as ICd L = tht{; (x*,x"). Now

we can compute (f (x, 0;)) iteratively by combining Eqs.50,51.

C.4. Large A Limit

All the results so far hold for any 7" and A. Now, we consider the limit where the Markov proximal
learning algorithm is equivalent to Langevin dynamics in order to get expressions that are relevant
to a continuous time gradient descent. We consider A — oo and tg;screte ~ O (M), and thus define a
new continues time ¢ = tg;screte/A ~ O (1) . In this limit, the parameters defined in Eq.33 becomes

2
- =24 g
Atdlscrete =e To t7 0—2 — 0'27"}/ = U—g —1 (52)

Taking the limit of large A limit of Eq.44 is straightforward, and yields

= /Dv/Duexp (=S[v,ul — QI v,u]) (53)
Where
loo r ! L
2O/chto/dtm u' () K (6 ) u () (54)
[e%¢) t T
/ /dth (Yo ({)+vt)—iY | wu(t)
0
and the source term action is
00 t
Qt,v, 1] :i/dt/dt’ (KX (6,¢)) v (¢) €(t) (55)
0 0
+i [ dt [ dt'm (tt) (K" (6¢) () )
[*]
1 o0 o
— 2/dt/dt’m (t. ) k" (6., %, %) £ (1) £ (')
0 0

Where in the infinite width limit, we can identify v(¢) with fiaim(t) by vt = fiain () — Y,
which holds for all moments of fiain ().

For convenience, in the continuous time limit, we denote the NDK with a lower index d. The
NDK in Eq.40 can be rewritten as

KE (.4, %, %) = m (,t') A" (8,8, %, %) + e T Il (14, %, %) (56)



LANGEVIN LEARNING DYNAMICS IN LAZY AND NON-LAZY WIDE NEURAL NETWORKS

with

AP (¢, ¢, x,x') = 2% (ICL’1 (¢, ¢, x,x') — KcE0 (¢, ¢, x,x')) (57)
= gLt (t,t',x,x') Kcr (t, t',x,x')
m (t,t/) — 0_267T0'72‘t7t/‘ + (0,(2) o 0.2) 67T072(t+t/) (58)

Here the quantity m (¢, t') is the continuous time limit of mi - As defined in Eq.32, it represents
the covariance of the prior

(010}), = dym (t.¥) . (6]), =0 (59)

The above calculation leads to the recursion relation:
Kh (¢, x,x") =m (t,¢) KL~ (¢, ¢, %, x) KV (¢, ¢, %, %) (60)
4 e To 2=t | L (t, t,x, X')
with initial condition

K70 (., %x,x') = e~ To 21—t (x,x') (61)

Where KC;y, (x,x") was defined in Eq.39. We refer to this continuous time K (¢,¢, x,x') as the
Neural Dynamical Kernel (NDK). Note that it follows directly from Eq.60 that

K5 (0,0,%,%") = KRrp (x,X) . (62)

For the mean predictor we use the results from the previous section Eqs.49,50,51, take the large
A limit and turn the sums into integrals, we obtain

<ftrain (t)> = /dt/Kc% (t, t/) (Y - <ftrain (t/)>) (63)
0
(F (%)) = / dt' (k% (,¢,%)) T (V = (fam () (64)
0

as given in Eqgs.7, 8 in the main text.

Appendix D. Second Moment

Our formalism allows for the derivation of higher moments of the predictor. In particular, we are
interested in the covariance (6 f (t,x)df (t',x")) = (f (t,x) f (', X)) — (f (t,x)) {(f (¢',x)). We
focus on the continuous time A — oo limit described in Sec.C.4, which is equivalent to Langevin
dynamics. In order to calculate the second moment, we need to invert one time-dependent operator,
which we denote as B(t,t') € RP*P:

Btt)=I5(t—t)+ K} (t,t), (65)
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t
/ drB(t,7) B~ (1,t') =16 (t — t') (66)
0

The full statistics of the Gaussian field v(t), u(t) can be written in terms of B~1(¢,t')

(v(t)) = z‘/ot a'B~ (t,t)Y (67)

<(5v (t)ov" (t')> =— /OO dr’ /OO drB~' (t,7)m (r,7) K* (r,7) B~* (¢, 7) (68)

0 0
<v tu’ (t’)> =B~ (t,1) (69)

It is useful to separate the smooth part from the delta function in the inverse operator B! (¢, ).
We denote the smooth function as J (¢, ') € R *¥, which satisfies the following integral equation:

L n _ t L , ,
J(t,t’):{Kd (t,t') = [y dr Ky (t,7)J(r,t') t>t 0

t<t

Bl (tt)=1Is(t—t) - J(t.t) (71)
We take the second derivative of the MGF (Eq.53):

2M (]

OF 6 008 (X 0)) = 5. 01 (0.)

