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ABSTRACT

Pre-Layer Normalization (Pre-LN) is the de facto choice for large language mod-
els (LLMs) and is crucial for stable pretraining and effective transfer learning.
However, LN and Pre-LN are inefficient due to repeated statistical calculations and
suffer from the curse of depth. As layers grow, the magnitude and variance of the
hidden state escalate, destabilizing training. Efficiency-oriented, normalization-
free methods such as Dynamic Tanh (DyT) improve speed but remain fragile at
depth. To jointly address stability and efficiency, we propose Bounded Hyper-
bolic Tanh (BHyT), a drop-in replacement for Pre-LN. BHyT couples a tanh non-
linearity with explicit, data-driven input bounding to keep activations within a
non-saturating range. It prevents depth-wise growth in activation magnitude and
variance and comes with a theoretical stability guarantee. For efficiency, BHyT
computes exact statistics once per block and replaces a second normalization with
a lightweight variance approximation, enhancing efficiency. Empirically, BHyT
achieves improved stability and efficiency in pretraining, delivering on average
7.7% faster forward computation and up to 5% higher token generation through-
put than RMSNorm, while matching or surpassing its inference performance and
robustness across language understanding and reasoning benchmarks. Our code
is available at: https://anonymous.4open.science/r/BHyT

1 INTRODUCTION

The remarkable progress of large language models (LLMs) is closely tied to the Transformer ar-
chitecture, in which normalization layers play a central role (Vaswani et al.| [2017). In particular,
Pre-Layer Normalization (Pre-LN), which applies normalization before each sublayer, has become
the de facto standard (Xiong et al., 2020; [Radford et al., [2019; Brown et al., |2020; Touvron et al.
2023). This design stabilizes optimization in very deep networks, enabling training at scale and
strong transfer performance across diverse tasks. By regulating the scale and distribution of acti-
vations, Pre-LN provides a reliable training regime that helps unlock the modern era of large-scale
LLMs (Ba et al., [2016} | Xiong et al.| 2020).

As models push to greater depth, however, these foundation models expose a critical weakness. Re-
cent analyses identify a curse of depth, in which the interaction between residual connections and
Pre-LN drives rapid, often near-exponential, growth in hidden-state magnitude and variance with
layer depth (Sun et al,[2025)). This rapid increase in hidden-state norms—often termed the massive
activation phenomenon (Sun et al.} [2024; Lin et al., 2024)—can induce strong biases toward partic-
ular tokens, which in turn degrades the model’s generalization performance and makes it difficult
to realize the benefits that increased depth should provide (Kim et al.l [2025). Moreover, variance
escalation is more important than simple divergence: it drives the block Jacobian toward the iden-
tity, so deep layers learn little beyond an expensive identity mapping (Sun et al., [2025). The core
challenge is thus not merely preventing crashes; it is preserving informative transformations and
efficient signal propagation so that every layer contributes meaningfully to learning.

The community has explored remedies along a stability—efficiency axis. On the stability end,
stronger normalization seeks to suppress depth-wise drift. For instance, Peri-LN applies normaliza-
tion both before and after each sublayer, curbing variance growth and maintaining gradient health
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Figure 1: Architectural comparison of normalization strategies in Transformer blocks. RMSNorm
applies normalization before each sublayer to stabilize activations but suffers from variance growth
at scale. Peri-LN reinforces stability by normalizing both before and after each sublayer. DyT
replaces normalization with a lightweight scaled tanh nonlinearity with learnable scalar apyr. BHyT
(ours) combines bounded tanh with data-driven variance control: it computes input variance once
per block, approximates subsequent variance for efficiency, and explicitly constrains activations to
a non-saturating range, thereby unifying stability and efficiency.

even at extreme depths (Kim et al., |2025). The trade-off is substantial overhead: doubled normal-
ization increases reduction operations and memory traffic, inflating latency. On the efficiency end,
RMSNorm removes mean centering to reduce computational costs and has been widely adopted in
modern LLMs (Zhang & Sennrich,[2019). Yet it only partially controls activation statistics and does
not fundamentally resolve variance accumulation, leaving depth scaling fragile.

A more radical line of work questions the need for normalization at all. Dynamic Tanh (DyT)
replaces normalization with a simple element-wise nonlinearity and a learnable scale (Zhu et al.|
2025). By eliminating per-token statistics, DyT accelerates both training and inference. However,
this efficiency comes with a major risk: activation saturation. When inputs grow large, precisely the
hazard under depth, the nonlinearity saturates, gradients vanish, and optimization becomes brittle.
Relying on a learned global scale to self-regulate these dynamics is often insufficient in the face of
strong depth-induced amplification.

This landscape reveals a clear gap: methods that guarantee stability typically sacrifice efficiency,
while efficient methods fail to robustly address the curse of depth. What is needed is a mechanism
that retains the simplicity and throughput of normalization-free designs while providing principled
control over depth-wise growth.

We introduce Bounded Hyperbolic Tanh (BHyT) to close this gap. As shown in Figure[I] BHyT is
a drop-in replacement for Pre-LN that couples a tanh nonlinearity with explicit, data-driven input
bounding. By keeping activations within a non-saturating regime with high probability, BHyT pre-
vents depth-wise growth in activation magnitude and variance, thereby preserving informative trans-
formations as depth increases. Beyond this forward-path protection, BHyT comes with a theoretical
stability guarantee: its gradient scale is provably upper-bounded by that of RMSNorm, ensuring at
least comparable stability even in very deep stacks. We further show theoretically that, under re-
alistic conditions, BHyT can attain strictly lower layerwise variance than the variance-constraining
method proposed in prior curse-of-depth work|Sun et al.|(2025). To minimize overhead, BHyT com-
putes exact statistics once per block and replaces a second normalization with a lightweight variance
approximation that tracks attention-induced variation. This variance approximation is computed in
parallel with the main path of the transformer block (sequential attention and MLP modules) during
training, thereby minimizing additional latency. Empirically, we observe that BHyT is about 7.7%
faster than RMSNorm in the forward pass and achieves roughly a 10% speedup during training,
while largely preserving or even slightly improving language reasoning benchmark performance
compared to RMSNorm or other baselines.

Our contributions are summarized as follows.

* We propose BHyT, coupling bounded nonlinearity with a parallelizable variance approximation.
This eliminates redundant statistical reductions, effectively mitigating the curse of depth.
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* We provide a rigorous stability analysis, including the finite-depth variance bound, proving that
BHyT achieves strictly lower variance growth than the baselines under realistic conditions.

* We validate BHyT on Llama-1B/3B architectures; our experiments, covering both depth-wise
stability and inference speed, demonstrate superior accuracy and a ~12.9% increase in inference
throughput over Peri-LN.

2 RELATED WORKS

2.1 LIMITATIONS OF PRE-LAYER NORMALIZATION

Layer normalization has been a key component in Transformer architectures (Ba et al., [2016)), and
its Pre-LN variant has become the default in most LLMs (Xiong et al., 2020). The Pre-LN design,
which normalizes hidden states before attention and feed-forward layers, improves stability when
training starts. Still, this design is not without drawbacks. From a stability perspective, recent
studies have shown that Pre-LN suffers from massive activations as depth increases (Sun et al.,
2025} [Kim et al.|, [2025). In this regime, the mean and variance of hidden states grow rapidly across
layers, destabilizing optimization. From an efficiency perspective, normalization requires computing
statistics such as the mean and variance of activations. These reductions introduce latency and
memory overhead, which accumulate as depth increases. As a result, Pre-LN can both destabilize
very deep models and become a bottleneck for training throughput and scalability.

2.2 NORMALIZATION-BASED ENHANCEMENTS

The main bottleneck of normalization-based designs lies in the repeated computation of statistics
at every block. A first attempt to reduce this cost was RMSNorm, which discards the mean and
normalizes only by the root mean square of activations (Zhang & Sennrich|, 2019)). This removes part
of the overhead while keeping activations within a reasonable range. However, variance computation
is still required for every layer, and the instability of Pre-LN remains unresolved.

To address this instability, LayerNorm Scaling (LNS) (Sun et al [2025) introduces a layer-index
scaling that constrains variance growth across depth. By rescaling activations according to layer
index, it alleviates the massive activation problem and stabilizes optimization in very deep net-
works. Although LNS improves stability, its reliance on per-block statistics keeps the cost high in
large-scale training. Peri-LN reinforces stability further by applying normalization both before and
after each sublayer (Kim et al., [2025). This suppresses variance spikes and improves convergence
and downstream accuracy; however, doubling normalization operations adds substantial overhead,
making it less suitable for large-scale pretraining.

2.3 NORMALIZATION-FREE ALTERNATIVES

To avoid the overhead of statistical computations altogether, recent work has explored removing nor-
malization. DyT follows this direction by replacing RMSNorm with a bounded activation function,
tanh(aDyTx), where apyr is a learnable scalar (Zhu et al.,[2025). This eliminates the need for mean
or variance estimation, improving both training and inference speeds. The tanh function ensures
that activations remain bounded, and the learnable scalar apyr rescales inputs so that the effective
range of tanh is better utilized.

