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Abstract

While data scaling laws of large language models (LLMs) have been widely examined in the one-
pass regime with massive corpora, their form under limited data and repeated epochs remains
largely unexplored. This paper presents a theoretical analysis of how a common workaround, train-
ing for multiple epochs on the same dataset, reshapes the data scaling laws in linear regression.
Concretely, we ask: to match the performance of training on a dataset of size /N for K epochs,
how much larger must a dataset be if the model is trained for only one pass? We quantify this
using the effective reuse rate of the data, F(K, N), which we define as the multiplicative factor
by which the dataset must grow under one-pass training to achieve the same test loss as K -epoch
training. Our analysis precisely characterizes the scaling behavior of F(K, N) for SGD in linear
regression under either strong convexity or Zipf-distributed data: (1) When K is small, we prove
that F(K,N) =~ K, indicating that every new epoch yields a linear gain; (2) As K increases,
E(K, N) plateaus at a problem-dependent value that grows with N (O(log V) for the strongly-
convex case), implying that larger datasets can be repeated more times before the marginal benefit
vanishes. These theoretical findings point out a neglected factor in a recent empirical study by
Muennighoff et al. [35], which claimed that training LLMs for up to 4 epochs results in negligible
loss differences compared to using fresh data at each step, i.e., E(K, N) = K for K < 4 in our no-
tation. Supported by further empirical validation with LLMs, our results reveal that the maximum
K value for which E(K, N) ~ K in fact depends on the data size and distribution, and underscore
the need to explicitly model both factors in future studies of scaling laws with data reuse.

1. Introduction

Scaling laws [17, 18, 22] have emerged as a central framework for characterizing the behavior
of large language model (LLM) pre-training. The Chinchilla scaling law [18] established robust
empirical trends in performance as a joint function of model size and dataset size under the one-
pass training paradigm, in which each data point is used at most once. This assumption, however, is
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becoming increasingly untenable. The quest for more capable models has driven an unprecedented
escalation in data requirements: from fewer than 10 billion tokens for GPT-2, to 300 billion for GPT-
3 [7], 2 trillion for Chinchilla and LLaMA-2 [18, 43], and 36 trillion for Qwen3 [53]. Projections
further suggest that the pool of publicly available data may be exhausted as early as 2028 [45].

A common response to this emerging data scarcity is to train models for multiple epochs over the
same dataset. Recent empirical studies have begun to examine the consequences of such repetition:
for example, Muennighoff et al. [35] and Xue et al. [52] show that moderate reuse can still yield
competitive pre-training performance. Yet the fundamental scaling behavior of multi-epoch training
remains poorly understood—particularly from a theoretical standpoint.

In this paper, we study a fundamental question in understanding how multi-epoch training af-
fects the data scaling laws: To what extent does training for K epochs on N samples can be
effectively seen as one-pass training with an increased number of data samples? Formally, let
L(K,N) denote the expected loss of K-epoch training on N samples. We define the effective
dataset size N'(K, N) as the minimal number of samples in one-pass training that achieves a com-
parable or lower loss £(1, N') < L(K, N). In this paper, we concern about the ratio E(K, N) =
N'(K, N)/N, which we term as the effective reuse rate of the data, a key quantity that characterizes
how many times larger the dataset must grow to match the same performance as K -epoch training
(see the detailed version in Definition 2.1).

In a recent study of scaling laws for multi-epoch training, Muennighoff et al. [35] encountered
this question and proposed an empirical approximation:

N'(K,N) = (1+R*(1 —e—<K—1>/R*)) N, 1)

where R* is a fitted constant (R* ~ 15.39 in their experiments). This formula suggests that the
benefit of repetition grows with K but saturates exponentially at (14 R*)- N as K increases. While
supported by some empirical evidence in their study, this approximation still leads to a noticeable
gap between scaling law predictions and empirical results (see Figure 3 in their paper). Moreover,
the formula implies that the ratio E(K, N) = N’(K, N)/N is independent of N, so the benefit of
repeating the dataset K times is equivalent to increasing its size by a factor that depends only on K,
regardless of how large IV is. It remains unclear to what extent this independence holds in general.

Our Contributions. In this paper, we approach the above question on the effective reuse rate of
data in the setting of linear regression, a setting that is simple enough to reveal the key mechanisms
of data reuse, while still tractable for precise analysis under stochastic gradient descent (SGD). We
provide a theoretical characterization of E(K, N) in various regimes, and point out a neglected
factor in the empirical study of Muennighoff et al. [35]: the effective reuse rate depends not only
on the number of epochs K, but also on the dataset size N. In fact, larger datasets can be repeated
more. Our main contributions are as follows:

1. In Section 3, we study the strongly convex case of linear regression, and show that when K is
small, (K, N) ~ K, indicating that every new epoch leads to a linear gain. As K increases,
E(K, N) saturates at a problem-dependent value of order ©(log V), suggesting that larger
datasets can be repeated for more epochs before the marginal benefit vanishes.

2. In Section 4, we go beyond the strongly convex case and study a class of Zipf-law distributed
data, and show that E'(K, N) exhibits a similar scaling behavior to the strongly convex case,
except that the saturation point scales as a power of N instead of log N.
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tion of the epoch number K. for different fresh data sizes.

Figure 1: The effective reuse rate E(K, N) over K and training curves in language model exper-
iments. Figure 1(a) shows that E(K, N) ~ K when K is small, to be specific, K < 4. Fig-
ure 1(b) plots the points where E(K, N) = 0.8K under different configurations, and we observe
that £(K, N) increases as N increases, indicating that larger datasets can be repeated more.

3. Technically, we derive the optimal learning rate (Lemma E.4) for multi-epoch SGD in linear
regression and its corresponding approximation formula for the expected excess risk up to an
o(1) multiplicative error (Lemma F.1). These results may be of independent interest.

4. In Section B, we conduct LLM pretraining experiments up to 200B repeated tokens, and
empirically validate our theoretical predictions. The results confirm that F(K, N) ~ K for
small K, and that for fixed K, the effective reuse rate increases monotonically with N. This
provides direct evidence for our main conclusion: larger datasets can be repeated more.

2. Preliminaries
Now we introduce the problem setups in our paper; the notations are given in Section E.

Linear Regression Problem. We focus on a linear regression setup, where data point (x,y) €
R¢ x R follows a joint distribution D and ||| < D for some constant D. W.L.O.G., we assume
that the covariance matrix of data input is diagonal, i.e., H := E[za'] = diag (A1, A2, ..., \a),
where A\ > Ao > --- > Ag. A direct corollary is that A\; < D?. For a given data input «, the label
y is generated by y := (w*, x) + &, where w* € R? is the ground-truth weight and ¢ represents
the independent random label noise with E[¢] = 0 and E[¢2] = 0. We aim to train a linear model
f(z;w) = (w,x) to predict the data label, where w € R? is the trainable parameter. We use
MSE-loss {(w; x,y) := %( f(x;w) — 3)? to measure the fitting error. Then, the population loss is
defined as L(w) := E(g ) ~p[f(w; ,y)]. Further we define the excess risk R(w) := L(w) — 507,

which is the expected population loss minus the irreducible loss %02.

Multi-Epoch SGD Training Algorithm. Consider a finite training dataset with N data points
{(x0,y0), (x1,Y1), ..., (®N-1,YyN—1)}, Where the data points (x;,y;) are i.i.d. sampled from the
distribution D. We use K-epoch stochastic gradient descent (SGD) with random shuffling [1, 13,
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14, 34] to minimize the loss function. And the initial parameter wy is set to 0. Formally, we denote
K independent random permutations of [N] by 71, ..., 7x. And we define j; := m, (i¢), where
it := t mod N, k; := |t/N] + 1. Then we have the update rule for K-epoch SGD with N data
points: w1 = w; — NVl(wye; x5, y5,) = wp — nazjtml (w; — w*) + n&j,x;,. Next, given a
K-epoch SGD over N data points, with learning rate 7, we define Wi n , to be the distribution
of wg . The randomness within wg y comes from the random draw of the dataset, label noise
&, and the shuffling in SGD. Based on this, we define the expected excess risk of a given K-epoch
SGD over N data points, with learning rate 7 as R(K, N;1) := Ew~wy y., [R(w)]. We assume
n < D2 for training stability.

Comparing Performance under Optimal Learning Rate Regime. To compare the performance
of one-pass and multi-epoch SGD, we consider the settings where the learning rates for both meth-
ods are tuned to the optimal. Formally, we introduce the notion of the optimal expected excess
risk of K-epoch SGD for N samples as R*(K, N) := minne(oyﬁ}{ﬁ(K, N;n)}. To calculate
this value in math, we will show in the next section that we can get a learning rate choice that can
approximately achieve the above optimal expected excess risk R*(K, N) both for one-pass and
multi-epoch SGD. Following our discussion in the introduction, we define the effective reuse rate
as follows:

Definition 2.1 (Effective Reuse Rate) Given K-epoch SGD tmineq with N fresft data samples,
the effective reuse ratio is defined as E(K, N) := & min{N’ > 0: R*(1,N') < R*(K,N)}.

That is, the effective reuse rate measures how many times larger the dataset must grow under
one-pass training to match the performance of K-epoch training, both under the optimal learning
rate regime.

3. Multi-Epoch Scaling in Strongly Convex Linear Regression

In the study of linear regression problems, the strongly convex case is a classical and central the-
oretical framework, serving as the standard entry point before many relaxing to weaker condi-
tions [12, 15]. In Section 3.1, we first give the problem setups and the main results of the effective
reuse rate. In Section E.1, we give a proof sketch for our theoretical results, and the detailed proof
of this section can be found in Appendix F.

3.1. Main Results

We first make the following assumptions:

Assumption 3.1 (Strong Convexity) We assume that Ay > p for some constant pi > 0.
Assumption 3.2 (Parameter Prior) The ground truth w* satisfies w) # 0 for all i € [d).

Assumption 3.3 (Computationally feasible number of epochs) We assume that the training dataset
size N and number of epochs K satisfy K = O(N°1).

To compute E(K, N), we first precisely characterize the optimal expected excess risk. In par-
ticular, we derive asymptotic expansions for R*(K, N) in the regimes K = o(log N) and K =
w(log N), each expressed as a leading term accompanied by an explicitly controlled higher-order
remainder.
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Theorem 3.1 (Multi-Epoch Data Scaling Law) Under Assumptions 3.1 to 3.3, for multi-epoch
SGD with the number of epochs K, dataset size of N, it holds that

R*(K,N) = T (1 + oy (1)) - 5N for K = oflog N),
’ #“""ON(D)'% for K = w(log N).

Theorem 3.1 describes how expected excess risk decays with number of epochs K and dataset
size N when choosing the optimal learning rate. When K < log N, then R* (K, N) = © (%)
where T' = K N; by contrast, when K > log N, then R*(K, N) = © (+) which does not depend

on K, showing that endless data reuse turns to be useless.
Next we propose the expression of E (K, N) by applying Theorem 3.1.

Theorem 3.2 Under Assumptions 3.1 to 3.3, for multi-epoch SGD with the number of epochs K,
dataset size of N, it holds that

(I+on(1)) K for K = o(log N),

E(K,N)={ 4
| ) {t45\1;1)(1+0N(1))'10gN for K = w(log N).

Theorem 3.2 pinpoints two regimes for the effective reuse rate in the strongly convex case. The
first one is an effective-reuse regime: when K < log N, then E(K,N) = K (1 + o(1)). This
suggests that each extra epoch is essentially as valuable as a fresh pass. The second one is a limited-
reuse regime: when K > log N, then F(K,N) = %(1 + on(1)), which means additional
epochs yield only logarithmic gains. This further implies that the model has effectively “seen” the
dataset enough times that additional repetition is redundant.

Together, these two asymptotic descriptions expose a phase transition when the quantity limpy_, o 1o§ N

changes from 0 to co. For the former case (limpy—_ ﬁ = 0), multi-epoch training behaves like

unlimited data augmentation; for the latter (limy_, oo % = 00), the benefits of reusing data all but
vanish, capping E(K, N) at ©(log N). This insight provides a precise guideline for practitioners:
one should allocate epochs up to order log IV to maximize effective data utilization, but pushing K
significantly beyond that yields rapidly diminishing returns.

4. A Solvable Case with Zipf-distributed Data

Natural data distributions often exhibit power law structures. To capture this phenomenon, we go
beyond the strongly convex case and analyze a stylized linear regression model with Zipf-distributed
data, where the excess risk admits a closed-form expression and the effective reuse rate can be
characterized explicitly.

Through this setup, we can see that the effective reuse rate exhibits a similar scaling behavior:
as the number of epochs K increases, F(K, N) initially grows linearly but eventually saturates at a
problem-dependent value that increases with N. In contrast to the strongly convex case, however,
the saturation point does not scale as ~ log N but instead scales as a power of V.

Problem Setup. We use the same notation for excess risk, one-pass and multi-epoch SGD, and
i.i.d. training data as in Section 2. We specify the data distribution as a Zipf distribution over d
one-hot data points, where the i-th data point is (¥ = j;e; for some ; > 0 and the probability
of sampling the i-th data point is p;. Furthermore, we define A; = ,u?, P = diag(p1,p2,- - pa),
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and A = diag(Ay, Ag, -+ Ag). The label is generated by y = (w*, ) with no label noise. The
ground-truth weight w* € R? follows an isotropic prior distribution. Here, A can have a power-law
spectrum or a logarithmic power-law spectrum; the former is presented in Section 4.1, and the latter
is presented in Section D.1.

Assumption 4.1 (Parameter Prior) w* is sampled from a prior distribution with Ejw*w* "] = I.

Interpretation. This setup can be interpreted as a simplified model of real-world data with heavy-
tailed feature distributions. Each coordinate represents an atomic feature that appears with Zipf-
distributed probability, mimicking the long-tailed statistics observed in domains such as text and
natural language. The scaling factors u; encode feature importance, which may reflect, for instance,
effects introduced by feature weighting or normalization.

4.1. Results on Power-Law Spectrum

Assumption 4.2 (Power-Law Spectrum) There exist two constants a,b > 0 with a — b > 1
such that the data input distribution satisfies that p; = c¢i~ @Y and \; = i~ where ¢ =

(Chik)

Here we establish matching upper and lower bounds for R*(K, N) in the small-K and large-K

regimes, given the solvable model. Comparing with the strongly convex case, we observe a different
b _
scaling behavior: when K < Na—b, R*(K, N) decays as a power law in K N, with exponent “Tfl;

b _
whereas when K > Na—b, R*(K, N) exhibits a power-law decay in N and is independent of K.

Theorem 4.1 Consider a K-epoch SGD over N fresh data. Under Assumptions 4.1-4.2, and given
the data dimension d = Q((KN )%), it holds that

b

RHKN) = (KN)™“¢ for K = o(Na7)
TN for K = w(Naw).

Then we derive the formula of E(K, N) by first solving the equation R*(1,T") = R*(K, N)
based on Theorem 4.1, and divide 7" by N.

Theorem 4.2 (Multi-Epoch Scaling Under Power-Law Spectrum) Consider a K-epoch SGD over
N fresh data. Under Assumptions 4.1-4.2, and given the data dimension d = Q((K N )5), it holds
that ,
K(1+o(1 or K = o(Na-?
B - [0 for K = o(Ne")
O(Na-7) for K = w(Na-7).

