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ABSTRACT

In this paper, we study the problem of principal component analysis with genera-
tive modeling assumptions, adopting a general model for the observed matrix that
encompasses notable special cases, including spiked matrix recovery and phase
retrieval. The key assumption is that the first principal eigenvector lies near the
range of an L-Lipschitz continuous generative model with bounded k-dimensional
inputs. We propose a quadratic estimator, and show that it enjoys a statistical rate

klog L
m

of order , where m is the number of samples. Moreover, we provide a

variant of the classic power method, which projects the calculated data onto the
range of the generative model during each iteration. We show that under suit-
able conditions, this method converges exponentially fast to a point achieving the
above-mentioned statistical rate. This rate is conjectured in (Aubin et al., |[2019;
Cocola et al., [2020) to be the best possible even when we only restrict to the spe-
cial case of spiked matrix models. We perform experiments on various image
datasets for spiked matrix and phase retrieval models, and illustrate performance
gains of our method to the classic power method and the truncated power method
devised for sparse principal component analysis.

1 INTRODUCTION

Principal component analysis (PCA) is one of the most popular techniques for data processing and
dimensionality reduction (Jolliffe, |[1986), with an abundance of applications such as image recogni-
tion (Hancock et al.l [1996)), gene expression data analysis (Alter et al.,[2000), and clustering (Ding
& Hel 2004} Liu & Tan, 2019). PCA seeks to find the directions that capture maximal variances
in vector-valued data. In more detail, letting x1, X3, ..., X,, be m realizations of a random vector
x € R" with a population covariance matrix 3 € R™*", PCA aims to reconstruct the top principal
eigenvectors of 3. The first principal eigenvector can be computed as follows:

u; = arg max w. Xw st ||w]s =1, (1)
weR”?
where the empirical covariance matrix is defined as ¥ := L 3" (x; — ¢)(x; — ¢)7, with ¢ :=

% Zzll x;. In addition, subsequent principal eigenvectors can be estimated by similar optimization
problems subject to being orthogonal to the previous vectors.

PCA is consistent in the conventional setting where the dimension of the data n is relatively small
compared to the sample size m (Anderson, |1962), but leads to rather poor estimates in the high-
dimensional setting where m < n. In particular, it has been shown in various papers that the empiri-
cal principal eigenvectors are no longer consistent estimates of their population counterparts (Nadler,
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2008 Johnstone & Lul 2009} |Jung & Marron, 2009} Birnbaum et al., [2013). In order to tackle the
curse of dimensionality, a natural approach is to impose certain structural constraints on the princi-
pal eigenvectors. A common assumption is that the principal eigenvectors are sparse, and this gives
rise to the problem of sparse principal component analysis (SPCA) (Zou et al.l 2006)). In particular,
for recovering the top principal eigenvector, the optimization problem of SPCA is given by

u; =arg max wew st |[wlz =1, [|wlo < s, (2)
weR?
where |wl|o = [{¢ : w; # 0}] denotes the number of non-zero entries of w, and s € N represents
the sparsity level. In addition to reducing the effective number of parameters, the sparsity assumption
also enhances the interpretability (Zou et al.l 2006).

Departing momentarily from the PCA problem, recent years have seen tremendous advances in deep
generative models in a wide variety of real-world applications (Foster, 2019)). This has motivated a
new perspective of the related problem of compressed sensing (CS), in which the standard sparsity
assumption is replaced by a generative modeling assumption. That is, the underlying signal is as-
sumed to lie near the range of a (deep) generative model (Bora et al.l2017). The authors of (Bora
et al.l 2017) characterized the number of samples required to attain an accurate reconstruction, and
also presented numerical results on image datasets showing that compared to sparsity-based meth-
ods, generative priors can lead to large reductions (e.g., a factor of 5 to 10) in the number of mea-
surements needed to recover the signal up to a given accuracy. Additional numerical and theoretical
results concerning inverse problems using generative models have been provided in (Van Veen et al.,
2018; Dhar et al.,2018; Heckel & Hand, [2019; Jalal et al., 20205 Liu & Scarlett, 2020a; |Ongie et al.}
2020; |Whang et al}2020; Jalal et al.,[2021; Nguyen et al.,|[2021)), among others.

In this paper, following the developments in both PCA/SPCA and inverse problems with generative
priors, we study the use of generative priors in principal component analysis (GPCA), which gives
a generative counterpart of SPCA in (2)), formulated as follows:

u; = arg max w.Xw st we Range(G), 3)
weRn?
where G is a (pre-trained) generative model, which we assume has a range contained in the unit
sphere of R™['| Similarly to SPCA, the motivation for this problem is to incorporate prior knowl-
edge on the vector being recovered (or alternatively, a prior preference), and to permit meaningful
recovery and theoretical bounds even in the high-dimensional regime m < n.

1.1 RELATED WORK

In this subsection, we summarize some relevant works, which can roughly be divided into (i) the
SPCA problem, and (ii) signal recovery with generative models.

SPCA: It has been proved that the solution of the SPCA problem in (2)) attains the optimal statistical
rate \/slogn/m (Vu & Lei, [2012), where m is the number of samples, 7 is the ambient dimension,
and s is the sparsity level of the first principal eigenvector. However, due to the combinatorial
constraint, the computation of is intractable. To address this computational issue, in recent
years, an extensive body of practical approaches for estimating sparse principal eigenvectors have
been proposed in the literature, including (d’ Aspremont et al., 2007; [Vu et al.| 2013} Chang et al.|
20165 Moghaddam et al., 2006; |d’ Aspremont et al., 2008; Jolliffe et al., 2003;|Zou et al.,[2006; Shen
& Huang, 2008 Journée et al.,|2010; |Hein & Biihler, [2010; |Kuleshov, 2013} |Yuan & Zhang| 2013}
Asteris et al., 2011} |[Papailiopoulos et al., 2013)), just to name a few.

Notably, statistical guarantees for several approaches have been provided. The authors of (Yuan
& Zhang| 2013)) propose the truncated power method (TPower), which adds a truncation operation
to the power method to ensure the desired level of sparsity. It is shown that this approach attains
the optimal statistical rate under appropriate initialization. Most approaches for SPCA only focus
on estimating the first principal eigenvector, with a certain deflation method (Mackey, [2008) being
leveraged to reconstruct the rest. However, there are some exceptions; for instance, an iterative
thresholding approach is proposed in (Ma,2013)), and is shown to attain a near-optimal statistical rate

1Sirnilarly to (Liu et al) [2020; 2021a), we assume that the range of GG is contained in the unit sphere
for convenience. Our results readily transfer to general (unnormalized) generative models by considering its
normalized version. See RemarkE]for a detailed discussion.
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when estimating multiple individual principal eigenvectors. In addition, the authors of (Cai et al.,
2013) propose a regression-type method that gives an optimal principal subspace estimator. Both
works (Mal,2013;; |Cai et al.,|2013) rely on the assumption of a spiked covariance model to ensure a
good initial vector. To avoid the spiked covariance model assumption, the work (Wang et al., [2014)
proposes a two-stage procedure that attains the optimal subspace estimator in polynomial time.

Signal recovery with generative models: Since the seminal work (Bora et al.,[2017), there has been
a substantial volume of papers studying various inverse problems with generative priors. One of the
problems more closely related to PCA is spectral initialization in phase retrieval, which amounts
to solving an eigenvalue problem. Phase retrieval with generative priors has been studied in (Hand
et al., 2018}, Hyder et al., [2019; Jagatap & Hegde, 2019; Wei et al., [2019; Shamshad & Ahmed,
2020; |Aubin et al., 2020; [Liu et al.l 2021b). In particular, the work (Hand et al., [2018) models
the underlying signal as being in the range of a fully-connected ReLU neural network with no off-
sets, and all the weight matrices of the ReLU neural network are assumed to have i.i.d. zero-mean
Gaussian entries. In addition, the neural network needs to be sufficiently expansive in the sense
that n; > Q(n;_1 logn,;_1), where n; is the width of the i-th layer. Under these assumptions, the
authors establish favorable global optimization landscapes for the corresponding objective, and de-
rive a near-optimal sample complexity upper bound. They minimize the objective function directly
over the latent space in R* using gradient descent, which may suffer from local minima in general
optimization landscapes (Hyder et al., 2019; Shah & Hegde, [2018]).