Although DyT improves efficiency, it does not control how the output mean and variance grow with
depth. Moreover, its learnable scalar paramter apy is not explicitly designed for stability. It only
rescales the inputs indirectly, without actively suppressing variance escalation in deep networks. As
a result, its training stability at scale is not explicitly guaranteed and may be more susceptible to
saturation-induced gradient vanishing and related instabilities than normalization-based methods.

In contrast to DyT, BHyT explicitly guarantees stability by constraining variance growth. To ad-
dress the computational bottleneck of the required statistical calculations, we introduce a variance
approximation mechanism. This design effectively harmonizes robust training stability with the high
efficiency of normalization-free architectures.
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3 METHODOLOGY

An ideal normalization scheme should allow for controlled, sub-exponential or linear growth of
variance, sufficient to preserve signal propagation without leading to explosive instability. To this
end, we introduce BHyT, a novel normalization layer designed to achieve both stability and speed.
BHyT builds upon the efficiency of methods like DyT, which use S-shaped functions (e.g., tanh)
to bypass explicit statistical computation. However, DyT’s reliance on a single learnable scalar to
control the input to tanh offers no explicit guarantee against saturation, which can lead to vanishing
gradients in very deep models. BHyT addresses this limitation by explicitly bounding the input to
the non-linear function, ensuring both numerical stability and a well-behaved gradient flow.

3.1 ENSURING STABILITY VIA INPUT BOUNDING

To prevent the saturation of the tanh function and ensure stable gradient flow, BHyT explicitly
constrains its input to lie within a predefined range (—\, \) with high probability. We first define a
formulation, BHyT*, that utilizes input statistics to achieve this bound. Given an input z € R? with
a mean ji, and standard deviation s,, BHyT" is defined as:

BHyT"(z) = v ® tanh ( 1

!
KSz + | Ha

where v € R< is a learnable scale parameter, ® denotes the element-wise product, A > 0 is a

hyperparameter defining the range of the bound, and x = (1 — p)~'/2 is derived from a target
probability p € (0, 1) as shown in Proposition 3.1}

Proposition 3.1 (Input scaling bound at the level p). Let © € R with E[x] = u, and Var(x) =
s2. Given a magnitude budget X > 0 and target probability p € (0,1), if |a| = then

A
x Kz +|pzl,’
—1/2

P(|ax| < X) > p for any distribution with finite variance, where . :== (1 — p)
Remark 3.2. Without loss of generality, we set & > 0 since only |a| matters.
Remark 3.3. Forp =0.99, x = 10 and || = N/(| | + 10s).

This bounded formulation provides strong theoretical guarantees regarding stability. As shown in
Theorem the Jacobian norm of BHyT is upper-bounded by that of RMSNorm.

Theorem 3.4 (Jacobian norm bound). Let Jpyyr- () and Jrys(x) be the Jacobians of BHyT" and
RMSNorm, respectively. The denominator for the input of BHyT* is ¢(x) = ky/$2 + € + |muy,|,

while for the input of RMSNorm it is s(x) = /E[x?] + e. Under the assumption of zero-mean
inputs (p, = 0), we have ¢(x) =~ k - s(x), and it induces:

A
| Jpayr= (z)[l2 < ;||JRMS($)||2-

This result guarantees that the Jacobian norm of BHyT" is upper-bounded by RMSNorm. This
implies that our method offers superior training stability with respect to gradient magnitudes.

3.2 ACCELERATING BHYT WITH VARIANCE APPROXIMATION

A key strategy for accelerating Transformer models is to replace standard LN (e.g., RMSNorm)
with a tanh function. This approach can significantly improve computational speed by eliminating
the need for explicit statistical calculations inherent in layers like RMSNorm. However, BHyT",
which requires the per-instance calculation of mean and variance, would lose this speed advantage.
Motivated by this, we introduce BHyT, an approximate variant of BHyT". Although closely related
to BHyT", BHyT employs variance approximation, thereby enhancing both stability and efficiency.

Our solution, BHyT, successfully navigates this trade-off by approximating the variance instead
of computing it directly. To illustrate its efficiency, while a standard Transformer block computes
statistics twice (e.g., via RMSNorm), BHyT requires only a single direct variance calculation at
the entrance of the block. All subsequent variances for intermediate states are approximated. This
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Figure 2: Approximated and ground-truth activation variances for the second BHyT,, layer across
different transformer blocks in Llama-1B. The variance estimates are evaluated using 100 randomly
sampled inputs from the C4 training corpus. The diagonal line represents the ideal y = x reference.
Deeper layers exhibit closer alignment with this reference, indicating improved approximation ac-
curacy. Complete results for all 16 layers are reported in the Appendix@

drastic reduction in statistical overhead leads to substantial speed improvements. While BHyT fun-
damentally assumes a zero-mean input (similar to RMSNorm), for added notational simplicity in
this section, we also omit the € term.

3.2.1 BHYT BEFORE THE ATTENTION LAYER

For the first normalization within a block, BHyT directly computes the variance of the input tensor
x across the feature dimension. The BHyT is then applied as follows:

Zattn — BHyTattn (l‘) = tanh(#x) (2)

Ky/$2 +¢€

where s2 denotes the per-instance variance calculation, and & denotes a tiny constant added to avoid
numerical instability. The output z,y, is then passed to the self-attention layer, .A(+), which produces
the attention output iy, = A(2aun)-

3.2.2 BHYT BEFORE THE MLP LAYER

Let 2/ = 2 + hau be the output of the first residual connection and the input to the second BHyT
(.e., BHyT,,,). ham denotes the output of the self-attention layer. Instead of re-computing the

variance of x’, which is computationally expensive, we approximate it as

3)

02 o o2 4 32
Sy RS, + S,

attn

As shown in Equation |3 our approximation for the intermediate variance, §2,, is the sum of two
components. The first term, si, is the variance of the Transformer block’s input, reused directly from
the preceding BHyT,,, computation. The second term, 5,2%““, is our efficient approximation of the
variance contributed by the attention layer’s output. Similarly to Equation 2} BHyT,, then utilizes
this approximated variance. It allows BHyT to maintain normalization stability while minimizing

the overhead from repeated statistical calculations within a single Transformer block.

Theorem 3.5 (Variance approximation of attention output). Let x € RT*9 be the input to a self-

attention layer, where T is the sequence length and d is the hidden-state dimension. The attention

layer has value and output projections Wy, € RV and W € RW >4, Assume that, for a large
2

sequence length T', the attention weights are approximately uniform, and that the variance % is
sufficiently small to justify the linearization of the tanh function. The variance of the attention
layer’s output, éim, can then be approximated as:

R~ WOl - X

haim ™ Td VWOIF /{2
Theorem [3.5] demonstrates that the variance induced by the attention module can be approximated
solely using model characteristics—such as the attention layer weights, sequence length, and BHyT
parameters—independent of input values. The detailed proof is provided in Appendix [B:3] This
independence allows the variance approximation to be computed in parallel with the forward path,
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Algorithm 1 Transformer Decoder Block with BHyT

1: Input: z € RT*4 Wy, Wo, Vattns Ymlp € R?, Aatn, Amp > 0, p € (0,1) with k = (1 — p)*1/2
2: Output: x4, € RT*4

382 3 Z?Zl x?; > Input variance
4: parallel do

(A) Variance-approximation
. 2
82+ s2 + & ||WVW0||%()"““")

K

(B) Attention path
# BHyT before attention
Sz /82

Qaitn < Aars

K Sy
Zatn = Yaun © tanh(aatm © fL') > BHYT,,
hatn < A(Zamn) > Self-attention layer

5: end parallel

6: 2’ < =+ ham > Residual connection
# BHyT before MLP

T Sgr §§,

8: Qlmlp < Anip

K Syt
9: Zmip = Ymlp © tanh(amlp ® :E’) >BHyT,,,
10: hip <= MLP (2m1p) > MLP layer
11: Zoy ¢ 2" + humip
12: return x,y > Residual connection

effectively reducing the latency overhead associated with statistical calculations. As shown in Fig-
ure [2} our approximated variance aligns closely with the actual variance of intermediate hidden
states. Algorithm [T]details this parallelized process within the Transformer block.

