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Abstract

In this work, we establish the sufficient condi-
tions under which nonlinear Canonical Corre-
lation Analysis (CCA) recovers ground-truth
latent factors up to an affine transformation.
By transporting the analysis from the ob-
servation space to the source space, we ex-
tend classical statistical results on orthogo-
nal polynomial expansions of bivariate dis-
tributions to representation learning, prov-
ing affine identifiability under specific distri-
butional priors. We formally demonstrate
that whitening is strictly necessary to en-
sure the boundedness and well-conditioning
of the learned mappings. Furthermore, we
bridge the gap between theory and practice
by proving that ridge-regularized empirical
CCA converges to its population counterpart
in the finite-sample regime. Finally, our find-
ings provide a rigorous theoretical founda-
tion explaining the empirical success of re-
cent correlation-based non-contrastive learn-
ing methods. Experiments on synthetic and
rendered image datasets, alongside system-
atic ablations, validate the predicted recov-
ery behavior and illustrate the failure modes
that arise when the assumptions are violated.

1 INTRODUCTION

Identifying explanatory factors from raw sensory data
is a fundamental challenge in machine learning. Orig-
inated from the problem of blind source separation,
independent component analysis (ICA) and its non-
linear variations (Comon, 1994; Hyvérinen and Oja,

Proceedings of the 29'" International Conference on Arti-
ficial Intelligence and Statistics (AISTATS) 2026, Tangier,
Morocco. PMLR: Volume 300. Copyright 2026 by the au-
thor(s).

2000; Hyvérinen et all, 2019) aim to identify inde-
pendent latent factors that improve downstream in-
terpretability, controllability, fairness, and sample ef-
ficiency (Bengio et all, 2013; Higgins et al), 2017; Lo-
catello et all, 2019). Unfortunately, directly learn-
ing these factors from nonlinear mixtures is unidentifi-
able without additional structural constraints or weak
supervision (Hyvérinen and Pajuner|, 1999; Locatello
et all, 2019, 2020).

Canonical Correlation Analysis (CCA) (Hotelling,
1936) is another classic method, which aims to learn
representations by maximizing the cross-correlation
between paired views. While nonlinear CCA and its
extensions (Bach and Jordan, 2002; Fukumizu et al),
2007; Andrew et alJ, 2013; Hardoon and Shawe-Taylo1,
2011:; Ermolov et al{, 2021; Zbontar et al), 2021; Bardes
et all, 2022) demonstrate empirical performance com-
parable to strong contrastive learning (Gutmann and
Hyvérinen, 2010; van den Oord et all, 2018) baselines,
the theoretical understanding of nonlinear CCA iden-
tifiability lags behind. Contrastive learning now offers
robust block- and factor-level identifiability guaran-
tees by leveraging specific data or model assumptions
(von Kiigelgen et all, 2021; Yao et al), 2024; Zimmer-
mann et all, 2021; Daunhawer et all, 2023; Matthes
et _all, 2023; Hyvarinen and Morioka, 2016; Brehmer
et all, 2022; Lachapelle et al), 2022). In contrast, ex-
isting analyses for nonlinear CCA either assume re-
stricted post-nonlinear mixing (Lyu and Fu, 2020) or
only guarantee recovery up to broad, arbitrary invert-
ible transformations (Lyu et al), 2022; Karakasis and
Sidiropoulos, 2023). This discrepancy raises a fun-
damental open question: Under what conditions can
nonlinear CCA provide strictly stronger identifiabil-
ity guarantees, up to simpler transformations that are
comparable to those of contrastive learning?

This work answers the above question by revisiting the
classical theory of bivariate distributions (Lancaster,
1958; Eagleson, [1964). We establish the sufficient con-
ditions under which nonlinear CCA provably recovers
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ground-truth latent variables up to an affine trans-
formation. Crucially, we formalize the role of repre-
sentation whitening in ensuring the boundedness and
well-conditioning strictly necessary for this identifia-
bility. We empirically validate these theoretical guar-
antees and systematically ablate our core assumptions
to characterize failure modes when these conditions are
violated. We summarize our contributions as follows:

1. We characterize the invariance of the population
CCA objective and its maximizers under reparam-
eterization via composition with the generators,

enabling direct analysis in the latent source space

(Proposition 1If).

2. We extend the classical theory of bivariate dis-
tributions to representation learning and derive
affine identifiability results for nonlinear CCA in
the population setting across a broad class of la-
tent distributional priors ( )

3. We analyze ridge-regularized empirical CCA and
show its convergence to the population coun-
terpart, linking the identifiability results to the
finite-sample regime ([Theorem 2).

4. We assess these theoretical predictions across can-
didate latent distributions using both a fully con-
trolled synthetic dataset and a rendered 3D image
dataset.

5. We study the failure modes of nonlinear CCA
under partial violations of the core assumptions
through systematic ablations.

2 RELATED WORK

Disentangled Representation Learning. Disen-
tangled representation learning aims to isolate inde-
pendent explanatory factors of variation, originating

like mechanism sp: o , 2022), con-
formal mappings (| , 2022). or specific la-

tent priors (e.g., exponential families

2019), causal structures (Shen et al., ) or energy-
based models lKhemakhem et all f2020b|) Our work
aligns with the latter by imposing latent distributional
priors within a two-view setting.

Nonlinear CCA. Nonlinear CCA extends classi-
cal CCA to arbltrary nonlinear mappings via ker-

els (] ukumlzu et _al. %! or deep neural networks
(Andrew et all, 2013; Benton et all, M) While
these methods excel at maximizing cross-view corre-
lations, achieving strictly identifiable representations
was not their original objective. Recent efforts have ex-
plored the identifiability of nonlinear CCA-based mod-
L 0: Lyu et alJ, 2022' tKarakasis an
Sidiropoulos ; Sidiropoulos and Sgrensen|, l202 ).
However, existing theoretical guarantees of factor-level
identifiability rely heavily on restrictive post-nonlinear
mixing assumptions (lLyu and Fu, l202d) or only guar-
antee recovery up to broad equivalence classes, such as
arbitrary invertible transformations (tLyu et alj, 022;
IKarakasis and Sidiropoulos, 2023). In contrast, mod-
ern contrastive learning frameworks successfully invert
the data-generating process to recover latent variables
up to strict affine or permutation ambiguities (Matthes
et all, 2023; Zimmermann et alj, 021; Daunhawer
et al), ) A detailed theoretical comparison be-
tween the identifiability frameworks of nonlinear CCA
and contrastive learning is provided in .
An equivalently rigorous, affine identifiability theory
for nonlinear CCA remains absent.

—

We bridge this gap by revisiting classical bivariate dis-
tribution theory, which establishes that linear map-
pings uniquely maxmnze canomcal correlatlons un-
der Gaussian priors ( a result later

eralized to broader dlstrlbutlon famlhes (Eaélesoﬂ,
ﬁ@l) Building on these foundations, we extend this

from blind source separation (ICardos , |1998; omorn,
994). Because disentanglement is provably impos-
sible for i.i.d. nonlinear mixtures without structural
assumptions (Locatello et all, lZOl ; Hyvérinen an
, Ilf)ﬂ), research has focused on exploiting
suitable inductive biases to invert nonlinear gener-
ative processes. One prevalent approach leverages
shared or co-observed variables, such as temporal dy-
namics (Hyvirinen and Moriok ), nonstationar-
ity (Hyviirinen and Morioka, 201 auxiliary labels
(Hyvérinen et all, 2019; Khemakhem et all, EOQO;I),
weak supervision (Locatello et all 020; Shu et all,
020), and multi-view observations (Daunhawer et al,
023; tLyu and m l202d |V0n Kiigelgen et all l202 ).
A complementary direction restricts the model class
or source distribution, enforcing structural constraints

—_—

classical theory to modern representation learning. By
proving the affine identifiability of nonlinear CCA un-
der a family of latent distributional priors, we cement
CCA as a theoretically principled alternative to con-
trastive learning for exact latent recovery, moving be-
yond mere view alignment.

3 CANONICAL CORRELATION
ANALYSIS FOR DISENTANGLED
REPRESENTATION

Notations. Throughout this work, scalars are de-
noted by plain letters, (random) vectors or vector-
valued functions by bold lowercase, matrices by bold
uppercase symbols, and sets/spaces by calligraphic let-
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ters.

3.1 Data Generating Process

We consider a latent pair (s,s’) € S x S, where § C
R4 and ds > 2. For the main population identifiabil-
ity theorem, we assume that (s,s’) is a non-degenerate
jointly Gaussian pair and parameterize its dependence
through its canonical correlations, which are the nat-
ural quantities for CCA. Our primary analysis focuses
on the Gaussian case with extensions to other latent
distribution families admitting orthogonal polynomial
expansions. Formal proofs for these Lancaster-type
distributions (Lancaster, 1958), namely the negative
binomial, Gamma. Poisson. and hypergeometric cases,

are deferred to .

Assumption 1 (Non-degenerate Joint Gaussian La-
tent Pair). The latent pair (s,s’) € S x S is jointly
Gaussian with mean p = (ps, ps) and block covari-
ance

ESS'] ,  where g >0, Vgg = 0.
ES/S/

Let K = 2551/2255/2;;/2 be the mormalized cross-
covariance matrixz. We assume the singular values of
K, i.e., the canonical correlations between s and s’,
satisfy:

1>p12p22---2pag >0.

The spectral bounds on p; guarantee a full-rank cor-
related subspace while excluding deterministic equiv-
alence between the views. We then give the practical
implication of this assumption and present the corre-
sponding latent model for better structural clarity.

Remark 1 (Canonical Additive Latent Model). Let
K = UAV'T be the singular value decomposition,
where A = diag(p1, ..., pds). Defining the canonical
coordinates

§ = VTZrl/Q(s' — ),

s’s’

5§:=U"2"2(s — ),

yields Cov(s) = Cov(s') = I45 and Cov(s,s') = A.
Consequently, there exist mutually independent, cen-
tered Gaussian vectors a, b, ¢ such that (§,§') := (a+
¢,b + ¢) with Cov(c) = A and Cov(a) = Cov(b) =
I, — A. Thus, an additive shared-private interpre-
tation is inherently guaranteed (Cramén, 1936) in the
whitened canonical space, even if the cross-covariance
matrix Xsg is asymmetric.

To construct the joint distributions in our experiments,
we employ the explicit additive generative model as
follows:

s=a+c, s’ =b+c, (1)

where a, b, ¢ are mutually independent latent vectors.
We emphasize that serves as an experimen-
tal device rather than a prerequisite for our population
identifiability theorem.

Let g: S - X C R™ and g S — A’ c R
be injective and Borel-measurable mappings that gen-
erate the high-dimensional observed pairs (x,x’) =
(g(s),g'(s"), where X, X’ denote the observation
spaces of two modalities with ds < dy,dy/. Un-
der |Assumption 1i, our objective is to learn encoders
f: X - Z and f': X — Z that invert the genera-
tive process to recover the true latent sources (s,s’).
To establish baseline affine identifiability, we assume a
dimension-matched latent space (dz = ds), deferring
the analysis of mismatched regimes (dz # ds) to the
ablation study.

3.2 Canonical Correlation Analysis

Nonlinear CCA aims to learn a pair of nonlinear en-
coders f: X — Z and f': X’ — Z that maximize
the sum of the singular values of their normalized
cross-covariance. To ensure well-conditioned repre-
sentations, we restrict the search space to zero-mean,
identity-covariance encoders:

Assumption 2 (Whitened Encoder Classes). Let
Hy C L*(Px;R¥2) be a Hilbert space of square-
integrable vector-valued functions. For any base en-
coder £ € Hxy with a positive definite covariance ma-
triz 3¢ > 0, let We € GL(dz) be a whitening matriz
satisfying WeXsW{ = I,.. We define the whitened
encoder class on X as

F = {wf(f(x) ~E[f(x)]) : f € Ha, S = 0 }

and assume it is closed under orthogonal transforma-
tions, i.e., Qf € Fx for all f € Fx and Q € O(dz).
The corresponding class .7:}, is defined analogously for
Hr C L?(Py;RY2).

CCA Population Objective. Given these feasible
encoder classes, nonlinear CCA maximizes the follow-
ing population objective:

dz
?Eﬁf}%ﬁ;/ J(E, ) = ;Ji(Cov(f(x),f x))), (2)

where o;(+) denotes the i-th largest singular value and
Cov(+) the population covariance. Due to the orthogo-
nal invariance of the objective and the post-orthogonal
closure of the encoder classes, every population maxi-
mizer generates an equivalent O(dz) x O(dz)-orbit of
maximizers. In general, this does not imply that all
maximizers lie in a single orbit. Stronger single-orbit
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statement is obtained later under the additional as-
sumptions of as shown in Appendix

and [Corollary 4.

