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ABSTRACT

End-to-end Predict-and-Search (PaS) methods show promise for Mixed Integer
Linear Programming (MILP), but they typically assume variables independence
and provide only deterministic single-point predictions, limiting solution diversity
and demanding extensive search for high-quality solutions. We propose VRG,
a feasibility-aware generative framework that operates in visual space. It trans-
forms MILP solution vectors into image representations, which are in turn pro-
cessed by a U-Net-based score network with Lagrangian relaxation guidance.
The visual encoding enables convolutional kernels to capture interdependencies
among variables while Lagrangian relaxation guides sampling toward feasible,
near-optimal regions. The guided generator produces diverse, high-quality can-
didates rather than a single point estimate. The resulting candidates define com-
pact and effective trust-region subproblems for standard MILP solvers. Across
various public benchmarks, VRG consistently outperforms PaS baselines in solu-
tion quality and, while maintaining competitive optimality with state-of-the-art
solvers such as SCIP and Gurobi, achieves markedly lower computational ef-
fort (reduced search time and explored nodes). Our source code is available at
[https://anonymous.4open.science/t/VRG-EO9E/]

1 INTRODUCTION

Mixed Integer Linear Programming (MILP) models a wide range of finite combinatorial optimiza-
tion problems, a canonical class of NP-hard challenges (Karp, |[1972a). MILP has been extensively
applied in production planning (Ye et al., [2023)), resource allocation, and energy management (Pin-
zon et al.l |2017), as well as in emerging applications across advanced manufacturing and industry.
Owing to their intrinsic computational complexity, solving MILP instances in polynomial time is
generally intractable. Classical techniques, such as Branch and Bound (Land & Doig} |1960a)) and
Cutting-Plane methods (Gomory, |1958a)), remain the foundation for attaining optimality, but they
often incur high computational costs on large-scale instances, limiting their practicality in time-
sensitive real-world applications.

Recently, machine learning has shown great potential in accelerating MILP solving by leveraging
structural similarities across problem instances and reusing decision knowledge (Gasse et al.,|2019;
Han et al., 2023 |Gupta et al., [2020; [Ling et al.l [2024)). In this paper, we focus on one specifically
promising direction (Han et al.l 2023), known as Predict-and-Search (PaS). PaS methods utilize
GNN to predict the marginal probability of each variable, identifying promising regions or critical
components of the solution space where high-quality solutions are likely to reside, and then apply
local search algorithms within the reduced problem to find optimal solutions.

However, existing PaS methods generally encounter the following limitations:

i. PaS models typically assume that decision variables across different dimensions of the solution
space are independent. This assumption deviates from the actual structure of MILP problems,
where variables are often tightly coupled due to shared constraints & objectives.

ii. The approximate solutions predicted by PaS models are not guaranteed to be feasible or opti-
mal, which imposes an inherent upper bound on the quality of final solutions.
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Figure 1: Relaxation guided solution generation illustration process. Solutions sampled from the
learned distribution progressively enter the linear feasible region while approaching the optimal
solution.

iii. Predictions are often binarized using deterministic ranking strategies (e.g., based on thresholds
ko and k;), resulting in singular and rigid solution structures. This over-simplification can
propagate to the construction of trust regions, reducing robustness and limiting exploration of
the feasible space.

To address these limitations, we propose a feasibility-aware generative framework for MILP that
performs visual relaxation score generation. Our approach transforms solution vectors into visual
representations, enabling convolutional neural networks to capture interdependencies among deci-
sion variables via convolutional receptive fields.

In parallel, we construct a Lagrangian-guided probability distribution and derive the corresponding
reverse-time stochastic differential equation (SDE)(Song et al., 2021} |Karras et al.,2024)), creating a
score-based generative model with theoretical guarantees on both feasibility and optimality. Starting
from Gaussian noise, this model progressively denoises toward high-quality feasible regions Fig[I)).
The resulting guided distribution remains multimodal, facilitating diverse sampling while improving
both feasibility and optimality.

These diverse, guided samples enable the construction of more robust, higher-quality subproblems
within compact trust regions, unlike conventional PaS methods that rely on singular, hard-binarized
solutions. As a result, our method improves search robustness and efficiency and yields higher-
quality solutions for MILPs. Our key contributions are as follows:

* We propose a feasibility-aware generative framework that integrates Lagrangian relaxation
with diffusion to learn a guided generator that explicitly steers sampling toward feasible,
high-quality regions. Our analysis establishes an optimization-equivalence result and a
concentration guarantee that tightens the effective search space, providing formal guaran-
tees on both feasibility and near-optimality and addressing the quality limitations of PaS
approaches.

* We transform solution vectors into visual image representations, enabling convolutional
neural networks to capture variable interdependencies through spatial receptive fields, over-
coming the variable independence assumption in PaS.

* We generate a multimodal distribution of high-quality solutions from Gaussian noise,
avoiding PaS’s singular, hard-binarized solutions and improving robustness in downstream
search.

2 RELATED WORK

MILP problems are among the most challenging combinatorial optimization tasks due to their hy-
brid decision spaces. Classical solving methods, such as branch-and-bound (Gomoryl, [1958b)) and
cutting-plane algorithms (Land & Doig,|1960b), address MILPs by systematically exploring, simpli-
fying, or relaxing the original formulation. However, these approaches can exhibit exponential time
complexity in the worst case, limiting scalability for large-scale or real-time applications. Notable
ML-based directions include diffusion model based MILP solvers that exploit specific structural
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properties of MILP instances (Sun & Yang| 2023} |Yu et al., 2024} Sanokowski et al.,[2024)), Predict-
and-Search (PaS) frameworks (Han et al., |2023; Huang et al., 2023), and hybrid approaches that
integrate machine learning into the traditional branch-and-bound process (He et al., |2014; |Gasse
et al.,|2019; |Chmiela et al.|[2021; |[Paulus & Krausel [2023). However, existing approaches suffer var-
ious limitations: PaS methods typically lack convergence guarantees and do not provide feasibility
guidance during search, while diffusion-based solvers are predominantly constrained to problems
with specific structural properties. There remains a critical need for PaS frameworks with theo-
retical convergence assurances and systematic, feasibility-aware guidance to accelerate solving and
improving solution quality across diverse MILP instances.

3 PRELIMINARIES

Mixed Integer Linear Programming (MILP) seeks an optimal solution to a linear objective sub-
ject to both linear constraints and integrality restrictions. For an instance s with m constraints and
n variables, the standard MILP formulation is:
m%@nc—rm st. Az <b I<z<u, z;€ZVjel (D
zeR™
where A € R™*", c € R", b € R™, [,u € (RU{£oo})", and I C {1,...,n} denotes the set of
indices for integer-constrained variables. The feasible region is:

D = {xeR” | A:cgb,lgzgu,ijZ,VjGI}.

Lagrangian relaxation Relaxation techniques for MILPs aim to simplify complex constraints, thus
reducing computational overhead. Among these strategies, Lagrangian relaxation is particularly
effective. For the MILP in Eq.(T) with optimal value 2y, p, its Lagrangian relaxation is constructed
by dualizing the constraints Az < b with Lagrange multipliers A > 0:

ZLagrangian(-i'a )\) =c'z + AT (A{i — b) 2)

where Z denotes a relaxed solution. It is well-established that optimizing over A provides a valid
lower bound on the MILP optimum 2y p -

Theorem 1 ( from (Shor, |1985)). Consider the Lagrangian dual problem for a
given trial solution Z:
ZLD(‘%) = rilgéc ZLagrangian (:Z.7 )\) (3)

Let {\")} be the sequence of multipliers generated by the subgradient method with step sizes {ay}
satisfying:

o0 o0
ap >0, ZO%:OO, Zai<oo. (4)
k=1 k=1

Then the sequence of dual objective values converges to the optimal dual value:

i 2agrangion (7, X) = 210(7) <z )

The optimal solution Z* of the Lagrangian relaxation zi sgrangian (Z, A) typically satisfies most original
constraints and provides valuable structural information for the original problem, which can guide
MILP solvers by defining high-quality search regions.

