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Abstract

In this paper we analyze the sample complexities of learning the optimal state-
action value function Q* and an optimal policy 7* in a discounted Markov deci-
sion process (MDP) where the agent has recursive entropic risk-preferences with
risk-parameter 8 # 0 and where a generative model of the MDP is available. We
provide and analyze a simple model based approach which we call model-based
risk-sensitive Q-value-iteration (MB-RS-QVI) which leads to (e, §)-PAC-bounds
on ||Q* — QF||, and ||[V* — V™*|| where Qy is the output of MB-RS-QVI after k
iterations and 7y, is the greedy policy with respect to Q. Both PAC-bounds have
exponential dependence on the effective horizon ﬁ and the strength of this de-
pendence grows with the learners risk-sensitivity |/3|. We also provide two lower
bounds which shows that exponential dependence on |3 |ﬁ is unavoidable in
both cases. The lower bounds reveal that the PAC-bounds are both tight in € and
¢ and that the PAC-bound on -learning is tight in the number of actions A, and
that the PAC-bound on policy-learning is nearly tight in A.

1 Introduction

In reinforcement learning (RL), the agent conventionally optimizes the expected return, which is
defined in terms of a (discounted) sum of rewards [50]. In the majority of RL literature, the en-
vironment is modeled via the Markov Decision Process (MDP) framework [41], wherein efficient
computation of an optimal policy, thanks to optimal Bellman equations, renders possible. However,
as a risk-neutral objective, the expected return fails to capture the true needs of many high-stake
applications arising in, e.g., medical treatment [19], finance [44, 9], and operations research [16].
Decision making in such applications must take into account the variability of returns, and risks
thereof. To account for this, one may opt to to maximize a risk measure of the return distribution,
while another approach could be to consider the entire distribution of return, as is done under the
distributional RL framework [8] that has received much attention over the last decade.

Within the first approach, the risk is quantified via concave risk measures, which yield well-defined
mathematical optimization frameworks. Notably, they include value-at-risk (VaR), Conditional VaR
(CVaR) [45], entropic risk [23], and entropic VaR (EVaR) [2], all of which have been applied to a
wide-range of scenarios. CVaR appears to be the most popular one used to model risk-sensitivity
in MDPs [15, 10, 12, 7], mainly due to a delicate control it offers for the undesirable tail of return.
Despite its popularity and rich interpretation, solving and learning MDPs with CVaR-defined objec-
tives has rendered technically challenging [7]. This has been a key motivation of adopting weaker
notions such as nested CVaR [6], at the expense of sacrificing the interpretability. Entropic risk, as
another popular notion, has been considered for risk control in MDPs [11, 39, 22, 24, 20]. In the RL
literature, it has been mainly considered for the undiscounted settings, despite the popularity of dis-
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counted MDPs. A notable exception is [22] that studies, among other things, planning in discounted
MDPs under the entropic risk.

In this paper, we study risk-sensitive discounted RL where the agent’s objective is formulated using
the entropic risk measure. In discounted RL, where future rewards are discounted by a factor of +,
one may identify two main approaches to apply the entropic risk to sequence of rewards, (7;);>0,
collected by an RL agent. The first and most intuitive one, which we may call the non-recursive
approach, consists in directly applying the entropic risk functional to return Zfi o V're. The other
approach, which we may call the recursive approach, works by applying the risk functional at every
step t (see Section 2 for details). The non-recursive approach (e.g., [22]), while being most intuitive,
has several drawbacks; e.g., the optimal policy might not be time-consistent (see [25]). In contrast,
the recursive approach yields a form of Bellman optimality equation, which is key to developing
learning algorithms with provable sample complexity. Therefore, we restrict attention to the RL
problem defined using recursive risk-preferences.

1.1 Main Contributions

We study risk-sensitive RL in finite discounted MDPs under the recursively applied entropic risk
measure, assuming that the agent is given access to a generative model of the environment. The
agent’s learning performance is assessed via sample complexity defined as the total number 7" of
samples needed to learn, for input (¢, §), either an e-optimal policy (which we call policy learning),
or an e-close approximation (in max-norm) to the optimal Q-value (which we call Q-value learning),
with probability exceeding 1 — §. Specifically, we make the following contributions: We present
an algorithm called Model-Based Risk-Sensitive Q-Value Iteration (MB-RS-QVI), a model-based
RL algorithms for the RL problem considered, which is derived using a simple plug-in estimator.
It is provably sample efficient, despite its simple design. Notably, we report sample complexity
bounds on the performance of (MB-RS-QVI) under Q-value learning (Theorem 1) and policy learn-

ing (Theorem 2), both scaling as 1) (ﬁ(fﬁemﬁ |ﬁ), in any discounted MDP with S states,

A action, and discount factor ~y, with O hiding logarithmic factors. Here, 3 denotes the risk param-
eter (see Section 2 for precise definition), where S > 0 (resp. < 0) corresponds to a risk-averse
(resp. risk-seeking) agent. An interesting property of these bounds is the exponential dependence
on the effective horizon ﬁ, which is absent in the conventional (risk-neutral) RL, wherein 8 = 0.
Another key contribution of this paper is to derive the first, to our knowledge, sample complex-
ity lower bounds for the discounted RL under entropic risk measure. Our lower bounds establish
that for both Q-value learning (Theorem 3) and policy learning (Theorem 4), one needs at least

ﬁ(szﬁ g|2 el? ‘ﬁ) samples to come e-close to optimality. Interestingly, the derived lower bounds

assert that exponential dependence on % in both sample complexities are unavoidable.

1.2 Related Work

Finite-sample guarantees for risk-neutral RL. There is a large body of papers studying
provably-sample efficient learning algorithms in discounted MDPs. These papers consider a va-
riety of settings, including the generative setting [27, 21, 1], the offline (or batch) setting [42, 34],
and the online setting [48, 32]. In particular, in the generative setting — which we consider in this
paper — some notable developments include, but not limited to [28, 21, 1, 33, 47, 52, 14, 26]. Among
these, [21, 1, 47, 33, 26] present algorithms, attaining minimax-optimal sample complexity bounds,
although some of these result do not cover the full range of . We also mention a line of work, com-
prising e.g. [40, 46], that investigate discounted RL in the generative setting but under distributional
robustness. Let us also remark that some recent works — notably [56, 57] — study sample complexity
of average-reward MDPs in the generative setting.

Finally, we mention that some studies consider adaptive sampling in the generative setting to account
for the heterogeneity across the various state-action pairs in the MDP; see, e.g., [3, 54]. This line of
works stand in contrast to the papers cited above that strive for optimizing the performance, in the
worst-case sense, via uniformly sampling various state-action pairs.

Risk-sensitive RL. There exists a rich literature on decision making under a risk measure. We
refer to [43, 36, 30] for some developments in bandits, where the performance is assessed via regret.



Extensions to episodic MDPs were pursued in a recent line of work, including [20, 35, 24], which
establish near-optimal guarantees on regret. The two lines of work (on bandits and episodic MDPs)
constitute the majority of work on risk-sensitive RL, thoroughly studying a variety of risk measures
including CVaR, entropic risk, and entropic value-at-risk [2, 49].