3.3 DEPTH-WISE VARIANCE PROPAGATION AND STABILITY OF BHYT

We consider the standard residual update xj, = x,+ Attn(f(x,)), x¢41 = 2, +MLP(f(z})). Under
the variance models established in Theorem [3.5] (attention path) and Theorem [B.T]in Appendix [B.4]
(MLP path), the layer-wise variance recursion (see Appendix [B.3.2) can be written in terms of nor-
malized variance gains and a scalar amplification function. For each method normalization function
m, we define

m (m) 2
Can 8 ¢ ) 2 CwmLp Sy,
m f(xe) m f(zy)
uf\m?,z = 75(@;[ , ul(vIL%,é = — ' g(p,u) =14 u+ 2py/u. 4)
Ty a,

Here p € [—1, 1] denotes the correlation coefficients associated with the residual connections. Then
the variance at depth L can be written as

L—1
st = st TT 9ors uiiin.) 9 (02 iip o) )
=1

so comparing LNS and BHyT reduces to comparing ufgg 0 ul(vgg, ¢ at each layer.

Theorem 3.6 (Finite-depth variance bound of BHyT). Under the assumptions of, and by, Theo-

rems and and using the normalized gains and amplification function ux;) 0 ul(v;zl), 2 9(p,u)

defined above. Let xELNS) and x(gBHy D be the hidden states of two identical Transformer stacks

that differ only in using LNS or BHyT in every block. If the BHyT hyperparameters (), k) satisfy

MK <1/ V'L, then for all layers ¢ < L the per-layer variance multiplier of BHyT is strictly smaller

than that of LNS, and hence

Var (27) < Var (2. (6)
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Theorem gives a finite-depth variance bound for BHyT: if /s < 1/(¥/L), then for every layer
{ < L, the variance multiplier of BHyT is no larger than that of LNS, so the output variance at depth
L is smaller. For example, choosing A = 3 and x = 10 yields L ~ 123, up to which BHyT has a
smaller output variance than LNS. This suggests that, for typical model depths, BHyT can be more
stable than LNS in terms of variance growth.

4 EXPERIMENTS & RESULTS

In this section, we present a comprehensive set of experiments designed to evaluate the effectiveness
of our proposed method, BHyT. Our evaluation is structured around three primary objectives: 1)
Stability, assessing BHyT’s ability to mitigate the “curse of depth” by analyzing activation growth
across layers; 2) Efficiency, comparing its computational throughput against existing normalization
methods; and 3) Performance, measuring its effectiveness in both pretraining and supervised fine-
tuning (SFT) contexts to ensure it achieves competitive results.

4.1 EXPERIMENTAL SETUP

Models. We conduct experiments with two model scales from the Llama-3.2 family: a 1B-
parameter model with 16 layers and a 3B-parameter model with 28 layers. Rather than using pre-
trained checkpoints, we instantiate only the architectures and train all models from scratch. This
setup allows us to explicitly examine the effect of increasing model depth on stability and efficiency,
and to highlight the scalability benefits of our proposed BHyT method.

Training data and protocols. Pretraining is performed on the C4 corpus, a large-scale English
text dataset widely used in language model pretraining (Ratfel et al.| [2020). For supervised fine-
tuning (SFT), we employ an instruction-tuning dataset: Limalk (Zhou et al.,|2023), which contains
carefully curated, high-quality instructions that provide broader coverage with a larger number of
instruction—response pairs. This combination enables us to evaluate both high-quality, low-resource,
and large-scale instruction-tuning scenarios.

Following pretraining and SFT, we assess model performance on a diverse suite of seven language
understanding and reasoning benchmarks: ARC-e (Clark et al., 2018)), PIQA (Bisk et al.,[2020), Hel-
laSwag (Zellers et al., 2019), OpenBookQA (Mihaylov et al., 2018)), Winogrande (Sakaguchi et al.,
2021), MMLU (Hendrycks et al.,|[2020), and BoolQ (Mousi et al.,[2024). These benchmarks collec-
tively evaluate both factual knowledge and reasoning abilities. We report task-specific accuracy and
macro-average accuracy across tasks as the primary evaluation metric.

Frameworks and tooling. All pretraining and SFT experiments are implemented using the Llama
Factory framework (Zheng et al., [2024), which provides efficient fine-tuning utilities and ensures
consistent implementation across methods. For downstream evaluation, we use the Im-evaluation-
harness toolkit (Gao et al., [2024)), adopting its standardized task configurations to ensure compara-
bility with prior work. Accuracy scores are computed directly by the harness without modification,
ensuring the reproducibility of reported results.

Hyperparameter setup We select hyperparameters from a shared sweep range to ensure a fair
comparison across all methods. Each method identifies its optimal configuration by choosing the
hyperparameters that yield the lowest evaluation loss after the pretrained C4 datasets reach 20K
steps, and we use this configuration for the full training. The detailed hyperparameter search ranges,
the final selected configuration for each method, and the full experimental setup—including hard-
ware and parallelism strategy—are provided in the Appendix[C]

4.2 PRETRAINING LLMS

We compare BHyT against several baselines: RMSNorm (Zhang & Sennrich| 2019)), the default
normalization used in the Llama family; LNS (Sun et al.| 2025) and Peri-LN [Kim et al.|(2025)), both
designed to enhance training stability; and DyT (Zhu et al., 2025), which replaces the conventional
Pre-LN with a tanh(-)-based function having learnable scalar parameter apyr. We conducted pre-
training on the C4 dataset. The 1B model was optimized with a sequence length of 1024, a batch
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Figure 3: Layer-wise analysis of output statistics on the Llama-1B model. The top row shows the av-
erage absolute magnitude of activations, and the bottom row shows the average layer-wise variance.
RMSNorm and DyT exhibit rapid growth with depth, reflecting the curse of depth and instability in
deeper networks. LNS and Peri-LN suppress this escalation, and BHyT further stabilizes activation
variability, yielding lower magnitude and variance than LNS.
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Figure 4: Pretraining performance and forward speed comparison. The first two figures denote
loss curves for Llama-1B and Llama-3B, respectively. These show that BHyT achieves stable
and competitive convergence, surpassing normalization-based baselines. Notably, compared to
normalization-based baselines, BHyT reaches the same loss level fastest towards the end of training.
The rightmost figure denotes the Llama-1B forward path speed comparison, highlighting that DyT
is the fastest, whereas Peri-LN is the slowest. Overall, BHyT provides the best trade-off, combining
reliable convergence with high training efficiency.

size of 32, and for 50,000 steps, amounting to ~1.64B tokens. The 3B model used the same con-
figuration but was trained for 60,000 steps, resulting in ~1.97B tokens. To further evaluate each
method under a more realistic large-scale setting, we additionally extend the pretraining budget to
20B tokens and conduct experiments on both the 1B and 3B models.

Figure [3| presents the layer-wise evolution of activation magnitude and variance for the Llama-1B
modedleMSNorm shows clear instability, with both quantities increasing rapidly with depth. DyT
shows a similar trend, suffering from explosive growth in deeper layers; notably, we observed that
DyT’s training stability is highly sensitive to the learning rate (see Appendix [D.2). In contrast,
similar to Peri-LN and LNS, BHyT demonstrates a controlled, linear increase in statistics across
layers. However, BHyT is distinguished by a noticeably gentler slope compared to these baselines,
effectively suppressing depth-wise drift. This behavior leads to more stable optimization while
retaining efficiency.

Figure ] shows the pretraining loss curves for Llama-1B and Llama-3B, alongside the forward pass
speed per layer. The results demonstrate that BHyT achieves stable and competitive convergence,
notably reaching the target loss level faster than normalization-based baselines towards the end of
training. Besides, BHyT significantly outperforms the slower Peri-LN by approximately 17.7% and

!"To ensure a fair comparison, we evaluate all methods under a fixed hyperparameter setting (Learning rate:
3e—4, Warm-up ratio: le—1) at 20K training steps.



Under review as a conference paper at ICLR 2026

Table 1: Pretraining (PT)-only evaluation for Llama-1B and Llama-3B; downstream benchmarks
in a 5-shot setting, averaged over five training seeds. The results demonstrate that BHyT achieves
performance comparable to or superior to strong baselines while maintaining high computational
speed. PPL denotes the perplexity score.

Llama-1B

PT Train PT Eval PT Eval
Method PPL

Loss Loss Arc-e PIQA  Hellaswag OpenBookQA Winogrande MMLU BoolQ Avg.