3.3 Population Affine Identifiability

In this section, we derive precise conditions under
which solving nonlinear CCA leads to provable affine
identification of the ground-truth latent factors at the
population level. To leverage the distributional priors
of the source, we begin by transporting the CCA prob-
lem from the observation domain to the underlying
source domain. By composing the observation space
encoders with the generators, h = fog and h’ = f'og’,
we re-express the learned latent via representation
maps h, h’ and ground-truth latent pair. This change
of variables preserves the first- and second-order struc-
ture of the CCA problem, so the whitening constraints
and the CCA objective are unaffected. We formally
justify the invariance of transporting CCA problems
from observation spaces to source space.

Proposition 1 (Reparameterization Invariance and
Representational Universality). Let’s assume S, X', X’
be standard Borel spaces, and let g,g be injec-
tive, Borel-measurable mappings.  Further assume
the base encoders underlying the whitened classes
Fr, Fior in |Assumption 4 are dense in L?(Py;R9%)
and L?(Py;R2), respectively. Define whitened repre-
sentable latent classes:

Fs = {f'og c fe .7:";(}, ]}é = {f"og’ e -7}:\(/},

and the whitened feasible latent classes:

Fs:={he L*(P;R%):E[h] = 0,Cov(h) =1, },
= {h' € L*(Py; R%2) : E[’] = 0, Cov(h’) = I, }.
Consider the source-space CCA objective defined over

the feasible whitened latent classes on & x S: for all
h e Fs and h' € F&,

dz

Js(h,h') =) o;(Cov(h(s), b'(s)),  (3)

i=1

where o;(-) denotes the i-th largest singular value.
Then the following properties hold.

1. Objective Preservation. V(f,f') € Fx x Fly,
J(E ) = Jg(fog, f’og').

2. Maximizer Correspondence. A pair (f*,f’*)
mazimizes J over Fa X Fh, if and only if (f* o
g, f"* og') mazimizes Js over Fs x Fg.

3. Representation Universality. For any h e
Fs and ' € Fi, and any €,€ > 0, there exist

representable mapsh € Fs andh' € ./"N:é such that
E[[[h(s) —h(s)[?] < € and E[|h’(s') —h'(s")[|?] <

€2, Consequently, since Js is continuous under

the product L? topology,

sup J =
]:_X X]}:Y,

sup Js.
.7:—3 X .7:—19

sup Js =
]}5 Xﬁg

Proof sketch. The pushforward identity preserves all
moments, so the CCA objective and whitening con-
straints are invariant under composition with g,g’.
Injectivity on standard Borel spaces yields measurable
inverses, allowing any target in Fs or F's to be pulled
back and approximated by the dense base encoders.
See Appendix for details. O

By , the observation-space CCA problem

is isometrically equivalent to the representable source-
space problem, and this representable problem attains
the same optimal value as the full feasible source-space
problem. To establish affine identifiability, it suffices
to characterize the maximizers of Jg over f"g x F G, any
observation-space maximizer induces one such source-
space maximizer.

Assumption 3 (First-Order Canonical Dominance).
Under , we further assume that the small-
est canonical correlation pqs 1is strictly larger than
the product of any two canonical correlations, i.e.,

pas > pip;;, V1 < i < j < ds. Equivalently, pas > p3,
where p1 is the largest canonical correlation.

We then state our central population identifiability re-
sult as follows:

Theorem 1 (Population Affine Identifiability). As-
sume_the conditions of |[Proposition 1, |Assumption 1,

and Iﬁ]ssumgtz’on ﬂ, and let_d=z = ds. For the
whitened encoder classes in any popu-
lation mazimizer pair (£*,£"*) of M identifies

the marginally whitened latent factors up to orthogonal
transformations. Specifically, there exist orthogonal
matrices Q, Q' € O(dz) such that

h*(s) == (" 0 g)(s) = QB 2(s — mss),

n*(s') = (" 0 g)(s) = Q' ;%8 — o).

Equivalently, the corresponding unwhitened represen-
tation maps recover s and s’ up to invertible affine
transformations.

Proof sketch. By , the CCA optimization

can be transported to the source space, allowing us to
characterize the optimal representation mappings di-
rectly in terms of the ground-truth latents. For joint
Gaussian priors, Mehler-Hermite expansion (Mehler,
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1866) effectively diagonalizes the CCA objective, re-
vealing that the canonical correlations of the learned
features are bounded by combinations of the true la-
tent canonical correlations. under [Assumption 3, the
CCA objective is uniquely maximized by selecting only
the first-order Hermite polynomials and all higher-
order nonlinearities vanish. A complete proof is de-
ferred to Appendix @ O

At the population optimum under Gaussian priors
with dz = dg, the learned encoders successfully in-
vert the data-generating process up to an affine am-
biguity, i.e., centering, scaling, and an orthogonal ro-
tation. In the proof of , we formally prove
that explicit whitening or unit-variance regularization,
as employed by non-contrastive methods like Barlow
Twins, is strictly necessary to ensure the boundedness
and well-conditioning of the learned mappings. This
provides a partial but rigorous explanation for the ef-
fectiveness of whitening-based non-contrastive meth-
ods. While our theoretical guarantees require matched
dimensions (ds = dz), we extend our analysis to mis-
matched regimes, i.e., ds # dz and finite-sample con-
vergence in the subsequent empirical sections. A de-
tailed discussion of the role of canonical-correlation

separation and the consequences of relaxing this con-
dition is provided in .

3.4 Empirical Estimation and Statistical
Consistency

While population identifiability characterizes the
infinite-sample optimum of , practical rep-
resentation learning requires statistical consistency
with finite data. To bridge this gap, we introduce
a regularized empirical CCA estimator and analyze
its statistical consistency in the finite-sample regime.
We prove that as the regularization parameter decays
asymptotically, the empirical maximizers strictly con-
verge to the population solution, formally linking the-
oretical identifiability to finite-sample learnability.

To construct this empirical objective, we parame-
terize the nonlinear encoders fp: R4 — R4z and
£, : R4x — R9= using neural networks with sufficient
capacity to act as universal function approximators.
Let 6 and 0’ denote their respective weights. The regu-
larized finite-sample objective is formulated as follows:

Empirical Objective. Let X € R"*%x and X’ €
R™*4x" denote observation matrices comprising n mu-
tually independent samples drawn from Pyy. We de-
fine the learned representations as Z = fp(X) and
Z' = f),(X') € R"™*z, Let Z. and Z/ denote their
respective mean-centered counterparts. The empiri-
cal auto- and cross-covariance matrices are given by

. . T+ .
Yz = ﬁZZZC7 Yo = ﬁZ’C Z!, and X, =
ﬁZIZ’C. To ensure well-conditioning in the finite-
sample regime, we apply a ridge penalty € > 0 to con-

struct the regularized whitening matrices:

W, = (B + €)™ V2 Wy = (S, +eD)7V2

The empirical CCA objective maximizes the nuclear
norm, i.e., the sum of singular values, of the normal-
ized cross-covariance K := WZSZZ,WZ,, formulated
via the variational trace characterization:

= max tr (U'KV). (4)

The following theorem establishes our central statis-
tical consistency result. By demonstrating the uni-
form convergence of the empirical covariance opera-
tors and the stability of both the regularized whiten-
ing and spectral mappings, we prove the asymptotic
consistency of the empirical maximizers.

Theorem 2 (Consistency of Empirical Maximizers).
Assume the conditions of hold with dz =
ds. Let (fg,fy,) denote a pair of empirical whitened en-

coders_and consider the regularized empirical objective
J in with ridge penalty ¢ — 0T. Suppose

the following standard consistency assumptions hold as
n goes to infinity:

Al. Realizability and Orbit Uniqueness. The
population mazimizer of J in |[Equation 4 exists in
the whitened encoder classes in |Assumption 4 and

18 unique up to postorthogonal transformations.

A2. Capacity and Nondegeneracy. The second
moments of (fg,fy,) are uniformly bounded, and
the empirical covariances ﬁ]zz and f]zle are uni-
formly symmetric positive definite.

A3. Uniform Convergence and Ridge Schedule.
The empirical auto- and cross-covariances con-
verge uniformly at a rate faster than the ridge
penalty, i.e., ||Z}zz — 3l = ople), | Xpa —
Eoa|l = 0p(€), [|Baz — || = 0p(€).

A4. Approximate Mazximization. The empirical
whitened encoders (fg,fy,) are d,-mazimizers of
J for some sequence 6, — 07, i.c.,
il fy) > s JEF) -6,
P eFx teF,

6, — 0.

Then, as n — oo, the following convergence properties
hold in probability:
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1. Objective Consistency.

sup  |[J(E,£) - J(E, £ Lo
feFx frerF,

2. Estimator Consistency. For any population
mazximizer (f*,£*), there exist orthogonal matri-
ces Q, Q' € O(dz) such that the optimal empirical

*

encoders (f5.,fgh.) satisfy:

Qf5. = £l o, + 1QF5 = E] () = 0.

3. Latent Recovery. By lProposition j and |Th€0<|
, the composed encoders recover the ground-
truth latents up to orthogonal transformations:

inf ( . 0g)—h*
Q.Qc0(dz) HQ(B g)

I
A O B

Proof sketch. The complete proof, deferred to Ap-
pendix , proceeds in four steps. First, uniform con-
vergence of the empirical covariances establishes the
asymptotic stability of the ridge-regularized whiten-
ing operators. Second, this stability ensures the em-
pirical normalized cross-covariance K converges uni-
formly to its population counterpart K in operator
norm; the continuity of the CCA objective then guar-
antees uniform convergence of the empirical objective
(.1). Third, given the uniqueness of the
population maximizer up to orthogonal transforma-
tions, standard M-estimation arguments on the quo-
tient space yield estimator consistency ([Cheorem 2.2).
Finally, coupling this consistency with reparameteri-
zation invariance and affine identifi-
ability (M) proves that the learned encoders

recover the true latents up to an orthogonal ambiguity
(Theovem 3.3). O

An interpretation of Assumptions A3-A4 and their
role in the consistency argument is provided in

Eendix a.

4 EXPERIMENTS

In this section, we empirically validate our the-
oretical guarantees for nonlinear CCA. We evalu-
ate affine identifiability across diverse latent dis-
tributions, verify reparameterization invariance and
finite-sample consistency, and systematically ablate
our core assumptions. We adopt the experimental
setup from previous works (Zimmermann et al), 2021;
Matthes et al), 2023) on disentangled representations
and extend it to a multi-modal setting. The code
is available at https://github.com/ZhiweiHan9277/
AISTATS2026_Provable_Affine_Identifiability.

4.1 Experimental Setup

Datasets. We evaluate our theoretical claims on a
synthetic dataset and the 3DIdent image dataset (Zim-
mermann et al), 2021). For the synthetic setup, we
adapt the online sampling mechanism from prior work
(Zimmermann et al}, 2021; Matthes et all, 2023), gen-
eralizing their single-generator framework to two inde-
pendent generators to simulate multi-modal observa-
tions. 3DIdent comprises images of a 3D object ren-
dered from 11 latent factors, e.g., position, rotation
and illumination, yielding (image, latent) tuples.

To map our continuous generative process to the finite
3DIdent dataset, we employ a nearest-neighbor match-
ing strategy. We first independently sample a, b.c to
construct continuous latent pairs (s,s’) as in
. We then retrieve the corresponding rendered
images (x,x’) by finding the Euclidean nearest neigh-
bors of s and s’ in the 3DIdent ground-truth latent
space. To emulate distinct multi-view modalities, we
retain the original color image for x and use a grayscale
conversion for x’, preserving shared generative factors
while marginalizing out color.