In (Aubin et al.| [2020), the assumptions on the neural network are similar to those in (Hand et al.,
2018)), relaxing to general activation functions (beyond ReLU) and n; > Q(n;_1). The authors focus
on the high dimensional regime where n, m, k — oo with the ratio m /n being fixed, and assume that
the input vector in R¥ is drawn from a separable distribution. They derive sharp asymptotics for the
information-theoretically optimal performance and for the associated approximate message passing
(AMP) algorithm. Both works (Hand et al., 2018; |Aubin et al., [2020) focus on noiseless phase
retrieval. When only making the much milder assumption that the generative model is Lipschitz
continuous, with no assumption on expansiveness, Gaussianity, and offsets, a spectral initialization
step (similar to that of sparse phase retrieval) is typically required in order to accurately reconstruct
the signal (Netrapalli et al.,|2015} Candes et al.,2015). The authors of (Liu et al.,|2021b) propose an
optimization problem similar to (3) for the spectral initialization for phase retrieval with generative
models. It was left open in (Liu et al., [2021b)) how to solve (or approximate sufficiently accurately)
the optimization problem in practice.

Understanding the eigenvalues of spiked random matrix models has been a central problem of ran-
dom matrix theory, and spiked matrices have been widely used in the statistical analysis of SPCA.
Recently, theoretical guarantees concerning spiked matrix models with generative priors have been
provided in (Aubin et al.| 2019} |Cocola et al., [2020). In particular, in (Aubin et al.| 2019), the as-
sumptions are similar to those in (Aubin et al., [2020), except that the neural network is assumed to
have exactly one hidden layer. The Bayes-optimal performance is analyzed, and it is shown that the
AMP algorithm can attain this optimal performance. In addition, the authors of (Aubin et al.,[2019)
propose the linearized approximate message passing (LAMP) algorithm, which is a spectral algo-
rithm specifically designed for single-layer feedforward neural networks with no bias terms. The
authors show its superiority to classical PCA via numerical results on the Fashion-MNIST dataset.
In (Cocola et al., [2020)), the same assumptions are made as those in (Hand et al.,|2018)) on the neural
network, and the authors demonstrate the benign global geometry for a nonlinear least squares ob-
jective. Similarly to (Hand et al., 2018), the objective is minimized over R* using a gradient descent
algorithm, which can get stuck in local minima for general global geometries.

1.2 CONTRIBUTIONS

The main contributions of this paper are as follows:

* We study eigenvalue problems with generative priors (including GPCA), and characterize
the statistical rate of a quadratic estimator similar to (3)) under suitable assumptions.

* We propose a variant of the classic power method, which uses an additional projection
operation to ensure that the output of each iteration lies in the range of a generative model.
We refer to our method as projected power method (PPower). We further show that under
appropriate conditions (most notably, assuming exact projections are possible), PPower
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obtains a solution achieving a statistical rate that is conjectured to be optimal in (Aubin
et al.,[2019; |Cocola et al., [2020) for spiked matrix models.

* For the spiked matrix and phase retrieval models, we perform numerical experiments on
image datasets, and demonstrate that when the number of samples is relatively small com-
pared to the ambient dimension, PPower leads to significantly better performance compared
to the classic power method and TPower.

Compared to the above-mentioned works that use generative models, we make no assumption on
expansiveness, Gaussianity, and offsets for the generative model, and we consider a data model that
simultaneously encompasses both spiked matrix and phase retrieval models, among others.

1.3 NOTATION

We use upper and lower case boldface letters to denote matrices and vectors respectively. We write
[N] ={1,2,---, N} fora positive integer N, and we use Iy to denote the identity matrix in RV*,
A generative model is a function G : D — R"™, with latent dimension %, ambient dimension n, and
input domain D C R¥. We focus on the setting where k < n. For a set S C R* and a generative
model G : R¥ — R”, we write G(S) = {G(z) : z € S}. We use || X||2_.2 to denote the spectral
norm of a matrix X. We define the /4-ball By (r) := {z € R¥ : ||z, < r} for ¢ € [0,+o].
8" = {x € R" : ||x||a = 1} represents the unit sphere in R”. The symbols C,C’, C" are
absolute constants whose values may differ from line to line.

2 PROBLEM SETUP

In this section, we formally introduce the problem, and overview some important assumptions that
we adopt. Except where stated otherwise, we will focus on the following setting:

* We have a matrix V € R™"*" satisfying
V =V +E, )

where E is a perturbation matrix, and V is assumed to be positive semidefinite (PSD). For
PCA and its constrained variants, V and 'V can be thought of as the empirical and population
covariance matrices, respectively.

» We have an L-Lipschitz continuous generative model G : B (r) — R™. For convenience,
similarly to that in (Liu et al., 2020), we assume that Range(G) C S"~ 1.
Remark 1. For a general (unnormalized) L-Lipschitz continuous generative model G, we can

instead consider a corresponding normalized generative model G : D — 8" 'asin (Liu

et all 2021b), where D = {z € BY(r) : ||G(2)|l2 > Rumin} for some Ry > 0, and

G(z) = % Then, the Lipschitz constant of G becomes L/Ruy. For a d-layer neural

network, we typically have L = n®d (Bora et al., |2017). Thus, we can set Ry, to be as
small as 1 /ne(d) without changing the scaling laws, which makes the dependence on Ry

very mild.
* We aim to solve the following eigenvalue problem with a generative priorﬂ
V= max w/ Vw st w € Range(G). (5)
weRn?

Note that since Range(G) C 8", we do not need to impose the constraint ||w|| = 1. Since
V is not restricted to being an empirical covariance matrix, (3) is more general than GPCA
in (3). However, we slightly abuse terminology and also refer to (3]) as GPCA.

* To approximately solve (5), we use a projected power method (PPower), which is described
by the following iterative procedure

wlt) = Pg(Vw), (6)

2To find the top r rather than top one principal eigenvectors that are in the range of a generative model,
we may follow the common approach to use the iterative deflation method for PCA/SPCA: Subsequent prin-
cipal eigenvectors are derived by recursively removing the contribution of the principal eigenvectors that are
calculated already under the generative model constraint. See for example (Mackeyl |2008)).

3In similar iterative procedures, some works have proposed to replace V by V + pI,, for some p € R to
improve convergence, e.g., see Deshpande et al.|(2014).
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Algorithm 1 A projected power method for GPCA (PPower)

Input: V, number of iterations T', pre-trained generative model G, initial vector w (%)
Procedure: Tterate w(**1) = P (Vw®) for t € {0,1,...,T — 1}, and return w(?)

where Pg(-) is the projection function onto G (B§(r))EI and the initialization vector w(®)

may be chosen either manually or randomly, e.g., uniform over S™~!. Often the initialization
vector w(®) plays an important role and we may need a careful design for it. For example, for
phase retrieval with generative models, as mentioned in (Liu et al.,2021b, Section V), we may
choose the column corresponding to the largest diagonal entry of V as the starting point. See
also (Yuan & Zhang},[2013|, Section 3) for a discussion on the initialization strategy for TPower
devised for SPCA. We present the algorithm corresponding to (@) in Algorithm 1]

Remark 2. To tackle generalized eigenvalue problems encountered in some specific appli-
cations, there are variants of the projected power method, which combine a certain power
iteration with additional operations to ensure sparsity or enforce other constraints. These ap-
plications include but not limited to sparse PCA (Journée et al., |2010; |Yuan & Zhang| |2013),
phase synchronization (Boumall 2016} \Liu et al.| |2017), the hidden clique problem (Desh-
pande & Montanari, |2015), the joint alignment problem (Chen & Candes, |2018), and cone-
constrained PCA (Deshpande et al.| 2014, |Yi & Neykov, 2020). For example, under the simple
spiked Wigner model (Perry et al.| 2018)) for the observed data matrix V with the underlying
signal being assumed to lie in a convex cone, the authors of (Deshpande et al.| 2014) show that
cone-constrained PCA can be computed efficiently via a generalized projected power method.
In general, the range of a Lipschitz-continuous generative model is non-convex and not a cone.
In addition, we consider a matrix model that is more general than the spiked Wigner model.