Among the various risk measures, CVaR has arguably received a great attention; see, for instance,
[17, 18, 13]. For instance, [18, 13] study episodic RL in the regret setting and present algorithms
with sub-linear regret in tabular MDPs ([18]) and under function approximation ([13]), while [17]
investigates the sample complexity analysis in the generative setting (similar to ours), We also pro-
vide a pointer to some work which deal with a class of measures called coherent risk measures that
include CVaR as a special case. In this category, we refer to, for instance, [51], which studied policy
gradient algorithms, and to [31] that investigates regret minimization in the episodic setting and with
function approximation. In the case of infinite-horizon setting, the entropic risk measure is mostly
considered in the undiscounted (i.e., the average-reward) setting; examples include [11, 39, 37, 38].
In contrast, little attention is paid to the discounted setting, which is mainly due to technical difficul-
ties caused by discounting. The work [22] is among the few papers investigating solving discounted
MDPs under the entropic risk.

Notations. For n € N, let [n] := {1,...,n}. 14 denotes the indicator function of an event
A. Given a set X, A(X) denotes the probability simplex over X'. We use the convention that
I |l := 1 - [l and explicitly use the subscript || - ||, when using p-norms for which 1 < p < co. We
use Z = S x A to denote the set of all state-action pairs.

2 Background

2.1 Markov Decision Processes

We write the 6-tuple M = (S, A, P, R,~, ) as a finite, discounted infinite-horizon Markov decision
process (MDP), where S = {1,2, ..., S} is the finite state space of size S := |S|, A = {1,2,..., A}
is the finite action space of size A := | A|, P : S x A — A(S) is the transition probability function,
R : S x A — [0,1] is the deterministic reward function, v € (0, 1) is the discount factor, and
B # 0 is the risk-parameter. The agent interacts with the MDP M as follows. At the beginning of
the process, M is in some initial state so € S. At each time ¢t > 0, the agent is in state s; € S and
decides on an action a; € A according to some rule. The MDP generates a reward r; := R(s¢, at)
and a next-state s; 1 ~ P(*|s¢, a;). The MDP moves to s;11 when the next time slot begins, and this
process continues ad infinitum. This process yields a growing sequence (s, a;, r¢)¢>0. The agent’s
goal is to maximize an objective function, as function of reward values (7;);>0 in expectation, which
involves the two parameters v and 3; in addition to the discount factor - that makes future rewards
less valuable than the present ones, the risk-parameter 3 quantifies to what degree the agent seeks or
avoids strategies that have more variability in the rewards obtained over time. To concretely define
the objective function of the agent, we shall introduce some necessary concepts.

2.2 Entropic Risk Preferences

The entropic risk preferences can be justified by expected utility theory. Consider for 8 # 0 the

class of utility functions u(t) = 5(1 — e~ 7") defined for ¢ € R. The utility u is supposed to

describe the preferences of some economic agent in the form of how much utility u(¢) she derives
from some monetary quantity ¢ € R. For any bounded random variable X € L*°(Q, F,P), the

certainty equivalent v~ (E[u(X)]) = 71 log(E[e~#X]) expresses the amount of money that would

give the same utility as that of entering in the bet given by the random variable X. We thus define
the functional ®g : L= (2, F,P) — R by

By(X) = —% log(E[e—#X])

We note that there does not seem to be consensus on wether the functional is parametrized with 3
of —f3. We follow this convention considering its widespread use in the actuarial literature [4], but
we remark that some other lines of work appear to prefer the other parametrization. For the case
B — 0, we recover the risk-neutral case that is simply the expectation: limg_,o ®5(X) = E[X]. It



is straightforward to see that ®z admits the following properties:

D3(X) < Ps(Y), forany X <Y, (1
®s(c) =¢, foranyce R, (2)
Ps(X) <E[X], forp >0, 3)
Ps(X) > E[X] forB <0, “)

where properties (3)-(4) follow from Jensen’s inequality. Using ®3 as a measure of the preference
for different random variables, it follows directly from (2)-(4) that ®5(X) < ®z(E[X]) for 8 > 0
and ®5(X) > ®g(E[X]) for § < 0, which shows that 5 > 0 is associated with risk-aversion, while
B < 0is associated with risk-seeking behavior.

Applying risk in a stochastic dynamic process can be done in several ways and is thus more compli-
cated than for a single-period problem. Two approaches to this end exist in the literature. The first
and most intuitive one, which we name the non-recursive approach, is to apply the functional to the
total discounted sum of rewards @4 ( Z;’i o *ytrt), which is well-defined under the bounded rewards
assumption, i.e., 7y € [0, 1] for all ¢. The other approach, which we may call the recursive approach,
works by applying the risk at every step ¢ where we give the details below. The non-recursive
approach is probably most intuitive but has several drawbacks. Even though there is no obvious op-
timality equation for the non-recursive case, a solution to the planning problem has been proposed in
[22]. In comparison, the planning problem is more straightforward with recursive risk-preferences
due to the availability of an optimality equation that allows for simple value-iteration type algo-
rithms. The recursive approach also guarantees the existence of an optimal stationary deterministic
policy whereas with non-recursive risk preferences the optimal policy might not be time-consistent
(see [25]). In this paper, we study the problem with recursive risk-preferences.

2.3 Value Function and Q-function

A bit of notation is required in order to define the state value function V' (henceforth V -function)
and state-action value function @) (henceforth QQ-function) of a policy.

We follow the approach of [4] although as they prove that among all history dependent policies
there exists an optimal stationary policy we will reduce the notation by considering only stationary
policies from the outset.

Letv € R® and 7 : S — A be a stationary deterministic policy. We then define p? : R® — R by
a 1 —pv §l
Ps (U) = _B IOg (JES’NP(-S,a) [6 Ao )]) )

and where we write pT when a = 7(s), that is p7 := pI*). We then define the operator .J, :
R — RS given by J,(v)(s) = r(s,7(s)) + vpT (v). The N-step total discounted utility Jy (s, )
is defined as applying J, recursively N-times to the O-map, that is Jy(s,7) := J~(0)(s). Note
that the outer-most iteration corresponds to the immediate time-step. By properties (1) — (2) of
® it follows that Jy (s, ) is increasing in N and that Jy (s, m) < ﬁ so the N — oo limit
exists and this limit is considered the value of state s under the policy 7 of the agent: V™ (s) =
limy 00 JN (8, 7).

The problem of the agent is then for all initial states s € S to find a policy 7* that solves J(s, 7*) =
sup, J(s, 7). In [4] the authors consider a more general framework than is not restricted to finite
MDPs or stationary policies but they prove that under some conditions (that are trivially fulfilled in
the case of finite MDPs) there exists a stationary policy 7* that maximizes the state-value function
for all states s € S simultaneously. The authors only prove this in the risk-averse case 5 > 0 but
the proof carries over verbatim in the case of 5 < 0. They also show that any optimal policy 7* that
solves the agent satisfies the optimality equation

V*(s) = max <R(s,a) - %log (ES/NP(‘|S7G) [eﬁv*(s’)o) (6)

acA
where V'* is the optimal V -function.