Under the assumption of a logarithmic power-law spectrum, the trend of the effective reuse rate as a
function of K approximates the phenomena described in Theorem 3.2 in the strongly convex setting
and the trend described in Theorem 3.2 under the power-law spectrum assumption. We still observe
an effective-reuse regime (E(K, N) ~ K) when K is relatively small (K < N°(¢=%) and as
K increases, the effective reuse rate undergoes a phase transition, converging to an upper bound
determined by N, entering the limited-reuse regime (E (K, N) = O(N%/(a=b))),

We can see that the exponent of this power of NV is determined by the rate of eigenvalue decay
of the Hessian and the rate of norm decay of the parameter with respect to dimension. The proofs
of Theorem 4.1 and Theorem 4.2 are given in Appendix H.2 and Appendix H.3 respectively.
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Appendix A. Related Work

Data Reuse in LLM Pre-Training. Empirically, there is a long debate over the effect of data
reuse in LLM pre-training. Some works [16, 18, 24, 46] suggested it may be harmful, while some
work [42] reported the benefit of data reusing when the number of epochs is small (i < 4). Xue
et al. [52] then discovered a degradation phenomenon in multi-epoch training and investigated rel-
evant factors and regularization methods to tackle it. Muennighoff et al. [35] trained LLMs under
different configurations and also found that reusing data is as good as using fresh data in the first few
epochs. Yet, as the number of epochs increases, the returns for repetitions diminish. In our work,
from a theoretical perspective, we rigorously analyzed the effect of data reuse using non-asymptotic
techniques, and we defined and calculated the effective reuse rate under two cases, shedding light
on the theoretical understanding of data reusing in LLM pre-training.

Besides the real-world LLM pre-training regime, many works also reported the improvement of
data reusing under synthetic settings empirically [8, 23, 48] or theoretically [2, 9, 56].

Empirical Findings on Scaling Laws. Scaling laws characterize how the one-pass training loss
of large-scale models scales with factors such as model size, dataset size, and compute budget. They
were first identified by Hestness et al. [17] and were later popularized and systematically quantified
by Kaplan et al. [22]. These scaling laws are now commonly used to guide the design and training
configurations of large language models [18]. Building on this line of work, Muennighoff et al. [35]
incorporated the number of training epochs into a more general scaling law, empirically modeling
the effect of data reuse. In this work, we provide a multi-epoch scaling law for linear regression.

Theoretical Explanations for Scaling Laws. A series of studies have sought to theoretically
explain the scaling behaviors for the large language model training. Early works provide the-
oretical insights in simplified settings, such as regression on a data manifold with fixed intrin-
sic dimension [41] or memorization of Zipf-distributed data [20]. Maloney et al. [32] and Bahri
et al. [4] further showed how scaling laws can arise from random feature models when trained to
their global optima, but without analyzing the underlying training dynamics. Another line of work
[3, 5, 6, 21, 25, 29, 38, 47] have analyzed scaling laws by tracking the one-pass training dynamics
of SGD using a linear model. Among them, Bordelon et al. [S] studied how the loss varies with
sample size, model size and training steps. They proved that in the asymptotic regime where any
two of these quantities tend to infinity following a proportional limit, the loss exhibits a power-law
decay with respect to the remaining one. Lin et al. [29] recovered the power law under an infinite
dimension linear regression setup, and explained the mismatch between neural scaling laws and
traditional statistical learning theory. Paquette et al. [38] identified 4 phases (+3 subphases) on a
random feature model with power-law data, and derived their scaling laws respectively. By compar-
ison, our work studies how multi-epoch training reshapes these scaling laws in a linear regression
setup.

SGD Analysis in Linear Regression. The analysis of SGD in linear regression has been exten-
sively studied over the years, encompassing both one-pass and multi-epoch SGD. In the context
of one-pass SGD, many works conducted convergence analyses under various scenarios [12, 27,
33, 49-51, 55]. For multi-epoch SGD, Lin and Rosasco [28] showed that multiple passes could
act as a regularization parameter, and Pillaud-Vivien et al. [39] proved that multiple passes could
achieve optimal prediction performance on a class of problems. Nonetheless, all these above works
only provide the upper bound (or matching lower bound) of the loss for their convergence analysis,
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(a) Strongly convex case in linear (b) The solvable case with Zipf-distributed data and power spectrum:
regression: E(K, N) with N. E(K,N) versus K and N.

Figure 2: Simulation experiments for strongly-convex linear regression and the solvable case with
Zipf-distributed data and power spectrum. Results show that E'(K, N) is approximately propor-
tional to some function of N when N is relatively small, and E(K, N) ~ K when N is relatively
large. For the solvable case with Zipf-distributed data and power spectrum, we also fit the effective
reuse rate using the formula £ (K, N) = ¢; N° suggested by Theorem 4.2, and the fitted exponent
co = 0.279 =~ b ;= % matches our theory.

a—

which we cannot apply to giving an accurate characterization of E(K, N). In this work, we discuss
K-epoch SGD training in linear regression with shuffling without replacement, under an optimal
constant learning rate. We derive tight risk bounds up to a 1 4 o(1) order, and used the results to
determine E(K, N).

Comparison with Lin et al. [30]. A recent study on linear regression with data reusing [30] is
among the most relevant to our results. They showed that when the number of epochs is relatively
small (smaller than some power of the dataset size), the order of loss remains the same as one pass
SGD for the same iterations, which aligns with our results. However, their results only imply that
E(K,N) = ©(K) for small K, while our analysis directly gives the explicit loss characterization
with o(1) relative error bound and a more exact description of the effective reuse rate both in the
small K and large K, which reflects the data reusing scaling behavior. Our analysis further high-
lights the role of IV in the scaling behavior of E(K, N), a factor that was not explicitly accounted
for in Muennighoff et al. [35].

Appendix B. Experiments
B.1. Simulations in Section 3

First, we conduct our experiments on synthetic dataset with a strongly convex linear regression to
verify the characterization of effective reuse rate £ (K, N) in Theorem 3.2.

Experiments Setup. We generate data pairs (x;, y;) where x; EEY (0, I;) with dimension d =
100. For the label y;, we generate it as y; = (w*, x;) + &;, where w* is the ground truth generate by
standard Gaussin with unit variance. Also, &; N (0,021,). Here in our simulation, we set o to
0.1. To make our simulation aligned with the theoretical setup, we set the learning rate 7 o< log KNV

KN
and we grid search the ratio ¢ := for the ¢* which minimizes the final loss given training
steps T' = KN.

n
log KN/KN
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Results. As shown in Figure 2(a), we plot E(K, N) as a function of log IV for various fixed values
of K. Each curve corresponds to a fixed number of epochs (e.g., K = 3,5, ...,20) and illustrates
how the effective reuse rate £ (K, N) grows with dataset size. For small data size (log N < K),
the effective reuse factor increases roughly linearly with log N, indicating that adding more data
substantially boosts the one-pass equivalent performance. However, as NV becomes large (log N >
K), each curve flattens out and approaches an asymptote at (K, N) ~ K. In other words, once the
dataset is sufficiently large relative to the number of epochs, additional passes through the same data
yield no further benefit beyond a factor of K. This behavior is exactly as predicted by Theorem 3.2:
when K is much smaller than log N, we have E(K, N) ~ K (nearly full K-fold data reuse),
whereas when K is large relative to log N, the effective reuse saturates and grows only on the order
of log N.

B.2. Simulations in Section 4.1

We now verify the predictions of Theorem 4.2 using synthetic data generated under the spectral
assumptions of Section 4 with a power-law decay Hessian spectrum (Assumption 4.2). In all sub-
figures of Figure 2(b), we set the data dimension d to 10° and tune all the learning rates to their
optimal values. Here we set a = 4.5 and 1.

Results. Figure 2(b) plots E(K, N) versus K and log N for the solvable model with Zipf-distributed
data. The curves depicting E(K, N) versus K show that E(K, N) ~ K when K is relatively
small and saturate to some value depending on N when K is large. In the right panel, which de-
scribes the relationship between E (K, N) and log N, we observe that when K is small (namely
K = 2), E(K, N) increases and approaches K as log N increases, and the plots overlap when K
is large. Those phenomena provide empirical confirmation of the scaling behaviors predicted by
Theorem 4.2. We also fit E(K, N) in the large-K regime with a power-form function as stated in
Theorem 4.2. The fitted exponent is 0.279 ~ ﬁ = %, aligning with our theory.

B.3. Empirical Verification in Large Language Models

We conduct experiments on a large language model to empirically validate the hypothesis that larger
datasets allow for more effective repetition.

Experiments Setup. We perform pretraining runs with fresh data sizes of 0.2B, 0.5B, 0.8B,
1.0B, and 2B tokens, each trained for 100 epochs. As a control, we also include a run with 200B
fresh tokens. For each fresh dataset size N and training epoch K, we approximate the effective
reuse rate F/(K, N) by determining the effective fresh data size Ny (K, N) required to achieve the
same validation loss after one pass through the data.

The effective reuse rate is then computed as:

N¢(K,N)

E(K,N) = — N
Our experiments utilize a 0.3B parameter model adapted from the Qwen2.5-0.5B architecture [40]
and a subset of the DCLM dataset, totaling 200B tokens. A separate subset of the DCLM dataset is
reserved for validation. Crucially, we use a constant learning rate schedule across all experiments to
align with our theoretical analysis and mitigate the confounding effects of learning rate schedules,
as reported in prior work [18, 31]. More details regarding the experiment setup are available in
Appendix C.
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Results. Figure 1(a) depicts the relationship between F(K, N) and K, and Figure 1(b) depicts
the training curves for different data sizes, and mark the point where E(K, N) = 0.8K.

When K < 4, E(K,N) ~ K. Our theoretical analysis indicates that (X, N) should be close
to K when K is small (e.g., K < 4). In Figure 1(a), when the epoch number is small (approximately
< 5), we observe that F(K, N) increases at a rate comparable to the epoch number, as indicated
by the black dashed line. The fresh-data equivalent repetition for modest multi-epoch pretraining
aligns with the data-constrained scaling laws [35].

Larger Datasets Allow More Repetition. F(K, N) increases with the number of fresh data
sizes and eventually saturates for sufficiently large fresh datasets. Our results challenge the data-
constrained scaling laws proposed by Muennighoff et al. [35], which assume a uniform effective
number of epochs across different fresh data sizes. In Figure 1(a), similar to Figure 4 of Nakkiran
et al. [36], which presents alike loss curves for experiments on CIFAR datasets, we show that at
the critical points where one-pass training start to outperform multi-epoch training significantly,
E(K, N) increases as N increases. This suggests the continued potential for scaling pretraining
through multi-epoch training with larger datasets.

Appendix C. Pretraining Setup

In our pretraining experiments, we employ the AdamW optimizer with a weight decay of 0.1 and a
gradient clip of 1.0. We set the peak learning rate to 0.001, aligning with the approximate optimal
learning rate reported by Li et al. [26]. Balancing the optimal batch size suggested by Li et al. [26]
with training efficiency, we utilize a sequence batch size of 128, which corresponds to roughly 0.5M
data points per batch. We adopt the vocabulary of Qwen2.5 [40] models. Our pretraining model
consists of approximately 117 million non-embedding parameters, consistent with the methodology
of Kaplan et al. [22], and a total of 331 million parameters following the convention of Hoffmann
et al. [18]. The detailed hyperparameter configurations are presented in Table 2, and the model
architecture specifications are provided in Table 1. To ensure a fair comparison by eliminating the
influence of batch order variations, we fix the random seed that governs the data stream across all
experiments.

Table 1: Model configurations and parameter counts. dp: hidden dimension; dy: feed-forward
dimension; n;: number of Transformer layers; ny,: number of attention heads; n,: number of key-
value heads (for grouped-query attention); Vocab Size: size of tokenizer vocabulary; #NE params:
number of non-embedding parameters (in millions); #Params: total number of model parameters
(in millions).

Name d df mn; np mng, VocabSize #NE params #Params
0.5B 896 4864 24 14 2 151936 355 491
03B 640 3328 16 10 2 151936 117 331
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Table 2: LLM Experiment Settings

Parameter Value

Data
Sequence Batch Size 128
Sequence Length 4096

Learning Rate
Peak Learning Rate  0.001

Schedule Constant
Warmup Steps 400
Optimizer

Optimizer AdamW
Weight Decay 0.1

51 0.9

B2 0.95

€ le-8
Gradient Clip 1.0

Appendix D. Results and Simulations for Logarithmic Power-Law Spectrum
D.1. Results on Logarithmic Power-law Spectrum

Further, we aim to understand under the same Hessian matrix, how the data distribution correlated
with P and A affects the effective reusing rate. By changing the spectrum of A, we can also obtain
matching upper lower bounds for R*(K, N) and a characterization for E(K, N), which behave
differently from the power-spectrum case.

Assumption D.1 (Logarithmic Power-Law Spectrum) There exist two constants a > 1,b > 0
such that the data input distribution satisfies that p; = ci~*1og®(i + 1) and A; = 1/log”(i + 1),

— d .—a bl -1
where c = (> . i %log”(i +1)) .

Theorem D.1 Consider a K-epoch SGD over N fresh data. Under Assumption 4.1, Assump-
tion D.1, and given the data dimension d = Q((KN)i), it holds that

_a—1
R (KLN) = (KN) = § for K = o(log® N)
’ (Nlog" N)™ = for K = w(log” N).

Theorem D.2 (Multi-Epoch Scaling Under Logarithmic Power-Law Spectrum) Under Assump-
1

tion 4.1, Assumption D.1, and given the data dimension d = Q((K N)a) for a one-pass SGD and a
K-epoch SGD over N fresh data, it holds that

K(1+0(1)) for K =o(log’ N)

s {@aog" N)  for K =w(log" N).
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Log Spectrum: E(K, N) vs K Log Spectrum: E(K, N) vs log(N)
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Figure 3: The solvable cases with logarithmic power-law spectrum. FE(K, N) exhibits a simi-
lar behavior to that presented in Figure 2. We also fit the effective reuse rate using the formula
E(K,N) = c¢; (log N)* suggested by Theorem 4.2, and the fitted exponent ¢ = 2 ~ b = 2
matches our theory.

The Saturation Point Varies across Different Problem Setups. The phase transition point where
the effectiveness of data reusing changes from effectively reused to limitedly reused varies across
different problem setups. In strongly convex linear regression problems, this phase transition hap-
pens when the limit limg oo logLN changes from 0 to co. And in the above power spectrum and

.. . K . K
log-power spectrum case, the limit turns to be lim g, o L) and limg oo o N

D.2. Simulations in Section D.1

Now we focus on validating the predictions of Theorem D.2 using synthetic data generated under
the spectral assumptions of Section 4 and a log-power decay spectrum (Assumption D.1).

Experiments Setup. Similar to Section B.2, in all sub-figures of Figure 3, we set the data di-
mension d to 10° and tune all the learning rates to their optimal values. Here we set a = 1.5 and
b=2.

Simulations for the Solvable Model. Figure 3 plots E(K, N) versus K and log N for the solv-
able model. The curves depicting E(K, N) versus K and E(K, N) versus log N show trends con-
sistent with those in Section B.2, aligning with Theorem D.2. Furthermore, in the large-K regime,
we fit the exponent according to Theorem D.2 and obtain 2.036 ~ b = 2, which provides strong
validation of our theory.
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Appendix E. Notations
In this section, we provide the notations appeared in our paper.

Core notations. We use ||-|| to denote the /2-norm of vectors and the corresponding operator norm
of matrices. For two sequences (A,)>°, and (B,)5°, we write A,, = O(B,,), or alternatively
A, < By, B, = Q(A,), B, 2 A, if there exist constants C' > 0, N > 0 such that |A,,| < C|B,,|
for all n > N. We write 4,, = O(B,,), or alternatively A,, < B,, if both A, = O(B,,) and
A, = Q(B,) hold. Moreover, for some variable n, we write A,, = 0, (By,) if for every constant
¢ > 0, there exists ng > 0 such that |A,| < ¢|B,| for all n > ngy. In this paper, when n is
clear from the context, we write A,, = o(B,,) for short. Furthermore, we write A,, = w(B,,) if
B,, = o(A,,). For matrices A1, As,..., Ay, we use [[;"; A; to denote the product A1 A ... A,.

Let ||ulls = VuTSu for a vector u and a positive semi-definite (p.s.d) matrix S.