4 OUR METHOD

We propose VRG, a Lagrangian relaxation-guided score generation framework in visual space for
MILP problem solving. VRG reshapes the solution vector so that each variable is represented as
a pixel in an image. A U-Net-based convolutional network then operates on this “MILP-image” to
capture complex inter-variable correlations, enabling more accurate score estimation over the so-
lution distribution. To bias generation toward feasible and high-quality solutions, VGR integrates
Lagrangian relaxation directly into a score-based generative process: constraint and objective in-
formation act as guidance terms during sampling. This integration preserves the multimodal nature
of diffusion (diverse candidates) while providing guided trajectories toward feasible, near-optimal
regions, effectively addressing key limitations of prior prediction-based approaches.
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4.1 VISUAL-VECTOR TRANSFORMATION

To capture structural relationships among variables, we transform a solution vector into an image.
Given a MILP solution vector x € R™, we reshape the vector into a 2D grid of dimensions h X w,
referred to as the MILP-image. Let w = [7], and define the MILP-image as:

X = [Z] € {[o,1]}txhxw (6)
where Z; ; = x(;_1)w+;- Following this conversion, we define the transformation function from
visual to vector as:

z = Vee(X) € R, 7

It is straightforward that this visual-to-vector mapping Vec is lossless and bijective under the as-
sumption h X w = n. Hence, Vec ! exists, and we can transform the z to X by Vec~!. Normaliza-
tion is applied to ensure all values lie in [0, 1], using an invertible transform that preserves bijectivity.
After this bijective conversion, the visual form, combined with convolutional U-Net architectures,
naturally captures connections between pixel blocks (i.e., groups of variables) corresponding to solu-
tion components. This enhances the model’s capacity to approximate probability distributions with
rich inter-variable coupling and leads to more precise score estimation for subsequent modeling.

4.2 LAGRANGIAN RELAXATION-GUIDED SDES

Given an optimal solution z* and its corresponding MILP instance g, we aim to approximate the
visual-instance distribution p(X'|g). Following the typical MILP bipartite graph representation with
constraint and variable nodes (Gasse et al., 2019), any MILP instance can be encoded into a graph
embedding g using a 2-layer GNN. Under this encoding, we assume p(x*|g) = p(z*|g).

With the bijection, we likewise identify:

@) No Guidance b) Relxation Guidance
p(X7|g) = p(a”|g) ®) N T SN,

However, the distribution p(X*|g) remains U /AN ~ P 4
purely date-driven and lacks explicit optimal- 7 < A\ X/ .
ity and feasibility guidance. As illustrated | * = ¢ % [ (R
in Fig. [fa), sampling from this distribution N\ X ~
may produce low-quality or infeasible solu- e [ . /;, TN
tions. Leveraging insights from Theorem ??,

which guarantees that Lagrangian relaxed so-
lutions exhibit high feasibility and optimal-
ity for MILP problems, we propose to inject
Lagrangian relaxation into the diffusion-based
probabilistic model as guidance.

® Sample Points Feasible Region Sampling Set Region

Figure 2: (a) Sampling without guidance. (b)
Sampling with Lagrangian relaxation guidance,
which biases sampling toward regions with
For any candidate solution x, we define two higher feasibility and optimality.

regularized terms for Lagrangian relaxation

function: O(%) = | (¥ — 2*)|, which mea-

sures the distance from the optimal solution (optimality), and P(z) = || max{AZ — b,0}||, which
aggregates constraint violations (feasibility). Classical Lagrangian penalties can become unbounded
on infeasible solutions, which is incompatible with probabilistic models that require finite probabil-
ity mass and stable gradients. Thus, we reformulate the original objective into a regularized term
with bounded penalties: v,0(%) + . P (&) where 7,,7. € RT. These penalties guide sampling to-
ward optimal and feasible regions while remaining compatible with continuous probabilistic models
(no infinite penalties), such as diffusion or score-based SDEs. Let X* = Vec™! (z*).

We then aim to learn a probability distribution ¢(z|g) that approximates p(z*|g) while minimizing
the regularized Lagrangian objective. We prove that this optimization process equals to a KL diver-
gence minimization against a guided distribution p(z*|g) in Theorem Which indicates that we can
seamlessly integrate this guidance into diffusion modeling.

Theorem 2 (Optimization Equivalence). Let 7, 7. € RT be bounded. Then, minimizing the regu-
larized objective:

min [Dyz(q(2(g)llp(”|g)) +7.0(x) + 7P (2)] ©)
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is equivalent to minimizing the KL divergence with respect to the guided distribution p(x|g):

min Dy, (¢(z[g)[|P(x]g)) (10)
where p(z|g) = £p(z*|g) exp (—7,0(z) — P (x)) and Z is the normalization constant.

Proof is provided in Appendix [A| Based on this, and using the bijection = = Vec(X'), we define the
Lagrangian-guided target distribution over the visual space as(combined with p(z*|g) = p(X™*|g)):

p(X|g) = p(X™[g) exp (=7, O(Vee(X)) — 7. P(Vee(X))) (11)

Theorem 3] (proof in Appendix [B) theoretically guarantees that this Lagrangian-guided distribution
effectively reshapes the probability landscape: for any 0 < o < 1, the top-a high-probability region
under p is a subset of that under p. Consequently, probability mass is shifted away from low-quality
solutions and concentrated around high-quality, feasible regions, resulting in a tighter search space
and more efficient sampling.

Theorem 3 (VRG Tighter Solution Theorem). Ler Q; = {X : p(X|g) > amaxy: p(X’|g)} and
Oy = {X : p(X|g) > amaxy p(X'|g)} for some 0 < o < 1. Then Qo C Oy, indicating that
Lagrangian guidance concentrates probability mass on higher-quality solutions.

To get the Lagrangian-guided target distribution p(Vec(X')),we construct a reverse-time Stochas-
tic Differential Equation (SDE) whose stationary distribution converges to p, we derive the corre-
sponding reverse process from the gaussian distribution p7 ~ N (0, I) and integrate the Lagrangian
regularization guidance to the drift, as in Theorem 4]

Theorem 4 (Relaxation-guided SDE with Score Function). Given the Lagrangian-guided p(x|g),
the corresponding reverse-time SDE that samples from p is given by:

1 . -
dx, = —iﬁ(t)xt — (B)0xp(X7™|g) — B(t)V00:0(x1) — B(t)7:0:P(xe)) | dt + / B(t)dWy

(12)

where © = Vec(.), x, = Vec(X}), Oxp(X*|g) is the approximated score of the data distribution,

dWy is a standard Wiener process, and 3(t) is the noise schedule. This SDE integrates optimization-

aware gradient signals into the diffusion process, guiding trajectories toward feasible and optimal

regions during sampling.

The overall score function implied by Eq. [I2] and used in both training and sampling, is:

55Xt 8) = (X" |g) = 700:0(r) = 1:0uP(a) | (13)

Proof is provided in Appendix

To compute P(z), we define P(z) = >.1" Pi(z), Pi(xz) = ReLU((Az); — b;)) € R so that
P(x) measures the aggregated violation of the linear constraint (Ax); < b;. If x € D (the feasible
region), then P(x) = 0; otherwise P(z) > 0. The gradient 9,,P(z) provides a direction to reduce
constraint violations during both training and sampling.