Baselines. We benchmark the CCA-like objectives
and strong non-contrastive SSL baselines to test affine
identifiability under a unified encoder architecture and
a family of distributions aligned with our theory.

o SwAV (Caron et al), 2020) learns view-invariant
features via online clustering with prototype as-
signments.

o BarlowTwins (Zbontar et all, 2021) enforces
invariance and minimizes redundancy through
cross-correlation diagonalization.

o VICReg (Bardes et al), 2022) encourages invari-
ance while regularizing variance and covariance to
decorrelate neural representations.

o W-MSE (Ermolov et al|, 2021) aligns whitened
multi-view neural representations by minimizing
mean-squared error.

o« DGCCA (Benton et all, 2019) is a nonlinear ex-
tension of generalized CCA, optimizing a shared
latent that reconstructs all view projections.

o TDGCCA (Karakasis and Sidiropoulos, 2023)
improves DGCCA by extracting shared represen-
tations under conditionally independent private
latents, offering theoretical recovery guarantees.

o DeepCCA (Andrew et all, 2013) maximizes the
CCA objective with whitened multi-view repre-
sentations.
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Methods Gaussian Negative Binomial Gamma Poisson Hypergeometric

f f/ f f f f f f f/
SwAV 32.96 £4.05 37.88 £0.45 33.17 £3.67 28.85 £2.62 29.37 £4.85 28.38 £2.74 36.43 £0.88 35.23 +£1.69 12.88 £8.25 12.84 £8.66
BarlowTwins 79.444+0.26 79.51 £0.3  67.22 £5.67 68.33 £4.11  61.99 £2.4  61.98 £2.43 55.77 £5.82 55.29 £4.59 25.47 £0.49 23.9 £1.53
VICReg 14.54 +£1.14 13.05 +£1.1  13.83 £1.82 12.82 £1.08 12.27 £0.56 13.61 £0.82 11.88 +£0.48 11.37 £0.82 18.94 £2.37 16.7 £0.64
W-MSE 99.17 £0.21  99.4 £0.04 99.07 +£0.04 99.23 £0.04 99.11 £0.15 99.34 £0.05 99.18 £0.08 99.4 +£0.04 98.97 +0.04 99.02 +0.32
DGCCA 21.9 £0.79 1817 £1.4  21.45 £1.52 239 £0.86  22.0 £0.73  21.17 £1.65 22.16 £1.43 18.94 £1.2 23.81 £1.09 23.95 £1.25
rDGCCA 90.57 £2.89 8248 £3.7 90.62 £3.33 78.51 £2.73 90.35 £3.23 83.35 £4.16 92.97 +£2.26 83.33 £1.99 91.74 £3.04 86.93 £2.89
DeepCCA  99.4 £0.05 99.41 £0.03 99.05 £0.04 99.23 +£0.03 99.12 +0.14 99.35 +£0.03 99.18 +0.09 99.36 £0.03 98.91 +0.15  98.37 0.1

Table 1: Comparison of the coefficient of determination R?1(%) of both encoders f,f’ on synthetic data (ds =

dz = 10).

We exclude Kernel CCA due to poor high-dimensional
scalability. Among the evaluated baselines, only Deep-
CCA faithfully enforces exact whitening and maxi-
mizes canonical correlations. We therefore use its con-
verged solution as a proxy for population CCA with
the data generated from online sampling of the under-
lying distributions. All baselines are implemented us-
ing their official repositories when available, otherwise
we reimplement by following their paper specifications.

Metrics. Following prior work (ﬁvvéirinen and

Methods R% (%) PApean 4(°) PAyax L(°)
f £/ f ! f f/
SwAV 22.45%+5.59  26.21+5.99 67.22+3.64 65.94+4.26 89.28+0.58 89.28+0.41

BarlowTwins 85.2040.38 86.07+0.48 17.39+0.61 16.76+0.67 73.69+3.86 70.17+4.29

VICReg 22.3441.37 24.45%+1.39 66.13£1.46 65.40+1.31 89.07£0.75 89.74+0.95
W-MSE 97.40£0.80 97.00£0.87 8.8240.31 9.65£1.06 13.98£1.97 13.00£2.01
DGCCA 0.37+£0.77  0.47£1.36 87.70£1.21 86.72+1.73 89.97+0.21 89.42+0.28
rDGCCA 89.13+0.89  79.98+0.70 11.3940.13 19.514+0.33 57.78+5.61 82.55+7.12
DeepCCA 97.80+0.23 97.79+0.35 8.33+0.46 8.33+0.54 11.11+0.91 10.76+1.04

Table 2: Comparison of R2, the mean principal angle
PApean, and the maximal principal angle PAy ., of
both encoders on 3DIdent (ds =dz = 7).

Moriokal, l2016; immermann et al], 202]]; |Matthe'=
et all, 2023), we assess affine recoverability by regress-
ing ground-truth latents onto learned latents and re-
porting the coefficient of determination (R?) averaged
across dimensions. For settings with partial distribu-
tional violations or dimensional mismatch, we evaluate
subspace error using the mean (PApcan) and maxi-
mum (PAp.x) principal angles between the learned
span and the ground-truth canonical subspace, in line
with subspace identification studies ( ;ia and Li, ;
bao et al]7 01 ai and Zhanﬁ, IZOlS). To quantify
the alignment between two encoders up to orthogonal
transformations, we measure the orbit distance defined

as ming.qreows) +(IZ - 2QI% + 12/ - ZQ13),
where n is the batch size, Z,Z’ and Z,Z’ are the
learned latents of two sets of encoders.

4.2 Validation of Theoretical Findings

Affine Identifiability. For the synthetic experi-
ments 1df = 10), latent pairs (s,s’) are generated
via [Equation 1| by sampling a, b, and ¢ independently
from five candidate distributions, and observations
(x,x’) are produced by independent decoders g and g’.
The R? scores in @ support the predicted affine
identifiability under this additive model: DeepCCA
and W-MSE consistently achieve near-perfect recov-
ery across all distributions. rDGCCA forms a weaker
second tier with noticeable asymmetry across the two
views, while Barlow Twins deteriorates substantially
on the hypergeometric setting. SwAV, VICReg, and
DGCCA remain far from exact recovery. Detailed dis-
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Figure 1: Whitened latent learned representations by
DeepCCA on synthetic data (ds = dz = 2). Color
gradients in different rows illustrate the variations
along a single coordinate in S.

tribution settings and subspace recovery errors are de-
ferred to Appendix H,

On 3DIdent (), DeepCCA again performs best,
with W-MSE close behind in both R? and principal-

angle errors. rDGCCA and Barlow Twins provide
partial recovery but remain clearly below these two
methods, whereas DGCCA fails outright and SwAV
and VICReg also perform poorly. Because 3DIdent
is constructed by nearest-neighbor matching in latent
space rather than from exact generative pairs, exact
recovery is inherently harder. We therefore also re-
port subspace recovery errors as a more robust mea-
sure of representation alignment under finite-sample
and matching noise.
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Figure 2: The {.-gap in singular values and log orbit
distance over training steps in Gaussian case.

visualizes the 2D whitened representations

learned by DeepCCA across four distributions, omit-
ting Hypergeometric due to representation collapse.
The source coordinates manifest as smoothly varying,
mutually orthogonal color gradients. As theoretically
expected, these gradients are rotated relative to the
canonical axes, empirically validating that whitening
identifies the true subspace only up to an orthogonal
transformation.

Reparameterization Invariance. This experi-
ment is not a downstream-performance benchmark
and therefore does not admit a meaningful chance-
level baseline. The relevant reference point is exact
agreement, i.e., zero singular-value gap and zero orbit
distance before the logarithmic transform. Our goal
is only to test Proposition 1, namely whether CCA
trained in observation space and in source space con-
verges to the same O(dz)-orbit and canonical spec-
trum. To this end, we independently optimize two
CCA encoders under identical synthetic configura-
tions: one operating on the observation space and an-
other directly on the latent source space. [Figure 2
tracks the [, -norm singular-value gap and the or-
bit distance between the two learned encoders for a
given view. Smaller values signify closer alignment,
exact invariance implies a zero singular value gap and
zero orbit distance prior to logarithmic transforma-
tion. Across five random seeds, both metrics rapidly
converge and remain consistently small throughout
training. The median orbit distance remains below 0.2,
while the [, singular-value gap stays below 0.01. Cru-
cially, this demonstrates that the observation-space
maximizer of the CCA objective tightly aligns with its

source-space counterpart, providing strong empirical
corroboration for [Proposition 1.

Finite-sample Consistency. We evaluated the
finite-sample consistency of CCA by varying the sam-
ple size n while keeping the remaining synthetic setup
fixed, utilizing € = 0.01 - n~/* balancing bias and sta-
bility. We fix the source dimension to ds = 10 and
report both the R? score and the orbit distance be-
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Figure 3: R? 1 and Orbit distance over changing sam-
ple size in fixed dataset setup.

tween the empirical and population CCA maximizers
for a single view in . As the sample size in-
creases, the R? improves steadily across all distribu-
tions, exceeding 90% at roughly 4 - 10° samples, while
orbit distance rapidly decays to near zero, indicating
convergence of the learned representation to the pop-
ulation solution up to an orthogonal transformation.
These results demonstrate that empirical CCA recov-
ers the affine structure of the latent sources as the

sample size grows as stated in [Cheorem 2.

4.3 Ablation Study

We provide an ablation study to isolate the effects of
source dimensionality, first-order canonical dominance
and latent—dimension mismatch on affine identifiabil-
ity. Following the synthetic experimental setup, we
vary only one parameter at a time while keeping all
others fixed.

Source Dimension. CCA consistently achieves
affine identifiability in low-dimensional settings (ds =
2,10, 20), as evidenced by small principal angles be-
tween the recovered and ground-truth subspaces and
high R? scores, as shown in the left panel of .
As the source dimension increases (ds = 30,40), CCA
continues to recover a substantial portion of the corre-
lated subspace, but the recovery quality gradually de-
teriorates. Both the mean and variance of the principal
angles increase, indicating reduced estimation stability
in higher dimensions, as illustrated in the right panel
of [Figure 4|

First-order Canonical Dominance. We intro-
duce the first-order canonical dominance ratio, pas /p?,
to characterize the weakest canonical correlation’s
strength relative to the squared strongest correlation.
Assuming source canonical correlations are uniformly
sampled from [p4g, p1], illustrates the impact
of this ratio on affine identifiability. Increasing the
dominance ratio consistently improves R? scores across
latent dimensions, indicating enhanced source recov-
erability. Notably, identifiability exhibits a threshold
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Figure 4: Ablation over the source dimension ds (ds =
dz). Left: R? 1. Solid lines denote encoder f and
dashed lines encoder f’. Right: log principal angles of
f in the Gaussian case. Black dots denote principal
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Colors denote different source dimensions.

effect at 1. For pus/p? < 1, elevated maximum princi-
pal angles (PA.x) reveal that at least one canonical
direction remains poorly identifiable. Once the ratio
exceeds 1, PAp.x rapidly converges to zero, confirm-
ing full recovery of all canonical directions and strict
alignment with the ground-truth source subspace.

Gamma, Poisson

99.0940.03  99.12+0.03
99.33£0.02  99.3140.017

Encoder  Gaussian

f 98.9340.04
f/ 98.9440.05

Negative Binomial

98.940.03
99.17£0.03

Hypergeometric

98.56+0.05
98.56£0.03

Table 3: R? 1 [%)] for both encoders f and f’ in the
overcomplete setup (ds = 10, dz = 13).

Dimension Mismatch. We investigate both under-
and overcomplete learning regimes. In the overcom-
plete case (ds < dz), consistently high R? scores
([Table 3) demonstrate that the true source subspace
is recoverable despite redundant latent coordinates,
though the stability of these redundancies remains
unclear. Conversely, in the undercomplete regime
(ds > dz), insufficient capacity precludes full ds-
dimensional recovery. Although four canonical direc-
tions are recovered with minimal principal angle devia-
tion ([Figure §), affine identifiability cannot be broadly
guaranteed.
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wn

Log Principal Angles
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Figure 6: Log principal angles of encoder f in the un-
dercomplete setup (ds = 10, dz = 7). Black dots de-
note principal angles and the shaded region indicates
the log-standard deviation.

Discussion on Whitening. Whitening, enforcing
unit variance and decorrelation across latent dimen-
sions for self-supervised learning w (, ;
Weng et al]7 }2_0132'3, 024), is critical for affine identi-
fiability as it ensures well-conditioned representations
and stabilizes canonical direction estimation. Empir-
ically, methods explicitly enforcing whitening, e.g.,
DeepCCA and W-MSE, achieve superior affine iden-
tifiability. Furthermore, even relaxed decorrelation
constraints, as in Barlow Twins, yield substantial im-
provements over unregularized baselines. These em-
pirical results corroborate the theoretical analysis de-
tailed in .