RMSNorm 3281 3272 26.353 30.97.40.20 62.8910.74 32.7710.00 32.3210.04 50545045 25.7010.01 56261044 41.6410.10
Peri-LN 3288 3.279 26.545 31.631032 63.0710.43 32.051017 32401080 49411161 24.9100.00 58.0510 31 41.65 1012
LNS 3280 3271 26.342 31.39:024 62.94506 32801016 33.501055 50.371001 24.885001 56.6710.57 41.7910.26
DyT 3709 3.696 40.294 29.281 045 58.841058 2651020 30.85:10.87 50.3d206s 24.90:0.00 39.0810.31 37.1140 11
BHyT 3268 3.254 25908 30.50.016 62421041 32.1151010 33.8850735 50.1510514 25.1950.02 618650 17 42.30 1015

Llama-3B

PT Train PT Eval PT Eval
Method  * | oo PPL

Loss

RMSNorm 3203  3.180 24.040 31.011021 66571041 41521025 3392033 50.501075 25.6710.02 37.9440.12 41.0210.15
Peri-LN  3.165 3.142 23.156 31.82.0.35 64.521024 36.0510.11 32.28:0.50 49.301052 25.9910.00 57.4610 31 42.4910.25
LNS  3.160 3.139 23.091 31.88.0.45 64.6810.45 36250010 32451053 51181075 26871001 37-8310.0s 40.1640 11
DyT  3.877 3.855 47244 27.691 027 59.2040 15 25961017 31.85103s 49.1741925 25.87+0.02 48.0510.56 38.2610 12
BHyT  3.33 3107 22346 31.841015 65.081050 36481001 31.761043 51621066 25.7010.01 6084100 43.44 1016

Arc-e PIQA  Hellaswag OpenBookQA Winogrande MMLU BoolQ Avg.

demonstrates 7.7% faster forward computation than RMSNorm. Consequently, BHyT provides the
best trade-off, combining reliable convergence with high training efficiency.

Table [T] shows the pretraining evaluation results, including training loss. The results confirm that
BHyT consistently achieves the lowest pretraining loss and superior average accuracy, validating its
robust scalability and performance advantage.

4.3 INSTRUCTION FINE-TUNING AND BENCHMARK EVALUATION

Table 2: Supervised fine-tuning (SFT) results across five training seeds for Llama-1B and Llama-3B.
Reported values include SFT losses and 5-shot downstream benchmark accuracies; BHyT attains
lower SFT loss and competitive performance, indicating effective transfer of its pretraining stability
to instruction-tuned settings.

Llama-1B

PT Eval SFT Train SFT Eval
Loss Loss Loss

RMSNorm 3272 3.20020.011 3.66420 121 26.092015 50.58+0.93 26.16007  30.5620.00  47.1820.51 26.662013 37-8520.03 35.0150.11
Peri-LN 3270 3.1130.015 3.5%4<0 117 26682016 51.3540.10 25761017  30.804091  48.7941 05 2683+010 H7.162085 38.2040.25
LNS 3.271 3.1184¢.012 3.619+0.145 27.2610.18 50.0840.22 24.8040.04 34721018 50.94.1079 24.7810.01 37.8310.00 35.77+0.12
DyT 3.696 3.226.0.010 3.747+0.135 30.9840.07 59.5310.15 27.08 1013 27.641026 50.5610.66 25.1040.08 60.68+0.43 40.2210.21
BHyT 3.254 2.841.0.012 3.288.0.132 32.49, 090 64.04 13 32.53. 010 30.7610514 50.9210.45 24.6410.04 62.010 05 42.48.0.07

Llama-3B

Method Arc-e PIQA  Hellaswag OpenBookQA Winogrande MMLU BoolQ Avg.

Method

P'{(I)ES\;al SFT Train - SFT Eval Arc-e PIQA  Hellaswag OpenBookQA Winogrande MMLU BoolQ Avg.

Loss Loss

RMSNorm 3.272  2.646+0.011 3-217+0.130 37.67+0.23 66.961029 31.701012 31.12+101s 51221160 25.9940.04 53.3142.02 39.8310.21
Peri-LN  3.279  2.614.0.011 3.178.40.132 36.80+0.27 67.0510.12 37131009 31441061 49.0640.40 26.3610.02 52.7511.50 42.45:0.29
LNS 3.271 2.65210.011 3.157+0.132 34.4940.17 65.5940.16 28.961054 28.9640514 50.611055 26.3310.02 52.69+0.66 41.7840.20
DyT 3.855 3.36110.010 3.97110.132 29.78 1040 58.4210.53 25.9540.17 28.2840.90 49.5310.79 25.8240.13 56.6441 .02 38.87+0.17
BHyT 3.254 2.69340.012 313010 133 34.6110.00 66.471027 36.9510.12 29.681046 S51.14+11.02 26.06+0.05 58.2110.51 42.8810.10

We apply LoRA-based supervised fine-tuning to assess whether the stability achieved during pre-
training carries over to instruction-tuned performance. Table [2] summarizes the SFT losses and
downstream benchmark accuracies for the Llama-1B and Llama-3B. Across both scales, BHyT
maintains the stable optimization observed during pretraining and transfers this advantage effec-
tively to the SFT stage. Notably, BHyT attains lower SFT loss and competitive accuracy on a broad
set of benchmarks, demonstrating that its depth-wise stability and controlled activation dynamics
continue to support reliable adaptation beyond pretraining.

4.4 INFERENCE SPEED AND THROUGHPUT ANALYSIS

To evaluate practical deployment efficiency, we benchmark generation throughput using a Hugging
Face-based serving framework. We fixed the input length at 512 tokens and measured generation
speeds across varying max new token lengths (128, 512, and 1024) with a maximum sequence length
of 4096 for Llama-1B.
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Table El presents the results, where values represent the mean & Table 3: Comparison of gen-
standard deviation across five trials, and percentages in parenthe- eration throughput (tokens/s)

ses denote the relative speed difference compared to BHyT. BHyT Tokens per second
demonstrates superior efficiency compared to standard normaliza-  RyvSNorm 50,52, (=5.6%
tion layers. At 128 output tokens, BHyT (53.5 tokens/s) is approxi- Peri-LN  46.61¢.7 (—12.9%)
mately 5.6% faster than RMSNorm and 12.9% faster than Peri-LN, LDle“ ?9‘%0-5 E;gégﬁg
effectively mitigating the overhead often associated with advanced BHny > j;(§25j:() 4' ’

normalization techniques. Complete results are provided in Ap-

pendix[D-4]

4.5 ANALYSIS ON SCALABILITY AND GENERALIZATION

Table 4: Performance of Llama-3B pretrained on 20B tokens, evaluated before and after supervised
fine-tuning (SFT). BHyT consistently outperforms the stability-oriented baseline, Peri-LN, achiev-
ing lower losses and higher downstream accuracy.

Llama-3B (Pretrained on 20B tokens only)

PT Train PT Eval __ PT SFTTr  SFT Eval
Method Loss Loss  Wall time Loss Loss

Arc-e PIQA  Hellaswag OpenBookQA Winogrande MMLU BoolQ Avg.

Peri-LN  2.811 2.812 238h - - 41.0340.56 68.93+0.67 47474021 30.644099 51.7040.26 27.0240.00 47.1940.724 44.8540.27
BHyT 2.756 2.760 171.4h - - 45.931 .46 70091014 5097014 31324100 52124072 27.6240.00 55.69+0.56 47.68+(.50
Llama-3B (Pretrained on 20B tokens & SFT)

Peri-LN 2.812 238h 247740011 2.83040.10 50.1920.34 70.9310.36 48.3940.15 31.00.055 51.984064 26.360.11 42.4340.99 45.9010.21

2.811
BHyT 2.756 2.760 171.4h 2.468. (011 2.764.10.10 53.8310.38 72.3610.43 51.62.10.15 30.601057 53.0710.47 26.82.0.10 49.891151 48.314 027

To validate BHyT in a more realistic pretraining setting, we extended training to 20B tokens and
compared BHyT against Peri-LN. Table [ reports results for both pretraining-only and post-SFT
stages. BHyT achieves lower pretraining loss and perplexity, indicating that our method effectively
suppresses depth-wise drift even with larger budgets. Additional results for the 1B model trained on
20B tokens can be found in Appendix [D.3]

4.6 ABLATION ON VARIANCE APPROXIMATION

Table 5: Impact of variance approximation on training efficiency and performance. We compare the
exact variance calculation baselines (RMSNorm, BHyT™) against their approximation counterparts
(RMSNorm-Approx, BHyT). The results indicate that the approximation mechanism consistently
boosts training speed (step/s) across architectures with negligible degradation in convergence and
downstream accuracy.

Variance PT Train PT Eval PT Eval Train steps

Llama-1B Approx. Loss Loss PPL  per sec. Arc-e PIQA  Hellaswag OpenBookQA Winogrande MMLU BoolQ Avg.
RMSNorm X 3281 3272 26353 0346 30.9710.20 62.8940.74 32.7710.00 32.3210.04 50.5440.48 25.7040.01 56.2610.44 41.64.40.10
BHyT* X 3.266 3254 25.885 0335 39.82.(52 64.861050 35.6710.15 27.6840.93 50.4010.80 25.19+0.00 55.3440.67 42.7110.15
RMSNorm-Approx O 3.293 3284 26.672 0381 31.1540.44 61981057 31.9340.00  33.0840.00  50.6710.914 25.1610.03 46.3240.26 40.0410.00
BHyT O 3.268 3254 25908  0.385 30.5040.16 62.4240.41 32.114010 33.88410.73 50.1540.32 25.1940.02 61.864017 42.30+0.13

We additionally examine the impact of the proposed variance approximation on model performance.
Tablecompares the exact variance calculation methods (RMSNorm, BHyT*) against their approx-
imate counterparts (RMSNorm-Approx, BHyT), following the same setup as Table[I} The results
demonstrate that employing variance approximation yields significant computational benefits, im-
proving training speed by approximately 10.1% for RMSNorm and 14.9% for BHyT". Crucially,
this substantial gain in throughput comes with negligible degradation in pretraining loss and down-
stream accuracy, confirming that our approximation design effectively resolves computational bot-
tlenecks without compromising the model’s representational capability.