Also for any stationary deterministic policy 7 we have the Bellman recursion:

V7(s) = R(s,m(s)) - %log <E5/~P<<|s,ﬂ<s>>[e_ﬁvﬂ(s/)o (7)
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Since we are not interested only in the planning problem but that of learning, we also introduce the
state-action value function (). The approach is very similar to that of the value-function. Given
7, we define the operator L, : RS — R5*4 as follows: for all v : S — R, L. (v)(s,a) =
R(s,m(s)) + vpT (v). Further, we define the operator L : RS — R*4 forallv : S — R as:
L(v)(s,a) = R(s,a) +vp%(v) We define the N-step total discounted utility of the state-action pair
(s,a) under 7 as L (s,a,m) := (Lo JN=1(0))(s, a) and the limit is denoted Q™ (s, a): Q™ (s, a) =
limy 00 L (8,a,m). Although the authors do not consider state-action value functions in their
paper, repeating the arguments of [4] it suffices to consider stationary policies when wanting to
solve max, Q7 (s, a) for all (s,a) and that the solution Q* solves the optimality equation

Q*(Sv (LL) = R(Sa a) - % IOg <]ES'NP('S,CL) [67{3 eXat Q*(s',a')}> 3
Similarly it is clear that the Q-functions satisfy the Bellman recursion relations
T Y — (s
Q"(s,a) = R(s,a) = glog (Bgnpisale™ ")) ©

2.4 Learning Performance

We consider two types of RL algorithms I/, namely those that output a Q-function Q% : S x A — R
and those that output a policy 7% : S — A using T transition samples. Note that any algorithm that
outputs a @-function also outputs a policy, namely the one obtained by acting greedy with respect
to the (Q-function. There are also ways to obtain a @)-function from a policy. There is however

no canonical way to do this as the algorithm cannot simply output Q”u since the algorithm does
not have access to the true MDP. The way we evaluate the quality of an algorithm that outputs a
Q-function is by ||@* — Q% ||. For algorithms that instead outputs a policy we evaluate the policy in

terms of |V* — VT ||I. Often we will suppress 1" from the notation.

Definition 1 ((¢, §)-correctness). We say that a algorithm U that outputs a Q-function Q% is (&, )-
correct on a set of MDPs MLif P(||Q* — QY| < €) > 1 —§ for all M € M. Similarly we say that an
algorithm U that outputs a policy T is is (¢, 8)-correct on a set of MDPs M if P(||V* — y | <
€) >1—0forall M € M.

3 Model-Based Risk-Sensitive Q-Value Iteration

In this section we describe the model-based value iteration algorithm which aims at finding the
optimal @-function Q*. We then give an upper bound on the total number of calls to the gen-
erative model needed in order for this algorithm to be (e,d)—correct. The model based ap-
proach is based on working on a model MDP which can disagree with the true MDP because it
does not use the true transition probabilities but an estimate of the transition functions obtained
from n calls to each of the state-action pairs in S x A as described in the algorithm below.

Algorithm 1: Model estimation

Input: Generative model P
Output: Model estimate P
Function EstimateModel (n):
V(s,z) €S xZ:m(s,z) =0
for each z € Z do
fori=1,2,...,ndo
s~ P([z)
m(s,z) :=m(s,z) +1
end
VseS: P(s,z) = L(fb’z)
end

return P

The model-based approach we describe is general in the sense that any oracle that for any £ > 0 can
find an e-optimal policy can be used. We prove the existence of one such oracle in the form of a
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(Q-value iteration very like the one from the classical risk-neutral setting. The proof is very similar
to Part (a) in Theorem 3.1 in [4] but is nevertheless provided in Appendix B.

Lemma 1 (Q-value iteration). Fix a map m : A — S. We then define the operators T™,T :
RS*A — RS*A which for f + S x A — R is given by

(Tf)(s7 a/) = R(S a + — log <ZP ‘S a —B max,s .f(s/7a/)>

(T™f)(s,a) = R(s,a) + —? log (; P(s'|s, a)e—ﬂf(s’nr(s’))>

The operators T, T™ are ~y-contractions with respect to the max-norm, i.e. for value-functions fy

and fa it holds that | T f1 — T fol| < yllfr — foll and | T fr = T7 fol| < 7llf1 — fal.-

The above lemma is the basis for the Q-value iteration algorithm:

Algorithm 2: RS-QVI(M, k)

Input: MDP M = (S, A, P, R,~, ) and number of iterations k.
Output: Estimate (), of optimal Q-function Q*

Initialization: V(s,a) set Q(s,a) =0
forj =0,1,....k—1do
for all s € S do
mi(s) = argmax,c 4 Q; (s, a)
foralla € Ado
TQj(s,a) = R(s,a) — 310g(Earp(|s,a)[e 757 ()])
Qj+1(s,a) =TQ;(s,a)
end
end
end

Vs € §:mi(s) = argmaxee 4 Qi (s, a)
return (); and 7,

The next lemma shows that if we choose k large enough in the RS-QVI algorithm, we can obtain
Q) and V7* that are as close to Q* and V* as we desire. The proof is postponed to Appendix B.

Lemma 2. Fix ¢ > 0. Then there exists some k() such that if the number of iterations in RS-QVI
uses more than k() iterations then, the output of the Algorithm 2 (RS-QVI) satisfies ||Qr — Q*|| < &
and ||[V™ —V*|| < e

Using Algorlthm 2, we introduce the MB-RS-QVI algorithm, which consists in building an em-

pirical model M = (S, A, P R,~, ) via calling the generative model n times — namely, P =
EstimateModel(n) —and then solving it via RS-QVL

3.1 Analysis of MB-RS-QVI

With RS-QVI in place we need a set of lemmas for the analysis of the sample-complexity of the
model based RS-QVI algorithm.

An important result for the analysis is a risk-sensitive version of the simulation lemma [29, 48],
which describes how different two Q-functions for the same policy are in two different MDPs that
differ only slightly in their rewards and transition functions. The proof is postponed to Appendix B.

Lemma 3 (Simulation Lemma with Entropic Risk). Consider two MDPs M; = (S, A, P1, R, ~, 3)
and My = (S, A, P2, R,v, ) differing only in their transition functions. Fix a stationary pol-
icy m, and let QT and QF be respective the corresponding Q-functions of w in My and M. If
max (s q)esxA ||Pi(-|s,a) — Pa(-|s,a)l|1 < 7. Then, it holds that

1811
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Qi < ——
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IV =Vl < QT -



It then follows that if for some & > 0 it holds that max(s s)esxa [|Pi(-|s,a) — Pa(:[s,a)|1 <

5177” Ble 1 |75, then |QT — QF || < e. Using the decompositions from Lemma 5 we get for any
s € S that

VT (s) 2 Vi (s) = [V = V| = [V = V*| = [V = V| (10)

and similarly we get for any state-action pair (s,a) € S x A that

Qr(s,a) > Q*(s,a) — Q™ — Q*| - |Qr — Q*| (11)

The last of the distances on the right-hand side of (10) and (11) can be made arbitrarily small by any
optimization oracle for the problem. One such is value-iteration using the model MDP as demon-
strated by Lemma 2. Making these terms small enough is thus purely a computational matter and
not a statistical one. We thus focus on bounding the remaining distances on the right-hand sides.