5 CONCLUSION

We characterized the sufficient conditions under which
nonlinear CCA achieves affine identifiability, advanc-
ing the theoretical understanding of correlation-based
non-contrastive learning. Crucially, our framework
provides a principled explanation for the recent re-
markable empirical performance of non-contrastive
methods: it proves that explicit whitening and unit-
variance regularizers, e.g., in Barlow Twins, natively
drive the recovery of ground-truth latent factors un-
der (near-)Gaussian priors. Although the affine guar-
antee is naturally weaker than the permutation-level
identifiability of contrastive methods, CCA provides
practical advantages by circumventing negative sam-
pling and exhibiting robustness to small batch sizes.
Finally, our proof of finite-sample consistency guaran-
tees that scaling dataset size directly improves empiri-
cal source recovery and downstream disentanglement.
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Checklist

The checklist follows the references. For each ques-
tion, choose your answer from the three possible op-
tions: Yes, No, Not Applicable. You are encouraged
to include a justification to your answer, either by ref-
erencing the appropriate section of your paper or pro-
viding a brief inline description (1-2 sentences). Please
do not modify the questions. Note that the Checklist
section does not count towards the page limit. Not
including the checklist in the first submission won’t
result in desk rejection, although in such case we will
ask you to upload it during the author response period
and include it in camera ready (if accepted).

In your paper, please delete this instructions
block and only keep the Checklist section head-
ing above along with the questions/answers be-
low.

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes] The mathematical setting (data gener-
ating process, CCA objective, whitened en-
coder classes) and all assumptions (Assump-
tions 1-3) are formally stated in Section 3.

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes] Population identifiability properties are
analyzed in Theorem 1, and finite-sample
convergence is analyzed in Theorem 2. Train-

ing times and computational costs are re-
ported in Béﬁendix G.

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes] Source code is avail-
able on GitHub.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes] All assumptions
(Assumptions 1-3 and conditions A1-A4 in
Theorem 2) are explicitly stated before each
result.

(b) Complete proofs of all theoretical results.
[Yes] Proof sketches are provided in the main

text; complete proofs are given in the supple-
mentary material (IAEEendix Ii)

(¢) Clear explanations of any assumptions. [Yes]
Each assumption is followed by a remark ex-
plaining its role, e.g., the spectral gap con-
dition in Assumption 3 is explained via the
Hermite expansion.

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed
to reproduce the main experimental results
(either in the supplemental material or as
a URL). [Yes] Source code is available on
GitHub, and all datasets used are publicly
available.

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes]
Training configurations (optimizer, learning
rate, batch size, iterations, encoder architec-
tures. distribution setups) are detailed in

pendix G.

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect
to the random seed after running experi-
ments multiple times). [Yes] All metrics (R?,
PApnean, PAmax, orbit distance) are defined
in Section 4.1. Error bars report standard de-
viations over five independent random seeds.

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes] Experiments were run
on NVIDIA RTX A5000 GPUs, as described

in endix G.

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses
existing assets. [Yes] The 3DIdent dataset
(Zimmermann et al), 2021) and all baseline
methods are properly cited.

(b) The license information of the assets, if appli-
cable. [Yes| The 3DIdent dataset is released
under the Creative Commons Attribution 4.0
International (CC-BY-4.0) license.

(¢) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Yes] Source
code is available on GitHub.

(d) Information about consent from data
providers/curators.  [Not Applicable] We
use only publicly available datasets and
open-source code.

(e) Discussion of sensible content if applica-
ble, e.g., personally identifiable information
or offensive content. [Not Applicable] The
datasets used (synthetic data and rendered
3D object images) do not contain personally
identifiable information or offensive content.

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:
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(a)

The full text of instructions given to par-
ticipants and screenshots. [Not Applicable]
No crowdsourcing or human subjects research
was conducted.

Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable] No crowdsourcing or human subjects
research was conducted.

The estimated hourly wage paid to partic-
ipants and the total amount spent on par-
ticipant compensation. [Not Applicable] No
crowdsourcing or human subjects research
was conducted.



Supplementary Material

A OVERVIEW OF THE SUPPLEMENTARY MATERIAL

This supplementary material is organized as follows. compares the identifiability frameworks of
nonlinear CCA and contrastive learning. App D contains complete proofs of the main theoretical results

and isolates the role of whitening in the identifiability argument. provides proof
sketches for additional latent distribution families. describes implementation details and
reports additional experimental results. Accompanying source code is provided to support reproducibility and
independent verification.

B EXTENDED RELATED WORK: COMPARISON OF IDENTIFIABILITY
FRAMEWORKS: NONLINEAR CCA VERSUS CONTRASTIVE
LEARNING

While both nonlinear Canonical Correlation Analysis (CCA) and Contrastive Learning (CL), e.g., InfoNCE, serve
as foundational paradigms for multi-view representation learning, their underlying theoretical mechanisms for
achieving identifiability differ fundamentally. Recent works have established strong identifiability guarantees for
contrastive methods (Hyvérinen et all, 2019; Zimmermann et all, 2021; Matthes et all, 2023). However, unifying
CL and CCA under a single theoretical framework remains challenging due to divergent structural assumptions,
regularization mechanisms, and proof techniques. We systematically compare these two theoretical frameworks
below.

1. Distributional Assumptions

e Contrastive Learning: CL identifiability typically assumes the ground-truth latents are sampled from
an exponential family distribution. Crucially, it relies on non-Gaussianity (often requiring that at most
one latent dimension is Gaussian, following classical ICA theory) or imposes no constraints on the marginal
distributions (Hyvérinen et al), 2019). CL models remain identifiable even when the latent spaces are strictly
bounded or distributed on a hypersphere (e.g., von Mises-Fisher distributions).

e Nonlinear CCA: In contrast, our nonlinear CCA framework requires strong joint distributional assump-
tions across all latent dimensions, specifically relying on families that admit an orthogonal polynomial
expansion (such as the joint Gaussian priors driving the Mehler expansion). Consequently, nonlinear CCA
becomes theoretically non-identifiable under bounded or hyperspherical latent spaces—precisely the regimes
where CL theories thrive.

2. Regularization Mechanisms

e Contrastive Learning: CL objectives inherently regularize the geometry of the representation space. This
is typically achieved via unit-norm constraints on the embeddings (e.g., temperature-scaled InfoNCE) or by
assuming bounded latent spaces, which prevents the representations from diverging.

e Nonlinear CCA: CCA relies strictly on representation whitening to achieve well-conditioning. As demon-
strated in our theoretical analysis, unit variance ensures the compactness of the representation functions,
while zero cross-correlation guarantees orthogonality between the components in the function space. Without
whitening, the orthogonal polynomial expansion collapses, and the CCA objective cannot reliably separate
first-order components from higher-order artifacts.
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3. Proof Techniques

o Contrastive Learning: The standard proof mechanism for CL demonstrates that, under exponential
family generative models, the contrastive loss forces the learned representation to act as an isometry. By
preserving the underlying metric structure of the data-generating process, the learned features asymptotically
align with the true latents (Zimmermann et all, 2021)).

e Nonlinear CCA: Our analysis of CCA operates via function expansion in an infinitesimal function space.
The proof mechanism relies on decomposing the representation mapping into an orthogonal polynomial
basis (e.g., normalized Hermite polynomials). Identifiability is established by proving that the CCA objec-
tive uniquely isolates the first-order basis components that maximize canonical correlations, provided that
structural conditions—such as the First-Order Canonical Dominance ()—hold.

4. Identifiability Guarantees

e Contrastive Learning: Because CL forces metric preservation, it yields exceptionally strong global iden-
tifiability conclusions. When the order of the sufficient statistics is known, CL can achieve permutation or
block-permutation disentanglement (up to sign flips) (Matthes et all, 2023).

e Nonlinear CCA: CCA achieves strictly affine identifiability; the ground-truth representation is recovered
up to a linear shift and an orthogonal rotation (after whitening). While this represents a broader equivalence
class than permutation disentanglement, our theory directly explains the empirical success of purely non-
contrastive, correlation-based methods (e.g., Barlow Twins (Zbontar et al), 2021)), W-MSE (Ermolov et alJ,
2021))). It proves that exact latent recovery is possible under minimal architectural complexity, entirely
circumventing the need for negative sampling.

Remark 2. Modern non-contrastive pipelines often incorporate architectural mechanisms such as momentum
encoders and stop-gradient pathways (e.g., BYOL, SimSiam). These dynamics are not yet rigorously captured
by current identifiability frameworks for either ICA /CL or CCA-type methods, representing an important frontier
for future theoretical unification.

C Further Remarks on Theoretical Results

Remark 3 (Role of Canonical-Correlation Separation). The condition in is precisely the threshold
between strictly affine recovery and contamination by higher-order nonlinearities. It requires that the weakest
first-order canonical correlation strictly exceed the largest correlation induced by any second-order term in the
normalized Hermite expansion. Since nonlinear CCA ranks candidate directions solely by their inter-view cor-
relations, irrespective of polynomial degree, this strict separation prevents any higher-order Hermite component
from entering the top-dz representation. Consequently, the learned subspace is supported only on first-order
terms, which is exactly what yields strictly affine identifiability.

If this separation condition is relaxed, the ordering argument no longer applies. Higher-order terms associated
with strongly correlated latent factors can then outrank first-order terms associated with weaker factors, so
the learned representation generally becomes a degree-mixed polynomial subspace determined jointly by the
full canonical spectrum {pi}?jl and the representation dimension dz. Nevertheless, because the canonical
correlations of Hermite components decay exponentially with the polynomial degree, enlarging the representation
budget eventually brings all first-order terms into the retained subspace in the limit dz — oo, albeit entangled
with higher-order artifacts. See Appendix .

Remark 4 (Interpretation of A3-A4). Assumptions A3 and A4 do not impose further structural restrictions on
the latent data generation process. Instead, they constitute standard conditions for establishing the argmax con-
sistency of M-estimators applied to the empirical CCA objective. Specifically, Assumption A3 gives a uniform
law of large numbers alongside a ridge schedule that ensures stable empirical whitening operators. Assumption
A4 requires the optimization procedure to yield approximate maximizers of the empirical objective. We for-
mulate these conditions uniformly to facilitate a transparent application of standard argmax theorems, weaker
pointwise variants, complemented by compactness and continuity requirements, would also suffice at the expense
of increased technical complexity.
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D Proofs of Main Theoretical Results

D.1 Proof of Proposition 1

Lemma 1 (Pushforward identities and whitening preservation). Let (s,s’) be square-integrable random vectors
on 8 x S with joint law Psgr. Let g: S — X and g': S — X’ be Borel-measurable, and define

x=g(s), x =g(s)
Denote
Py =gyPs, Po=g4Ps, Pux =(8,8)4Pss.
Then the following properties hold.
1. Square integrability and isometry. For any ¢ € L*>(Py;R92) and ¢’ € L?(Py;R92),
poge L*(P;R¥2), ¢ og € L*(Po;RI2),

and
| ogllzp) = lPllz2pys, N9 ol = 19 I22p,)-

2. Expectation and covariance preservation. For all ¢ € L?(Py;R92) and ¢’ € L?(Py;R42),
El¢(x)] =El¢(g(s))],  E[¢'(x)] = E[¢'(g'(s))];
Cov(¢(x)) = Cov(9(g(s))),  Cov(¢'(x)) = Cov(¢'(g'(s))),

" Cov(g(x), ¢'(x)) = Cov(¢(g(s)), #'(g'(s)))-

3. Whitening preservation. If f € Fx and f' € Fl.,, then
foge]}& f"ogleﬁé.
FEquivalently, R . ~ .
Fs C Fs, Fs C Fs.

Proof. Since Py = g4Ps and Py = g%EPS/, the defining property of pushforward measures yields, for every
nonnegative or integrable Borel function ¢,

[ e@ardo) = [eeenane, [ ea)anea) = [ o @)ars).

For Part 1, apply this identity with ¢(z) = ||¢(x)||* and ¢(z') = ||@’(2")||*>. Then
E[llp(g(s)?] = E[ll¢@(x)]*] < oo,

and similarly for ¢’. The stated L2-norm equalities follow immediately.

For Part 2, the same pushforward identity with vector-valued integrands gives the expectation formulas. The
covariance identities then follow from

Cov(u,v) = E[uv'] — E[u|E[v] .
Indeed, since Pxx' = (8,8')# Pss/, We have
E[p(x)¢' (') "] = Elp(a(s)¢'(&'(s) "]-
Part 3 is immediate from Part 2: if f and f’ are centered and whitened under P, and Py, then
E[(fog)(s)] =0,  Cov((fog)(s)) =L,

and likewise for f’ o g’. Hence the compositions belong to the feasible source-space classes. O

Proof of . Throughout this proof, functions in L? are identified up to almost-sure equality.
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1. Objective preservation. Let (f,f') € Fy x Fy,. By .2,
Cov(f(x), '(x)) = Cov((f 0 g)(s), (F' 0 g')(s"))
Therefore the two cross-covariance matrices have the same singular values, and hence

J(E, )= Js(fog,fog).