5 CONCLUSION

We proposed Bounded Hyperbolic Tanh (BHyT) to reconcile the trade-off between stability and
efficiency in deep LLMs by coupling explicit input bounding with a lightweight, parallelizable vari-
ance approximation. Validated by theoretical analysis and extensive experiments, BHyT effectively
mitigates the curse of depth and significantly accelerates training throughput compared to standard
normalization methods. Future work will focus on validating BHyT’s scalability in larger-scale
pre-training and its versatility in diverse architectures such as VLMs and encoder-decoders. Ad-
ditionally, we plan to implement hardware-aware optimizations like custom kernel fusion to verify
BHyT’s practical robustness in high-throughput serving systems, including vLLM.

10
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A STATEMENT ON THE USE OF LARGE LANGUAGE MODELS
LLMs were employed solely as a writing assistant to perform limited tasks such as grammar check-
ing and improving readability. The core scientific aspects of this work, including the conception

of ideas, development of methodology, theoretical and experimental studies, and drafting of the
manuscript, were carried out entirely by the authors without contribution from the LLMs.

B PROOFS OF THE THEOREMS

B.1 PROOF OF PROPOSITION[3.1]

Proof. Since |z| < |z — pg| + |pz], it suffices that

A . A
Pl =l < oy =l ) 20wt =] 0
| |
Chebyshev’s inequality gives, for ¢ > 0,
1
P(le — pg| <toy)>1-— 2

Choose t = k so that 1 — 1/t?> = p, and match radii by requiring t o0, = A\/|a| — |u|; this yields
|a| = A/(k oy + |1z|) and hence

P(|z — pz| < KO2) > p,
which implies P(|ax| < X) > p. O

B.2 PROOF OF THEOREM[3.4]

Proof. Letx € R4 be a zero-mean input, i.e., u, = 0. Define

d

1

aZmi—I—e and  ¢(z) = K82 +e+ |l
k=1

Since 1, = 0and s2 = % ZZ=1 z3 = E[2?], we have
d(x) = kVE[z2] +e = rs(x).

s(z) =

Write G = diag(y) and

ra’
P(z) = 1- T5@)
For RMS normalization RMS(z) = v @ x/s(z), a direct differentiation yields
JRMs(.r) = % GP(x)
Define BHyT* (z) = v ® tanh (o (z) ) with
XA
ay(x) = @ @)

Using 9;5(x) = x;/(d s(z)) and thus 0;a..(x) = —a.(z) 2;/(d s(z)?), the chain rule gives, for all
i Js
0 - 2 Tij
87@"]- {’yi tanh (o (z) Jcl)} = o, (z) i sech?(av, (z) ;) (513 - W)

Let D, (z) == diag(sech® (e (2) z;)). Then

Joyr (z) = a.(z) G D, (z) P(z) = %D*(a:) (—GP(a:)) - %D*(x) Jrwis ().

Since D, () is diagonal with entries sech®(-) € [0, 1], we have || D, (z)|| < 1. Taking operator
norms in the identity above gives

A A
aast- @)z = || Do) s @) < 2 1 ruis (@)

13
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B.3 PROOF OF THEOREM [3.3]

Proof. Let x € RT*? be the input, where T is the sequence length and d is the hidden dimension.
We consider the value projection Wy, € RX9v and the output projection Wo € RIv*d By
assumption, the entries of x, Wy, and Wy are i.i.d. samples from a zero-mean normal distribution.

Step 1. Uniform attention weights. For large 7', the attention weights are approximately uniform:
~ 19T TXT
Ax £11 eR.

Thus, the attention output after the value and output projections becomes

1
haw = (AzWy)Wo ~ TlT:nWVWO e R4,

Step 2. Coordinate expansion. The k-th coordinate of h,y, can be written as
T d

1
(hattn)k: = T Z Z Tt,m (WVWO>m7k- (7

t=1 m=1

Step 3. Variance of one coordinate. Conditioning on Wy, and Wy and using that the input x¢ ,,
is i.i.d zero-mean with per-coordinate variance o2, independent of Wy, Wo and Var(zy,,,) ~ (2)2,
we obtain

2

d
1 A
Var (( attn k ﬁ E E WV WO ? .

t=1 m=1
Simplifying the sum over ¢ gives
1 2 )2
Var((han)) = 7 |(WoWo).u - 55 ®)

Step 4. Averaging over all coordinates. Define the mean variance of the attention output as

d
1
§}27Ia[m = E Zvar((ha[m)k

This choice is natural since the attention output is a d-dimensional random vector, and we require
a scalar measure of variance. A standard way is to consider the per-dimension variance, i.e., the
average variance across coordinates:

2

1
Shalm d E[Hhattn”g]

Under the assumptions, E[(Aun)r] = 0, 80 E[(haun)2] = Var((ham)r), which justifies the above
definition.

Substituting Equation 8] we obtain
1 (K& A2
2 _ 2
Shan = T (1; ;(WVWO)m,k> X

The double sum is exactly the squared Frobenius norm:

Z Z (WyWo)p i = [IWvWol[f.

k=1m=1

Therefore, the variance approximation of the attention output is

2~ ol
Shalln ~ Td Vv o F /{2

14
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B.4 APPROXIMATION OF VARIANCE OF MLP LAYER OUTPUT

Theorem B.1 (Variance approximation of MLP layer output). Let x} € RT*d pe the input to the
MLP sublayer at layer (, and let z[' = fo(z}) € RT*4 pe the output of the preceding Pre-LN.
Let shMLP ¢ denote the average per-entry variance of the two-layer MLP output at layer ¢, and

let Var(z}") denote the common element-wise variance of z}'. Under the same assumptions as
Theorem[3.5] applied to the MLP path, we have the approximation

1
S,QLMLP ; ~ g“valWL?Hi Var(zf) = CMmLpy Var(zf), 9)

where CyiLp o := é |We1Wi.2||% depends only on the MLP weights at layer ¢ and is independent
of the specific choice of f.

Proof. We track the variance for a single token and then average over tokens. For a fixed layer /,
write 2/ = fo(x}) € RT*4 and let z; € R? be the i-th row. By the same symmetry assumption as
in Theorem all entries satisfy Var((z;),,) = Var(z[") and are weakly correlated across m.

The position-wise MLP at layer / is
FFNy(2) = g(zWi1)We2,

with activation function g(-) acting coordinate-wise. For a single token z;, we write a; = 2, W 1,
b; = g(a;), and h; = b;Wy 2. Using the same variance approximation as in Appendix B.3, the first
linear layer gives
d
~ F 2
Var((a;);) & Var(z{') > (We1),;-

m=1

By the small-variance assumption, the activation function g(-) can be linearized near the origin and
approximately preserves variance, so Var((b;);) ~ Var((a;);). Applying the same argument to the
second linear layer,

Z i (We2)jk,

Jj=1

and neglecting covariances of (b;); as in Theorem 3.5} we obtain

drFN d

Var((hi)i) = Var(z{') > (Wea)3, Y (Wea)
j=1 m=1

At this point, we again approximate the variance amplification of the two-layer MLP by the
Frobenius norm of the composed weight matrix, in the same spirit as Theorem [3.5] Introducing
Wi := Wy 1 Wi 2 € R4, we approximate the above expression by

Var((h;)s) ~ Var(z} Z

m=1

To obtain the scalar variance of the vector (consistent with the variance statistic in layer normal-
ization), we compute the mean of these element-wise variances across the hidden dimension d.
Observing that the sum of squared weights corresponds to the squared Frobenius norm, we have:

u

1 1
gZ )~ [ Wea Weal, Var()).
k=1

B.5 PROOF OF THEOREM [3.6]

B.5.1 VARIANCE BOUND FOR BHYT

15
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Lemma B.2 (Variance bound for tanh in BHyT). Let x be a scalar random variable with mean
e = 0 and variance Var(z) = s2 < oo, and define

2z = az, a= A , (10)
KSz
for some A > 0 and k > 0. Assume that |z| < X almost surelyEl Then
tanh(A)\2
( an)\( >) Var(z) < Var(tanh(z)) < Var(z). (11)
In particular, since Var(z) = o?s2 = A\? /K2, we have
tanh(A)\2 A2 A2

( an)\( )) 2 < Var(tanh(az)) < pot (12)

Proof. Fix A > 0 and consider the function g(¢) = tanh(¢) on [0, A]. Using convexity of ¢ on this
interval, we can write any ¢ € [0, \] as a convex combination

t=01—-7r)-0+7r-A, T:§E[O,1L (13)
and obtain
gt)=g((Q=7r)-0+7-X) > (1 —7r)g(0) 4+ rg(A) = rtanh()\) = itanh()\). (14)
On the other hand, g(t) < t on [0, A] since tanh(¢) < ¢ for t > 0. Therefore, for all ¢ € [0, A],
tanim t < tanh(t) < t. (15)
By odd symmetry of tanh, we obtain the corresponding inequality for all ¢ € [—A, A]:
ta“im #| < [tanh(t)] < |¢]. (16)
Applying this to the random variable z and using the assumption |z| < A almost surely yields
(tani\l()\) )222 < tanh?® (2) < 22 almost surely. 17
Taking expectations on both sides gives
( ta“];m )E? < Eftand()] < B[] (18)

Because 1, = 0 and 2z = ax is a linear transform, we have E[z] = 0 and hence Var(z) = E[22].
Moreover E[tanh(z)] = 0 by odd symmetry and zero-mean z, so Var(tanh(z)) = E[tanh?(2)].