4.3 TRAINING AND SAMPLING

Conditional Score Network. To train the score function in Eq[I3] we introduce a conditional score
network that incorporates the MILP structure as context. Specifically, we first encode an MILP
instance with a GNN encoder 7, to produce an instance embedding g = 7,(A4,b,¢) € R%ont The
score model is a conditional U-Net style network sg(z¢,t,g) that takes the noisy image input X,
at time ¢ and injects the MILP structure g via cross-attention(Rombach et al.| [2022; [Saharia et al.,
2022). The attention mechanism is defined as:

Q=WoiXr, K=Wgg, V=Wyg, X =X+ Attention(Q,K,V)

14
where Attention(Q, K,V) = softmax(?/%:) V. (19

with learnable projection matrices W € RémeXdr 1}/ € RdconaXdi and Wy, € RbeonaXdv gy =
d, = d“*?d for multi-head attention with H attention heads.
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Training with Lagrangian-guided score. To learning the Lagrangian-relaxation guided score de-
fined in Theorem ] we minimize the following training objective:

Lrelaxed = E||30(Xt> t, g) - Starget” (15)
where the target score is:

Starget — SZ(Xta t, g) = aXp(X*|g) - ,YOaTO(xf) - ’Y(‘arlp(xf)

16
— 0p(X*[g) — 700:0(Vee(X,)) — 1.0, P (Vee(X,)) (10)

Following Song et al.| (2021}, we corrupt the clean solution X{ into a noisy version X; using the
standard forward process:

X, = VarXo+vVI—are, e~N(0,I). (17)

Using the chain rule, we derive the gradient of the Lagrangian terms as:

_ 00(Vec(Xy)) — 90(Vec(Xy)) OVee(Xy)

9:0(Vee(t)) = OVee(X)  OVec(d;)  OVece(X) (18)
As the objective deviation is defined as O(%) = |cT(Z — x*)|, applying Eq yields:
00(Vec(Xy)) o . . OVec(X;)  —

Ve X)) ¢’ - sign(Vee(X;) — Vee(X™*)) and DVee(X) Va1 (19)

Combining Eq[18]and Eq[19] 0,0(Vec(X;)) = c\/a - sign(Vee(X;) — Vee(X*)). Similarly, for the
constraint penalty term, we can get (O, (\) = 0): 9,P(Vee(X;)) = v/a; AT AVec(X;). Substituting
these into the score matching loss leads to the simplified objective:

Limpiified = E||s0(Xy,t,8) — (€ — Yocy/ay - Vee(|Xy — X*|) — vev/au AT AVee(X))|| | (20)

where ¢, ~ N(0,I) following the standard score-based generation model (Song et al., [2021).
This objective retains the standard diffusion target ¢, and adds optimization-aware corrections: an
objective-gap term along c and a feasibility term along AT A, both scaled by /&.

Guided Sampling. After training, we sample - - - -
using the learned score model so(.). Specifi- Algorithm 1 Relaxation Guided Sampling

cally, we initialize from a Gaussian prior pp ~ Notation:s_e is tf_le Lagrangian relaxation guided

N(0,I) at visual space (Ho et al.,2020) and use =~ Score function trained by Lsimplified-

the trained score function to reach the guided ~ 1: 7 ~ N(0,I) # Initialize using

distribution p(X'|g) , which captures both feasi- Gaussian noise in visual space
.. . . 5, 2: fort=T,T—1,...,1do

bility and near-optimality. Then sample X from

the p(X|g) and then go back to the solution s Se(f(t’t’g) 5
space by Vec.The whole process can be ex- S (Xt T Vi—a 5)
plained in the Algorithm [] 5: ift > 1 then
6: z ~ N(0,1)
7: X1+ pe +V/Biz
8: else
[:I D 9: Xo « e
10:  endif
11: end for
A 12: & = Vec(Xp) # Go back to solution
space

13: return

Ol

To fully exploit the multi-modal nature of the guided distribution, we adopt a parallel sampling
strategy . For each MILP instance: 1) Sample & visual solution candidates {7, j = 1,2..k} using
different random seeds in image space. 2) Map each candidate to vector form Z; = Vec(X;).That
is to say, steps 1) and 2) are concurrent multi-threaded parallel executions of Algorithm[I] 3) Select
the best solution Z* using the metrics O(-) and P(-). This strategy enhances robustness by exploring
diverse high-probability regions in the solution space before downstream search/polishing.



Under review as a conference paper at ICLR 2026

4.4 SEARCH PROCEDURE

Given a generated solution Z*, we construct a trust region constraint to reduce problem complexity
and refine solution quality. Unlike PaS (Han et al.| 2023)), which relies on fixed 0-1 constraint tuning,
our approach leverages information from the relaxed objective and constraint values to shape the
search space. Specifically, we project the integer-valued subvector of £* to obtain Z;, and then
define a trust region around it. The resulting search subproblem is formulated as:

Mewen(Z7): min  ca, 1)

x€DNB’ (Z1,A)

where B (i, A) = {x € R" : ||Z; — x7||; < A} denotes the trust region, A controls the allowable
deviation. We solve this subproblem with industry-standard MILP solvers, such as SCIP and Gurobi,
following the established setup in prior work (Han et al.,|2023), to get the solved solution z*.

5 EXPERIMENTS

5.1 SETTINGS

Dataset Benchmark. We evaluate on four widely used NP-hard public MILP benchmarks: 1) Set
Covering (SC) (Chvatal, |1979); 2) Combinatorial Auction (CA) (Sandholm, [1999); 3)Capacitated
Facility Location (FC) (Balinski, |19635)); and 4) Maximum Independent Set (1S) (Karpl|1972b)). Each
benchmark is provided at three scales, Small, Medium, and Large, based on the number of variables
and constraints. The details are summarized in Table[0)in Appendix.

Baselines. We compare against two exact expert MILP solvers and two end-to-end learning-based
methods: 1) SCIP (Bestuzheva et al., [2023): a leading open-source solver. 2) Gurobi (Gurobi Opti-
mization, LLC,2023)): a state-of-the-art commercial MILP solver. 3) Predict-and-Search (PaS)Han
et al.| (2023): a learning-based method that predicts good solutions and performs local search. 4)
Contrastive Predict-and-Search (CoPaS) (Gao et al.,[2024): an improved PaS with contrastive learn-
ing to enhance solution quality.

Evaluation Metrics. We report four metrics: 1) Obj: The best optimal objective value by cz*. 2)
Gap (%): The optimality gap of the solved optimal objective by ¢’ #* relative to the best known

solution (BKS), Gap = CT”A’B%SBKS for minimization problems (e.g, SC and FC), and reversed ac-

cordingly for maximization problems (e.g., IS and CA). 3) Searching Time (s): Time to find the
optimal solution from the constructed subproblem Mgeaen(Z ), starting from the predicted solution

ol

2*. 4) Nodes: The number of branch-and-bound nodes explored by the solver to reach the final
solution, reflecting computational effort.

Hyperparameters. For learning-based solvers, we use a consistent search radius A (details in
Appendix [E.2). For our VRG, we specify the MILP-image resolution, sampling steps, and the # of
samples per benchmark scale. Full implementation details are provided in Appendix [E.3]and [E.3]

5.2 MAIN RESULTS

Benchmark Solving Results We evaluate all methods on the four benchmarks at three scales. Ob-
jective values (Obj) and optimality gaps (Gap) are reported in Table [T} 2} and 3] Computational
efficiency in terms of Searching Time (s) and Nodes is reported in Table [5] using SCIP and Gurobi
as reference solvers.