Key Quantities. We define the following key quantities to analyze the sequential updates. For

each epoch £k, let
0

AR = T (I = nze2l ) )
i=N-1
represent the product of sequential updates through all samples in epoch k. More generally, we
define the partial product operator:

b
k . k
Zleb = H(I - nmm(i)m;rrk(i))> with A(k) = ZJ(V)—1—>0'

i=a
We further define that Z](\’f)_l _,n = 1. The cumulative effect across epochs is captured by:

k+1 .
=[[A%, and T" =1.

Pseudo-expectation Notation E. Because matrix multiplication is non-commutative and the shuf-
fling in training introduces statistical dependence, the expectations of the random matrices defined
above cannot be written in a tractable closed form. To approximate the population excess risk, we
therefore introduce the auxiliary notation E. By construction, E computes the expectation of each
factor as if the variables were independent, deliberately neglecting the correlations. We then invoke
matrix-concentration inequalities to bound the gap between this “pseudo”-expectation and the true
expectation of the original dependent random variables. Specifically, for the above random matrices
used in our proof, here we further define that

Ezak_)}b — (I —nH)* ", 3)
— (I - nH)", “

Gi) . =[5 T mw (4)
ES” = E ZN—1—>7FZ-_1(Z)+1} Bla ]E[Z H()+1-N-1 ©
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E.1. Proof Sketch

We now provide a proof sketch of our main results. First, we need to compute the optimal expected
excess risk R*(K, N). This requires us to compute R (K, N;7) and then select the optimal learning
rate * that minimizes R(K, N; 7). However, due to the random shuffling and multi-pass processing
of the training data, directly analyzing R(K, N;n) is intractable. To overcome this, we seek an
analytic approximation of R(K, N;n), which is derived through the following steps.

Step 1: Bias-Variance Decomposition for Training Dynamics. Following the widely-applied
bias-variance decomposition approach to analyzing the dynamics of SGD training [12, 37, 49, 54],
we define 8; = w; — w* and examine the following two processes of bias and variance:

bias bias bias var var var
0.7 =6,""—n <0t 7wjt> xj,, O = 0" —n (0", x;,) xj, +né; T,
where two processes are initialized as 65 = wy — w* and @5 = 0. It follows that 8; =

0P 1+ 6y2", with E[6}*] = 0. We can then decompose the excess risk R (w;) into two components:
the bias term and the variance term, which we formalize as follows:

= 1 2 L || obi
R(K> N; 77) = EthWK,N,n§ ||0t||H = E’thWK,N,n§ HOE o

2
var

1 2
I + ]EthWK,N,n§ ||0t HH .

Step 2: Analytic Risk Approximation by Matrix Concentration. A key challenge in tracking
the dynamics of multi-epoch SGD training arises from the non-commutative nature of the matrices
in the weight updates, which depend on randomly shuffled and multi-pass data. For example, the
bias weight evolves as

bias __ - Al _ T bias
HKN - H (I nmﬁk(l)mwk(l)) 00 )
=1

where we can see that one data point appears more than once across different epochs. Thus, the
above matrix multiplication involves massive correlated data, which makes calculating the bias term

E [HH}’(‘?\?H H} intractable. To resolve this issue, we borrow tools from concentration inequalities
for matrix products Huang et al. [19]. Specifically, we use the following result:

Lemma E.1 (Corollary of Theorem 7.1 in Huang et al. [19]) Given n data points such that zy, - -
l

N (0, H), and defining A = H?;& (I - T]zjz]T>, we have E||A — EA||! < <\/5An2nl> , where

da = C8eD* log d for some absolute constant C >o.

However, several obstacles prevent us from directly applying Lemma E.1 to our problem. For ex-
ample, we actually need to control error terms like E Hl_[fi}( A0 — (EA) H where A () represents
the product of sequential updates through all samples in epoch 7 (see the formal definition in Equa-
tion (2), Appendix E). To address this, our main idea is to derive a tight upper bound for the original
term, and decompose this upper bound into the sum of a series of sub-terms for which we can apply
Lemma E.1. (see the detailed derivation in Appendix F.2.1 and Appendix F.2.2)

Finally, we derive an error bound on matrix deviations based on our calculations, which is a

higher-order infinitesimal of the main term when n € [Q (T71) ,o(T_%)} and K = o (n‘lT_%) ,
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with T' := K N denoting the total number of training steps. This provides a theoretical guarantee
for us to approximate the risk function with a tractable expression. For the bias term, we have
2

o K /N-1
ellosls] = | (I (I - rmon)) ) o
Sl H
K N-1 ’
~ (HE H (I_ wa;c(l)x;(l))]) %
k=1 Li=o H

2
= [[ (T = nH)™™) 6o

where the approximation step follows from Lemma E.1, and the last equation follows the facts that
E [a:,,k(l)wjrk(l)} = H and x; is uncorrelated with x; for 7 # j. For the variance term, the data

correlation issue is similar to what we met in the bias term case. Again, leveraging Lemma E.1 and
following a similar analysis, we can get an approximation formula for the variance term as shown:

qu} 2072 o ( (I — (I —nH)XN) (I —nH)N — (I —nH)XN) )

E|: evar ~

+no? (H,(I — (I —nH)**N)@2I —nH)™").

Step 3: Narrowing the Range for Optimal Learning Rate. However, despite we have an ana-
lytic approximation for risk, it is important to note that this approximation holds only for a specific
range of parameters. For a detailed discussion, refer to Lemma F.1.

To mitigate this, we first determine a reasonable range for the optimal learning rate in two steps:
First, we choose 1 = ;‘z\gd f(]]\\[, as a reference learning rate; Then, by comparing the losses for the
reference learning rate and other candidate learning rates, we can eliminate a large range of values.

This analysis helps narrow down the potential range of learning rates (Lemma F.5 for small K
and Lemma F.6 for large K'). Within this range, we further simplify the risk approximation to make
it more tractable for optimization, as shown in the following lemmas:

Lemma E.2 (Small K) Let H = PDP" be the canonical form of H under similarity, and let

log KN D?tr(H)log KN

53 = Zl(l:dfndJrl(PaO)?‘ Under Assumption 3.1 and 3.3, for learning rate n € DLEN
K = o(log N), we have R(K, N;n) = M (K, N;n)(1+ o(1)) with

ntr(H)o?

1~
M(K,N;n) = 593)\(1 exp(—2\qnKN) + 1

Lemma E.3 (Large K) We define 03 as the same as Lemma E.2. Under Assumption 3.1 and 3.3,
for learning raten € [;\ig%,o (%)] and K = w(log N), we have R(K, N;n) = M(K,N;n)(1+
o(1)) with

ntr(H)o?  o%d

4 2N’
Step 4: Deriving the Approximately Optimal Learning Rate. At this point, we have narrowed
down the range for the optimal learning rate and simplified the risk approximation. The next step is
to approximate the optimal expected excess risk. To achieve this, we differentiate the simplified risk
function M (K, N;n) in Lemma E.2 and Lemma E.3 with respect to the learning rate 1 and give the
critical point n = n/(K, N'), which are presented as follows:

1-
M(K,N;n) = 56%)\6[ exp(—2AqnK N) +
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Lemma E.4 (Approximately Optimal Learning Rate) Under Assumption 3.1 and 3.3, we con-
sider K-epoch SGD with N fresh data and learning rate n = n/(K, N) = 1§§;II(<]J\>I, where p =

402 . = = .
ﬁ. Then it holds for K = o(log N) or K = w(log N) that R(K, N;n/'(K,N)) = R*(K,N) (14 o(1)).

Using Lemma E.4, we complete the proof as follows. By evaluating the risk at the approximately

optimal learning rate n' (K, N) = 1§§ dp I[(( ]]\\; , we obtain an approximation of the optimal risk (Theo-

rem 3.1), based on which we derive the effective reuse rate (Theorem 3.2).

Appendix F. Proof of Main Results in Strongly Convex Linear Regression

In this section, we present our proof of the main results in Section 3. Section 3 centres on Theo-
rem 3.2, which establishes a scaling law for the effective reuse rate F/(K, V) in terms of the relative
magnitudes of number of epochs K and dataset size N. Its proof unfolds in four main stages, as
organized in Section E.1. And Lemma F.1 serves as a middle product when we derive Theorem 3.2.

F.1. Step I: A Concrete Version of Bias-Variance Decomposition

Before we begin our proof, we first provide the formal version of the loss estimate for a specific
range of learning rate parameters. We define a R(K, N, n) as the estimator of R(K, N;n)

R(K,N;n) := Ri(K,N;n) + Ro(K,N;n) + Ra(K,N;n) ,
N—_————

bias term var term across epochs  var term within epoch

where

~ 1
Ri(K,N;n) = 5(100 —w*)" (I — nH)* NH(w, — w*),

5 o? I — (I —nEDENY (I —nEDYN — (I — nHEN
Rg(K,N;n)::NtT<( (I~ )1)+((<1_77H)>N (I - yH) )>7

Ry(K. Nen) o= "2 (HL (I — (I - yH*N) (21— nH) ).

Then, we provide the following approximation lemma.

Lemma F.1 Under Assumption 3.1 and 3.3, we further assume that for every x in the training
set, ||x|| < D for some constant D > 0. Consider a K-epoch SGD with learning rate n €

[Q (%) ,O(T_%)}, K=o (nflT_%) and data shuffling. Then, after T' = K N steps, the estimator

of the expected excess risk satisfies:

R(K,N;n) = R(K,N:n) (1+0(1)).
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F.2. Step II: Risk Approximation and Error Bound Analysis

In this section, we rigorously formulate the analytic risk approximation in Lemma F.1 and provide
its proof. Lemma F.1 indicates that the error bound is of higher order than the main term when the
parameters are restricted to a limited range of values.

Recall from Section E. 1 that the risk R (K, N; 1) can be decomposed into the bias term RP# (K, N;n) :=
3 HBPiaSH; and variance term RY (K, N;n) = 4 1672 ||3;. This implies that Lemma E.1 is a di-
rect corollary of the following two lemmas:

Lemma F.2 (Variance Term) Suppose that Assumption 3.1 holds. Then for a K-epoch SGD with

dataset size N and learning rate n € [Q(7), O(T%)] and shuffling, when poly(T) Z d, we have the
2

estimator of the variance term R¥ (K, N; 1) := Ewowy ., [R(w)"™] after T := KN steps

D var . L 02 (I - (I - TIH)KN) ((I - nH)N - (I - UH)KN)
RV (K, N;n) .—Ntr( T+ (I nH)N )
17 HL (T = (T = PN 1 g H) ),

where the expectation is taken on the training set and shuffle, and the estimate error is
(R (), Nsg) = R™ (K, Nym)| = 0P T% K2 /log d).
hen K < ——182
R = GseiTloga

Lemma F.3 (Bias Term) Under Assumption 3.1, for a K-epoch SGD with dataset size N, learning
rate ) and shuffling, when poly(T) > d, we have the estimator of the bias term RP#(K, N;n) =
Ew~wi n [R(w)"#5] after T := KN steps

o 1 * *
Rblas(K,N;T]) — 5(’(00 —w )T(I—T]H)2KNH(U70 —w )

Then we have the following estimate errors:

1
1. WhenKZQandKzo( N5 6).-
(log N)5

(a) Whenn < 231)(\)5:,? , the estimate distance is given by

RYS(K, Nin) = RY(K, Nym)| = O (1= ma) VKD EV/iPRN).

(b) Whenn > 231;\)55 , the estimate distance is given by

‘ﬁbiaS(KaN;n> - ﬁbiaS(KvN;n)‘ =0 (4) :
3

2. When K = 1:

‘ﬁbiaS(l’ T; 77) . ﬁbiaS(L T; ,,7)‘ -0 (772T6—2)\d77T) )
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F.2.1. VARIANCE TERM ANALYSIS: PROOF OF LEMMA F.2

We first recall some notations Appendix E that z® = H?ZQ(I - nmﬂk(i)m; (i)), Z](\’;)—I—HV =1,

a—b
N-1 (k k ;

) = Zl:ol Z](V)—1—>l+1§77k(l)$7rk(l)’ AR = Z( ) —1-0° T® = Hzifl( A, and TV = I
For simplicity, and if it does not cause confusion, we omit the superscript “var” in all the training
parameters 8¥?" in the proof of Lemma F.2. Now we derive the recursion before and after the k-th
epoch.

Okn = (I - 77~’B7rk( - )w;rk(N 1))0kN—1 + nlfwk(N—n«’Bﬂk(N—l)
= Z Z 1—>l+1£ﬂ'k )+ Al )e(kfl)N
= nb(k) + AWy,

where 7 (7) is the i-th index after the permutation 7, in the K -th epoch. Further writing out the
above recursion gives the parameter after K epochs

— ”ZA(K . A+ pk)

A natural move here is to replace Oy with the expression above in the variance term

_ 1 1
R (K, Nin) = E50fyHOxn = ES <H oKNe}N>

_ 2E<H 13 ZT b (b)) <T(j)>T>

T TR §,j=1

K N-1 .
- E<H7 NG > ZT“)< S,(m) (7)) >
TR =1 1=0
: i = (i5) A\ T
B 2E<Hv N Z Z T 3 (Z%“) (T(j)) >
1 except 2577] w5\ 1=0
N-1 .
+ 1 IE<H, KZ Z T Z(Z Sl(u)> (T(i)) > o
i=1 T1TK T —0

except T;

where in the third equation, we take expectations with respect to the label noise(fl) =0 > ! and in the
last equation, we decompose the variance term into two parts, according to whether the b(*) and ()
are from the same epoch or not.

After explicitly writing the variance term, and to get a close-form formula for it, we then

take pseudo expectations of TO, TG, Sl(ii), and Sl(ij ) separately to get the approximation of
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RV (K, N;n), given as follows:

- Kt el |
Rvar(K,N;n)::”2 < N'QZE SN ks | BT

i£] =0 m;,7;
b,j=1
+ 1o < ZET@ (Z Z@s}iﬂ) @T<z’>>.
=0 m;

The intuition of the “pseudo expectation” and the related definitions are in Appendix E. Fix [, notice
that when i # j, by Equation (6),

i) ._ (4) T 7(4)
ZES '_Z [Z 1o @)+ T ijl(l)JrHNJ

4,75 T3y Tj

T3,

For a fixed 7, for all m € [0, N — 1], there are (N — 1)! permutations 7; that satisfies 7;(m) = [. So

N-—1
SES = (V-1 Y - pE)N T H (I - pE)N ®)
3,75 m,n=0

By applying a similar derivation to the ¢ = j case, we obtain that

N-1
STES = (-1 Y (- H)N M H (L )N 9)

m=0
Plugging Equation (8) and Equation (9) into the expression of RV (K, N; 1), and we have
RY™ (K, N;1)

1#£] =0 m,n=0
ij=1
202 1 XK N-1N-1
o 2N—2—2m, (4)
+ 5 E<H,NZJET (ZZI nH) H>ET >
i=1 =0 m=0
K
—121[-3 H, ~ 1 —nEH)NE=D (1 (1= gH)N ) H-L(I = pEH)NE=)
= w2 (I —nH) (I —nH) (I —nH)
i#£]j
i,7=1
=0,
K
L‘z H —oEDNE=) (1 _ (1 — 0 D2V (2T — nED YT — nEH N E-D)
+ 5 E(H.Y (I-nH) I—(I-nH)*")Q2I—-nH) '(I-nH) :
=1
o
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where the second equation uses Equation (5). The quantity W, accounts for the variance term across
different epochs and ¥ Then we calculate W, and W9 separately. For Wy, we have

o? 1 K N ) 2 ]
_ 7 s - (K—1) - - N —1 o N(K—j)
o, 2E<H,N S (- nH) (I (I —nH) ) HYI - nH)

ij=1

o? 1 a N . 2 )
Y s o (K—1) - o N -1 - N(K—1i)
; IE<H, N;(I nH) (I (I —nH) ) H NI —nH)

2

- ;—Ntr <(I (- nH)KN>2>

)

0.2

= Tu ((1_ (I—nH)KN> <I+ (I - 17H)N)_1 ((I—nH)N —(I- nH)KN)> .