Thus

tanh(\)\2
(an?()) Var(z) < Var(tanh(z)) < Var(z). (19)
Finally, with « = \/(ks,) and Var(z) = s2, we have
A2 A2
_ 2 — 2 _ 7
Var(z) = a*Var(x) = (nsm) 2= 3 (20)
and substituting this into the inequality above gives Equation [I2] O

’In the main text, this assumption is justified by Proposition 3.1, which shows that |z] < X holds with
probability at least p when « is chosen as in BHyT. For simplicity we present the argument under the idealized
case p = 1.
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B.5.2 VARIANCE RECURSION WITH RESIDUAL CONNECTIONS

We next derive the variance recursion for a generic residual block of the form
xy =20+ hy, Top1 = )+ ge, 2D

where hy = Attn(f(x¢)) and g, = MLP(f(z})). Here, f(-) denotes a normalization layer (e.g.,
RMSNorm, BHyT, etc.).

Lemma B.3 (Generic variance recursion). Under the assumptions and results of Theorems 3.3 and
the variances s? = Var(xy) satisfy

s7 = s+ Cau Var(f(ze)) + 2p1 ser/ Can Var(f(z)), (22)
and
3§+1 = s+ Curp Var(f(ﬂci;)) + 2p2 851/ Curp Var(f(a:%)). (23)

Proof. By definition,
s/? = Var(x}) = Var(zy + hg) = Var(z) + Var(hg) + 2 Cov(zy, hy). (24)
Theoremsand give Var(hy) = Cawn Var(f(z¢)) and Cov(xy, he) = p15eSamn,e With simz =

Var(hg) = CamnVar(f(z¢)). Substituting these relations yields Equation The expression for
57,1 follows analogously from

$201 = Var(wey1) = Var(a + go) = Var(z}) + Var(g)) + 2Cov(ahg0),  (@5)
combined with Var(ge) = OwrpVar(f(z})) and Cov(z),g¢) = pasysmipe, Where s3yp, =
Var(g¢) = Cwmvp Var(f(z})). O

B.5.3 SPECIALIZATION TO RMSNORM, LNS AND BHYT

In this section we instantiate the generic variance recursion from the assumptions and results of

Theorems [3.5] and [B.1] for three concrete choices of f(-): RMSNorm, LNS (Sun et al 2025) and
BHyT. We follow the derivation in Appendix [B.5.2]

Notation. We denote by
s2 = Var(zy), Si; = Var(z}), s}, = Var(f(z0)), 33‘(:;) = Var(f(z})). (26)

Ty

The output variances of the attention and MLP sublayers are s3,,, = Var(Attn(f(z,))) and
swLpe = Var(MLP(f(x}))), respectively.

B.5.4 VARIANCE RECURSION AND PRODUCT FORM

The residual block =), = x¢ + Attn(f(z,)), 41 = x, + MLP(f(z})) satisfies the scalar variance
recursions

Var(z}) = Var(z,) + Var(Attn(f(z¢))) + 2015z, SAtn.¢s 27

Var(wgy1) = Var(z)) + Var(MLP(f(x}))) + 2p28a; smip e, (28)

where pq,p, are covariance coefficients.  Using the proportionality Var(Attn(f(x,))) =
CawVar(f(z,)) and Var(MLP(f(z}))) ~ CyrpVar(f(z})), we obtain

Var(z}) = Var(zy) + Cawn Var(f(ze)) + 2015, Satn,es (29)
Var(wei1) = Var(zy) + OwpVar(f (7)) + 2p285, SMLp¢- (30)
Dividing the first identity by s2 , and the second by si; yields the layer-wise amplification factors
s2, Chamn 8%, Chain 57
:2% 14 i 2f(auz) + 2 u 2f(w)’ 31
s s
Ty Ty Ty
Si Cwmrp S¥(a) Cwmrp Sf(a:’)
S;fl = 2 T2 = 32)
Ty Zy Ty
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For later convenience, define the normalized variance gains

Caun 57 CmLp 8%/
Ui = D g = T, (33)
5%, 8%
g 14
and the scalar amplification function
g(p,u) :==1+u+2p\/u. (34)
Then Equation [31]- Equation [32]can be written compactly as
2 2
sz Sxe+1
5 = 9(p1, uAtm,Z)a Q5 = 9(p2, UMLP,Z)7 (35)
3, Sz,
and the one-block amplification factor becomes
89205+1
o 9(p1, Uawn,e) 9(p2, UmLp,e)- (36)
Ty
Iterating from layer 1 to L — 1 gives the product-recursive form
(37

2 L—1

S"):L —

2 - L1 9(p1. waun.e) g(p2. uriie.e),
T =

(38)

or equivalently
L—1
SiL = 372;1 H 9(p1, uaun,e) 9(p2, umLp,e)-
=1

Lemma B.4 (Depth-wise variance under RMSNorm). Let f(x) be RMSNorm applied coordinate-
wise to a d-dimensional vector x = (x1,...,xq), and let 53, = Var(z,) and Si; = Var(x}) denote
the variances before and after the attention sublayer at layer {. Define
Cam V2 Curr V2
RMS At 7Y RMS MLP Y
Upsn,e = Qn ) Uprpe = — 3 (39)
5%, Sz,

where v2 = 1 Zle 2 is the average squared RMSNorm scale, and g(p,u) = 14w+ 2p\/u. Then

the depth-wise variance under RMSNorm satisfies
L-1
sz, =52 [ alor.ufnss) 9oz, ufifs ). (40)
=1
Proof. We first compute the variance of RMSNorm. For a d-dimensional vector z = (x1,...,xq)
with § = Ele z7, RMSNorm is defined coordinate-wise as
RMSNorm(z); = ; - (41)
1
d Luj=1"j
where -, are learnable scales and we set ¢ = 0 for simplicityEl Then
2 2 7 2 7
RMSNorm(z); = v, —— =v; d —. 42
(x)l 71/ S/d ’Y’L S ( )
Taking expectation and using symmetry across coordinates gives
, 1
E[RMSNorm(z)2] = 72K [d "H =7d- =72, 43)

3This approximation is standard and is used only to obtain a simple closed-form variance.
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so the per-coordinate variance is Var(RMSNorm(z);) = 2 and the average variance across dimen-
sions is
1 _
2 2 _.
SRMSNorm(z) — d Z%‘ =92 (44)
i=1

Therefore, at layer ¢ we have

2 2 2 ")
St =0 Sfay =7 (45)
and by definition of the normalized gains (Equation 38)
2 — 2 —
RMS Caun 55 (2, ~ Cam? LRMS Cwrp 57 (z;)  Omwpy? 46
UAttn, N2 2 - 2 ) UMLP £ = 2 - 2 . ( )
Sa:g 83316 Sl‘; Sx2

Substituting these expressions into the generic product form

52L = 59261 H 9(01, UAtm,é) 9(02, UMLP,€)7 47)

with uagn,e = uRS, and umip,r = ulNS ,, we obtain Equation@ O

Lemma B.5 (Depth-wise variance under LNS). Let fiys(x) be LNS, i.e. RMSNorm followed by a
depth-dependent scaling factor a; at layer (. Let 53, = Var(z¢) and Si; = Var(x}) denote the

variances before and after the attention sublayer, and define

I - Cam* 2 - Cwer?
Attn, 0 — \/Z 5%; ’ MLP ¢ \/Z Si' ’
. £

(48)

where v2 = é Z?:l v2 is the average squared RMSNorm scale, and g(p,u) = 1+ u + 2p\/u as
before. Then the depth-wise variance under LNS satisfies

H 9(pv, witm ) 9(p2, uiire o). (49)