In terms of quality, our method VRG consistently outperforms learning-based baselines across all
benchmarks and scales. When paired with SCIP or Gurobi, VRG achieves the lowest optimality
gaps and often matches the exact solvers (e.g., SCIP, Gurobi) while maintaining feasibility. Re-
garding search efficiency, VRG significantly reduces both search time and the number of explored
nodes (Table 5], demonstrating its ability to guide solvers toward high-quality regions. For robust-
ness, VRG avoids infeasible subproblem construction,some failure in PaS-based methods (see oo
entries). This improvement stems from the multi-modal, feasibility-aware sampling mechanism of
our method, which generates diverse, high-quality candidate solutions that remain within the feasible
region. These candidates, in turn, enable more effective local search under trust-region constraints.
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Table 1: Results on small-scale MILP benchmarks. Results are averaged over 100 test instances.
“00” indicates subproblem M;e,cn(Z) is infeasible. All solvers have a 1000-second time limit.

Method | Style | SC(BKS =21.17) | MIS(BKS = 3529.01) | CA(BKS =13129.78) | FC(BKS = 6879.07)

| | Obj(1). Gap(1)(%) | Obj(1).  Gap(1)(%) | Obj(). Gap(1)(%) | Obj(}). Gap (1)(%)(s)

SCIP Exact | 21.17 0.0000 |3542.69 -0.3876 |13129.78  0.0000 | 6879.07 0.0000
Gurobi Exact | 21.17 0.0000 | 3529.01 0.0000 13129.78  0.0000 | 6791.36 -1.2750
PaS + SCIP Pre. 78.40  261.2903 | 3538.03  -0.2556 | 12741.15  2.9599 | 3359.89 51.1577
PaS + Gurobi Pre. 78.40  261.2903 | 3523.13 0.1666 1273090  3.0379 | 3359.89 51.1577
CoPaS + SCIP Pre. 27.99 322153 |2712.00 23.1512 | 12259.15  6.6309 0 0

CoPaS + Gurobi Pre. 27.99 322153 |2697.01 2357.54 | 12667.78  1.7365 0 00

VRG+ SCIP (Ours) Gen. | 21.17 0.0000 | 3542.69  -0.3876 | 13129.78  0.0000 | 6879.07 0.0000
VRG + Gurobi (Ours) | Gen. | 21.17 0.0000 | 3529.01 0.0000 13129.78  0.0000 | 6791.36 -1.2750

Table 2: Results on medium-scale MILP benchmarks. All solvers have a 1000-second time limit
and the results are averaged over

Method \ Style | SC(BKS =31.30) | MIS(BKS = 7185.65) | CA(BKS = 64552.19) | FC(BKS = 11344.00)

\ | Obj(l). Gap()(%) | Obj(1).  Gap()(%) | Obj(1). Gap()(%) | Obj(l).  Gap(1)(%)
SCIP Exact | 31.30 0.0000 | 7185.65 0.0000 7124797 -10.3726 | 9517.42 -16.1017
Gurobi Exact | 31.30 0.0000 | 7185.65 0.0000 71247.97 -10.3726 | 9450.79  -16.6890
PaS + SCIP Pre. | 475.70 1400.6389 | 7158.94 0.3717 70757.07  -9.6121 | 9716.22  -14.3492
PaS + Gurobi Pre. | 475.70 1400.6389 | 7132.50 0.7396 70731.56  -9.5568 | 9601.89  -15.3571
CoPaS + SCIP Pre. 32.40 35143 | 6365.50 11.4137 |65611.50 -1.6410 |9517.42 -16.1017
CoPaS + Gurobi Pre. 32.40 3.5143 ] 6365.50 11.4137 |65611.50 -1.6410 |9450.79 -16.6890
VRG+ SCIP (Ours) | Gen. | 31.30 0.0000 |7203.89 -0.2538 | 7124797 -10.3726 |9517.42 -16.1017
VRG+ Gurobi (Ours) | Gen. | 31.30 0.0000 | 7185.65 0.0000 7124797 -10.3726 | 9450.79 -16.6890

5.3 GENERATION ANALYSIS

Visualization of Generation Process. We visualize the sampling process across problem instances
of varying scales. Fig. 3] (Appendix [F) illustrates generation trajectories for medium- and large-
scale problems. Throughout the generation process, we observe a consistent, monotonic decrease
in both Lagrangian regularization terms O(Vee(X;)) and P(Vec(X})) for images sampled at step ¢.
This empirical observation validates our model’s progressive refinement capability, demonstrating
its structured guidance iteratively improves solution quality and ultimately converges to high-quality
feasible solutions.

Table 3: Results on large-scale MILP benchmarks. All solvers have a 1000-second time limit and
the results are averaged over

Method \ Style | SC(BKS =26.20) | MIS(BKS = 7132.50) | CA(BKS =120914.75) | FC(BKS = 11552.13)

\ | Obj(d).  Gap()(%) | Obj(1).  Gap(I)(%) | Obj(H).  Gap()(%) | Obj(}). Gap()(%)

SCIP Exact| 2620  0.0000 |7132.50  0.0000 |120914.75  0.0000 |11552.13  0.0000
Gurobi Exact | 25.80  -1.2567 |7132.50  0.0000 | 120914.75  0.0000 | 11547.33  -0.0415
PaS + SCIP Pre. | 2600 -0.7633 |713222 0.0039 |12091475  0.0000 00 00

PaS + Gurobi Pre. | 2600 -0.7633 |7109.40 03238 |120925.61 -0.0089 00 00

CoPaS + SCIP Pre. | 30.50  22.6640 |6364.50 10.7676 |120914.75  0.0000 |11552.13  0.0000
CoPaS + Gurobi Pre. | 30.50  22.6640 | 6364.50 10.7676 | 120914.75  0.0000 | 11552.13  0.0000
VRG +SCIP (Ours) | Gen. | 2580 -1.2567 |714422 -0.1643 | 12091475 0.0000 |11552.14  0.0000
VRG + Gurobi (Ours) | Gen. | 25.80  -1.2567 | 7132.50  0.0000 | 12094543  -0.0253 | 11546.33  -0.0415

Multi-modal Sampling. We further examine the multi-modal nature of our generation process.
Fig. [ and [6] in Appendix confirm that parallel sampling operations in our framework lead
to diverse visual transformations with distinct modal characteristics. This diversity increases the
chance of generating high-quality subproblems when transforming from the sampled space to the
solution space, enhancing both stability and robustness in the final search and consistently guiding
the solver toward feasible, high-quality regions.

Generation Time Analysis. We compare generation time (solution construction before solver
search) across all benchmarks with different scales. Table [d]shows that our method introduces min-
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imal computational overhead relative to solver search time. Specifically, in 9 out of 12 benchmark
settings, sampling takes under 0.4 seconds, less than 0.04% of the total allocated runtime (1000 sec-
onds). This negligible cost demonstrates the practical efficiency of our method, which can generate
numerous high-quality solutions that are both feasible and near-optimal, even for large-scale MILPs.

Table 4: Generation time for VRG on medium and large benchmarks. Time ratios 7s(%) and 1 (%)
are relative to the search time of SCIP and Gurobi, respectively.