S+log(S4)
=3—3

Lemma 4. Fix 7 > 0. If every state-action pair has been tried at least m times, then

it holds that max, qy || P(-|s,a) — P(|s,a)||1 < 7 with probability at least 1 — 6.

Proof. Using the Weissman inequality [53], any confidence interval for a state-action pair that have
been tried m times have size 21/2[log(25 — 2) — log(6p)]/m. Setting this size to be smaller than 7
and solving for m, we find that

(1og(25 —9)— 1og(5p)) . (12)

Noting that 8(S + log(1/6p)) /7% > 8[log(2% — 2) — log(dp)]/72 and substituting 6p = <5,
the result follows by the union bound since each of the S A confidence balls contain P(-|s, a) with
probability at least 1 — 6.

Theorem 1. There exist a universal constant ¢ such that for any € > 0,6 € (0, 1) and any MDP M
with S states and A actions if the learner is allowed to make

SA(S +log(54/9)) 2Pl
e2(1—9)? |82
calls to the generative model then P(||Q* — Q|| <e) >1-14§

T= (13)

Proof. For any € > 0, we can get ||Qy — Q* || < &/2 using enough iterations of the optimization
oracle by Lemma 2. The term ||Q™ — Q*|| can also be made smaller than /2 by the simulation

1
~ 18125
lemma if max, o) || P(-|s,a)—P(:|s,a)|l1 < T where T = ;[1176 |/31\ ”] which can be ensured

(SA
with probability larger than 1 — § by picking m = 8%2(5). Using that the total calls to the

generative model is T = S Am and substituting in the value for 7 we can ensure for all (s, a) that
Q7 (s,a) > Q*(s,a) — € with probability larger than 1 — d by using a total number of samples

SA SA  Ples
resls e (F)|an—

O

Theorem 2. There exist a universal constant c such that for any € > 0,6 € (0, 1) and any MDP M
with S states and A actions if the learner is allowed to make

SA(S + log(SA/5)) 2Pl
e2(1—7)? 16/2

calls to the generative model then P(||[V* — V|| <) > 1—6.

T=c

15)



Proof. By Lemma 2 we can pick k large enough so that |[V™ — V*|| < ¢/3. The two terms
|[V™ — V7| and |[V™ — V*|| can simultaneously be made smaller than /3 by sampling each

S+log(54) 18l1= -t
state-action pair m = 8% times where 7 = £ [13'7 £ 3] = } such that if we sample
SA sS4 Pl
T=72{5+1 — 16
js+105 (%) | 2o 1o

times in total, then we can ensure that for all s simultaneously it holds that V™ (s) > V* —e. O

Remark 1. The overall proof technique for the upper bounds can also be used to derive upper
bounds in the risk-neutral case by using the classical simulation lemma [29]. Doing this will how-
ever yield a suboptimal upper bound. State-of-the-art techniques for proving optimal upper bounds
in the risk-neutral case are however critically exploiting linearity of the expectation operator and
are thus not readily available in the risk-sensitive case due to the non-linearity of the entropic risk
measure.

4 Sample Complexity Lower Bounds

In this section, we provide two sample complexity lower bounds. The first one, presented in The-
orem 3, concerns the sample complexity of learning the optimal ()-value function Q*, whereas the
second one, in Theorem 4, is on learning an optimal policy 7*. The proofs are both postponed to
Appendix D.

Theorem 3 (Lower bound for learning Q*). There exist constants c1,co > 0 such that for any RL

1
algorithm U that outputs a Q-function Q" and any § € (0, %) and € € (0, ﬁ‘%‘(l — e_lﬁlﬁ)),
the following holds: if the total number T’ of transitions satisfies

SAY? (7175 —3) | (54
— 12 ‘6|2 20 ’

then there is some MDP M with S states and A actions for which P(||Q%; — Q4| > ¢) > 6

Theorem 4 (Lower bound for learning 7*). There exist constants cy,co > 0 such that for any RL

1
algorithm U that outputs a policy Q" and any § € (0, i) ande € (0, ﬁ(l — e_mlﬁ)), it holds
that if the total number T’ of transitions satisfies

2 (Bl _
SAy* (e 3) log( S >7

T e? |6)2 20

625
then there is some MDP M with S states and A actions for which P(||V3; — V|| > ) > 6.

L
50

The lower bounds in Theorems 3-4 establish that an exponential dependence of the sample complex-
1
ity on the effective horizon ﬁ; more precisely, they assert that a scaling of ¢/?17= is unavoidable

in both -learning and policy-learning. Recalling the sample complexity bounds of MB-RS-QVI
(Theorems 1-2), we observe a similar exponential dependence. However, there remains a gap of

1 18l
order elT=+,
(1-)2

This remains as an interesting open question as to whether closing this gap
can be done via a more elegant analysis of MB-RS-QVI or it calls for more novel algorithmic ideas.

The proofs of lower bounds are given in Section D in the appendix, but we briefly sketch below
the ideas here for the case where the algorithm outputs a ()-function; the other case is proven using
quite similar ideas.

We consider a class of hard-to-learn MDPs, admitting a structure similar to that used in the lower
bound derivation of [5]. In such MDPs, the state-action pairs are organized into triplets {20, 2%, 28},
where 2@ yields a reward of 1, z? yields a reward of 0, and both z& and 2 are absorbing. In z,
the reward is also zero and the transition function satisfies P(2%|2°) = g and P(2?|2°) = 1 —g, for
some ¢ > 0. This construction critically allows us to calculate explicitly Q* (=) for a given parameter



q and for two different MDPs M, M; in the class where gy = p and ¢; = p + « for appropriately
chosen values of p and o we are able to ensure that Q7 (2) — Q3 (2) > 2¢ which means that

any specific algorithmic output Q(z) cannot be e-close to both Q3 (2) and Q3 (2). We then
show by a likelihood ratio argument that any algorithm I/ that is (e, §)-correct on My, i.e. that
Po(|Q3, (2) —QY(2)| <€) > 6, will also satisfy that Py (| Q3 (2) —QY(2)| < &) > 6 provided that
the algorithm does not try out z enough times on M and exactly because Q3 (2) — Q3 (2) > 2e,

the event {|Q3,, (2) —QY(z)| < e} is disjoint from the event on being e-close to Q3 . The final part
of the proof is to exploit that the different triplets of state-action pairs contain no information about
each other which allows for an independence argument for the estimation of Q¥ (z) and Q¥ (') for
z # Z'. While doing this analysis, we fix an inaccuracy in the proof of Lemma 17 in [21] that arises
where they lower-bound the likelihood ratio of two Bernoulli random variables with biases p > %

and p + « on a high probability event. We also mention that we extend the result to hold for p < %

Remark 2. It is worth remarking that the best lower bound in the risk-neutral setting is derived in
[21] using a richer construction than above. However, with a risk-sensitive learning objective, the
optimal state-action value function in the construction of [21] does not admit an analytical solution,
which is needed for the delicate tuning of the transition probabilities.