2. Maximizer correspondence on representable classes. Define

U: Fo X Fhoo = Fs x Fs, U, f)=(fog,fog).
By definition of Fs and ,7:""9, the map W is surjective. Moreover, for any £y, f, € Fur,

Iy — &l72(py = (Fr — £2) o gllF2(p,y = Ificg — B2 0 gll72(p,)

by .1, and the same holds on the primed side. Hence ¥ is an isometric bijection modulo null sets.
Combining this with Part 1 gives

(f*,f*) carg max J <= (f*og,f*og’)carg max Js.
FaxFh FsxFl

3. Representation universality. We prove the claim for Fs; the primed case is identical. Since S and X are
standard Borel spaces and g is injective and Borel measurable, the Lusin—Souslin theorem implies that g(S) C X
is Borel and that

g l:gS)—S

is Borel measurable.

Fix h € Fs. Define the pullback h : X — R%z by

h(g™'(2)), «<g(S),
0, x ¢ g(S8).
Then h is Borel measurable. Since Py is supported on g(S),

h(g(s)) = h(s) for Ps-a.e. s.

By Lemma 11,

IBllz2py = Ihlz2p) < oo,
so h € L?(Py;R%2). Moreover, by .2 and the fact that h € Fs,

Eh(x)] =0,  Cov(h(x)) = L,..

By density of the base encoder class Hy in L?(Py;R?2), there exists a sequence f,, € Hx such that
an — B||L2(Px) — 0.

Set
wn = E[f,(x)], 3, = Cov(f,(x)).

Because convergence in L? implies convergence of first and second moments,
Wty — 0, 3, =14,
In particular, 32, > 0 for all sufficiently large n. For such n, choose the symmetric whitener

W, = 2;1/2, f‘n = Wn(fn - H'n) € Fx.
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Since the map A — A~'/2 is continuous on the cone of symmetric positive definite matrices and X,, — I, we
have W,, — I;.. Hence

Hf‘n - B||L2(Px) < H(Wn - Idz)(fn - N7z)||L2(Px) + an _7B||L2(Px) + ”P‘n”
< Wi = Taz [ [If2 = pnllzzcpo + 12 = hl[2p,) + lnll = 0.

Now define
fln ::f‘noge]}g.

By [Lemma 1.1,
Iy — hllz2(p) = [[fn — hl[r2(p,) — 0.

Therefore, for every € > 0, there exists n such that
E[|[Ba(s) — B(s)[?] < ¢
Repeating the same construction for h e F  proves the density claim on the primed side.

4. Continuity of Js and equality of suprema. Let (h,h’) (u,u’) € Fs x .7}‘/5', and define
A := Cov(h(s),h’(s’)) — Cov(u(s),u’(s")).
Since all four maps are centered,
A =E[(h —u)(s)h'(s") "] +Efu(s) (b’ — u')(s") "].
Hence, by Cauchy—Schwarz,
[AllF < b= ullrzp,) [0 [lz2(p,) + ullzzcp,) B = 'llz2p,).
Because every element of Fs and F: s is whitened,
Ih][2p) = l[ull2py = 10| 2py) = Vir(laz) = Viz.

Therefore,
1Alr < vz (1 = ullzaey + 10 = o lzr,) )-

Since Jgs is the nuclear norm of the cross-covariance matrix,
s, W) = Js(u,w)| < Al < Vz|Allr < dz (I = wllza + B = wle,)).

Thus Js is continuous under the product L? topology on Fs x ﬁg

Because Fs is dense in Fs and Fg is dense in Fg, this continuity implies

sup Js= sup Js.
FsxFl FsxFl
Together with Part 1,

sup J= sup Js= sup Js.
FaxF, FsxFl FsxFh

Finally, if (f‘ * £ *) maximizes J over FaxxF *vs, then by Part 2 its composition maximizes Js over Fs X .7::’9, since
the supremum over representable classes equals the supremum over the full feasible classes, the same composed
pair is also a maximizer of Js over Fs x F5. This proves the proposition. O
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D.2 Proof of the rotation-invariance of CCA

In this appendix, we formalize the rotational symmetry underlying the population CCA objective in .
Throughout, for any feasible pair (f,f') € Fx x Fb,, we write

Cip = Cov(f(x), f'(x')) € R¥=zxdz,

Proposition 2 (Orthogonal invariance of the whitened CCA objective). Under , let (f,f) e
Fax X Fhy be any feasible pair, and let Q,Q’ € O(dz). Then

Qf € Fv, Qf € Fk,
and the population CCA objective is invariant under these post-transformations:
J(Qf, Q'f') = J(f, ).
Equivalently, J is constant on every O(dz) x O(dz)-orbit.

Proof. By construction of the whitened encoder classes, every feasible encoder is centered and whitened. Hence
Eff(x)]=0,  Cov(f(x)) = ILu.
and analogously, ~
EF(x)) =0,  Cov((x)) = L.
We first verify feasibility after orthogonal post-transformation. Since Q,Q’ € O(dz), we have
E[Qf(x)] = QE[f(x)] = 0,

and - -
Cov(QF(x)) = QCov(f(x) QT = QL.,Q" =1,

Thus Qf" is again zero-mean and whitened. By the post-orthogonal closure in , Qf' € Fx. The
same argument yields Q'f’ € F%,,.

Next, using the zero-mean property of the whitened encoders, the transformed cross-covariance satisfies

Cor.qF = COV(Qf'(X)7 Q’f"(x’)) =QC;z Q.

Let

Ciy =UDV'
be a singular value decomposition, where U,V € O(dz) and D = diag(o1,...,04,) with 01 > -+ > 04, > 0.
Then

CQ%,Q/%/ =(QU)D (QIV)T~

Since QU and Q'V are again orthogonal, this is a singular value decomposition of CQ;«, Qi Therefore,

Ui(CQﬁQ,;/) ZUz‘(Cﬁ%/), i=1,....dz.

Summing over 7 yields

dz dZ
JQE QT) =Y oi(Copqi) =D oi(Crp ) = J(E T,
i=1 i=1
which proves the claim. O

Corollary 1 (Orthogonal orbit of equivalent maximizers). If (f’*,f" *) is a maximizer of , then for
every Q,Q’ € O(dz), the pair B 5
(Qf*, Q/f/*)

is also a mazimizer. In particular, each mazimizer generates an equivalent O(dz) x O(dz)-orbit of solutions.
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Proof. This follows immediately from , since the objective value is unchanged by orthogonal post-
transformations and the feasible set is closed under them. O

Remark 5 (Why whitening leaves an orthogonal ambiguity). The preceding result shows that, after whitening,
the residual linear ambiguity is orthogonal. Indeed, let f be any whitened encoder and let A € GL(dz). Then

Cov(Af(x)) = A Cov(f(x)) AT = AAT.
Hence Af remains whitened if and only if
AAT =1,

that is, if and only if A € O(dz). Therefore whitening eliminates arbitrary anisotropic rescalings and shears,
leaving precisely the orthogonal symmetry established above.

Proposition 3 (Orthogonal invariance does not imply uniqueness modulo orbit). Under alone,
the set of mazimizers of need not be a single O(dz) x O(dz)-orbit.

Proof. Take dz =1, X = X/ =R, and let
X =X"~N(0,1).

Let the base classes be
HX = HX/ = L2(P)(,]:R)7

so the corresponding whitened classes are exactly the centered, unit-variance scalar functions.

For any feasible pair (f, f),

J(F, ) = [Cov(FX), J/(0)]| < y/ Var(F(X)) Var /(X)) = 1
by Cauchy—Schwarz. Hence every pair of the form (h, h), where
E[h(X)] =0, Var(h(X)) =1,
is a population maximizer.
In particular, the two feasible functions
X2 -1
V2

give two maximizers (hi,h1) and (hg, ha). Since O(1) = {£1} and hg # +hy in L?*(Px), these two maximizers
are not in the same orbit. O

hi(X) =X, ho(X) =

Remark 6 (Scope of lProposition ﬂ) lProposition 2| and borollary ]J show only that each maximizer generates an
equivalent O(dz) x O(dz)-orbit of maximizers. They do not imply that all maximizers belong to a single orbit.

The stronger single-orbit statement used later in the paper requires the additional distributional and spectral
assumptions of [Theorem l] (see Corollary 4).

D.3 Proof of

Throughout this subsection, write

d:= d5 :dg.

Lemma 2 (Hermite—Mehler expansion of a bivariate Gaussian pair). Let (S,5’) be jointly Gaussian with means
s, phs, variances o%,0%,, and correlation coefficient t € (—1,1). Define the standardized coordinates
S — us Sl — Qs X Y

, Y i=———, U:=—, Vi=—.
gs ogr V2 V2

Let H,, denote the physicists’ Hermite polynomials and define
1

wn(z) = \/ZT’H,' Hn(z)7 n e No.

X =
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Then {4y }n>0 is an orthonormal basis of L*(v), where
v(dz) = /22 dz,

and the joint density of (S,S’) admits the Hermite—Mehler expansion

]. 2 2 o
pssi(s,8') = g———e SN T g () (v), (5)
TOg0g ~
where
_ 5— g s =g

V205 V2as

Equivalently, the joint density of (U, V) is

I (2in?) —
_ = —(u*+v?) n
pov(w,0) = —e > " (1)
In particular,

E[¢m (U)pn (V)] = t" dmn, m,n € Ny.

Proof. The classical Mehler formula for the physicists’ Hermite polynomials states that, for |t| < 1,

(o)
" 1 2tuv — t2(u? 4 v?)
nz:% ﬁHn(u)Hn(v) = == eXp( T .

Multiplying both sides by 7~ te=(®+v*) gives

o0 2 2
1 e _ 1 u — 2tuv +v
R e G

which is precisely the density of (U, V). Since

1
2np!

Yn(u)Pn(v) = Hy,(u)Hp(v),

this proves the expansion for py v, and the formula for pg g/ follows by the change of variables (s, s’) — (u,v),
whose Jacobian determinant is (2050g/)~*.

Orthogonality is immediate from
/Rz/Jm(z)z/Jn(z) v(dz) = dmn.-

Finally,

E[thm (U)yn (V)] = - Y (W) (v) pu,v (u,v) du dv
= [ dnlwnto (Zt%k ) (du)v(dv)

_ g & ([ omtntvtan) ([ va@uova)

=1t" dmn.-
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Proposition 4 (Multivariate Hermite-Mehler expansion in canonical coordinates). Let (u,v) € R? x R? be
jointly Gaussian such that V2u and V2V are standard Gaussian and

Cov(\/iu,ﬂv)=diag(p1,...,pd), 1>p1>-->pg>0.

Define, for every multi-inder n = (n1,...,nq) € N&,
d d
)= [z, ="
i=1 i=1
Then the coordinate pairs (u;,v;) are mutually independent acrossi =1,...,d, and the joint density of (u,v) is
1 2 2
— o= UalP+lvi®) n
Puy(u,v) = —ge > PP Tn(0)Tn(v). (6)
neNg
Moreover, for all multi-indices m,n € Ng,
d
E[Wm(u)¥n(v)] = p" dmn, Omn = H Omn,
i=1
Proof. Because (v/2u,v/2v) is jointly Gaussian with block covariance
Id diag(pla s ,Pd)
diag(pla'“vpd) Id ’

the pairs (u;,v;) are mutually independent across 7. Hence

puv u, V Hpu“v uz,'Uz

Applying coordinatewise,

Pu;,v; (uivvi) *e_(u +07) Z P wm Ui wm (Uz)

n; =0

Taking the product over ¢ = 1,...,d yields

pu,V(qu) _(”u” v )H (Z ,0 b, (ug) 1pnl(w)> )

=1 \n;=0

which expands into . The covariance identity follows by Fubini and the one-dimensional orthogonality:

o
=)

2

B
S

=}

=

i
E&

E[m,; (wi)n, (vi)]

N
Il
—

I
=~
s

16m1nL = pn 6mn-

o
Il
_

Corollary 2 (Orthogonality of multivariate normalized Hermite polynomials). The family
{¥,:neNi}
is an orthonormal basis of L?(v4), where
vq(dz) = n= 2Nl gy

In particular,

Vo=1, Ve (z)=ti(z) =V2z, i=1,....d
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Proof. For m,n € N¢,

S

[, V@) Vi) vt -1I / o (o (22 ()

5mi n; — 6mn .

|
A:& T

Il
-

3

Completeness follows from the standard tensor-product construction of orthonormal bases. The identity for Ve,
uses Hi(z) = 2z. O

Lemma 3 (Diagonal selection under orthonormal row constraints). Let N € N, let {d;};>1 be a nonnegative
nonincreasing sequence, and let

A = (aihi<icn, i1, B =(bij)ici<n, j>1
be real matrices with countably many columns such that
AAT =1y, BB =1Iy.