The last equation is obtained by direct algebraic calculation. For W5, by direct matrix calculation,
we get

Uy = W 9 g <H, (2I — nH)™! (I —(I- nH)QKN)> .
Next we obtain the error bound for ‘7@"“(1( ,N;n) — R™ (K, N;n) ’ which can be represented as

)73““(1(, N;n) — R™ (K, N; 77)‘

< 7722 < N' 1 Z Y 0y (TZ;Sluj)) (T(j>>T>

T TK T, 5
1 except m;,m;

9 9 N-1
no 1 N(K (i7) N(K—j) \| _.
-3 IE<H DL E (I —nH) E E S (I —nH) J =1

Z;ﬁ] =0 7;,m;
7‘7_

(e s 3 s (S ())

=1 T1TK T
except m;
7720_2 1 K N-1 (i)
_ - _ N(K—1i) (i _ N(K—1i) .
5 E<H, N ;:lj(I nH) (;0 ; ES, )(I nH) >|_ I,

where the first inequality uses the triangle inequality. The term I; represents the error term between
epochs, and I» represents the error term within one epoch. We will bound I; and I separately in
the proof.
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Upper bound for 7;. To bound [;, a natural move here is to plug in a term that takes pseudo
expectation over (T(Z)) * | but does not take pseudo expectation over (S, (@ j)>l i.j» and divide I; into
two terms.

I < ”2;2E<H, KZ T T’)Z<ZS(”>( ')>

iA LT mims
§,j=1 CXCePL 0,70

2 9 N-1
_no N(K i) (45) . N(K—7)
2E<H, 221 nH) Z(;sl >I nH)N J>

i#] 5,75
,j=1

7720_2 1 K N—-1 i)
L — pH)NE-D) i N(K—j)
+|5 E<H,(N!)2 (I —nH) Z(Zsl )I nH) J>

i#) Ty \ 1=

—~

9 9 K N-1

n-o 1 — = o(ij i

e (i e S (525250 1y
'i?éjl =0 m;,7;

Z7-]:

=: I11 + I12.

Next we bound the terms /17 and 12 separately. Notice that

N—-1
S Y u g z(z%@) (1 K

Z;éjl exgelpt zfﬂ] iy =0
K
= (N)S72 3 (I —nH)VED S (ZS”> (I —nH)NED) (10)
i i

because the summands do not depend on the permutations except 7;, 7;, plugging Equation (10)
into the expression of I; we have

e e (e sy a0y (S (o))

1#] SR . TK T3,
4 ] 1 excep Trl77r]

2 2
_7720 < NUKZ >, T—nH)Y ”Z(ZO >(I nH )N )>'

75]- T TR 3,5
i,y=1 except m;,m;
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Then we use Equation (5) to split /1; into three terms and by triangle inequality:

111§772202< N'KZ 2 <T(i)_ET(Z)Z<ZS”)ET>

T TK 4,5
1 except m;,m;

+n2202< N'KZ 3 ET)Z(ZS(U>( j_fET(j))>

TR T3,
1 except m;,m;

77202 < @) _ fo(@) (N 1 (u> ) () >
+ ™ —ET S TU) —ETU .
2 N' (NDE Zﬁ MZNK ( )ﬂzmj ZIO M) (r )

i,j=1 except m;,m;

Next, we use Lemma 1.1 and the fact that Sl(ij ) < I to bound the matrix inner products:

2 2
Iy<” ]]VV?;YQ Z > (Bl -ere

J 1 except 7r“7rj

_mrW H

+E HT@ _ET®

T _ TV H)

Notice that Lemma 1.2 and Lemma 1.5 implies that

< (VoAPNK + [EA|DT — |[EA|"
< (VOAm’NK + 1)K —

<2K+\/0an?NK when K <

E HT@') _

log 2

NG

where 65 = C8eD*log d is the constant appeared in Lemma 1.4, and C is some absolute constant.
The second inequality uses the fact that (\/6an2NK + |[EA|)X — |[EA||X motonously increases

with ||[EAJ|. A similar approach combining Lemma I.2 and Lemma I.6 derives another concentration
inequality for T'():

log 2
NVOAT

. ~ ~ 12 2
EHT(’)—ET(Z) §(2K 5An2NK> when K <
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Applying Cauchy-Schwarz’s inequality and the concentration inequalities for (T'(")) ., we get that

< o D) Z 3 (e

i ] 1 except 7rz,7r]

2)? <EHT“) _ETu)HQ)%)

202 ND2r(H) & 2
7 r(H) 3 <4K SAPNK + (QK 26A772NK) >

- 2 —
1]
2,7=1

T0) _ Fl) H

T (13 |r - &

Our next step is to bound 71o. We first make use of the fact that I — nH < I, and get that

I < ”2”2< sz(gjsw ES(”>>.

i#j T
5,5=1

Recall that for a fixed 4, for all m € [0, N — 1], there are (N — 1)! permutations 7; that satisfies
mi(m) =1. So

77202 K N-1N-1N-1 0 "
T e 90 95 ) S(C I CENI 2
i#£j 1=0 m=0 n= 0
,j=1

_]EZ](\?) 1%m+1HEZT(LJJZIHN 1) >’

Notice that

HEZY)

EZ(l) n+l1—-N-1

HZ(]) N—-1-m+1

0
Z]\Z/ 1—-m+1 n+l1—-N—-1
~ (2¢ —EZY ) HEZ) +EZ{) H (2] —EZY) )
N—-1—-m+1 N—-1—-m+1 n+l1—-N—-1 N—-1—-m+1 n+l1—-N—-1 n+l1—-N-1

(Zz(\zr) 1—m+1 EZ](\Z/)—1—>m+1) H <Zr(£1—>zv 17 EZT(LJ—I)—I—>N 1)

Applying Lemma I.1 and using the fact that IEZ](\ZL <1,

1—-m+1 ~

2 9 K N-2
n-ou(H)|H|N i i
Iy < IN2 E Z Z HZZ(V)—1—>m+1 - EZ](V)—1—>m+1H

i#£j  \m=0
i,7=1

N-2
() (4)
+ Z HZn]—&-l—ﬂV—l - EZnJ+1—>N—1H
n=0
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+ Z Z HZ(Z 1—=m+1 EZ](V) 1~)m+1H H n+1—-N—1 EZT(LQIHN 1H>

m=0 n=0

Applying Cauchy-Schwarz inequality and Lemma 1.4 gives

9 o K /N-2
ow(H)| H|N i
Iis < (2N)2H | Z ( EHZ —1omet1 EZJ(V) 1—>m+1H
g \m=0
,j=1
+ZEHZT(L]-‘1-1—>N 1 EZr(LQ1—>N 1H
N—2N- o " ( ) 2\ 2
+ Z Z <EHZN1Hm+1 —EZy 1~>m+1H ) <EHZTL]+1HN 1 EZn]«HHNle ) >
m=0 n=0
202 (H)||HIIN < (=2 ~
< e (2N)2H IV 5~ (Z (Voasr(N=1T=m)) + 3 (Voar(N = 1-m))
zzfjl m=0 "
N—2N-2
+ Z Z <\/25A7]2(N -1- m)) <\/26A772(N -1- n)))
m=0 n=0
1

<3K?\/Nlogd+ n*K?N?logd when 1= o0(—).

VT
Upper bound for ;. We bound /5 using a similar technique as what we did for I;. We first plug
in a term that takes pseudo expectation over (T(’A))ifi1 but does not take pseudo expectation over

Sl(ii) for every [ and ¢, and decompose /5 into two terms:

IE<H, N'KZ S ooy > (ZS’”) >

i=1 M1 TK
except m;

E<H,]\1/,'ZI nH)N (ZS}’) (I —nH)N )>‘

<H,]\1”ZI nH)NE- ”Z( S(”> (I — pH)NE- >>
K

z LS TRy )

=0 m;
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Next we bound the terms I2; and 29 separately. Notice that

Z S a—gH)N Z(ZS“> (I — nE)NE—)

=1 T1"TK i
except 7;

K N-1
= (N)RN (1 —nH)NED Y (Z S}’”) (I — nH)NE=D)

i=1 urs =0

because the summands do not depend on the permutations except 7;, we have

e [P < Ay S Z(TZ:SY”> ))

=1 T1TK T
except 7;
17202 = (id) N(K—i
S O SEURT LD v SR (LR
1£clcep{r}7§1 i =0

Then we use the fact that ET() = (I — nH )N to split I5; into three terms:

77202 N-1 o '
N < Nv (NDE Z >, ( ET(l Z ( s ) I- UH)N(KZ)>
=1 eT)r(lcep?Iél i 1=0

77202 < Z Z )Z <N1 (..)> ( . (,))>
+ I 77I_I Sn Tz —]ETZ
2 N”(laga T\

P e(n ey T (@0-m) (S s) (ro-£r) )|

=1 T1"TK e
except m;

Next, we use Lemma 1.1 and the fact that S, (i) < I to bound the matrix inner products, and apply
the concentration inequalities we derived for (T)D).:

*0?ND*uw(H
Iy <2 SN Z Z (B||r® - &T®

except m
2)

2ND2” Z <4K SAPEN + <2K\/25An2KN>2> .

=1

+E||T0 -

+mpm_mw
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Then we bound I99. Recall that I — nH < I, we get

2

n’o? 1 o) )
5 E H,MZZ lz(;s, ~ES, .

=1 m;

Iy <

Recall that for a fixed 4, for all m € [0, N — 1], there are (N — 1)! permutations 7; that satisfies
mi(m) = 1. So

2o | K N-1N “ 0
I < 5 E{ H, Nl Z (N —1)! (ZN71%m+1HZm+1%N71
" i=1 1=0 m=0
_Ez® HEZ" ) > ’
N—-1—m+1 m+1—-N-1
2o | KN N—2 o "
= 2 E<H’]\HZ (N_l)! Z ((Z]\Z/flﬁerl_EZ]\lffl%erl)H
Ti=1

l
(Z](\Z})_l—nn-l-l - EZ](\?—l—WH‘I)>>

Using Lemma 1.4, we have

9 9 K /N-2
n-ot(H)|H||N (4) (4) 2
I < IN EZ Z HZJ\Zf—l—ﬂn—&-l - EZ]\Zf—l—WrH-lH
m=0

=1

202tr(H)|| H|[N o=~ 2
Sncf r(H)|H| <\/25A772(N—1_m))
2N ,
i=1 m=0
<n*N?Klogd when n:o(i).
~ \/T

Combining all the arguments above, we derive that

R (K, Nyn) = R (K, Ni)|
< Iy + Lo+ 191 + I

262N D?(H) i
2

2
<! <4K SAPNE + (2K 5A772NK) )
ij=1
+O(n*K*\/Nlogd + n*K*N?logd) + O(n*N*K log d)

. 1
= O(nsN%K%\/logd) when 1 =o(—).

3

The above equation completes the proof.
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F.2.2. BIAS TERM ANALYSIS: PROOF OF LEMMA F.3

For simplicity, and as we did in the proof of Lemma F.2, in this section we omit the superscript
”bias” for all the training paramters 8”2, Analogous to the proof of Lemma F.2, we can derive the
parameter recursion as

Oy = (I — 1@, (N-1)Z, (v—1))OkN—1

= (I - nwﬂ-k(Nfl)x;rrk(an) (= nwwk(o)w;(o))H(kq)N
=AMo; i)y

For the parameter after K -epochs updates, we have
1
Oy = A ... AMDg, = H ADg

We also have the approximation for the bias term
L 1
RV (K Nip) = 5 (H,E0% )

1
= EfOIT(NHBKN

T 1
—E= 00 <HA ) H(HAW)ao
1=K
1 T
~ -0, (H EAU)) H(
=K

= %05 (I —nH)*N)H (I —nH)*™N) 6y.

~~

=R (K, Nim)

The estimate error can be given as

RV, Ni) = RY(K, N
1 1 T 1 1 1 T 1
_ T ! ! T l l
= [E50, <H A()> H (H A()> 60 — 560 (H EAU) H (H EAU) 6o
1=K 1=K 1=K I=K
1 1 T 1
= E§00T (H AD — ||IEA\K) H <H AD — ||IEAHK> 0
= 1=K
2 |EL 90 |IEA||XH (H AD _EA| )

=K

< E%HHHH%H? (HAK ~ @A) + 2EAl* |4k - <EA>KH) . an
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1
1. Under Assumption 3.1 and K = o ( NG >:

(log )&

2log T . _ (IEA]| . .
(@ n<35 ;\’fT . We now verify that K = o <W> under given conditions. We have
N T T
[EA| = (1 =nXa)" = (1 =nA) K = (1 —nAg)>
T
> (1 28T\ 2 | Ziog(1-2sT)
- 3T
_ T o2ty _ @(il),
T3
thus
IBAI _ o Ts )
T log T

1
Also, given K = o N5 = |, we obtain that
(log N)5

1 1
Ts Ts
K = = :
¢ (logN) © <logT>

where the last equation uses the fact that |[EA|| < 1. Next, we discuss the approximation error
bound for the bias term in Equation (11), with different categorizations based on the range of K.

The second equality uses log T = log N + log K = ©(log N). Now we use the results in

Lemma 1.5 and Lemma 1.6, and then the estimated distance can be given as

,ﬁ’bias(K7 Nv 77) - ﬁbiaS(K7N; 77)’

2
1 20An°NK 20An°NK
< LjmyenEa® <O/+UK—¢>-+QQVﬁ

[EA]

[EA]

< Liry oy 2 Eayes (SCMTENE ) p V20APNE
=5 0 o TAY VA V20A*NK
2 [EAl® [EA]

— 0 (IEA|*" 'K/’ NK),

where the second inequality is by Lemma 1.2.
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(b) n > 231/‘\)§TT . We have

Rk, Nig) = RY(hk, Nim)| < RY(k, Ny) + R (k, Ni)

< [RP™(k, Nyn) + RV*(k, N;n)} ’

= :210gT
3xgT
< [[R¥ (e, N m) = Rk, )|+ 2ROk, N |
L = 3A5T
[ 1
< [o (I iERR) 42 x laioPEAPe||
- :23AojT
2logT 2KN
- EA 2K o; = 1 -
@ (” H )}UZ% @ << 3T >
1
1 N5
=O(—) when K =o 756 ,
T3 (log N)s
i — o (IEA] _ 2logT
where the first equality uses the fact that K = o ( p \/T) whenn = 5 T

2. For the K = 1 case, which is equivalent to one-pass (OP) SGD, we derive a different upper
bound for bias term error. In this scenario, we have the update rule as

Ot = (I — n:ctx:)et_l.
We can denote the covariance as By, which is

B; :=E6,6,
= E(I — nzex/ )0 10, (I — na,y )
=By 1—nHB; 1 —nB;_1H + nngthOt_ﬁtT_lxtth
= (I —nH)B;_(I —nH) + n*E(z;z; — H)0;_10, |(x;x] — H). (12)

Since the bias term in the excess risk can be represented as

,ﬁ’bias(lvT; 77) = <HvBT> .

N =

We then get the lower and upper bounds for By, and derive the corresponding lower and upper
bounds for the bias term in the excess risk.

Lower bound. By Equation (12), we get a lower bound of By

Br = (I —nH)Br_(I —nH)
== (I—-nH)"Bo(I —nH)"
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and

RP8(1,T5n) = - (H, Br)

AV
N~ N~ N

(H,(I - nH)"By(I —nH)")

0y (I —nH)")H (I -—nH)T) 8.

Upper bound. By the recursion of B;, we have

By = (I —nH)B;_ (I —nH) + 1*Ep,_,..wgBe, (x| — H)0; 10, |(xix] — H)
= (I —H)By (I — nH) + *Eq,_, .. [EmT [mm}aT_le;_lmeH — HOr_.6} H
=< (I = nH)Byi(T = nH) + 1°Eay .0 Bay [@r2707 101 @rar].