5 Conclusion and Future Works

We have studied the sample-complexity of learning the optimal @)-function and that of learning an
optimal policy in finite discounted MDPs, where the agent has recursive risk-preferences given by
the entropic risk measure and has access to a generative model. We introduced an algorithm, called
MB-RS-QVI, and derived PAC-type bounds on its sample complexity for both learning which have
derived bounds from analyzing the MB-RS-QVI algorithm that uses the model given by the plug-
in estimator from samples generated by a simulator. We also derive lower bounds that show that

dependence on e/l is unavoidable in both cases. The bounds that we derive on the sample
complexity of learning the optimal ()-value are of order

SA Pl SA elBli=
2(1-7)2 |BP )7 (Ezmg log(SA/(S)) a7

while the bounds we derive on the sample complexity of learning an optimal policy are of order

SA e2mﬂw> <SAeWhH
, — ————log(5/4 ) (18)
212 | EN T
These constitute the first bounds, to our knowledge, on the sample complexities of entropic risk-
sensitive agents in the discounted MDP setting. The upper and lower bounds derived in this paper

0 ((s + log(SA/8))

oOs+mg&M®)

leave open gaps of sizes, at most, %WEW |7 . Since the constructions in the lower bounds are

not the ones used in the tightest lower bounds derived in the risk-neutral setting, one possibility
is that the lower bounds can be improved by considering a more carefully chosen set of hard-to-
learn MDPs with the challenge being to control the gap in V-values or ()-values under different
parameters. Also since the plugin-estimator model-based QVI algorithm is provably optimal in the
risk-neutral setting, we believe that this might also be the case for risk-sensitive agents but that more
tools are needed to develop a more careful analysis. Another future direction is that of developing
model-free algorithms for this setting and analyzing their statistical efficiency. Another interesting
research direction is to consider function approximation, as in [55]. As other future directions,
one may consider more complicated RL settings such as offline RL [42], where data is collected
under a fixed (but unknown) behavior policy, and online RL [48, 32], where the agent’s learned
policy impacts the data collection process. And finally one may also consider the problem where
the learner have non-recursive risk-preferences instead.
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A Technical Lemmas
Recall that Q) is the Q-function output by the algorithm after % iterations, 7y is the greedy policy
with respect to (i, and that 7* is an optimal policy of the true MDP M.

The first lemma establishes a decomposition result for MB-RS-QVI, whose proof follows very sim-
ilar lines to the proof of Lemma 3 in [1].

Lemma 5. For any state-action pair (s,a) € S x A,

Q(s,0) > Q*(s,0) = |Qx — Q| = 1@ = Q.
Further, for any state s € S,
VT (s) 2 Q7(s) — [V = V|| — [V = V*| = [V = V7.

Proof. For any (s,a) € S x A, we have
Qu(s,a) — Q*(s,a) = Qu(s,a) — Q*(s,a) + Q*(s,a) — Q*(s,a)

> Qr(s,a) — Q*(s,0) + Q™ (s,a) — Q"(s,a)
> —Qk — Q%[ - Q™ — Q|
Similarly, for any s € S, we have
V™ (s) — V*(s) = V™ (s) — V™ (s) + VT (s) — V*(s) + V*(s) — V*(s)
> V7 (s) = V™ (s) + V™ (s) = V*(s) + V™ (s) = V*(s)
> — |V — V| = [V =V = [V =V
and the lemma follows. O

Next, we present two lemmas that collect a few useful inequalities. Some of these may be standard
results, but for concreteness, we collect them here.

Lemma 6. It holds that

log(l1—z)> -z — 2%+ a3 vz € [0, é]
log(l — ) > —z — 2z YV € [0, %]
log(1+x) >z — 2? YV € [0,00)
log(1+x) > g Vo € [0,1].

Proof. We only prove the first claim, as the rest could be proven using the technique after some
elementary calculations.

Let f(x) = (1 — z) and g(x) = —x — 22 + 2. It holds that f(0) = ¢(0), and since we have
f'(x) = -2 and ¢'(z) = —1 — 2z + 322, it follows easily that

1—x
fl(x) > ¢ (z) & 0 < x(1 -5z + 327%)

where the inequality is satisfied for all x € [0, ‘r)*cfm] C [o, %] The result then follows from the

fundamental theorem of calculus. O

Lemma 7. Let o > 1. For any x € [0, 1], it holds that
T
1-(1—-2)*>—.
(1-a) > &
Proof. Define f(z) =1— (1 —)* — . Since f(z) = —a(a —1)(1 —x)*2 <0, f is strictly
concave. Further, since f(0) =0and f(1) =1(1—1)*> 1 -1 >0, fis positive on the interval

[0, é] and the result follows. O
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B Analysis of MB-RS-QVI: Missing Proofs

B.1 Proof of Lemma 1
Proof. We only give the proof for 7 as the claim for 7™ could be proven using extremely similar
lines.

Consider two maps Q : R4 — RS*4 and W : R4 — RS*4 and let Q' = 7Q and
" = TW be their respective T -transforms. Let (s, a) be any pair such that |Q'(s,a) —W'(s,a)| =
|Q" — W’| o, and assume without loss of generality that Q' (s,a) > W'(s,a). Further, define

Vi(s):= max Q(s,a), X(s) := max W(s,a).

Assuming that 8 > 0 (the case 8 < 0 is completely similar), we then have
1Q' = W' = Q'(s,a) — W'(s,0)

T / BV(S’)> 7 < / BX(S’)>
lo P(s'|s,a)e + =1lo P(s'|s,a)e
3 2 < ES’ (s'ls,a) 3 g ES, (s'ls,a)

7 Yoo P(s]s,a)e” BX(s")
= — 10
B & Yoo P(s|s,a)e PV
74 S, P(s']s, a)e AV (HHBV (=X (s1)
N 5 ( S, P(s']s,a)e=BV() )
< Dlog M. P(s']s,a)e PV )+/3||‘//—X|\x
B S, P(s'|s,a)e=BV ()
_ 1 ( BIvV— xn)
= 'yIIV - X|
<AIQ - W,
and the lemma follows. -

B.2 Proof of Lemma 2

Proof. By Lemma 1, we have that 7 is a y-contraction and that Q™ is its unique fixed point. We
thus have |Qr — Q*|| = |TQr—1 — TQ*|| < 7||Qk—1 — Q*||. Applying this inequality k times
yields

1Qk = Q" <A*1Q0 - Q7| < ———

: log( —+—
Solving % for k, we get that if & > %, then ||Qr — Q|| < &, thus proving the first claim.