\ sC \ MIS \ FC \ CA
Time(s) 75 (%) 1 (%) | Time(s) ns (%) nc (%) | Time(s)  7s (%) n (%) | Time(s) ns (%) g (%)

Small | 04116 2.9004 155985 | 02375 3.3928 77.0353 | 04953 19.5778 107.7676 | 0.2666 69320 101.7169
Medium | 02296 0.1768 1.6874 | 02374 0.1687 33586 | 0.2083 87.6683  56.1304 | 02401 03205 42291
Large | 0.2344  0.0234  0.0343 | 0.2340 0.2362  9.3926 | 0.2352 158.5074 160.5460 | 0.2556 0.0256  0.0285

Table 5: Searching time (s) and Nodes for VRG-based solvers vs. exact solvers across small,
medium, and large benchmarks.

\ SC(Small) MIS(Small) \ FC(Small) \ CA(Small)
Time(]) Nodes(]) | Time(/) Nodes(}) | Time({) Nodes(]) | Time(]) Nodes(])
SCIP 14.1911 104.4 7.0001 33.2 2.5105 1.0 3.8459 7.7
VRG + SCIP 7.1347 76.96 4.6093 33.2 2.5702 1.0 3.4765 7.7
Gurobi 2.6387 312.9 0.3083 44 0.4596 1.0 0.2621 114.8
VRG + Gurobi 1.2686 318.5 0.3021 5.7 0.2868 1.0 0.2489 113.2
SC(Medium) MIS(Medium) FC(Medium) CA(Medium)
Time(]) Nodes(}) | Time(]) Nodes()) | Time({) Nodes(]) | Time(]) Nodes(])
SCIP 129.7983 7585.5 140.6765 115.7 0.2376 1.0 749119 2845.2
VRG + SCIP 112.8781 7446.4 191.1203 102.3 0.3032 1.0 73.5590 2821.0
Gurobi 13.6067 10894.5 7.0684 53.9 0.3711 6.6 5.6915 6137.9
VRG+ Gurobi 13.2742 10453.8 7.0176 53.0 0.3588 5.2 5.0330 5701.2
SC(Large) MIS(Large) FC(Large) CA(Large)
Time(]) Nodes(}) | Time(}) Nodes()) | Time({) Nodes(]) | Time(]) Nodes(])
SCIP 1000.0079  9319.60 | 99.0448 165.0 0.1483 1.0 1000.01 22215.8
VRG + SCIP 1000.0065 10245.2 | 54.3102 162.6 0.0725 1.0 1000.00 7792.7
Gurobi 683.2202  598502.0 | 4.0207 28.1 0.1465 1.0 897.4849 756520.9
VRG + Gurobi | 623.9327 456737.8 | 2.3841 37.0 0.1440 1.0 899.0478  777839.2

5.4 ABLATION STUDY

Ablation on the relaxation guidance.To assess the effectiveness of our relaxation guidance mech-
anism, we conduct ablation studies on two representative MILP problems: large-scale Maximum
Independent Set (MIS) and small-scale Capacitated Assignment (CA). The goal is to evaluate the
impact of relaxation guidance on solver performance regarding search time. We disable the relax-
ation guidance component during training and sampling, while keeping all other settings identical.
The results in Table[f|reveal a substantial increase in searching time when guidance is removed, con-
firming the critical role of Lagrangian guidance in steering the solver toward high-quality regions
and improving search efficiency.

Table 6: Ablation study on relaxation guid-

ance. IS(SCIP) | IS(Gurobi)
urooi
Method Time(}) Time(})
VRG w/o Guidance | 178.9089 3.3546
VRG (Ours) 54.3102 2.3841
Method CA (SCIP) | CA (Gurobi)
Time(]) Time(])
VRG w/o Guidance 6.4299 0.4223
VRG (Ours) 4.7252 0.1920
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bounding these parameters within a moderate range (e.g., 7., V. € [1, 4]) yields stable performance.
Furthermore, when using different diffusion parameters «vg and Sy, larger values of v, and 7. can
be applied without degrading performance. In practice, extensive tuning of 7, and . is generally
unnecessary, as the solving results remain robust across a wide range of settings.

Ablation on Step Iterations.
We assess the impact of gen-
eration steps on VRG’s perfor-
mance. As shown in the ta-
ble the performance varia-
tion across different generation
step counts is minimal, indicat-
ing that our visual relaxation
generative model is insensitive
to the choice of generation steps
during training.

Ablation Study on Visual En-
coder and Representation. We
evaluate the impact of different
architectures on VRG’s perfor-
mance. We define the error met-
ric ¢ = |Sg — Stareet| tO quan-
tify the model’s ability to ap-
proximate the target guidance
score across different represen-
tations. As shown in Table [§]
when replacing the U-Net with
an MLP for vector-based gener-
ation (while retaining our pro-
posed guidance), the model fails
to accurately estimate the target
guidance score, yielding o =~

SC(500,300)
(hyw)  (Yo,7c) Step Nodes({) Obj(})
Gurobi - - = 5841.46 = 5191.29 28.9800 & 3.0270
SCIP - - - 3336.16 + 3846.81  28.8936 + 3.0305
PaS+SCIP - - - 487359 £5177.36  28.9800 + 3.0117
DiffILO - - - 6252.90 = 7095.00  28.9800 & 3.0270
Apollo MILP  — - - 7707.42 £+ 7807.04  28.9800 & 3.0270
VRG+SCIP  (5,100) (2.2) 20 | 3020.22 4+ 325573  28.8478 + 3.0475
VRG+SCIP  (2,250) (2,2) 20 | 2994.58 +3154.28 28.7778 £ 3.0442
VRG+SCIP  (2025) (2.2) 20 | 3309.38 +3770.38  28.9574 + 3.1065
VRG+ Gurobi  (5,100)  (2,2) 20 | 5824.98 4+ 5635.45 28.9800 % 3.0270
VRG+ Gurobi  (2,250) (2,2) 20 | 5824.98 +5635.45 28.9800 + 3.0270
VRG+ Gurobi  (20.25) (2.2) 20 | 5824.98 £+ 563545 28.9800 & 3.0270
VRG+SCIP  (2025) (2.1) 20 | 2919.70 £3319.68  28.9574 & 3.1064
VRG+SCIP  (2025) (1,1) 20 | 2802.10 4 2843.02 28.7778 + 3.0443
VRG+SCIP  (2025) (1.2) 20 | 2850.00 & 2789.88  28.8913 & 3.1072
VRG+ Gurobi  (20,25) (2,1) 20 | 5824.98 4 5635.44 28.9800 + 3.0270
VRG+ Gurobi  (20,25) (L,1) 20 | 5824.98 &+ 5635.44 28.9800 % 3.0270
VRG+ Gurobi  (20,25) (1,2) 20 | 5824.98 £5635.44  28.9800 % 3.0270
VRG+ Gurobi  (2025) (3.4) 20 | 5824.98 +5635.44 28.9800 + 3.0270
VRG+ Gurobi  (20.25) (3.4) 10 | 5824.98 £ 5635.44 28.9800 = 3.0270
VRG+ Gurobi  (2025) (3.4) 5 5824.98 = 5635.44  28.9800 & 3.0270
VRG+SCIP  (2025) (3.4) 20 | 2978.88 +3074.71 28.8913 % 3.1071
VRG+SCIP  (2025) (3.4) 10 | 3015.66 +3161.26 28.8913 + 3.1071
VRG+SCIP  (20,25) (3.4) 5 3004.66 = 3130.51  28.8913 & 3.1071

Table 7: Comparison with other ML-based effective solvers using
VRG models with different v,,~. and (h,w). Results are aver-
aged over 50 test instances, each solved within 100s time limit.
Step denotes the number of training steps.