Then, combining Assumption 3.1 and Lemma 1.9 gives

Br < (I —nH)By_ (I —nH) 4+ n*aRq,_, ..antt(HO7_10]_)H
= (I —nH)Br (I —nH) +n’a(H,Br_1) H

T—1
< (I —nH)"Bo(I —nH)" +n*a)_ (B, H) (I —nH)*" """V H,
=0
and
T—1
(H,Br) < (H,(I —nH)"Bo(I -nH)")+n’a Y (H,B;) <<I —nH)*"VH H).
i=0

We also have
(H,B;) < (H,(I —nH)B;_1(I —nH)) + n°oau(H?) (H, B;_1)

(1 —nX\a)? (H, Bi—1) + n*ate(H?) (H, B;_1)

VAN VAN VAN VAN

(A7 + at(H?))n® — 2an + 1] (H, By)
(T logl(Ngrau(H)m* =22 an+1] (Fr B

IN

— e~ 2ani+O(n?i) (H, By)
< Cre 2" (H, By)
and
<(I — ?7H)2(T—i—1)H7H> = <(I _ nH)Q(T—i—1)7H2>
< tr (H2) o2(T—1—i) log(1—na)
= tr (HQ) o 2AT—=1=)nAa+O(n*(T—1-i))

< Cye~AT—1=i)n\a
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So
T—1 ‘ |
H,B;)) < (H,(I—nH)'By(I —nH)T) +n?a) " Cie 2" (H, By) Coe~ Pt =1=0t (H2
=0
= <H, (I - nH)TBO(I _ 77H)T> + 03772Te_2’\d77T
And finally we get

Z 1 1
RP#S(1, Ty ) — 5 <H, (I —nH)"By(I - nH)>' = O(n*Te 2,
The above equation completes the proof.

F.3. Step III: Narrowing the Range for Optimal Learning Rate

We recap that our goal to get the scaling law formula for strongly convex linear regression with multi
epoch SGD, and the formula of the effective reuse rate. After we get a risk approximation in Step
II, next we start to narrow the range of the optimal learning rate based on the risk approximation.
We first give a technical lemma below, as a further simplification of the risk formula.

Lemma F4 Given n € {w (l) ,0 (i)}, and define ng to be the number of the minimal eigen-

T VT
value \g in H, then it holds that

d

> (PO N1 —nhi)* = G5Agexp(—20anT)(1+ o(1)),
=1

d

D X1 =) = nghgexp(—22anT) (1 + o(1)).

i=1
Proof of Lemma F4. For the first equation, for any \; > Ay, we define p; = /’\\—; > 1, then we have
(1- 77)\i)2T = exp (2T log(1 — n)\;)) = exp (2T(—77)\i + 0(772)\?)))
= exp(—2\nT) exp(O(n?)) = exp(—2XapinT) (1 + o(1))

= (exp(—=2AgnT))"” (14 o(1)) = o(exp(—2AanT)). (13)
Since \; < D?, we have

d—ng

> (P01 — nAi)*T = o(exp(—2AqnT)),

i=1

From Equation (13), we can also directly get the second equation, which completes the proof of
Lemma F.4. O
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F.3.1. A DESCRIPTION OF THE RANGE OF OPTIMAL LEARNING RATE, SMALL-K CASE

Lemma F.5 Under the conditions in Lemma E.4, and when K = o (log N), we have n* € [é‘;\ir‘;, ah;,igT],
where the constant o : )\D:E%))

Proof.  We first prove the upper bound. Given a learning rate 7, Equation (7) gives
R(K,N;in) = R™ (K, Nin) =

772202 < N' . Z Yooy (Z > (T<j>)T>

£y LT T,
i,7=1 except m;,m;

=)
7720’2 1 pls (i3) () T
ey 5 r0s (Ts0) (1)),
Sz m s
=1h

For 11, using the fact that (I — naa ") >= (I — nDI), we replace all the terms (I — nzx ') with
(I —nD?I) thus we have a lower bound for v,

2 2 N-1
by > A <H,N Z Z nDQ (2K—i—5)N Z (1_nD2)2N727man[m$T] >
Z#J {7l'1 7I'K} m,n=0
i,j=1 \{mi,m;}
[ —J 2
2ND4 <H > (1= D) EIN(Q —pD?)EIN (1 — (1 — D)) H>
7]
i,j=1

2 2 1— (1= (1 —pD2)N)*KN
— tr(HQ(l—(l—nDQ)KN)Q)— 7 _tr | H? ( (1= nD") )
2N D? 2N D? 1— (1—nD?)2N

o? _ aD2\KEN
= pitt <H2 11 +((11 _ﬁnlz)g) (1 —nD?)N — (1 - nDQ)KN)) '

For v, we use a similar argument to get its lower bound
1— (1 _ T]D2)2N
H D2 2N (K —1) H
LaE Ak
_ 1o’ < | —( — D)1 - (1 —nDQ)ZNH>

- 2D2 " 1—(1—-nD2)2N 1—(1-nD2)?2

0'2 r 2
_ no"t(HT) iD(f)(1+0(1)).

Y2

| \/
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Notice that from the above lower bound, when K = o(log N ), we have

R(K, N;n) > 1 + 12

> 0() + P 14 o)
Taking n > 2187 and o = Z iizg‘% gives
_ o?tr(H)log T

R(K,N;n) > ———2= (1+0(1)).
( I ? ) — 4)\dT ( O( ))
Now we recall that

R*(K,N) < R(K, Nin') = M(K, Nin) (1 +o(1))

_ o*tr(H)logT o%tr(H)log T
IS W (1+0(1)) < NI (1+o0(1))

Thus we have that n* < %. Next, we give the lower bound of n*.

When 7 < é(;\gd 5, we have that
1 logT _ ., .
exp(—2XAqT) = T2/3 ~ W(T) = w(R(K,N;n)) = w(R*(K,N)).
The above equation shows n* > é&i :g, which completes the proof. O

F.3.2. A DESCRIPTION OF THE RANGE OF OPTIMAL LEARNING RATE, LARGE-K CASE

Lemma F.6 Under the conditions in Lemma E.4, and when K = w (log N), we have n* € [;\gd ?, o (%))

Proof. The proof comprises of three parts. First, we prove that n* > é&i 77: when 7' is large. Sec-

ond, we verify that n* < < for sufficiently large N. Finally, we refine the proof in the second step
and justify that n* = o (%) All proofs are carried out by contradiction. The method proceeds as
follows: we take a specific 7 = n’ and compute its loss, then prove that R*(K, N) > R(K, N;n')
when N is sufficiently large if n* does not fall into some interval.

First, by Equation (16), we have

o2d

R(K,N;n') = W(l +o(1)).

Then we begin our main part of the proof.

Proof Step I: n* > gj\gdr‘;
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We assume that n* < },&gd g Observe that R (K, N;7) decreases with 7. So

_ . . log T
R*(K,N) > Rblas(K,N;n*) > RblaS(K’ ]\7;77 _ og )
3T
1 N *
= 5(wo—w )T(I—nH)2TH(w0—w )(1+o0(1)) -
77:3c;\ng
1~
= (§Fhaep-2am) ) (4o
__logT
=3\,T

()< (3):

where the first equality is due to Lemma F.3, the second equality is due to Lemma F.4, and the last
equality is due to Assumption2 3.1. ,
Proof Step 1I: n* < (ﬂé?ng)N. We assume that n* > % By Equation (14), we have

~ 0'2 r 2 0'2 0'2
R Vi) = "D 4y o)) > T4 o) > T o)),

which is a contradiction.
A direct corollary is that

— ~

RYK,N) = R(K,N;n*)(1 4 0(1)),

~ 1
R, N3) = 5 (wo —w*) (T = 1 H)* H(wy — )

L (U= = E)Y) (L= H)™ — (I =" H)™)
N I+ (I—nH)N
77*02 % 1\ 2T * 1
+ (H,(I-(I—-n*H)*)@2I —n*H)™")
d 2 * N
1 o (1—=n*N\)
=) (POy)IN(1—n )T —
2;( 0)i Xl =m"As) +;N1+(1—n*/\)N
77*02 77*02 d 2T 2
+ ot (H) — = > N1 =0 )T+ 0 (n)?)
=1
d *
B 1 ~ . o2 e Nnti ,’7* 2
- <2Gd)\dexp(—2>\dn T) +ZZN1 v gt H) | (L o(1)).

Proof Step III: n* = o (%)

We assume that there exists a constant e > 0 and a sequence (/N;)5°; that satisfies NV; — oo
when ¢ — oo and n*(NN;) > - for all i. As we only conduct our analysis on the sequence (N;)72,,
without loss of generality, we take (V;)72, = IN.
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—oX;

We define f(6) = S0, 02-< 4 %2 °4-tr(H). Then we have

1+e_5>‘
) o2 d o0 (1 — e )
So
o2d
f(e) >f<0)_ﬁv
and
RY(KN) 2 - 7 N)(1 4 0(1)) 2 = (€)1 +0(1)) > T9(1 + (1)) = RK, N )
) — N 77 0 — N 6 o 2N 0 - bJ 7"7 )
which is a contradiction. O

F.3.3. AN APPROXIMATION OF THE EXCESS RISK, SMALL-K CASE

Lemma F.7 Let 6% = Ef: dngt1 (P6)?, H = PDP to be the canonical form under similarity

of H. Under the conditions in Lemma E.4, for learning rate n € éc;\gd I;]]\\;’ O‘k}?]{,( N} for constant

__ D%*r(H)
 Agtr(H?)

and K = o(log N), then we have the approximation of R(K, N;n) as

R(EK,N;n) = M(K,N;n)(1+o(1)),

1. H)o?
M(K,N;n) = §9§Ad exp(—2AanT) + ntr(4)0,
where steps T' = KN.

Proof.
From Lemma F.1, we have that R(K, N;n) = R(K, N;n)(1 + o(1)), where R(K, N;7) can
be written as

R(K,N;n) = %(wo —w*) (I —nH)*" H(wy — w")
o ((I—=T—nH)*N) (I -nH)N - (I -nH)"Y)
i I+(I—-nH)N
+ 77(272 (H,(I—(I—-nH)*) (I -nH)™")
d d o2 oY A\N
= 3 PO T 3 G
O’2 0'2 d
T (H) = T ST =m0 (i)

~ 0-2
= (;9% exp(—2\gnT) + 774tr(H)> (14 0(1)) + 0(%)

M(K,N;n)
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= (;03)\61 exp(—2AgnT) + mjtr(H)) (I+o0(1)), (15)

M(K,N;n)
where the second to last equation uses Lemma F.4 and the fact that (1—n\g)*T = o (M (K , in))
forn € [é"fd T, 212 "and the last equation uses the fact that when K = o(log N), ( ) =
o (EF) = o (M(Tim)). =

F.3.4. AN APPROXIMATION OF THE EXCESS RISK, LARGE-K CASE

Lemma F.8 Under the conditions in Lemma E.4, for n € [;f;i:Tp, 0 (%)), and K = w (log N), we
have
E[R(K, Nyn)] = M (K, N;n)(1+o(1)),
ntr(H)o? n ﬂ
4 2N’
where 93 = Z?:d_nd+1(P90)12, and PDP is the canonical form under similarity of H.

1~
M(K,N;n) = 593&1 exp(—2\gnT) +

Proof. Given K = O(N%!), one can verify that

7\ r3

KiN
lim KnT4 = lim Y

N—oo N—oo

nN = 0.

So condition K = o (n_lT_Z) is satisfied, thus by invoking Lemma F.1, we have R(K, N;n) =

R(K,N;n)(1 + o(1)).
Note that when ) = o (), for any i € [1,d], we have

(1= )N =e” AnN+O(PN) — 1 4 o(1).
Combining this with Lemma F.4, we have
1 " "
“(wg —w*) (I —nH)*TH(wy — w*)

2
o (I —I—-nH)N)((I-nH)N —(I—-nH)*N)
TN I+ (I—nH)N

R(K,N;n) =

2
+ L (H, (I - (I —nH)™") (21 —nH)™)
d d 2 N
1 —n\)

PO — )T+ 5 Lo
PN -+ S

N | =

7

2 2 d
+ Ltr(H) = T2 A1 = n)T 4 0 (n?)
1

1

4 P
_ 152/\ (=221 T) + L‘Qtr(H) + o"d (1+o0(1)) (16)
= 5 d\d €XDP dn 4 IN o )

M(K,N;n)

which concludes the proof. g
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F.4. Step IV: Deriving the Approximately Optimal Learning Rate, Proof of Lemma E.4

After the above preparation, next we present the derivation of approximately optimal learning rate,
which is the proof of Lemma E.4. The proof of Lemma E.4 for the small-K case and large-K case
follows a similar pattern. First, we minimize the approximate excess risk obtained in Section F.3.3
and Section F.3.4. Then we conduct an error bound analysis and complete the proof.

F.4.1. PROOF OF LEMMA E.4, SMALL K

Part I: Minimizing the Approximation of the Excess Risk

Lemma F.9 Under Assumption 3.1 and 3.3, we consider K-epoch SGD with N fresh data and

learning rate n satisfying n € [g\gd g, al%g T], where steps T := KN and « is some constant

independent of T, but can depend on D and \1, A, ..., A\g. Then when K = o (log N), the chosen
. 1 _ logpT __ . .

learning rate ' = 5557 = arg mlnne[éo)\i?’al%gT] M(K, N;n).

Proof.  Given Lemma F.7, we take the derivative of M (K, N;n) with respect to 7

oM ~ tr(H)o?
—— = —62\T —2\nT) + ————.
an aral exp( anT’) + 4
02
Define p := tf(id{’;zz , and we let %—]\774 = 0, then we get
0= —pTexp(—2\¢gnT) + 1
pT' = exp(2AqnT)
_ logpT
2T
The above equation completes the proof. U

Part II: Error Bound Analysis

Lemma F.10 Consider K-epoch SGD with N fresh data and learning rate 1. Given a set of learn-

ing rate values T, and an excess risk estimate that satisfies R(K, N;n) = M(K, N;n)(1 + o(1))
whenn € T. Assume thatn' = arg minp M (K, N;n) andn* € T. Thenwe have R(K, N;n/'(K,N)) =
R*(K,N) (1+ o(1)).

Proof.  According to the optimality of n*, it holds that
R*(K,N) < R(K, Nin/) = M(K, N;3)(1 + o(1)).
Also, according to the optimality of 7/, it holds that
M(K, N5 )(1+ o(1) < M(K, Nin*)(1 + (1)) = R* (K, N)
Combining the above two equations gives

R(K,N;n') = R*(K,N)(1+o(1)).
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F.4.2. PROOF OF LEMMA E.4, LARGE K

Part I: Minimizing the Approximation of the Excess Risk

Lemma F.11 Under Assumption 3.1 and 3.3, we consider K-epoch SGD with N fresh data and

learning rate n satisfying n € [}S\gd ?, (i)] Then when K = w (log N), the chosen learning rate

0 = lgidpj? = argmm[logT o( 1) M (K, N;n).

3xgT’

Proof. Given Lemma F.8, we compute the global minima of M (K, N;n), we have n = % +
O (%) = arg min,ecgr M (K, N;7), which lies in the regime [é&i?, 0 (%)] when N is sufficiently
large. (|

Part II: Error Bound Analysis The proof of Lemma E.4 concludes directly by applying Lem-
mas F.6, 8, F.10 and F.11.
Combine the above two parts and we finish the whole proof.