Let
D= diag(dl,dg, e )

Then v
i=1
Moreover, equality is attained, for example, by
A=B=[Iy 00 ---].

Proof. Let aj,b; € RY denote the j-th columns of AT and BT, respectively. Then

d ajal =Iy, Y bbb =1y,

jz1 jz1

hence
SllalP=N, ) byl? =
j>1 i>1

Also, since ATA < T and B"B < I, we have

0<|a;?<1, 0<|bl2<1  forallj>1.

By the variational characterization of the nuclear norm,

|ADBT

= tr(RADB'ST) = d; (Ra;,Sb;
* T RSO it ) Rsné%}zzv)z 3, 5b;).

Using Cauchy—Schwarz and 2ab < a? + b2,
(Ray;, Sb;) < [las] ;1) < 5 (lay 1 + 1)
Therefore

1 1
IADBT(|, < 5> djllay|* + 5 > dslbs 1>

21 Jj21

Now, if {u;};>1 satisfies 0 < wu; <1and } 5, u; = N, then the monotonicity of {d;};>1 implies

}:du7<§:¢,

j>1
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indeed, the maximum is achieved by taking u; = --- = uy = 1 and u; = 0 for j > N. Applying this with
u; = ||a;j||* and u; = ||b;||? yields
N N
Sdllal? <Y di Do dillbiP <D di.
izl i=1 j>1 i=1
Hence

N
|ADBT|, <3 a.

=1
Finally, for A =B = [IN 00 ] we have
ADB' = diag(di,...,dy),

. N
whose nuclear norm is exactly > ;" d;. O

Corollary 3 (Strict-gap characterization of maximizers). Under the assumptions of , assume in addition
that

dy > dN+1.
If
N
|ADBT| = .
=1
then

A=[A, 00 -], B=[B, 00 -]
for some A1,By € O(N).

Proof. If equality holds in , then equality must hold in both weighted-sum bounds

N

N
SdilalP <> di S dilb2 <D di.
1

j>1 i=1 j>1 i=

Because dy > dyy1 and
0< ||ajH2 <1 Z Haj||2 =N,

Jj=1

the only way to achieve

N
Y dillagl® =) "di
i=1

jz1

is to place all mass on the first N coordinates, i.e.
la;[I?=1for 1<j <N, |aj|>=0forj>N.

The same argument gives
b2 =1for 1<j<N, |b;|>=0forj>N.

Hence all columns indexed by j > N vanish, so
A=[AL 00 -], B=[B; 00 -]
with A1,B; € RV*YN_ Since AAT = BBT = I, we obtain
AA] =1y, BB/ =1Iy.

Because A; and B; are square, this means A;,B; € O(N). O
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Proof of |Theorem 11 By tProposition ]J, it suffices to characterize the maximizers of the source-space objective
over

.7:_5 X ﬁé
Let s
K = 3/°%. %, = Uy diag(ps, ..., pa) Vo

be a singular value decomposition, where Uy, Vo € O(d) and
1>p1>2--->pag>0.

Define the canonical Gaussian coordinates

1 1 _
wi= —UlS Y25 —ps), vi=—=VIZLA - pe).
\/i 0 “ss ( K ) \/i 0 “s’s ( M )
Then v2u and v/2v are standard Gaussian, and
Cov(v2u,vV2v) = diag(p1, . . ., pa)-

Hence [Proposition 4 applies.

The maps
s = ps + V232U u, s’ = g +\/§Ei/52,V0v

are affine bijections. Therefore, maximizing over centered, whitened maps of s and s’ is equivalent to maximizing
over centered, whitened maps of u and v.

Let (h,h’) be any feasible pair in these canonical coordinates. Since {¥n}nena is an orthonormal basis of L?(vq)
i

by , each component admits an L? expansion
hy(u) = Z arn Un(u), B;(V) = Z bgn Un(V), 1:= Ng \ {0},
neZl ne’l
forr,qg=1,...,d. There is no n = 0 term because the maps are centered. Let
A = (arn)1<r<d, nez, B = (byn)1<q<d, nez

denote the corresponding coefficient matrices. Orthogonality of the basis and the whitening constraints imply

AAT =1, BB' =1,.

Next, by Proposition 4,

d
ElWm(@¥a(v)] = p"0mn, 0" = [[ -

=1

Hence the cross-covariance matrix of (h,h’) is

C := Cov(h(u),h'(v)) = A diag(p")neI B'. (7)
Now enumerate the multi-indices in Z as Z = {n™) n® ...} so that
d = pnm

is nonincreasing. Every first-order multi-index e; gives

€

P = pPi

On the other hand, if |n| := E?:l n; > 2, then

d
oo =11 e <o <0} < pa
i=1
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by . Therefore the top d diagonal entries of (H) are exactly

Pls---5Pds

corresponding to the first-order indices ey, ..., e4, and moreover there is a strict spectral gap

dg = pg > dgy1.

Applying with N =d to (H) yields

d
Js(h, ) = Il < 3 p.

i=1
This upper bound is attained by the purely first-order maps

hy, (u) = V2u, bl (v) =V2v,
because these maps are centered and whitened, and their cross-covariance is

Cov(V2u,v2v) = diag(ps,..., pa),

whose singular values are exactly p1, ..., pq. Hence every population maximizer must satisfy

d
Icl. =" p.
i=1

By the strict-gap characterization in , this forces all coefficients outside the first-order block to vanish.
Thus there exist orthogonal matrices Ay, B; € O(d) such that

A=[A; 00 -], B=[By 00 ---].

Using Corollary 3,
\Ijei(u) = \/iuia \Ilei (V) = \/5112‘.

Therefore every maximizer has the form
h*(u) = A;(V2u), h'*(v) = B1(V2v).
Substituting the definitions of u and v gives

fl*(u) = AlUJE_l/Q(S - lj/s)a

SSs

l_ll*(V) = Blvgz_l/z(sl — IJ,S/).

s’s’

Since A;UJ and B,V are orthogonal, there exist Q,Q’ € O(d) such that

h*(s) = QL5 — pe), () = QB8 — pa).

Recalling that ~ B - .
h*:f*og, l,l/*:fbkog/7

this proves the whitened statement in . Finally, if
h* = Wy (h* —E[h*]),  h™ = Wy (h" —E[h"])
are the corresponding population-whitened maps, then
h*(s) = W 'QE?(s — ps) + E[h],
h"(s') = Wi, ' Q' 2508 — piwr) + E[0]

Hence the unwhitened representation maps are affine, which proves the theorem. O
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Why the strict gap is needed. The argument above uses the strict inequality

pa > pi

exactly once: it ensures that the first-order block {eq,...,eq} is separated from every higher-order multi-index.
If this fails, then a second-order term such as 2e; can have coefficient p? > p4, and a population maximizer need
not be supported entirely on the first-order block. In that regime, nonlinear CCA can mix linear and higher-order
terms, and strict affine identifiability is no longer guaranteed.

Corollary 4 (Single-orbit structure of population maximizers under affine identifiability). Assume the hypotheses
of |Theorem 1, and let (f*,£*) be any population mazimizer of ‘. Then the full set of population
maximizers is exactly

{(@F.qF):Q.qQ €0z}

as a subset of L?(Py;R2) x L?(Py;R92). In particular, under the assumptions of , all population
mazximizers lie in a single O(dz) x O(dz)-orbit.

Proof. Let (f' ,f" ) be any other population maximizer of [Equation ﬂ By h’heorem ]J, there exist orthogonal
matrices Ry, Ro, R}, R}, € O(dz) such that

(F*og)(s) = R1 B.2(s — ps), (fog)(s) =Ra X %(s — pus),
and similarly
(Frog)(s) =RIS,° (8 —pe),  (Fog)s) =R S8 — ).
Define
Q:=RyR/ €0(dz), Q :=RLR) €O0(dz).

Then
(Fog)(s) =Q(f*og)(s), (Fog)(s) =Q (F*og))(s).

By the pullback isometry from .1,
If — Q|2 = II(F — QF*) o gll2(r) =0,

and likewise
It = Q" 2p,y = (£ = Q'F*) o'l L2(p,) = 0.

Thus every population maximizer lies in the O(dz) x O(dz)-orbit of (£*,f/*).

The reverse inclusion is exactly Corollary 1. O

D.4 Preservation of Higher-Order Nonlinearities Beyond First-Order Dominance

In the main text, requires first-order canonical dominance, specifically pgs > p?, to guarantee
strictly affine identifiability. This section provides a self-contained illustration of the representation learning
dynamics when this assumption is relaxed. Specifically, we demonstrate how the canonical spectrum interacts
with the representation capacity dz to determine the survival of higher-order nonlinearities.

Theoretical Mechanism. As established in the proof of 7 the normalized orthogonal polynomial
expansion (e.g., the Mehler expansion for Gaussian priors) diagonalizes the CCA objective. Under this expansion,
a multivariate polynomial term of multi-index degree n = (n1,...,n4,) corresponds to a canonical correlation
given by H?il pi't. Because nonlinear CCA strictly prioritizes orthogonal components that maximize the sum
of inter-view correlations, it greedily selects the dz terms with the largest corresponding values of Hfj 1P
regardless of their polynomial degree. Consequently, higher-order nonlinear terms of strongly correlated source
components can overshadow the first-order (linear) terms of more weakly correlated components.
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Infinite Capacity Guarantee. Because the true canonical correlations satisfy 0 < p; < 1 for all ¢ €
{1,...,ds}, the correlation of any higher-order term diminishes exponentially as its total polynomial degree
[n| — oco. Therefore, while a limited capacity dz can lead to the truncation of weakly correlated linear terms,
the asymptotic limit of infinite representation capacity (dz — oo) guarantees the eventual recovery of all first-
order linear terms. However, in this unconstrained regime, the desired linear features are inherently entangled
with a multitude of higher-order artifacts.

A Concrete Example. To rigorously illustrate this phenomenon, consider a two-dimensional latent space
(ds = 2) with ground-truth canonical correlations p; = 0.9 and ps = 0.5. Notice that this violates the first-order
dominance condition since ps < p? (0.5 < 0.81).

Evaluating the canonical correlations for the lowest-degree polynomial terms yields:

o First-order terms: s; yields p; = 0.9, and s, yields ps = 0.5.

o Higher-order terms of s1: s} yields p? = 0.81, s3 yields p} = 0.729, s} yields pf = 0.6561, s} yields
p7 = 0.59049 and s¢ yields p§ = 0.531441.

Sorting these available orthogonal terms in descending order of their canonical correlations generates the sequence:
{0.9,0.81,0.729,0.6561,0.59049, 0.531441,0.5, . .. }.

If we constrain the representation capacity to match the source dimension (dz = 2), nonlinear CCA greedily
selects the top two components. In this case, it captures {si,s?}, introducing a second-order nonlinearity of s
and entirely failing to recover the linear term s,.

If the representation capacity is expanded to dz = 7, the algorithm selects the top seven components:
{s1,52,5%,5%,57,5%,s0}. Here, the linear term s, is successfully recovered, consistent with the infinite capacity
guarantee, but the learned representation is now dominated by higher-order nonlinearities up to the sixth degree.
This example clearly demonstrates why the strict spectral gap pgs > p? is mathematically necessary to isolate
purely affine representations under finite capacity.

D.5 Proof of

We write || - || for the spectral norm and || - ||« for the nuclear norm.

Lemma 4 (Stability of ridge whitening near the identity). Let A € R¥*? be symmetric positive semidefinite and
assume ||A — I4]| < % Then, for every e € [0,1],

[(A+ely) 2 -1y < CIA -1y + |1 +e) 1],
where C' > 0 is an absolute constant. In particular,

[(A + €ely) 2 — 1| = O(||A — L4|| +¢).

Proof. Since A is symmetric, it admits an eigendecomposition A = U diag(\1,..., ¢)UT. The condition ||A —
Iy|| < % implies A; € [4, 3] for all i. Therefore

(A +ely) V2 = U diag((\; + 6)_1/2)4

T
z=1U ’

and hence
(A +ele) ™72 = (14 )7Lyl = max [+ = (14712,
Now apply the mean value theorem to the scalar map t — (¢t + ¢)~'/2 on [%, %]

‘(/\i+6)_1/2—(1+6)_1/2| < sup

1
S N U= O =1l
te[3,3], e€[0,1] 2(t +€)3/2

Taking the maximum over ¢ gives

(A +ely) "2 — (14 €) 14| < C|A - 14].
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Finally,
10+ = Ta| = (1 4+ )72 = 1,

and the claim follows by the triangle inequality. O
Proof. For each n, let

(fna fr/L) = (fbn,a f‘é;l)
be any empirical §,-maximizer from Assumption A4. Fix a feasible pair

(£,£) € Fr x Flyr.