1.2 x 107. This indicates that the MLP-based vector generation cannot capture the holistic struc-
ture of the guidance signal. Without the multi-scale receptive fields enabled by the convolutional
architecture, the model loses the capacity to model interdependencies among variables, resulting in
ineffective approximation of the guided score, which indicates the benefits from the visual represen-

tation.

6 CONCLUSION

In this work, we introduced VRG, a Lagrangian
relaxation-guided score generation framework in visual
space for Mixed Integer Linear Programming, to ad-
dress key limitations in existing Predict-and-Search ap-

proaches.

By transforming solution vectors into con-

tinuous image representations and leveraging a U-Net-
based score network conditioned on instance structure,
our method naturally captures variable interdependencies
and generates diverse, high-quality candidate solutions.
The Lagrangian relaxation guidance steers sampling to-
ward feasible, near-optimal regions, yielding compact
and effective trust-region subproblems for downstream
solvers. Across public benchmarks, VRG consistently outperforms PaS-based baselines in solu-
tion quality. VRG also achieves competitive performance relative to state-of-the-art solvers such
as SCIP and Gurobi with markedly lower computational effort (search time and explored nodes).
These results suggest a promising path for integrating computer vision techniques with combinato-
rial optimization, enabling scalable and efficient MILP solving that preserves solution quality while
enhancing computational efficiency.
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Table 8: Ablation study on visual repre-
sentation and backbone layers (1) with
(Yo, ve) = (1,1), (h,w) = (20,25).

Results are averaged over 40 instances.

Method Backbone | SC(500,800)
error(])
VRG w/o Visual | MLP > 1.2588 - 107
VRG (Ours) Unet. 1=2 1.9107
VRG (Ours) Unet. 1=3 1.9096
VRG (Ours) Unet. 1=4 1.9106
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REPRODUCIBILITY STATEMENT

Our work is fully reproducible. Complete source code is available through the anonymous repos-
itory: https://anonymous.4open.science/r/VRG-EO9E/. All experimental configu-
rations, hyperparameters, and implementation details are thoroughly documented in Appendix [E]
Additionally, we provide comprehensive instructions for environment setup and dataset preparation
to facilitate replication of our results in above Appendix.
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A PROOF OF THE EQUIVALENCE.

Proof. We prove the equivalence by showing that both optimization problems have the same objec-

tive function up to an additive constant.

Define the target distribution:

- P("|g) exp(=7.0(z) — 7. P(2))

where Z = [ p(z*|g) exp(—7,0(z) — v.P(x))dz is the normalization constant.

p(zlg) =

For the original optimization problem:
fa = Dxi(q(2)|[p(z7[8)) + YoEang[O(2)] + YeEang[P(2)]

Expanding the KL divergence:

q(z)
p(z*|g)

fy = Eany [mg } 0B areaO@)] + 1eEana P(2)]

= Eunq [log g(z) — log p(z¥[g) + 70O0(x) + 71 P(z)]

= Eynq [log g(x) — logp(z”[g) — log exp(—7,O(x) — 7. P(x))]
= Eyng [log g(x) — log(p(z*[g) exp(—7,0(z) — 7. P(x)))]

= E;nyq [logg(z) —log(Z - p(zg))]

o]

= Dxi(q(2)|p(z|g)) —log Z

Therefore:

wmin f, = min Dy (q(0) [7(zg)) — log Z

Since log Z is constant with respect to g, the two optimization problems are equivalent.

B PROOF OF THE MORE COMPACT DISTRIBUTION

This part, we prove the 2} Proof. By definition, the Lagrangian-guided distribution is:
P(X|g) = po(X|g) exp(—7.O(X) — 7. P(X))
Define the guidance factor w(X) = exp(—y,O(X) — v.P(X)). Note that:

* w(X) < 1forall X (since O(X) > 0and P(X) > 0)

» w(X) is larger for solutions with smaller objective values and constraint violations

Let A7 = argmaxx po(X|g) and X = arg maxy p(X|g).
Since p(X|g) = po(X|g)w(X), we have:
max p(X|g) = max[po(¥|g)w ()]

For any X € ()5, we have:
P(X]g) > amaxp(X’|g)

pol(X () > o max(po(X']g)uw(X)]
Since w(X) < 1 and max y/ [po(X’|g)w(X")] < maxys po(X’|g), we have:
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For X € Qs:
nlx]g) > 2o B (36)
> amaxpo(X[g)w(X’)]  (since w(X) < 1) 37
> aff max po(X’|g) (38)

where 8 = miny.5(x|g)>a maxp W(X) > 0.

Since the Lagrangian guidance preferentially increases the probability of high-quality solutions
(those with low O(X) and P(X)), the high-probability region Qo under the guided distribution
is concentrated on solutions that were already relatively good under the original distribution pyg.

Therefore, 25 C €2y, which means the Lagrangian guidance mechanism effectively tightens the
solution space by concentrating probability mass on higher-quality solutions. O

C PROBABILISTIC DERIVATION OF LAGRANGIAN-AWARE SDE

We derive the Lagrangian-relaxed SDE from first principles by considering the evolution of proba-
bility distributions under constraints in Theorem [}

Proof. We construct the proof by establishing the reverse-time SDE for the Lagrangian-guided dis-
tribution and deriving the corresponding score function.

Define the Lagrangian-guided target distribution at time ¢ = O:

Po(2]8) ¢ paaa() exp (—7,0(2) = e P(x)) (39)
The forward diffusion process transforms py(x|g) according to the standard forward SDE:
1
with corresponding Fokker-Planck equation:
op 1 - -
S = 3BV - (Xpi + Vi) (41)
ot 2
By Anderson’s theorem (Anderson, [1982), the reverse-time SDE that samples from p;(z|g) is:
1 N -
X, = *gﬂ(t)){t — B(t)Vx log pe(Xylg) | dt + /B(t)dW; (42)
For the Lagrangian-guided distribution, we decompose the score function:
Vx logpr(Xi|g) = Vx log Pgam(){t) + Vx logexp (—700(xt) — v P(wt)) (43)
Taking the gradient of the exponential term:

Vxlogexp (—v,0(xt) — v P(x1)) = =7V O(xr) — 7. VaP(z) (44)
where x; = Vec(A}) is the vectorized form.Combining the terms, the complete score function
becomes:

Vi log pi(Xi|g) = Oxp(X7[8) — 700:O(x1) — 7e0uP (1) (45)
Substituting equation equation [3]into the reverse SDE equation A2}
1 -
dXy = —5/8(t)Xt — B(t) (0xp(X7[8) — 100z O0(xt) — 70 P(x¢)) | dt + /B(t)dW:

The overall score function used in both training and sampling is therefore:
s9(Xi, 1, 8) = Oxp(X7|8) = 700:0 (1) — 70 P(1) (46)
This modified score function integrates the data distribution score with optimization-aware gradient

signals from both the objective function O(z) and penalty function P (), effectively guiding the
diffusion trajectory toward feasible and optimal regions during the sampling process.
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D.1 PROOF OF THE VISUAL-GUIDED OPTIMALITY GAP BOUND

Then we introduce following lemmas to prepare the error bound for the VRG different parts:

Lemma 1 ( ). For any two solutions x,x' € R™ and their visual representa-
tions X = Vec ™' (), X' = Vec™* (z'):
o —a'la =X = X'||r (48)

Proof. By definition of the Vec transformation, for X’ € Rhxw.
[Vee(X)|, = &;; wherek = (i — w+j (49)

This is a bijective reshaping that preserves all elements. Therefore:

n

lz —a'[|5 =) " (xx — a5,)? (50)
k=1
h w
=D > (X - X (51)
i=1 j=1
=X - X% (52)
O

Lemma 2. Let {X;}0_; be the trajectory generated by the reverse SDE:
1 _
02, = [—2/3@)2@ ~ B(t)so(Rot, g>] dt + /B, (53)

and let { X} }9_1 be the trajectory with the true score s};. Then:
T
E[[|X - X5l%] <62 8 (54)
t=1

Proof. Define the error process e; = Xy — A;". The dynamics of e; satisfy:

det - _%B(t)et - ﬁ(t)(SQ(Xhtvg) - S;(Xt*a t7g)):| dt (55)

Note that both processes share the same Brownian motion, so it cancels in the difference.