F.5. Proof of Theorem 3.1

Finally, combining the results in the above three steps, we are able to prove our main theorem of the
multi-epoch scaling law, as shown in the following.
Proof. Notice from Lemma F.1 and Lemma F.4, we have that

_ 1~
R(K,N;n) = §9§Ad(1 — )N (1 +0(1))

R1(K,Nm)
i a2 (1 —n\)N
~ N1+ (1 —nx)V
ﬁQ(Kszn)
7702 nd7702 QKN 1 1
+ —tr(H) — Aa(1 —nAg) (14+o0(1)) whenn € |w( = ),0o(—5]|-
4 4 T Tz
7%3(K=N777)

Next, we carefully analyze the magnitude of ﬁl(K, N, n), ﬁg(K, N,n), and ﬁg(K, N,n), and

using these results, we can simplify the excess risk expression.

Now, We take 7 = 2% 5% = ;‘i\gd KX + 0 (%) in Lemma E.4, then

log KN 1
. 2KN _ ) . L
(1= Xan) = exp (2KN log (1 5 ) <T>>>

=exp (—log KN + O(1))

o(3)

45



A THEORETICAL ANALYSIS OF MULTI-EPOCH SCALING IN LINEAR REGRESSION

Thus
Ri(K,N,n) = 632a (1 — Aan)** ™
-o(3).
and
Ra(a, N ) = TEDI8T 10T 08T (Y (14 o)
P (o (})
_ a2tr;1;Id);ogT(1 +o(1)

= w(ﬁl(K’ N777))‘

Next, we discuss two scenarios where K is relatively small and K is relatively large, to be specific,
K = o(log N) and K = w(log N).

When K = o(log N), We have
log KN 1 \\V
—un)N = _
- an® = (1= E 00 ()

log KN 1
= N1 1——=——0p; —
oo (Vs (-0 (1))

= exp (—log R i+ 0(1))>

2K
=o(1).

As a consequence,

Ra(K, N,m) :Zaﬁl

i=1

d 9

Meanwhile,
R3(K,N,n) = O <IO§§VN> -0 (;) —w (ﬁQ(K, N, 17)) .
So
R (1, N) = RO No)(1+o(1) = ZEEDRET gy o)
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When K = w (log N), we have

log KN 1 \\V

oV = (1 4 L

(1=Am) (1 9OKN pZ+O(KN)>
log KN 1

= exp (—logﬂlngi +0 (;)) = exp (o(1))

So

As a result, we have

— ~

R*(K,N)=R(K,N;n)(1+o(1)) =

F.6. Proof of Theorem 3.2
Now we establish the formulation of E(K, N) by solving the equation R*(1,7") = R*(K, N).
When K = o(log N), solving R*(1,T') = R*(K, N), we get

otr(H)log T _ o%tr(H)logT
W(l +o7:(1)) = W(l +or(1))
log T" logT
OgTu +op(1)) = Oi 1+ op(1)). (17)

According to the definition of the small o notation, there exists a constant T, o such that when T > Tg,
the right hand side is smaller than maxyr¢q 23 10%? (14 or/(1)). So W.L.O.G, we could assume

that 77 > 3 in the following and use the fact that the function 10% is monotonously decreasing
when z > 3.

Lemma F.12 Given T' and N satisfying Equation (17), it holds that T' = T when T > Ty for
some constant T}.

Proof. Notice that there exists 7} such that op(1)| < & when T > T}, and o7v(1) is bounded.
Furthermore, o7v(1) > —1, because the left hand side is strictly greater than zero due to the fact
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that n < #. So when T' > T7, we have

log T” < 3logT
7 —2 T
logT' _ 1logT
“Tp 9T

(18)

C4

19)

for two constants ¢4 < 1 < ¢5. We claim that 77 > %T =: o1 whenT > %; otherwise,

logT’ log aT
> cq
T’ ol
_ 3logaT
T
S 3logT
- 2T

Cq

1
when T > —5

o
which contradicts Equation (18). We also have 77 < 3c5T =: BT when T > (32 by a similar
argument; otherwise,

log T" log BT
T’ =

when T > 32,

which contradicts Equation (19). So 7" = T when T' > min(7}, ﬁ, B2, Tp) = Tp.
Next, we prove the first part in Theorem 3.2, which is E(K, N) = K(1 4+ o(1)) when K =
o(log N). We define F(T) = 8L §(T) = |op(1)], and (T") = |og+(1)], so

T
F(T')(1 = €(T")
F(T") 1+ €¢(T"))

Consequently, we have
—F(T)5(T) — F(I'")e(T') < F(T') - F(T) < F(T)§(T) + F(T)e(T’).  (20)
So due to the convexity of F'(T"),

logT

ST T) < (D)~ T) < F(T') ~ F(T) < FDS(T) + FT)e(r’) = 5L o).

T2

Thus we have
T > T(1—o(1)).

The above equation completes the proof. O
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Combining Equation (17) and Lemma F.12 gets

log7T —1 logT' —1
— (T =T =~ (T = T). @1)
Further using Equation (20),
F(T'Y(T-T) < F(T)-F(T) <F(T)T)+ F(Te(T") (22)

Combining Equation (21) and Equation (22) gives

T < T(1+o(1)).
Substituding the definition of E(K, N) and we get the first part in Theorem 3.2.
When K = w(log N), solving R*(1,T") = R*(K, N), we get

o?tr(H)log T o%d

Wi (1+op(1) = ﬁ(l +on(1)). (23)

There exists a constant ]\70 such that when N > NO, the right hand side is smaller than the minimal
2 !

I OET (14 07/(1)). So W.L.O.G, we

log x
X

value of R*(1,7") when T" is finite, that is, mingvcq 2 3

could assume that 7" > 3 in the following and use the fact that the function
decreasing when = > 3.

Now we provide a lemma to give a loose bound of 7" fisrt, and then we apply the lemma to get
the formula of E(K, N).

is monotonously

Lemma F.13 Given T’ and N satisfying Equation (23). It holds that N <T' < N 3 when N > Ny
for some constant Ny.

Proof. Notice that there exists N such that [on(1)| < 3 when N > Nj, and o+(1) is bounded.
Furthermore, o7v(1) > —1, because the left hand side is strictly greater than zero due to the fact
that n < ﬁ. So when N > Ny, for the left side in Equation (23), we have

log T"
T

log 7" < o?tr(H)log T

1 (1)) <
6 S SagT (I+or(1)) <er

where cg < c7 are two positive constants. And for the right side,

2
C8 o°d C9
— < —(1 1) < —=
<9
where cg < cg are two positive constants. Then we prove that 77 > N when N > max (e% , 3).
Otherwise, we have

otr(H)log T 2

8T

Q
Q.

!/
logT > oo log N

(1 + OT/(l)) > cg T N

> =2 (14 on(1)),

=8

2

=
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4
. - 3
which is a contradiction. Then we prove that 77 < Nz when N > ( %O) for some constant cqg.
Otherwise, we have

3
2

o?tr(H)log T
8AgT”

! 2d
el ool _BrloB N G0 o 74 oy1)),
T N3z 2 N3 Ni ~ N T 2N

(1 + OT/(I)) <cy

which is another contradiction. The third inequality uses the fact that s N is bounded. We take
N1
cg 4
Ny = max | Ni,ec, (%0) ,N0> and we prove the claim. ]

Combining Equation (23) and Lemma F.13 gives
T'=06 (NlogT') = ©(Nlog N). (24)
Again, combining Equation (24) and Equation (23), and we get

tr(H)N log N

EEﬁf?)f!lkzgj{i(]__% on(1)) = 44444155;1—444*(1-+ on(1)),

T =
4 qd
and as a direct corollary,

E(K,N) = 1]; - W@ +on(1)).

The above equation immediately finishes the proof. U
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Appendix G. Proof Outline for the Solvable Case with Zipf-distributed Data

In this section, we give the proof sketch of Theorems 4.2 and D.2, which characterizes the behavior
of E(K, N) respectively under power spectrum and logarithm power spectrum assumptions. Here
we give the proof outline of Theorem 4.2; the proof sketch of Theorem D.2 is similar to that of
Theorem 4.2.

Recall the definition of the effective reuse rate

1 _ _
B(K,N) := & min{N' 2 0: R*(1, N') < R*(K, N)}.

So to obtain E(K, N), we need to calculate the optimal expected excess risk R*(K, N), which
requires us to compute R (K, N;n). Fortunately, due to the commutativity of the sequential updates
and the closed form of all finite-order moments of data, we can obtain a closed-form expression of

R(K, N;n) through a direct calculation. The formal statement is given as follows:

Lemma G.1 Under Assumption 4.1, the excess risk for K-epoch training over N fresh data points,
with learning rate n > 0 can be given by

R(K,N;7) = % <PA, (I— P+P(I- nA)QK)N>,

where the expectation is over the randomness of w* and training datasets {x;, yz}fV: _01.

In the settings of Theorem 4.2, A satisfies a power-law spectrum, and we have

ﬁ(K,N;n):;i; (1—Z,acb (1_ (1_Z>2K>>N.

Recall that our goal is to give a formula of R*(K, N), which can be use to derive the formula
for E(K, N). To this end, we first simplify the above expression of R(K, N;7). Specifically, we
choose a parameter d; = ©(1) such that 1 — =% > 0 forall i > dy. Then R(K, N;n) can be divided
into two parts:

=1
S (K.N:m)
d N
1 c n\ 2K
r5 2 2w 0-0-0")
i=di1+1

First, we derive an approximation for Sy (K, N;7) for the small- K case and large- K case separately.
For sufficiently large ¢, when K is small, we can apply a Taylor expansion technique:

(s (0 s ()
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where the second approximation uses 1 — x ~ e~* when z is small. And when K is large, we have
another form of approximation:

c c n\ 2K NNC c \N
(- (- 0-%) ~al-w)

These simplified expressions motivate us to give an estimation of Sy(K, N, n) for a large range of

learning rate. The formal statements are given in Lemma H.1 and Lemma H.4 respectively.
Unfortunately, we can not use the same way to bound S; (K, N;7) because Taylor expansion

cannot be easily applied for ¢ < d;. Nevertheless, we can upper bound S; (K, N;n) by d; -

max;e(1,d,] 7o (1 = (1 — (1 — %)QK))N, and prove that this is an infinitesimal of Sa (K, N; )
for a specific reference learning rate value.

Next we proceed like Step ITI in Section E.1: we first take a specific reference learning rate 7’ to
narrow down the range of optimal learning rate. This allows us to characterize S (K, N;n*). Then,
notice that

ﬁ*(Kv N) = Sl(Kan’r/*) + SQ(Kv N; 77*) < Q(K’ N; 77/) = Sl(Kqun/) + SQ(Kv N; 77/)7
and we already have characterizations of Sy (K, N;7'), So(K, N;n') and Se(K, N;n*). Combin-

ing these together allows us to give a simple characterization of S1(K, N;7n*). Finally, with the
characterizations of S1 (K, N;n*) and S2(K, N;n*), we are able to derive E(K, N).

Appendix H. Proof of Main Results for the Solvable Case with Zipf-distributed Data
H.1. A Closed Formula for the Excess Risk: Proof of Lemma G.1

We first write out the update of parameter after K epochs
1
Oy = A ... ADg, = H ADg,

1=K
K
= <I - 77$N715E—|1\—1_1) (I — nmomg> 0.

Then we get the excess risk expression as

] 1
R(K,N;n) =B 0k vHOK N
1 2K 2K
—EZ0] PA (I —nayaahy) - (I—nwozf) 6o

Assumption 4.1 gives

R(K,N;n) = E% <000€, PA (I — nmN_lch_lfK e (I - nm0$3—>2K>
= % <I7 PA <E (I — nmmT)2K>N> .

52



A THEORETICAL ANALYSIS OF MULTI-EPOCH SCALING IN LINEAR REGRESSION

Direct calculation gives
i d
2j—2 j
E (ar:a:T) = Z,ui] pipiteie] = PN,
i=1

and

2K 2K . .
E [(I — an> } =T+) (25{) (=1 PN =T — P+ P(I —nA)*~.
j=1

Then we can write out the excess risk as

R(K,N;n) = % <PA, (I-P+P(I- nA)QK)N> .

The above equation completes the proof.
H.2. Scaling Laws for Power-Law Spectrum: Proof of Theorem 4.1

H.2.1. PROOF OF THEOREM 4.1: SMALL-K CASE

An Approximation of Sy (K, N;n).

Lemma H.1 Suppose the assumptions in Theorem 4.2 hold. When K = o(N ﬁ) andn = O(1),
we define the estimator of So(K, N;n) as

d
- 1 C —2KNc¢n
SQ(K,N;n)::§ E = T
i=d1+1

Proof. By the fact that K = o(N ﬁ), there exists a constant Ny such that when N > Nj,
N
K < Nab. And we define F(x) = & (1 - = (1 —(1- %)ZK» . Direct observation

%
gives us that under Assumption 4.2, R(K, N;n) Z?Zl F(i). Next we take the derivative of F’
and analyze its maximizer.
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where we define

6te) = -a (s e ve(1- 5)")

+N <(a— be —(a—b)e (1- E)QK | 2eKbn (1- 77)““) |

xb ab

and

ra—b+1 ra—b+1 b ratl

—b —b 2K 9¢Kb 2K -1
@@p:(m o _lazbe (o my 2R ) ).
We denote the maximizer of F'(z) by g, so G(xg) = 0. We claim that:
1
when N > Ny, ¢ > min ((W) “ ,Gi(KN)i> =: T7.

Proof of the claim.. Notice that when N > No,
1 1

S— <+
6(KN)a

KA
b 6K

We assume that the claim is wrong, then

0w = ¥ (0 v~ a (1= 1)) e

KN(a—b)en — ax®
b
- KN (a—b)cen
2%

> 0,
which is a contradiction. The third inequality comes from Lemma I.3.

Soxzg =9 ((KN)%) Further pluging this into G(xg) = 0 that

G(zo) = —az® (1 + o(1)) + N <W(1 +o(1)) + Wu + 0(1))) =0.

gives

Then we have

0.5 1
K a+0.5b (KN) a-+0.5b +1

= J1 + Jo.
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Furthermore, we have

< K 2055 (KN) T
~ KN Y

Ji < Kavos (K N)aross F(x)

and

Jy =

N |

d c c c N\ 2K N
2 w T e (1_?6)
0

i= K @505 () N) aF055 41
N
c 2Kcn K?
i <1 g +0 (i“+b>)

I
M=~

0.5 1
i=K a+0.5b (K N)a+0.50 41
d 2
2Kc K
= 1 g ,EeNlogO*iTer(iwb))
2 L 1@

0.5
Ka+0‘.)5b (KN) a-+0.5b +1

ja+b

_ 2
c 21i<aNcn+O<K N)

[
M=

2 0.5 1
i=K a+0.5b (] N) aF+0-56 41

Z’a

2 0.5 1
i=K a+0.55 (K N)a+0.50 41

—2KNcn

We define K1 (z) = -5e~ »@ . We can derive that arg max K1 (z) = © ((KN)%), and max K1 (z) =
© (+v)- So when d > 3(KN)%, we have

) 3(KN)@ .
—2K Nen
Bzg 3 e i (1ro)
t=(KN)a
2cn KN é
> (KN)E x S > (BN)

~ 1 ¢ —2KNen
So(K,N;n) == E i—ae i@
i=d1+1
0.5 1
K a+0.5b (KN) a+0.5b d
]. Z C —2KNcn + 1 C —2KNcn
= - —e @ = E —e
2 i= “ 2 0.5 1 o
i=d1+1 i=K a+0.55 (J{ N)a+0.50 41
=J1 + Jo.
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We have Jo = Jo(1 + o(1)), and

0.5 1
~ . K a+0.56 ( K N ) a+0.56 ~
Ji < Ka+oss (K N)aw05 x max K1 (2) < z(z( - ) = o(Ja).