—(fx))(f ) (T2

£(t,x)=L(t' x")=0

Which we can express in terms of .J(¢,¢’) using the derived statistics of v(t),u(t)

t

<5ftmm ()6 fi i (t’)> =m (t,t') K" (t,t) — /dT [J(t,)m 1) K" (¢, 7)] (73)
0

— /dT [J (t/,’i‘) m(t,T) Kt (t, T)] + /dT/dT’ [J (t,7)m (7’, 7'/) KL (7’, T’) J (t/,T/)]
0

0 0

10
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t t/
(5f (t,%)6f (¢,x)) = /dT/d ' (6,7,%)T (8 firain (7) 6 fiain (7)) K (7, X)) (74)
0 0

t T

+ [ dr [ d7'| kd (t,, x)T J (T, T') m (t',T’) k" (t’,T’,X')}
J<]

+ /dT/dT [m (t,7) kL (t,, x)—r J (7‘, T’) kﬁ (t’,T',x')]

t

dr(k% (t,7,%) m(t’,T) k" (¢, 7,x')]

\

0
— /dT[m (t,7) k" (t,, x)T k£ (t’,T, x’)] +m (t,t’) Kk (t,t',x, x’)
0

The equation becomes simpler for the correlation with initial condition, achieved by plugging
t' = 0in Eq.74

(57 (6,%) 8 (' = 0,x')) = m (£, 0) K" (1,0, x,x') — /dT[kg (t,7,%) T m (r,0) k¥ (7,0,%)]
0

(75)
t T
+/d7'/d "KL (t,7,%) TJ(T,T’)m(T',O) k" (r',0,x')]
0
We note that the mean predictor can also be written using the J(¢,t’) operator:
t
( furain ( / dt'J (t (76)
0
¢ t
(f (t,x)) = /dt’ kL (t,t’,x)T I— /dt”J &, )| Y (77)
0 0

Solving the integral equation for J(¢,¢') for a general nonlinearity is complex. However, the
equations are tractable in two cases: Linear networks and the NTK limit (7" — 0,¢ ~ O(1)), which
are presented below.

D.1. The NTK Limit

The time dependence of all kernels arises from m(¢,¢’), and thus at the NTK limit, defined by
T — 0,t ~ O(1), we can substitute all the kernels and temporal correlations with their values at

11
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initialization, specifically KX (t,t') ~ K& ., K(t,t) = Kgp,,m(t,t') = o3. Solving J(t,t')
with a constant NDK yields

T(60) = {KNTK exp (—Kkpp (t—1)) t>1

78
t<t (78)

The only time dependence in the covariance equation (Eq.74) comes from J(¢,t), as the kernels
and m(t,t’) are constant. Performing the integral over the exponential .J(¢,¢’) results in

lim o 2(6f (t,x)0f (t',x)) = K&p, (x,X') — kép, (x) (Kép,) 'kép, (X) (79
+ [(1 — exp (=KRrit)) (KNrw) ki (x) = (Kép,) ™ 'kp, (X)]T Kép,
(I = exp (~Kjrxt) (Kfrw) kiri (%) = (Kép,) " 'kép, (X)]

D.2. Linear Network

For a linear network, the NDK can be written in terms of the sum of exponents (see Sec.E), and the
integral equations for the first and second moments are tractable. We can represent both of them in
terms of the function J(t,t") (Eq.70)

J(t,t) =K} (¢,t) (80)

L
1 L! n —2,.4/ -2
[ KL IT 2 / KvL § : g —2T o~ “nt —2To " *nt
ep(( Jrl)(( GP+ g )(tit)+27’1g72 Gpn 17,”(7 lW?(e —¢€ >>>

Where K, (L; p = o?L Ky, Ky, is defined in Eq.39 and K C%(t, t') is given in linear network in
Eq.86.

The mean predictor and the covariance can be calculated by substituting the expression for
J(t,t) into Eqgs.74, 77, leading to integrals that can be evaluated numerically, rather than integral
equations like in the nonlinear case.

Low 7" Limit:

We can further simplify the expressions by taking the limit of 7" — 0. In this limit, J(¢,t') is
singular around ¢ = ¢’ and is given by

J(t,t) =To™? <I(5 (t—t") +To 2 (K (t,6) " (6 (t—t') + (L+1)6 (¢ - t’))) (81)

Where §(t — t') and ¢’(¢t — t') are the Dirac delta function and its derivative, respectively. The
leading order in 7" of the mean predictor is

£ (%) = kin ()T K" (T —exp (= (L+1) 03" Kint)) Y (82)
It is important to note that in a linear network, the NTK equilibrium identifies with the NNGP
equilibrium, and thus, the mean predictor dynamics are identical to the NTK dynamics, and reaches
equilibrium at t ~ O(1).