To show the other claim, we start by noting that ||[V™ — V*|| < |[|@™ — Q*||. Note also that by
design we have that 77 Q™ = Q™ and that T Q; = 7™ Q. Thus,

QT — Q| < 1Q™ — Qkll + 1Qr — Q7. (19)
The first term in the right-hand side is bounded as follows:
Q™ — Qxll = IT™ Q™ — Qx|
<7TQR™ — TQk| + [ITQk — Qxll
=T™Q™ = T™ Qx| + [ITQk = TQr—|
SANQ™ = Qrll + 7@k — Qr—1ll,

which means that

™ B
B <1 09, - < <1 20
1Q™ — Qull = § _,yHQk Qi1 ||Q1 Qoll < e (20
log(—2—
The proof is completed by observing that picking k& > % implies |[V™ — V*|| <e. O
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B.3 Proof of Lemma 3
Proof. We report the proof in the case 8 > 0, as the other case is proven using completely similar
lines.
Since the policy 7 is fixed, we omit it from the notation. Let (s, a) be a state-action pair that satisfies
Q1 — Q2| = |Q1(s,a) — Q2(s, a)| and without loss of generality that Q1 (s, a) > Q2(s,a). Then,

5o Pals']s,a)e= 120

> Pi(s]s, a)e PV

Zs’ P2( ’|S7a)e BVi(s )+ﬁ(V2(S/)—V1(S/))
( . Ao
< In Bl‘vl Vol Zs/ Pz( /‘S a) —BVi(s")
> Zs’ Pl( /‘8 CL) —BVi(s")

>y Pals']s, a)e P
S Pr(s/ls, a)e )
lln 1+ Y Pa(s'ls,a)e™PVED — 57 Py(s']s, a)e V()
p 2 Pils ’Isaa) —Avile)
¥ 2y Pas'ls,a)e” VD — 5 Pi(s]s, a)em VD
Yo Pi(s]s,a)e=BVa(s)
gl Z [Pao(s']s,a) = Pi(s']s, a)]le P11 ()
e BT
1

<@ - Q2 + Eeﬁlﬂ Y 1Pa(s]s,a) = Pi(s]s,a)

Q1 — Q2| =

Q\«é Q\«% Q\«é

=|Vi = Vo +

<HQ1 — Q2 +

<A)1Q1 — Q2| ‘|‘

<A)1Q1 — Q2| +

_1
<AQ1 — Q2 + %6/31”7-

Rearranging the terms yields the asserted result:

v e
Q1 — Q2 < 1~
-7

C Lower Bound on Bernoulli Likelihood Ratio

In this section, we revisit and develop a technical result that bounds the likelihood ratio of two
samples under different hypotheses on a high probability event. Parts of the proof closely resembles
parts of Lemma 17 in [21]; however, we stress that our treatment fixes an error in the proof, which
however requires slightly stronger assumptions than those imposed in [21]. In addition, while the
result in [21] only considers p > %, ours deal with both cases of p > % and p < %

Letp € (0,1) and p = max{p,1 — p}. Leta € (0, lgﬁ]. Consider two coins (Bernoulli random
variables), one with bias ¢ = p and one with bias ¢ = p+ «. We name the two statistical hypotheses
Hy:q=pand H; : q=p+ a.

Let W be the outcome of flipping one of the coins ¢ times and the associated likelihood function
under hypothesis m as

Ly (w) =P, (W = w) (21

for hypothesis H,, with m € {0,1} and for every possible history of outcomes w, and where
P,,(W = w) denotes the probability of observing the history w under the hypothesis H,,. The
likelihood function defines a random variable L,,, (W), where W is the stochastic process of realized
coin tosses.
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Lett € Nand € = exp ( — o’ ) Let k be the number of successes in the ¢ trials and

p(1-p)
S t—k if p <

SIS NI

Finally, we define the event £ as

£= {ﬁt k< \/2p(1 -p) log(;z)}’

where co > 2 is any constant.

Theorem 5. For ¢; = 32, it holds that T-331s > 1.

Proof. We distinguish two cases depending on the value of p.

Casel: p > % The likelihood ratio can be written as

EW) )l -p—a)F ( a>k<1 - a)t—k

w) pF(L—p)t=F

a\” o k2 o t—k
=(1+4— 1— —— 1— —— )
( p)( 1—p) ( 1—19)

We start by bounding the second factor using thatlog(1 —z) > —z — %+ forz € [0, 1] (Lemma
6) and that exp(x) > 1 +  for all 2 along with our assumption that o« < l%p:

l=p 1 2 3
« P —Dp «Q a Q
12 (S )
< 1—p> P I-p (1-p? (1-pp?
_ 2 3
21_1 p| « « - o 3]
p |1-p (1-p?2 (1-p)
_1 g 0[2 OL3
p p(l—p) p(l-p)?
1_0& a2 043
- p p(l—p) p*(1-p)

2
-(-)-5)
P p(1—p)
where we have used thatp > 1 — p.
Using this along with the fact that k < ¢ and p > 1 — p, it follows that

7 2 (1 - Z)k(l - p<1a2 p>>k (1 - 1ap)
o2 2k o t—%
2<1_p(1—p)> (1_1—p>
o2 2t o t—k
><1_p(1—p)> (1_1—p> '

Note that we have a? < (lgg’)z < p_p) < PUP) Using this and the fact that log(1 — x) > —2a

for z € [0, 3], we obtain
1-— 2 ) >exp —at—2
( p(1—p) p(1—p)

4

— fa

4
(29) Cl
2 - )
C2
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where we have used that % > 1.

Now on the event £, we have that t — £ </ 21;”tlog(§—§). Using this along with the fact that
p p

% log(53) < p(j‘iz_tp), which follows since

log(g) = log (CQ exp {Clazt D <log (exp [ cra’t D = cia’t
20 2 p(1-p)]) ~ p(1—p) p(1—p)’

we obtain that
t—k =Ltlog(ca/(26))
i) 2125
1-p 1-p
1 _
> oxp (20 2L togtea/20) )

~ exp ( - m\/ p(cf_t . 1og<C2/<ze>>)

Putting these together, we see that

Li(W) (29> N T
¢ “v

Ly(W)
so that choosing ¢; = 32 yields the claimed result:
Ly(W) 20

1le > —1¢.
LQ(W) 5782 €

157
C2

Case2: p < % Define m = t — k, which is now the number of failed coin flips. Hence,

Liw) (Q-p-—a)"(p+a)™™ _ (1 a )m (1 . a)ﬁ—rn

Lo(W) ~ (1 —p)mpt—m 1-p

m mty -1
:G—a> Q+a> G+a> .
1-p D D

Again, using exp(1 + z) > x for all z € R and using that log(1 + z) > x — 2% for all x > 0, we

get that
= 2
(1+5) 2o (5[5 - )
P l—plp »

>14 -2 a
- 1-p p(l-p)

« a2 a3
>14+

(+5) (5 )

Using this along with the fact that (1 — p) > p and m < ¢, we have

mim > (1w 5m) () ()