Although it is not needed for our main results, we first state a lemma (proved in Appendix [A) that
establishes a monotonicity property with minimal assumptions, only requiring that V is PSD; see
also Proposition 3 of |Yuan & Zhang| (2013) for an analog in sparse PCA. By comparison, our main
results in Section ] will make more assumptions, but will also provide stronger guarantees. Note
that the PSD assumption holds, for example, when E = 0, or when V is a sample covariance matrix.

Lemma 1. For any x € R, let Q(x) = xT V. Then, if V is PSD, the sequence {Q(w®)} ;> for
w®) in (6) is monotonically non-decreasing.

3  SPECIALIZED DATA MODELS AND EXAMPLES

In this section, we make more specific assumptions on V = V + E, starting with the following.

Assumption 1 (Assumption on V). Assume that V is PSD with eigenvalues \y > \y > ... >
An > 0. We use X (a unit vector) to represent the eigenvector of 'V that corresponds to \;.

In the following, it is useful to think of X is being close to the range of the generative model G. In the
special case of (3], letting m be the number of samples, it is natural to derive that the upper bound of
| E||2—2 grows linearly in (r/m)® for some positive constant b such as 3 or 1 (with high probability;
see, e.g., (Vershynin, 2010, Corollary 5.35)). In the following, we consider general scenarios with
V depending on m samples (see below for specific examples). Similarly to (Yuan & Zhang),2013),
we may consider a restricted version of ||E||2—,2, leading to the following.

Assumption 2 (Assumption on E). Let S1,S; be two (arbitrary) finite sets in R™ satisfying m =
Q(log(|S1| - |S2|)). Then, we have for all s; € Sy and sy € So that

log(]S1] - |S2])
m

s{Eso| < C stz - [Isz]l2, (7)

where C' is an absolute constant. In addition, we have ||E||2_2 = O(n/m)E]

*That is, for any x € R", Pg(x) := arg minycrange(q) ||W — x||2. We will implicitly assume that the
projection step can be performed accurately, e.g., (Deshpande et al., [2014; |[Shah & Hegde, [2018} [Peng et al.|
2020), though in practice approximate methods might be needed, e.g., via gradient descent (Shah & Hegdel
2018) or GAN-based projection methods (Raj et al., 2019).

>For the spectral norm of E, one often expects an even tighter bound O(+/n/m), but we use O(n/m)
to simplify the analysis of our examples. Moreover, at least under the typical scaling where L is polynomial
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The following examples show that when the number of measurements is sufficiently large, the data
matrices corresponding to certain spiked matrix and phase retrieval models satisfy the above as-
sumptions with high probability. Short proofs are given in Appendix [B|for completeness.

Example 1 (Spiked covariance model). In the spiked covariance model (Johnstone & Lu, |2009;
Deshpande & Montanari, 2016)), the observed vectors x1,Xa, ..., X, € R™ are of the form
T
xi = Y \/Bqtig,iSq + 2, ®)
q=1

where s1,...,s,. € R™ are orthonormal vectors that we want to estimate, while z; ~ N(0,1,)
and ug; ~ N (0,1) are independent and identically distributed. In addition, (31, .. ., 3, are positive
constants that dictate the signal-to-noise ratio (SNR). To simplify the exposition, we focus on the
rank-one case and drop the subscript q € [r]. Let

1 m
V=—> (xix/ —L,), )
mi4
and V = E[V] = IBSSTE] Then, V satisfies Asgumptionwith M=B>0X=...= )\, =0,

and X = s. In addition, letting E = V — V, the Bernstein-type inequality (Vershynin| |2010,
Proposition 5.10) for the sum of sub-exponential random variables yields that for any finite sets
S1, 8> C R™, when m = Q(log(|S1]| - |S2|)), with probability 1 — e=*1°s(S111521) | E satisfies
in Assumption|2| Moreover, standard concentration arguments give ||E||2—,2 = O(n/m) with prob-
ability 1 — e~ 1),

Remark 3. We can also consider the simpler spiked Wigner model (Perry et al., 2018} |Chung &
Lee| [2019) where V. = Bss™ + ﬁH with the signal s being a unit vector, B > 0 being an SNR

parameter, and H € R™*"™ being a symmetric matrix with entries drawn i.i.d. (up to symmetry) from
N(0,1). In this case, when m = n is sufficiently large, with high probability, V := E[V] = BssT
and E :=V — V similarly satisfy Assumptionsand respectively.
Example 2 (Phase retrieval). Let A € R™*" be a matrix having i.i.d. N'(0,1) entries, and let al
be the i-th row of A. For some unit vector s, suppose that the observed vector is y = |As|, where
the absolute value is applied element—wise.[] We construct the weighted empirical covariance matrix
as follows (Zhang et al.| 2017, |Liu et al.| 2021Db)):
1 m
V==Y (yiaa 1gcycuy —1In) (10)

m <
=1

where u > | > 1 are positive constants, and for g ~ N(0,1), v := E[|g|1<|gj<uy]|. Let V =
E[V] = Bss?, where 3 := E[(|g\3 — |g|)1{l<|g|<u}] Then, V satisfies Assumptionwith A =
B8 >0 A =... =X, =0, and x = s. In addition, letting E = V — V, we have similarly to
Example[l|that E satisfies Assumption 2|with high probability.

4 MAIN RESULTS

The following theorem concerns globally optimal solutions of (3)). The proof is given in Appendix[D}

Theorem 1. Let V = V +E with Assumptionsand being satisfied by V and E respectively, and
let xg := Pg(X) = arg ming crange(q) |W — X||2. Suppose that v is a globally optimal solution
to @). Then, for any § € (0,1), we have

O(W) _
vaxxTF—w( M)*O ¢<A1+gn>||x_—xG||2 o

AL — Az 1 — A2 A1 — A2

where €, = O(\/ %)

in n (Bora et al.l 2017), the upper bound for ||E||2—> can be easily relaxed to O((n/m)") for any positive
constant b, without affecting the scaling of our derived statistical rate.
%To avoid non-essential complications, § is typically assumed to be known (Johnstone & Lul 2009).
"Without loss of generality, we assume that s is a unit vector. For a general signal s, we may instead focus
on estimating § = s/||s||2, and simply use = > | ; to approximate ||s||2.
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We have stated this result as an upper bound on ||[¥¥? — %7 ||, which intuitively measures the
distance between the 1D subspaces spanned by v and x. Note, however, that for any two unit
vectors wi, wo with wi'wy > 0, the distances ||[w; — wal|2 and ||[wyw? — wow || are equivalent
up to constant factors, whereas if wf wo < 0, then a similar statement holds for ||w; + waz||2. See

Appendix [C] for the precise statements.