Write

Since the feasible classes in are whitened,
Yooz = 1a., Yo =g,
Hence the population normalized cross-covariance simplifies to
K=3,, J(Ef)=]|K].
For the empirical quantities, define
W, = (ﬁ]zz + eI)_1/27 W, = (ﬁ]z/z/ + EI)_1/2,

and

K := Wz Ezz/ Wz/.
Then
J(E 1) = |K]|..

Step 1: stability of empirical whitening. Let

Ayi=  sup (||$:zz IV S IV [ B — 2zz/H).
feFx, frer,

By Assumption A3,

hence also A,, = 0,(1) because € — 0.

On the event {A, < 1}, every eigenvalue of 3,, and 3,/ lies in [£,2], uniformly over the feasible classes.
2 212
Therefore [Lemma 4 yields

sup [W, —T|| < Csup [ B, —T|| + |(1+€) 7% = 1] = 0,(€) + O(€) = 0,(1),
£ B

)

and similarly
sup [|Wer — || = 0,(1).
£ F

In particular,

sup W, | + sup [[Wo[| = 0,(1).
£.8 £.8
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Step 2: uniform convergence of the normalized cross-covariance. For every feasible pair, z and z’ are
whitened. Hence
||EZZ’|| <1

Indeed, for arbitrary unit vectors u, v € R%2,

u'S,,v|=|Cov(u'z,v )| < \/Var(uTz)Var(sz’) _1,

so the operator norm is at most 1. Therefore, on the event {A, < %},

w

sup || Baz || < sup | Baw | + Ap <14+ A, < 2.
£ £ 2

Now expand

K-K=W,%,, W, -%,,
= (Wz - I) zA}zz’ Vsz’ + (ﬁ:zz’ - z:zz’) Vsz’ + Xz (Wz’ - I)

Taking suprema over the feasible classes and using Step 1 gives
sup |[K — K|| < sup [W, — I|| sup || || sup [|[W|
£ £ £ £
-+ sup ngz’ P H sup sz' H
£ £
+5up || Zyp || sup Wy — 1]
£ £

= 0,(1).

Step 3: objective consistency. Since the population and empirical objectives are the nuclear norms of K
and K, respectively, o o
|J(E,£) = J(£, )] = |IK]. - [K].

Using [|A[l. < dz||A] for A € R%2X4z  we obtain

< K~ K]

sup S ) — J(E,F)| < dzsup [K - K[| = 0.
feFx, FeF, £ B

This proves Claim 1.
Step 4: estimator consistency up to orthogonal transformations. Let
(i}*,f‘/*) G ﬁX X .7:—;(/

be any population maximizer, and write o
J* = J(f, 7).
Define its orbit . )
O* = {(Qf*7 Qf*): Q,Q ¢ O(dz)}.

We equip the quotient by this orthogonal action with the distance

d f' f'/ O*) = inf f-_f-* /f-/_i’-/* .
o (£, 1), 07) Q.Q/e0(dz) <HQ lz2e0 +1Q ||L2(Px’))
By Assumption A4, L

(0, 1) = J(E£7) = 0.
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Therefore
0<J* = J(E,, £)) < [J(E*, %) — J(E, 7))
+ [T (0, £)) — T(£0, £1)] + 6

< 2sup | (£, F) — J(E,F)| + 6, = 0,
£,f

where the last step uses Claim 1 and 4,, — 0.

We now invoke the orbit-separation part of Assumption Al. If

do((£a,£,),0%) 7> 0
then there exist n,« > 0 and a subsequence (not relabeled) such that
]P’(dg((fn, £),0%) > 77) >a  forall n.
On this event, Assumption Al gives
J* = J (£, £) = K(n) > 0,
which contradicts

J—JE, ) 5o.

nsyn
Hence o b
do((fn, £,),0%) = 0.
Since O(dz) x O(dz) is compact and the distance functional is continuous, the infimum in dg is attained.
Equivalently, there exist random orthogonal matrices Q,,, Q!, € O(dz) such that

¢ £* ¢ £ P
1Qufn — £ )22 (p) + 1QLE, — £l 22(p,) — O

This proves Claim 2.

Step 5: latent recovery. Let R ~ ~ ~
h* :=f*og, h™ :=f*og'.

By the pullback isometry established in the proof of , for every Q,Q’ € O(dz),
1Q(E 0 g) — b2 = |1QE: — £[l2(m),

and likewise R } R ~
1Q'(f, 08) = h™[lL2(p,) = QL — £ [|22(p,)-
Therefore Claim 2 immediately implies

0o (1QME 0 g) = B*2cr

A ~ * ]P)
+1Q(E, 0 8) ~ W llz2(r, ) 0.

Finally, by , h* and h'* are the marginally whitened latent factors up to orthogonal transformations.
This proves Claim 3. O

E Necessity of whitening

For precision, the necessity claim has to be stated carefully. Centering and unit covariance play different roles,
and only the latter is the genuinely restrictive whitening condition. What is mathematically indispensable is a
scale-fixing normalization equivalent to whitening. In our formulation this normalization is imposed by restricting
the encoder classes to zero-mean, identity-covariance maps. The proof of [Theorem 1| uses this normalization in
two logically distinct ways: centering removes the constant polynomial mode, while unit covariance yields the
orthonormal coefficient geometry required by the diagonal selection argument.

We first record that normalized CCA can always be represented on whitened encoders.
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Proposition 5 (Whitening is without loss of generality for normalized CCA). Let h € L?(Ps;R%2) and b’ €
L?(Ps;R2) be centered maps with

31 := Cov(h(s)) = 0, = Cov(h'(s")) > 0.

Define their whitened versions by
h=x"h, B =3%"%n.

If
dz
Je (b, h') = 201(2;1/2Cov(h(5), h’(s’))2;,1/2),
=1
then

J§ (b, 1) = Js(h, ),

where Js is the whitened source-space objective in . In particular, every candidate pair for normalized
CCA admits an equivalent representation by whitened encoders.

Proof. Since h and h’ are centered,
Cov(h(s)) = 2, /°2n3, 2 =14,  Cov(W'(s)) ==, * 2w,/ =14,
Hence h € Fs and b’ € ﬁg Moreover,
Cov(h(s),0'(s)) = ;,"/*Cov(h(s), h'(s)) =, /.
Taking singular values and summing them proves the identity. O

The next proposition shows why some such normalization is necessary.

Proposition 6 (Without scale normalization the covariance objective is ill-posed). Define the unnormalized
objective

dz
TS (1) = 3o Cov (b(s). W(6) )
i=1

over centered square-integrable encoder pairs. If there exists one pair (h,h’) such that J&¥(h,h") > 0, then

sup J&V(h,h’) = +o0.
h,b’

Proof. For any A\ > 0,
Cov(Ah(s), Ah'(s")) = A* Cov(h(s), h’(s)),
SO

JEY(Ah, Ah') = A\2J5% (h, ).

If J&%(h,h’') > 0, letting A — oo proves the claim. Under , this hypothesis holds by taking the
first pair of canonical variates and, if dz > 1, padding the remaining coordinates with zeros. O

The preceding propositions isolate the formal necessity of whitening. In the proof of , whitening enters
at three specific places.

1. Basis alignment and exclusion of the constant mode. The Hermite-Mehler expansions in [Lemma 2
Proposition 4

and are written in the standardized source coordinates introduced there. This basis alignment is
determined by the latent Gaussian law after source standardization and is independent of the encoder parame-
terization. For the encoder expansions, the only degree-zero condition needed is centering. Indeed, if

h(s)= Y orn¥n(u), hi(s)= > Bin¥al(v),

neNds neNds
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then Pq is the unique constant basis element and E[¥,] = 0 for every n # 0. Hence
Eh,(s) =0 <= a,0=0, E[h(s)] =0 < B,0=0.

Thus the constant mode disappears because the encoders are centered. The unit-covariance part of whitening is
used later.

2. Feasible-set geometry for the CCA objective. After applying , we may work entirely with
whitened encoders. Writing

h(s) =Y a,n¥n(u),  hi(s) = Bun¥a(v),

n#0 n#0

and collecting coefficients into matrices A = (a,n) and B = (84n), Corollary E gives
Cov(h(s)) = AAT, Cov(h'(s')) =BB'.
Hence whitening is exactly the constraint
AAT =1, BB’ =1,..
Under these constraints, the cross-covariance diagonalizes as
Cov(h(s),h'(s")) = c Adiag(tn) BT,

and applies directly. Without the unit-covariance constraints, the coefficient matrices are no longer
row-orthonormal, and the proof no longer reduces to selecting the largest diagonal entries {|t,|}. This is the
precise point where whitening enters the identifiability argument.

3. Scale fixing and collapse avoidance. already shows that without any scale-fixing normal-
ization the raw covariance objective is unbounded. After passing to the whitened representation, the remaining
first-order block is also well-conditioned. Once excludes all higher-order indices, the optimizer is
confined to the first-order block {ey,...,eqs}. Let Ay, and By, denote the corresponding dz x ds coefficient
matrices. Because the full coefficient matrices are whitened, we still have

T T
AnAy, =14, BBy, = 14,

When dz = dg, this forces Ay, Biin € O(dz). Therefore the recovered linear maps are full-rank and perfectly
conditioned in the whitened coordinates: no output coordinate can vanish, duplicate another one, or absorb an
arbitrary scale. This is exactly what yields the orthogonal ambiguities in . Without whitening, even
after higher-order terms are removed, the remaining linear coefficient matrices need only be invertible (if at all)
and may be arbitrarily ill-conditioned.

Remark 7. The discussion above yields the precise form of the necessity claim used in the main text. The
indispensable ingredient is a scale-fixing normalization equivalent to whitening. In our formulation it is imposed
as a hard whitening constraint on the encoder classes; alternatively, it can be implemented inside the objective
as in standard normalized CCA, in which case shows that the analysis may still be carried out on
whitened encoders. What fails without such normalization is twofold: the raw covariance objective is unbounded
by Proposition 6, and the row-orthonormal coefficient geometry required by disappears. Hence the
affine identifiability proof does not go through without whitening or an equivalent variance normalization.

F Proof Sketches for the Remaining Candidate Distributions

The Gaussian proof of relies on three Gaussian-specific ingredients: the scalar Hermite-Mehler ex-
Lemma a

pansion in , its tensor-product extension in [Proposition 4|, and the resulting orthogonality statement in
E}orollarx 9. For the remaining candidate priors, the same optimization argument carries over once these ingre-
dients are replaced by the corresponding scalar Lancaster expansion and the associated orthonormal polynomial
basis (Lancaster, 1958; Eagleson, 1964). The only family-dependent objects are therefore the one-dimensional
orthogonal polynomials and the associated diagonal coeflicient sequence.
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F.1 Unified Proof Template

We state the common reduction at the level needed by the CCA proof. Throughout this subsection, let I; = Ny
for Poisson, negative binomial, and gamma marginals, and let I; = {0,...,m;} for hypergeometric marginals,
where m; is the maximal polynomial degree permitted by the finite support of the i-th coordinate. In the
hypergeometric case, all sums below are therefore finite.

Proposition 7 (Unified Lancaster reduction for the remaining candidate priors). Assume that, for each coor-
dinate i € {1,...,ds}, the pair (s;, s;) has a bivariate Lancaster law with common marginal v;, orthonormal
polynomial basis {1; n}ner, C L*(vi) satisfying ;o0 = 1, and coefficient sequence {\; n}tner, with \io = 1 such
that

dPSiys,li (U, U) = (Z )\i,n wi,n(u)wi,n(v)> dl/z(u) dl/i(U). (8)

nel;

Assume moreover that the coordinate pairs {(s;, s) ?21 are independent across i. Define the tensor-product basis
and multivariate Lancaster coefficients by

ds ds ds
lIjn(s) = Hwi,ni(si)a )\n = HAi,nm n= (nla s 7”(15) €l := HI’L
=1 i=1 =1

Let h, b be whitened latent maps in source space and expand their coordinates as

hp(s) = Z Arn Un(s), B;(s’): Z Bgn Un(s),

nez\ {0} ne7\{0}
forr,qge{l,...,dz}, and define the coefficient matrices

A = (rn)i<r<ds,nez\{0} B = (By,n)1<q<dz,nez\{0}-

Then:

1. Whitening constraints. Because the tensor-product basis is orthonormal and the constant mode is ex-
cluded, the whitening conditions imply

AAT =1,,, BB =1I,..