So Sy(K, Nim) = So(K, N;n)(1 +o(1).
The matching upper and lower bounds for S (K, N;7) comes directly from Lemma 1.7. O

Additional Technical Lemmas. By combining the expression of Sy (K, N;n) with Lemma 1.7,
we get another lemma:

Lemma H.2 Suppose the assumptions in Theorem 4.2 hold, and the expression of S}(K ,N;n) is
given in Lemma H.1. Then we have (%SQ(K, N;n)~ ——1L

(KN) a;l .
Proof.
2 So(K,N;j) = —KN Z e i
1= d1+1
B 1
(KN) ua 19
where the second line comes from Lemma 1.7. OJ

Lemma H.3 Suppose the assumptions in Theorem 4.2 hold, and the expression of S~2(K ,N;m) is
given in Lemma H.1. Consider two learning rate options 1, n' = ©(1)that satisfy n —n' = o(1).
Then we have S (K, N;n) = So(K,N;n')(1 + o(1)).

Proof.

S~2(K7N777) - S~2(

_ ’;ngm N ﬁ)‘ g — )|
_#
e |(n— 1)

— So(K, Nin)o(1),

where 7 € [min(n, "), max(n,n’)] = ©(1), and the first line comes from Lagrange’s Mean Value
Theorem. The secome line comes from Lemma H.2, and the last line comes from Lemma H.1. [

An Approximation of S;(K, N;7) under a Reference Learning Rate. We take ' = 2 —

(a—l)d(f_b log KN
ac KN >

2K
dic c c (a—1)di~" log KN
SUK Niy) < — | 1-——+—— [1- '
1( ) 777)— 9 d({,—b—i_d(lz—b( ac KN

and we have

N
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By a Taylor expansion argument, we have

N
. a—b
$1(K. N = (1 2Kc  (a—1)d] logKN(1+0(1))>

2 B d‘ll—b ac KN
dyc 2(a—1)log KN N
. 1+ o(1
(-2 B o)
_ gemog(l—@%(lw(l)))
2
1
~ gy = o(S2(K, N;n')),
(KN

where the last inequality comes from Lemma H.1.

The Calculation of R*(K, N). Under the reference learning rate, we have
R(E,N;n') = Si(K, N;1') + S2(K, N3n)

So (K, N1 )(1+ o(1))

Sy (K, N;2)(1 + o(1))

d
1 C —4KNc
=3 E @t (1+0(1)).

1=d1+1

Then we prove that n* € [2 — o(1),2]. We prove by contradiction, and assume that there exist a
constant € > 0 and a sequence (N;)?°; — oo such that n*(NV;) < 2 —eforall i > 1. As we only
analyze with respect to the sequence (IV;):2,, without loss of generality, we take (IV;)22; = IN. By
Lemma H.1, we have

ﬁ*(K7 N) > 52(K7N§77*) = '§2<K7 N; 77*)(1 + 0<1))

> 52(K,N;2)+e£7§2(K,N;2) (14 0(1)) > R(K, N: 1)

when N is sufficiently large, which is a contradiction. So
R*(K,N) = S1(K,N;n") + Sa(K, N;n")
= S1(K, N;n*) + Sa(K, N;n*) (1 + o(1))
= S1(K, N;n") + Sa(K, N;2)(1 + o(1)) < R(K, N;7f).

Thus, S (K, N;7*) = o (s}(K, N; 2)), and R*(K, N) = So(K, N;2)(1 + o(1)).
By Lemma H.1 and Lemma 1.7, there exist two constants C; and Co such that R*(K, N) <
— 9 and R*(K, N) > —<2_ when the condition d = Q(T%) holds. For one-pass case, by

a—1

(KN)“a (KN)
Lemma H.1 and Lemma 1.7, we have
RYLT) =R, T, 0" (1, T )
<RLT 9" (1,T)| )

. 1 o= ¢ _4KnNe Cs
=R (17T/)|d:oo =3 Z —e 7 (1+0o(1) < pe (25)
i=d1+1 @

57



A THEORETICAL ANALYSIS OF MULTI-EPOCH SCALING IN LINEAR REGRESSION

and
1 d C _4AKN C 1
R(LT) =5 Y e (1+o(l) > .t when d=Q (T’E) . (26)
2 i=d1+1 ¢ T/T

H.2.2. PROOF OF THEOREM 4.1: LARGE-K CASE
An Approximation of Sy (K, N;n).

Lemma H.4 Suppose the assumptions in Theorem 4.2 hold. When K = w(N ﬁ) andn = O(1),
we have So(K,N;n) =~ —.

Proof.
There exists N3 such that when N > N3, we have K > Nﬁ. Then when d > 3(KN)% >

3N = , we give the lower bound of the loss:

1 2Na-b

> s —(1- )"
(BNa=t)e

"

~ a—1"
Nab

Then we derive the upper bound of the loss:

1= ¢ c c 772KN
s <538 (1ot () )

i=1

1
Na=b N 00
1 c c c n\ 2K 1 c
S a(tarann)T) 5 Y
=1 i=NTB 41

When K = w(Na7)andi < Na's,

n 2K 2Klog<1 1 >
<1 - b > = e Nm

Nas

VS
—
|
|3
N—
(3]
=
IN

IN
)
Z
2
|
o
I
)
—~
—_
~—
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Then there exists N4 such that (1 - iﬂb)QK < % when N > Ny. So when N > max(Ns3, Ny), we
have
NaD
1 ¢ c \NV 1 > c
So(K,N;n) < = ,f<1_ , ) 2 <
2( 77) — 2 — 7/a, 2,La7b + 2 Zl: Za
= i=Na—b41
One can derive that max 5 (1 — 2a—°,l,)N =0 ( Q) So
? Na—b
_ 1 1
R*(K7 N) 5 a—1 + a—1
Nafb Nafb
< —
Na—b
And we complete the proof. 0

An Approximation of S (K, N;7n) under a Reference Learning Rate. We take the reference
learning rate ” = 1.5, and we have

SiE, Ny <81 & & <max (0.5, 1- 1'5>>2K
-2 i’ di? d

where the last inequality comes from Lemma H.4.

The Calculation of R*(K, N). Under the reference learning rate, we have

7?’(I{a]\fvnl) = Sl(Kv Na 77,) + SQ(Kann/)
= So(K, N;n')(1 + o(1))

It is obvious that n* € [1, 2]. We know that
R*(K,N) = S1(K,N;n") + Sa(K, Nyn") < R(K,N;n') = S2(K,N,7')(1 + o(1)).

By Lemma H.4, we have

So(K, Ni) = ©(N75E) and Sy(K, Nif) = ©( N5,

which directly implies that

S(K,N;n*) = O(N—Zii) . RYK,N)= @(N—Zii> .
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H.3. E(K, N) for Power-Law Spectrum: Proof of Theorem 4.2
H.3.1. PROOF OF THEOREM 4.2, SMALL-K CASE

Let 7" be defined implicitly by equating the averaged risks at their optimal step sizes:

R*(1,T") = R*(K, N). (27)
We claim that . .
04 a—1 ’ 03 a—1

— T < 7T < [= T. 28

<Cl> - B <02> 28)

Proof.  'We argue by contradiction, considering two exclusive violations of Equation (28).

1. Casel: T' > (g—;) @17, By the risk bounds encoded by (Cs, C'3) for one-pass training with
T fresh data and by (C1, Cy) for K-epoch training with N fresh data, this inequality forces

R*(1,T") < R*(K,N),
which contradicts the defining equality Equation (27).

2. Case2: T < ($4)=1T. given d = Q(T«) we still have d = Q((T")'/*). The same risk
comparisons then yield B B
R*(1,T") > R*(K,N),

again contradicting Equation (27).

Both contradictions rule out violations; hence Equation (28) holds. g
Therefore, the desired characterization of E(K, N) follows directly from Lemma L.8.
H.3.2. PROOF OF THEOREM 4.2, LARGE-K CASE
By Theorem 4.1, there exist constants C5, Cg > 0 such that, given d = Q(T%),
CG = 05

= < RY(K,N) < — . (29)
Na—b Na—b
Let 7" be defined by equating the averaged risks at their optimal step sizes:
R*(K,N) = R*(1,T). (30)

Combining Equation (29), Equation (30) with Equation (25), Equation (26), we claim that

(2) N o< T < <C3> N, 31)

Proof of the claim. We argue by contradiction.

1. Upper violation. If 77 > (g—z) I N#5, then by Equation (25) and Equation (29) (lower

bound),
RAT) < —5 - < S < rriw),
(T’) a Na—b

which contradicts Equation (30).
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2. Lower violation. If T’ < (&%) @1 N'a=%, then the condition d = Q(T'# ) gives
1 1
d= Q(Na—b) - Q((T’)E) .

Using Equation (26) and Equation (29) (upper bound),

Cy Cs —

R*(1,T") > > > R*(K,N),
(")

a—1

N a—b

a—1
a

again contradicting Equation (30).

Both contradictions are impossible; hence Equation (31) holds. U
The characterization of E(K, N) follows directly by the claim.

H.4. Scaling Laws for Logarithmic Power-Law Spectrum: Proof of Theorem D.1

Similar to the proof of Theorem 4.1, the proof of Theorem D.2 consists of two parts: First part is
the case when K = o(log” V), and the second part is the case when K = w(log® N).
Before we begin our main part of the proof, note that for all n = ©(1) and < 2, there exists

dy = O(1) > O such that 1 — m > 0 when 7 > da. Then we divide the loss into two parts:
_ 1N e clogb(i +1)  clog®(i 4 1) n 21\ \ ™
RIE N =5 |1t - (1-— 1
i i i log”(i 4+ 1)
do by by- 2K N
Il ) clog (z+1)+clog (t+1) ) (1 n >
2= i 0 log®(i + 1)
Vl(K7N777)
d log(i +1)  clogh(i+1 20\ \
+Z£ 1_cog(z+)+cog(z+) 1_<1_n> '
Pk i@ ia logh(i 4+ 1)
Va(K.Nim)

H.4.1. PROOF OF THEOREM D.1: SMALL-K CASE
An Approximation of V>(K, N;n).

Lemma H.5 Suppose the assumptions in Theorem D.2 hold. When K = o(logb N), we define the
estimate of V(K, N;n) as

d
~ ]_ C —2K Ncn
Va(K, N;n) =52 5¢
=1

Then we have Va(K, N;n) = V (K, N;n)(1 + o(1)), and Va(K, N;n) = W
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Proof of Lemma H.5. We first define a function

c clogl(z + 1 ")
W(x):=ﬂ<1_gia+)<1_<1_lméb(;u1)> >> |

Direct observation gives us that under Assumption D.1, R(K, N;7) Zle W (i). Simliarly we

take the derivative of W.

) =5 (1_610gb(x+1)+“°gb<“” (1 J )>2K>N

_xa—&—l T e o logb(x +1

N-1
N cN ) clog’(z + 1) N clogh(z + 1) (1 n >2K
x x x® log’(z +1)

ac logb(ac +1) be 1ogb_1(x +1) n 2K
(( e e ) )(1‘<1‘1ogwm>

2cK logh(x + 1) n 2=l bn
T a 1= b+1
x log”(z + 1) (x+1)log” ™ (z+1)

N-1
c clog’(z4+1) clogb(z+1) n 2K
= a1 |1 + 1=
x2at ¢ x? log”(x + 1)
0 2K
—a | 2% —clog?(x + 1) + clogh(z + 1 <1—)
( ( g ( ) g ( ) TT—y
. 0 2K
+N aclog’(z +1) — belo b_lx—i—l) 1—<1—>
(( (e 1)~ belog Mo+ 1) T

2cKbn n Ly
+7 1 - bi .
log(z + 1) log”(z 4+ 1) x+1

We define

logb(z + 1

2cKbn n L,
= 1-— ;
log(z +1) log”(x + 1) r+1

and x is defined to be the maximum of W (z), so G(z¢) = 0.

be T n 2
> Nlogl(z +1 - I={1- -
G(z) = Nlog’(z + )<“C 1og(x+1)x+1> ( ( 10gbx> ) "
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n 2K
> N(a —b)clogb(x + 1) (1 - (1 — W) ) — az®

n 2K—1 n i
= N(a —b)clog’(z O YE—— - —azx?
= Nla=bjclog’(z +1) x logb(z + 1) (Z <1 logb(aH—l)) )

1=0
> N(a —b)en — ax®.

Sozp = <N%) is an direct conclusion by G(zp) = 0. Also, by solving G(z¢) = 0, we can get

the approximation of xq as
Glao) = —aa(1+ o(1))
2Kn K
N [ aclog® (1 +o(1)) x ——————(1+0(1
# ¥ (aelogh(an + 1)1+ 0(1) -t 1 0(0) 40 () )
= —azg(l+o0(1)) + 2K Nacn(1 + o(1)) =0,

thus we have
) 1
2o =0 ((KN)E) . W(z) =0 (KN> .

There exists a constant /N5 such that K < 1ogb N when N > N5. Sowhen N > Nsand d >

1
3(KN)+ > 3(KN)a (bngN) 2 we have

N N
S e () clogi+1) 1_<1_?7>2K
i i log®(i + 1)
N
L1 e[, _clog’i+1) 1_<1_?7>2K
2 L 1@ logb(i+1)

Furthermore,
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and

N
" 1 Zd: c 1_clogb(i—|—1) +clogb(i+1) <1_ n >2K
272 jo i i logh(i + 1)

1 d c 2Kcn K? N
2 lz(:K );ia<1 i +O<ialogb(i+1)>>
i=(KN)a (45 )™
1 d c Nlog(l—zK”’-l—O(KiQ))
= 5 Z Z'iae i@ 1% logb (441)
=k (i)
S T € R
i
i=(KN)& (logng) %
1 d C —2KNen
=5 Z 7€ @ (14+0(1))

2KN

Werecall K1(z) = Se™ o0 “ We can verify that arg max K (z) = © ((KN)5> and max K1 (z) =

© () through a direct calculation. So for ¢, we have

1:),(Kz\/)% o o
oK Nen
7/1225 Z =e (1+0(1))
i=(KN)#
1
S (KN)a
~ KN

d
1 ¢ —2KNen
Vz(KaN;TI):§ Y, e =
i=do+1
Lk \E
1 (KN)E<10§N>2 1 d
C 72KaNc7] C 72KaNcn
R R T DR L
1=dso L
i=(KN) 7 ()™
= 1 + Yo
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We have 5 = 15(1 + o(1)), and

So Va(K, Nin) = Va(K, N;n)(1 + o(1)). i
Finally, we derive a matching upper and lower bound for V(K , N; ) and conclude the proof:

~ 1
Va(K,Nsm) > J2 2 J2 2 z
(KN)"
(KN)@
]_ C —2KNcn ]_ d C —2K Ncn
VQ(K,N,n) = — Z /szae i@ 5 Z ﬁe 1%
i=dz+1 i=(KN)a+1
. (KN)a o e 1A
_'70,07] — .
<32 @ 2 Zl i
=1 i=(KN)a+1
1
S (KN)a + 1 a—1 rs 1 a—1*
KN (kN)T T (KN)%
Then we complete the proof. U

Notice that Vo (K, N;n) and Sy (K, N;n) are identical to each other, so we can directly apply
Lemma H.2 and Lemma H.3 in the remainding proof of Theorem D.2.