In Theorem(T] the final term quantifies the effect of representatlon error. When there is no such error
(i.e., X € Range(G)), under the scaling A\; — Ay = O(1), L = n*™), and 6 = O(1/n), Theoreml

klog L
%)

simplifies to [|[vv1 — xxT||p = O . This provides a natural counterpart to the statistical

rate of order w for SPCA mentioned in Section

Before providing our main theorem for PPower described in (6), we present the following important
lemma, whose proof is presented in Appendix [El To simplify the statement of the lemma, we fix ¢
to be O(1/n), though a more general form analogous to Theorem is also possible.

Lemma2. Let V =V + E with Assumpttonsl and I being satisfied by V and E respectively, and
further assume that X € Range(G). Let 5 = \a/A1 with \; = O(1). Then, for all s € Range(G)
satisfying sTx > 0, we have

29ls—xll2 | € [klog(nLr)

Pe(Vs) — x| <
H G( S) X||2— STf( STf( m

; (12)

where C'is an absolute constant.

Remark 4. The assumption s’ x > 0 will be particularly satisfied when the range of G only con-
tains nonnegative vectors. As mentioned in various works studying nonnegative SPCA (Zass &
Shashua, 2007} |Sigg & Buhmann, 2008} |Asteris et al.| |2014), for several practical fields such as
economics, bioinformatics, and computer vision, it is natural to assume that the underlying signal
has no negative entries. More generally, the assumption s* X > 0 can be removed if we additionally
have that —X is also contained in the range of G. For this case, when s'x < 0, we can instead
derive an upper bound for ||§ + X||2.

Based on Lemma[2] we have the following theorem, whose proof is given in Appendix [F]

Theorem 2. Suppose that the assumptions on the data model V. = V + E are the same as those in
Lemma@and assume that there exists to € N such that X7 w(0) = 2541 with 2’2—1—1/ <1- 7' where
¥ = X2/A1 € [0,1), and v, T are both positive and scale as ©(1). Let po = 557 = 27+V <1,

and in addition, suppose that m > C,, ; - klog(nLr) with C, ; > 0 being large enough. Then, we

have after Ay = O( log (m)) iterations of PPower (beyond ty) that
HW(t) _ %[y < C klog(nLr), (13)
(1= po)v m

i.e., this equation holds for all t > Ty := to + Ag. Moreover, if ¥ = 0 then Ay < 1, whereas if
7 = O(1), we have exponentially fast convergence via the following contraction property: There
exists a constant & € (0, 1) such that for t € [to, Tp), it holds that

WD — x|z < (1= &)W — x]2. (14)
Regarding the assumption x” w(*0) > 25 + v, we note that when t, = 0, this condition can be
viewed as having a good initialization. For both Examples [I] and 2] we have 4 = 0. Thus, for
the spiked covariance and phase retrieval models corresponding to these examples, the assumption
g w(to) > 2% 4 v reduces to %Tw(to) > pfora sufficiently small positive constant v, which results
in a mild assumption. Such an assumption is also required for the projected power method devised
for cone-constrained PCA under the simple spiked Wigner model, with the underlying signal being
assumed to lie in a convex cone; see (Deshpande et al., 2014, Theorem 3). Despite using a similar
assumption on the initialization, our proof techniques are significantly different from Deshpande
et al. (2014); see Appendix@]for discussion.

When L is polynomial in n, Theorem [2| reveals that we have established conditions under which

PPower in (6)) converges exponentially fast to a point achieving the statistical rate of order 4/ %.
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Based on the minimax rates for SPCA (Vu & Leil,|2012; Birnbaum et al.,[2013)) and the information-
theoretic lower bounds for CS with generative models (Liu & Scarlett, [2020b; Kamath et al., |2020),

the optimal rate for GPCA is naturally conjectured to be of the same order 4/ %. We highlight

that Theorem [2| partially addresses the computational-to-statistical gap (e.g., see (Wang et all 2016}
Hand et al.l |2018; |Aubin et al.l 2019; Cocola et al., [2020)) for spiked matrix recovery and phase
retrieval under a generative prior, though closing it completely would require efficiently finding a
good initialization and addressing the assumption of exact projections.

Perhaps the main caveat to Theorem [2]is that it assumes the projection step can be performed exactly.
However, this is a standard assumption in analyses of projected gradient methods, e.g., see (Shah &
Hegde, 2018)), and both gradient-based projection and GAN-based projection have been shown to
be highly effective in practice (Shah & Hegde, 2018} Raj et al., [2019).

5 EXPERIMENTS

In this section, we experimentally study the performance of Algorithm [I](PPower). We note that
these experiments are intended as a simple proof of concept rather than seeking to be comprehen-
sive, as our contributions are primarily theoretical. We compare with the truncated power method
(TPower) devised for SPCA proposed in (Yuan & Zhang|, 2013} Algorithm 1) and the vanilla power
method (Power) that performs the iterative procedure w('*?) = (Vw®))/||Vw®||,. For a fair
comparison, for PPower, TPower, and Power, we use the same initial vector. Specifically, as
mentioned in (Liu et al.,|2021b, Section V), we choose the initialization vector w(® as the column
of V that corresponds to its largest diagonal entry. For all three algorithms, the total number of iter-
ations 7' is set to be 30. To compare the performance across algorithms, we use the scale-invariant

) (xw®)

Cosine Similarity metric defined as Cossim ()‘g w(T) T, where X is the ground-truth

Tl llw

signal to estimate, and w(™) denotes the output vector of the algorithm.

The experiments are performed on the MNIST (LeCun et al.l |{1998)), Fashion-MNIST (Xiao et al.,
2017) and CelebA (Liu et al.| 2015) datasets, with the numerical results for the Fashion-MNIST
and CelebA datasets being presented in Appendix [H|and [} The MNIST dataset consists of 60,000
images of handwritten digits. The size of each image is 28 x 28, and thus n = 784. To reduce the
impact of local minima, we perform 10 random restarts, and choose the best among these. The cosine
similarity is averaged over the test images, and also over these 10 random restarts. The generative
model G is set to be a pre-trained variational autoencoder (VAE) model with latent dimension k& =
20. We use the VAE model trained by the authors of (Bora et al., 2017) directly, for which the
encoder and decoder are both fully connected neural networks with two hidden layers, with the
architecture being 20 — 500 — 500 — 784. The VAE is trained by the Adam optimizer with a mini-
batch size of 100 and a learning rate of 0.001. The projection step Pg(-) is solved by the Adam
optimizer with a learning rate of 0.03 and 200 steps. In each iteration of TPower, the calculated
entries are truncated to zero except for the largest ¢ entries, where ¢ € N is a tuning parameter.
Since for TPower, ¢ is usually selected as an integer larger than the true sparsity level, and since it
is unlikely that the image of the MNIST dataset can be well approximated by a k-sparse vector with
k = 20, we choose a relatively large ¢, namely ¢ = 150. Similarly to (Bora et al.,[2017) and other
related works, we only report the results on a test set that is unseen by the pre-trained VAE model,
i.e., the training of G and the PPower computations do not use common dataﬂ

1. Spiked covariance model (Example[I): The numerical results are shown in Figures[I]and
We observe from Figure [I] that Power and TPower attain poor reconstructions, and the
generative prior based method PPower attains significantly better reconstructions. To il-
lustrate the effect of the sample size m, we fix the SNR parameter 5 = 1 and vary m in
{100, 200, 300, 400, 500}. In addition, to illustrate the effect of the SNR parameter /3, we fix
m = 300, and vary /3 in {0.6,0.7,0.8,0.9,1,2,3,4}. From Figure [2| we observe that for
these settings of m and 3, PPower always leads to a much higher cosine similarity compared
to Power and TPower, which is natural given the more precise modeling assumptions used.