Proof. By Lemma m RMSNorm alone produces a normalized variance sl%MSNorm(u) = ~2 that

is independent of the input variance. LNS applies an additional depth-dependent scalar a, on top
of RMSNorm, and the curse-of-depth (CoD) analysis of (2025) chooses a, such that the
effective variance decays like

~2
2 o~ 275 .
stNs(wg) ~ a[ 72 ~ % (50)
Thus at layer ¢ we have
~2 ~2
2 _ 2 ~ 1 8
Sf(@e) = Shins(ze) ¥ Nz Sfm) N7 (51
and by the definition of the normalized gains (Equation[38)
2 — 2 J—
WtNS Camn S¥(x0) ~ Catn 2 ULNS Cwp SF()) ~ Cwmrp ’yz' (52)
Attn, 4 — sg[ \/ZS%Z ) UMLP,e = 39252 \/E Siz

Neglecting constant-factor approximations (which can be absorbed into Cay, and Cyyp), we obtain
the expressions stated in the lemma. Substituting uaun,s = U]AI:{E o and upipy = ukﬁ% , into the
generic product form

sa, =52, H 9(p1, vaun,e) 9(p2, umLp,c) (53)

yields Equation[49] O
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Lemma B.6 (Depth-wise variance bounds under BHyT). Let f(x) be BHyT applied coordinate-
wise, with parameters (X, ) and per-coordinate scale vector ~, and let s2, = Var(x,) and 52, =

Var(x}) denote the variances before and after the attention sublayer at layer L. Define the average
squared scale v = =3 ZZ 1 v2 and the normalized gains

tanh()\) 2N
BHyTlow . CAttn'V (7) ﬁ BHyTup .__ Camny w2 (54)
Attn 4 - 82 ’ uAttn,é - 82 ’

xp Ty

o (tanh(X)\2 )2 22

BHyTlow ,__ CMLP’Y ( by ) 2 BHyTup . CMLP’Y w2 55)
MLP,0 2 ) Uprpe = 2 ) (

S~ Sy

Ty Ty

and recall g(p,u) = 1+ u+ 2p\/u. Then, under the assumptions of, and by, Theorems@and
the depth-wise variance under BHyT satisfies the two-sided bounds

L—1

2 2 BHyT, low BHyT low

Sar 2 S0 L] 9000 ams ) 9(p2: tiarp)s™), (56)
{=1
L—-1

2 2 BHyT,up BHyT,up

Spp S Sz, (Plv“Anné ) 9(p2,u Unrp g )- (57)
(=1

Proof. By Lemmal[B.2] the per-coordinate variance of BHyT satisfies

— rtanh()\)\2 A2 9 —A?
(3 ) e = s <70 9
where 2 is the average of 42 across coordinates, and we suppress the layer index for clarity. Ap-
plying this bound to the normalization outputs at layer ¢ gives

— rtanh(\)\2 \2 —\2
2 2 2
(f) ? < Sf(m) <7 ?a (59)
— stanh()\)\2 \2 —)\2
WQ(f) 2 < Sf(x ) < 72— (60)
Substituting these inequalities into the normalized gains
Chaun 57 Cwmrp S?c ,
UAttn, ¢ = # UMLP,¢ = #, (61)
S Sa:é
we obtain
Un g S Untnt S Ungg s Unipp S UMLPE S Uiy (62)
Since g(p, w) is increasing in u for p > 0, this implies
BHyT,I BH
9Pt ) < 91, uaune) < 9(p1, ™) (63)
BHyT.I BHyT,
9(p2,uyipy ) < g(p2, ume.e) < g(p2, e p”)- (64)
Finally, plugging these into the generic depth-wise product form
= H 9(p1, uaun,e) 9(p2, ump,e), (65)
yields the lower and upper bounds in Equation [56}-Equation [57} O
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B.5.5 PROOF OF THEOREM [3.6]

Proof. To compare the output variances of BHyT and LNS, we examine their respective layer-wise
variance amplification factors derived in Lemma B.5 and Lemma B.6. Since the scalar amplification
function g(p, u) = 1+u+2py/u is monotonically increasing with respect to u for u > 0 and p > 0,
it suffices to compare the normalized variance gain terms u at each layer /. From Lemma|[B.3] the
variance gain for LNS at layer [ scales as:

LNS Cam? LNS . Cmpy?
uAttn,l ~ \ﬂ 9 uMLP,l ~ \/l 2 (66)
. S:I;l . SI;
From Lemma[B.2] the upper bound of the variance gain for BHyT at layer [ is determined by:
2N 2N
BHyT,up CAnﬂzﬁ BHyT,up __ CMLP72p 67
Atn,l 52 v Unppr o T 52 . (67)
x] x!

o]
For the output variance of BHyT to be strictly smaller than that of LNS, the amplification factor

of BHyT must be smaller than that of LNS at each layer. Comparing the Attention terms (the MLP
terms follow analogously), we require:

BHyT,
g(plu ’U/Am}]:l Up) < g(p17 uklt\tls,l) (68)

Substituting the explicit forms into the comparison, the inequality holds if the variance scaling
factor of BHyT is smaller than the depth-dependent scaling of LNS:

— 2 _
C1Alln Y 2 w2 C’Attn ’72

. (69)
53, Vi s2,
Canceling common terms (G%"Tz), we obtain the condition for the squared scaling factors:
zy
A2 1
2o 70
Taking the square root implies:
A 1
2 < . 71
KV 7y

Since the term % is a decreasing function of [, satisfying this condition for the maximum depth L
ensures that it holds for all layers [ < L. Therefore, if the hyperparameters satisfy % < %ﬁ, the
per-layer variance multiplier of BHyT is strictly smaller than that of LNS for all layers, leading to:

Var(z ") < var(z{™N9), (72)
O

C HYPERPARAMETER SEARCH AND EXPERIMENTAL SETUP

Hyperparameter Search Protocol We perform hyperparameter tuning within a shared sweep
range to ensure a fair comparison across all normalization methods. For each method, we identify
the optimal configuration by selecting the hyperparameters that achieve the lowest evaluation loss
after the Llama-1B model completes 20K pretraining steps. This selected configuration is then used
for the full pretraining run and subsequently for supervised fine-tuning (SFT).

C.1 HYPERPARAMETERS FOR PRETRAINING
Common sweep ranges

* Learning rate (LR): {1e-4, 3e-4, 5e-4, le-3, 3e-3}
* Weight decay (WD): {0.0, 0.1}

* Min LR ratio: {le-1, le-2}

¢ Warmup ratio: {5e-2, le-1}
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Method-specific sweep ranges

e BHyT: initial valuesof A: {1.0, 2.0, 3.0, 4.0, 5.0}

e DyT: learnable tanh-scaling parameter initialized using recommended values from the
DyT (Zhu et al., [2025): the learnable tanh-scaling parameter is initialized following the val-

ues recommended in the original paper 2025)): for Llama-1B, we set the scalars
to 1.0 (before Attention), 0.5 (before MLP), and 0.5 (last layer), while for Llama-3B
weuse 0.2,0.05,and 0. 05, respectively.

C.2 SFT HYPERPARAMETER SWEEP

* Learning rate (LR): {1e-7, 5e-7, le-6, le-5, 5e-5, le-4}
» Weight decay (WD): {0.0, 0.1}

* Min LR ratio: {le-1, le-2, le-3}

e Warmup ratio: {3e-2, 5e-2, le-1}

C.3 FINAL HYPERPARAMETER CONFIGURATIONS

* RMSNorm: {LR: 3e-4, WD: 0.1, Min LR ratio: 1e-1, Warmup ratio: 1le-1}
* Peri-LN: {LR: 3e—4, WD: 0.1, Min LR ratio: 1e—1, Warmup ratio: le-1}

e LNS: {LR: 5e-4, WD: 0.1, Min LR ratio: 1e-1, Warmup ratio: 5e-2}

* DyT: {LR: 1e—4, WD: 0.1, Min LR ratio: 1e—1, Warmup ratio: le-1}

e BHyT: {LR: 5e-4, WD: 0.1, Min LR ratio: 1e-2, Warmup ratio: le-1, X\ values:
BHyT y,,: 2.0, BHyTp: 1.0}

C.4 HARDWARE AND SYSTEM CONFIGURATION

e Pretrain and SFT framework: Llama-Factory (Zheng et al., 2024)

* Llama-1B GPU: RTX A6000

* Llama-3B GPU: RTX PRO 6000 Blackwell

* Parallel computation: For efficient parallel computation, we use FlashAttention-2

2022)
* Distributed training: DeepSpeed ZeRO-2

D ADDITIONAL EXPERIMENTAL RESULTS

D.1 TIME TO TARGET LOSS ANALYSIS

To assess how efficiently each normalization method reduces loss during pretraining, we measure
the time required to reach the loss achieved by BHyT approximately 5,000 steps before its training
is completed. For both the Llama-1B and Llama-3B models, we track this target loss and evaluate
competing methods at the point when (and if) they reach it. As shown in Table [6] most baselines
reach this loss only much later in training or fail to reach it at all within the allotted training budget,
indicating substantially slower effective convergence. Peri-LN, selected as the strongest stability-
oriented baseline, eventually approaches the target loss but requires notably more wall-clock time
due to the additional normalization applied before and after each sublayer. RMSNorm and LNS
converge more slowly and often do not reach the target loss during pretraining. DyT is excluded
from this comparison. Although DyT achieves higher throughput in training time, it remains highly
sensitive to hyperparameter choices and does not consistently reduce pretraining loss, making it
unsuitable for a meaningful time-to-loss comparison. Overall, BHyT reaches the target loss signifi-
cantly earlier than all baselines while maintaining competitive downstream accuracy, demonstrating
that BHyT provides both stable and efficient optimization at scale.
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Table 6: Time-to-target-loss comparison for Llama-1B and Llama-3B. Each method is evaluated at
the loss value that BHyT reaches roughly 5K steps before completing pretraining. Most baselines
reach this loss only much later or fail to reach it within the training budget.