An Approximation of V| (K, N; ) under a Reference Learning Rate. We take 1’ = 21og”(2)—

(a—1)dg log KN

€, where € := and we have

ac KN >
dyc clog®(2)  clogh(2) € 210\
vl(KaN”f)Si 1- a + a <1_ b >
2 d3 d3 log”(2)
d 2K clogh(2) N
2C clog €
=—|1- X 1+ o0(1
2 ( 5 g Y ”)
dac 2(a — 1) log KN N
(a—1) lo
_ @eNlog(lf%#(lJro(l)))
2
1
~ ———uy = o(Va(K, Nin')),
(KN)™%

where the last inequality comes from Lemma H.5.
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The Calculation of R*(K, N). Under the reference learning rate, we have

R(K, Nin') = Vi(K, N;n') + Va(K, Ni')
= Va(K, N; n)(1+0(1))
=V (K N;2)(1+ o(1))
—410 (Z)KNC
S (1),
1= d1+1
Then we prove that n* € [2 log )2 log? (2)]. We prove by contradiction, and assume that

there exist a constant ¢ > 0 and a sequence (N )22, — oo such that n*(N;) < 21log”(2) — e for all
i > 1. As we only analyze with respect to the sequence (IV;):2,, without loss of generality, we take
(N;)2, = IN. By Lemma H.1, we have

RY(K,N) > Va(K, N;n*) = Va(K, N;7*)(1 + o(1))

> [VQ(K, N;2) + e;% (K N; 210gb(2)>] (1+0(1)) > R(K,N;7)

when N is sufficiently large, which is a contradiction. So
R*(K,N) = Vi(K,N:n*) + Va(K, Nyn")
= Vi(K, N50") + Vo (I, N;p*) (1 + o(1))
= VA(K, V") + Va (K N3 210g"(2) ) (14 o(1)) < R(K, N3 7).
So Vi(K,N;n*) = o (‘72 (K,N;zlogb@))), and R*(K,N) = Va(K, N;21log"(2))(1 + o(1)) =~

1
a—1
(KN) @

H.4.2. PROOF OF THEOREM D.1, LARGE-K CASE
An Approximation of V2 (K, N; 7).

Lemmla H.6 Suppose the assumptions Theorem D.2 hold. When K = w(log® N), we have Vo(K, N; 1) ~
Proof of Lemma H.6. By K = w(log® N), there exists a constant Ng > 0 such that K > log” N
when N > Ng. We notice that when i = O ((N log® N) ‘11> ,log(i + 1) = ©(log N). Then, when
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1
N > Ngand d > S(KN)% > S(Nlong)“,wehave

) 3(Nlog® N) 1 b(, 3 N
& clog™ (1 +
Vao(K,N;n) > = 1-—— 7
ez} 3§ {1-SleD)
i=(Nlog" N)®
1
. 12(Nlog" N)« |Gy
~ 2 3eNlogb N N
(Nlog? N) =

For the upper bound, we have

N
. 1 & log’(i +1)  clog’(i +1 2K
RUE Ny < 230 € (g clogr ) elog i) ( n
2400 i@ 1@ log”(i + 1)

N
e, clogb(i 4+ 1) N clogb(i + 1) <1 B n >2K
et ' 1@ 1@ logb(i +1)

1
+5 3 ;

i=(N log® N)%-i-l

IN
|
N
<o

1
a

B

When K = w(log” N) and i < (N log” N)

n K c1a \ X Klog(l— °12 )
<1_b-) S(l— b ) =e los? N
log”’(i +1) log” N
S 6_ locglsz — 0(1)
K
So there exists Ny such that when N > N, (1 — m) < % and when N > max(Ng, N7),
1
(Nlogt N)@ by N oo
1 c clog’(i + 1) 1 c
VRIS S R
=1 1
: i=(Nlog® N)®+1

N

One can derive that max, & (1 — %) =0 (m)
So finally, we have
_ 1 1
Va(K,N;n) < R(K,N;n) S a1 T a1
(Nlog”N) = (Nlog"N) ©
S ;a—lv

(N log? N) «

and we get the result. g
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An Approximation of V; (K, N; 7)) under a Reference Learning Rate. We take 7/’ = 1.51og%(2),
and we have

N
log?(2 log?(2 1.5log®(2
Vl(K,N;n')S@ l—coga()—l-coga()max 0.5,1— i0g<)
2 dg dg 10g (d2+1)
dlc
= SC(-em)”
= o(Va(K, N; 1)),

where the last inequality comes from Lemma H.4.
The Calculation of R*(K, N). Under the reference learning rate, we have

ﬁ(K7N7n/) = VI(K7 Na 77/) + V2<K7 Na 77/)
= Va(K, N; ) (1 + 0(1)
It is obvious that n* € [logb(2), 2logb(2)]. We know that
R (K, N) = VA(K, N;n*) + Vo (K, Nip™) < R(K, N; o) = Vo(K, N,n') (1 + (1))
1
N
(Nlong) a

~

H.5. E(K, N) for Logarithmic Power-Law Spectrum: Proof of Theorem D.2
H.5.1. PROOF OF THEOREM D.2, SMALL-K CASE

The proof here is almost a reproduction of the proof in Appendix H.2.1.

H.5.2. PROOF OF THEOREM D.2, LARGE-K CASE

Consider the multi-epoch training setting with d = 2 ((K N )a%rb) By Lemmas H.6 and 1.7, there
exist constants C'7, Cg > 0 such that

Cg = C?
———— < RY(K,N) < ————. 32
N(logN)b — (K, N) < N(log N)b (32)
Let 7" be defined by matching the expected risks:
R*(K,N)=R*(1,T"). (33)

In the one-pass case, we use the constants C'3, Cy > 0 (as defined in the proof of Theorem 4.2) to
control R*(1,T").
We claim that

a

G Naog N < 7 < ()7 Nog N, (34)
C7 CS

Proof of the claim. We argue by contradiction.
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1. Upper bound violation. If 77 > (%2) =Y (log N)®, then the one-pass upper bound to-
gether with Equation (32) (multi-epoch lower bound) imply

R*(K,N) < R*(1,T"),
which contradicts the defining equality Equation (33).
2. Lower bound violation. If T < (£4) 71 N(log N)", then d = 2 ((KN)%H) yields
d = Q((N(log N)")"/) = Q((1")/*),
so the one-pass lower bound together with Equation (32) (multi-epoch upper bound) give
R*(K,N)>R*(1,T'),
again contradicting Equation (33).

Both violations are impossible; hence Equation (34) holds. ([l

Thus, in the large- K multi-epoch regime, the matched one-epoch training time satisfies 7" =
©(N(log N)®) up to fixed constants. Therefore, the desired characterization of E(K,N) follows
directly.
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Appendix I. Additional Technical lemmas
Lemma LI.1 For any PSD matrix A, it holds that

(H,A) <u(H)|A].

Proof. 'We denote the PSD decomposition of H by

d
H =) \agiq,
=1

where \; and ¢; are the eigenvalues and corresponding eigenvectors of H. So we get

d
=1
d
= Z)\iqZTAqi
=1

d
< Z Al Al
i=1
= tr(H)||Al],
which completes the proof. ([l

Lemma 1.2 Whenl > 1, we have

log 2

(1+xz) <142z, z €0, 7]

Proof. We define f(x) := (1+ )" — (14 2lz). Calculating the derivative and notice the fact that
2% — 1 > (log 2)x, we obtain
f@)=11+2z)" -2
<I1+21 -1t -2

<Ix27T —2<0.
The above equation completes the proof. g

Lemma 1.3 Whenl > 1, we have

1
(1—:r)2l§1—lx,x6[0,&]
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Proof.  We define g(x) := (1 — 2)% — (1 — lx). Calculating the derivative, we obtain
J(@) =21 —2)* ' +1<0 when z€[0,1—2 7).
Notice that h(x) = 2% is convex, so for z € [0, 1], we have

h(—z+0x (1 —2)) <zh(-1) + (1 — z)h(0),

that is
_ x
2 z§1—§ when z € [0, 1].
So
1 1
1—2 1> (1— -
- ( 2(21 — 1)>
1 1
=————>_— when [>1
22l —1) =6 =D
which concludes the proof. U

Lemma 1.4 Given N data points such that xg,- - - T,—_1 bd N(0,H), and define A = (I —
nen_12y_ ) (I — nxox] ). Then we have

E||A - EA| < (\/5An2Nl)l :

where 85 = C8eD*log d for some absolute constant C' > 0.

Proof. We define () := A — [EA for convenience. We can obtain a concentration inequality for
| Q|| due to the boundedness of « according to Theorem 7.1 in Huang et al. [19].
We define
Y, =1 —nzw)

For any 1 < i < N, we can choose m; = 1, and we have
IY; - EY;| = |n(H — x| < 2D := o

So we know that M4 = 1,v4 = 4D4772N, and

+2

P{|Q|l >t} < de *¥a = de 5DTPN when t* > 8eD'n’N.

Furthermore, we have

2

2
P{||Q|| > t} < e 16D™N when t? > 16eD'n*N log d.

So there exists a non-negative sub-Gaussian random variable Z, s.t

+2

P{||Q| >t} < P{Z >t} < e 16DT>N when t* > 16e D"’ N log d.
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Then for all [ > 1, we can get
l l
EQI"=EIQI L < /teenmviogar T Lijqi>y/T0eDm? N g dy)
[
< (V16D NTogd) +EIQI' 6. e revios)

< (/16eD*n2Nlogd P{||Q| > t}it' " dt

l

/\/16€D4 n2N logd
l

/ P{Z >t} it dt

)
)
)
)+

< (v/16eD*n2Nlog d

< (\/16eD*n2Nlog d

V/16eD4n2N logd) + (1/C16eD*n2Nilogd)

(
<
=<
<

<\/ C8eD*n2Nllog d> .

where C and C are absolute constants, the fifth inequality is due to Proposition 2.5.2 in [44]. O

Lemma L.5 Foranyl < K, we have

l
< (Vo NI+ [EA]) - [EA],

where §p is the same positive constant appearing in Lemma 1.4.

Proof. Leta = |[EA| and ¢ = \/586D4772Nl log d. Define the perturbation Q) = A*) _EA.
Expanding the product as

ﬁA(k):ﬁ< k)+EA) Z S P,

k=1 m=0 ge (Il

where Ps is the matrix product with Q") at positions k € S and EA elsewhere, preserving order.

The difference is l
[]Aa® - Z > Ps.
k=1

m=1 SE(” )
By the triangle inequality and linearity of expectation:
l l
BlI[A" -@ay <>, Z E[| Ps]|
k=1 =1 5¢(1D)
For each S, decompose into ¢ maximal consecutive blocks By, . .., B; with sizes s1,...,s; (O s; =

m). By Folland’s Holder inequality and Lemma 1.4:

s <o T o) <o T 1] (el

i=1jeB; i=1j€B;

1
) lch
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S
Since ¢ = <\/CS€D47’]2NS log d> is increasing in s and s; < [

i <ei = E|Ps|<d ™"
Summing over all S with |S| =
! l—m_m
> E|Ps| < al=men,
m
se(;y)

Thus the total bound is:

S (4)ne ot !

=1
completing the proof. O

Lemma 1.6 Foranyl < K, it holds that

l
E|[]A® - (EA)
k=1

where §p is the same positive constant appearing in Lemma 1.4.

2
1 2
< |(VEurN + [BAl) - [EAl] .

Proof. Seta = |[EA|2 and ¢; = \/5’166D4n2Nl log d. Define the perturbation Q%) = A®*) —
EA. Expand the matrix product as:

! !
[[49 -] (" +24) =3 3" s
k=1 k=1 m=0 ge (I1)
where Ps denotes the ordered matrix product with Q¥) at positions k € S and EA elsewhere. The

target difference is:
l

l
[1AY - ®A)=>" > Ps.

= =1 se(l)
2
<E ( ZHPSH)
S
l
- X Y X ENR NP,

where S, and S, range over all subsets of [[] with sizes m and n, respectively. For each pair
(S, Sn), decompose the union U = S, U S,, into ¢ maximal consecutive blocks By, ..., B; with
sizes s; = |Bi| (O.'_, s; = [U| = m + n). By Folland’s Holder inequality and Lemma 1.4:

For the squared spectral norm, we have:

ZZPS

m=1 §

MN

1

3
= |
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t
E[| Ps, [[IIPs, ] < a® " "E]] [T llQyl

i=1jeB;

t
<a T TTE(IQ ™)™

i=1jeB;

— m-+n
< g¥-mn (\/C86D4n2N(m +n)log d)

< a2l—m—nC;n+n‘

The combinatorial count satisfies:

Combining all terms:

l
] A%
k=1

where the last equality follows from the binomial theorem applied to (a + ¢;)?.

2

EE () (oot

m=1n=1

E

Lemma 1.7 Consider a function of training time T' given by

d
1 C _2Ten
L(T) == 5 A E 7:76 i
i=d1+1

where c,l are some absolute constants, d; = O(1), and | > 1. Then we have:

1 L(T) § —ti
S

~
a
1

2. Givend = © <(KN)E), L(T) 2

2T¢c
Proof. Computing the derivative of f(x) = ﬁe_T*n, we have

argmg?xf(a:) =0 <(KN>%) )

1
mgxf(m) =0 ((KN) ) .

|~

Then
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1. For the upper bound, we have

1 X ¢ 27en 1 (KN)% C _2Ten 1 > c
LTS5 > ¢ “ S5 20 3¢ * +3 Zl 7
1=di+1 i=d1+1 ZZ(KN)E-F].
< (KN)% " 1 1 1
~ z =1 =1
(KN)e  (KN)S ™ (KN
2. For the lower bound, when d > BT%, we have
1
1 BSEN)e c _2T 1 c 1 1
L(T) Z - Z 76_2_7;77 2 77[6_2077 X 2(.[(.]\])E Z — i—-1-
2 et 23(KN)a (KN) &
The above equation comletes the proof. U

Lemma 1.8 Given an estimator of the excess risk for ME and OP cases

d

- 1 C —2KNen
52(K7N;77):§‘Z AR
i=di1+1
and
1 d c =T’
5 /. _ —=_cn
52(17T777)_§Z ﬁe ¢
i=di+1

for some di = ©(1). If the ME excess risk and OP excess risk satisfy that

R(K,N;n) = S2(K, Nin)(1+0(1))
7?’(17T,; 77) = 52(17T/;77)(1 + 0(1))7

then give d = Q(T%) and when T' < T, it holds that
E(K,N)e[K(1—-o0(1)),K(1+0(1))].

Proof. We define H(T) = Sy(K,N;7) and @ = TT/
E(K,N)N. Our goal is to prove that « € [1 — o(1),1 + o(1)].
Solving R(K, N;n) = R(1,T';n), we can get H(T)(1 + on (1)) = H(T")(1 + o (1)). We

define 6, ) = RUSNDS0N0) _ (1), ang 5(1,7)) = RELOS0T0) _ (1), Then

By definition of E(K, N), we have T" =

we can derive that

H(T")(1—-06(1,T")) < H(T)(1 + §(K,N))
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which indicates that

~5(1, T)H(T') — §(K,N)H(T) < H(T') — H(T) < §(1, T")H(T") + §(K, N)H(T).

—2KNcn
e —

Notice that H (T") is strongly convex, and we have H (T") = ﬁ and H'(T) =154 | e ' =

)

ﬁ by Lemma I.7. We are now ready to prove that & € [1 — o(1),1 + o(1)].

_T(21_1)(TI ~T)<H(T)T' —T) < H(T') — HT) < H(T')(T' - T) < _%(T/ 7

§(L,T)H(T') + 6(K,N)H(T) < 0(L,T") , 6(K,N) . ofl)

~ T/(lfi T(lfi) ~ T(lfi)'

So
!
T-T _ o(1)
T=2) ~ pi-1)
1 1
s e,

70=2) T7/(1=3%)

Direct calculation yields the result. (|

Lemma 1.9 (Hyper-Contractivity) Given d-dimension random vector x ~ D satisfying that ||| <
D for some constant D, and the covariance matrix H := Eg,..p [a:a:T] = diag(A1, A2, ..., Ag),
where \y > Ao > -+ > \g > cfor some constant ¢ > 0, then the following holds:

E [:m:TP:ca:T] <atr(HP)H
for some constant oo > 0 independent of P.

Proof. By Dieuleveut et al. [10], the above lemma holds for data distributions with a bounded
kurtosis along every direction, i.e., there exists a constant x > 0 such that

for every v € RY, E {(v,@ﬂ <k (v, Hv)?.
So that it suffices to verify the above inequality. Since \; > ¢, we have
(v, Hv)? > |||,
For the left side, by the triangle inequality and that ||| is bounded
(v,2)" < Jv]*|lz]|* < D*|lo|"

Combining the above two inequalities gives

E [('v,w>4] < 10)24 (v, Hv)? .

Now setting kK = %4 completes the proof. (|
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