8All experiments are run using Python 3.6 and Tensorflow 1.5.0, with a NVIDIA GeForce GTX
1080 Ti 11GB GPU. The corresponding code is available at https://github.com/1iuzg09/
GenerativePCA,


https://github.com/liuzq09/GenerativePCA
https://github.com/liuzq09/GenerativePCA
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Figure 1: Examples of reconstructed images of the MNIST dataset for the spiked covariance model.
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Figure 2: Quantitative comparisons of the performance of Power, TPower and PPower ac-
cording to the Cosine Similarity for the MNIST dataset, under both the spiked covariance model
(Left/Middle) and phase retrieval model (Right).

2. Phase retrieval (Example[2): The results are shown in Figure 2] (Right) and Figure 3] Again,
we can observe that PPower significantly outperforms Power and TPower. In particular, for
sparse phase retrieval, when performing experiments on image datasets, even for the noiseless
setting, solving an eigenvalue problem similar to (5) can typically only serve as a spectral
initialization step, with a subsequent iterative algorithm being required to refine the initial
guess. In view of this, it is notable that for phase retrieval with generative priors, PPower can
return meaningful reconstructed images for m = 200, which is small compared to n = 784.

6 CONCLUSION

We have proposed a quadratic estimator for eigenvalue problems with generative models, and we

klog L
m

showed that this estimator attains a statistical rate of order . We provided a projected power

method to efficiently solve (modulo the complexity of the projection step) the corresponding opti-
mization problem, and showed that our method converges exponentially fast to a point achieving a

statistical rate of order % under suitable conditions.
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APPENDIX (GENERATIVE PRINCIPAL COMPONENT ANALYSIS,
L1U/L1u/GHOSH/HAN/SCARLETT, ICLR 2022)

A PROOF OF LEMMA [I] (NON-DECREASING PROPERTY OF ())

Since w('t1) = P (Vw®) and w(¥) € Range(G), we have

[Vw® —wE D, < [Vw = wl]l, (15)

and since ||[w(tD) |y = |[w®]||5 = 1, expanding the square gives
<Vw(t),w(t+1)> > Q(wh). (16)

Then, we obtain

Q(wtth)) = <Vw(t+1),w(t+1)> (17)
— Q(wD — w®) 42 <V(w(t+1) —w®), W(t)> +Q(w®) (18)
> 2 (V(w(D = W), wl®)) 1 Q(wl?) (19)
> Q(w), (20)

where follows by writing w(t+1) = w(®) + (w(t*1) — w(®)) and expanding, follows from
the assumption that V is PSD, and follows from (L6).

B PROOFS FOR SPIKED MATRIX AND PHASE RETRIEVAL EXAMPLES

Before proceeding, we present the following standard definitions.

Definition 1. A random variable X is said to be sub-Gaussian if there exists a positive constant C'
such that (E [‘le])l/p < Cy/pforall p > 1. The sub-Gaussian norm of a sub-Gaussian random
variable X is defined as || X ||, := sup,>, p~*/* (E [|X|p})1/p.

Definition 2. A random variable X is said to be sub-exponential if there exists a positive constant C'
such that (E [|X|p])% < Cpforall p > 1. The sub-exponential norm of X is defined as || X ||, :=

1
sup,>1 p~ (E[|X]P]).

The following lemma states that the product of two sub-Gaussian random variables is sub-
exponential, regardless of the dependence between them.

Lemma 3. (Vershynin, 2018, Lemma 2.7.7) Let X and Y be sub-Gaussian random variables (not
necessarily independent). Then XY is sub-exponential, and satisfies

XY Ny < X g 1Y [ - 2D
The following lemma provides a useful concentration inequality for the sum of independent sub-
exponential random variables.

Lemma 4. (Vershyninl 2010, Proposition 5.16) Let X, ..., X be independent zero-mean sub-
exponential random variables, and K = max; || X;||y,. Then for every o = [y, . ..,ay]T € RN
and € > 0, it holds that

N 2
€ €

]P’(‘ a; X;| > e) < 2exp (—c . min( , )) , (22)

; K?|le3” Kllatl|oo
where ¢ > 0 is an absolute constant. In particular, with o = [%, ce %] T, we have
N
1 Ne2 N

P()N;Xi >e> < 2exp <—c~min(K627KE)>. 23)
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The widely-used notion of an e-net is introduced as follows.

Definition 3. Ler (X, d) be a metric space, and fix € > 0. A subset S C X is said be an e-net of X
if, for all © € X, there exists some s € S such that d(s,x) < e. The minimal cardinality of an e-net
of X, if finite, is denoted C(X, €) and is called the covering number of X (at scale ¢).

The following lemma provides a useful upper bound for the covering number of the unit sphere.

Lemma 5. (Vershynin, 2010, Lemma 5.2) The unit Euclidean sphere SN~' equipped with the
Euclidean metric satisfies for every € > 0 that

N
eV ) < <1+ f) . 4)

The following lemma provides an upper bound for the spectral norm of a symmetric matrix.

Lemma 6. (Vershynin| 2010, Lemma 5.4) Let X be a symmetric N X N matrix, and let C. be an
e-net of SN~ for some € € [0,1/2). Then,

IX]l2—2 = sup [(Xr,r)| < (1-— 26)_1 sup |(Xr,r)|. (25)
reSN-1 reCe

With the above auxiliary results in place, we provide the proofs of Assumption [2Jholding for the two
examples described in Section 3]

B.1 SPIKED COVARIANCE MODEL (EXAMPLE(I))

As per Assumptlonl 2| fix two finite signal sets S1 and Ss. For r = 1, we have x; = v/Bu;s + z; and
a direct calculation gives E[V] = V = Bss”. Recall also that ||s ||2 =1lu ~N (0,1), and z; ~
N(0,1,,). It follows that for any s; € S, we have that sT x; = \/Bu;s”'s; + z!'s; is sub-Gaussian,
with the sub-Gaussian norm being upper bounded by C'(v/8 + 1)]|s1 2. Similarly, we have for any
so € Sy that [|sTx;|ly, < C(v/B+ 1)|s2]|2- Applying Lemma 3} we deduce that (sTx;)(sZx;) is
sub-exponential, with the sub- exponentlal norm being upper bounded by C?(v/B + 1)2|Is1]|2]Is2]|2-
In addition, from (9) and V = Bss”, we have

sTEs, =sT(V - V)s, (26)
= %Z ((x7's1)(x] s2) — ((s's2) + B(s"s1)(s"s2))) , 27

and we observe that E[(x}'s1)(x} s2)] = (s7's2) +3(s”'s1)(s”'s2). Then, from Lemmafd} we obtain
that for any ¢ > 0 satisfying m = Q(t), the following holds with probability 1 — e=*®) (recall that
C may vary from line to line):

Vi
Wk (28)

where we note that the assumption m = €2(t) ensures that the first term is dominant in the minimum
in (23). Taking a union bound over all s; € S; and sp € Sy, and setting ¢t = log(|S1] - |S2|), we
obtain with probability 1 — e~2(10(IS111520)) that (7)) holds (with /3 being a fixed positive constant).