Taking the squared norm and applying 1t6’s lemma:

dlle:||F = 2(eq, dey) (56)
1

= 2{ey, —gﬂ(t)et — B(t)(se — sp))dt (57)

= —B(t)|lecl|3dt — 2B(t)(er, sg — sp)dt (58)

Using Cauchy-Schwarz and the score error bound (Assumption [D.T)):

[(et, 50 — sp)| < llecllr - [[so — spllz < llecllr - & (59
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Applying Young’s inequality 2ab < a® + b?:
—20(t){es, s — s5) < B(t)|les]| B + B(t)0” (60)

Therefore:
dlle|F < =Bt el 7dt + B(E)|lecllzdt + B(t)6%dt = B(t)6>dt (61)

Integrating from ¢ = 7" to ¢t = 0 (with ez = 0 since both start from the same initial distribution):

T
Ellleol%] = E[[| X0 — X5 |17] < 6> B (62)
t=1
O
Lemma 3 ( ). For Xy sampled from the true guided distribution
p(X|g): .
Ej [O(Vec(Xy))] < P (DrL(plp) +log Z) (63)

and similarly for the constraint penalty.

Proof. From the definition of the guided distribution:

1
p(X|g) = - p(X"|g) exp(—7,0(Vee(X)) — 7P (Vee())) (64)
Taking the logarithm:
log p(X[g) = log p(X™"|g) — 7,O(Vee(X)) — 7. P(Vee(X)) —log Z (65)
Rearranging for O:
70O (Vee(X)) = log p(X*[g) — log p(X|g) — 7. P(Vee(X)) —log Z (66)

Taking expectation under p:
Yol5[O(Vee(X))] = Ej[log p —log p] — 7cE;[P] —log Z (67)
= =Dk (pllp) — veEp[P] —log Z (68)

Since Dk 1, (p|lp) > 0 and E5[P] > 0:
—log Z
Yo

For the normalization constant, note that Z < 1 (since we’re multiplying a probability density by
an exponential of negative terms), so —log Z > 0, and the bound is informative when Z is not too

E;[O(Vee(X))] <

(69)

small. O
Lemma 4 ( ). For any solution x and optimal Lagrange multiplier \* > 0:
CTi‘ - ch* < (/\*)T(Aj - b)+ + (’Z[EILP - ZZugrangian) (70)

where (v)T = max{v,0} element-wise.

Proof. From Lagrangian duality theory, for the optimal A\*:

Zlfagrangian = Irgn{ch + (A*)T(A:E - b)} < ZIT/IILP (71)
For any 2: = o
c T+ ()‘*) (AJ? - b) > Zzagrangian (72)
Rearranging:
CTi‘ > Zzagrangian - ()‘*)T(A'i - b) (73)

17
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For the upper bound, when AZ — b < 0 (feasible), we have ez > Zyp (optimality). When

constraints are violated:

c'i—cat=c"7 - gy, (74)

< cTi‘ - Zlfagrangian (75)

< ()‘*)T(A:E - b)+ + (ZK/IILP - Zﬁagrangian) (76)

For violated constraints (AZ —b); > 0, the Lagrangian penalty accounts for them, while for satisfied

constraints the penalty is zero. O

Lemma 5 ( ). With T diffusion steps and bounded domain ||z||2 < R, for
any € > 0:

2log(2
P (li- —E[z]|. > R Og:ﬁ/e)) <e (77

Proof. This follows from standard concentration bounds for Langevin dynamics and score-based
sampling. The discretization of the reverse SDE introduces a sampling error that decreases as

O /VT).

Specifically, using the bounded domain assumption and Hoeffding’s inequality applied to the dis-
cretized diffusion process, each coordinate of & has sub-Gaussian tails with parameter 02 = R?/T.

By standard sub-Gaussian concentration:

2
P(Ji: — Bl#:]| > ¢) < 2exp <_§R1;> (78)

Taking a union bound over n coordinates and setting ¢t = R4/ M:

P <|f: ~ B[]l > R Mgf”“) = 19)

Theorem 5 ( ).

D-Jand[D.2

Proof. We clarify the three intermediate reference points to decompose the error:

e z*: The true optimal solution of the MILP

* Tgigea: The mode of the ideal guided distribution p(X'|g) with perfect score

.
=

: The expected solution when sampling with the learned score sg (i.e., & = E, [Z])

» Z: The actual sampled solution

So for the |¢"Z — ¢ z*|, by Cauchy-Schwarz Inequality (Schwarz, |1885), we have:

lcTd —cTa* = |e" (@ —2")| < |lell2l|Z — ]2 &1

18
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Then, we decompose ||Z — z* || using triangle inequality with the intermediate points:

12 =22 < 17 = 2[l2 + & — Tguigeall2 + T guigea — 2" |2 (82)

Then, we prove the decompostion part of the Eq is bounded with lemmas proved before:

From Lemma[3] the sampling process with 7" diffusion steps satisfies:

2log(2
PQM—M&>R “ﬁ/@>ge (83)
Therefore, with probability at least 1 — €:
- 2log(2/e
I~ &l < Ry 282D (84)
Multiplying by ||¢||2:
_ 2R?log(2/€
el — 2l < el 222820 55)
By Lemmal[I] we work in visual space:
12 — mzuided”? = H)E - X;uidedHF (86)
From Lemmal[2} the SDE trajectory error due to score approximation:
T
E[”X - Xg*uided||2F] < 52 Z ﬁt (87)
t=1
By Jensen’s inequality (Jensen, |1906):
E[|X - Agigeall ] < \/]EHI?? = Xigea[ 7] <0 (88)
The guidance strength v, appears because the score function is:
sp = Valogp(X*|g) — % V:0(x) — 7.V, P(x) (89)

The effective error in the objective direction is scaled by 1/, since larger -y, amplifies the correction
signal. Thus:
llell2

HCH?H'% - x;uidedHQ < : gscore (90)
From Lemma4] (Lagrangian duality):
CTZEguided - CTx* < ()‘*)T(Ax;uided - b)Jr ©On

For the sampled solution Z, the constraint violation contributes:

AT (AZ —b)T < IN)2)l(AZ — b) T2 (Cauchy-Schwarz) (92)
The constraint penalty is defined as P(z) = ||(AZ — b)*||;. Using norm equivalence:
I(AZ =) l2 < [[(AZ = b)" |1 = P(@) (93)

The guidance weights v,, 7. control how strongly the distribution penalizes objective deviation and
constraint violation. The effective contribution to the objective gap is:

llellz - A"l All 7
YoYe

llell2ll2guigea — 2" (|2 < - P(2) 94)
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T

Table 9: Problem sizes for each Benchmarks at different scales (varibles,constraints)
SC MIS CA FC

Small (500,400) (500,2998) (300,100) (400,499)

Middle | (500,1000) | (1000,2000) | (500,1000) | (1000,1249)

Large | (1000,1500) | (1000,3993) | (1200,4000) | (1500,5200)

Finally, we have bounded each component in the decomposition equation

& —cTa*| <lefl2l|E — =¥ (95)
<llellz (12 = Zll2 + 11 — zjyigeall2 + 17 uigea — 2*[|2) (96)
c clla - IX¥]|2]|A B 2R21og(2
< llcll2 it llcll2 - [[A*[]2]|All 7 P + el g(2/¢) ©7)
Yo Yo Ve T
O

E DETAILS OF EXPERIMENT SETTINGS

We clarify the detailed settings of Experiments.