() (-5)

fn

-Pp



Again, using log(1 — z) > —2z for z € [0, 5], we get that

On the event £, we have that ¢t — % < 2{”—“2 log(5%). Using this along with the fact that

2
% log(53) < (ﬁ‘ijp), we get on the event & that

t— 12 22-tlog(£2)
()20
p p

We thus get the desired result for ¢; = 32:
Ly(W 20\ v T ver 20
i )1£>15<> ' 1>15<>~
Lo(W) C2 C2

D Proofs of Lower Bounds

D.1 Lower Bound for Q-value Learning

For a lower bound we let us inspire by the class of MDPs used in [5] where each MDP is of
size SA = 3n for some n € N and where each MDP consists of n triplets of state-action pairs
{2928, 2P} where the transition from z{ to 2& is given by P(2¢|2Y) = ¢; and the transition from
29 to 2P is given by P(2P|29) = 1—¢q;. Both z¢ and 2 are absorbing and the reward is 1 in 2" and
0 in both z? and zZB. For all three types of state-actions we can explicitly calculate the state-action
value-functions

- _R_1
Q(z?) = % log(gie s 41— )
1

Gy _
Q=) =0
forall+ = 1,...,n. Denote the collection of all such MDPs by M.

Fix a triplet with index i and consider the two hypotheses H{ : ¢; = p and H? : ¢; = p + o where p
and « are given by

{l—eﬁllv for 3 >0
p:

eIl forf <0
and
1
a = 85@ T
v el 1



for any ¢ in the range

We use M to denote an MDP where H, 8 holds for our fixed triplet, and M to denote an MDP where
instead H} holds and Eq and Py as the expectations operator and probability operator under H} and
similarly E; and IP; under H{. Fix any (e, §)-correct Q-algorithm /. We start by showing that with
these parameter we have that Q3 (z)) — Q3. (2)) > 2e, which we do by casing on the sign of {3 :

Case 1: 5 < 0. In thiscasep = ¢~ P15 . We then have

‘ﬁl]_—y_i_ — —
p-l—Oze p
QM](’L) ;MO( ) /7; <( e) Il*Y—f— - >

= llog <1 + —a(elﬁl‘ﬁ —1) )
18] pelfl = 11— p
v a fles -1)

2 512 g 11

T o Bl
> ——— (e —1
B )

= 2¢,

where we have used that p = e 1#/7= and the fact that log(1 +x) > 5 forx € [0,1].

Case 2: 8 > 0. The case for 5 > 0 is similar, although in this case we have p = 1 — e P15 and
use the inequality log(1 + x) < z for all z > —1 to get that

* * Y (p+0()€75ﬁ+1—p—05
Qi (o) = Qi (o) = ~ 3o
M Mo B pe_ﬁﬁ—i—l—p
B
gl a(l —e 717)
=—log|ll- ——m——
s )

1fp+p6_ﬂﬁ

~ a(l—e_ﬂl—u))
= Jyg (1227 ¢ 1)
B Og( (1—p)e s

In particular this means that the events By := {|Q},, (27) — QY (z))| < e} and By := {|Q},, () —
QY (2?)| < €} are disjoint events Let ¢ be the number of times the algorithm tries z0. Since U is
(e, d)-correct it holds that Py(By) > 1— 6 > %.

Let k be the number of transitions from z{ to z& in the t trials. We then define k,pand 6 by

LV
t—k ifp<s
32a%t
f:=exp(— ——
( p(l—p))
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p = max{p,1 - p}

and the event

£ = {ﬁt —k< \/2p(1 —p)ﬂog(fe)}

for which we have Py(€) > 2 by Lemma 16 in [21] and thus Po(By N €) > 1. Now by theorem 5
we get that

L 0 0 0
P1(Bo) > P1(BoNE) =Eyflelp,] = Eo [L(l)lngD] > ZEO[lé‘lBO] = Z]P’o(gm By) > 3

Solving for ¢ in % > § we find

p(1 —p) 1
t log(—
< a2 loelgg)
and since
_ _1 _ _1
pl-p) _ e PIr5(— ‘5‘1—7)(6\B|ﬁ _1)2
a2 182 642
N ,YQ elﬂlﬁ —3
T 64e2 |BJ2

we conclude that if the algorithm I/ tries the state-action pair 2! less than

2 18l =
N ~ elPli— — 3 1
T(e,0) := log(—
(&:9) = ousz 1 °8(55)

times under the hypothesis H} then P;(Bg) > § and By C Bf.

Next we use the fact that the structure of the MDPs is such that information on the (-value of any
state-action pair carries no information on the (J-values of any other state-action pair.

If the number of total transition samples is less than gf(s, 5) = %T(a, 0) there must be at least
one n/2 state-action pairs in the set {z?}?_; that has been tried no more than 7'(¢, §) times which

without loss of generality we might assume are the state-action pairs { Z?}L/f

Let T; be the number of times the algorithm has tried z? for i < n/2 Due to the structure of the
MDPs in M it is sufficient to consider only the algorithms that yields an estimate of Q% based on
samples from 2!
Thus by defining the events A; := {|Q},, (2)) — Q% (2))| > e} we have that A; and A; are
conditionally independent given T; and T};. We then have

Py({AShi<icnse VT < T(e,6) hcicns2)

T(e,5) T (e,6)
= Z Z Pi({T; = ti}1<i<n/2)P1({A§ hi<i<n/2 T = titi<i<n/2)

t1=0 tn/2=0

since any other samples can yield no information on Q*(2?)

= Z Z Pl({Ti:ti}lgignﬂ) H Pl(Afm{ﬂ:tz})

t1=0 tn/2=0 1<i<n/2

— Z o Py({T; = ti}1<i<ny2)(1 — 5)n/2

t1=0 tn/2=0

where we have used the law of total probability from line one to two and from two to three follows
from independence. We now have directly that

P1({ASH<icn/2 {Ti < T(e,0) hiicny2) < (1—0)%
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Thus, if the total number of transitions 7 is less than %T(s, d), then

PulQ - Q> = | AG)

ZESXA
=1-P < N Af)
1<i<n/2
>1-Pi({A{h<i<n/2{T:, < T(e, 0) bi<i<ng2)
>1—(1—6)"/?
on
- 4 9
when 64 < 1 by Lemma 7. By setting 6’ = §% we obtain the result. This shows that if the number
of samples is smaller than

_ 54 fewlﬁ*?’ o (%
T 122882 B2 '326

) (22)

on the MDP corresponding to the hypothesis Hy : { Hj|1 < i < n} itholds that Py (||Q},, — Q% >
g)>¢

D.2 Lower Bound for Policy Learning

We consider a class of MDPs M of the following form: The state space S is of size 3n for some
neN labelled 8 {s9,5¢ sByn_ | and A + 1 actions labelled A = {ag,a, ..., a4 }. For any i the

172’1

states s& and s are absorbing. Otherwise we have P(s¢|s¥,a;) = ¢; and P(sP|s?,a;) =1 — g,

Also 7(s,a;) = 1 for all i and j, and rewards are zero for all other state-action pairs. From the
state s? with probabilities that depend on the action taken the agent will then end up in either a
good state s which is absorbing and yields the maximal unit reward or in the bad state s® which
is also absorbmg but which yields no reward. The different MDPs thus differ only in their trans1t10n
probabilities in the choice states s.