The covariance equation in the low 7" limit take the following simple form
(8F (130) 8F (') = m" (1,¢) [Kin (s6,5) — i ()T (Kip) ™" i ()]

12
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Appendix E. The Neural Dynamical Kernel

We focus on the continuous time limit derived above, and present several examples where the NDK
has explicit expressions, and provide proofs of properties of the NDK presented in the main text.
We have derived

KE (., %x,x") =m (6, ¢) K571 (8, %, %) KV (4, ¢, %, %) (83)
+e TR (14 x, %)
In order to complete the calculation of the NDK, we would provide explicit analytical expressions
for K(t,t',x,x’) and K(¢,t',x,x’) in cases where they are available, namely linear activation, and
ReLU and error function nonlinearities.
E.1. Linear Activation:

For linear activation:
KE (8,4, %, %) = (m (8, ¢))" Kin (x, %) (84)

KE (¢, x,x) =1 (85)
The recursion relation for the NDK can be solved explicitly, yielding
Kk (6,1, %,x') = (m (8, ¢) " (L+1) e T 71K, (x,x) (86)

The NDK of linear activation is proportional to the input kernel K;,, (x,x’) regardless of the
data. The effect of network depth only changes the magnitude but not the shape of the NDK. As a
result, the NNGP and NTK kernels also only differ by their magnitude, and thus the mean predictor
at the NNGP and NTK equilibria only differ by O (T"). This suggests that the diffusive phase has
very little effect on the mean predictor in the low 7' regime, in linear network, as discussed in
Sec.D.2.

E.2. ReLU Activation:
For ReLU activation, we define the function J (6) [7]:

J (9L (t,t',x,x’)) = (7r —or (t,t’,x,x’)) cos (HL (t,t',x, x')) + sin (HL (t,t',x,x’)) (87)
where the angle between x and x’ is given by :

Vm ZZS’;)@ ) %J (67 (8.8 X/))> >

0% (t,¢',x,x’) is defined through a recursion equation, and

/ ) /
§L=0 (t, v, x, X’) = cos! ( m(tt) Kin (x,X) ) (89)

[ (t,t/,x,x’) =cos™! (

Vm () m () Kin(x, %) Kin (%, X)

the kernel functions are then given by

13
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K2 (11, %) = 5 (m— 0" (1,7, %)) ©0)
. . / /
IE (1, = Y B OEXD (14 4y (,1) 22 7 (09 (1.8, xx)) 0D

We obtain an explicit expression for the NDK by plugging these kernels into Eqs.60,61.

E.3. Error Function Activation

For error function activation [34]:

/ L—-1 ! !
KE (.4, %,%) = 2 i 2m (t, ') KE71 (8,1, x, %)
& \/(1 +2m (t7 t) =1 (t7 t,x, X)) (1 + 2m (t,, t/) L1 (t/7 t/’ X’7 x’))
92)
KL, (11 3c) = (1 2m (1) K2 (12,3,30) (14 2m (1.1) K71 (1.2, )
—4 (m (t, t') Kt (t, v, x, x’))2>_1/2 (93)

Again we can obtain an explicit expression for the NDK by plugging these kernels into Eqs.60,61.

E.4. NDK as a Generalized Time-Dependent NTK

In Eq.9 in the main text, we claimed that the NDK has the following interpretation as a generalized
two-time NTK

K (t.4,%,x) = e T (Ve, f (x,01) - Vo, f (X, 00) )yt > ¥ (94)

where (-)( denotes averaging w.r.t. the prior distribution of the parameters O, with the statistics
defined in Eq.59.

Now we provide a formal proof.

We separate Vg, f (x,©;) into two parts including the derivative w.r.t. the readout weights a;
and the hidden layer weights Wy

Derivative w.r.t. the readout weights:

<aatf (Xa @t) : 8at/f (Xa @t’)>0 = ICL (ta t,7 X, X/) (95)

Derivative w.r.t. the hidden layer weights:
We have

1

VN1 N4

angtL (x, Wy) = L1 A {‘Zﬁ/ (Zf> Wﬂ ¢ (zzle) x; ! (96)

and
(Ow f (x.01) - O £ (x,00))
= (N;'a; - ay) <H£:l+1 <N,;1N,;_11Wf : W,’f>> (Hﬁzll'c’“ (t,t’,x,x’)) K (1, %, )

=m(t,t) L=t (Hézll'Ck (t,t',x, X')) Kt (¢, ¢, x,%x') 97

14
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To leading order in IV; the averages over a and W can be performed separately for each layer, and
are dominated by their prior, where each element of the weights is an independent Gaussian given
by Eq.27. The term m (¢,¢") comes from the covariance of the priors in W and a, since there are a
total of L — [ layers of W and one layer of a, we have m (¢, ¢')“ "', The kernel K* (¢, ¢, x,x')
comes from the inner product between ¢’ (z) and ¢’ (2}), and the kernel K'! (¢, ¢, x, x") comes
from the inner product between x/~! and xi,_l.

Using proof by induction as for the NTK [15], we obtain

<6wtf (x,04) - 0w, f (%, @t')>0 = To 2=ty (t, t) KE (t, ' x, X') Kbt (t, t'x, X/)
(98)
Combine Eq.98 with Eq.95 and with the definition of K% (¢,#',x,x’) in Eq.60, we have

o~ To2[t—t (Ve,f (x,0) - Ve, [ (x,04)), = Kk (t,¢,%x,x') (99)
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