E.1 SIZE OF THE BENCHMARKS

We firstly give the deterministic for all instances.

E.2 A IN THE SEARCHING

Table 10: The value of the raidus A in Small, Middle, Large Public Benchmarks.
SC | MIS | CA FC

Agman | 500 | 400 | 1000 | 500

Anpiddgle | 1000 | 800 | 1200 | 1000

Araree | 1500 | 1500 | 1500 | 1500

E.3 PARAMETER IN VRG
For small-size benchamarks,we sample for 10 steps and provide 3 samples to get the multi-modality
of the visual relaxed score function; For IS and SC medium-scale benchmarks,we sample 10 steps

for 8 samples,others are 5 steps for 10 samples; For Large-scale benchmarks, we sample 8 steps for
5 samples.

E.4

E.5 RESOLUTION SIZE

We provide the detailed resolution size for three-size public benchmarks in Table |1 1| for our VRG
generation methods.
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Table 11: The value resolution size (h, w) in Small, Middle, Large Public Benchmarks.
SC MIS CA FC

Small | (20,25) | (20,25) | (15,20) | (20,20)

Middle | (20,25) | (25,40) | (25,20) | (25,40)

Large | (25,40) | (25,40) | (40,30) | (30,50)

Xs X, X3 Xy X
Gap(Vec(¥;)) = 1.4751, Gap(Vec(¥;)) = 0.8928, Gap(Vec(%;)) = 0.5155, Gap(Vec(A»)) = 0.3367, Gap(Vee(d1)) = 0.2482,
P(Vec(Xs)) = 0.0600 P(Vec(Xy)) = 0.0367 P(Vec(Ay)) = 0.0133 P(Vee(y)) = 0.0100 P(Vee(X;)) = 0.0050
brog Progress: 20.0% Progress: 40.0% rogress: 60.0% Progress: 80.0%

CA
X5 3 X
Gap(Vec(A;)) = 3.5281, Gap(Vec(&3)) = 2.0310, Gap(Vec(dy)) = 1.1142, Gap(Vec(&1)) = 0.8692,
P(Vec(¥;)) = 0.0019 P(Vec(¥;)) = 0.0014 P(Vec(Xz)) = 0.0012 P(Vec(X,)) = 0.0008
Progress: 0.0% Progress: 40.0% Progress: 80.0% Progiess: §0.0%
FC

Figure 3: Qualitative illustration of how visual relaxed generation schedules affect the genera-
tion quality of continuous diffusion for 5-step sampling process visualization for the Facility lo-
cation(FC) with the medium scale. Gap(Vec(X;))) = |O(Vec(X;))|/BKS,the lower the better.

F QUALITATIVE ILLUSTRATION

F.1 GENERATION PROCESS.
We give the generation process visualization on the medium CA and FA benchmarks, which illus-

trate that:with the sampling going on, the image corresponded solution can be guided to the optimal
feasible region with the lower and lower O(Vec(X;)) and P(Vec(X})).

F.2 MULTI MODAL.

We visulize the multi-modality of the generation preocess.The step ¢1 means the sampling step,
which indicates that X; = X;_,, _4;,where the ¢,;; means the whole steps of the sampling.

G
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Initial Step 1 Step 2 Step 3 Step 4
Progress: 0.0% Progress: 20.0% Progress: 40.0% Progress: 60.0% Progress: 80.0%

Step 3 Step 4
Progress: 60.0% Progress: 80.0%

Initial ep 1 ep 2 Step 3 Step 4
Progress: 0.0% Progress: 60.0% Progress: 80.0%

Figure 4: Multi-modality sampling on Large scale FC problem. Through Lagrangian-guided mul-
timodal sampling, we can discover that the images corresponding to the final sampled solutions
exhibit different morphologies, which reflects the multimodal nature based on Lagrangian scores
and improves the robustness of subsequently constructed search regions.

Initial Step 1 Step 2 Step 3 Step 4
Progress: 0.0% Progress: 20.0% Progress: 40.0% Progress: 60.0% Progress: 80.0%

Initial
Progress: 0.0%

Figure 5: Multi-modality sampling on Large-scale MIS problem.
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Initial
Progress: 0.0%

Step 1
Progress: 20.0%

Step 2 Step 3
Progress: 40.0% Progress: 60.0%

Step 4
Progress: 80.0%

Initial Step 1
Progress: 0.0% Progress: 20.0%

Initial
Progress: 0.0%

Step 2 Step 3 Step 4
Progress: 40.0% Progress: 60.0% Progress: 80.0%

step 1
Progress: 20.0%
m m

Figure 6: Multi-modality sampling on Medium-scale CA problem.

Step 2 Step 3 Step 4
Progress: 40.0% Progress: 60.0% Progress: 80.0%

Initial Step 1 Step 2 Step 3 step 4
Progress: 0.0% Progress: 20.0% Progress: 40.0% Progress: 60.0% Progress: 80.0%

Initial Step 1 Step 2 Step 3 Step 4
Progress: 0.0% Progress: 20.0% Progress: 40.0% Progress: 60.0% Progress: 80.0%

Initial Step 1 Step 2 step 3 Step 4
Progress: 0.0% Progress: 20.0% Progress: 40.0% Progress: 60.0% Progress: 80.0%

(a) (2,250) visual generation on SC(500,*)

Initial Step 1 Step 2 Step 3 Step 4
Progress: 0.0% Progress: 20.0% Progress: 40.0% Progress: 60.0% Progress: 80.0%

Initial Step 1 Step 2 Step 3 Step 4
Progress: 0.0% Progress: 20.0% Progress: 40.0% Progress: 60.0% Progress: 80.0%

Initial step 1 step 2 Step 3 Step 4
Progress: 0.0% Progress: 20.0% Progress: 40.0% Progress: 60.0% Progress: 80.0%

(b) (5,100) visual generation on SC(500,*)

Initial
Progress: 0.0%

Step 1 Step 2 Step 3 Step 4
Progress: 20.0% Progress: 40.0% Progress: 60.0% Progress: 80.0%

Step 2 Step 3 Step 4
Progress: 40.0% Progress: 60.0% Progress: 80.0%

step 1
Progress: 20.0%

Step 2
Progress: 40.0%

Step 3
Progress: 60.0%

Step 4
Progress: 80.0%

(c) (20,25) visual generation on SC(500,*)

Figure 7:
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Training Loss: Gamma Configurations Training Loss: Different HXW Configurations

— H20XW25 (6=2.0, 70=2.0)
== = H2XW250 (ye-2.0, 70-2.0)
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Training Loss
Training Loss

H20xW25 H2xW250 H5xW100
&~ Sample |
~#- Sample2
A= Sample 3

=@~ Sample |
~#- Sample 2
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Penalty Value
3::
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Figure 9: Penalty value trajectories during the iterative generation process for different (i, w) con-
figurations. The decreasing penalty values demonstrate that the generated solutions progressively
satisfy the linear constraints throughout the sampling process.
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