2. Diagonal cross-covariance. The source-space cross-covariance diagonalizes as
Cov(fl(s)7 fl/(S/)) = A diag((An)ner\0}) B'.

3. Reduction to diagonal selection. Consequently, by , the source-space CCA objective equals the
sum of the dz largest absolute values among {An :n € T\ {0}}.

Ifdzids and
in || > Anl, 9
oin, Ay o [An] )
n¢{e1,..‘,ed$}

then every population maximizer uses only the degree-one tensor basis functions. Equivalently, there exist
orthogonal matrices Q, Q" € O(dz) such that

B*<S) =Q (1/}1,1(51)7 .- "wds,l(sds))—r’
fll* (S/) = Ql (7/]1,1(811)7 cee vwds,l(sils))—r‘

Hence, whenever each first-degree basis function 1; 1 is affine in its argument, the optimal source-space maps are
affine up to orthogonal transformations.
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Proof sketch. 1. Reduce to the latent space. By , it suffices to maximize Js over whitened
source-space maps (h,h’).

2. Expand the encoders in the orthonormal polynomial basis. Since {Uy}necz is an orthonormal
tensor-product basis of L?(Ps) and whitening enforces zero mean, the constant term n = 0 is absent from both
expansions. The identity-covariance constraints then yield AAT =1 and BBT =1.

3. Diagonalize the cross-covariance. Independence across coordinates and the scalar Lancaster expansion

() tmply
E[\I/m(s)\lln(s’)] = An Omn, m,ncZ.

Substituting the encoder expansions gives

Cov(h(s),h'(s)) = Adiag((An)ner\(0}) BT

4. Reduce CCA to selecting diagonal entries. By [Lemma 3, the CCA objective is maximized by selecting
the dz largest absolute values among {)\,, : n # 0}. Under (H), those top coefficients are exactly the degree-one
indices ey, ..., eq;.

5. Conclude affinity. Thus every maximizer lies in the span of the first-degree basis functions. Since the
first-degree orthonormal polynomial of a one-dimensional orthogonal polynomial system is always affine in the

underlving scalar variable, the optimal source-space maps are affine. Pushing them back to observation space
via yields the same conclusion for the learned encoders. O
Remark 8. The non-Gaussian argument does not require the Gaussian-specific identity A, =[], pi'*. The proof
only needs diagonalization in an orthonormal polynomial basis and an ordering condition such as (E) Whenever

a particular family admits the geometric specialization A;, = pJ, the dominance condition reduces to the
Gaussian-style separation pgg > p3.

F.2 Instantiations for the Four Families

For each family below, the first-degree orthonormal polynomial is precisely the standardized coordinate,

wl(m) = w;'ua

with p and o2 the marginal mean and variance. In particular,
Ain = E[ 1(s:)1i1(s7)] = Corr(s;, s7).
Therefore, once higher-degree terms are excluded by (E), immediately yields affine recovery.

Poisson (\). The marginal law is

5

Negative Binomial (r,p). We use the convention

-1
y(x)_(”z >pr(1_p)m, zeNy, 0<p<l.

The associated orthogonal family is the Meixner family M,,(z;8,¢) with § = r and ¢ = 1 — p. Its mean and

variance are
_rli-p) L, _r(-p)
p pr

hence

dale) = .
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Hypergeometric (N, K,n). The marginal law is

(2) (=s)

()

v(z) = x =max{0,n — (N — K)},...,min{n, K}.

The associated orthogonal family is the Hahn family associated with the hypergeometric weight; its degree is

finite because the support is finite. Its mean and variance are

K » K K\ N-—-n
="y 7 7"N N)N-1
so the first-degree normalized polynomial is
T —
(z) = ——E.
o
Gamma (k,0). The marginal law is
1 k—1_—x/0
dv(z) = T (6" x" e 1(0,00) () dax.

The associated orthogonal family is the generalized Laguerre family k=Y (z/0). Its mean and variance are
w=Ko, o = kb2,

hence
xz — k6

F.3 Connection to the Gaussian Proof

The relationship to the Gaussian case is now transparent.

Only the basis changes. Replace the Hermite-Mehler system by the appropriate Lancaster system:
Charlier for Poisson, Meixner for negative binomial, Hahn for hypergeometric, and generalized Laguerre for
gamma.

The diagonalization step is identical. Once the joint law is expanded in an orthonormal polynomial
basis, the cross-covariance of the encoder coefficients is diagonal, and the CCA objective reduces to a diagonal
selection problem exactly as in the Gaussian proof.

The optimization step is unchanged. still implies that the maximizer selects the dz largest
absolute Lancaster coefficients.

Affine recovery again follows from first-degree dominance. If the degree-one coefficients dominate
all higher-degree coefficients, only first-degree basis elements survive at the optimum. Since those first-degree
basis elements are affine in the latent coordinates, the conclusion of carries over verbatim.

G Implementation Details

Training Configurations. We adapt the experimental protocols of (Zimmermann et al., 2021; Matthes et all,
2023) to our dual-encoder framework. All models are optimized via Adam (Kingma and Ba, 2015) with a
constant learning rate of 1074, For the synthetic dataset, we train for 10° iterations with a batch size of 1024,
requiring approximately 1.5 hours for ds = 40 on a single NVIDIA RTX A5000 GPU. For 3DIdent, we train
for 10* iterations with a batch size of 512, requiring roughly 4 hours. Empirically, we observe that CCA-based
objectives converge 2-3x faster than standard contrastive losses. With the exception of qualitative visualizations,

all reported metrics are averaged across five inder endent random seeds. Comprehensive implementation details

and extended results are provided in .
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For encoder architectures, we adopt the same design as (Zimmermann et al], 2021)) for both synthetic and 3DIdent
datasets, except that for synthetic data we employ a lighter residual network. This network comprises two hidden
layers of sizes 10 - ds and 20 - dg, followed by three residual blocks and an output layer. Each residual block
contains two layers of width 20 - ds. We apply leaky-ReLU activations and batch normalization to all hidden
layers.

The decoders are implemented as approximately invertible multi-layer perceptrons. The encoders f and f’ are
parameterized independently using residual connections and batch normalization for optimization stability.

Training the synthetic model with ds = 10 on a single RTX A5000 GPU takes approximately one hour, whereas
experiments on 3DIdent require roughly four hours using eight RTX A5000 GPUs.

Candidate Distribution Setups. For each latent dimension, we generate a paired source (s,s’) € R%s x Rds
according to the additive latent model s = a + ¢, s = b + ¢, where a, b, c are independent random vectors.
Unless otherwise stated, the coordinates are independent across dimensions except for Gaussian case as stated
in Assumption 1.

Joint Gaussian. We sample (s,s’) ~ N (0,X) with block covariance

> _ I, A diag(p) BT
~ \Bdiag(p) AT I, ’

where A, B are independent random orthogonal matrices (constructed via QR decomposition of Gaussian ma-
trices with det = 41). The canonical correlations p = (p1,..., pn) are linearly spaced in [0.3, 0.5]. This yields
standard-normal marginals and the desired cross-covariance structure A diag(p)BT.

Joint Gamma. For each coordinate j, we draw three independent random variables ¢; ~ Gamma(k = 1, rate = 1)
and a;,b; ~ Gamma(k = 2,rate = 1), and set

sj = a; + ¢, s; =bj +¢j.

Then E[s;] = E[s}] = 3, Var(s;) = Var(s}) = 3, and Cov(s;, s) = 1.

/
J
Joint Poisson. For each coordinate j, ¢; ~ Poisson(1) and aj,b; ~ Poisson(2) independently, and

sj:aj—i—cj, S;-:bj-l-Cj.
This yields E[s;] = E[s}] = 3, Var(s;) = Var(s}) = 3, and Cov(s;, sj) = 1.
Joint Negative Binomial. Each coordinate is generated as ¢; ~ NegBin(r = 1,p = 0.5) and a;,b; ~ NegBin(r =
2,p=0.5), and we set

8 = aj + ¢y, s;-:bj—i—cj.
Under the PyTorch parameterization, E[NegBin(r, p)] = (1 — p)/p and Var = r(1 — p)/p?. Hence E[s;] = 3,

Var(s;) = 6, and Cov(s;,s;) = 2. Note that this construction uses the negative binomial distribution (rather
than the bounded binomial).

Joint Hypergeometric. ~ For each dimension j, we first sample population and success counts N; ~
Uniform{10,...,20} and M; ~ Uniform{1,...,N; — 1}, and fix ny; = ng; = 1. We draw without replace-
ment n1; + ng; = 2 items from a population of IV; containing M; successes, and define

sj = ##successes in first draw, s; = #successes in second draw.

The marginals are Hypergeometric(N;, M;,n = 1), equivalently Bernoulli(p; = M;/N;), and the two draw
indicators are negatively correlated with

. ! [
Cov(s;, s;) N2V, 1)

J

Implementation Notes. Each sampling routine draws s and caches the paired s’ for retrieval during condi-
tional evaluation; it thus implements a paired sampler rather than a conditional generator. All coordinates are
sampled independently across j.
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rfable 4] and II‘able d gives the subspace errors measured by maximal and mean principal angels on synthetic data
across five candidate distributions.

Methods Gaussian Negative Binomial Gamma Poisson Hypergeometric

f ! f ! f £/ f ! f !
SwAV 89.26 £0.55 88.88 £0.45  89.64 +£0.2  89.65 &+ 0.26  89.49 £0.25 89.32 £0.46  89.67 £0.27  89.5 £ 0.33  86.48 £0.27  89.5 £0.33
BarlowTwins ~ 89.44+0.86  89.51 £0.63 85.53 + 0.86 85.36 + 0.59 86.16 & 1.15 88.6 &+ 0.58  87.73 +£0.86  87.43 £0.91 88.93 £0.51  89.59 +0.58
VICReg 88.99 £0.54  89.07 £0.61  89.36 £0.48  89.16 £0.73  89.6 £0.24  89.03 £0.59  89.66 £0.41  88.38 +£0.4  88.95 +£0.43  89.29 +0.22
W-MSE 7.83 +£0.31 8.11 +0.24 8.5 +0.18 8.17 £0.19 8.4 +£0.37 8.01 +£0.32 7.63 £+ 0.42 7.61 £ 0.2 8.72 +£0.22 8.5+ 0.18
DGCCA 89.33 £ 1.19 88.17 £0.76  89.12 +£0.51  89.38 £0.68  88.60 £0.61  89.06 £0.62  89.21 £0.61  89.3 + 0.62  89.21 £0.7  88.39 £0.59
DeepCCA 8.88 +0.28 8.22 +0.23 8.79 £0.66 9.65 +0.3 7.93 +£0.4 8.81 £0.45  11.43 £0.59 7.37 £0.45 8.61 +0.24 7.39 +0.45

Table 4: Comparison of the maximal principal angles PA,,q.4(°) of both encoders f,f’ on synthetic data (ds =
dz = 10).

Methods Gaussian Negative Binomial Gamma Poisson Hypergeometric

f f/ f f/ f ! f ! f f/
SwAV 54.95 £1.75  55.18 £0.95 59.13 £10.12 62.48 £ 9.98 56.68 £0.59  55.17 £ 0.6  57.57 £0.46  56.39 £0.33  63.21 £9.22  68.92 £8.69
BarlowTwins  33.91+0.16 32.78 £0.23  30.27 £0.18 28.66 +£0.15  33.6 £ 0.22  32.29 £ 0.17 42.18 £ 0.15 40.58 £ 0.22 60.77 £ 0.29 60.72 £ 0.23
VICReg 68.47 £0.44  67.89 £0.63  67.56 £0.45  68.91 £0.32  74.27 £0.18 70.39 £0.25  75.46 £0.27  72.95 £0.31  65.8 £0.43  64.75 £0.29
W-MSE 5.12 +£0.09 5.15 £0.03 5.21 £+ 0.09 4.74 £0.07  4.75 £0.06 4.57 +0.1 4.69 + 0.1 4.37 +£0.04 5.38 £0.05 5.13 +0.02
DGCCA 67.22 £ 0.38  65.91 £0.71  65.65 £0.23 64.89 £0.17  67.27 £0.11  66.12 £0.32 68.24 = 0.25 68.82 £0.33 63.12 £ 0.23  63.58 £0.17

DeepCCA 5.06 £0.08 4.92 +0.09 5.00 £0.11 5.16 +0.05 4.65 £0.1 4.86 £0.08 5.18 £0.07  4.06 £0.08 5.37 +0.07 6.17 £0.07

Table 5: Comparison of the mean principal angles PApeand(°) of both encoders f,f" on synthetic data (ds =
dz = 10).
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