Zm:((xfsl)(xfs) ((sTs2) + B(s"s1)(s7's2))) | < C(v/B+1)s1]l2Is2 |2 -

Next, we bound |rTEr| for fixed r € S™~1, but this time consider ¢ > 0 (different from the above
t) satisfying t = Q(m). In this case, we can follow the above analysis (with s and so both replaced
by r), but the assumption ¢ = (m) means that when applying Lemma the second term in the
minimum in (23) is now the dominant one. As a result, for any ¢ > 0 satisfying ¢ = Q(m), and any
r € 8", we have with probability 1 — e~*(*) that

it Er| = Z — (1+ B(s™r)?)) (29)

SC(\/B+1)~%. (30)
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From Lemma there exists an (1/4)-net C1 of Sn~1 satisfying log ’C% ‘ < nlog?9. Taking a union
bound over allr € C 1, and setting t = C'n, we obtain with probability 1 — e~*(") that

sup ‘rTEr| =0 (ﬁ) . 3D
reCy m
4
Then, from Lemma[6] we have
|El2»2 <2 sup [r"Er| =0 (ﬁ) . (32)
I‘EC% m

B.2 PHASE RETRIEVAL (EXAMPLE[Z)

Let W = L Z:;l yiaialrl{KyKu} and W = fss” 4 ~I,,. It is shown in (Liu et al., 2021b,

m

Lemma 8) that ~
E[W]=W, (33)
which implies
E[V] = Bss’ = V. (34)

Then, for any s; € S; and s5 € S5, we have

sTEsy =s](V—V)sy =s] (W - W)s, (35)

1 m
= =3 (wlals) @l s2)Lcycu — (86751 s2) +1(sTs2)) ). (36)
i=1
Since each a; has iid. A/(0,1) entries, we observe that y;(a;si)(alss)1{cy,<uy is sub-
exponential with the sub-exponential norm being upper bounded by Cu||sy||2]|s2]|2. In addition,
from (33), we have Efy;(a)s1)(a] s2)licy,<ut] = B(sTs1)(s”s2) + y(s{sz). Then, from
Lemma@ we obtain that for any ¢ > 0 satisfying m = Q(t), with probability 1 — e~X(*),

;; (yi(al s1)(a] s2) Ly <uy — (B(s"s1)(s"s2) + 7(s]s2))) | < Cullstll2]lsz]|2 - \/\/;n
37)

Taking a union bound over all s; € S; and sg € So, and setting ¢ = log(|S1| - |Sa|), we obtain that
with probability 1 — e~2(loe(IS11152)) [} holds as desired (with « being a fixed positive constant).
In addition, similarly to (32), we have with probability 1 — e=(") that ||E|[>,> = O(2).

m

C EQUIVALENCE OF DISTANCES

The following lemma gives a useful equivalence between two distances.
Lemma 7. For any pair of unit vectors w1, Wo with wi wy > 0, we have

[wi = wall3 < [wiw] — wows [|F < 2[|wi — walf3. (38)

Moreover, if wi'wa < 0, then the same holds with ||w1 — w2 ||2 replaced by ||[w1 + wa||2.

Proof. When wiwy > 0, we have

[wiw] — wowj [[f = tr((wiw] — wawg )" (wiw] — wowy)) (39)
=2(1— (wiw)?) (40)
>2(1—wiws) (41)
= w1 — w23, (42)

where (11_9]) follows by expanding the product and writing tr(w;w{ wiw? ) = tr(w? wiwi wy) =
(wTwy)? = 1 and handling the other terms similarly, and follows since wi wo € (0,1). In
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addition, we have

[wiw] — wowj |7 =2 (1 — (w] w2)?) 43)

=2(1—wiws) (1+w] ws) (44)

<4(1-wy W2) (45)

= 2||wy — walf3, (46)

which gives the desired inequality. The case w? wy < 0 is handled similarly O

D PROOF OF THEOREM [[| (GUARANTEE ON THE GLOBAL OPTIMUM)

Let the singular value decomposition (SVD) of V be

V = UDU7, 47)
where D = Diag([A1, ..., \,]), and U € R™ is an orthonormal matrix with the first column being
X. For ¢ > 1, let the ¢-th column of U be @;. Then, we have

TV = A (x79) + 3N (@f9)” (48)
i>1
<X (Z79)7+ XY (@fv)” (49)
i>1
= (579)" 4+ % (1= (x79)7), (50)

where we use (x” v)° + et (1‘1?0)2 = 1in (50).
In addition, for any A € R™*™ and any s1,s2 € R™, we have

T T S1+82 81— 82 T S1+82 81— 82
s; As; —s; Asy = 5 + 5 A 5 4 5

_(s1t8S2 81 —So TA S1+82 8182 (51
2 2 2 2

T T
o S1 + So S1 — S9 S1 — S9 S1 + So
2( > > A( 5 )+2( 5 > A(2 ) (52)

In particular, when A is symmetric, we obtain

slTAsl — s2TAsQ = (s1 + sz)TA(sl —s2). (53)

Let M be a (§/L)-net of B (r); from (Vershynin, 2010, Lemma 5.2), we know that there exists

such a net with AL
log | M] < klog Tr (54)

Since G is L-Lipschitz continuous, we have that G(M) is a J-net of Range(G) = G(B5(r)). We
write
V= (¥ -%) +x (55)

where X € G(M) satisfies ||V — x||2 < §. Suppose that X7 v > 0; if this is not the case, we can use
analogous steps to obtain an upper bound for ||X + V|2 instead of ||X — ¥||2. We have

A — A

5 =Vl (56)
= (A1 =) (1-x"9) (57)
< (A —A) (1 - (’_(T‘A’)z) (58)
== (M (&) 4+ % (1= (x79)%)) (59)
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IN
wi

)ﬂ
<
wi

|
<>

~
<
<

xGVxe + (X +x0)' V(X —xg) —vIVV
X5Vxa 4 2\ ||X — xgll2 — VI VY
x5(V — E)xg + 2\ % — x¢ 2 — v7(V — E)¥

VIEY — xLExq + 201X — x¢||2

IN

IN

2 2 2 2

IN

XTEX 4 20||E||2—2 — X5Exg + 2\ ||X — 6|2

(60)

(61)
(62)
(63)
(64)
(65)

v-x\" L [v+x vx\" (v -x .
_5<TE5<+2< > E( >+2( ) E< )—xgExG+2A1||x—xG||2

(66)
(67)

X+ x T X—X %—xa\ " X+ X -
2( QG) E( 2G)+2( G) E( G>+25|E2H2+2A1||X—XG|2

2 2
(68)
klog% . —
<20\ = [k = xall2 + 20[|E[la-2 + 2 X = xa 2 (69)
klog% . o B -
<20\ — = (% =Vl + IV = %2 + % = xGl2) + 20[[El|l22 + 2M1[|X — xcl2 (70)
klogM o on - _
<20 T5 v =%[2+ O <m) + O(()\l +en)||x — XGHQ), (71)

where:

* B7N)—[G8) follow from ||x||2 = [|V||2 = 1 and hence |x7 V| < 1;

* (60) follows since (A1, %) are an eigenvalue-eigenvector pair for V with ||%||o = 1;

* (67) follows from (30);

* (62) follows from (53) with V being symmetric and setting s; = X, s2 = Xg;

* (63) follows from ||X + x¢ |2 < 2 and ||[V]|a2 = A1;
* (64) follows since V=V — E;

* (63) follows since v is a globally optimal solution to (3) and x& € Range(G);

* (66) follows from (52) with s; = v and s3 = X;

* (67) follows from (53)) along with ||V — X|l2 < § and ||V + X2 < 2;

* (68) follows from (52);

* ([69) follows from Assumption[2](with S; = S, being G(M) shifted by x;) and (54);

* ([70) follows from the triangle inequality;

* ([71) follows by substituting ||V — X||> < 4, along with the assumptions ||E|2—2 =

O(n/m), m = Q(klog &), and €, = 0(\/@)'

From (71)), we have the following when ¥7x > 0:

A — Ao

A1 — A2

O< klog%") —
m n 0 < (Sn/m > n O \/()\1 + 6,“)”)_(,_ XG||2

(72)
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As mentioned earlier, if V7% < 0, we have the same upper bound as in (72)) for ||V +%/||2. Therefore,
we obtain

o9 = xx|lp = /2 (1= (x79)%) (73)
= \/2(1-xT9) (1 + x79) (74)
< V2min{[[v — x|, |V + %2} (75)
0 (W) _ .
m dn/m (A1 + €n)[|X — xa|2
= ZJ o2 )+0 fo)IX 76
)\1—>\2 + ( 1 — 2>+ \/ /\1_)\2 ’( )

where follows from (40), follows from ||V & %[|3 = 2(1 £ %7¥), and follows from
(72).