Llama-1B

PT Train Wall time Checkpoint
Loss (hour) Step
RMSNorm  3.282 39.35 49K 31.2840.32 62.5240.50 32.5140.19 32.6440.92 50471066 23.6410.00 50.9410.50 40.57+0.22
Peri-LN  3.288 42.62 S0K 31.63.10.32 63.0710.43 32.0540.17 32404080 49411164 23.0710.00 58.05+0.34 41.38+0.12
LNS 3.281 37.65 49K 31.0240.41 62.5040.48 32.8210.13 32.65.1070 50.0241.19 23.2710.00 46.1510.61 39.78.40.35
BHyT 3.289 33.22 46K 30.8710.19 62.7540.33 32.3640.15 32481018 SL704131 23.9410.00 59.231063 41.9010.15

Llama-3B

Method Arc-e PIQA  Hellaswag OpenBookQA Winogrande MMLU BoolQ Avg.

PT Train Wall time Checkpoint

Method Loss (hour) Step

Arc-e PIQA  Hellaswag OpenBookQA Winogrande MMLU BoolQ Avg.

RMSNorm  3.203 76.55 60K 31.0110.21 66.5710.41 41.52025 33.921033 50.5040.78 22.9840.00 37.94+0.12 40.63+0.18
Peri-LN  3.165 88.72 60K 31.8240.38 64.5240.24 36.0540.11 32284050 49.3040.52 22.9940.00 57.46+0.31 42.06+0.25
LNS 3.160 78.55 60K 31.8840.42 64.6840.46 36.2510.10 32454053 51184075 23.5910.00 37.8310.08 39.69+0.11

BHyT  3.135 6430 56K 32444017 64.831015 36.315000 31961056 51274151 23.3910.00 56.0610.71 42321051

(1e1) Average variance (LR: le-4) (1e3) Average variance (LR: 3e-4) (1e9) Average variance (LR: 5e-4) 20K
0.4
0.75 o 888
0.75 —9— . - 15K 4
N
0.50 050 0.2 T ISM 10K o
9]
0.25 0.25 sk B
m—y
0.00 e 0.00 : = oo 0.0 ! : .
0 5 10 15 0 5 10 15 0 5 10 15
Layer Index Layer Index Layer Index

[—— DyT —— BHyT

(a) Average per-layer variance in Llama-1B for DyT and BHyT under different learning rates.

DyT
10 —o— LR: le-4
—— LR: 3e-4
n —4— LR: 5e-4
w8
o
|
6
0.0 0.1 0.2 0.3 0.0 0.1 0.2 0.3

Train tokens (B) Train tokens (B)

(b) Pretraining loss curves of DyT and BHyT for different learning rates.

Figure 5: Learning-rate robustness of DyT and BHyT with tanh-based normalization in Llama-1B.
(a) Average per-layer variance as a function of depth under different learning rates; DyT exhibits
rapidly increasing variance at larger learning rates, while BHyT maintains a much smaller variance
that grows roughly linearly with depth. (b) Pretraining loss versus training tokens for DyT (left)
and BHyT (right) across learning rates, where BHyT converges stably over a wide range of learning
rates.

D.2 TRAINING STABILITY UNDER VARYING LEARNING RATES: DYT vSs. BHYT

We compare the training stability of DyT and BHyT, which replace the normalization layer with a
tanh-based layer when the learning rate is varied. Figure[5|shows that, for DyT, increasing the learn-
ing rate leads to a sharp growth in variance amplification, making pretraining harder to converge.
In contrast, BHyT exhibits a much smaller variance scale that grows roughly linearly with depth,
and its pretraining converges stably across a wide range of learning rates. These results indicate that
BHyT offers robust training stability for large-scale models such as LLMs, enabling more efficient
and reliable hyperparameter sweeps.
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Figure 6: Full layer-wise comparison between the approximated and ground-truth activation vari-
ances for the second BHyT layer across all Transformer blocks in Llama-1B. Each subplot corre-
sponds to one layer and shows the estimated variance against the empirical variance computed from
randomly sampled C4 inputs.

Table 7: Evaluation of the variance approximation. RMSE quantifies the discrepancy between the
approximated and ground-truth variances, while the coefficient of determination R? measures how
well the approximation explains the variability of the ground-truth values. The Pearson correlation
coefficient r and the Spearman rank correlation p assess linear and rank-based associations, respec-
tively. Higher values of R2, r, and p indicate better approximation performance.

RMSE|[2.1244 5,5

R2 | 0.9944 s
1099510 5
P 10.9945. 5

D.3 VARIANCE APPROXIMATION

Figure [f] presents a layer-wise comparison between the approximated and ground-truth activation
variances for the second BHyT layer across all Transformer blocks in Llama-1B. Table[7]summarizes
the quantitative evaluation, showing low RMSE and high R2, Pearson correlation 7, and Spearman
rank correlation p, which together indicate that the approximation accurately captures both the scale
and structure of the true variances.

D.4 TOKEN GENERATION SPEED

Table 8: Comparison of generation throughput (tokens/s). Values represent mean =+ standard de-
viation for five-trial, and percentages in parentheses denote the relative speed difference compared
to BHyT. The results demonstrate that BHyT achieves competitive inference speeds, consistently
outperforming normalization-based baselines.

Throughput Max new token length
(tokens/s) 128 | 512 \ 1024

RMSNorm 50.511.1 (—56% 38.010.3 (—36% 30~1i0.2 (—35%
Peri-LN 46.6;&0_7 (*12.9 o) 34.5:&0.0 (*12‘4 0) 27.0:‘:0.1 (*13.5 0)
LNS  50.6105 (—5.4%) | 37.410.2 (=5.1%) | 29.510.1 (—5.4%)

DyT  55.6402 (+3.9%) | 40.241.3 (+2.0%) | 32.3 402 (+3.5%)
BHyT 53.510.4 ‘ 39.4i0'2 ‘ 31-2i0.2

Table 8] shows the generation throughput (tokens/s) across different values of the maximum number
of new tokens, showing mean =+ standard deviation over five trials and the relative speed difference
with respect to BHyT. Across all generation lengths, BHyT consistently achieves higher throughput
than normalization-based baselines, indicating that its inference-time advantage is maintained even
as the maximum number of generated tokens increases.
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D.5 PRETRAINING RESULTS OF LLAMA-1B ON 20B TOKENS

Table 9: Performance of Llama-1B pretrained on 20B tokens, evaluated before and after supervised
fine-tuning (SFT). BHyT consistently outperforms the stability-oriented baseline, Peri-LN, achiev-
ing lower losses and higher downstream accuracy.

Llama-1B (Pretrained on 20B tokens only)

PT Train PT
Method Loss L

Eval

PT

SFT Tr SFT Eval

Arc-e PIQA  Hellaswag OpenBookQA Winogrande

MMLU BoolQ Avg.

oss  Wall time Loss Loss
Peri-LN  2.870  2.846  161.7h - - 37.9140.23 69.16.1033 46.7710.10 313640582 50.8940.96 27.7110.00 51.7440.63 45.0840.09
BHyT 2.828 2.802 135.0h - - 40.98.0.43 69.1310.34 49.0010.07 30.5610.73 50.6710.75 26.8340.00 55.86.10.35 46.154¢.23
Llama-1B (Pretrained on 20B tokens & SFT)
Peri-LN  2.870  2.846  161.7h 2.522.0.011 2.85640.107 47.90+0.63 71.0940.35 47.7940.24 31244052 51984045 26.6810.01 48.7440.79 46.4440.27
BHyT 2.828 2.802 135.0h 2.55040.011 2.82510.112 49.2310.60 71.0210.08 49425015 30.7241084 51.494080 27.3610.01 54.8310.04 47.7210.31
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