Fix anindex 1 < ¢ < n. We then consider the following set of possible parameters called hypotheses
H},1€{0,1,2,..., A} given by
H (s, a0) =p+a q(sf,a) = pfora # ag
Hy q(s?,a0) =p+a q(sy,a) = pfor a ¢ {ao, 1} q(s?, ) = p+2a,
where p and « are given by
b= 1—e P B8>0
e—\/ﬁlﬁ B <0
_SBl e
v el 7

where we allow for

0<e< 1 (1—ePITs),

50141
. —18l 25
which ensures that o < £ .
Consider a fixed hypothesis H; for some [ # 0 and the sub-MDP that only consists of the states
59, s sB. Here the optimal action is a* = a;, the second best action is aq and all other actions are

even worse so the value-error over all states in the triplet for any suboptimal choice of actions will
be at least as large as V*(s¢) — VO(s¢) where V0 is the value by choosing a = 0. We now show

that any non-optimal action is e-bad on SZC
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Case 1: 5 > 0.

_’ylog((p+2oz)6_ﬂllv +1p2a>

B (p—&-a)e_ﬁﬁ—i-l—p—a
-8
—y 1—e "1
zlog(l—a . . )
5 pe P 41 —p—a(l—eP7)
l—efﬁﬁ
>1 1 ;
B pe_ﬁﬁ—l—l—p—a(l—e_ﬁﬁ)
ol 1—e P
DL o —
Bope P +1-p
¥ 1—e Py
= ——QQ—
B (1+p)eiﬁﬁ
¥ 1—e P17
lo—"
=B e
:%a(l—e_ﬁﬁ)
> €,

where we have used log(1 4+ z) > z for z € (—1,00) \ {0}.

Case2: 5 < 0.

Bl 1
V*(SZO)—VO(SZO): i log (p+20[)€ i +1—-—p— 2«
1Bl=
B (p+a)e”' =7 +1-—p—«

~y e|f3\ﬁ_1
zlog(l—i—a )

1B pe_ﬂﬁ_kl_p_’_a(e\/ﬂﬁ_l)
v e‘mﬁ -1
> —« T .
2|8 pefﬁﬁ +1 _p+a(e\ﬁlﬁ —1)
y Bl 1
> —a .
2|B] QJra(elB\ﬁ —1)
v Bl 1
>
28" 2+ 15
5 7 18]
— —a(e'T=7 — 1
2175 )
> e,

where we have used log(1 4 ) > § for z € (0, 1).

Now haven shown that all non-optimal actions are e-bad, we wish to show that any algorithm that
is (g, d)-correct on H{, i.e. choosing the action ag with probability at least 1 — 4, will also have a
probability of choosing ag on H] that is larger than & provided that q; is not tried sufficiently many
times under H{.

Let P, and E,; denote the probability operator and expectation operator under the hypothesis H;.
Let t := ¢! be the number of times the algorithm tries action [ in s¢ under Hy. Assuming that
§ € (0,1) and using that the algorithm is (e, §)-correct we have that Py(B) > 1 — 6 > 2 where
B = {7%(s?) = ag} is the event that the algorithm outputs the action a.
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Let § = exp ( — 32¢°L) Fix some ¢ € N and let k be the number of transitions to s in the ¢ trials

p(1—p)
and
- [k iftp>1
k= ) 2
t—k ifp<s
Finally we define the event £ as
= 8
E= {pt -k < \/2p(1 —p) log(%)} 23)

Form the Chernoff-Hoeffding bound and as shown in [21] we have that Py(£) > % and so Py(B N
&) > % From Theorem 5 we get that

Ly(W) 0 0 0

P(B) > P(B =E[1gleg] > E lelg| 2 Eg|=1elp| = -Py(ENB) > =

1(B) > P (BNE) 1[1ple] > O|:LO(W)EB:|_ 0{453} 40( )_8
(24)

Now solving for g > § we see that if
- 1 1 ryQ e|5‘1i7_3

t<t(ed) =—log(—=)= ——=— 25

<He0) = gaploslgg) g 25)

then P1(B) > § and the event B is containing the event that the algorithm does not choose the
optimal action a;.

Since this holds for all the A hypotheses H},l = 1,2, ..., A it follows that the algorithm needs at
least T'(¢, d) := At(e, §) samples to be (g, §)-correct on the sub-MDP that consists only of the states
Si = {sV, s, sP}.

994 1%

Next we use the fact that the structure of the MDPs is such that information used to determine 7*(s?)
carries no information to determine 7*(s9) for i # j.

If the number of total transition samples is less than %T (¢,0) then there must be at least % states
in the set {s? iszl for which some action (apart from ag) has been tried no more than 7'(¢, §) times
which without loss of generality we might assume are the states{s?}f:/?. and that it is action a; that

has been tried out at most T(s, J) times in each of these states.
Let T; be the number of times the algorithm has tried sampled any action on s? for i < S/6 Due to

the structure of the MDPs in M it is sufficient to consider only the algorithms that yields an estimate
of 7r% based on samples from s! since any other samples can yield no information on 7* (s?).

i

7

conditionally independent given T; and 7. We then have that for the MDP M; € M (The one
corresponding to the hypothesis Hy := { Hi|1 < i < n}) it holds that

P({Afhi<i<s/e N{Ti < T(e, ) h<i<s/s)
(g,6) T (e,6)

= o Y P{T = tihi<ics/e)PUAS hi<icse N {T: = titi<i<s/o)
=0 ts/6:0

Thus by defining the events A; := {|Vy; (s}) — v (s9)] > e} we have that A; and A; are

t1
T(e,8) T (e,6)

= Z P{T: = ti}1<i<s/6) H P(AS N A{T; = t;})

1=0 ts/6=0 1<i<S/6

=3 Y PUT = tihcicsso) (1 - 6)%°,

(e8)  T(e,9)
t1=0 ts/G:(]

where we have used the law of total probability from line one to two and from two to three follows
from independence. We now have directly that

P({AShi<ics/sl{Ti < T(e,8) }r<icsys) < (1—0)%.
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Thus, if the total number of transitions 7' is less than %T(s, 0) on the MDP M, corresponding to
the hypothesis Hy : {H}|1 < i < n}, then on M; it holds that

PV - v =9z p( U Ao)

1<i<S/6
=1- ]P’< N Ag)
1<i<S/6

> 1—P({Ahi<i<s/6l{T: < T(e, ) h<i<s/so)
>1—(1-206)%/¢

0S
> Ta !
- 12

s

when % < 1 by Lemma 7. By setting §' = 0 % we obtain the result. This shows that if the number
of samples is smaller than

SA | (57 Pl 3
8965’2 T B2

~ 4800 ¢
on My then on Mj it holds that P(||V* — V™| > &) > 6.
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