E PROOF OF LEMMA |2[ (AUXILIARY RESULT FOR PPOWER ANALYSIS)

By the assumption Range(G) C 8", for any x € R"™ and a > 0, we have
Pc(x) = Pa(ax), (77)

which is seen by noting that when comparing ||x —al|2 with ||x —b]|2 (in accordance with projection
mapping to the closest point), as long as ||al|s = ||b||2, the comparison reduces to comparing (x, a)
with (x, b), so is invariant to positive scaling of x.

Let7 = 1/A; > 0 and 8 = Pg(Vs). Then, we have § = Pg(Vs) = Pg(7Vs). Since x €
Range(G), we have

17Vs =82 < [[7Vs — x[2. (78)
This is equivalent to
1(7Vs = %) + (x = 8)[13 < [I7Vs — x|, (79
and expanding the square gives
1% =83 < 2(7Vs — %,8 — %). (80)

Note also that from VX = \;X, we obtain X = 7 VX, which we will use throughout the proof.

For § > 0, let M be a (5/L)-net of B%(r); from Lemma there exists such a net with
4L
log | M| < klogTr. (81)

By the L-Lipschitz continuity of G, we have that G(M) is a §-net of Range(G) = G(B%(r)). We
write

s=(s—sg)+sy, S=(8§—8)+5s, (82)
where § € G(M) satisfies ||S — §]|2 < §, and sp € G(M) satisfies ||s — sp||2 < J. Then, we have
(Vs —%,8 — %) = (7V(s — X),8 — x) + (7Es, § — %), (33)

which follows from V = V + E and X = 7Vx. In the following, we control the two terms in (83)
separately.

1. The term (7V (s —X), 8 —X): We decompose s = ax+ 3t and § = ax+ t, where ||t|, =
[t]l2 = 1and t7x = tTx = 0. Since |s||s = ||8]l2 = 1, we have a? + 32 = 4% + % = 1.
In addition, we have o = s”x and & = §7'x. Recall that in #7), we write the SVD of V

as V. = UDUT. Since tTx = 0, we can write t as t = >_._, h;1i;. In addition, since

i>1
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It]]2 = 1, we have ) = 1. Hence, by the Cauchy-Schwarz inequality, we have

>1 z
[(Vt,8)] < [ V]2 (84)
> Xihin (85)
i>1 2

> A2n? (86)
i>1

< A3 n? (87)
i>1
= Ao (88)
Therefore, we obtain
[TV (s —%),8 = %)| = |((a = )x + 7BV, (6 — 1)x + 5t)] (89)
= |(a = 1)(&—1) + 7BA(Vt, )| (90)
< (1—a)(1—a) +785|A 9D

=1-a)l-& +7V1—-a?y1-a3?, (92)
where (89) uses nVx = %, and uses ||X[|2 = 1 and (x,t) = 0.
2. The term (7Es, 8 — X): We have

[(7Es.5 —%)| = (TE((s — s0) +50),8 %) ©3)
= (7E(s — s0),8 — X) + (7Esp, (§ — 8) + (§ — X)) (94)
klog £
< |El2018 = Klla + 7 Ell2-26 + O ( =5 ) s %
95)

klog L& .
<O (0Bllz2) +0 (| ot | - 5 = I, 96)

where [©3)) follows from Assumption [2|and (§T)), and [©6)) follows from 77 = 1/A;, along
with the fact that we assumed A\ = O(1).

Note that ||x —§[|3 = 2(1 —87%) = 2(1 — &). Hence, and using (80), (83), (©2), and (96), we obtain

21 —a) <2 ((1 —a)(1-a)+ V1 - a2V/1- d?)

klog &r
0<6E|M>+o(\/ °jé>~ 21— a). ©7)

Using2(1 — &) —2(1 —a)(1 — &) =2a(l — &), VI—a2 =vVI—ayT+a < +/2(1-a),and
similarly v'1 — a2 < /2(1 — &), we obtain from (97) that

Lr
20(1 — &) < 29201 —a)\/2(1 —a) + O \/kk’% V2(L = &) + O (3||E|as2) . (98)

Since |8 — %||3 = 2(1 — &) and ||s — %||3 = 2(1 — ), this is equivalent to

o B B klog% o
als = xlz < | 2ylls =xll2 + O [ {/ — | | 8 = %[z + O (G[|Ell2-2) . 99
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This equation is of the form az? < bz + ¢ (where z = ||§ — %X||z and a = o == sTx > 0), and
using a simple application of the quadratic formulaf] we obtain

. 29|ls — x 1 klog /
s —x|l2 < M +0 T s'x - §||Ell2-2 (100)
sTx sTx
< M +0 L_ M ’ (101)
sTx sTx m

where we use the assumption ||E|[2—2 = O(n/m) and set 6 = 1/n in (TOT).

F PROOF OF THEOREM [2] (MAIN THEOREM FOR PPOWER)

Suppose for the time being that (T3) holds for at least one index ¢ > ¢, (we will later verify that this
is the case), and let Tjy > t( be the smallest such index. Thus, we have

C klog(nLr)
(1= po)v mo

Note that according to the theorem statement, 1 — 1 is bounded away from zero. Using ||w(70)|| =
IX|l2 = 1 and the assumption that m > C, ; - klog(nLr) with C,, ; > 0 being large enough, we
deduce from (T02) that [|w(™®) — x||, is sufficiently small such that

||W(To) — x|z < (102)

xTw) >1 -7 (103)
Next, using the assumption 27 + v < 1 — 7, we write
27 1 25+ (1— 27 1
7 Nl 1)L iy < . (104)

A pow(—r) 17 U= por—7) = A= pow(i=7) = (= o)
Then, from Lemma[2} we obtain

klog (nLr)
w (To+1) _ ||z < = (To) HW(To) — %[y + *TW(To) A/ (105)
2%

o klog(nLr g(nLr) (106)
Sl-7 (1- Mo)
C klog(nLr) (107)
STV m

where follows from (T02)—(T03)), and (I07) follows from (T04). Thus, we have transferred
(102) from Ty to Tp + 1, and proceeding by induction, we obtain

C klog(nLr)
(1= po)v m

[w® — x| < (108)

foralt > Tj.

Next, we consider ¢ € [to, Tp). Again using Lemmal[2](with § = w(fo+1) = P, (Vw (%)), we have

C k1 L
lwliotD — g, < uon““) x4 =y Hloslnlr) (109)
2y 4+ v m
where we recall that pg = % = 27 +U < 1, and note that the denominator in the second term

of (T09) follows since x” w(*o) = 25 + v. Supposing that t, < Tj (otherwise, the above analysis
for t > T, alone is sufficient), we have that is reversed at t = tg:

C klog(nLr)

=V m o

lw®) — x5 >

%Since the leading coefficient a = « of the quadratic is positive, z must lie in between the two associated
A/ b2
roots. This yields z < w, from which the inequality v/a + b < \/a + /b gives (T00).
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klog(nLr)
m

This means that we can upper bound the second term in (T09) by < < (1—po) [|wto) —

X

2, which gives

lw ) — sy < wl) —x|2. (111)
Squaring both sides, expanding, and canceling the norms (which all equal one), we obtain
gl wltotl) > gTw(to), (112)

and by induction, we obtain that {iTW(t)}te[tO,To) is monotonically increasing.

Recall that we assume that A\; = ©(1), and that Ty = to + Ay is the smallest integer such that (I3))
holds. To verify that T is finite and upper bound Ag, we consider the following three cases:

* 1o = 0 (or equivalently, ¥ = Ay = 0): In this case, (T09) gives Ty = to+ 1 (or Ty = to, which
we already addressed above). Thus, we have Ay < 1, as stated in the theorem.

* 119 = o(1) (or equivalently, ¥ = o(1) and As = o(1)): Since {XTw®},c,, 7, is monotoni-
cally increasing, for any positive integer A with to +A < Tj, by applying Lemma 2] (or (T09))
multiple times, we obtai

_ 1— s C klog(nLr
[wlt02) s < s ) ] 4 L B0l )
o 2v v m
_ 1 klo nLr
< pdwto) — x| + 27+V gm (114)
Then, if we choose Ay € N such that
_ C klog(nLr
e a1s)
we obtain from (T14) that
1 klog(nLr)
(to+80) _ 5[l < 10 (wlte) _ % 8( 116
I xla < W < x4 (116)
< oo 1 c klog(nLr (117
1 — o 2’y +v

klog(nLr) [ klog(nLr) (118)
1—,u0 m 1—u0 27—|—1/ m
B [k log(nLr) (119)
(1—M0)V mo

where (I17) follows from ||w(t0) — x|z < 2, (II8) follows from (I13) and 1 < -

o’

Lo _ po(2y+v)+r 234 1

and (TI9) follows from yio = 5= + , which implies £2 + 5" T = v = b
Observe that (TT9) coincides with (I3), and since o = o(1), we obtain from (I15) that
Ay = O(log (m)) as desired.

* 110 = O(1) (or equivalently, 5 = ©(1) and Ay = O(1)): Recall that we only need to focus on
the case Ty > to. This means that (T10) holds, implying that we can upper bound the second
term in (T09) by L=£0)” . ||w(to) — |5, yielding

25+v
(tot+1) _ (to) _ A—p)v | )
[|w X2 < pollw X2 + ry [[w x||2 (120)
25 1-—
- ng %LO)” [lw) — x|z (121)
Y +v
=(1-9|w) —x|, (122)

01 simpler notation, if 2¢+1 < az;+b, then we get 2,12 < azzt—i—(l—o—a)b, then 2443 < a32t+(1+a—|—a2)b,

and so on, and then we canapply 1 +a + ... +a' ! = 11
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where § = £ = 10(1 — po) = ©(1). With the distance to X shrinking by a constant factor
in each iteration according to (T22), and the initial distance ||w (%) — x|/, being at most 2 due

to the vectors having unit norm, we deduce that Ag = O log (m)) iterations suffice
to ensure that (T3)) holds for t = to + Ay.

G COMPARISON OF ANALYSIS TO DESHPANDE ET AL.[(2014)

As mentioned in Section[d] our analysis is significantly different from that of [Deshpande et al.|(2014)
despite using a similar assumption on the initialization. We highlight the differences as follows:

1. Perhaps the most significant difference is that the proof of (Deshpande et al.,|2014] Theorem 3)
is highly dependent on the Moreau decomposition, which is only valid for a closed convex
cone (see (Deshpande et al.| 2014} Definition 1.2)). In particular, the Moreau decomposition
needs to be used at the beginning of the proof of (Deshpande et al.l 2014 Theorem 3), such as
Egs. (18) and (19) in the supplementary material therein. We do not see a way for the proof to
proceed without the Moreau decomposition, and our Range(G) may be very different from a
convex cone.

2. We highlight that one key observation in our proof of Lemma |2| (and thus Theorem [2)) is
that for a generative model G with Range(G) C 8"~ ! and any x € R™ and a > 0, we have
Palax) = Pa(x) (Eq. (77)). This enables us to derive the important equation § = P (Vs) =
Pc(Vs). We are not aware of a similar idea being used in the proof of (Deshpande et al.,
2014, Theorem 3).

3. In the PPower method in (Deshpande et al.l |2014), the authors need to add pI,, with p > 0
to the observed data matrix V to improve the convergence. In particular, they mention in the
paragraph before the statement of Theorem 3 that “the memory term pv? is necessary for our
proof technique to go through”. In contrast, our proof of Theorem [2] does not require adding
such terms, even when our data model is restricted to the spiked Wigner model considered
in (Deshpande et al., [2014)).

4. We consider a matrix model that is significantly more general than the spiked Wigner model
studied in (Deshpande et al., [2014).

H NUMERICAL RESULTS FOR THE FASHION-MNIST DATASET

The Fashion-MNIST dataset consists of Zalando’s article images with a training set of 60, 000 ex-
amples and a test set of 10, 000 examples. The size of each image in the Fashion-MNIST dataset is
also 28 x 28, and thus n = 784.

The generative model G is set to be a boundary-seeking generative adversarial network (BEGAN).
The BEGAN architecture is summarized as followsE] The generator has latent dimension k = 62
and four layers. The first two are fully connected layers with the architecture 62 — 1024 — 6272,
and with ReLLU activation functions. The output of the second layer, reshaped to 128 x 7 x 7,
is forwarded to a deconvolution layer with kernel size 4 and stride 2. The third layer uses ReLU
activations and has output size 64 x 14 x 14, where 64 is the number of channels. The fourth layer
is a deconvolution layer with kernel size 4 and strides 2, and it uses ReLLU activations and has output
size 1 x 28 x 28, where the number of channels is 1.

The BEGAN is trained with a mini-batch size of 256, a learning rate of 0.0002, and 100 epochs. The
other parameters are the same as those for the MNIST dataset. We perform two sets of experiments,
considering the spiked covariance and phase retrieval models separately. The corresponding results
are reported in Figures[4] [5] [6] and[7} From these figures, again, we can observe clear superiority
of PPower to Power and TPower. We note that for the Fashion-MNIST dataset, some of the
images are not sparse in the natural basis, but we observe from Figures [4] and [¢] that even for the
sparsest images (sandals), PPower also significantly outperforms TPower.

"Further details of the architecture can be found at https://github.com/hwalsuklee/
tensorflow-generative-model-collections.
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Figure 4: Examples of reconstructed Fashion-MNIST images for the spiked covariance model.
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Figure 5: Quantitative comparisons of the performance of Power, TPower and PPower according
to the Cosine Similarity for the Fashion-MNIST dataset and the spiked covariance model.
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Figure 6: Examples of reconstructed images of the Fashion-MNIST dataset for phase retrieval.
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Figure 7: Quantitative comparisons of the performance of Power, TPower and PPower according
to the Cosine Similarity for the Fashion-MNIST dataset and the phase retrieval model.
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Figure 8: Examples of reconstructed CelebA images for the spiked covariance model.
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Figure 9: Quantitative comparisons of the performance of Power, TPower, TPowerW
and PPower according to the Cosine Similarity for the CelebA dataset and spiked covariance model.

I NUMERICAL RESULTS FOR THE CELEBA DATASET

The CelebA dataset consists of more than 200,000 face images of celebrities, where each input
image is cropped to a 64 x 64 RGB image with n = 64 x 64 x 3 = 12288. The generative model
G is set to be a pre-trained Deep Convolutional Generative Adversarial Networks (DCGAN) model
with latent dimension k& = 100. We use the DCGAN model trained by the authors of
directly. We select the best estimate among 2 random restarts. The Adam optimizer with 100
steps and a learning rate of 0.1 is used for the projection operator.

For the images of the CelebA dataset, the corresponding vectors are clearly not sparse in the natural
basis. To make a fairer comparison to the sparsity-based method TPower, we convert the original
images to the wavelet basis, and perform TPower on these converted images. The obtained results
of TPower are then converted back to the vectors in the natural basis. The corresponding method
is denoted by TPowerW, with “W” referring to the conversion to images in the wavelet basis. In
each iteration of TPower and TPowerW, the calculated entries are truncated to zero except for
the largest ¢ entries. For CelebA, ¢ is set to be 2000. Other parameters are the same as those for
the MNIST dataset. We also perform two sets of experiments, considering the spiked covariance
and phase retrieval models separately. The corresponding results are reported in Figures [§] and [9}
From these figures, we can observe the superiority of PPower to Power, TPower and TPowerW,
whereas TPowerW only marginally improves over TPower.
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